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Abstract

This paper is a contribution to the method of estimation by projection.
We revisited the work of Bosq and Turbillon [3]. First, we propose
extensions and simplified proofs of some of the results of the article
[3]. Secondly, we proposed and demonstrated results of convergence.
Finally, we apply the model on real data of the turnover of an insurance
company.

1 Introduction

In the framework of the use of linear processes with values in a Hilbert space
for prédiction, Bosq and Turbillon [3] studied the moving average of order
one. The main focus was the estimation of the moving average operator.
Likewise, some asymptotics results hâve been derived. The technique used
consist in projecting the MAH(l) covariance operator in an appropriate sub-
space and to study the eigenvalues.
In the process of doing that, Bosq and Turbillon established very important
results which ifs possible to extend.
the main contributions of this paper are twofold. The first one is to give
extensions of lemmas 4.3, 4.4 and 4.5 of [3], Secondly, we give a new rate of
convergence of the estimator of the operator of the moving average MAH(l).
The remainder of this paper is organized as follows. In section 2 we recall
some notations and assumptions as given in [3] & [1], In section 3, we give a
resuit on convergence of the modified empirical eigenvalues of the covariance
operator. In that section, we give a simplified version of the proof of lemma
4.4 of [3], Section 4 is about resuit on the convergence of the estimators of
eigenvalues of the linear operator of a MAH(l).
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2 Notations, assumptions and the Problem
Unless otherwise stated, the notations and assumptions are those in [3]. We
summarize some of them as follows.

We consider in the following the MAH(l) process defined by

Xn = en + L(en-1), îî G Z, i G C{H),
where H is a separable real Hilbert space equipped with its norm ||.|| and
its scalar product (,}, L G £(//), where C{H) dénoté the space of bounded
linear operators from H to H and (en)nGz is a strong H-valued white-noise,
with E(||L(en_i)||) > 0.
Let (Q,A,P) be a probability space and L2H(P) = L2(Q,A,P) the Hilbert
space of (classes of) random variables X, H-valued and such that E||X||2 <
(X).

With n observations X±,..., Xn of the process X, our purpose is to estimate
the MAH(l)’s operator L. If X and Y are in L2H(P) and are zero-mean, the
cross-covariance operators of X and Y are defined as

Cx,y(x) = E((X,x)Y), xeH
and Cy,x = CXY, where * dénotés ”adjoint”. The covariance operator of X is
defined as Cx = Cx,x- Let C and D dénoté respectively the autocovariance
operator and the cross-covariance operator of the process X. It has been
proved in [3] that

L2D*-LC + D = 0. (1)
Moreover, À&, Ck,dk dénoté respectively the eigenvalue of L, (7, D and Vk
dénoté the eigenvector associated to the eigenvalue À^.
We make this following assumptions:

Hi : 3j0 > 1 : ]|£>||c < 1,

H2 : E(||X0||4) < oo,

H3 : L is symmetric, compact, L and C£ hâve the same orthonormal
set of eigenvectors (^, k > 1),

H4 : P((X0,vk) = 0) = 0, for A: > 1,

H5 : suP||y||<i,yec(H) \\p{y)\\ < i where pis defined by p(y) = DC~1(y),

H6 : dk > 0, k > 1.

Under assumption H3, Equation (1) is reduced by diagonalization to solve
real quadratic équations involving only the eigenvalues of the various opéra-
tors. For estimâtes, we restrict ourselves to the subspace spanned by the kn
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first eigenvectors of C corresponding to the liighest eigenvalues. The choice
of kn is validated, later on, with regard to the quality of the fit. The empirical
eigenvalues of C and D are respectively given by:

1
Qen {Xi | Vk)

i=0

and

1 n
dkn = 7 ^ {Xi | vf) {Xi+i | Vjç).

i=0

To hâve real solutions to équation (1), the eigenvalues are modihed as follow:

d kn

C kn

The eigenvalues À^, k > 0 of L are estimated by

9r//z,u' kn

and the linear operator is estimated by

kn

îJn,kn ^ ^ ^kn^k ® ^k-
k=l

Remark 2.1. kn is the number of eigenvalues on which we restrict ourselves
for the estimations while kn dénotés the index of the estimator of the k—th
eigenvalue with n observations.

3 Convergence of the modified empirical eigen-
values of the covariance and cross-covariance

operators
In this section, we bring about extensions of some of the results of [3],

This following lemina yields resuit on the convergence of the modified empir-
ical eigenvalues of the cross-covariance operator. It is an extension of lemma
4.3 of [3].

= max ^<an, dknj , with 0 < an < 1 and an —>• 0
= max(cfcn, 2d'kn + -).

n
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Lemma 3.1.

and

E ( sllP
\k>\

fir^ kn uk

2

sup
k> 1

Proof. Let prove that

E ( sup
\fc> î

d kn dk
2

From the définition of d'kn, we hâve:

d kn d,l'k - | Oin dk | 1/^, 1 d dkn dfc

Thus, [d'kn - dk
As, by assumption, a

dj,
2

(an (^k) l{dfer } d" ( d

\^kn 'X%n j"

For an < y, we hâve
0, there exists n so that an <

<di (2)

Given £ > 1, we hâve successively

d(,n — &n d‘£n d,f > =$■ sup
k> 1

Hence,

So then,

dgn — W sup
k> 1

dkn dk > sup
£>1

<k
2

m\c
2

{supk> î

We get

Finally, we obtain

%<«<«».} — ^{supfc^^dfen-dfcl^hd1^ }'
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^{4„<a„} — ^|supfc>1|4n-d*i|>^£-}'
Returning to inequality (2), we get :

sup
k> 1

d kn dfc <suprfp{4 < j + sup
fc>l 1 fc>l

dkn dfc

and

(3)

sup
k> 1

dk
2

< ||Z>|Uupl{(î <aii}+sup
fc>l fc>1

',kn dk

with (3) we conclude that

sup
fc>i

dk
2

< ||D ■

{supfc>i \dkn-dk | > Jddk | sup
k> 1

dkn dfo

It follows that

(4)

E ( sup
fc>i

d kn dk < \\D\\ r E 1'

|supfc> ! | dkn -dk | > } +E sup
k> 1

dkn dk

Likewise,

E sup
\fc>i

d kn <\\DfcV ( \ sup dkn dk
V U>i

+E ( sup
\fc>i

dk

By Markov’s inequality,

E ( sup
k> 1

d1 kn dk < 5E sup
k> 1

^kn dk

We conclude with lernrna 4.2 of [3].
Let us now give the proof of

sup
fc>i

0, a.s.

Let (Yfc)fc>i be a sequence of real random variables such that Yk —> 0 almost
surely. then Ve > O,3n0 > 0 tel que Vn > 0, n > n0 => \Yn\ < e almost
surely. In particular 3n0 > 0 tel que Vn > 0, n > n0 =$■ l|vn|>e = 0. That
means l|yn|>e —> 0 almost surely.
Frorn expression (4) and from lemma 4.2 of [3] we hâve the expected resuit.

□



22

In the following lemma, we give a resuit on the convergence of the modified
empirical eigenvalues of the covariance operator. This lerrima is an extension
of lemma 4.4 of [3].
Lemma 3.2.

E ( sup
\k> 1

C kn Ck
2

and

sup
k> 1

C kn Ck 0, a.s

Proof. Let prove that

E ( sup
\fc>i

2

By the définition of c'kn we hâve

e kn Ck ( 2d;l ~f"
n

Ck 1{èkn<2d'kn+1} + (°kn Ck) ^{ckn>2d'kn+±-y

and

sup C kn Ck
2

< sup 2^fen + ~ ~ Cfc
fc>l k> 1 n {afen<24n+i} + sup |4n Ck\ . (5)

Now, let’s look at the term

2d
n

1 {Ôcn5;2<î//cn+ }

It’s null out of the set

By restricting to the set

we hâve, sequentially,

C-kn — kn P f •
n

Cfcn 4; 2d'kn P f ;
n

P 2^4 =^> ck 2d/j 2d, kn ck <C 2 f d kn du
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It follows

Cfcn C-k <'' 2(î kn Ck “I- < 2
Tl

1

n

2d kn Ck 4~
n

< niax < \ckn Cfcl 2 I d!kn — dk ) H—

Hence,

sup
k> 1

2d kn ck

2

< sup |ckn - ck\2 + sup 2 (dkn djç \ +
n k>l k>1 V J Tl

(6)

Finally,

sup
fc>i

2^ kn Ce “1“
1

‘fesiL+ii ) ^ E(S^P lê‘» - c‘l2) +8E (S“P J/
_ J

u kn ufc
2\ 2

H—2rr

Corning back to inequality (5), we hâve

2'
C kn CeE ( sup

fc>l

< 2E ( sup | ckn — Cfc| ] + 8E I sup
,/c>i / V fc>i

J/ fl^ fcn u,fc +
rr

We conclude with lemma 4.3 of [3] and lemma 3.1.
Let prove the second part of the lemma, i.e,

sup
fc>i

dkn ('k 0 a.s.

We deduce from (5) and (6) that
2

sup C kn Ck < 2 sup I ckn - ck\2 + 8 sup
.1/ .1
u kn uk

k>l k> 1 k>l

Conclusion corne frorri lemma 3.1 and from lemma 4.1 of [3].

4 Convergence of the estimators of eigenval-
ues of the linear operator of a MAH(l)

We give, in this section, an extension of lemma 4.5 of [3]. It’s a resuit on the
convergence of the modified empirical eigenvalues of the linear operator L.
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Lemma 4.1.

E ( sup
k> 1

01 AA| V7, 0 < 7 < 1.
n

Proof. Let k > 1. From the expression of Xk with regards to c*,, dk and that
of \kn with regards of dkn and of d'kn [3] established that

x 1 . 1A/en 4“ 7 A/e \

C kn C/c

u kn dk 'kn Ak

As, Àfe, Xkn G ]0,1[, we hâve

and

It follows that

hence

which leads to

^k^kn

1

> 1,

>
1

^k^kn ^k

dkn C/e

u kn dk
> ^kn k

^kn ^k <
X

^kn ^k

We hâve, subsequently

dkn C/e

<

1 — Afc

Xk

^k

C kn Cfc

d kn ^k

1 - A
\2 C kn C/e

d kn dk

d kn ^k d'kn

and

d'kn

dkn Qc

d kn d'k

Cfe

dk

C/e

dk

dk d kn ) + ( dkn ck

dk d kn) + [c kn C-k

(7)

then
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d!kn Akn A/e < 2
A /

1 — Afc 4
d kn dk

Let find an upper bound for
4'

the following double inequality, established in [3],

entails that

db
, ^dh

— < Afc < 2—.
C/e C/e

4 < AI’
Corning back to inequality (8) we get :

kn Akn A/e < 2
Az

1 — Afc

4 / - \ 2
d kn dk

Ly

(8)

and

Akn A/ <
8

(1 — À/e)2
+ 2

A k

1 — A/e

It follows that
- 2

sup d'fcn
fc>i

A kn A z <

8
O sup

(l-llbll£) fc>l
d kn dk W, llï£„ '

2

I sup C kn C/e
V ^ \\L\\c,' k> 1

In particular, as d!kn > an, we obtain :

(9)

o^E ( sup Akn A/e
\k>l

<

(i - m\cï
E ( sup

k>l
d kn dk + 2

i - HUI,
\2 /
J E 1 sup/ \fc>i

C kn Cfc

From lemmas 3.1 and 3.2, we deduce that

ccE ( sup Afcn A/e
\fc>l
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Set V n > 1,

ar

(lnn)'
with 0 < 7 < 1.

Then

E ( sup
fc>i

^kn = O (lnn)'
n

V7, 0 < 7 < 1.

□

Proposition 4.1. Under assumptons Hi to Hq and by assuming that we
hâve knowledge of the eigenvectors Vk of L, we hâve :

E Ln,kr L
HS

=O /cn(lnn)7
n E

dl

Ck
rv ^ rt 77,

k ' V7, 0 < 7 < 1

Proof. We can write, from the définition of the norm of Hilbert-Schmidt,
that

2 \ fn_ / /^ \ 2'
E Ln,kn h

HS
E kn ~ l ^ Afc.

k=1 ' ' k>kn

From lemma 4.1, we hâve

y: ^ f {^kn—Afc) ")=o ^n(lnn)7
n

V7, 0 < 7 < 1.

Moreover, since

we get

which end up the proof.

- < A* < 2—,

E*ï=° £ 4
k>kr ^k

r\j ^ H,fi

□

The previous resuit yields the rate of convergence of the estimator of the
operator L.
What follows now is another new resuit that we obtain. We set it as follow:

Theorem 4.1. Under assumptions Hi to HQ and if Ck = k~a, dk — k~P,
(lnn)7\where /3 — a > 1, then V7, 0 < 7 < 1 and for any kn = ( | , we

hâve
n

E Ln,kr L
HS

= O (lnn)'7\ 2

n



Proof. Proposition 4.1, States that

E( Ln,kr. L
HS

) = c>(
kn{ ln n)7

n E
h^>hn

1

fc2()8-a) ) V7, 0 < 7 < 1 (10)

Let us look at the term Y2k>kn k2^~a) • We ^ave ’

V 1 - V 1 1 V 1
E-/ fc2(l3-a) A-j Jç2(/3—a) — lJç fc2(/3-a)-l

k'^k^i k'ïpk'fi k'p^kfi.

Since, by assumption (3 — a > 1, we hâve likewise 2 ((3 — a) — 1 > 1, which
allow us to conclude that the sériés ^2k>kri /^Tr'rrrT is convergent. Hence

w 1 =

]ç2(/3—a)
k^>kn

Let us corne back to équation (10). We hâve :

2

HS
E Ln,kr. L o 1 +1 ) V7i 0 c 7 < 1.

71/ Kir

kr (ln n)7
n

is the minimum of the term k. (ln n)r
n

□

5 Application
We want to forecast for budgetary purposes, the évolution of the turnover
of an insurance company, we purpose to model the turnover according to a

MAH(l). Estimâtes were made with the Eviews software.

5.1 The Data

We hâve monthly data from 2008 to 2014. In Figure 1, a monthly sériés is
created for each year. Each sériés can be likened to a function defined over
the time interval [1-12].

5.2 Approximation in a basis of cubic spline
Wanting to make a functional forecast, we choose to project the different
sériés in a basis of cubic splines defined 011 the interval [1-12], Each spline
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—— CA2008 —*— CA2011 CA2014
— CA2Q09 —*■_ CA2012
—*— CA2010 —i—CÂ2Q13

Figure 1: Annual turnover trends

function of the basis is approximated by a vector consisting of the values
taken at the points {1, 2, 3,4, 5, 6, 7,8, 9,10,11,12}.
The projection consists of a linear régression of each sériés centered on the
vectors of the spline functions. The simulations carried out on basis of di-
mension ranging from 4 to 10 {kn in the method presented) led to roughly
the same results. Figure 2 is the basis of splines of dimension 6.
Figure 3 gives an overview of the quality of adjustment of the 2012 and
2013 sales sériés with the spline basis. The top 2 curves of each graph are
the initial and predicted sériés. The lower curves return the residual of the
estimate.

5.3 Results and comment s

The estimâtes hâve led to an approximation of the linear operator by the
following matrix in the basis of cubic splines:
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C1 -—*— C4
C2 — C5
C3 - C6

Figure 2: Basis of cubic splines of dimension 6 on the interval [1-12]

0.1025 0.0898 0.1454 0.0943 0.1641 0.1636

0.0898 0.0803 0.1174 0.0927 0.1598 0.1322

0.1454 0.1174 0.2723 0.0674 0.1274 0.3056

0.0943 0.0927 0.0674 0.1533 0.2566 0.0766

0.1641 0.1598 0.1274 0.2566 0.4304 0.1446

0.1636 0.1322 0.3056 0.0766 0.1446 0.3429

The hypothesis i73 imposing the condition of the sanie orthonormal basis for
the three operators (C; D; L) is not fulfilled. This is a fairly strong hypoth-
esis that we could not get with any of the available sériés.

The forecast for 2014 is compared to the real data in figure 4.
The mean square error is of the order of 3.25E + 08, for a coefficient of
variation of about 8.5%, which can be considered very average.

>
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ModelCa2012 ModefCa2013

Figure 3: Adjustment of the 2012 turnover and of the 2013 turnover
basis of splines of dimension 6

Prévision du ca 2014

- CA2014 CA2014PRED1CTSPUNEDIM6

! .60E-09

1.20E-09

B.CCE-OS

4ME-m

0.00E -s-00

on a

Figure 4: Real turnover vs predicted turnover
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