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Abstract
This paper is a contribution to the method of estimation by projection.
We revisited the work of Bosq and Turbillon [3]. First, we propose
extensions and simplified proofs of some of the results of the article
[3]. Secondly, we proposed and demonstrated results of convergence.
Finally, we apply the model on real data of the turnover of an insurance
company.

1 Introduction

In the framework of the use of linear processes with values in a Hilbert space
for prediction, Bosq and Turbillon [3] studied the moving average of order
one. The main focus was the estimation of the moving average operator.
Likewise, some asymptotics results have been derived. The technique used
consist in projecting the MAH(1) covariance operator in an appropriate sub-
space and to study the eigenvalues.

In the process of doing that, Bosq and Turbillon established very important
results which it’s possible to extend.

the main contributions of this paper are twofold. The first one is to give
extensions of lemmas 4.3, 4.4 and 4.5 of [3]. Secondly, we give a new rate of
convergence of the estimator of the operator of the moving average MAH(1).
The remainder of this paper is organized as follows. In section 2 we recall
some notations and assumptions as given in [3] & [1]. In section 3, we give a
result on convergence of the modified empirical eigenvalues of the covariance
operator. In that section, we give a simplified version of the proof of lemma
4.4 of [3]. Section 4 is about result on the convergence of the estimators of
eigenvalues of the linear operator of a MAH(1).
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2 Notations, assumptions and the Problem

Unless otherwise stated, the notations and assumptions are those in [3]. We
summarize some of them as follows.
We consider in the following the MAH(1) process defined by

Xn =€&p+ [J(En—i)a n e Z: i = ﬁ(H)a

where H is a separable real Hilbert space equipped with its norm ||.|| and
its scalar product (,), L € L(H), where L£(H) denote the space of bounded
linear operators from H to H and (&,)nez is a strong H-valued white-noise,
with E(||L(gn—1)||) > 0.

Let (€2, A, P) be a probability space and L%(P) = L?(, A, P) the Hilbert
space of (classes of) random variables X, H-valued and such that E|| X|* <
00.

With n observations Xy, ..., X, of the process X, our purpose is to estimate
the MAH(1)’s operator L. If X and Y are in L3(P) and are zero-mean, the
cross-covariance operators of X and Y are defined as

Cxy(z) =E(X,2)Y), zeH

and Cy,x = C% y, where x denotes "adjoint”. The covariance operator of X is
defined as Cy = C v.x. Let C and D denote respectively the autocovariance
operator and the cross-covariance operator of the process X. It has been
proved in [3] that

LA = D= (1)
Moreover, Ay, cx, dr denote respectively the eigenvalue of L, C, D and v
denote the eigenvector associated to the eigenvalue Aj.
We make this following assumptions:

H1 : 3‘]‘0 =i ”LJG“,Q = 1,

H; : E(||Xol*) < oo,

H; : L is symmetric, compact, L. and C;, have the same orthonormal
set of eigenvectors (vg, k > 1),

H4 5 P((X(),’U,IJ = 0) = 0, for k = 1,

1

H;s : supyy <1, yecn lP(W)Il < 3, where pis defined by p(y) = DC™'(y),

SR e () T e

Under assumption Hj, Equation (1) is reduced by diagonalization to solve
real quadratic equations involving only the eigenvalues of the various opera-
tors. For estimates, we restrict ourselves to the subspace spanned by the £,
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first eigenvectors of C' corresponding to the highest eigenvalues. The choice
of k,, is validated, later on, with regard to the quality of the fit. The empirical
eigenvalues of C' and D are respectively given by:

) 1 n :
Ckn = E ZO <X1 | 'Uk)z

and

. 1 s
din = SN Z (X | ve) dXiaa | )
' i=0

To have real solutions to equation (1), the eigenvalues are modified as follow:
(E’kn = max (aﬂ,cf;m) , with0 < a, <1 and o, =+ 0

Crn = max(Cin,2d'kn + —).
n

The eigenvalues Ag, k > 0 of L are estimated by

~2 ~ 2
o i i
% Chn — VCihn— 4d kn
Akn = 75 )
2d kn

and the linear operator is estimated by
kn
Lk, = Z AknUk ® U
1

Remark 2.1. k, is the number of eigenvalues on which we restrict ourselves
for the estimations while kn denotes the index of the estimator of the k—th
eigenvalue with n observations.

3 Convergence of the modified empirical eigen-
values of the covariance and cross-covariance
operators

In this section, we bring about extensions of some of the results of [3].
This following lemma yields result on the convergence of the modified empir-

ical eigenvalues of the cross-covariance operator. It is an extension of lemma
4.3 of [3].
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Lemma 3.1.

N 2 1
E (Sup dlghs dk} ) i) (—)
k>1 n

sup .ci”;m — dk’ — 0, a.s.
Proof. Let prove that

k>1
h 2 1
E(Sup d’;m—dk‘ ) wO(—).
k>1 n

From the definition of d’kn, we have:

and

}&’kn ™ dk. = |aﬂ s dkl ]]‘{tfknﬁﬂn} + ’d‘kn o dk\ l{&\kn>a”}.

” 2 A 2
Thus, (d’;m - d,c) = (=Pl S+ (d,m f dk) Eis ot

As, by assumption, «, — 0, there exists n so that a,, < %&.
For a,, < %&, we have

. 2 . 2
(e - dk) < By can + (dn - dk) :
Given ¢ > 1, we have successively

e dk‘ 2 %

e ot d
dﬁngani‘dé’n_de 2_3 = sup

k>1
Hence,
{ 7 d D
den < Oty = SUD |dir, — die zsup—f = I “5
k=1 e>1 2 2
So then,
i 5 i)
{dn <} € {Sup dniaeslle }
k>1 7)
We get

1

{den<cn} = ]l{EUszlHkn—koE@:‘}'

Finally, we obtain
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SUP L dzan) S Houpys |denay| 21502 } (3)

Returning to inequality (2), we get :

2 ] 5 2
sup |d'pn — dk’ < sup dﬁ]l{dkﬂmn} + sup |dgn, — dk’ :
k>1 k>1 ™ k>1

and

- 2 5 | 2
sup |d'gn — dk‘ < IDlgsup L4, <oy T SUP ‘d;m —drl,
k>1 k>1 g k=1

with (3) we conclude that

- 5 A 2
R e . ; i
sup |din ~ | < WDIE L, 14, o ttge) + 500 | — e - (4
It follows that
- 2 3 I 2
¢ (?;;13 don =] ) < |DllcE(ﬂ{supk>l|a.ﬂ,i_dk|z@a} il i — )
Likewise,
. . 2 ; 121l 3 2
E | sup|d'y, — dk’ < ||D||z P | §sup ’d;m - dk’ > By Sp +E | sup |dgn, — di| | -
k=1 k>1 k=1

By Markov’s inequality,

E (sup

E>1

We conclude with lemma 4.2 of [3].
Let us now give the proof of

Iy 2
D= dk’ ) < 5E (Sup

k>1

- 2
dkn—dk’ )

sup (i’kn — dk’ — 0, a.s.

k>1

Let (Yk)k>1 be a sequence of real random variables such that Y, — 0 almost

surely. then Ve > 0,3ng > 0 tel que Yn > 0, n > ng = |Y,| < € almost

surely. In particular dny = 0 tel que Vn > 0, n > ng = L}y, = 0. That
means Ly, >, — 0 almost surely.

From expression (4) and from lemma 4.2 of [3] we have the expected result.

E]
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In the following lemma, we give a result on the convergence of the modified
empirical eigenvalues of the covariance operator. This lemma, is an extension
of lemma 4.4 of [3].

Lemma 3.2.

and

Proof. Let prove that

P 2 1
E(sup c’;m—ck[ )zO(—).
k>1 n

By the definition of i we have

: 4 1 )
Chn — O = (2‘% s i Ck) Leenzady, +23 + (G = ) Lo sog 11y
and

2
5 2
]l{éknsﬁ'knﬁ} s i‘g e —éx]s 2 (5]

i 2 5 1
Gt Ck’ = sup 2dkn iy OR
k>1 n

sup
k>1

Now, let’s look at the term

2

- 1l
}Qdfk" T % Lamsadinriy

It’s null out of the set 1
{ék:n S Zd\’kn S _} .
n

- il
{ékn S 2d’kn I E} )

cp > 2dy = —cp < —2di, > 2(2’;6” —cp < 2 (&’kﬂ — dk) =

By restricting to the set

we have, sequentially,
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y) 1 - 1
Crn —Cr < 2d'gy, —Cp + — < 2 (d’k:n = dk) sE =
mn T

It follows
; 1 y . b 112
2d'kn — Cx + i |kn — cx|” |2 (d’rm = dk) i
Hence,
- 1|2 3 ; y 12 1
sup |2k, — ¢y + —| < sup |én — cx|* +sup |2 (d’,m = dk) i (6)
k>1 ﬂ k=1 k>1 n
Finally,

. JHE
Qd"jm = Ck+ =
n

]- ) 2 2
i o -— 2 a 5
{&kn(:!d;c“-}n%}) < ]E(i]ill) |(_.kn Ckl ) +8IE (:li[l) ld kn — dk‘ ) WLn_Q .

sup
k>1

Coming back to inequality (5), we have

1 2
E (sup Cin — ck‘ ) < 2E (sup |Cxn — ck|2) + 8E (sup

k>1 k>1 k>1

- 2 2
T dk\ ) =3

We conclude with lemma 4.3 of [3] and lemma 3.1.
Let prove the second part of the lemma, i.e,

sup [€'gn — ck‘ — 0 a.s.

k>1

We deduce from (5) and (6) that

sup

5 3 9
Qi — | + 5.
k>1 n

% 2

Cin — Ck} < 2sup |ékn — Ck|2 + 8sup
k>1 k>1

Conclusion come from lemma 3.1 and from lemma 4.1 of [3].

O

4 Convergence of the estimators of eigenval-
ues of the linear operator of a MAH(1)

We give, in this section, an extension of lemma 4.5 of [3]. It’s a result on the
convergence of the modified empirical eigenvalues of the linear operator L.
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Lemma 4.1.
A 2 : 1 i
E( M—Aq)_o(gfl)v%0<y<L
k>1 n

Proof. Let k > 1. From the expression of A, with regards to ¢, dy and that
of Agp With regards of ¢/, and of d'3n [3] established that

rn . 1 1
- = [\ mt— — Ay — —
d";m dk k /\kn i )\k
As, X Apn € 10, 1[, we have
il
— >1,
/\k)\km
and
1 I i
)\k;\kn )\k :
It follows that :
C’,tm 1
2> = | (-1
d’k:n J ‘ /\k ()\k )
hence 5
: M | Cen C
An—AJ 5
lk sl veu

which leads to 5

é’kn Ck
d\fk dk

‘j\kn_)\k‘2< (1516)%)2 (7)

We have, subsequently

é’kn Ck 1 ( ~
i i () (o)
Jek i dm dk k k Ck C;
and
5 é!kn Cr|
kn &'kn T dk: - dk (dk i dkn) = (c’kn = Ck)

then
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~2
d kn

Nen — )\k‘g % 2(1 ik/\k)z [%(&’kn i dk)2 ot ((?kn 5 Ck)g] (8)

2
Let find an upper bound for o

dj,
the following double inequality, established in [3],
dy, d
i SN 2—’5-.
Cl Cp
entails that i
cﬁ 4
E.‘z" = p
k k

Coming back to inequality (8) we get :

A — )\kr = 2(1 ik/\k)2 [/\%(Cz';m = dk)2 o ((Elk'n ~ Ck)z]

a2
1
dkn

and

A2
/
dkn

B = /\kr = ﬁ(&'kn = dk)2 + 2(1 ik/\k)z(é’kn — Ck)z.

It follows that .

~2
supd'y,,
k>1

. 2 ; ¢
d’kn—dk‘ +2(—m) sup

su =
1 T e

T TR C’k Gk
3 2 n ]
(1 5 ” Hx:) k=1

i ‘2

In particular, as d'g, > a,, we obtain :

a’E (sup

k=1
8 2 T 2

e ) (sup ) + Q(MI‘:—) E (sup

(= ”L“L‘) k=1 s HL“c k>1

From lemmas 3.1 and 3.2, we deduce that

sl B (1)

o~ 2
'\kn*Ak} ) S

&’Im o dk

= 2
C’kn_ck‘ )

2E (sup

k=1
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Set Vn>l1,
1
Q= ———— N0 < <]
(Inn)z
Then ’ ity
E(Sup :\;m—)\k‘ ) —O(M) vy U<y =< 1,
k=1 n

]

Proposition 4.1. Under assumptons Hy to Hgs and by assuming that we
have knowledge of the eigenvectors vy of L, we have :

- 2 kn(lnn)? a2
E(‘Ln,kﬂLHﬂs) _O(TJr Y E v oeyed

k>kn K
Proof. We can write, from the definition of the norm of Hilbert-Schmidt,

that ' .
E ( iy, L”;) = kZ_;IE ((S\,m 5 /\k)z) o gk: A2,

From lemma 4.1, we have

i

ZIE((,XM—A,“)Q) = 0 (@) Yy, 0 <y <1,

k=1
Moreover, since
d d
g = A= Z—k,
Cr. (677
we get
2 dj
Az =10 —
s si-o(y 4
>kn k>kn
which end up the proof. I

The previous result yields the rate of convergence of the estimator of the
operator L.

What follows now is another new result that we obtain. We set it as follow:
Theorem 4.1. Under assumptions H, to Hg and if ¢y, = k=%, d, = k=P,

(lnn)’*)

n

o]

where B —a > 1, then Yy, 0 < 4 < 1 and for any k, = (

5 ([~ of) =0 ((52))

, we

have
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Proof. Proposition 4.1, states that

2 kn(Inn)?
L Z e a)\m Bl el b

k'ﬂ

]E(’ i 0

Let us look at the term » 7, thBlT) We have :
1 1 1
Z E2(B—a) Z 2(B— )1 _Z 2(f—a)-1
k>ky, e k>ky, kA=) k>kn o

Since, by assumption 3 — a > 1, we have likewise 2 (3 — ) — 1 > 1, which
allow us to conclude that the series Zbk” W is convergent. Hence

il 1
Z L2(B—a) o (};)
k>kn

Let us come back to equation (10). We have :

] 2 sl Tt 1
Ln,kn—LH ):O(M —) Wy, 0<y<l.

HS mn k

n Ko

i
lnn)r\ "2 iy
kn = (( nmn) ) is the minimum of the term kn( nn) i

5 Application

We want to forecast for budgetary purposes, the evolution of the turnover
of an insurance company. we purpose to model the turnover according to a
MAH(1). Estimates were made with the Eviews software.

5.1 The Data

We have monthly data from 2008 to 2014. In Figure 1, a monthly series is
created for each year. Each series can be likened to a function defined over
the time interval [1-12].

5.2 Approximation in a basis of cubic spline

Wanting to make a functional forecast, we choose to project the different
series in a basis of cubic splines defined on the interval [1-12]. Each spline
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Figure 1: Annual turnover trends

function of the basis is approximated by a vector consisting of the values
taken at the points {1,2,3,4,5,6,7,8,9,10,11, 12}.

The projection consists of a linear regression of each series centered on the
vectors of the spline functions. The simulations carried out on basis of di-
mension ranging from 4 to 10 (k, in the method presented) led to roughly
the same results. Figure 2 is the basis of splines of dimension 6.

Figure 3 gives an overview of the quality of adjustment of the 2012 and
2013 sales series with the spline basis. The top 2 curves of each graph are
the initial and predicted series. The lower curves return the residual of the
estimate.

5.3 Results and comments

The estimates have led to an approximation of the linear operator by the
following matrix in the basis of cubic splines:
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Figure 2: Basis of cubic splines of dimension 6 on the interval [1-12]
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0.1454
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0.1174

0.0927

0.1598

0.1322

0.1454

0.1174

0.2723

0.0674

0.1274

0.3056

0.0943

0.0927

0.0674

0.1533

0.2566

0.0766

0.1641

0.1598

0.1274

0.2566

0.4304

0.1446

0.1636

0.1322

0.3056

0.0766

0.1446

0.3429

The hypothesis H; imposing the condition of the same orthonormal basis for
the three operators (C'; D; L) is not fulfilled. This is a fairly strong hypoth-

esis that we could not get with any of the available series.

The forecast for 2014 is compared to the real data in figure 4.
The mean square error is of the order of 3.25F + 08, for a coefficient of
variation of about 8.5%, which can be considered very average.
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Figure 3: Adjustment of the 2012 turnover and of the 2013 turnover on a
basis of splines of dimension 6
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Figure 4: Real turnover vs predicted turnover
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