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Abstract

In this paper, we deal with a Markov chain on a measurable state space (X, X’) which
has a transition kernel P admitting some small-setS € X, that is such that P(z, A) >
v(14)1g(x) for any x € X, A € X and for some positive measure v. Under this condition,
we propose a constructive characterisation of the existence of an P-invariant probability
measure 7 on (X, X) such that 7(1g) > 0. When such an 7 exists, it is approximated in
weighted or standard total variation norms by a finite linear combination of non-negative
measures only depending on v, P and S. Next, using standard drift-type conditions,
we provide geometric/subgeometric convergence bounds of the approximation. Theses
bounds are fully explicit and are as simple as possible. Anyway the rates of convergence
are accurate, and they are optimal in the atomic case. Note that the rate of convergence
for approximating the iterates of P by the finite-rank submarkovian kernels introduced in
[ | is also discussed. This is a new approach for approximating = in the sense that
it is not based on the convergence of the iterates of P to w. Thus we need no aperiodicity
condition. Moreover, the proofs are direct and simple. They use neither the split chain in
the non-atomic case, nor the renewal theory, nor the coupling method, nor the spectral
theory. In some sense, this approach for Markov chains with a small-set is self-contained.

AMS subject classification : 60J05

Keywords : Small set, Invariant probability measure, Finite-rank approximating, Rate of
convergence, Drift conditions

1 Introduction

Throughout the paper P is a Markov kernel on a measurable space (X, X'). Let (X,)n>0 be
a Markov chain with state space X and transition kernel P. If (X,,),>0 admits an invariant
distribution denoted by m, the two following issues are of interest for any A € X.

(Q1) How to approximate the value of m(14) and to control the error?

(Q2) How to approximate the value of P(X,, € A) and to control the error?

*Univ Rennes, INSA Rennes, CNRS, IRMAR-UMR 6625, F-35000, France. Loic.Herve@insa-rennes.fr,
James.Ledoux@insa-rennes.fr



The standard way is to use, when n is large enough, P(X,, € A) to approximate m(14), and
m(1la4) to approximate P(X,, € A). This approach is supported by all the classical results
related to the convergence in distribution of (X, ),>0 to 7, or in other words by all the results
of convergence of the iterates P™ to the rank-one operator 7(-)1x. It is worth noticing that
the approximation of P(X,, € A) by m(14) is effective only when 7 is known. Unfortunately,
in practice 7 is often unknown, in which case (Q1) becomes a central issue. Concerning (Q1),
observe that m may be approximated by something other than the iterates of P, provided that
the approximation procedure is effective and that the error is well controlled. Then, once the
invariant distribution 7 is well estimated, then the classical bounds on |P"(z, A) —7(14)| can
be used to solve (Q2).

The main objective of this work is to propose a new approach to address (Q1), which is
not directly based on the convergence of P" to w. Specifically, when P has a small-set S and
has an invariant probability measure 7 such that 7(1g) > 0, we present a general and effective
procedure for approximating 7. The central point here is that all the convergence bounds are
fully explicit and are as simple as possible. Anyway the rates of convergence are accurate,
and they are optimal in the atomic case.

Let M™ (resp. M) denote the set of finite non-negative (resp. positive) measures on
(X, X). For any 4 € M™ and any p-integrable function f : X — C, u(f) denotes the integral
f fdu. Throughout the paper, the existence of a small-set S for P is assumed, that is

3Se X, weMf, VreX, VAcX, P(z,A)>v(la)lg(x). (S)
Under Assumption (S), we can use the following sequence (B;)r>1 € (M™)N introduced in
[ | and recursively defined by

1

Bi(:):==v(-) and VYn>2, pB,():= I/(Pn_l )= V(P”_k_lls) Br(+)- (1)
1

3
|

£
I

Note that no spectral theory is used here in contrast to | |. Under Assumption (S), the
following results are obtained.

e In Section 2 (Theorem 2.1), we prove that there exists an P—invariant probability measure
7 on (X, X) such that 7(1g) > 0 if, and only if,

“+oo
> Brl(lx) < 0. (2)
k=1
Actually, under this condition, set u := ZZS Br € M. Then u(lg) =1 and
1
mi= ——— 3
1(1x) )

is an P—invariant probability measure on (X, X') such that 7(1g) = 1/u(1x) > 0.

In the next items Condition (2) is assumed to hold, and for every n > 1 we consider j,, € M
and the probability measure i, on (X, X') defined by:

1
fn(1x) fin:

JTES Zﬁk and i :=

k=1



The comments below are mainly about the error bounds obtained for the approximation of 7
by p(1x) " pn or fin. Although such error bounds are expressed in Sections 3-4-5 in terms of
various weighted total variation norms, the following discussion only focuses on the standard
total variation norm for the sake of simplicity.

e In Section 3 (Theorem 3.1), we prove that the invariant distribution 7 given by Formula (3)
can be approximated in total variation norm by either (u,/pu(1x))n or (fn)n with the
following error estimates

I = p(lx) ey = p(1x) " en < e and m = finlley < 2p(1x) e, <26, (4)

+oo
with Enp = Z ﬁk(lx)

k=n+1

Note that lim, e, = 0 from (2).

e In Section 4, geometric drift conditions are used to obtain geometric rates of convergence
for the above sequence (€,)p>0. First, under the usual drift condition PV < §V + L1g
for some constants § € (0,1), L > 0 and some measurable function V' : X —[1, +00),
we establish that 6 := limsup,[3,(1x)]"/" < 1 and that: V0 € (61,1), g, = O(") (see
Theorem 4.1 and Remark 4.1). Second, in order to obtain computable rates of convergence
for (€,)n>1, the following condition is introduced

35 € (0,1), PV <5V +u(V)1g. (5)
Under Condition (5), we prove that (Theorem 4.2)
Vn > 1, &1g;4vgyﬁ (6)

Condition (5), which always holds if S is an atom (see Corollary 4.1), may fail in the non
atomic case. In Corollary 4.2, it is shown that if P satisfies PV <V on S¢:= X\ S and
if PV is bounded on S, then the bound (6) still holds, but with 6% and V®° in place of
0 and V for some easily computable oy € (0,1). Finally some properties involved in the
proof of Theorem 4.2 (resp. of Corollary 4.2) are used in Theorem 4.3 to derive a rate of
convergence to 0 for P* —T,, in V-weighted operator norm, where T, is the submarkovian
finite-rank kernel defined in (12a). This rate of convergence enables us to specify the error
bound obtained in | , | for the V —geometrical ergodicity of P. Using the
triangle inequality, any such error bounds can be combined with (4) to solve (Q2), see
Theorem 4.4.

e In Section 5 the following subgeometric drift-type conditions are introduced to study the
rate of convergence of (ey,)p>1: for m > 1 there exist m + 1 measurable functions V; :
X —[1,400), i =0,...,m, such that

Vie{0,...,m—1}, (P=T)V;<V;—Viy1 with T-:=uv()lg. (7)

Under Condition (7), (€n)n>1 is proved to satisfy lim, n™ e, = 0 (Theorem 5.1). The
sequence (Bk(Vin))x is investigated in Theorem 5.2 to obtain computable rates of conver-
gence for (,,)n>1. In particular the following property is stated in Corollary 5.1: if m > 2,
then Co UV
Vn>1, &,< m (Vo)

m(73+1)_1
~ (m—1)nm-1 ’

with  C, :=2 (8)
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Next it is shown in Corollary 5.2 that the subgeometric drift conditions (7) are fulfilled
under the more explicit following ones:

Vier < Vi
vie{0,...,m—1}, = (9)
PV; < (Vi = Vi1) +v(Vi) s,

If S is an atom, the first condition in (9) implies the second one. Then, using an iterative
procedure based on | , Lem. 3.5], we prove that, if PV is bounded on S and if P satisfies
the condition PV < V — ¢; V® on S¢ for some constants a € [0,1), ¢; > 0, and some
measurable function V : X —[1,4+00), then the bound (8) holds with m := |(1 — )7},
where |-| denotes the integer part function on R (see Corollary 5.4). Of course, in the
non atomic case the second condition in (9) does not hold automatically with Vp = V
and Vi = ¢, V%, but the iterative procedure of the atomic case still applies, provided
that PV <V — ¢ V¢ is replaced by PV < V- c1 V@ with V = V™ for some explicit
no € (0,1]. Then, if ng > 1 —« and if V, PV are bounded on S, the bound (8) holds with
= |no(1—a)~1] (see Corollary 5.5). Finally in Theorem 5.3 the rate of convergence for
P" — T, with T, given in (12a) is specified under the subgeometric drift conditions (7).

We recall that this work is not directly based on the convergence in distribution of the
Markov chain (X,,)n>0. In particular no aperiodicity condition is introduced. We use neither
renewal theory, nor coupling method, nor spectral theory. Actually our main statements are
concerned with the rate of convergence in (4), in which the positive measure p, and the
probability measure [, write as a linear combination of the non-negative measures v,v o
P,...,vo P" ! with explicit coefficients only depending on v, P and S. Therefore, precise
qualitative or quantitative comparisons with the classical works recalled below are difficult to
address.

The basic fact is that our assumptions are quite close to usual ones. Indeed, the central
assumption (S) is the existence of a small-set S. But we do not introduce the strong ape-
riodicity condition v(1g) > 0 in order to get a minorization condition as in | , D 98]
or in | , Chap. 11]. Here no use of the split chain is needed for proving our results
in the non-atomic case. Next, Condition (2) is proved to be equivalent to >/ Bi(1g) = 1
and Zk kBr(ls) < oo in Theorem 2.1. When S is an atom, this last condltlon is nothing
else but the usual condition of finite expectation of the first return time in S, see (20). For-

mula (3), which has been obtained in the V-geometric ergodicity context | |, extends a
well-known formula when P satisfies the Doeblin condition (X is a small-set), see | |, or
when P is irreducible and recurrent positive according to | , p 74]. Next, the use of ge-

ometric or subgeometric drift conditions is standard for investigating the rate of convergence
of the iterates P™ of the transition kernel P to w. The error term is usually computed in some
weighted operator norm. Under irreducibility and aperiodicity conditions, if P satisfies As-
sumption (S) and the geometric drift condition PV < § V4 L 1g for some constants § € (0,1),
L > 0, and some measurable function V' : X —[1,+00), then P is V-geometrically ergodic,
e.g. see | , , , ) | (see also | , , , , |
for alternative approaches). Moreover the previous drift condition bas been proved to be use-
ful to derive computable rates of convergence in the V-geometric ergodicity property, e.g. see
| , , , , , |. However recall that deriving effective and accurate
bounds in the V-geometric ergodicity property is a difficult issue. Similarly non-geometric
(for instance polynomial) rates of convergence can be derived under subgeometric drift con-
ditions, see | , and the references therein| and | | for an operator-type approach.



The second condition in (9) is an instance of such drift conditions. More general subgeometric
drift conditions can be found in | , | and quantitative bounds of polynomial
rates for the convergence of P" to 7 are obtained in | , |.

The estimates in (4) do not give direct information on the convergence of the iterates of
P to m, but they do provide an approximation of w(14) for all A € X. Anyway the error
bounds obtained in both geometrical case (Section 4) and subgeometrical case (Section 5) are
simple and explicit. The proofs in this paper are quite simple. It appears that the initial
idea of approximating 7w by p, or ji, rather than with the iterates of P simplifies the error
computations. In Section 6, we illustrate our results on standard examples of Markov chains.
The numerical findings support the idea that the quality of the bounds in (4) is good.

2 Existence of 7 under Assumption (S)

We denote by B the space of real-valued bounded measurable functions on (X, X), equipped
with its usual supremum norm: Vf € B, || f|| := sup,ex |f(x)]. If Q1 and @2 are bounded
linear operators on B, we write Q1 < Q2 when the following property holds: Vf € B, f >

0, Quf < Q2f.

Let P be a Markov kernel satisfying Condition (S). Note that P is a bounded linear
operator on B since P is a Markov kernel, and that f — v(f) is a continuous linear form on
B, with v € M} given in (S). Let us introduce the following continuous linear forms on B

n—1
VfeB: Bi(f) =v(f) and Vn =2, Bu(f) =v(P" ' f) = > v(P" " 1) Bi(f). (10)
k=1

Moreover let T' be the rank-one operator on B defined by :
vfeB, Tf:=v(f)ls=p(f)ls. (11)
It follows from the positivity of v and from (S) that 0 < T < P.

Proposition 2.1 Assume that P satisfies Condition (S). Set Ty := 0 and T, :== P"—(P-T)"
for any n > 1. Then

Vn>1, 0<T,<P" and T,=)» B()P" *lg (12a)
k=1
T, — T, P= (P -1, T (12b)

Moreover, for everyn > 1, 3, € M™, that is: there exists a non-negative measure on (X, x
(still denoted by fBy,) such that [ dfB, < co and, such that, for every f € B, we have B,(f) =
fodBn. Finally we have

Vn>1, By=vo(P" - Tn—1) =vo(P— 7)Y and Bpy1=PBno(P-T) (13)
with the convention that P° and (P —T)° stand for the identity map on B.

Proof. That 0 <T,, < P" follows from 0 < T < P. The equality in (12a) for n = 1 is obvious
from the definition of 7. Now assume that this equality holds for some n > 1. Then

PY =Ty = (P=T)"" = (P=T)(P"=T,) = P""' = PT, - TP" + TT,



from which we deduce that, for every f € B

Toi1f = PLf+TP"f-TT,f (14)
= S AP g 4 <51(P”f) - Zﬁk(f)V(Pnkls)) s
k=1 k=1

> B(NP g + By (H)1s

with B,41(-) defined in (10). This provides the equality in (12a) by induction. Next we obtain
that for every n > 1

P"—T,=(P-T)"=(P" ' -T,_ ) (P-T)=P"—P"' T - T, \P+T, T

so that
T, — Ty 1P=P"'T-T, ,T=(P" ' ~T, )T

Formula (12b) is proved. Now it follows from (10) and (12a) that

6n(f) Pn 1 ZBk’ Pn k— 115) —U(Pn 1f Tn—lf)'

This gives the two first equalities in (13), from which the last one is easily deduced. Finally
note that Bi(-) = v(-) is a positive measure on (X, X'), so that for every n > 1 G,(:) is a
linear combination of non-negative measures on (X, X') (by induction). That 3, is a finite
non-negative measure follows from (13) since 0 < P*~! — 7T, < P! O

Now we can prove the main theorem of this section.

Theorem 2.1 Assume that P satisfies Condition (S). Then the four following assertions are
equivalent.

(i) There exists a P—invariant probability measure m on (X, X') such that w(1g) > 0.

+o00
(ii) > Br(1x) < oo
k=1

+oo +oo
(iii) Y Br(ls) =1 and Y _kBi(ls) < oo.

+o00o
(i) lim fp(lx) =0 and Y kfi(ls) < oo
k=1

Moreover, under any of these four conditions, we have

+o0 1 =
> EBr(ls) = o0z > Bi(1x) (15)
k=1 v(1x) i
and
= Z 5k ) 4 Zﬁk (16)



is an P—invariant probability measure on (X, X') such that

1
) = s 1

Proof. Assume that Assertion () holds. We deduce from (12a) that

0<m((P" = To)lx) =1 —n(Tulx) =1 —7(15) > Br(1x),
k=1

from which it follows that >/ Bx(1x) < 1/7(ls) < oo since 7(1g) > 0 by hypothesis. This
gives Property (ii). Conversely assume that Assertion (i7) holds. Then

“+00
pi= Zﬂk e Mf
k=1

since pu(1x) > Bi1(1x) = v(1x) > 0. Also note that, for every f € B, the series S Bi(f)
absolutely converges in C since |85 (f)| < ||f|l Bx(1x). We obtain that, for every f € B,

+oo
w(Pf) = Y v(P"f—TpaPf)  (from (13))
lj—j +o00
= > v(PYf-Tuf) + > v(P"'Tf =Ty Tf)  (from (12b))
k=1 k=1
= p(f) =v()+u(Tf)  (from (13) and i(f) = v(f))

(f) —v(

= u(f)—v(f) +uls)v(f) (from the definition of T")

= () —v(

Note that the second equality holds since both series in the right-hand side are equal to
Z:ﬁ Br+1(f) and Z % Be(Tf)[f respectively, which are absolutely convergent. With f :=
1x the previous equahty gives u(lg) = 1 since Plx = 1x and v(lx) > 0. Thus p is an
P—invariant non-negative measure such that p(1x) > 0 and p(lg) = 1, so that 7 := p/p(1x)
is an P—invariant probability measure on (X, X) such that 7(1g) = 1/u(1x) > 0. We have
proved that Assertions (i) and (i7) are equivalent, and that Equality (17) is valid under any
of these two assertions.

Next we obtain from (13) and the definition of T’

Vi >1, PBrei(lx) = Bro (P —T)(1x) = Br(lx) — v(1x) Be(ls). (18)

Set by, := fr(1x) and ¢ := v(1x) Br(ls) for any k > 1. Note that by, ¢, > 0 and that (bg)r>1
is decreasing. We have ¢, = by — b1 from (18) so that

+oo
Z ke = Z Bo—boa) =D (k) with @ (k) = (b — by1) 1y (k).
k=1 k=1

Note that 0 < ¢(™ < ¢+ Moreover, if lim,, b, = 0, then we have Vk > 1, lim,, d)(”)(k) = by,
and the following equalities hold in [0, +00]

+00 n +00 +oo
Sheim i She= im0 = 30
k=1 k=1 k=1 k=1



from the monotone convergence theorem with respect to the counting measure. This proves
the equivalence of Assertions (i7) and (iv), and Equality (15). Equivalence of Assertions (ii7)
and (iv) follows from

1

(b — bes1) = v(1x) — bn (19)
1

i
—
S
I

Vn > 1, Ck

i
I
i

due to Bl(lx) = l/(lx).
U
Recall that a set S € X is said to be an atom for P if: V(a,d’) € S?, P(a,-) = P(d,-).
Then Condition (S) holds for v(:) := P(ag,-) with some (any) ag € S. In the atomic case,
Assertions (ii) or (ii7) of Theorem 2.1 correspond to the well-known conditions involving the
first return time in an atom. More precisely, let us assume that S is an atom for P and define
Rg as the first return time in S:

Rg :=inf{n >1: X, € S}.
Then, we have
Vn>1, Bu(lg) =Pe(Rs =n) and Bn(1x) = Pgy (Rs > n) (20)

with () defined from S and v(-) := P(aop,-) with some ag € S. Hence Assertion (ii) of
Theorem 2.1 rewrites as ), _; P(Rg > k) < oo and Assertion (iii) as Py, (Rg < 00) = 1, and
Zz;“i kP(Rs = k) < oo. Both assertions read as the usual moment condition of the return
time in S : E, [Rs] < oo.

3 Approximation of 7 in total variation norms

If W : X—[l,400) is a measurable function, then the W-weighted total variation norm
A1 — Xa||w for any (A1, A2) € (MT)? is defined by

A1 = Aellw == sup |[Ai(f) — A(f)]-
|fI<SW

If W= 1x, then ||A\1 — A2ll1, = [[A1 — A2||7yv is the standard total variation norm. If A\; and
Mg are probability measures on (X, X), then |[A; — Aa||7y corresponds to their standard total
variation distance.

Under Assumption (S) recall that, if 2/ Bx(1x) < oo (equivalently if one of the three
Assertions (i), (iii) or (iv) of Theorem 2.1 holds), then we denote by u := 37 B the
P—invariant positive measure given in Theorem 2.1. For every n > 1 let us define on (X, X)
the following finite positive measure u, and probability measure fi,:




Theorem 3.1 Assume that P satisfies Condition (S) and that for some measurable function
W > 1x we have (W) < oo (thus u(lx) < oo). Let m:= p/u(1x). Then

vn>1, 7= p(l)  pmllw = p(x) " eaw <enw (21a)
Vn>1, |r— fnllw < p(lx) ™! (5n,W + (W) pin (1) ™! 5n) (21b)
+oo +o0
with Yn >1, epw = Z Br(W) and e, :=¢en1, = Z Br(1x). (22)
k=n+1 k=n+1

Such an estimate on |7 — fi,||w allows us to quantify the quality of the approximation by
(fin(f))n>1 of m(f) when f is some unbounded function such that |f| < W. Note that
under the assumptions of Theorem 3.1, since u(lx) < u(W) < oo, we can always use Esti-
mates (21a)-(21b) for W := 1x to get the following bound for the standard total variation
norm

V> 1, |7 = fnllry < 2u(lx) te, < 26e,. (23)
Proof. We have
17— pn/ ()l = (1 = ) (W) /11(1x) = Enw/ (1)
since 7 = p/p(lx) and p — p, € MY, so that || — pnllw = (u — pn) (W) = epw from (22).

The last inequality in (21a) follows from p(1x) > pu(lg) =1 (see Theorem 2.2-(iii)). To prove
(21b) consider any measurable function f : X — R such that |f| < W. Then

o~ — | . pin(f)
fin(f) 1 1
<= 1(1x) * ()] p(lx)  pn(lx)
En,W Mn(1X) - :UJ(IX)
= )
by using the triangle inequality, (21a) and |, (f)| < pn(W), and finally |u,(1x) — u(lx)| =
(1 — pn)(1x) = &5, from (22). O

Remark 3.1 Under the assumptions of Theorem 3.1, alternative bounds to (21a)-(21b) can
be proposed according to the needs.

e From (17) the constant u(1x)~! in (21a)-(21b) is equal to w(1g) which is less than 1. But
this cannot be used here since m 1s supposed to be unknown.

o We have
Vn>1, |7 —fn|lw < V(lx)*1 (€n,w + pu(W) 1/(1X)*1 an) (24)

which follows from p,(W) < p(W) and from p(lx) > pn(lx) > fi(lx) = v(1x). In
atomic case we have v(1x) = 1, so that

Vn>1, |7 —fnllw <enw +u(W)e, (atomic case). (25)



e In the non-atomic case v(1x) is small in general, in which case Estimate (24) can be
replaced with the following one. Set n* := min {E >1l:e < 1/2}. Then

V> n', lm = fnllw < p(lx) " (enw + 20(W) u(lx) " en) < enw + 2u(W) gn. (26)

Note that the last bound in (26) is that of the atomic case in (25), up to the factor 2 in
the second term, and that a priori (26) only holds for n > n* in the non-atomic case. If
n* is replaced with ny := min {¢>1:e,<n} forne(0,1/2), then the factor 2 in (26) is
replaced with a factor close to one when n— 0, but it is worth noticing that n*(n) is larger
and larger when n— 0. To prove (26), first note that n* is well-defined since lim,, &, = 0,
and that

Vn > nt, o pun(lx) > p(lx) —1/2 > p(lx)/2
from the definition of €, and n*, and from p(lx) > u(lg) = 1 (see Theorem 2.2-(iii)).
Thus the first inequality in (26) follows from (21b). The second one follows from pu(1x) > 1.

Note that the constants associated with e, w and ey, in (24) and (26) do not depend on n.

Remark 3.2 If P satisfies Condition (S) for S := X, then P is uniformly ergodic, and
we have sup,cx ||P"(z,-) — 7|lrv < (1 —v(1x))", e.g. see [ |. In this case, note that
we have e, = (1 — v(1x))"™ in (23) since an easy induction provides: Yk > 1, Br(lx) =
v(1x) (1 — v(1x))*1.

It is clear from Estimates (21a)-(21b) or (23) and from Definition (22) of &, w and &,
that the rate of convergence to 0 of || — fin|lw can be derived from good estimates of the
convergence of the sequences (5,(W))p>1 and (8n(1x))n>1. This is the main objective of
Sections 4-5 where appropriate drift conditions are introduced in order to obtain geometric
or subgeometric convergence to 0 of (3, (W))p>1 and (Bn(1x))n>1 and so of (epw)n>1 and
(en)n>1-

4 Explicit bound under geometric drift conditions

Throughout the Sections 4 and 5, any measurable function V' : X —[1, +00) will be called a
Lyapunov function. For the sake of simplicity, any Lyapunov function V in this section is
assumed to satisfy: Va € X, (PV)(x) < oo. Hence, under Assumption (S), we have

v(V) < oc.

Recall that we have set p := > ;2 B under Assumption (S). The following theoretical
statement is derived from Theorem 3.1 and | , Th. 3.1].

Theorem 4.1 (] 1) Assume that P satisfies Condition (S). Moreover assume that
36 €(0,1), IL>0, PV <5V +Llg (D)
with respect to some Lyapunov function V. Then we have

Oy = limsup[ﬁn(V)]% <1,

10



that is, for every 0 € (0y, 1) there exists a positive constant Cy such that
Vn>1, Bu(lx) < Bn(V) < Cyb". (27)
Moreover we have
p(lx) < p(V) <max (Cy0/(1 —6), L/(1—19)) < oo.

Finally Estimates (21a)-(21b) hold with W :=V and

C
en < env < fee gt (28)

Proof. Under Assumptions (S) and (D), we know from | , Th. 3.1] that 6y < 1. This
gives (27). Then it follows from (27) that pu(V) < Cp0/(1 — 6) < co. Moreover we deduce
from (D) and from the P—invariance of p that u(V) < du(V) + L since u(lg) = 1, hence
w(V) < L/(1—9¢). Finally (28) follows from (22) and (27).

O

Remark 4.1 From 0y < 1 we deduce that

O = limSUp[ﬁn(lx)]% <ty <1

since 1x <V and B, € M. If 01 < Oy, then we obtain a more accurate bound for e,, that
is: for every 0 € (61,1), e, < D" 1/(1 — 0) for some positive constant Dy. Actually we do

not know if the inequality 61 < Oy is true (nor if it holds for some instances).

As mentioned in | , Rem. 5.4], the real number lim sup,,[3,(V)]"/" may be strictly
less than the so-called spectral gap related to the V-geometric ergodicity of P. In this case
the rate of convergence in (28) is better than that given by the V-geometric ergodicity, see
Subsection 6.1.1. Recall that finding explicit rate and bound in the V-geometric ergodicity
property are difficult issues. Similarly, finding explicit bounds for 6y and for the constant
Cy in (28) are difficult a priori, because the inequality limsup,,[3,(V)]'/™ < 1 is obtained in
| , Th. 3.1] thanks to spectral arguments.

Below various statements specify the explicit control of the error term &, in (21a)-(21b)
under Assumption (S) and the following drift condition:

30 € (0,1), Ve € ¢, (PV)(z) <dV(x). (Dge)
Note that Condition (Dge) is equivalent to (D) when PV is bounded on S.

Theorem 4.2 Assume that P satisfies Condition (S) for some S € X and v € M. More-
over assume that there exists a Lyapunov function V' such that P satisfies (Dge) and the
following condition on S

VzeS, (PV)(z)<sV(z)+uv(V). (Ds)

Then
Vn>1, Bu(lx) < Bu(V) <v(V)ée" L (29)

11



Moreover we have

v(V
p() < u(v) < Y <0 (30)
Finally Estimates (21a)-(21b) hold with W :=V and
\%
Vn>1, ey <eny < ;(_ ()5 5", (31)

Note that Conditions (Dge)-(Dg) rewrite in a single inequality as
PV <oV 4+v(V)lg.
However, in view of the proof below and of the next Corollary 4.2, it is convenient to separate

the condition on S€¢ and that on S.
Proof. Recall that T'= v(-)1g. Then

(P-T)V = 1g(PV —v(V)lg) + 1g(PV —v(V)1s)

lge PV 4+ 15(PV — v(V)1g)

6V ige+1g(PV —v(V)ls) =0V +15(PV =6V — v(V)lg)
5V

<
<

from (Dge) and (Dg). Using P — T > 0 and iterating the previous inequality gives
0< (P-T)"V <"V (32)
Next, it follows from (13) that
Yn>1, B,(V)=v((P-T)""'V)<y(V)s" L

This gives (29) and (30) due to 1x < V and to the positivity of 3, and u. Finally (31) follows
from the definition of &, and ¢, in (22) and from (29). O

Remark 4.2 Asin the Theorem 4.1 (see Remark 4.1), it is worth noticing that the computable
geometric bound (31) is the same for (ey)n>1 and (env)n>1. However the constants differ
according that we deal with the error bound (23) in total variation distance or with the error
bound (21b) in V —weighted total variation distance. Anyway note that (30) gives a computable
bound of u(V') which is useful in (21b) (applied here to W :=V ).

If Condition (S) holds for an atom S and for v(-) := P(ag, -) with some (any) ag € S, then
Condition (Dg) is fulfilled since

VeeS, PV(x)—doV(z)—v(V)=-0V(z)<DO0.
Consequently we obtain the following corollary of Theorem 4.2.

Corollary 4.1 (Atomic case) Assume that P satisfies Condition (S) with an atom S and
with v(-) defined by v(-) := P(ap, -) with some (any) ag € S. Moreover assume that there exists
a Lyapunov function V' such that P satisfies the drift condition (Dge). Then Estimates (21a)-
(21b) hold with W =V and with (en)n>1 and (env)n>1 satisfying (31) (recall that (25) is
an alternative bound to (21b) in the atomic case)

12



Remark 4.3 In the atomic case, the bound B,(1x) < v(V) 6"t (see (29)) may be derived
from well-known results under Assumption (Dge). Indeed we know from (20) that B, (1x) =
Py (RS > n), where Rg is the first return time in S. Moreover (Dge) gives

PV <6V 4+ (c—09)1g with ¢ :=v(V) and ¥ := infq V(z).
TE

Then we deduce from [ , Prop.4.3.3(ii)] that
Ve eX, E,[075] <V(z)+(c—69)5 " (33)

hence

Eoo[67 ] <9+ (c—09)6 ' =

The same estimate as in (29) is obtained using Markov’s inequality

Bn(lx) = Pgy(Rs >n) = Pgy (675 > 67") < "t

According to the previous discussion on the atomic case, the bound S, (1x) < v(V)§"!
obtained in (29), and consequently the resulting bound (31) for &, are not only simple and
explicit but also quite optimal. Although Condition (Dg) is automatically satisfied in the
atomic case and may hold in the non atomic case too, this condition is nevertheless restrictive.
In the next corollary, the function V' is replaced with V' for some suitable ag € (0,1] in
Condition (Dg) and Condition (Dge) is preserved. The price to be paid is that the geometrical
bound (31) for &, will hold with §*°™ in place of the expected rate 6”. But the benefit will
be that the bound for g, is still simple and explicit.

Let V be a Lyapunov function such that PV is bounded on S. Then
Jag € (0,1], Yz € S, (PV)(z) <5V (x)* + p(V0). (34)

Indeed, set Mg := supg PV. Then, for every a € (0, 1], we have 1 < supg PV < Mg® from
1x < V®and PV* < (PV)® using Jensen’s inequality. Moreover

Ve e S, (PV*)(x)—0*V(x)*—v(VY) < Mg®—06*—rv(lx)
from 1x < V. Passing to the limit when o — 0 gives (34) since v(1x) > 0.

Corollary 4.2 Assume that P satisfies Condition (S) and that there exists a Lyapunov func-
tion V' such that P satisfies Condition (Dge) and PV is bounded on S (so that the usual drift
condition (D) holds). Let o € (0,1] provided by Property (34). Then

Vn>1, Bu(lx) < Bp(VE0) < p(Va0)srotn=b), (35)
Moreover we have
a0y « YV
pllz) < p(ve) < 2 < oo (36)
Finally Estimates (21a)-(21b) hold with W := V* and
Vo
B, e o < AV g -
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Proof. We have

Ve e ¢ (PV)(x) < 6%V (x)*® (38)
from PV < (PV)® (Jensen’s inequality) and from (Dge). Moreover (34) holds. Then
Corollary 4.2 follows from Theorem 4.2 applied to V* and d*° in place of V and 4. O

Recall that Inequality (34) holds with ap = 1 in the atomic case (see Corollary 4.1). In-
equality (34) may be also fulfilled with ap = 1 in the non atomic case (e.g. see Subsection 6.1.2
and Table 1 in Subsection 6.3). If ap = 1 does not work, the following statement is useful to
find ap € (0,1) in (34).

Proposition 4.1 Assume that P satisfies Condition (S) and that S is not an atom. Let
o:=1—wv(lx). Then we have for any Lyapunov function V :

Va € (0,1], Ve e S, (PVY)(z) —v(VY) < [(PV)(z) — v(V)]. (39)
Proof. Let x € S. Note that o,(-) := P(z,-) — v(:) is a non-negative measure on (X, X’)
from Assumption (S), and that o,(1x) = 1 — v(1x) does not depend on x. The case o0 = 0

corresponds to the atomic case. Here we assume that ¢ > 0. Define the following probability
measure on (X, X): ,(-) = 05()/o. Let a € (0, 1]. It follows from Jensen’s inequality that

(PV)(z) —v(V) [(PV)(z) —v(V)]*

=0,(V*) < [Ex(v)]a = )

g o

from which we deduce (39). O
The previous statements only concern the approximation of the stationary distribution

7. To conclude this section recall that, in | , Cor. 2.3|, the V-weighted operator norm

of P" — T,, with T}, given in (12a) is proved to converge to zero with a geometric rate of
convergence under Assumptions (S) and (D). Using Inequality (32), we specify this rate of
convergence under the assumptions of Theorem 4.2 or Corollary 4.2.

Theorem 4.3 Assume that P satisfies the assumptions of Theorem 4.2. Then

sup sup [(P"f)(x) = (T f) ()]
|fI<V zeX V(z)

< 6" with T,f = En: Br(f) P *1g (40)
k=1

where the functions f are assumed to be real-valued and measurable on (X, X). Similarly, if
P satisfies the assumptions of Corollary 4.2, then Inequality (40) holds with V° and 6*° in
place of V and §.

Proof. If P satisfies the assumptions of Theorem 4.2, then it follows from (32) that for every
measurable function f : X— R such that |f| <V

[P f=Tuf| = [(P=T)"f]<(P=T)"|f| < (P =T)"V <"V, (41)

from which we deduce (40). Under the assumptions of Corollary 4.2, we know that Theo-
rem 4.2 applies with V' and 6?0 in place of V and §, so that (41) holds with V0 and §*° in
place of V and ¢ too.

g
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If P satisfies the assumptions of Theorem 4.2 and the strong aperiodicity condition v(1g) >
0, then the bound (40) can be used to obtain a rate of convergence in the V-geometrical
ergodicity property, which simply depends on 6 € (0,1) in (Dg) and on the real number

< |(P1s)(2) - ms)\>;

0s = limsup
n — +0o

sup
zeX V(ZL‘)

introduced in | |. More precisely we know from | | that pg < 1. In Theorem 4.4
below we consider any p € (gg,1) and we define

P"1 — (1
o := max(d, o) and D, :=suppo "sup ’( s)(x) — 7 S)‘
n>0 reX V(l‘)

Theorem 4.4 Assume that P satisfies the assumptions of Theorem 4.2 and that v(1g) > 0.
Then we have

sup sup ’(P"f)(x) _ F(f” < vV)+1-9 0" + LV) Do na™. (42)

If|<V zeX V(x) - 1-9 0

Moreover, setting ¢ := 2 u(1x)™' < 2, the following inequality holds for every n > 1 and for
every A € X:

Pz, A) — Zzgg < <(1 h C)Vl(‘_/); L0 gy V(Vg De na”) Vie).  (43)

Similarly, if P satisfies the assumptions of Corollary 4.2 and if v(1g) > 0, then the bounds
(42) and (43) hold with V*° and §*° in place of V and 6 (the function V must be replaced by
Vo in the definitions of os and D,).

Proof. Property (42) can be easily obtained by using the bound (40) in the proof of | ,
Th. 5.3]. Then Inequality (43) follows from (42), (23) and (31) using V' > 1x and the triangle
inequality. O
Similar inequality to (43) can be obtained with u,(14)/p(1x) from (21a) with W := 1x. Of
course any bound known for |P"(z, A) — m(14)| combined with (21a) (with W := 1x) or (23)
can be used to obtain an approximate value of P"(x, A).

Remark 4.4 Let r be the spectral radius of the operator P—T on the V —weighted supremum

space (By, || - |[v) composed of the complex-valued measurable functions f : X— C such that
| fllv :=supx | f|/V < oco. Then (40) gives r < §. Consequently the proofs of [ , Th. 5.3/
and [ , Th. A.1] can be easily adapted to obtain the following alternative:

e cither pog <6

o or o5 = 071 with 6 := min{|z| : z € C, 1 < |z < 1/8, By,(z) = 0}, where By, is the
power series defined by Biy(z) == S5 Br(1x) 2*.

This alternative is due to the following fact: if X € C is such that § < |\ < 1, then X is
an eigenvalue of P on By if, and only if, Bi,(A\™) = 0 (see [ , Prop. A.2]). We can
observe that the bound (31) in Theorem 4.2 or Corollary 4.1 does not take into account the
possible eigenvalues \ of P such that & < |\| < 1. However note that the bound (42), thus (43),
depends on the real number og. If P admits eigenvalues in the annulus {z € C: § < |z| < 1},
then we have os = 0~' which is strictly greater than 6. Such atomic instances occur, see
Subsection 6.1.1.
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5 Explicit bounds under subgeometric drift conditions

For the sake of simplicity, any Lyapunov function V in this section is assumed to satisfy:
Ve e X, (PV)(x) < oo.

5.1 Theoretical results

Let P be a Markov kernel on (X, X') satisfying Condition (S). Let T'(-) := v(:)1g. For any
integer m > 1, let us introduce the following condition: there exists a collection {V;} of
Lyapunov functions such that

Vie{0,...,m—1}, (P—T)V; <V, Vi1. (44)
Note that the properties (44) and P — T > 0 from (S) give
Vin < Vo1 <o <V < W
Since (PVp)(+) < oo by hypothesis, we have under Assumption (S)

v(Vp) < 0. (45)

In this section, first we present a theoretical result which shows that Estimates (21a)-(21b)
hold with a polynomial rate of convergence under Assumptions (44). Second we propose
further statements in which an explicit polynomial rate of convergence is obtained. Denote
by (¥;);>0 the recurrent sequence of positive real numbers defined by

-1
Joi=1 and W0>1, 9:=) C}9;. (46)
j=0

Theorem 5.1 Let P be a Markov kernel on (X, X) satisfying Condition (S). Moreover, as-
sume that there exists a collection {V;}I", of Lyapunov functions satisfying Conditions (44).

Then we have
“+o00

Vie{l...,m}b, D KT Be(Vi) <91 v(Vh) < 0. (47)
k=1

Moreover for every j = 1,--- ,m we have ©(V;) < u(V;) = 3525 Br(V;) < oo, and Esti-
mates (21a)-(21b) hold with W := V; and with (,,v;)n>1 and (n)n>1 satisfying
Vi=1,---,m, lim njflgn,vj =0 and lim n™ e, =0. (48)

n — +00 n — +o0o

Proof. Let us prove Inequality (47) by an induction on m. Assume that (44) holds with
m =1, that is (P — T)Vy < Vp — V4, or equivalently: V; < Vy — (P —T)Vy. Then
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from which we deduce that

Vn>1, Y (P- < (P=-T)" = (P-T)""'W] < W
k=0 k=0
It follows from (13) that
n+1
Vn>1, Y B(Vi) < v(Vb).
k=1

This proves (47) when m = 1. Now suppose that Inequalities (47) hold for some m > 1.
Assume that (44) holds at order m + 1. Then using V41 <V, — (P —T')V,y,, we get

Vk>0, (P—T)V, < (P -1V, —(P-1T)"V,

so that we have for every n > 1

n n n+1
S k+ )" (P -T) Vi < D (k+ 1) (P =TV, =Y k™ (P = T)"V,
k=0 k=0 k=0
< [(k+1)™ — k™| (P —T)"V,,
k=0
m—1 n
< CL Y K (P=T)"V,,
7=0 k=0

< D G NPT

using Vj € {1,...,m}, V,, <V for the last inequality. It follows from (13) that

m m
Z/f Br(Vim+1) < Z Cl 1Z/€] "B (V) < > Cir 1Zk] ' Br(V;
k=1 7=1 k=0 j=1 =
m
< <ZCJn 1 1> (Vo) = Omv(V0)
7j=1
from the induction hypothesis. This gives Inequalities (47) at order m + 1.
Now let us prove the last assertion of Theorem 5.1. First note that for every j =1,--- ., m
we have (V) < u(V;) = "5 Br(V;) < oo from (16) and (47). Next we have
ijl,"', m, EnVv; = Z Bk’ Z kj 1/3k'
k=n+1 k n+1

Then the first assertion in (48) follows from (47). In particular we have lim, n™ e, . =0,
so that lim, s ;oo n™ e, = 0 since &, < En,Vp, from 1x < V.

g

In the following statement, under the assumptions of Theorem 5.1, we specify the asymp-
totic behaviour of the sequence (8k(Vn))k>1 which is assumed to be decreasmg
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Theorem 5.2 Let P be a Markov kernel on (X, X) satisfying Condition (S). Moreover assume
that there exists a collection {V;} of Lyapunov functions satisfying Conditions (44). Then
the following assertions hold.

(i) Vi € {0,...,m}, Vk > 1, Br(Vi) < oo.
(it) If the sequence (Br(Vin))k>1 is decreasing, then

_ Cnv(W0)

m(m+1)
#_1.

Vn>1, Bn(Vin) with  Cyy :=2 (49)

nm
(iii) If the sequence (Br(Vin)),, is decreasing and if p(Vo) := S Br(Vo) < oo, then

Dy 1(Vo)

(mt1)(m+2) g
nm+1 :

Vn>1, Bn(Vi) < with Dy, := 2 (50)

Lemma 5.1 Assume that P satisfies Condition (S). Let V and W be two Lyapunov functions
such that
(P-T)V <V —-W where T():=v()ls. (51)

Then the following assertions hold.

(a) VE > 1, Br(V) < oo.

(b) The sequence (B(V)) is decreasing.

k>1

(c) If the sequence (Bk(W))k>1 is decreasing, then we have for every k > 1 and e € {0,1}

v(V)

Br(V)
p .

k

Br(W) < and  Bop_(W) <

(d) If u(V) == 332 Br(V) < oo and if the sequence (Br(W)) s, is decreasing, then

16 (V)
3

Proof. Note that W < V from (51) and P — T > 0. Next we deduce from (51) that
Vi>1, (P-T)yV <(P-T)""YV —W). Then (13) gives

Viz1, Bin(V) < Bi(V) = Bi(W) < 5;(V) in [0, +00].

Using £1(V) = v(V) < oo, Assertion (a) is obtained by induction, and Assertion (b) is then
obvious. Next rewrite the previous inequalities as

Vi>1, 0<B;(W)<Bi(V)—Bi+1(V) (52)

and suppose that (5;(W));>1 is decreasing. Then it follows from (52) that
k
VE> 1, kB(W) <Y Bi(W) < Bi(V) = Brra(V) <w(V),
j=1
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from which we deduce the first inequality in Assertion (c). Moreover (52) also gives

2k—e

Vk>1, Ve € {0, 1} k52k78(W) < Z 6](W) < Bk(v) - /82k75+1(v) < ﬂka/)ﬂ (53)
j=k

from which we deduce the second inequality in Assertion (c). Finally, to prove Assertion (d),
note that for every ¢ > 1 and every ¢ € {0,1}

20—¢
(B (V) <D Bi(V) < (V) < o0 (54)

=t

since (;(V));>1 is decreasing (Assertion (b)). Let n > 1 and write n = 2(2¢ — &1) — €2 with
¢>1and (g1,e2) € {0,1}2. Then it follows from (53) and (54) that

Bat—c, (V) (V) w(V) 16 (V) 16 (V)
Ba(W) < 20 — &1 = 020 —1) 02 = (n+ 21 4 €2)? = n?

<

g

Proof of Theorem 5.2. Assertion (a) of Lemma 5.1 applied with V' := V and W := V] proves
that: Vk > 1, Bx(Vo) < oo. Then Assertion (i) of Theorem 5.2 holds since V; < Vj. Now let
us prove by induction on the positive integer m that Property (49) holds. If m = 1, then the
first inequality in Assertion (c¢) of Lemma 5.1 applied with V := V[, and W := Vj provides
Ve
vn>1, Bu) < X0

n

Hence (49) holds with C; = 1 when m = 1. Now suppose that (49) holds for some m > 1.
Let {V;}4! be a collection of Lyapounov functions such that

Vie{0,...,m}, (P—T)V;<Vi—Vip

and finally such that the sequence (Bk(Vim41))k>1 is decreasing. Note that Assertion (b) of
Lemma 5.1 applied with V' :=V,,, and W := V;;, ;1 ensures that the sequence (Bk(Vin))k>1 is
decreasing. Consequently we have

Cr v(Vo)
km

m(m+1)
mimtl) g

VE>1, Br(Vi) < with  C, 1= 2 (55)
from the induction hypothesis. Next let n > 1 and write n = 2k — & with £ > 1 and
e € {0,1}. Then the second inequality in Assertion (¢) of Lemma 5.1 applied with V :=V,
and W := V41 gives

so that B,(Vini1) < Crv (Vo) /K™ from (55). Hence

(56)

2" Cp v(Vo) _ Conr v(V0)

(m+1)2(m+2) —1
(n+e)ymtl = pmtl .

B (Vina1) < with  Cpyq =271 Cp, =2

We have proved Assertion (ii) of Theorem 5.2.
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The proof of Assertion (4i7) of Theorem 5.2 follows the same induction procedure. Indeed,
if m = 1, then Assertion (d) of Lemma 5.1 applied with V := Vj and W := Vj provides

16 u(Vo)

Hence (50) holds with D; = 16 when m = 1. Now, assume that (50) is true at order m
for some m > 1, and consider a collection {Vl}’;;'gl of Lyapunov functions as in the above
induction proof. Then, writing n > 1 as n = 2k — e with £ > 1 and € € {0, 1}, we deduce
from (56) and from the induction hypothesis that

/Bk(vm) < Dm M(Vb)
k - fm—+2

(m+1)2(m+2) +1 '

ﬂn(vm+1) S with Dm =2

Hence )
242 Dy (Vo) _ Dimsa (Vo)

(n + 5)m—i—2 — nm+2

Bru(Vims1) < with D1 = 2™ D,,.

This proves (50).
U

Under Conditions (44) the smallest function V},, can be replaced by 1x. Moreover for every
j =1,...,m — 1 the sequence (ﬁk(V]))k>1 is decreasing from Assertion (b) of Lemma 5.1.

This allows us to deduce computable bounds for the error terms &, and €n,v; in (21a)-(21b)
when applied to W := V.

Corollary 5.1 Let P be a Markov kernel on (X,X) satisfying Condition (S) and Condi-
tions (44) with respect to some collection {V;}" of Lyapunov functions. Then the following
assertions hold with the positive constants C; and D; defined in Theorem 5.2.

(a) If m > 2, then p(lx) < oo, and Estimate (23) holds with

W1, e, <m0 1

(57)

m—1 nm-1°

Moreover, if m > 3, then for every j = 2,...,m — 1 we have ©(V;) < u(V;) < oo, and
FEstimates (21a)-(21b) hold with W :=V; and

Cijv(Vo) 1
Vn>1, ey < 1 T (58)
(b) If m > 1 and p(Vp) < oo, then Estimate (23) holds with
D, 1
Wn>1, e <2mt0) 1 (59)
m nm

Moreover, if m > 2, then for every j = 1,...,m — 1 Estimates (21a)-(21b) hold with
W :=1V; and

D; (Vo) 1
M —. (60)

Vn>1, euy <
vy ] n]
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Note that, using the triangle inequality, any quantitative error bounds on |P™(z, A) — 7(14)]

as in | , | can be combined with (57) or (59) to solve (Q2).

Proof. As previously mentioned, the function V;,, in (44) can be replaced by 1x. Moreover

recall that the sequence (8;(1x))x>1 is decreasing from (18). Hence it follows from (49) that
dn =1, (1) < V0, (61)

n
If m > 2, then Condition (i7) of Theorem 2.1 is fulfilled thanks to (61). Then Inequality (57)
is deduced from

+oo +oo 400
1 dt Crm v(Vo)
>1, e, = 1x) < Cy, <O, ——Im 70
WL o= 3 () < Cnrl1i) 3 g < Cor(1) A —

Now assume that {V;}]" satisfies Conditions (44) with m > 3. Let j € {2,...,m — 1}. The
sequence (Bx(V}))k>1 is decreasing from Assertion (b) of Lemma 5.1, and obviously {V;}7_,
also satisfies Conditions (44). Then it follows from (49) that

JG+1)
=51

C;v(W) .
Vn>1, Bu(V;) < JT with Cj =2

Thus 7(V;) < pu(Vj) < oo since j > 2, and (58) follows from comparison sums/integrals as
above. Finally assume that p(Vp) < oo and m > 1. We deduce from (50) that

Dy 1(Vo)

(62)

Then (59) can be derived from comparison sums/integrals. Next assume that m > 2, and
let j € {1,...,m —1}. Then Property (60) can be established by using as above the family
{Vi}]_, and the fact that the sequence (85 (V}))k>1 is decreasing, then by applying (50) to V;
(in place of V;;,), and finally by using again comparison sums/integrals. O

5.2 Applications

Let P be a Markov kernel on (X, X) satisfying Condition (S) for some S € X and v € M. For
m > 1 let us introduce the following condition: there exists a collection {V;}!" of Lyapunov
functions such that

VreX, Vip(x) < Vi)
Vie{0,..m—1}, {Vres (PV)() < Vilx)— Vin(x) (63)
veeS,  PVi(z) < (Vi(x) = Viga(z) + v(Vi).
Note that the second condition in (63) implies that V;1; < V; on S so that the first condition
may be replaced with V;11 < V; on S. Also note that the term (V;(z) — Vj+1(x)) in the third

condition of (63) is non-negative. Finally observe that Condition (63) rewrites in a more
concise form as follows

Vigr <V

Vie{0,...,m—1},
e {Pms(w—m1)+v<mls.

However, as in the previous section, it is convenient to separate the conditions on S¢ and §
respectively.
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Corollary 5.2 Assume that P satisfies Condition (S) and that there exists a collection {V;}1"
of Lyapunov functions satisfying Conditions (63). Then all the assertions of Theorem 5.2 and
Corollary 5.1 hold.

Proof. Prove that (63) implies (44), so that Theorem 5.2 and Corollary 5.1 apply. We have

Vie{0,...m—1}, (P=T)V; = 1g(PV;—v(Vi)ls) +1s(PV; — v(Vi)1s)
= 1ge PV; + 15(PV; — v(Vi)1g)
1ge(V; — Vig1) + 15 (PV; — v(Vi)1s)
= Vi — Vie1 + 15(PV; = Vi + Vig1 — v(Vi)1g)
Vi = Vit1.

IN

IN

This gives (44). O

Corollary 5.3 (Atomic case) Let P be a Markov kernel on (X, X) satisfying Condition (S)
with an atom S and with v(-) defined by v(-) := P(ag,-) for ag € S. Moreover assume that
there exists a collection {V;}", of Lyapunov functions such that

VreS, Vi(z) < Vi)

Ve e S¢ (PV;)(z) < Vi(z) — Vigi(x). (64)

Vie{0,...,m—1}, {

Then all the assertions of Theorem 5.2 and Corollary 5.1 hold (recall that (25) is an alternative
bound to (21b) in the atomic case).

Proof. Prove that (64) implies (63) so that Corollary 5.2 applies. First note that the second
condition of (64) ensures that V;1; < V; on S¢ thus the first condition in (63) is satisfied.
The second condition in (64) and (63) are the same. Finally, for every ¢ =0,...,m — 1 and
every z € S we have PV;(z) = v(V;) since S in an atom, so that

Vz €S, PVi(x)— (Vi(z) - Visa(z)) — v(Vi) = Viga(z) — Vi(2) < 0.

This proves the third condition of (63).
U

Now we apply the two previous corollaries under the following subgeometric drift condition
da €[0,1),3c; >0, YV € S, (PV)(z) <V(z)—c1 V(x)* (Subq,s<)

where V' is some Lyapunov function. We begin with the atomic case. For any « € [0, 1) define
the integer m = my > 1 by
m:=[(1-a)']. (65)

Corollary 5.4 (Atomic case) Let P be a Markov kernel on (X, X) satisfying Conditions (S)
and (Subg,sc) with an atom S and with v(-) defined by v(-) := P(ao,-) for ag € S. Assume
that PV is bounded on S. Then all the assertions of Theorem 5.2 and Corollary 5.1 hold with
the positive integer m = m(e, o, ng) defined in (65) and with functions Vo, Vi, ..., Vi, specified
in the proof.

22



To prove Corollary 5.4 we use the following lemma which is based on | , Lem. 3.5].

Lemma 5.2 Let S € X, and let W be a Lyapunov function such that PW is bounded on S.
Let 0 < 05 < 61 < 1 be such that

Je>0, Vo e S, (PWH)(x) < W(x)" — cW(x)?.
Then

3¢ >0, Ve eS¢, (PW)(x) <W(x)”2 - W(x)®  with 03 =20, — 0.

Proof. The hypothesis of Lemma 5.2 writes as PW% < W —¢ (ng)ez/ " on S¢. Tt follows
from | , Lem. 3.5] that

0
Wn e (0,1], 3¢ >0, PW < W (Wo)E T on e
Setting 1 := 03 /6; this gives
PW?% < w2 — Jw20=0 op 5°

O

Proof of Corollary 5.4. Note that if 85 = 0 then Lemma 5.2 does not apply since Plx = 1x
and this would give ¢ = 0. Let ay := 1 —1/m € [0,1) with m given in (65). Note that
aj < a. Then it follows from (Subg,se) that

PV <V -V on S (66)
Note that we can choose ¢; < 1 in (66).

o If oy =0 (i.e. @ € [0,1/2)), then Conditions (64) of Corollary 5.3 hold with m = 1,V =
CI_IV and V7 = 1x. Note that 1x = V1 < V}.

o If oy =1/2 (i.e. a € [1/2,2/3)), then we deduce from (66) and Lemma 5.2 that
deg >0, PV VM —cV* on S¢ (67)

with as := 2a7 — 1 = 0. Again note that we can choose co < 1. Then the procedure stops,
and Conditions (64) of Corollary 5.3 hold with m = 2,Vy = ¢;'c; 'V, Vi = ¢; 'V and
Vo = 1x. Note that 1x = Vo < V5 < Vj.

o If a; > 1/2, then Lemma 5.2 can be repeated recursively to provide inequalities of the
form PV®i-1 < V%=1 — ¢, V% on S¢ with ¢; < 1 and

a; =201 — Qij_g = (041 — 1)i—i— 1.

Actually Lemma 5.2 can only be repeated until the value ¢ = m since a,;, = 0 and a; < 0
for ¢ > m. Then Assumptions (64) of Corollary 5.3 hold with

Vo=[[Iea]'ve vi<i<m—1:Vi=[ [ e] V¥ Vi=1x.
k=1 k=i+1

Note that 1x =V, < --- < V.
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Then the conclusions of Corollary 5.4 follows from Corollary 5.3.
O
Now we consider the general case where P satisfies Conditions (S) and (Subg,se). Using
Corollary 5.2, we prove that the procedure in the atomic case (Corollary 5.4) extends to the
non atomic case provided that Condition (Subg,se) can be modified thanks to Lemma 5.2 in

order to fulfil the third condition in (63). To that effect, assume that PV is bounded on S.
Then

Ve € (0,v(1x)), 3no =no(e) € (0,1], Yn € (0,no], Yz € S, (PV")(x) <V (z)T+v(V") —e.
(68)

Indeed we have

VeelS, (PV")(z)—-V(x)"—v(V") < (sgp PV —1—v(lx)

from Jensen’s inequality and 1x < V. Then (68) follows from the following property

EIUO € (07 1]7 V77 € (Oan0]7 (SupPV)n -1< I/(lx) —¢€
S

which holds since (supg PV')7 — 1 when n— 0. Next, if ny > 1 — «, define the positive integer
m = m(e,a,n) as follows

m = Llioaj' (69)

Corollary 5.5 Assume that P satisfies Conditions (S) and (Subg,se) for some S € X,
ve ML, ae€l0,1) and for some Lyapunov function V. Moreover assume that V and PV
are bounded on S. Let e € (0,v(1x)), and assume that the real number ny given in (68) is
such that ng > 1 — «. Then all the assertions of Theorem 5.2 and Corollary 5.1 hold with the
positive integer m = m(e, o, ng) defined in (69) and with functions Vy, Vi, ..., Vi, specified in
the proof.

Proof. Note that the third condition in (63) associated with Condition (Subg,sc) may fail,
that is the inequality PV <V —¢; V¥ + (V) on S may be false. To initialize the procedure,
apply | , Lem. 3.5] from (Subg,sec) with the exponent 7y given in (68), that is:

Jege >0, Yz € 8¢, (PV™)(z) < V()™ — cpy V(2)* 071, (70)

If «+mny—1 < 0, then Inequality (70) cannot be used to apply Corollary 5.2 since the
function V; in Conditions (63) must take its values in [a, +00) for some a > 0. Now assume
that a+mnp—1 > 0 and prove that the third condition in (63) associated with (70) is satisfied.
Let My :=supgV and My := supg PV. Recall that ¢ € (0,v(1x)) and note that ¢, in (70)
can be chosen such that ¢, M~ < ¢ (up to reduce the value of ¢,,). Then we have
from (68)

Ve S, (PV™)(x)—V(2)P 4 ¢y Viz)* TPt —p(Vm) <0 (71)

Now, starting from (70)-(71), iterate Lemma 5.2 as many times as possible. Namely, let

~ 1
Vi=V" and a;:=1-—
m
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with m defined in (69). Note that m = [(1—@) | with @ = 1—(1—«)/no, and that a; < a.
Also set ¢; = ¢;,. Then

{ vz e S, (PV)(x) < V(x) =& V(z)™ (72)
VeeS, (PV)(x)<V(z)—a V() +u(V)

from (70)-(71) and @; < @. Then, starting from (72) and iterating Lemma 5.2, we can proceed
exactly as in the proof of Corollary 5.4, provided that the third condition in (63) holds at
each step (this was automatically fulfilled in the atomic case). More precisely, at each step,
Lemma 5.2 provides an inequality of the form

Pyai-1 < Vai-1 _ C; Va on S° (73)
with some ¢; > 0 and with
a; =201 —@j—9=(an —1)i+1.

This procedure can be repeated only until the value ¢ = m since @,, = 0 and @; < 0 for
i > m, but we have moreover to check that the third condition in (63) associated with (73)
holds. To verify this last point, note that @; 1 < 1 and that

PV&-1 Va1 _y(V&i-1) = PV — V% — (V™) with  ; := nodi—1 € (0,70]
from V := V™. It then follows from (68) and V-1 > 1x that
Ve s, (PV&1)(z)=Vo%1(z)+G V(@) —v(V5 1) <G VP (z)—e <0 (74)

since ¢; in (73) can be chosen such that ¢;M® < e (recall that M; := supgV). Then
Conditions (63) of Corollary 5.2 hold with

~ o~ ~ \—17> ~ ~ \—17%> ~ 17> _
VWw=(aca-cn)  V, Vi=(Ca-Cpn) VX, ..., Vipo1=¢,, Vo1V, =1x

(note that 1x = V,, < --- < Vp). Then the conclusions of Corollary 5.5 follow from Corol-
lary 5.2 0

Remark 5.1 In practice, for the choice of € € (0,v(1x)) in Corollary 5.5, a trade-off must
be made with respect to Condition (68) versus the resulting positive constant v(Vy) and pu(Vp)
in (57) and (59). Indeed, the smaller e is, the larger ny in (68) will be, so the larger m in
(69) will be. However, the smaller ¢ is, the larger [[]%, ¢i]™1 will be in the above definition
of Vo, so that the larger constants v(Vy) and u(Vp) in (57) and (59) will be.

The following proposition shows that Condition (68) can be simplified under general con-
ditions on X, S, P and V.

Proposition 5.3 Assume that any one of the two following conditions holds:

(a) X is discrete and S is finite.

(b) X is a metric space, S is compact and the functions V- and PV" (Yn € (0,1]) are contin-
uous on S.
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Then Corollary 5.5 applies with Condition (68) replaced by the following simpler one
dno € (0,1], Ve € S, (PV™)(x) < V(x)™ + v (V). (75)

Proof. First observe that the proof of Corollary 5.5 is still valid when Condition (74) holds
with some ¢; > 0 for ¢ = 1,...,m (in place of ¢ > 0): then ¢ in (73) has to be chosen
such that ¢;M{°® < &;, and the function V; is defined as in the previous proof from such ¢;.
Consequently, under the conditions (a) or (b), we have to prove that (75) implies that

Vn € (0,mo], Ve e S, (PV")(z) < V(z)"+v(V"). (76)
We use the notations introduced in the proof of Proposition 4.1. Recall that, for any x € S,
ox(-) = P(z,-) — v(-) is a non-negative measure on (X, X) from Assumption (S), and that
0:(1x) = 1 — v(1x) does not depend on z. We set o := 1 — v(1x). If 0 = 0 (atomic case),
then o is null, thus for every n € (0, 1] we have (PV")(z) = v(V"), so that (76) is obvious.
Now assume that o > 0, and note that (76) is equivalent to
Vn € (0,mo], Ve € S, o,(V") < V(x)".
Define the following probability measure on (X, X): 7,(-) = 0,(-)/o. Let us prove that
Y € (0,m0), Y €S, 0,(V™) < V(x)" = 0,(V") < V(x)" (77)
Assume that o,(V') < V(x)™. It follows from Jensen’s inequality that
5,(V) = 535((‘/770)77/770) < [51(‘/770)]"/"0.

Then we deduce from the definition of o, and from o, (V") < V(x)™ that

oo(VT)  (op (V)™ ()
< <
o - on/mo o/mo
hence
(V") < V(z)" < V(x)"

o"/mo
since 0 < o < 1 and 0 < n/ny < 1. This proves (77). Therefore (75) implies (76).
U

We conclude this section by presenting a result on the approximation of P™ by the sub-
marovian kernel 7}, given in (12a) under the subgeometric drift conditions (44).

Theorem 5.3 Assume that P satisfies the assumptions of Theorem 5.1 with some m > 1.
Then we have for every measurable function f: X —R such that |f| < V-

+oo
VeeX, Y (k+ 1™ (PHF)(x) = (Tif)(@)] < Om-1Vo(x) (78)
k=0

with Opym—1 defined in (46).
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Proof. If m = 1, then (12a) and the positivity of P — T give for every measurable function
f : X—=R such that |f| < Vi (see the proof of Theorem 5.1)

+00 400 +oo
P H@) — (T @) <D ((P =TI (@) <Y (P~ 1) W1)(x) < V().
k=0 k=0 k=0

This proves (78) for m = 1. Inequality (78) for m > 1 easily follows by induction from the
following fact: if (P — T)V,, < V,, — Vint1, then we have

VE>0, (P—T)Vm <(P—=T)"V,, — (P —-T)"V,,,

from which we deduce that for every measurable function f : X —R such that |f| < V41
(see the proof of Theorem 5.1)

—+00 “+o00

S+ D)™ PHF-Thf| < D (k+ 1™ (P —T) Vi
k=0 k=
m—1

(]

“+oo
CH K (P =T)"V,,
] k=0

J

Il
=)

m—1 400
< Cp > (k+ 1) (P=T)" Vi
j=0 k=0
m—1 '
< < Z C’Znﬁj> Vo (from induction hypothesis)
=0
< InVo.

6 Examples

Excepted in Subsection 6.1.1, the focus is on standard non-atomic examples from the literature
on the rate of convergence of Markov chains. Moreover, in Subsections 6.3-6.4, we only deal
with the error bound in total variation distance (23) to make comparison easier with previous
works.

6.1 Birth-and-Death Markov chains (geometric case)
6.1.1 Atomic case

Let us introduce the following example with X = N and a transition kernel P specified by

a:=P(0,0) € (0,1),P(0,1)=1—a
vn Z 17 P(TL,TL— 1) =D, P(n,n) =T, P(n7n+1) =dq (79)
with p,q,7 € [0,1] such that p+r+¢g=1and 0 < ¢ < p.

Set
5 = T+2\/]Tq: 1- (\/ﬁ_ \/5)2 € (07 1)7 Y= \/I% € (17+OO) and V = VW = {fyn}"EN’
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Then P satisfies Conditions (S) and (Dge) with the atom S = {0} and with v := P(0,-) (see
| , Prop. 4.1]). We deduce from Corollary 4.1 that Estimates (21a)-(21b) (also see (25))
hold with W :=V and

a+(1—a)y

1—
T and Vn>1, g, <epy < M(S”. (80)

p(V) < s

If » := 0, a := p, the rate § = 2,/pq is well-known for the V-weighted operator norm of
P™ — 7(-)1x, which is related to the V-geometrical ergodicity of P, see | ,

8.1 and 8.4]. The simple and explicit error bound (80) holds for any Birth-and- Death Markov
chain satisfying (79). If r > 0, then (80) provides a rate of convergence in Estimates (21a)-

(21b) with W := V| which may be better than the rate of convergence of the V-weighted
operator norm of P" — 7(-)1x, see | , Prop. 4.1, (4.9a)]. This is due to the existence
of eigenvalues A\ of P such that 6 < |A] < 1 (see Remark 4.4). Note that this fact is not
inconsistent since the stationary distribution 7 is approximated in two different ways.

It turns out that, in the geometric and atomic case, the approximation of 7 in (21a)-(21b)
and in (25) erases the effect of possible eigenvalues A\ of P such that § < |A| < 1, where ¢ is
the real number in (Dge). By contrast, the next non-atomic instances show that the rate of
convergence in (21a)-(21b) may be only O(6%°™) for some ag € (0,1) rather than O(6™) (see
Corollary 4.2): this could correspond to the case when P admits some eigenvalues A in the
annulus {z € C: 6 < |z] < 1} (e.g. see the end of Subsection 6.1.2).

6.1.2 Non atomic case
Now, assume that P is specified by

= P(0,0) = P(1,0) € (0,1) and P(0,1) = P(1,2) =1 —a,
Vn>2, Pln,n—1):=p, P(n,n):=7r, Pn,n+1):=q withO<g<pandp+g¢q<1.

Set S := {0, 1} which is not an atom. Condition (S) is satisfied with v := ady, and P satisfies
(Dge) with § :=r+42,/pq € (0,1) and with V := {7"},en (e.g. see | , Sect. 4.1]). Let us
illustrate Corollary 4.2 in this case. Note that: Vo € (0,1], Vn € N, V(n)® = 2"

1. Condition (34) holds with ag = 1 if and only if 1 — a < §y~!. Consequently, under this
last condition, Corollary 4.2 applies with ag = 1 (that is Theorem 4.2).

2. When p, g, 7 are chosen such that 1 —a > dy~ !, (34) is fulfilled with oy < 1. Indeed, we
have

« - « aYe (0%

Z‘s:%]i)l (PV*)(i) = 6° V()] —v(V*) <0 <= a< (o)
Thus Corollary 4.2 applies with ag = In(1 — a)/In(dy~!). When 1 —a = P(1,2) — 1, we
obtain that ap— 0, so that the rate §° of Corollary 4.2 converges to 1. This comment
should be compared with that of | , Sect. 4.2]) on a very similar model (the two models
only differ on the fact that a_ := P(n,n—2) > 0 for n > 2) for which the so-called second
eigenvalue related to the V-geometrical ergodicity of P tends to one when P(1,2) — 1, i.e.
the spectral gap tends to zero, see | , Table 1| for details.
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6.2 Random walk on a half line (subgeometric case)
Let (Xp)n>0 be the so-called N-valued random walk on a half line, defined as follow:
Vn>1, X, =max (0,X,_1+W,) (81)

where X is an N-valued random variable (r.v.) and where (W),),>0 is an independent and
identically distributed sequence of Z-valued r.v., assumed to be independent of Xy. The
common probability distribution of (W,),>¢ is denoted by: Vj € Z, p; :== P(W; = j). Thus,
(Xn)n>o0 is a Markov chain with transition kernel P on X = N given by

VfeB VieN, (Pf)(i) = Y f(max(0,i+j))p; = FOPW <—i)+ > f(i+3)p;
JEZ Jj=—1

= FOPW < i)+ Y £(5) pj—i-

320

We assume that p; > 0 for at least one j > 1, so that P(WW > 0) > 0. For every finite set
S C N, P satisfies Condition (S) with

+o0
= 0; with v, :=minp;_; 82
v jzo’/] i Wi Vi R pi—i (82)

provided that v(1y) > 0. Let mg > 2 be any integer. For every q € {1,...,mo} we define
VieN, Vu(i)=(1+1)1 (83)

and we simply write V for V;,,. Let us assume that W has a moment of order mg and has a
negative expectation, that is:

E[W™ ()= |j™p; <co and EW]=Yjp; <0. (84)
JEZ JEZ

Under these moment conditions (84), P satisfies Condition (Subq,sc) with V 1=V, , a =
1 —1/my for some finite set S C N, e.g. see | |. Therefore, to apply Corollary 5.5, we
have to find ny € (0, 1] such that (see Proposition 5.3)

+oo
Vie S, (PV™)(i) < V()P +u(V™P) = (1+0)70" +3 v (1+ )", (85)
j=0

For a given probability distribution {p;};cz, the study of the numeric function v defined by

¥ €10,1], (n) = max [(PV7)(i) = V(@)"] - v(V")
gives 1 satisfying (85). If 9 > 1/myg, then the assertions of Theorem 5.2 and Corollary 5.1
apply with m = [nomg] due to Corollary 5.5.

In the next proposition we present additional assumptions under which the assumptions
of Corollary 5.5 are fulfilled.
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Proposition 6.1 Assume that moment conditions (84) holds with mo = 3. Let 7 € (0,1)
and let s = s(1) > 2 be an integer such that

. . Ck . i*p; T mo E[W]
Vi > s, ijngIE[W] and 1+2m0 1 ZZ 1+Ozk’1 < - (86)
j>—i §>—i k= 7 (
Moreover assume that
{pj 5 is non-increasing and: Vj € {—s, —1}, pj > po. (87)

Then the following assertions hold with S := {0, ...,s} and v(-) given by

V= ij J;. (88)

J=0

(i) If E[W?] < min,e s\ {0} [— 2+ ) EW]+ @], then the assertions of Theorem 5.2
and Corollary 5.1 apply with m = 3.

(i) If YieieS\{0}, Ca(i) —P(W >0) < —2iE[W], where

-2 —i—2
Vie S\{0}, Co(i):=-P(—i<W<0)+ Y pA+)2— Y p(1+i+5)”

then the assertions of Theorem 5.2 and Corollary 5.1 apply with m = 2.

For every 7 € (0,1), the inequalities in (86) hold for i large enough since ., jp; — E[W]
when ¢ — 400 and the other term in (86) converges to 0 when i — +o0o (note that —7 mo E[W] >
0). Assumption (87) is introduced in order to rewrite the positive measure v in (82) as in
(88), so that

Vg=1,...,mg, (PVy)(0)—v(Vy) =P(W <0). (89)

Also note that, although Condition (87) is restrictive, it is not inconsistent with the condition
E[W] < 0. The condition in (i) is satisfied when E[W?] < —3E[W].
The proof of Proposition 6.1 is based on the two following lemmas proved in Annex A.

Note that these two lemmas may be relevant under alternative assumptions on {p;} ez since
Condition (87) is not assumed.

Lemma 6.2 Assume that moment conditions (84) hold for some mog > 2. Let T € (0,1) and
let s > 2 the integer in (86). Set S :={0,...,s}. Then we have (with V := V)

1 T mgy E[W]

Vie S, (PV)H)<V(E)—cV(i) ™ with ci=— >0,

Lemma 6.3 Assume that moment Conditions (84) hold for some mgy > 2. Then we have for
every q € {1,...,mo}

VieN,  (PVy)(i)= (PV)(0) +E[(1+i+ W) —E[(1+ W) +Cy(s)  (90)
with Vy defined in (83), with v(-) given in (82), and with Cy(i) defined by Cy(0) := 0 and

-2 —i—2
Vie N\{0}, Cy(i)=—P(—i<W<0)+ > pi(1+5)"— > pi(1+i+j)".

j=—00 Jj=—00
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Proof of Proposition 6.1. Recall that, in the present context, we just have to find 7 € (0, 1]
such that Condition (85) holds with S :={0,...,s} and v(-) given in (88).

Under the assumption of Assertion (i), we prove that Inequality (85) holds with ny = 1.
Indeed, apply (90) with ¢ = mo = 3. First note that for every i € S\ {0} we have C3(i) < 0
since

Vi<—i—2 1+j<1+i+j and Vje(—i—2,-2], 14+j<0.
Recall that C3(0) = 0. Moreover we have
E[(1+i+ W) —E[Q1+W)*] —(1+4)° = —-1+3i(2+4) E[W] + 3iE[W?].
Hence it follows from (90) and from (89) that for every i € S\ {0}

(PV3)(i) — V3(i) —v(V3) = P(W <0)—1+3i(2+i)E[W]+3iE[W?] + Cs(i)
< P(W <0)—1+3i(2+4 ) E[W]+3iE[W? (91)

since C3(i) < 0. Finally (PV3)(0) — V53(0) — v(V3) = P(W < 0) —1 < 0, and for every
i €S\ {0} we have (PV3)(i) — V3(i) — v(V3) < 0 under the condition of Assertion (7). Thus,
Inequality (85) holds with V' := V3 and 19 = 1. Thus the assumptions of Corollary 5.5 hold
with m = 3.

Now prove Assertion (i7). Apply (90) with ¢ = 2. We have
E[(1+i+ W) —E[(1+W)*] — (1+4)% = -1+ 24E[W].
It follows from (90) with ¢ = 2 that
ViesS, (PVa)(i)—Va(i)—v(Va) =P(W <0)— 1+ 2E[W] + Ca(i). (92)

Thus (PV2)(0) — V(0) — v(V2) = P(W < 0) — 1 < 0. Moreover for every i € S\ {0} we
have (PV2)(i) — Va(i) — v(Va) < 0 under the condition of Assertion (ii). Thus, Property (85)
holds with 7y = 2/3 since V3%/3 = V,. Thus the assumptions of Corollary 5.5 hold with
m = |nomo] = 2. O

Remark 6.1 Under the assumptions of Proposition 6.1, alternatives to Assertions (i) or (i)
can be obtained thanks to (77). For instance assume that E[W?] < —4E[W]. Then we easily
deduce from (91) that (PV3)(i) — Va(i) — v(V3) < 0 for i € S\ {1}. The last condition
is not guaranteed for i = 1, but we know from (92) that (PVa)(1) — Va(l) — v(Va) < 0
provided that Ca(1) —P(W > 0) < —2E[W]. Finally it follows from (77) applied with V :=
Vi, mo = 1 and n = 2/3 and from the above inequality concerning Vs that we also have
(PVo)(i) — Va(i) — v(Va) < 0 fori € S\ {1}. Consequently, if E[W?| < —4E[W] and if
Cy(1) = P(W > 0) < —2E[W], then the assumptions of Corollary 5.5 hold with m = 2.

6.3 Metropolis-Hastings algorithm for the standard Gaussian distribution
(geometric case)

We are interested in the R-valued Markov chain used in the Metropolis-Hastings algorithm
to simulate the standard Gaussian distribution 7 := A(0,1) (the target distribution) with
the Gaussian distribution N (z, 1) as the proposal distribution. The iterates of the transition
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kernel are used in | , , , I, , Sect. 8.2| to approximate 7, while
the ergodic averages are used in | , |. In this part, the focus is on geometric rate
of convergence, so that we do not discuss the results in | , | with ergodic averages.
The transition kernel P of the Metropolis-Hastings Markov chain is reversible and positive in
the sense given in | , Th. 1.3]. But, here these additional properties are not used. We
simply apply Theorem 4.2 or Corollary 4.2 according to whether ap = 1 or ap < 1 in (34).

Let X := R and r,d > 0 be two positive scalars. Set V,(z) := e’*l for any 2 € X and

Sq := [—d,d]. Let us denote the function PV,./V, by A(-,r). We know from the computation
in | , Sect. 8.2| that P satisfies (Dge) with
dar = Ad,r)= Az,
d, (d,7) = max Az, )
1
Az, r) = er2/2[<b(—r) —O(—r—z)] + —el@=)?/4 O((r—z)/V2) +

V2

€r2/2—2r:c[q)(_x + T’) _ @(_21} + 7“)] + ie(x2_6rx+r2)/4 <I)((7“ — 3$)/\/§)

V2

+®(0) + &(—2z) — \}iﬁ/“[@(—x/\/i) +@(—32/V2)]

where ® denotes the standard Gaussian distribution function. Moreover P satisfies (S) with
the minorization measure vy(dz) = (e_dz/\/ 27T)€_$2 L_g,q(7)dx (see | , p. 727]). Note
that

va(lx) = V2e C[0(v/2d) — (0)].

An easy computation gives

va(Vy) = ﬁ}_d / Lo o - VB A B(VEd - r/2)) - (- 1/VE) ]
7T 0

Finally we deduce from | , p- 726| that Condition (Dg) involves the following term

max [(PV;)(z) — dar Vi(z)] —va(Vi) = PV(0) — 04, V;(0) — va(V;) = N0, 7) — day — va(Vy).

|z|<d

The best rate of convergence in | , bth line in Tab. 2] is obtained when d := 1.1
and r := 0.16. Thus, we get 611,016 = 0.9744 and v11(Vo.16) = 0.1997. It follows that
Condition (Dg) holds since

)\(0, 016) — 51.1,0.16 — Vl.l(‘/().16) ~ 0.0942 — 0.1997 < 0.

Therefore, Theorem 4.2 applies and provides the following estimate from (23) and (31)

v1.1(Vo.16)

Vn>1, |7 — finllry <2
1 —41.1,0.16

X 01.1,0.16" ~ 15.61 x 0.9744".

Note that the above rate 0.9744™ for the total variation norm is slightly better than 0.9747"
obtained in | , bth line of Tab. 2] for the Vj 16-weighted operator norm of P" — m(-)1x,
which is related to the Vj 16-geometrical ergodicity of P. Moreover the specific properties of
the transition kernel P involved in | , Th. 1.3] are not used here. Anyway observe that
the multiplicative constant 15.61 is not too large.
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The rate of convergence reported in | , Section 5| for ||r — P™(z,-)||7v is obtained for
d :=1.15 and r := 0.48. We get from these parameters

51.15,0.48 ] 09353, V1_15(1x) ~ 0.1688 and 1/1_15(‘/0_48) ~ 0.2131

so that Condition (Dg) does not hold since A(0,0.48) — 61.15,0.48 — v1.15(Vo.48) = 0.0925 > 0.
In such as case, we can apply Corollary 4.2. Indeed, we deduce from | , D- 726] that
PV} 48 is bounded on [—1.15,1.15]

Kiis048 := sup (PVpug)(z) = PVyag(1.15) = eM15%048 \(1.15,0.48) ~ 1.6244.
|z|<1.15

Let 0 :=1—v;.15(1x) = 0.8312. It follows from Proposition 4.1 that for every o € (0,1] and
for every x € [-1.15,1.15]

(PVoag™)(z) — v1.15(Voag™) < [(PVoas)(z) — v1.15(Vo.as)]®

g
oo
g «
— [K1.15048 — v1.15(Vo.s)] -

- (03

)

Hence we have with ag = 0.31

(PV.48™)(z) — v1.15(V0.48"°) — 01.15,0.48™° Vo.as(x)*® < 7 1.6244% — 0.9353% <0.
o

o
Therefore it follows from Corollary 4.2 that the estimate (23) is

v1.15(V0.48%°)

Vn > 1, HTI‘ — ,HnHTV <2 @0 61.1570.48a0n ~ 17.65 x 0.9795".

1 — 115,048

In this case, we get better bounds in total variation norm than that provided in | ,
Table 4]. Our conclusions are summarized in Table 1. Note that, in Table 1, a factor 2 is
applied to the estimates in | , | since our definition of total variation norm is twice
that used in these papers. For each r € {0.16,0.48}, the best value of d using the bound (23)
is provided in the last row. Finally, we also report in the last row of the table, the best bound
derived from (23) tuning the parameters (7, d).

r d Method rate Qg Bound Bound
n=>500 n =650
0.16 1.10 [ , Tab. 2, Th. 1.3] || 0.9747™

(23) in Th 3.1 || 0.9744™ | 1 15.61 x 0.9744™ | 3.68e-05 7.54e-07
1.39 (23) in Th 3.1 || 0.9634™ | 1 5.78 x 0.9634™ | 4.60e-08 1.71e-10

0.48 1.15 || | | in | , Table 4] || 0.991™ 0.092 0.024

[ , Table 4] || 0.983" 0.02 0.002
(23) in Th 3.1 || 0.9795™ | 0.31  17.65 x 0.9795™ | 0.0005 2.48e-05
1.06 (23) in Th 3.1 || 0.9784™ | 0.397 20.13 x 0.9784™ | 0.0004 1.43e-05
0.36 1.10 (23) in Th 3.1 || 0.951™ | 1 8.96 x 0.9510™ | 1.12e-10 6.02e-14

Table 1: The results of |

)

| and the estimates from (23)
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The following more accurate minorization measure is used in | , Section 8.4]

—(lz 2 .
) — \/%e (el+d)*/2dg  if || < d
va(de) —L_edlzl=a? gy if || > d
Var =

Choose d := 1.1 and r := 0.22 as in | , Section 8.4]. We get

va(Vy) = 260D 02d —r) - 0(d—7)] + V21— 0((3d - 1) /V2)]
~ 0.2916.

Given that P satisfies (Dge) with 64, = A(d,r) =~ 0.9664, Condition (Dg) holds since

max [(PV;)(z) = 0a, Vi(z)] — va(Ve) = X(0,7) — 64, — va(V;) = 0.1307 — 0.2916 < 0.

|z|<1.1

We deduce from Theorem 4.2 and (23) that

- Ve
Wn>1, -l <2 210022) S11.022" ~ 17.37 x 0.9367". (93)
1—01.1,022
The rate of convergence 0.93664" is slightly better than 0.93667" obtained in | , 4th line

of Table 3|. Anyway observe that the above multiplicative constant 17.37 is not too large. If
we tune the values of the parameters (d,r) to derive the best rate of convergence from (23)
in Th 3.1, then we obtain for (d,r) = (1.2,0.43)

v1.2(Vo.a3)

Vn>1, |7 — finlry <2
1 —01.2043

X 51_270.4371 ~ 8.46 x 0.9344".

The earlier bound (93) is improved by this last approximation of 7.

6.4 Gaussian autoregressive Markov chain (geometric case)

We consider an autoregressive Gaussian Markov chain on X = R associated with Gaussian
transition kernel P(z,-) = N(0z,1 — 6?) with 6 € (—1,1), that is

(y — Ox)?
(=02 <_ 2(1 - 92)) '

The P-invariant distribution is 7 = AN(0,1) for any # € (—1,1). This Markov model is
also known as contracting normals if introduced as a component of a two-component Gibbs

Ve e R, P(z,dy) =

sampler. The convergence of the ergodic averages to 7 is studied in | , |. The
convergence of the iterates is investigated in | ) , I, | , Sect. 8.3]. Set
V(z) := 14+ 22 and S := [~d,d] as in these works. Then, if d > 1, we know from the
computations in | , Sect. 8.3] that P satisfies (Dge) with
1— 62
a9 =0*+2 1.
0 eirae s

Moreover P satisfies (S) with

o 1 (y —0x)°
vaoldy) = min o Y < a2y ) () dy.
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We know from the formula given in | , p- 728| that

vao(lx) =2 <‘I’ <(141r\/ﬂ9)2d) - ¢ <\/%>>

Moreover, setting ¢ := (27(1 — 62))~1/2 and W (y) := »?, we obtain that

from which we deduce that
vao(V) = vae(lx) + vae(W).
Finally, we know from | , p- 728| that

2(1 —60%)d?
sup (PV)(z) —dqpV(x) = ——F—
L (PV@) — sV (@) = T

Then, it is easily checked that for 6 € {0.5,0.75,0.9}, Theorem 4.2 does not apply. Let us use
Corollary 4.2. We deduce from the formula given in | , p- 728] that

Kgp:= sup (PV)(z)=2+6*d*-1).

so that we must find ag € (0, 1] so that Inequality (34) is satisfied. Since the procedure is as
in the Metropolis-Hastings example, the details are omitted. In Table 2, we report the error

term (23) of Corollary 4.2 as well as the rates of convergence in | , Table 4, Th 1.3]
which provides the best estimation in the V-weighted operator norm of P" — 7(-)1x among
all the methods compared in | , Sect. 8.3]. The results of | | which are expressed in

total variation norm are also reported. Recall that a factor 2 is applied to the estimates in
| , |. Our rates for the convergence in total variation norm of fi,, — 7 are slightly
better except when 6 = 1/2. If § = 1/2, the rate of convergence is known to be (1/2)". Thus
all these upper bounds are not sharp. Such a gap supports the idea that minorization-drift
conditions may be not well suited for obtaining sharp upper bounds for the approximation of
7 (see | , and references therein| for such a discussion for the convergence of P(x,-) — m
to 0 when X = RY with large q).
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0 d Method Rate ag Bound Bound Bound
n=45 n=60 | n=1000
05 15 [ , Table 4, Th 1.3] || 0.897™
(23) in Th 3.1 || 0.892" 0.336  7.59 x 0.892" 0.044  0.008
V3 [ , Table 4] || 0.846™ 0.020  0.001
[ ]in | , Table 4] || 0.881™ 0.022  0.0017
(23) in Th 3.1 || 0.894" 0.239  6.28 x 0.894" 0.04  0.0074
1.6 (23) in Th 3.1 || 0.891" 0.290  6.89 x 0.891" 0.038  0.0067
0.75 1.2 [ , Table 4, Th 1.3] || 0.9847™
(23) in Th 3.1 || 0.9844™ | 0.191  22.64 x 0.9844™
V3 [ , Table 4] || 0.992" 0.014
[ ]in | , Table 4] || 0.993" 0.004
(23) in Th 3.1 || 0.991™ 0.036  11.30 x 0.991™ 0.0016
1.3 (23) in Th 3.1 || 0.9834" | 0.141  17.13 x 0.9834™ 9.1e-07
09 1.1 [ , Table 4, Th 1.3] || 0.99948"
(23) in Th 3.1 || 0.99947™ | 0.029  87.49 x 0.99947™
1.14 (23) in Th 3.1 || 0.99944™ | 0.022  66.70 x 0.99944"
Table 2: The results of | | and | , | and the estimates from (23)
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A Proofs of Lemmas 6.2 and 6.3
Proof of Lemma 6.2. Using the definition of P and (86) we have for every i > s

(PV)(i) = B(W < —i)+ S (L+i+j)™p,

j>—1

= P(W < —i)+ ZZ o (L4 0)m07 jFp;

j>—1 k=0

V<i>+7moE[W1<1+i>”‘°‘1+<I<P 1 iy LYy ff‘f fﬂ) +iymot

j>—i k= 2
T mo E[W]
2

IN

IN

V(i) + moRE[W] (1 4-4)™0 1 —

Tmo E[W]
2

(14 q)mo—t

IN

V(i) + (14 )™t

Proof of Lemma 6.53. Let ¢ € {1,...,mo} and £ € S\ {0}. Then

(PV(0) = P(W <—=0)+ Y (1+L+])0p

j=—t

= P(W< —£)+Zq:c§ >+ p,

k=0 j>—

qg—1
PW <=0+ Y (C+5)pi+Y_CE Y (t+5)fp,
j=>—L4+1 k=0 j>—t
q—1
= P(W<—0)-P(W< —~L+1)+(PV)(l—1)+ > CF L+ 5)p;. (94)

Next
dCEN (4 )k ch [(C+W)F] ="k > 0+ )k p;. (95)

= E[(1+i+ W) —E[1+W)1]. (96)
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Moreover we have for any i € N\ {0}.

i q—1 —t—1 -2 min(i,—j—1) g—1
Dy(i) = — CE S U+ = = > D> D CEe+4)
/=1 k=0 j=—00 j=—o00 /=1 k=0
—9 min(¢,—j—1)
= =2 0 >, [Arerii- @+
j=—o00 =1
-2
= Y pi [+ 47— (1 +min(i,—j — 1) +5)]
j=—00
-2 —i—2
= > pi+N= > pi(A+i+s)? (97
j=—00 j=—00

Then it follows from (94) and from (95)-(96)-(97) that

Vi€ S\{0}, (PV)(i) = (PVy)(0) = > [(PVy)(0) = (PVy)(£ —1)]
(=1

= E[Q+i+ W)Y —E[(1+W)1] + Cy(i)

with Cy(i) defined in Lemma 6.3. This gives (90) for every ¢ € N\ {0}. Equality (90) is
obvious for i = 0 since Cy(0) = 0 by definition. O
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