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Frequency-dependent intensity correlation function measure-
ments can be employed to determine the optical turbidity of
solid disordered dielectrics. Here we demonstrate a speckle
frequency correlation experiment with a focused beam and
using an area detector. We show how to apply frequency cor-
relation measurements to optically thin solid samples with
the aim of determining the light diffusion coefficient and
transport mean free path ¢*. To give a practical example,
we extract the optical transport mean free path of PTFE
(Teflon) slabs, with a thickness of L = 0.4-3.5 mm, covering
optical densities L/{* ~ 4-15.
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Nonabsorbing disordered dielectrics, such as films of white paint
or optical diffusers, display random wave scattering which leads
to Lambertian reflectance and diffuse transmission of light for
optically thick samples. The optical thickness of a material is
defined by L/¢*, where L denotes the thickness and ¢* is the
transport mean free path. Typically, for L = 2£* wave scattering
is random, meaning that we can apply the central limit theorem
to describe the scattered wave phase and field amplitude sta-
tistical properties [1]. In a more restrictive limit, typically for
L = 10¢*, wave scattering and transport are fully diffusive. The
terms “light diffusion” and “random wave scattering” are often
used interchangeably, but it is essential to notice the difference.

For a coherent light source, the randomly scattered light waves
interfere and form a fully developed intensity speckle pattern
[1-5]. Upon changing the position of the scatterers, or the
wave’s frequency, the speckles fluctuate. Transmission diffus-
ing wave spectroscopy (DWS) is a popular method that exploits
temporal fluctuations of the speckle intensity to characterize the
dynamics inside a turbid sample [2,3]. DWS can also be used
to determine the optical thickness L/¢* if the sample’s dynamic
properties are known. For random scattering, the Siegert rela-
tion connects the intensity correlation function, G,(y), to the

0146-9592/22/061439-03 Journal © 2022 Optica Publishing Group

field—field correlation function g,(y) = (E(y)E(0)*)/{|E(0)[*):

Gy(y) _
G,(0)
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where (- - - ) denotes either an average over many speckles, cor-
responding to an ensemble average, or, if the sample is liquid
and ergodic, an average over time. Depending on the type of
correlation studied, we use the y parameter defined as follows:

vy =0, for the average intensity
kz
v = o (Ar*(t)), for the temporal correlation in DWS
,  —iAw .
=" for the frequency correlation.

2
Here (Ar*(t)) is the mean squared displacement of the Brown-
ian particles over a time 7 in the case of temporal correlations,
Aw = 2rAv is the angular frequency difference of the light,
and D the light diffusion constant in the case of frequency
correlations. Mathematical equivalence between temporal and
frequency correlation functions is demonstrated in Supplement
1 (Section 2).

Speckle frequency correlations have been studied since 1990
using tunable laser sources [4,6,7]. More recently, Muskens and
Lagendijk proposed broadband spectroscopy through opaque
scattering media as a tool for the characterization of random
scattering media [8]. Their work is based on simplified dif-
fusion approximation results first published by Genack and
co-workers [9,10] in the early 1990s and valid only for optically
thick samples, typically L 2 10¢*. Here we show how broadband
spectroscopy can be implemented also for optically thin sam-
ples, L 2 4¢*. To study the range of validity of different levels of
approximations, we compare the theory used by Muskens and
others [4,9,10] with full predictions of the diffusion equation.
We note that we have also investigated other models, such as the
low-order scattering model of Ref. [11], but could not find fur-
ther improvement. The expression for the normalized intensity
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correlation function g¢’(Aw) commonly used is

2Aw/ wy
cosh /242 — cos  [25%

wo wq
where D = ¢,l* /3n.; is the light diffusion constant with the vac-
uum speed of light ¢, and a medium effective refractive index
n.s. The dimensionless extrapolation length in diffusion theory is
setby /., = = = §§tg, where R(n.;) denotes the angle-averaged
internal reflection coefficient at the sample’s interface [12,13]
see Eq. (S5) in Supplement 1 or Refs. [12,14]. The character-
istic decay frequency is w, = D/(L + 2z.)* [4,9,10]. Using (3)
together with (1) we can fit experimental data for g5’ (Aw) with
wy as an adjustable parameter. For L > {* we neglect z, < L

and find wy ~ D/L* and thus ¢* = % For smaller L/¢*, we
need to solve the following equation to determine £* from wy:

g (Aw) =1+ (3)

4{02 2 4§c o 3
F "+ 12 - W +1=0. (4)
—_—

A B

This equation has a real solution only if B>-4A > 0. If
wpm, B? — 4A<0: no real solution can be extracted for
. If wy = 244:%’ then the smallest possible solution for the
optical thickness is reached for L/¢* = 2£, and Eq. (4) thus sets
an upper bound.

To understand the limitations imposed by the commonly used
model, we consider the diffusion equation, appearing in the
analysis of multiple wave scattering in disordered media [15,16]:

2 1
[j—zz - yz] C(z,7,y) = —5(5(z -7). (5)
The result for the average intensity, temporal, or frequency cor-
relation functions in transmission of a plane wave through a slab
is obtained by setting 7/ = ¢* and computing the flux through the
plane z = L . Details of these routine calculations are included
in Supplement 1 (Section 3). We find

0
Gl()’) =-D a_C(Z’ f*’ 7)
z =L

vz cosh(y£*) + sinh(y€*)

sinh(yL) [y22”28 + 1] + v [ + 2] cosh(yL)’

(6)
where we allow for the possibility of having different extrapola-
tion lengths 7V and 2" at the opposite faces z = Oand z = L of the
slab. The normalized correlation functions g,(y) = G,(y)/G,(0)
are obtained from Eq. (6) by dividing it by the average intensity

transmission coefficient 7' = G,(0) = (2 + ¢)/(L + 22 + Z").

We can recover the previous Eq. (3) by setting L=F=0
and expanding the result in the limit L > ¢* for details, see
Supplement 1 (Section 4) and Ref. [17].

To illustrate the difference between Egs. (6) and (3), we
measure the frequency intensity correlation function of light
transmitted through stacks of thin 0.1 mm sheets made of PTFE
(Teflon) with a mean free path of * ~ 200 um at 2 ~ 800 nm,
reported in the literature [18]. Depending on the number of
sheets used, we vary the slab thickness from L = 0.4 mm to
L = 3.5 mm. We use a single frequency-tunable laser light source
(Toptica Photonics, model DL 100 DFB) with a central wave-
length of A ~ 784.5 nm. The laser radiation emitted is fed into
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Fig. 1. Left: Typical speckle correlation measurements through
stacks of 11, 15, and 35 sheets of PTFE (Teflon) of thickness 100 pm,
effective refractive index n, = 1.356. Solid lines are fits with (3) (st)
and dashed lines with (6) (diff). The extracted £* are reported in the
table. Right: Experimental setup using a frequency-tunable laser
at 1 ~ 784.5 nm, two microscope objectives, and an area detector
(CCD digital camera).

an optical fiber, collimated by a lens coupled at its end face,
and directed onto the front face of the scattering medium. We
position the sample in the focal plane of a Nikon Plan Apoc-
hromat 20X 0.75 objective, and we guide the scattered light
on a digital charge-coupled device (CCD) camera (Ximea xiD
MD028MU-SY) where a speckle pattern is formed (see Fig. 1
for the setup). The size of a speckle on the detector is of the order
of ~ 20 pixel edge lengths and we probe ~ 1000 independent
speckles in our experiment [19]. While sweeping the laser fre-
quency over a maximum frequency range Awp., € 27 - [10, 250]
GHz (for the thickest/thinnest samples), we record the speckle
images and subsequently compute the multi-speckle g5’'(Aw)
using standard procedures [18]. We note that Aw,,,, = 250 GHz
corresponds to A4 = 0.5 nm and we assume that the optical prop-
erties remain unchanged over the range of frequencies probed.
Compared with the method of Muskens and Lagendijk [8], our
camera-based approach provides a better signal-to-noise perfor-
mance and therefore removes the need to move the sample to
average over different speckle realizations.

In Fig. 1, we present our experimental results for three differ-
ent samples of thicknesses 3500, 1500, and 1100 um (symbols).
For each Aw, we record a sequence of four pictures with the
following Aw: (1) 0, (2) Aw, (3) 0, (4) Aw, and therefore each
point in Fig. 1 is averaged over the three correlations between
(1) & (2), (2) < (3), and (3) < (4). For each measurement,
the black solid line shows the best fit using Eq. (3), and the red
dashed line the fit using Eq. (6). The values of £* extracted by
both methods are shown in the table in Fig. 1. For the thickest
sample (3500 pm), both methods give similar £*. This is not
the case for the two other samples: for L = 1500 um, the values
are different, and for L = 1100 pm, it is no longer possible to
extract a real £* value by solving Eq. (4). These different results
are not related to the fit quality, since the fitted curves are almost
indistinguishable in Fig. 1.

In order to quantify the validity range of both methods, we
measured different samples of thicknesses between 0.4 and 3.5
mm. The extracted ¢* are plotted as symbols in Fig. 2. For opti-
cally thick samples, L/€* ~ 10, we find good agreement between
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Fig. 2. Symbols: transport mean free paths measured on Teflon
stacks of different thicknesses L. Blue +: ¢; obtained using the
standard formula [Egs. (3) and (4)]. Orange X: £}, obtained using
the full expression Eq. (6). Solid orange curve (bottom): €,
average taken over full diffusion theory data (orange symbols) for
L > 1500 pm. Solid blue curve (top): £, calculated from Eq. (4)
with D = cofjiﬁ,av/?)neﬁ. Dashed line: for L<2/.£*, Eq. (4) has no
solutions (area indicated by the cross-hatching).

the results obtained using the approximate model (3) by Genack
et al. and our more accurate expression (6) derived from full
diffusion theory. However, for L/¢*<7 (L<1500 um) the approx-
imation (3) fails to provide any meaningful prediction for ¢*,
while the full expression makes accurate predictions down to
L/¢* = 4. Our findings are in agreement with a DWS study by
Kaplan et al. [20] based on diffusion theory modeling, Eq. (6)
for DWS applied to measurements on samples with a scattering
anisotropy g close to one. For comparison, gr.go, ~ 0.9 [18].
Note that Kaplan ef al. studied also more isotropic scatterers
with g ~ 0. In the latter case DWS experiments suggest devi-
ations between experiment and theory already for L/¢* < 5-7
[20]. Since static samples with g ~ O are not readily available,
we have not performed frequency correlation experiments in this
regime.

To quantify the differences between Egs. (3), (4), and our
Eq. (6), we set £} ,, = 211 um [the average of £ extracted using
Eq. (6) for L > 1500 um] and calculate g¢(Aw) for different
values of L. Using the simple analytical Eq. (3), we fit these
curves to obtain £;,. In Fig. 2 we plot the results of these fits (blue
solid line) for a medium having an effective refractive index (in
air) of ne; = 1.356 corresponding to z,/¢* = 1.92. As expected,
for L/€* — oo the results obtained from (3) are the same as those
following from (6). Clear deviations appear for smaller values of
L/¢*. The value of £, increases when L decreases, and, at some
point, reaches the critical value above which Eq. (4) no longer
has a real solution in the half plane L<2{.£*. The boundary is
plotted as a dashed line in Fig. 2. Revealing the catastrophic
failure of the commonly used Eq. (3) is the central result of our
work.

In summary, we implemented a speckle frequency correlation
experiment using an area detector and have measured g5’ (Aw) for
PTFE (Teflon) slabs of different thicknesses. Based on diffusion
theory, we derived a theoretical model of frequency correlation
measurement featuring proper accounting for boundary con-
ditions that can be different on opposite sides of the sample.
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We have shown that such an approach is necessary and accu-
rate since the standard method fails catastrophically for small
L/¢*. Our improved modeling demonstrates that speckle cor-
relation experiments can be analyzed quantitatively and could
thus become a valuable tool for characterizing optically thin
solid samples down to L/¢* ~ 4. Since the frequency correla-
tion experiments can be performed with a focused laser beam, in
contrast, for example, to coherent backscattering cone measure-
ments [21,22], we can apply our method even to small samples
of microscopic lateral size [23].
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