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Age-based Markovian approximation of the G/M /1 queue

BenjaminLegros

Abstract
We extend the approach of [15] and [20] for the G/M/1 queue. The idea is to provide a Markovian
approximation where a state represents the oldest customer’s wait. This modeling is made possible
by creating states with negative wait, representing an estimate of the time at which a new customer
would arrive when the system is empty. We apply this method for performance evaluation and routing
optimization. Finally, we further extend the model to the G/M/1+G queue.

Keywords: Approximation; G/M/1; Markov chain; Markov decision process; performance evaluation

1 Introduction

We propose a Markovian approximation of the G/M/1 queue, where a state of the system represents the
age of the oldest customer. This provides an alternative way to determine the performance measures
of G/M/1 related queues. It also allows investigating routing optimization issues via Markov Decision
Processes (MDP) where decisions can be exercised as functions of the time spent in the system by a given
customer. Time-based decisions can be more valuable than quantity-based ones when objective functions
are non-linear in the time spent in the system. This is particularly the case if penalties have to be paid
when reaching a certain time threshold in the system [19] or when percentile objectives are involved [17].

Specifically, we consider a first-come-first-served single server queue with infinite buffer capacity. The
inter-arrival time is generally distributed and has a probability-density function, f(t), for ¢ > 0. The service
time is exponentially distributed with service rate u. We approximate the time spent by the oldest customer
in the system - also called the First in Line (FIL) - by an Erlang distribution with rate v and a random
number of phases determined by the time at which the service ends. The idea was first proposed by [15]
for an M/M/s queue and was later extended by [20] for an M/M/s+G queue. The aim of this note is to
extend their model to the G/M/1 queue.

The representation in [15] and [20] cannot be applied to the G/M/1 queue. In these references, the
state of the system x was either the waiting time of the oldest customer in the queue when x > 0 or else it
determined the number of busy servers when & < 0. Therefore, for these references, the nature of the state
description changed from a quantity when x < 0 to a time phase when x > 0. This was made possible due
to the memoryless property of the inter-arrival time. With a generally distributed inter-arrival time, when

the FIL leaves the system, we need to estimate the arrival phase of the next FIL. This one may already be
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present in the system or this customer may not have arrived yet. In the latter case, we need to determine
how many phases will elapse before this customer arrives. To solve this problem, we propose an alternative
definition of the system state where the time phase of the FIL x is also defined for x < 0 as a negative
wait and we approximate the inter-arrival time by a phase-type distribution. In this way, in Section 2,
we compute the transition probabilities and provide a one-dimensional Markovian approximation of the
G/M/1 queue.

In Section 3, we use this Markovian representation to retrieve the performance measures of the G/M/1
queue and to optimize exclusion decisions. For performance evaluation, the Markov chain analysis of the
G/M/1 queue also provides a relation between the expected idling and busy period durations which shows
some connection with the Pollaczek-Khinchin formula. For exclusion optimization from a G/M/1 queue, we
formulate a Markov decision process with the objective to obtain a trade-off between the rate of excluded
customers and a time-cost function. We prove that the optimal exclusion policy is a time-out threshold
policy and compute the optimal time-threshold for different distributions of the inter-arrival time. In
particular, we observe that the optimal time-threshold may increase with the variability of the inter-arrival
time.

In Section 4, we extend our modeling to the G/M/1+G queue. We assume that the patience time has
a probability density function, denoted by g(t), for ¢ > 0. We provide a method to derive the transition
probabilities leading the Markovian approximation of this queue to remain one-dimensional. Note that the

proofs of the main results are provided in an online supplement.

The G/M/1 queue in the literature. The G/M/1 queue is one of the canonical models in queueing
theory (e.g., see [13]|, Chapter 6). One way to derive the performance measures for this queue is to analyze
the corresponding discrete time Markov chain at arrival instants. This approach is successful for computing
the performance measures of G/M/1 related queues. For instance, [16] employed this method to analyze the
finite buffer capacity G/M/1 queue, while [11] extended the analysis to the multi-server setting. Another
example is [28] who investigated a queue for which the server stops serving the queue whenever the system
becomes empty and resumes service when the number of waiting customers in the system reaches a certain
threshold. Other approaches including martingale techniques, transform techniques, and sample-path argu-
ments are presented in [1] to analyze the G/M/1 queue. As in this note, the authors analyzed the attained
waiting time in the G/M/1 queue. [23] studied the busy period of the G/M/1 queue with restricted acces-

sibility in connection with the M/G/1 queue using Laplace transforms. [12] employed the supplementary



variable technique [8, 24| where the remaining inter-arrival time plays the role of the supplementary variable
to analyze the G/M/1 queue with a removable server. [7] computed the queue length probability-generating
function when the server takes an exponential vacation each time the system empties. [4] developed level
crossing arguments to investigate the G/M/1 queue with constant patience (i.e., the G/M/1+D queue).
Our model is extended at the end of the note to account for customers’ abandonment. Also using a sam-
ple path analysis and level crossing arguments, [22| analyzed the idle periods of the G/M/1 queue with a
removable server. This note contributes to this literature by developing an alternative method to derive
the performance measures of G/M/1 related queues and to perform policy optimization with time-based

decisions.

2 Markovian approximation of the G/M/1 queue

In this section, we develop an approximation of the G/M/1 queue. First in Section 2.1, we show how the
inter-arrival time can be approximated by a phase-type distribution. Next in Section 2.2, we explain how

the G/M/1 queue can be approximated by a continuous time Markov chain.

2.1 Phase-type approximation of the inter-arrival time

In this section, we show how the general inter-arrival time with probability-density function f(t), for t > 0
can be approximated by a particular phase-type distribution which will allow us to construct the Markovian
representation of the G/M/1 queue. Let us denote by X the random variable representing the inter-arrival
time. In Proposition 1, we approximate X by a random sum of exponential time phases each with rate
~. The number of time phases, R, is random and depends on the distribution of X. We define r, as

rn=P(R=n),forneZ".

Proposition 1. For n € Z*, we have

B ,yn 00 S

Ty = — t"e " f(t)dt. (1)
n! Ji—o
R

As v tends to infinity, the phase-type distribution > Y; converges in distribution to X, where the Y;’s are
i=1

1.1.d. exponential distributions with rate .

We mention that the definition of 7, in Proposition 1 can be replaced by an equivalent expression

which also replicates the behavior of the inter-arrival time as v tends to infinity. The alternative given



in Proposition 2 provides simpler expressions for the transition probabilities for distributions having non-
continuous behavior like the deterministic or uniform ones. Moreover, when writing the balance equations
to obtain the stationary probabilities, only a finite number of probabilities has to be involved for these
distributions. Nevertheless, for other distributions like the exponential one, this alternative definition may

lead to more complicated expressions to manipulate than r,.

Proposition 2. We define 7, forn € N, v € R, withn/y =71 and 7> 0 as 7, = fn(%rl)m f(t)dt. We have

lim o =1.
n,y—oo’n

Examples for r,.

n

e For the exponential distribution with rate A, we have f(t) = Ae™*. This leads to 7, = (ﬁ) (ﬁ) .
Therefore, the distribution of the number of phases between two arrivals follows a geometric distri-
bution. This is not surprising as the geometric distribution is the only discrete distribution with the

memoryless property. The expression of 7, in this case is also the same as that obtained in [15] and

[20].

e An extension of the exponential case is the Erlang case. For an Erlang distribution with k phases

1 n k
and rate 3 per phase, we have f(t) = % We then deduce that r, = ("+5_1) ('y%ﬁ) (%) ,

n+k71) _ (ntk—1)!

n = =TT The distribution of the number of phases between two arrivals follows a

where (

binomial distribution.

e The deterministic distribution with parameter 7 is defined with the Dirac function: f(t) = d.(¢).

Thus, we have r,, = %e_” which corresponds to a Poisson distribution. Knowing that the Poisson
distribution can be viewed as a limit of the binomial distribution, this result was expected from the
Erlang case as the deterministic distribution can also be viewed as a limit of an Erlang distribution.
Alternatively, the deterministic case can be obtained in a faster way by choosing ~ such that vr = k,

with 7y = 1 and 7, = 0, for n # k.

2.2 Continuous time Markov chain for the G/M/1 queue

We approximate the age of the oldest customer in the system (i.e., the FIL) by an Erlang distribution
with rate v per phase. This means that the actual time spent by the FIL in the system is translated into
a number of time phases z, for > 0. The transition rate from time phase x to time phase = + 1 is 7.

At service completion, the FIL is removed from the system. Due to the first-come-first-served discipline,



the new FIL, if present in the system, spent less time in the system than the FIL who just left. In the
approximated model, this creates a transition from state x to a state x — n, for n > 0, where the transition
probability, py »—n, is determined by the inter-arrival time distribution. We approximate the inter-arrival
time by the phase-type distribution defined in Section 2.1. Therefore, we have p; »—, = r,. Note that the
inter-arrival time does not depend on the time phase of the FIL. This explains why p; ;—, does not depend
on x.

This presentation is valid only if there is a new FIL present in the system (i.e., if z —n > 0). However,
we know the distribution of the number of the time phase separating two consecutive arrivals through r,,,
n > 0. Hence, we can estimate the number of phases after which the new FIL will arrive in the system.
This allows us to extend the support of the time phase of the FIL, x, to x < 0. Specifically, x > 0 represents
the number of time phase of the FIL while < 0 indicates that the FIL will arrive at an empty system
after 1 — x time phases. In this way, we represent the G/M/1 queue by a one-dimensional continuous time
Markov chain. The only difference between x > 0 and = < 0 is that service completion cannot happen
when & < 0 as there is no customer in service. In summary, the two transitions in the Markov chain are

the following:

1. A phase increase with rate v with x € Z, which changes the state to  + 1. The time phase of the

FIL is increased by 1.

2. A service completion with rate p while the system is not empty (i.e., x > 0), which changes the state

to x — n with probability r, for n > 0, that is, the new FIL is in time phase z — n.

Remark: In the approximated models of [15] and [20], states with negative time phase do not need to
be defined as the inter-arrival time is exponentially distributed. Due to the memoryless property of the
exponential distribution, a single state representing the empty system could be defined instead of providing

the number of phases before which the new FIL will come.

Applicability and limitations. This approximation provides a Markovian representation of the G/M/1
queue where the state description is a discretized version of the oldest customer’s wait. This representation
is useful for performance evaluation when the service process depends on customers’ wait. For example,
the model studied in Section 3 in [5] where the service speed depends on the wait of the FIL could also be
investigated with our approach. We could also study models with parallel queues [2, 6, 9] where a server
prioritizes the service in one queue in function of the oldest customer’s wait in each queue. In addition,

our approach allows solving routing optimization problem using Markov decision processes. As a state of



the system represents either the time spent by the oldest customer or the remaining idling period, we can
investigate problems with objectives involving the distributions of idling time or time spent in the system.
For instance in call centers, it is common to have an objective of 80% of calls served in less than 20 seconds
[10]. This type of objective cannot be captured with classical Markovian representation where a state of
the system represents the number of customers.

However, our approach has limitations. First, it is limited to a single server analysis. The case with an
infinite amount of servers could be treated as an abandonment feature but the case with a finite number of
servers remains to be determined. One difficulty lies in relating the time spent by the oldest customer in the
system and the number of busy servers. Second, the first-come-first-served discipline is essential to apply
our approach. With other disciplines, a service completion would not necessarily lead to the first customer
in the system having a lower time phase. Finally, the arrival process should not be state-dependent. For

instance, we cannot investigate a finite capacity system with this approach.

3 Applications of the method

In this section, we show how the approximated model developed in Section 2 can be used for performance
evaluation and policy optimization. In Section 3.1, we show how to retrieve the performance measures
of the G/M/1 queue. Next in Section 3.2, we develop a Markov decision process approach for exclusion

optimization from a G/M/1 queue.

3.1 Performance evaluation of the G/M/1 queue

We denote by 7, the stationary probability of being in state x, for x € Z. The system balance equations

are as follows:

(o]
(V4 p)my = ymp—1 + qukwark, for x > 0, and, (2)
k=0
o
VT = YT 1 + uZTr+k7rk, for z > 0. (3)
k=1

In Theorem 1, we give the solutions of (2) and (3).



Theorem 1. Under the stability condition pE(A) > 1, we have

z—1
Ty = T (1 - %A*(’y(l —0))Sp1(07 ) + 5ZTkSz_1_k(al)> , for x>0, and, (4)
k=0
e = moo~, for x >0, with (5)
1-0
T = m, and (6)

where o is the solution of

(v +p)o =7+ pucA*(v(1 - o)), (7)

n
not equal to 1, where A*(2) is the Laplace transform of function f, at point z, and Sp(z) = 3. 2F = %,

k=0
for z # 1.

In Proposition 3, we deduce the probability of having an empty system Py, the expected time spent by
an arbitrary customer in the system E(T'), and the probability of staying in the system longer than y > 0
for an arbitrary customer P(T > y). We also prove that these performance measures tend to the exact
ones as v tend to infinity. It is interesting to note that the approximated model directly gives the exact

expression of Fy.

Proposition 3. Under the stability condition pE(A) > 1, we have

P=1-

1
E(T) = =0 and, P(T > y) = e_“’y(l_@, for y > 0. (8)

These performance measures tend to the exact ones as v tends to infinity.

We now investigate the relation between the idle and busy periods. To this end, we introduce the

+oo .
function P(z) = Y. m.e®®, where i is the complex number such that i = —1. The function P(z) is
T=—00

0 X o5 .

decomposed into P(z) = Pt (z) + P~ (z), where PT(2) = Y m,e"** and P~ (z) = > m_,e ***. Using the
=1 =0

functions P*(z) and P~ (z), we relate the moments of the idling duration with those of the busy period.

In what follows, we show how these functions can be used to relate the expected idling duration with the

expected duration of the busy period. From (2) and (3), we deduce that

(v + WP F(2) + 7P (2) = ye* (P (2) + P~ (2)) + uP* (2)R(2),



S .
where R(z) = Y rye”"**. This equation can be rewritten as
=0

P(e) = MRS =P, )

0P~ (2)

From this expression, after applying L’Hopital’s rule twice, we obtain - Since the expected

2=0

duration of a phase time is %, and the probability of an empty system is 1 — uE#(AV the expected time

for the next arrival given an empty system is E(I) = % AP~ (2)

P 1 . This leads to E(I) =

+=07(1-7ztm)
) . When ~ tends to infinity, we relate E(I) and E(T") via

1 1 1 E(A?)
— — + + =
=) (1) B (1w

E() + E(T) = M (10)

1 b
2 <1 - TE(A))
where cv is the ratio between the standard deviation and the mean of the inter-arrival time. This result

shows the equivalent of the Pollaczek-Khinchin formula for the G/M/1 queue.

3.2 Exclusion optimization from a G/M/1 queue

In this section, we investigate a problem of exclusion optimization from a G/M/1 queue. For this problem,
a controller can decide to exclude the oldest customer in the system at any point in time. The objective
is to minimize the long-run cost function defined as a linear combination of the rate of excluded customers
and a time-based performance measure like the expected time spent in the system or a percentile of the
time spent in the system. Exclusion optimization in this context differs from the rejection policies studied
in the academic literature where customers are rejected upon arrival [3, 14, 26, 27]. Rejecting customers
at arrival is optimal when the time-based performance measure is the expected wait or the expected time
spent in the system by both served and rejected customers. However, when considering the expected time
spent in the system by served customers only or a wait percentile, rejecting customers after letting them
wait is preferred as compared to rejection at arrival [18, 21].

To solve the optimization problem, we formulate a Markov decision process and next use the value
iteration technique to prove the form of the optimal policy. For the Markovian process defined in Section
2, the maximal event rate p + v is bounded. Therefore, we apply the uniformization technique [25]. By

replacing the transition rates p and 7 by the corresponding transition probabilities -t~ and —X-, our

Ay pty?

continuous time MDP can be investigated as a discrete time one. In states z > 0 after a y—transition, the

controller can decide to reject the FIL from the system. In such case, a penalty v P is counted to capture the



rate of excluded customers. In addition, a time-cost function ¢(z) is defined for states x > 0. For instance

with ¢(z) = c%, the cost function translates the expected time spent in the system as the expected time

)+

phase is L. With c(z) = cl=m

~ S or c(x) = cly>y with % = 7, the cost function expresses the expected

excess E((T — 7)") or the percentile of the wait P(T" > 7). Note that we could distinguish whether a
customer is served or excluded in the cost function by having a cost ¢i(x) after a u—transition and co(z)
after a y—transition in case of customer exclusion.

We then define the dynamic programming value function Vi (x) over k steps for z € Z by Vy(x) =0,

7y

7!
Vi —
1(T) o

Vilx+1)+
Mk( )7+

Vi(z) for z <0, and (11)
©

Vi1 (z) = e(z) + ylﬁ min(Vi(z + 1), F(Vi(z)) + 7P) + WLMF(Vk(a:)) for z > 0, (12)

where the operator F' applied on a function f(x) for x > 0 results in F'(f(z)) = § rnf(z—n). As k tends
to infinity, the difference Vi1 — Vi converges to the long-run optimal cost ang;()llows us to identify the
optimal policy [25].

We are interested in the long-run optimal decision in each state. The classical result in such one-
dimensional control problem is to prove that the optimal policy is of threshold type. With a minimizing
operator, this usually consists of showing by induction that the value function is convex. Here, the transition
structure leads to a different structural property. For a given induction step k, proving a threshold policy
consists of showing that if it is optimal to reject a customer from phase x, then it is also optimal to reject
a customer from phase x + 1. Therefore, if Vi(z + 1) > F(Vi(z)) + vP (rejection from state x), then
we should have Vi(x +2) > F(Vi(x + 1)) + vP (rejection from state x + 1). This implication holds if
Vi(x4+2)+ F(Vi(z)) = F(Vi(x+1)) = Vi(x+1) > 0, for z > 0. We then define Property (13) for a function

z(x) as
2(x+2)+ F(z(x)) — F(z2(x + 1)) — z(z + 1) > 0, (13)

for x > 0. Note that Property (13) is less restrictive than the convexity property. If a function is convex
then this function satisfies (13).

In Theorem 2, we prove the threshold form of the optimal policy by showing the propagation of (13)
by induction on k for a process that behaves asymptotically like Vi when k tends to infinity. To prove this

result, we assume that Property (13) holds for ¢(x). Numerically, we observe that the threshold form of



the optimal policy remains when ¢(z) is increasing in = without satisfying (13) (for instance when c¢(z) is

a step function).

Theorem 2. Assuming that (13) holds for c(x), the optimal long-run exclusion policy is of threshold type.
This means that there exists a time phase n > 1 such that a customer is excluded from the system after a

~y—transition from time phase n — 1.

Numerical illustration. In Table 1, we illustrate how the optimal exclusion policy can be computed
using (11) and (12) with ¢(z) = £. We consider the deterministic, the exponential and the hyper-exponential
distributions where the expected inter-arrival time is equal to 1. The hyper-exponential distribution is
defined with two rates, 5 and 5/9, and a probability of 50% to have an inter-arrival time exponentially
distributed with rate 5. For the computation, the state space needs to be bounded. We introduce a bound
D such that the state space is defined for —D + 1 < x < D. At state x = D, we force customer’s
exclusion after a y—transition and count an exclusion penalty. The parameter D is chosen such that
increasing D does not affect the optimal policy. In our examples, we vary ~ from 1 to 80 and select
D = 1000. For each distribution, we estimate the optimal cost ¢g* by recursively evaluating Vj until
fDﬂ%}g{chHVkH(x) — Vie1(@)] = [Via1(z) — Vi(z)|| < 107°. For each distribution, we also indicate the
optimal threshold state n* such that a y—transition from state n* — 1 results in the FIL being excluded.

The optimal time t* at which exclusion should be operated is estimated via t* = ”7

T

Table 1: Evaluation of the optimal policy (u =1, E(A) =1, ¢(z) = £, P =10, D = 1000)

=2,
Deterministic Exponential Hyper-exponential

1 2 2.000 2.0000 | 2 2.000 2.0000| 2 2.000 2.0000
o | 13 2600 25868 | 15 3.000 3.1270 | 16 3.200 3.5861
10 | 28 2.800 2.6544 | 33 3.300 3.3411 | 37 3.700 3.9200
20 | 57 2.850 2.6831 | 69 3.450 3.4581 | 78 3.900 4.1072
30 | 8 2.833 2.6914 | 104 3.467 3.4987 | 120 4.000 4.1731
40 | 114 2.850 2.6953 | 140 3.500 3.5193 | 162 4.050 4.2067
o0 | 143 2.860 2.6975 | 176 3.520 3.5318 | 203 4.060 4.2262
60 | 172 2.867 2.6988 | 212 3.533 3.5402 | 245 4.083 4.2271
70 | 200 2.857 2.7000 | 248 3.543 3.5459 | 287 4.100 4.2285
80 | 229 2.863 2.7000 | 284 3.550 3.5496 | 328 4.100 4.2252

For each distribution, we observe that ¢* tends to increase with . This can be explained by two reasons.
First, in our approximation the elapsing of time spent by the FIL in the system is represented by an Erlang
distribution. As < increases, the variability of this distribution reduces. Thus, there is a better control of
the time spent by customers in the system when  increases. This allows the controller to let customers stay

longer. The second reason is that the cost of early exclusion tends to increase with . For instance with

10



2
1,.2°P
our parameter values and a rejection threshold n* = 2, the system cost is 25 _ﬁfy“’

. This function increases
with ~.

As expected, the optimal cost g* increases with the variability of the inter-arrival time since the system’s
congestion increases with the variability of the inter-arrival time. We could expect the exclusion time t* to
reduce with the variability of the inter-arrival time as a way to reduce the system’s congestion. However, the
opposite phenomenon is observed. When the variability of the inter-arrival time increases, customers tend
to arrive in batch. Thus, a low exclusion time leads to more exclusion if the variability of the inter-arrival
time is high. To avoid a too high rate of excluded customers, it is then preferred to increase the exclusion

time (at the cost of increasing the expected time spent in the system).

4 Extension of the model for the G/M/1+G queue

We now present how the model developed in the previous sections can be extended to the G/M/1+G
queue. We denote by t, the probability of abandoning the queue before x phases of wait. Probability 1 —t,
represents the probability of surviving after x phases of wait. We denote the random variable representing
- 4
the patience time by Z. We can thus write t, = P(Z <Y1+ Yo+ ...+ Y1) = - Ze_ﬁ(’ét')lg(t)dt.
Note that this expression is only valid if x > 1. For x < 1, abandonment cannot oégl?rizg customers have
not yet arrived. As in Section 1, we are interested in determining the transition probabilities p, ,_, for
x>1,and k > 0.

Consider a customer at phase x > 0. Probability p,, is the probability that there is at least one
customer present at time phase x when the FIL leaves the system. The number of arrivals at the same
time phase, Ny, is geometrically distributed with parameter ro: P(No = ng) = r(°(1 —rp). The probability
that time phase z is empty is the probability that all customers who arrive at this time phase abandon the

o0

system. Thus, we have 1 — pg» = > (1 —1r9)ry°tho =
no=0

We now look at computing p; ;—x, for £ > 0 and £ < . We denote by Ny, Ni,..., N; the number of

To(l—tgg)
1—roty *

1—rg
1—roty?

and we deduce that p, , =

arrivals at phases z,x — 1,...,x — k, respectively. The expression of P(Ny = ng, N1 = ny,..., Np = ny)
depends on whether nq,ng,...,n; are strictly positive or equal to zero. If n; > 0, then the term rgj_l
becomes part of the expression as some customers are in phase x—j. If we have nji 1 =nj0 =... =ny_1 =
0, with m > j, n; > 0 and n,, > 0, then the term 7,,_; is generated. If we have n; 1 =nji0=... =n, =0,
with n; > 0 then the term 1 — 79 — 7 — ...7r;_; is involved. In order to have a common expression for

all possible expressions of P(Ny = ng, N1 = n1,..., Ny = ny), we introduce the functions §(j) and d(j)

11



defined by
1, if j > 0, and,

5(5) = (14)
0, if j =0,
and
‘ max{i € {1,...,j5 —1}:d(n;) =1}, if j > 1, and,
d(j) = (15)
0,ifj=1,
with the convention max{i € {1,...,j —1} : §(n;) =1} =0, if 6(ny) = d(n2) = ... = d(n;—1) = 0. We
thus write
k A\ 8(ny) k—d(k+1)
n'— J
P(N():?’Lo,lenl,...,Nk:nk —7"0 H( ] ) 1-— Z 7“]' . (16)
j=1 =0

For a given time phase x — j, the probability that n; customers would have abandoned the system is t;ﬂ i
ifex—j>0. If x —j <0, the only possibility to have an empty phase z — j is not to have any arrival at

phase x — j. Thus, we have

00 k . 5(n;) k—d(k+1)
JnimLyn J
l=pero— - —Pra—k = Z Tgotgo H ( 0 t.],‘]—j> 1 - Ty )
no,n1,...,nkp=0 Jj=1 =0
if k <z, and
00 k—d(x)

— 1 6(n;)
1- Praw— -~ Pra—k = Z Tgotzo H ( T'j—d(j) ”J tZ] j) 1- Z ¥ ’
j=1 Jj=0

noe,M1,...,Ny—1=0

if K > x. The expression of p, ,—j can then be deduced explicitly from these expressions.
The direct computation of the above expression may be difficult. To facilitate the computation, we

provide an alternative way of computing p, . in Proposition 4.

12



Proposition 4. For x > 0, we have

T, (L= (L =70)To—k) Qby b, by—y * Th—max{ic{Lk—1}:bi=1} b1 rrobo b1
Poobh = — Z T T2y T 0 s
x l—ro—...— Tk—1—max{ic{1,k—1}:b;=1} (k=1)
b1,b2...,bp—1€{0,1} ’ o
(17)
for k <z, and,
T by boysb 1 * Th—max{i€{1k—1} /b=
Prak = tx Z : 1,02,...,06—1 * Tk—max{ie{1,k—1}/b;=1} TﬁilTﬁig y .Tll;%l’ for k>, (18)
x b17b2---7b1716{071}7 B TO R Tk‘_l_max{le{lJ{:_l}/bl:l}
be=by1=...=bp_1=0

. to_; .

with Tp_j = % for0<j <z, and
(1 = 70) Tkt 1 —maxfic{1,k}:b;=1
Ay bo,.onbpl = Qb b by el and,
L—ro— . = T max{ie{1,k}:b;=1}
I—=rg—...— Tk+1—max{ic{1,k}:b;=1}
Qby by,....b;,0 = Aby,ba,....by
L =70 — .o = Thomax{ic{1,k}:bi=1}

with the convention max{i € {1,k} : b = 1} =0, if by = by = ... = b =0, a1 = r1(1 —rg), and
ang = 1-— To —T1.
Numerical illustration. In Figure 1(a), we give the transition probabilities py ;) for = 1,2,...,15,
k=0,1,...,5 and v = 5 in the case of a deterministic inter-arrival time with E(A) = 0.75 and a determin-

istic abandonment with expected patience time E(B) = 1.5. We observe that for small values of z, p; ;&
is close to r; which corresponds to the transition probability without abandonment. When the FIL has a
small time phase, abandonment cannot have a significant effect since most customers stayed in the system
a shorter duration than their patience time. For high values of x and small values of k, the transition
probability p, 1 tends to zero. In this case, abandonment has removed customers with long wait from
the system.

Although appealing for performance evaluation and policy optimization, the computation of the tran-
sition probabilities p; ,—x using (17) requires the summation of 2k=1 terms which corresponds to an expo-
nential complexity. This precludes implementing this approach when + is high and when the state space is
large. One direction for future research is to approximate the transition probabilities p, ,—j to reduce the

complexity of the computation. For instance, when ~ increases we can show that r; and 7T} tend to zero

13
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(a) Transition probabilities deterministic case (E(A) = 0.75, (b) Approximation of E(T") in the M/M/14+M queue (8 = 2,
E(B)=15,v=5) p=1, D =10y)

Figure 1: Numerical illustration

for £ > 0. This suggests to approximate the transition probabilities p, ;1 by

k
T,
1- Pz — Prax—1 — -+ — Pra—k = = <Rk: + ZriTx—iRm—i> ’
b i=1
where Rj = 1 —19 — ... —r; for 7 > 0 with the convention T; = 0 if j < 0. In this approximation, the

terms involving products of the type rpr;T,_;T,—; are removed. Thus, instead of having an exponential
complexity, this approximation provides a linear one. In Figure 1(b) we evaluate the expected time spent
in the system E(T) for an M/M/1+M queue from a Markov chain analysis using this approximation as a
function of the arrival rate A. In this example, the abandonment time is exponentially distributed with rate
B = 2. We truncate the state space with D such that the admissible states are t = —-D+1,—-D+2,...,D
and we relate D and v via g = 10 (i.e., the maximal expected time spent in the system is 10 time units).
We observe that the approximation provides a good estimation of E(T) when the arrival rate is low as it
corresponds to a situation with a small proportion of abandonment. When X increases the approximation
diverges from the exact model. In the approximation, the transition probabilities are overestimated which

reduces E(T) for large \ as compared to the exact value. Having a large value of D may also increase the

inaccuracy of the approximation when A is large as more transitions are involved.
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