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Abstract: Most of the negative group delay (NGD) circuit recent investigation were focused on the classes of low-
pass and bandpass categories. Few research works are currently available in the literature on the typical high-pass (HP)
NGD function. This paper introduces an original HP-NGD circuit theory of four-port passive topology constituted by
a single lumped capacitor. The S-matrix equivalent model of the innovative topology is established from the admittance
matrix. Then, the basic frequency analytical responses are expressed. Then, the GD model is derived in function of the
capacitor. It was found analytically that the four-port mono-capacitor passive circuit is susceptible to behave originally
as an unfamiliar HP-NGD function. An innovative HP-NGD analysis is explored in addition to the expression of
synthesis design equation in function of the expected NGD cut-off frequency which is linked to NGD optimal value.
The validity of the established HP-NGD circuit theory is verified with a proof of concept (POC). As expected, the HP-

NGD behavior showing a good correlation between analytical model and simulation is obtained.

Keywords: Mono-capacitor circuit, four-port topology, high-pass (HP) negative group delay (NGD), NGD function,
NGD analysis, NGD specifications, S-matrix modelling.



1. INTRODUCTION

In addition to the noise, the delay effect is one of the most penalizing effect which limits the electronic and
communication system performances [ 1-3]. An unfamiliar negative group delay (NGD) equalization and neutralization
solution against the delay effect was recently initiated [4-5]. The NGD solution is also promising for the distorted
signal reconstruction [6]. The NGD function was more generally suggested to compensate for communication system
delay [7], enhanced bandwidth feedback microwave amplifiers [8-9] and design of reconfigurable series feed network
for squint-free antenna beamforming [10]. However, because of particularly counterintuitive NGD effect, further
research work is needed to open the NGD circuit design to non-specialist electronic engineers.

The existence of negative group delay (NGD) effect is one of most curious questions of physicists in the twentieth
century. The unfamiliar NGD effect was observed in first time based on optical experimentation with negative group
velocity (NGV) media [11-12]. Diverse unfamiliar NGD investigations with optical system were conducted by
showing counterintuitive superluminal pulse propagation [13-14]. In addition, for further physical understanding,
theoretical study of NGD effect was also developed via transfer function elaboration [13-14]. The curious question
about the NGD function existence in the electronic circuits attracted the attention of some design researchers [15-20].
Therefore, theoretical and experimental studies of low frequency (LF) NGD circuits were performed by using R, L, C
and operational amplifier [15-16]. The extraordinary experimentation of smoothed pulse signal in millisecond time-
advance and in superluminal propagation was performed [17-19]. It was emphasized that the NGD effect does not
contradict the causality principle [15-16].

Despite the notable limitation reported on the NGD properties [20], the NGD effect existence in microwave frequencies
was an open question [21-32]. Remarkable NGD microwave passive circuits were designed in early 2000s from
metamaterial based negative refractive index and split ring resonator structures [21-24]. However, the metamaterial
based NGD passive circuits are significantly lossy and limit the opportunity of their applications. Emphatically,
intensive research works were made on low attenuation loss NGD passive circuits last two decades [25-30].
Nevertheless, the diversity of NGD circuit structures leads to wonder about the general topologies of the unfamiliar
electronic function. Such a question motivates to initiate a fundamental circuit theory of NGD function inspired from
filter function [31].

The innovative concept of low-pass (LP) [6,31] and bandpass (BP) [31-33] NGD circuit classification was established.
Furthermore, we are constantly looking for the simplest NGD topologies by using resistive-capacitive network [6],
resistorless lumped network [32] and capacitive-network [33]. In difference to the all existing NGD research work, we

are developing a circuit theory of mono-capacitor and extremely simple topology in the present paper.

2. S-PARAMETER MODELLING OF THE MONO-CAPACITOR NGD TOPOLOGY

The present section describes the topological identification of the mono-capacitor NGD circuit. For the better
understanding about the unfamiliar NGD aspect, the basic function will be defined. Then, the S-parameter model will

be exploited to elaborate the NGD class identification, and analysis.



2.1. Topological description

We are expecting a first order NGD topology. Therefore, must be composed of at least a reactive component [31].
Accordingly, we can choose the impedance Z a first order element. Before the NGD topological identification, we can
consider the four-port H-shape circuit shown by Fig. 1. By denoting the Laplace variable, s, the proposed circuit can
be assumed to be composed of central element represented by an impedance, Z(s)=1/(Cs) and four lumped identical
resistances, R. To analyze the circuit, each port n={1,2,3,4} is connected to voltage source ¥V, with the input current /,.

By using the Kirchhoff voltage and current laws (KVL and KCL), we can write the following relathinoships:

Vi(s)=V,(s)= RI,(s) = RI,(s) ()
Vy(s)=V3(s) = RL,(s) ~ RI,(s) )
Vi(s)=V,(s) = RI,(s)+ Z(s)[1,(s) + 1, (5)] = RI,(s) )
1)+ 1L (s)+1,(s)+1,(s)=0 4

|

2 @: V,
R
R

Figure 1: R and Z impedance based four-port circuit.

These KVL and KCL will serve in the following paragraph to establish the admittance matrix model of our four-port

circuit.

2.2. Admittance matrix modelling

The matrix equivalent of these four linear relations is expressed as:

Vi(s) I(s)
V()| NG

11|71 ©
Vi(s) 1,(s)

with:

1 0 0 -1
0 -1 0

[C1=1, | o o (6)
0O 0 0 o0



R 0 0 R

0 R -R 0
R+Z(s) =R 0 Z(s)|’

1 111

[Q(s)]= (7)

According to the system theory, the admittance matrix is linked to the input voltage and access current by the matrix

relationship:
1,(s) Vi(s)
L(s)| Vi(s)
o | T ®
1,(s) Vi(s)

By algebraic identification between equation (5) and equation (8), we established that the admittance matrix of our

four-port network:

[Y ()] =[Q)]x[T]. ©)
Consequently, we have:
3R+2Z(s) -R -R —-R-2Z(s)
-R 3R+2Z(s) —-R-2Z(s) -R
-R —R-2Z(s) 3R+2Z(s) -R
—R-2Z(s -R -R 3R+2Z(s
[r)]= = 4R[R+Z(s)] . (10

This admittance matrix will be exploited in the next subsection to determine the S-matrix of the NGD circuit.

2.3. S-matrix modelling

Let us consider the four-port black box introduced in Fig. 2. The S-matrix equivalent model can be generally denoted
by:

S,(s) Sip(s) Si5(s) S,(s)
S,(8) S,,(5) Sy(s) S,(s)
S51(s) Syp(s)  Siu(s)  Sy(s)
S,(5) S,(8) Su(s) S,(s)

This S-matrix is referenced by the access port impedance Ro=50 Q.

[S()]= (11)

(5]
S
O>— —®

Figure 2: Four-port S-parameter model.
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According to the S-matrix theory, we have the Y-to-S matrix transform:

[S()] = {[1d,]- R, [Y ()]} x{[ 1, ]+ R, [Y ()]} (12)
with the 4-D identity matrix:
100 0
(1] - 0100
J%10 0 1 0 (13)
000 1

Substituting the admittance matrix given in equation (10) into relationship (12), we have the following symmetric

matrix:
Ni(s) Ny(s) Ny(s) Ni(s)
Ny(s) Ni(s) Ni(s) Ny(s)
Ny(s) Ny(s) Ni(s) Ny(s)
[S(S)]= N;(s) Nz(S)D(S])Vz(S) N, (s) (14)
where:

N(s)=R[2R+R,+2Z(s)]-R;
N, (s)=R,(R, +R)
N,(s)=R[R,+R+2Z(s)]
D(s)=2(R,+R)[R+R, + Z(s)]

(15)

From this S-matrix, the NGD topological analysis can be elaborated.
2.4. NGD topological identification

By the reason of simplicity, let us take R=0 or replaced by short-circuited branches. Therefore, we have the reduced
four-port topology depicted by Fig. 3 which is constituted only by a capacitive component C. The associated S-matrix

given by equation (14) is composed of elements of written as:

N,(s)=-R,
N,(s)=R,
N,(s)=R,+2Z(s)
D(s)=2 [R0 + Z(s)]

(16)



O— _ ®
o—F—=<
— Lo

Figure 3: Mono-capacitor four-port circuit.

Therefore, we have a possibility to generate NGD function between ports @-@ and @-© by means of:

- Reflection coefficients:

_ N, (s) _ -R,
Sin(8)= D(s) 2[R, +Z(s)] an
- Transmission coefficients:
T(5)= Sy (s) = N,(s) _ R, +2Z(s) (18)

D(s) 2[R, +Z(s)]
By choosing the impedance as a capacitor component, Z(s) =1/(Cs), the previous coefficients can be simplified as

transfer functions:

-R,Cs

O RG) "
24 RCs

T,(s)= 2+ RCs) (20)

The NGD analysis of this transfer function will be explored in the following section.

3. NGD ANALYSIS OF THE IDENTIFIED PASSIVE TOPOLOGY

The NGD analysis of the mono-capacitor based circuit topology will be explored theoretically in the present section.
The expressions of the previously introduced NGD characteristics will be expressed in function of the capacitor

component.

3.1 Basic frequency responses needed for the NGD analysis

The NGD study of a circuit depends essentially on the analysis of transmission coefficient. By taking the Laplace

variable versus angular frequency, s = j@, the transmission coefficient (with integer subscript, m#n) can be expressed

as:
I(jw)=S,,(jo). 2D

The basic elements to explore this response are transmittance, 7(®), and phase, ¢(@) which are given by respectively:
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T(0)=|T(jo) (22)
p(0) =arg[T(jo)]. (23)
We can derive from this last expression, according to circuit theory, the GD defined by the following equation:
0
GD(w) =229 (24)
ow

Knowing these fundamental elements, we can explore the unfamiliar NGD response. The basic characteristics of this

response can be introduced as described in the following paragraph.
3.2 HP-NGD ideal specifications

The unfamiliar HP-NGD analysis of our four-port mono-capacitor passive topology must be performed with respect to
specific parameters linked to the frequency responses. In this case of study, in difference to most of classical electronic
circuit, the main parameters of the characterization are essentially the GD and the magnitude. Subsequently, Fig. 4(a)

and Fig. 4(b) introduce ideal plots associated the GD and transmission coefficient magnitude.

Figure 4: NGD specifications: (a) GD and (b) transmission coefficient magnitude.

We remind that if GDo<0, the circuit can be classified as LP-NGD topology. To operate as a HP NGD circuit, the LF
GD value defined in equation (24) is equal to:
GD(w~0)=GD,>0. (25)



Acting as passive circuit, at these LF, the magnitude is denoted by

T(w=0)=T,<1. (26)
The NGD cut-off frequency which is the root of equation:
GD(w)=0 (27)
is denoted by:
w,=2rnf,.

(28)
The positive GD bandwidth is defined in the LF, @ < , . Particularly to HP-NGD function, in the NGD frequency band,
o>, , we have:

GD(w) <0

(29)
As illustrated in Fig. 4(a), the GD response of our HP-NGD response is specified by an optimal frequency, @, =
where we have the GD minimal value:

(2 27Z'f;) ’

min[GD(w = ®,)]=GD, <0.

(30)
As seen in Fig. 4(b), in the NGD frequency band, @ > @, , we can define the attenuation losses by:
T(w=0,)=T, 31)
Io=0,)=T,.

(32)
As concrete illustration of this unfamiliar and ideal HP-NGD function, let us consider in the following section deeper
NGD analysis of circuit introduced in Fig. 1.

3.3. Frequency responses of the considered passive topology

This transmission coefficient can be identified by the canonical form:

1+42
2
T(s)= 33
(<) l+as 33)
by taking the parameters:
a=R,C. (34)
Substantially, the transmittance associated to our 4-port circuit defined in equation (22) is given by:
1+ @’
T(0) = 4 35)
Vi+ad'w’

By definition of equation (23), the corresponding phase response is equal to:

P(o) = ¢, (0)+¢,(0) (36)



with
¢,(®) = arctan (%) (37)

0,(w) = arctan(a o) . (38)

According to definition (24), the GD can be formulated as:

a2-a’*e’)
GD(w) = . 39
(@) (I+ad’e*)4+d'a) 39
It can be understood from this expression that the circuit behaves as a HP-NGD topology.
3.4. HP-NGD characterization
The LF GD value defined in equation (25) is equal to:
a RC
GD, =—=-2 40
P22 “0)
The NGD cut-off frequency associated to equation (27) by means of expression (39) is given by:
1 1
|, = = . 41
2724 27[«/5R0C @D
At the cut-off frequency, we have attenuation:
T =1/2. (42)
Moreover, the optimal frequency is equal to:
V32 +2
f=———. (43)

2ra

It means that the ratio between the cut-off and optimal frequencies is equal to:
%:«/2(3+\/§). (44)
Where the mono-capacitor circuit reaches the GD minimum which is obviously a negative quantity:

GD, =[¥—lja. (45)

At this optimal frequency, the attenuation is equal to:

The HP-NGD characteristic equation can be formulated by the NGD value and NGD cut-off frequency relationship:
223
ﬂlGDD == =
672
(22 =3)(W32+2)
6r

(47)

1.GD, =
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Fig. 5 highlights the logarithmic variation plot of the optimal GD versus the two characteristic frequencies from -1 ns
to -1 ms. We can see that the two frequencies vary from 0.6436 Hz to 6.436 MHz, and 2.2742 Hz to 2.2742 MHz,

respectively.

-1n
» -100 n @ //
vo
/
-1m
100 10k 1M
i (He)
-1n
@ -100 nﬁ,,,,m, //
o
-1m
100 10k 1M
i (He)

Figure 5: Variation of GD, versus (a) f» and (b) fo.

By considering a POC, the next section will be focused on the validation study of the elaborated HP-NGD circuit
theory.

4. HP-NGD BEHAVIOR VALIDATIONS

The present section is focused on the mono-capacitor HP-NGD circuit validation. Doing this, the response calculated

from MATLAB® will be compared with commercial tool-based S-parameter simulation.

4.1 Parametric investigation with respect to the capacitor

A general view on the GD responses of our circuit was investigated by considering the capacitor C with minimal and
maximal values, Cnin=1 pF and Cua=1 pF. The parametric study was performed in the frequency range swept between
1 kHz and 1 GHz. The magnitude and GD responses were computed from analytical models expressed by equation

(35) and equation (38), respectively. Therefore, we obtain the computed results represented by the mappings of



reflection and transmission coefficients versus couple (frequency, capacitor) displayed by Fig. 6(a) and Fig. 6(b),
respectively. We can remark that:
- The reflection coefficient magnitude, Si1, increases with the capacitor and frequency,

- And the transmission coefficient one, Sz1, varies inversely.

100

0.01

0.01

-2 0 2
10 10 10
Frequency (MHz)

Figure 6: Mappings of (a) S11 and (b) S21 versus couple (frequency, capacitor).

More importantly, the GD response versus couple (frequency, capacitor) was also computed in the same range of
variables. Figs. 7 highlight the obtained results displayed in three successive frequency bands subdivided by [1 kHz,
200 kHz], [200 kHz, 20 MHz] and [20 MHz, 1 GHz]. As shown by Fig. 7(a), the positive value of GD is located in the
zone of higher value of capacitor and lower value of the frequency. Then, the NGD zone is observed when the
frequency is much higher. We can understand from the three maps that the circuit is susceptible to behave as HP-NGD
function with the navy-blue surface area of the mapping. Nevertheless, it can be understood that the optimal NGD
frequency appears around a characteristic medium value of the capacitor. The absolute value of the NGD optimum is

decreasing with the frequency.
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001 -0.1

0 1
10 10
100 H 1
. 05 _
[T
S 1 0 g,
© - 050
0.01‘ | y
2 3
10 10

Frequency (MHz)

Figure 7: Mapping of GD versus couple (frequency, capacitor)
in the frequency bands, (a) [1 kHz, 200 kHz], (b) [200 kHz, 20 MHz] and (c) [20 MHz, 1 GHz].

For the better validation of the HP-NGD aspect, a comparative study between calculation and simulation was

performed. The next subsection reports the POC circuit design.
4.2. Design description of the POC circuit

Our validation approach is based on the comparison between the MATLAB numerical computation of analytical
expressions given in equations (35), (36) and (39) with the simulation results from the commercial tool of electronic
circuit simulator “Advanced Design System (ADS®)” from Keysight Technologies®. The schematic design of the
mono-capacitor circuit designed in the ADS® environment is illustrated by Fig. 8. It acts as a four-port circuit with
terminals operating under reference impedance Ro=50 Q. A lumped capacitor with nominal value C=22 pF was

considered as an arbitrary test component.
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Term1 2 Term2 -
Num=1 . : 61- Num=2
. . .Z=500hm R .. . . Z=500hm . . | ——
=2 @ S-PARAMETERS
T | HEEE. ¥ D
.Ill-@f4 7t —'I@T‘“' e
S _Faram
. Start=5 MHz .
. Stop=1GHz .
S L (SR el
1 4+
e e o \/AR1 .
Num=4 . . . . . . . . . . . Num=3. . . . . . C1=22e-12
Z=50 Ohm . Z=50 Ohm L

Figure 8: ADS® design of the simulated NGD passive mono-capacitor 4-port circuit.

The S-parameter simulation of the circuit was carried out in the frequency band delimited by 5 MHz and 1 GHz. After

ADS® simulation, we obtain the results discussed in the next subsection.

4.3. Comparative study of calculated and simulated HP-NGD responses

First and foremost, as the main target of the applicative study, the NGD specifications expected for our POC circuit
are indicated in following Table 2. To observe obviously the BP NGD behavior, the present applicative study is
performed in AC regime withing the frequency range 100 kHz and 150 kHz. Substantially, the compared calculated
and simulated frequency responses of the POC RLCP circuit are plotted in Fig. 5. It can be observed that the magnitude,
phase and GD shown in Fig. 5(a), Fig. 5(b) and Fig. 5(c), respectively are in excellent agreement. It is validated
undeniably with Fig. 5(c) that the RLCP circuit presents a BP NGD function behavior. It is noteworthy that the
discrepancies between the calculations and simulations are insignificant in the whole considered working frequency
range. Moreover, the comparisons between the NGD performance parameters are addressed in Table 3. As reported in
this recapitulative table, the calculation and simulation differences are almost zero (indeed zero for frequency). This
fully agrees with the behavior of resonant circuits, for which the phase corresponding to the NGD center frequency is

equal to zero.
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Figure 9: Comparison between the calculated and simulated (a) S11 and (b) S21 magnitudes

of the POC HP-NGD circuit shown in Fig. 8.
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Figure 10: Comparison between calculated and simulated (a) S11 and (b) S21 phases

of the POC circuit shown in Fig. 4.
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Figure 11: Comparison between calculated and simulated GD of the POC circuit shown in Fig. 8 in the
frequency bands (a) [1 Hz, 600 MHz], (b) [150 MHz, 250 MHz] and (c) [170 MHz, 600 MHz].

Parameters fn fei fe2 BWnaep GD» FoM
Values 125 kHz 120 kHz 130.1 kHz 10 kHz -36.79 us 0.1225
Table 2: Targeted NGD specifications
Approach Jfn (kHz) fe1 (kHz) fe2 (kHz) BW (kHz) T, (dB) GD» (ps) FoM

Calc. 125 120.1 130.09 9.9901 -9.5424 -36.792 0.12252
Simu. 125 120.1 130.1 10 -9.541 -36.78 0.1225
Gap (%) 0 0 0.0077 0.0991 0.32 0.0326 0.0163

Table 3: Comparison between the calculated and simulated NGD parameters

The NGD phenomenon appears explicitly at the center frequency with NGD value of about GD,=-37 ps over the NGD
bandwidth, BW,=10 kHz. In other words, this bandwidth corresponds to about 8% of the NGD center frequency. The
RLCP circuit attenuation is of about 9.54 dB at the NGD center frequency. We can point out that this result satisfies
the condition for maximizing the FoM as earlier predicted in Fig. 2. After this spectacular validation results, we are

wondering about a curious question ever being answered in the previous NGD investigation available in the literature



[7-35] about the influence of the R, L and C component tolerances on the NGD performances. The answer to this

question constitutes the main object of the following section.

6. CONCLUSION

An original circuit theory on the HP-NGD four-port typical H-shape topology ever being done before is developed.
The considered topology is essentially comprised of a single mono-capacitor.

The S-parameter model of the mono-capacitor topology is established from the admittance matrix expression. The
theoretical development of the HP-NGD analytical approach is elaborated. An innovative characterization of the HP-
NGD specifications in function of the C component value is introduced. The main specifications of the HP-NGD
function as the NGD cut-off frequency, NGD optimal frequency and optimal NGD value, and attenuation were
investigated in function of frequency variations and the capacitor element. The analytical expressions of each NGD
specification were established. To validate the HP-NGD theory, results of from analytical and simulation with the
ADS® commercial tool were discussed. It was demonstrated from parametric analyses that the four-port topology is
susceptible to behave as an HP-NGD function. Moreover, calculated and simulated results in very good correlation are
obtained.

In the future, we expect expanded applications of HP-NGD circuits with higher number of port topology. In this optics,
the present NGD investigation approach could contribute to the processing of transmission signals requiring

optimization in terms of transmission delay.
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