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Wall Shear Stress in the Stenosis Convergent Part: IBL In-
tegral Method. The IBL theory is based on two hypothese
First, the Reynolds number based upon upstream diameter
mean upstream velocity (Re0) is large enough~typically between
200 and 800!for the boundary-layer theory to hold. Second,
Re0 is not strictly infinite, the boundary-layer at the vessel w
interacts with the potential~thus irrotational!core of inviscid fluid
through the global conservation of flow@17–19#: The core flow
speed is increased to take account of the boundary-layer disp
ment ~at order Re0

21/2!, which is itself dependent on the pressu
gradient in the core. This modification is a significant improv
ment on the classical boundary-layer approach, but even the
theory is only valid for attached flows.

Assuming a curvilinear system of coordinates~Fig. 1!, we de-
note bys* the current length measured along the stenosis w
from the beginning of the convergence (x52L), n* denoting the
coordinate normal to the wall. The asymptotic dimensionless v
abless, n, u, v, andue , are chosen to be of the same scale in
boundary-layer as Re0 tends to infinity. They are determined by
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whereu* , v* , andue* are, respectively, the velocity componen
parallel and normal to the wall, and the velocity at the edge of
boundary-layer. The displacement thicknesses of the bound
layer are defined by:

d1* 5
&R0*

ARe0

d1 , d15E
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`S 12
u

ue
Ddn. (3)

Let us introduce new variablesX, Y,D1 , U, V, andUe defined by
the Mangler transformation that reduces the problem to a p
bidimensional formulation@20#:
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R~s8!2ds8, Y5R~s!n, D15R~s!d1 , U5u,

(4)
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unD , Ue5ue .

If the rate of change of taper of the convergenced2R/dx2 is
everywhere small, the dimensionless versions of the bound
layer equations@20# and of global conservation of flow, written in
Mangler coordinates, are, respectively:

]U

]X
1

]V

]Y
50

U
]U

]X
1V

]U

]Y
5Ue

dUe

dX
1

]2U

]Y2

J (5)

and

Fig. 1 Geometry and nondimensional parameters of stenosis
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This system may be simplified by taking the integral form of t
momentum equation, obtained by integrating it with respect tY
between 0 and infinity. Becaused2R/dx2 is everywhere small,U
is constant and equalsUe in the whole potential core. Thus, whe
Y tends to infinity, the velocity matches the velocity of the core
Y is sufficiently high, the result of the integration is independe
of the upper limit:

d

dX S D1

H D1S 11
2

H DD1

1

Ue

dUe

dX
5

f 2H

D1Ue
, (7)

where the shape factorH and the coefficientf 2 are defined by:
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To solve the set of ordinary differential equations~6! and ~7! for
D1 andUe , we need to calculatef 2 andH, and hence to hypoth-
esize a suitable form for the velocity profileU. We suppose that
the velocity profile may be locally approximated by one of t
Falkner–Skan family~exact profiles for flow past wedges@21#!.
Thus, the role of the pressure gradient in the potential core~rep-
resented byL1 , see Eq.~9!! and the role of the no-slip condition
at the wall are taken into account. The approximate closing la
deduced from a Runge–Kutta 4 numerical integration of the s
similar equation, take the following form:

L15D1
2

dUe

dX
,

H5H 2.59e20 37L1 L1,0.6

2.07 L1>0.6
, f 250.94S 4

H22
1

H D . (9)

Given the stenosis geometry~i.e., L and D!, the upstream dis-
placement thicknessd10

and Reynolds number Re0, the set of Eqs.
~6! and~7! closed by Eq.~9! is numerically solved by a marching
predictor/corrector method. The wall shear stress,tw ~nondimen-
sionalized by the upstream Poiseuille value 4mU0* /R0* , where
m is the viscosity!, is obtained by:

tw5
1

4&
f 2H

UeR

D1
ARe0 (10)

The value of MWSS is then computed. The relationship betw
MWSS andL, D, d10

and Re0 is investigated by regression analy
sis based on the least-squares method.

Simulation of Blood Flow Through the Circle of Willis.
Once the relationship between MWSS andL, D, d10

and Re0 is
known ~see results!, the calculation of MWSS in carotid steno
requires knowledge of the trans-stenotic blood flow. As dem
strated by Cassot et al.@9#, this flow rate is highly dependent o
the anatomy of the circle of Willis.

Therefore, the blood flow through the distensible network
cluding the circle of Willis and its afferent and efferent arteri
~Fig. 2! is simulated as described by Zagzoule and Marc-Verg
@22# and Cassot et al.@9#. In each segment of the network, a set
three unsteady equations~conservation of mass and momentu
and purely elastic tube law! relates the variable cross-section
area of the vessel, the pressure, the flow rate, and the wall s
stress. A second-order asymptotic expression of the wall sh
stress as a function of the flow rate is provided to close the sys
@23#. The compatibility conditions at the nodes of the network
the identity of the pressure signals and the conservation of fl
The effects of the carotid stenoses are put into the network m
by means of the semi-empirical formulas of Young, Tsai, a
Seeley@24,25#relating the trans-stenotic pressure drop to the fl
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rate in streamlined constrictions. As the predicted pressure d
differs from the experimental measurements@26#, the potential
error associated with using these formulas is further discus
below.

By varying the diameters of anterior and posterior communic
ing arteries, within the range of anatomical data, we can simu
the hemodynamic influence of the circle of Willis. Stenoses
variable degrees can be added to one or to both internal ca
arteries (R0* 52 mm) over a 5 cm length~corresponding toL
512.5!. Given the pressure signal at entries and outputs,
model computes instantaneous pressure and flow rate value
each point of the network. MWSS in the stenosed arteries is t
derived from the average flow rate thus computed and the sten
degrees.

Results

Validation of IBL Integral Method for Calculation of
MWSS

1 Dependence on Upstream Displacement Thickness.Exis-
tence of a potential core implies that the displacement thickn
d1* is not thicker thanR0* R/3 for a fully developed parabolic
Poiseuille flow, i.e., from Eqs.~3! and ~4!:

D1,
R2ARe0

3&
. (11)

Therefore, the classical assumption of a fully developed parab
flow at the inlet of the convergence@13,14#is not consistent with
our methodology. Some authors@15,16#hypothesized a flat pro-
file. Actually, the boundary-layer grows from the artery origi
and its thickness is unknown at the inlet of the constriction@27#.
Therefore, the dependence of displacement thickness and
shear stress distribution in the convergence on inlet displacem
thickness was first investigated for nine values of Reynolds nu
ber ~from 400 to 2000!, thirteen values ofD ~from 0.3 to 0.9!, and
four values ofL ~from 3 to 12!.

For example, Fig. 3 displays the results obtained in a 70 perc

Fig. 2 Diagram of the circle of Willis and its afferent and effer-
ent arteries. „VA: vertebral, BA: basilar, ICaA, internal carotid,
ACeA: anterior cerebral, MCeA: middle cerebral, PCeA: poste-
rior cerebral, ACoA: anterior communicating, PCoA: posterior
communicating arteries. …
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stenosis. Whatever the initial value ofD1 , Eq. ~11! holds and the
curves of wall shear stress become superposed in the downst
part of the convergence, where the gradient parameterL1 is
greater than 0.6. Maximal difference from the mean for MWSS
all the cases studied is less than 0.25 percent. MWSS is there
independent of inlet displacement thickness and thus, of the
sumed entry velocity profile. This validates the use of the IB
theory.

2 Comparison With Solutions of Complete Navier–Stokes
Equations. Siegel et al.@13# and Huang et al.@14# have numeri-
cally solved Navier–Stokes equations for axisymmetric Newt
ian flow in moderate stenoses. In the first work, a spectral elem
method was applied to cosine-shaped constrictions~LP@3;6# and
DP@0.29;0.5;0.69#! for diverse Reynolds number values. Huan
et al. @14# used a finite difference scheme with an unspecifi
constriction shape, for five values of pair~L, D! ~~2, 0.25!, ~2,
0.33!, ~2, 0.5!, ~4, 0.5!, ~1, 0.5!!, and three values of Re0 ~100,
500, 1000!. The results obtained with both methods are consis
with our IBL method: the discrepancy between the vario
MWSS obtained for the same stenotic configuration~e.g., same
values of pairs~L, D!! is smaller than 8.5 percent in spite o
different shapes of the stenosis model.

Scaling Law for Maximal Wall Shear Stress. Siegel et al.
@13# performed a scaling analysis of the numerical results
tained in three moderate constrictions~29, 50, and 69 percen
radius reduction!, leading to the following relationship:

MWSS5a~Re0!0 51b, (12)

where the numerical values of coefficientsa and b depend on
stenosis degree and length in an unknown fashion. Our aim wa
complete these results for stenoses ranging from moderate t
vere ones, focusing on dependence of MWSS on the upstr

Fig. 3 Nondimensional displacement thickness in Mangler co-
ordinates D1 „upper… and wall shear stress „lower… versus axial
position in the convergence characterized by DÄ0.7 and L
Ä6, for Re 0Ä1000 and different values of D10

&ÕARe0 „corre-
sponding to an initial displacement thickness d10

* between
0.01R0* and 0.33R0* …
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Reynolds number and the geometric parameters. In other wo
we investigated the dependence of parametersa andb ~Eq. ~12!!
on stenosis length and radius reduction. The first step was to
lyze the dependence of MWSS on Re0 for D between 0.3 and 0.9
andL between 3 and 12. Regression analysis of the results sho
that this dependence is correctly described by Eq.~12!. The cor-
relation coefficient in all cases was 0.999 or greater. Finally,
looked for a relationship between the thus identifieda andb co-
efficients and the corresponding values ofL andD. As indicated
by the dimensional analysis of Eq.~10! ~see Appendix A!,aAL
andb should be independent ofL. This was verified, as the maxi
mal deviation from the mean values ofaAL andb obtained for a
range ofL ~3 to 12! at fixedD was 1.1 percent and 2.9 percen
respectively. Hence, a relationship between these averagedaAL
andb parameters andD alone~see Fig. 4!was sought. The chosen
fitting function, derived from the dimensional analysis of Eq.~10!
~see Appendix A!, was:

K

~12D !j , (13)

whereK andj are positive real numbers. Results obtained by
least squares method are given in Table 1, and displayed in Fi
They show very good agreement with numerical values deri
from Siegel et al.@13#.

Finally, the generalized law for MWSS is:

MWSS5
0.170

~12D !3 298

Re0
0 5

L0 5 1
0.705

~12D !2 984. (14)

Fig. 4 Parameters a„L …0.5 and b as a function of radius reduc-
tion. Full circles: results derived from Siegel et al. †13‡; cross:
mean of the results of regression analysis obtained for L be-
tween 3 and 12 at fixed D; line: interpolation of results aver-
aged upon L .
rds,
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Hence, dimensional expression as a function of parameters m
surable in clinical practice is the following:

MWSS* 5
4mQ*

p~R0* !3 S 0.240

~12D !3 298

1

L0 5 S Q*

pR0* n D 0 5

1
0.705

~12D !2 984D , (15)

whereQ* is the flow rate through the stenosis.

MWSS in a Carotid Stenosis: Role of the Patency of the
Circle of Willis and of Stenotic Pattern. Cassot et al.@9# have
shown that the flow rate in a carotid stenosis is highly depend
on its radius reduction and, provided collateral circulatory pa
ways of the circle of Willis are efficient, on stenosis degree at
contralateral side. Hence, dependence of MWSS* on these param-
eters was investigated.

1 MWSS Dependence on Carotid Stenosis Degree.Figure 5,
left, displays the variations of MWSS* in a unilateral stenosis
versus stenosis degree for five configurations of the circle of W
lis, i.e., for five arrangements of anterior communicating arter
~ACoA! and posterior communicating arteries~PCoA! diameters.
Whatever the configuration, MWSS* exhibits a maximal value for
a stenosis degree between 60 and 80 percent. The maximal v
of MWSS* depends on the configuration of the circle of Willis:
is multiplied by approximately four when both communicatin
arteries are narrow~ACoA and PCoA diameter equal to 0.4 mm!
compared to the cases when one of the communicating arteri
least is broad~diameter equals to 1.6 mm!, which allows collater
supply from anterior and/or posterior territories.

In the case of a stenosis associated with a contralateral oc
sion ~Fig. 5, right!, the higher MWSS* is obtained when the
ACoA is broad and the PCoA is narrow, because the nonocclu
carotid irrigates ipsi- and contralateral anterior cerebral territor
without collateral supply from the posterior side. The greater
caliber of the PCoA, the smaller the maximal value of t
MWSS*.

Table 1 Estimated parameters K and j „see Eq. „13…… and re-
gression coefficients

K j x square Correlation coefficient

a(L)0.5 0.170 3.298 0.291 1.000
b 0.705 2.984 0.146 1.000
Fig. 5 Dimensional maximal wall shear stress „MWSS* … and rate „MWSR* … as a function of
stenosis degree, for five arrangements of anterior and posterior communicating arteries diam-
eters; Ã: AcoAÄ0.4 mmÕPCoAÄ0.4 mm; h: ACoAÄ0.4 mmÕPCoAÄ1.6 mm; s: ACoAÄ1.6
mmÕPCoAÄ0.4 mm; n: ACoAÄ1.6 mmÕPCoAÄ1 mm; ¿: ACoAÄ1.6 mmÕPCoAÄ1.6 mm.
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Q 5 flow rate
R 5 radial position of the wall

Re0 5 Reynolds number based upon upstream diameter an
mean upstream velocity52R0* •U0* /v52Q* /pR0* v

s 5 current length measured along the stenosis wall from
the beginning of the convergence (x52L)

u 5 velocity component parallel to the stenosis wall
U 5 velocity component in the ManglerX direction
v 5 velocity component normal to the stenosis wall
V 5 velocity component in the ManglerY direction
x 5 axial coordinate

X,Y 5 Mangler coordinates~see Eq.~4!!
d1 5 displacement thickness of the boundary-layer
D1 5 displacement thickness of the boundary-layer in Man

ler coordinates
L1 5 pressure gradient parameter of the boundary-layer
m 5 viscosity
v 5 kinematic viscosity

tw 5 wall shear stress

Subscripts

0 5 upstream condition (x52L)
e 5 condition at the edge of the boundary-layer

Superscripts

— 5 mean over a cross section
* 5 dimensional quantities

none 5 nondimensional quantities

Appendix A: Dependence of MWSS on Parameters
In order to analyze the dependence of MWSS on geometr

parameters and Reynolds number, a dimensional analysis was
formed. Wall shear stress as a function of these paramete
given by Eq.~10!. Since MWSS is obtained in the part where t
gradient parameterL1 is greater than 0.6~see Results!, implied in
Eq. ~9! is that f 2 andH are constants. As:

D1

RARe0

!R, (A.1)

simplification of Eq.~6! gives at first order:

Ue'
1

R2 S 112&
D1

R2ARe0
D . (A.2)

The basic assumption of boundary-layer theory@20# gives, for the
displacement thickness:

d1* ~x* !'
s*

ARe~s* !
, (A.3)

where Re(s* ) is the localReynolds number in the potential cor
based ons* (x* ) andue* (x* ). Assuming that the axial location
of the MWSS is near the throat, combination of Eqs.~3!, ~4!, and
~A.3! leads to:

D1'
RAL

AUe

. (A.4)

Thus, by use of Eqs.~A.2!and~A.4!, Eq.~10! at first order reduces
to:

MWSS'kS 1

Rthroat
3

ARe0

AL
1

3&

Rthroat
3D , (A.5)

wherek is a real constant andRthroat5(12D).
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