N

N

Rainfall modeling using latent Gaussian random fieldsan
estimation method

Anastassia Baxevani, Jan Lennartsson

» To cite this version:

Anastassia Baxevani, Jan Lennartsson. Rainfall modeling using latent Gaussian random fieldsan
estimation method. Annales de I'ISUP, 2015, 59 (1-2), pp.7-24. hal-03604742

HAL Id: hal-03604742
https://hal.science/hal-03604742v1
Submitted on 10 Mar 2022

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03604742v1
https://hal.archives-ouvertes.fr

Pub. Inst. Stat. Univ. Paris
59, fasc.1-2, 2015, 7-24

Rainfall modeling using latent Gaussian
random fields - an estimation method

Anastassia Baxevani®, Jan Lennartsson'
University of Cyprus® and University of Gothenburg'

Abstract: We propose a method for estimating the parameters in a latent
Gaussian field used for modeling daily rainfall. For the rainfall variable, a mono-
tonic transformation is applied to achieve marginal normality, thus, defining a
latent variable, with zero rainfall values corresponding to censored values be-
low a threshold. Methodology is presented for model estimation and validation
illustrated using accumulated daily rainfall data from a network of 14 stations
in the southern Sweden. Performance of the model is judged through its ability
to accurately reproduce a series of temporal and spatial dependence measures.

1. Introduction

Spatio-temporal variability of rainfall is an important source of variability that must
be properly taken into account. Daily and hourly stochastic rainfall models provide
useful supporting roles in the analysis of risk and vulnerability within hydrologi-
cal and hydraulic systems. These roles include the generation of synthetic rainfall
records when there are none, extrapolation of short observed records, and temporal
downscaling of observed records.

Typically daily rainfall at a single site is represented as a mixture of two dis-
tributions in a parametric, nonparametric or semi-parametric framework. One is a
discrete binary part modeling the wet or dry state any given day and the other is a
continuous distribution modeling the nonzero precipitation amounts on wet days.

A lot of effort has been devoted to statistically model high precipitation amounts
which led to using distribution families that are right skewed. Different distributions
have been used, such as exponential [29], gamma [21], mixed exponential [31] and
truncated and power transformed normal distributions [4] and [20]. These distri-
butions behave reasonably well in terms of reproducing average characteristics of
precipitation but none of them succeeds in representing extremes. Besides paramet-
ric models nonparametric approaches have also been employed. Synthetic rainfall is
sequentially sampled from historical records with replacement. Several limitations
especially with respect to extremes have been recognized, inherent of the sampling
scheme, see [14] and corrected via nonparametric kernel density estimator. Repro-
ducing the entire range of daily rainfall has been studied in [30], [14], [23] and [19]
in which compound distributions are used for modeling precipitation amount.
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Recent interest in the field has moved away from individual location models to
models that are capable of generating spatially and temporally correlated rainfall
fields. This is especially difficult, given the highly variable nature of precipitation. It
is essentially crucial to capture the domain aggregated behavior of rainfall intensity
and the dry and wet spells that play an important role in hydraulic applications.
There are a number of approaches to spatio-temporal modeling. The techniques
include resampling, see [7], use of weather stations, see [18] and [10], or general-
ized linear models, [32]. Recently, [8] presented RainSim, a stochastic rainfall field
generator where rainfall fields are sampled from a spatial-temporal Neyman-Scott
rectangular pulses process. Hidden Markov models were used for occurrence in [18]
and for intensity [1]. [2] and [27] on the other hand assumed that both parts of the
precipitation process - occurrence and intensity - can be modeled using the same
latent Gaussian process. Various well known transformation functions have been
suggested, for example (3] use a quadratic power function, [27] use a power function,
and [2] use a power-exponential function to transform the Gaussian value to the
desired intensities. Recently, [22] applied a two-part transformation function, with
one part being the inverse of a standard normal distribution and the marginal part
be given by a gamma distribution and [5] used a similar model but with a hybrid
gamma with generalized Pareto for the marginal distribution.

In this paper we assume that a latent Gaussian variable can be used to model the
rainfall with dry conditions corresponding to censored values below a given threshold
and wet conditions corresponding to transformed values above the threshold. A
methodology is presented for estimating the parameters of the latent Gaussian field.
The model is fitted to data from a network of 14 stations in southern Sweden.
Validation is through the models ability to reproduce a series of temporal and spatial
dependence measures.

2. Mathematical formulation of the model

The aim of this model is to statistically describe properties of rainfall fields. We
will assume that at each location in space and day of the year, the rainfall amount
accumulated over that day is a realization of a random variable. We suppose that
we have a data set that consist of N distinct realizations of the precipitation process
at K locations over a period of D days. This data set is denoted {y(s,t),n =
L. N;8 = (zi,4:),8=1,...,K,t =1,...,D}. We shall assume that this dataset
constitutes a set of independent realizations of a transformed Gaussian random field
(Gor.f) {Y(s,t)}, which relates to a latent G.r.f {Z(s,#)} through
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where 1 is a non-decreasing function, usually referred to as anamorphosis trans-
formation, used to transform the Gaussian values to the right skewed marginal
distribution of the rainfall amounts and v € R a threshold usually set to be zero.




The finite dimension distributions of a G.r.f Z are uniquely characterized by the
mean value pz and the covariance structure C'z which are defined by:

(2.2) pz(s,t) = E[Z(s,t)]

and
(2.3)
Cz(s,s+h,t,t+7) =E[(Z(s,t) — pz(s,t)) (Z(s + h,t + 7) — pz(s + h,t +71))].

Hence from (2.1), is easy to see that the rainfall field Y is uniquely characterized by
iz,Cz and the anamorphosis transformation /.

Notice that in the above scheme, we can also obtain the occurrence of wet events,
i.e. days with positive rainfall, O(s,t) by means of the latent G.r.f. by
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3. Model fitting

The aim is then to describe guidelines for fitting the model to the data. We can
think of this procedure as consisting of two essentially independent parts: choosing
an appropriate anamorphosis function and estimating the first two moments of the
random field. The question of modeling the cumulative distribution function (cdf)
of the rainfall intensity has been widely developed in the literature. In this work we
shall concentrate on the problem of estimating the parameters of the latent G.r.f. Z.
Before we proceed any further, we would like to emphasize that the usual procedure
of fitting a mean and a covariance function to raw data does not apply anymore,
since we do not observe realizations of the G.r.f. Z but of the censored transformed
Y,

3.1. Mean estimation

There is a clear link between the mean function of the latent G.r.f. Z and the rainfall
data Y through the frequency of wet days:
(3.)

bl

P(wet t day at location s) = P(Y(s,t) > 0) = P(Z(s,t) >v)=® (M)

v VarZ(s,t)

where ®(-) denotes the cdf of a standard normal random variable and v is the
threshold level in (2.1). For simplicity from now on we shall set » = 0 and assume
the field Z has been standardized, i.e. VarZ(s,t) = 1 . Hence, (3.1) simplifies to

(3.2) P(wet t day at location s) = ®(uz(s,t)).

Therefore, the mean function pz is estimated by inverting (3.2) once estimates of
the probability in the right hand side of (3.2) are obtained.
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3.2. Covariance estimation

We turn now to the problem of estimating the covariance structure in the latent
G.r.f. One way of estimating the covariance coefficients at a particular time lag for
a censored Gaussian variable is by numerically maximizing the likelihood of the ob-
served bivariate histogram of the censored latent variable, see [15] or by maximizing
a modified version of the likelihood for censored values, see [13]. [16] proposed a
method for estimating the covariance function of the latent field which comprises of
computing the empirical covariance of raw data, then fitting a positive definite func-
tion to it, computing the inverse of this function through the Hermite polynomial
expansion of the anamorphosis function, fitting a positive definite function to it and
then reversing it again with the use of the same Hermite polynomial expansion of the
anamorphosis function to finally obtain an estimate of the desired covariance. We
propose an alternative method of moments approach, by inverting the theoretical
expression for the mean of the censored cross product. We turn to this next.

The following relation holds for a bivariate Gaussian random variable Z = (Z;, Z;)
with mean p = (u;, 11;) and correlation p;; (unit variances):

o0
(3.3) E[Z}Z] = fo gl@; p, pij) dz,

where Z;" = maz(Z;,0) and the function g is given by:
Hi + p(T —
(34) glzin,piy) = zd(z— ) |(pij(x — pg) + ps) @ %21)

(,u-+p(93—1u'
+ yl-dig “——~—25')
,Il—pt-j

In the specific case of ji; = po = 0 the expectation in (3.3) simplifies to the well
known relation

1 ™
P p—— + e J— 1 . p— 2
(3.5) E[Z; Z; = 5 (p%,, (2 +a.rcsm(ptj)) +4/1—pj fi

Therefore using (3.3) and (3.4), correlation p;;(7) between locations s; and s; and
time lag 7 (we have assumed stationarity of the covariance structure at least over
the temporal component) can be estimated by minimizing

+

(3.6) min,

bl

o0
Z,-Jr'z}"—‘/; 9(z; pij, pij) dz

where z; - z]" denotes the average of the product of the transformed censored values

at locations indicated by the subindices for the given time lag 7 and u;; denotes
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the vector (u(si,t), pu(sj,t + 7)). Note that function g is not a simple function of
pairwise correlations which can be analytically inverted. The integral in (3.6) needs
to be computed using numerical integration. Moreover, a method for obtaining the
estimates 21 of the censored latent G.r.f. Z is also required.

Once we have computed the empirical correlations p;j(r) (which, for variances
equal unity, coincide with Cov(Z(s;, t), Z(s;,t + 7)), the covariance parameters are
estimated through the following method of moments minimization:

(3.7) ming Y Y Noba(i, ,7) (pig (1) — Cz((si,85,t,t + 75m)))?,

t it

where Cz is a parametric covariance with 1 denoting the set of parameters of Cz
and ngps is the number of observations used in the estimation and which varies
with location and time. Hereafter we shall denote by & the estimate of any quantity
z. Notice that there is no theoretical restriction on the type of model covariance
function to be used, except for temporal stationarity. The only other restrictions are
imposed by the numerical complexity of the resulting minimization procedure.

3.3. Anamorphosis transformation

As already mentioned, the problem of modeling the marginal distribution has at-
tracted a lot of attention. Over the years, rainfall intensity has been modeled using
a Box-Cox transformation, see [6], a quadratic power transformation, see [15] and
[13], or a power-exponential transformation of the censored Gaussian distribution,
see [2]. In [23] a generalized Pareto (GP) distribution modeled heavy rainfall above
a high level. [22] used a gamma distribution, while mixtures of exponential distri-
butions were used in [31]. A gamma distribution alone, although flexible enough,
is not quite adequate to model the tail of the distribution since it underestimates
large values, see e.g. [22]. The fit improves when the so-called hybrid gamma and
GP distribution is used, see [24], [14] and [5]. This hybrid distribution is a result of
coupling a gamma distribution with a GP distribution and has its origin in the one
introduced by [9], where Gaussian and GP distributions were stitched together.

Since in this work our main focus is in modeling the structure of the latent G.r.f
we take as anamorphosis transformation the composite of the empirical distribution
of the rainfall intensity with a censored Gaussian random variable. That is:

(3.8) Y(a) = (F™) " 0 By,(z), z€R

where F®™ is the empirical cdf of the rainfall intensity and ®,, is the cdf of a
censored normal random variable with mean value pz and variance unity, that is
given by

Q(pz)

Plz—pz)—2(—pz) =0
3.9 (i) = )
9) =] o H S e



where ¢ and ® are the pdf and cdf of a standard normal random variable respectively.
Therefore the transformation ¢ in (2.1) is semi-parametric. The motivation for this
choice of anamorphosis function is that we do not want any additional variability
that would be caused by parameter estimation of the marginal distribution. For
more on the anamorphosis transformation see [11].

4. Implementation and Example
4.1. Data

We consider a small network of K = 14 rainfall stations, denoted from now on by
s = (z;,%),i=1,..., K, located in southern Sweden and covering an area from the
West coast to the East coast in the Baltic sea. The stations have been numbered,
see Figure 1. The data consist of accumulated daily rainfall during the month of
July (we assume the rainfall process can then be thought as stationary in time) for
N = 51 years from 1961- 2011. Less than 10% of observations were missing from each
station. The observation network is quite dense with distance between the stations
ranging from 30 km (distance between stations 10 and 11) to 290 km (stations 4
and 12). The climate in the area is dominated by the effects of the South Swedish
highland, an area situated more than 200 meter above the ocean with the prevailing
western winds resulting to orographic precipitation in the surrounding areas.

58°N|

FIGURE 1. The locations of the available weather stations.

4.2. Marginal distribution

A simple unbiased estimator for any cdf is given by the corresponding empirical cdf.
Denote F™?, for s = (x;,v;),i = 1,..., K the estimator that is defined as

N,
1 -
(41) Fsemp(x) = N. E :]I{yn(:cs)s.r}ﬁ
8

n=1
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where 14 denotes the indicator function of a set A, i.e. a function that equals unity
when property A is satisfied and 0 otherwise and Nj is the number of available data
at location s.

It is easy to show that for each location, Fg5"**(z) is an unbiased estimator of
the marginal cdf Fy(z), for all z € R. The computation of each Fg"" results in K
estimates for the empirical cdf, one for each location. Then the shape of each one of
them enables us to choose an appropriate parametric or semi-parametric family of
distributions. As we have mentioned before, we have decided not to perform this step
at this time since we are mainly interested in evaluating the procedure of obtaining
the distribution of the latent field. In [5], the authors have modeled the empirical
distribution using a hybrid gamma with a generalized Pareto distribution and in [23]
for the same data set, the authors used the composite of the empirical distribution
with generalized Pareto for the excesses.

It remains to estimate the distribution of the censored Gaussian random variable
in (3.9). For this we need to fist obtain estimates of the mean value yz, which is the
topic of the next subsection.

4.3. Mean function

Estimation of the mean value yz is straightforward by simply inverting (3.2). An
unbiased estimator of the probability of wet events is given by:

(4.2) Pogi= P(wet t day at location s) Zﬂ{yn 5,t)>0}

where Ng is defined as in (4.1).
Hence, a natural estimator of the mean function at location s and day ¢ is

(4.3) fz(s,t) = @' (Psyr)-

The proportion of wet events over day t at location s, ps, is estimated using (4.2)
and then an estimate of pz is obtained using (4.3). In Figure 2 we present the
proportion of wet days for one example location the city of Halmstad (station 5 in
Figure 1).

The mean estimates, as can be seen in Figure 2, exhibit seasonality which together
with the spatial variability suggested different mean estimates at different locations
and days of year. In order to interpolate the mean estimates in space, i.e., also at
locations where there are no observations available, estimates of the mean uz(s, )
could be regressed on small-order harmonics, spatial coordinates and altitude. Ad-
ditional covariates could also include distance to the coast as well as climate model
output or broad scale atmospheric conditions. So we write:

(4.4) fi(s, t s) + Z fij1(s) sin (365t + f1j2(s ))
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FIGURE 2. Empirical and model estimates of ® ' (fs, +).

with J not exceeding 2, and the regression coefficients being space dependent. Pa-
rameter estimation is done by the Weighted Least Square (WLS) method, while the
number of covariates included is determined using the Bayesian Information Crite-
rion (BIC) see [26]. The BIC gave 1 as optimal value of trigonometric terms in (4.4)
for about half of the stations and 2 for the rest. We have decided to use J = 1 for all
stations since the gain for using the most complex model was not substantial. This
resulted to:
: . " sorcf BRGr s s

(43) 5.0 = a(s) + o) i 20t () )

Then, the parameter estimates were interpolated in space by regressing them on
location covariates,

(4.6) fi(s) =8, w(s), i=0,1,2

where 0., = (6,05 0,15 015,25 0us,3)” With d,,, 0 being the intercept and w(s) the co-
variates (1, latitude, longitude, altitude). The two steps in the estimation procedure
could probably be combined in one by building a composite likelihood, although
this was not explored any further. A different approach was adapted in [22], where
the authors assumed that the parameter estimates were themselves a realization of
some random field.

4.4. Covariance

We turn now to the problem of estimating the spatio-temporal covariance structure
Cz. In order to use the procedure outlined in section 3.2, we need estimates of
the censored values, 21, which are obtained by transforming the observed rainfall
amounts g, as follows:

(4.7) A Tl )y el S
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with Fg*(-) being the empirical cdf of the rainfall intensity during each month
estimated according to the procedure in section 4.2 and ®;, as in (3.9) with the
estimate of the mean value according to section 4.3 Then, performing the minimiza-
tion procedure in (3.6), using the MATLAB routine fminsearch, we obtain estimates
of p;;(7) for different time lags. The resulting covariances for different values of 7
can be seen in Figure 3.

rved spatial covariance of t=0 of latent Gaussian field

‘-,

Observed spatial covariance of t=1 of latent Gaussian field

1
0761 |

n

0.66 0.76 1

»

0.68 0.56 0.55 1
07208 0540771

o

1079 065 0.6 081077 1
07107 0670720710751 i
80,68 0.68 0.67 0.68 066 0.71 0881

05 059 0.66 0.42 0.31 0.47 0.54 0.58 1
0.65 0,54 0.49 0.73 081 0.72 0,69 0.63 0.34 1
0.63 0.61 0.58 0.67 0.68 0.65 0.75 0.73 0.48 0.76 1
0.54 0.52 0,52 059 06 0.53 0,69 0.69 0.41 0660831
0.46 0,52 0,53 0.41 0.39 0.39 0.53 0.57 0.57 0.37 0.57 061 1
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2 4 L] 8 10 12 14 2 4 6 B 10 12 14

=

s

=

FIGURE 3. Spatial covariance structure for the latent Gaussian field for July for 7 = 0 (Left) and

7 =1 (Right).

The correlation between different locations during the same day, 7 = 0 varies
between 0.3 (for stations 5 and 9) up to 0.88 (between stations 7 and 8) as can be
seen in Figure 3 (Left). In Figure 3 (Right), we plotted the correlation between the
different stations but for one day delay, i.e. p;;(1), which, as expected, are weaker
and vary between 0.05 and 0.4. As can be seen in Figure 3 (Right), these correlations
are no longer symmetric, i.e p;;(1) # pji(1). This is due to the dynamics involved,
i.e. the motion of the weather systems.

To these correlation estimates we shall fit a parametric covariance function using
the minimization procedure in (3.7). For simplicity, we shall consider only fully
symmetric covariance functions, although as we have seen in Figure 3 (Right) the
data does not appear to be fully symmetric. On the other hand the assumption
of stationarity does not seem to be very restrictive, the area of southern Sweden
seems to be homogeneous enough. The spatial anisotropy can be partly corrected by
forming an anisotropic covariance function by applying to the isotropic covariance
a non-Euclidean measure formed as Euclidean distance in a linearly transformed
spatial coordinate system. Additionally, the covariance function should also include
some kind of dynamics, a feature that is not accounted for in the present choice of
covariance structure but should be further investigated.

Before we proceed any further the spatial coordinate system should be trans-



16

formed by rotating the old isotropic axis z,y by an angle @, forming new coordinates

z! cosfl  sinf T
i (y’)_(—sinﬁ cosQ)(y)

and then dilating them by a factor € to form the new coordinates

oy L L

The distance h in the new coordinate system is transformed to

(4.10) ||Ap,ch|| = \/e(:c cosf + ysinf)? + %(—m sinf + y cos )2,

with isotropy attained for e = 1. There is some non-uniqueness in this formulation
which can be removed by adding some constraints on the ranges of the parameters,
see [17).

Finally, several parametric functions have been fitted using (3.7). For a collection
of valid spatio-temporal covariances, see [12], [25] and [28] among others.The con-
stant nps(4, 7, 7) in (3.7) equals the number of observations used in the estimation
of the empirical covariance between station s; on a given day and station s; after T
days. The minimization is performed for each time lag T separately. The covariance
structure that gave the best fit in terms of Weighted Least Squares (WLS) criterion
is the following,

al b||h| [
(a1) Ca(br) = nflbll =0, = 0} + L=,
where 17 > 0. The function n{-, -} models the nugget effect which allows for a disconti-
nuity at zero, and is used to account for the undistinguishable micro-scale variability
and measurement error. The nonnegative parameters a and b are the scaling parame-
ters of time and space respectively, controlling the degree of dependence. The fitting
of the covariance structure resulted to a set of parameters [a,b,7, 0, €.

To illustrate the fitting of the spatio-temporal covariance function, Figure 4 shows
the fitted spatial covariance function for different time lags together with the em-
pirical covariances for July. Our method of moments approach to estimating the
parameters of the covariance shows reasonable performance. A simulation study
showed that the method of moments approach performed considerably better than
the modified maximum likelihood (MLE) used in [13] in terms of bias of the esti-
mated correlation. The modified MLE severely overestimated the correlation when
the dependence between censored bivariate Gaussian data was strong, but performed
reasonably well when data were independent. On the other hand, the method of mo-
ments approach performed equally well for any type of dependence between data.
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FIGURE 4. Spatio-temporal covariance function (4.11) (lines) for the latent Gaussian field with
empirical covariances (*) for July for time lags T = 0,1,2,3 from top to bottom.

5. Model Validation

In this section we validate the performance of the method for modeling the spatio-
temporal variability of the rainfall fields. For this, we generated 100 trajectories of
the 51 years of data using the proposed algorithm and then examined the results.

5.1. Simulations

To simulate rainfall data at site s on day t, we perform the following steps.

e A realization of a normal random field Z(s,¢) with mean function fiz and
covariance Cy is generated.

e For every location and day there is zero rainfall if Z(s,t) <0.

e For location and day with positive rainfall the simulated intensity is set to

Y(S, t) = Qf}(Z(S, t))

5.2. Temporal model

As is well known, the previous day’s property of dry or wet greatly influences next
day’s weather, see e.g. [23]. For this reason, transition probabilities with previous
dry and wet day are estimated. Figure 5 illustrates these observed and simulated
transition probabilities for the city of Halmstad (station 5 in Figure 1) together with
a pointwise 90%-confidence interval based on 100 simulations. As it can be seen the
probability of next day to be wet is about 0.2 higher if present day is wet than
if it is dry. The stochastic model slightly underestimates the transition probability
of a wet day given the previous day is wet and it overestimates the corresponding
probability given previous day is dry. Since these probabilities depend mainly on the
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FIGURE 5. The observed, (dots) and simulated (line) proportions of wet day given previous wet
(Left) and dry (Right) day at Halmstad, with a pointwise 90%-confidence interval based on 100
simulations.

one day-lag correlation between the different stations, this suggests that the fit of
the correlation could be better improved.

We turn next to the dry/wet behavior of the obtained stochastic model. We
remind that the distribution of the length of the wet and dry spells, i.e. the time
there is positive rainfall or no rainfall respectively, is an essential feature of any
stochastic model for rainfall. Notice that these characteristics depend solely on the
latent process since they coincide with the time the process spends above (below)
the zero level. The empirical distribution of wet (Left) and dry (Right) spells can be
seen in Figure 6 together with the model distribution and a 90% confidence interval
superimposed. The length of the wet spell is very well replicated for any spell length,

probabity of number of days with wet spell

/

-

’

’

probabiity of number of days with dry spefl

-

’

’

10 15 15 20
Dutation (days) Duration (days)

FIGURE 6. The empirical distribution (dots) of number consecutive wet (Left) and dry (Right) days,
and the ones based on simulations (+) with a 90% confidence interval superimposed, at Halmstad.
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and the same is true for most of the dry spell lengths.

5.8. Spatial model

A positive feature of the defined stochastic model is in correlating wet events across
space. In order to illustrate the fit of spatial dependence we have considered all pairs
of stations and then computed the observed and model proportions of simultaneously
wet and simultaneously dry days. The results are gathered in Figure 7. The latent

o R TR oy v (e i SRR SR TR T P e

L L L L s
03 032 034 0.38 0.38

036 038 04 042 0.44 046 048 05 052 054 02 022 024 028 028
Simulated Simulated

FIGURE 7. The proportions of simultaneously dry (Left) and simultaneously wet days (Right). The
proportions of observations are given on y-axis with the corresponding simulated proportions on the
z-azis with a 90% confidence interval based on 100 simulations given by lines.

Gaussian field seems to replicate well the simultaneous wet behavior.

Another interesting feature of the spatial dependence structure is whether it prop-
erly replicates the number of wet stations each day. Figure 8 displays the observed
proportion of number of stations with positive rainfall. Days where data are missing
for at least one of the stations were removed. The stochastic model seems to replicate
quite well the observed frequency of total number of stations with simultaneous wet
events. It is interesting to notice that the probability to have no observed rainfall at
any of the stations is about 0.22, while the probability to observe precipitation at
all stations is about 0.17 and higher than the probability to observe positive rainfall
in any subset of locations.

In general we feel that the model replicates spatial aspects of the precipitation
process well.

5.4. Spatio-temporal model

The most difficult feature of multisite rainfall data is the spatio-temporal dependence
structure. We have already seen in Figure 4 that the parametric covariance function
of the latent Gaussian field fits well the empirical covariance for at least a few time
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FIGURE 8. The proportions of observed mnumber of stations that are simultaneously wet and the
corresponding quantity for the stochastic model with a 90% confidence interval.

lags. Following [22], we validate the fit of the spatio-temporal structure by checking
the domain aggregated behavior. The domain aggregated rainfall is the total rainfall
from all stations at each given day. Further, a domain aggregated dry spell is defined
as the number of days where all stations are dry and similarly, a domain aggregated
wet spell is the number of days where at least one station is wet.

An alternative way to the spatio-temporal aspects of the generated dry/wet be-
havior is by examining pairwise lagged rainfall probabilities defined as follows:
(5.1) P(Y(s;,t —1) = 0,Y(s;,t) > 0) and P(Y (s;,t — 1) > 0,Y (s,2) = 0).
Each point in Figure 9 represents observed and model proportions of either one of
the pairwise lagged rainfall occurrences. The stochastic model seems to overestimate

the quantity for small proportions in July. The deviation is only of order 0.02 and
unlikely to have a significant impact in practice.

6. Conclusions

We have presented a general methodology for modeling spatially correlated fields of
daily rainfall. The method relies on a latent Gaussian random field that drives both
the rainfall occurrence and the rainfall intensity processes, with the rainfall intensity
being modeled as transformed Gaussian.

The mean function was estimated by inverting the proportions of rainfall at each
location and then seasonally varying parameters were spatially interpolated using
regression with Fourier components and location covariates respectively. A paramet-
ric covariance function was used to model the observed spatio-temporal correlations

with the fitting performed using a method of moments approach and certain rela-
tions that hold for censored Gaussian moments.
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FI1GURE 9. The pairwise lagged occurrence proportions where the observed proportions are given on
the y-azxis and the corresponding quantities for the stochastic generator are represented on the z-azis
with a 90% confidence interval for the model values given by lines.

We illustrated the methodology in a data set from Sweden, a network of 14 stations
spanning over 51 years. Realistic spatio-temporal artificial sequences of rainfall have
been generated and used to validate different aspects of the proposed model. We
have shown that the stochastic model seem to be able to reproduce the dependence
between different days and stations quite well. Also, the method shows a good ability
to replicate dry and wet behavior. The possibility to include other covariates such
as climate model output or broad scale atmospheric conditions in order to model
the corresponding spatial extrapolation of the parameters should be investigated.
Finally non-isotropic spatial covariance structures should also be fitted.

7. Appendix section

In this section we derive formula (3.3). Let X,Y be two standard (mean zero and
variance unity) Gaussian random variables with correlation p. Then we have the

following representation:
Y 2 pX + /1= 4%,



where 2 denotes equality indistribution and £ denotes a standard normal random
variable independent of X. Then, it is easy to see that:

Bt = EE[( pX +/1— p%€) vo)(x vV 0)]
% f fo (VT=PE+ P i, o ()l o

£=00
/ xtp(:c)f (V1= p2€ + pz)p(&)dédz
z=0 13

i

= /0 ()(pw@\/—h/l— 2ol

where X+ = maz{0, X}. By letting

\/_

g9(z;p) = :c(xp@(\/lpf_pz) o ﬂp(\/lp—i—;ﬁ))

the covariance of non-negatively truncated versions of X and Y is given by
o0
(7.1) Cor(X*,Y") = [ g(a,p)p(e)ds — ELXJEY ]
0
It is easy to generalise for the case of non zero means by modifying function g to

K X ok
9(@; px, py, p) = Etp(”w'"—#X)((P(SE—MYHMX)‘I’(u e T el

AR v

where ux = E[X] and py = E[Y].
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