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Abstract

In this paper we consider a lattice with fundamental cell a parai-
lelepiped in the Euclidean space Es, and we détermine the probability
that a random segment with exponential distribution of constant length
intersects a side of the lattice.
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1 Introduction

Let K (ai, a2, a3) be a lattice in Euclidean space P3 with fundamental cell
Po a parallelepiped of sides ai,a2,a3. We hâve

volP0 — aia2a3. (1)

We are interested to compute the probability that a random segment s with
exponential distribution of constant length l < | inf (ai, a2, a3) intersects a side
of lattice 9Î, i.e., the probability Pint that the segment s intersects a side of
fundamental cell Po-

The position of the segment s is determined by the center and by the direc-
tors cosines of the line support of s:

ai = cos 9, (X2 = sin 9 cos </?, o:3 = sin 9 sin p.

To compute the probability Pint we consider the parallelepiped Pq with the
vertex A ( | cos 9, | sin 9 cos p>, | sin 9 sin <p), with parallel sides of Po and with
lengths

ai — l cos 9, a2 — l sin 9 cos ip, a3 — l sin 9 sin p.



Then
volP* — (ai — l cos 9) (a,2 — l sin 9 cos p) (03 — l sin 9 sin p). (2)

We dénoté by M, the set of ail segments s that they hâve center in the cell
Po> and by N the set of ail segments s entirely contained in the cell PG, we hâve
([3])

p -i.üM mint~
p (M) ’ (3)

where p is the Lebesgue measure in the Euclidean plane P3.
To compute the measure p (M) and p (N) we use the kinematic measure of

Blaschke in the space ([1])

dk = dtp A dp A sin 9d9 A dx A dy A dz,

where x, y, z are the coordinate of center of s, p and 9 is the fixed angle and ip
is an angle of rotation. We observe that

0 < p <

2 Main Results

o<e<-, 0 < if) < 2lT.

We suppose that p and 9 are independent random variables with the same
distribution of probability f (p) = e-'*9, / (9) = e~e, we hâve

y (M) = f dip f e~ipdp f é~6 sin 9d9 f f f dxdydz =J 0 J 0 J0 JJ JI (x.v,z)ePn\

27TVOlPn

{{x,y,z)eP0}

e~^dp [ e~9 sin 9d9 =

27raia2d3 / e vdp / e 0sin0d0.
do J 0

(4)

By (2), we can write

fi(N)= f dtp f e 61 sin 9d9 f e ^dpJ0 J0 J0
dxdydz —

{(x,y,z)eP* }

2tt f e~° sin 9d9 f e~^ (voIPq ) dp =J0 J0

2tt / e~9 sin 9d9 / [01^2^3 — l (d\d2 sin 9 sin p + d\d^ sin 9 cos p + 02^3 cos 9) -f
do do

+/2 (ai sin2 # sin p cos p + d2 sin # cos # sin (p + d% sin 9 cos 9 cos p) —

—I3 sin2 9 cos 9 sin p cos p\ e~vdp. (5)



Replacing in (3), the formulas (4) and (5) we deduce

Pint 1z / e 0sin 9d9 / [aiû2 sind sin <£>+
aia2as f02 e~^dp fQ2 e~d sin 9d9 do Jo

aia3 sin 9 cos p + a2a^ cos 6—

l (ai sin2 6 sin p cos p + a2 sin 9 cos d sin <p + a3 sin 9 cos 9 cos p) +
l2 sin2 9 cos 9 sin p cos p\e~ifidp.

First, we compute the intégral

Ii (9) — / [aiû2 sin 9 sin p + aia3 sin 9 cos p + a2a^ cos 9—
do

l sin2 9 sin 2p + a2 sin 9 cos 9 sin p + a3 sin 9 cos 9 cos p'j +

(6)

+ —sin2 dcosdsin2(p]e ^dp.

As shown in [2]:
e ^ dp = 1 — e 2 ;

Jo

e_(p sinin pdp = - (1 - e 2 ) ,

e ^ cos pdp = - (l + e 2);

e vsin2pdp = - ( 1 + e 2),5

/ e v cos 2(^d</? = - (l + e 2).
'0 5

(7)

With these values we see that

Il (d) = iai [a2 (l - e~^) + a3 (l + e-*)] sind + a2a3 (l - e-*) COS I

|^ai(l + e 2 ) sin2 d + [a2 (l — e 2 ) + a3 (l + e 2 )] sind cos d| +
1 f2
2

l2
5

+ — (l + e 2)sin2dcosd.
Therefore, we observe

I2— e 61\ (d) sinddd = / e ^(-ai [a2 (l — e 2 ) + a3 (l + e 2)]
do do 4



10

sin2 9 + -<22^3 (l — e 2 ) sin 26 — -

j^ai(l + e 2 ) sin3 9 + [a2 (l - e 2)+a3(l + e l )] sin2 9 cos +
+ — (l + e 2 ) sin3 0 cos 6>)<i(9.

O

Substitut ing 9 with ip in (7) we obtain

1 /”2
e~e sin2 9d9 = - / e-"61 (1 — cos 261) dé1 =2 00

e °d9—- [ e 0cos29d9
2 0o '0

1 -ï\ 1 /, 2 3
- (1 — e 2) (l + e 2) = e 22 v ’ 10 v ’ 5 5

By the same arguments, we see that

(8)

e 02sin0d0 — - (l + e 2).5 ' (9)

To compute the intégral

by denoting

J = / e 0 sin3 0d0,
Jo

Ji = / e 0cos20sin0d0,
J o

J2— e~9 cos 29 cos 9d9,
J0

J3 = / e 61 sin20sin0d0,

we conclude

Ja = / e ^ sin 20 sin 9d9
J0

T 1 3dx — H- —e 2
10 10

T 3 1
J2“ïô + ïôe 3’

j 1 2J3 =
5 + 56 2’

T 2 1J* = ï~ïe 2' (10)
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With these values we get

J—-f e 0 (1 — cos 2$) sin 9d9 =2 Jo

/ e 9 sin 9d9 — e 9 cos 26 sin 6d6
'o J o

)_j,
3 2

e 2
10 5

Now, we compute the intégral

(H)

L= e 9 sin2 6 cos 9d6.
Jo

In view of (7) and (10), we observe

1
L = - I e 9 (1 — cos 2$) cos 9dd =

2 ,/n

/ e 9 cos 6d9 — e 9 cos 29 cos 9d9
'o J o

1 , { 3 1 1 1 2L
— — "I- —e 2

10 5

In the end, we compute the intégral

M= e 9 sin3 9 sin 9 cos 9d9.
Jo

We hâve

(12)

M = J e 9 sin2 9sin 9cos9d9 = - J e 9 (1 — cos 20) sm29d9 =

lu e 6isin20(i0— - f e 0sin49d9j.
By two parts intégration we obtain

e 9 sin 49d9 = — (l — e 2)15

This formula in conjunction with the fourth formula (7) yields

1
M = |( ! + «-*)-à (!-«-*)

1 2
= 1 e 2.

15 15
(13)
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Putting (7), (8), (11), (12) and (13) together implies

h = Yôaifl2 (1 ~ e ^)(1 + 3e M + ^aia3(l + e 5)

ai

(l + 3e 5) + ^a2a3 (l - e â)_0

10 L 5 (1 + e ')(3_4e ') + y (X ~ e 5)(l + 2e *) +

y (l + e~f ) (1 + 2e"ï) + ^ (i + e"î) (l + 2e"ï) .

By (6), (7) and (14) we obtain

p. - 21-*■ i.n.t —

aia2a3(l-e £)' {Yôaia2 (i ~e *)(1 + 3e *) +
1 _IL 1 „

aia3(l + e a)(i + 3e 2 ) + + -a2a3 (l - e- 2 )D10

1

ïô
a 1

(l + e 2 ) (3 — 4e 2) + ^(i_e 5)(i + 2e 2) +O ^

+| (1 + e-i) (1 + 2e-t) + J (1 + e-î) (1 + 2e"*)] } .
If a2 —> +oo, a3 —> +oo, the lattice R becomes a pattern of parallel planes at a
distance ai and probability Pint can be written to the form

(14)

Pin.t —

21 1 + e 2

5ai 1 — e~%
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