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Abstract
In this paper we consider a lattice with fundamental cell a paral-
lelepiped in the Euclidean space E3, and we determine the probability
that a random segment with exponential distribution of constant length
intersects a side of the lattice.
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1 Introduction

Let R (a1,a2,a3) be a lattice in Euclidean space E3 with fundamental cell
Py a parallelepiped of sides a1, as, as. We have

vol P, = ajasag, (1)

We are interested to compute the probability that a random segment s with
exponential distribution of constant length [ < %inf (a1,a9,a3) intersects a side
of lattice R, i.e., the probability P, that the segment s intersects a side of
fundamental cell FPy.

The position of the segment s is determined by the center and by the direc-
tors cosines of the line support of s:

a1 = cosd, as = sinf cos p, a3 = sin @ sin .

To compute the probability P, we consider the parallelepiped FPJ with the
vertex A (4 cosf, Lsinfcosyp, £sinfsing), with parallel sides of Py and with
lengths

a; —lcos@, as —lsinfcosp, az— [lsinfsinp.



Then
vol Py = (a1 — lcos @) (az — Isinf cos p) (a3 — Isinfsin p) . (2)

We denote by M, the set of all segments s that they have center in the cell
Py, and by N the set of all segments s entirely contained in the cell P,, we have
(131) 5

n
Pznt‘*l ,LL(ﬂf)’ (3)
where 1 is the Lebesgue measure in the Euclidean plane Ej.

To compute the measure y (M) and p (V) we use the kinematic measure of
Blaschke in the space ([1])

dk = dy A dp Asin8df A dx A dy A dz,
where x, y, z are the coordinate of center of s, ¢ and @ is the fixed angle and v

is an angle of rotation. We observe that

™
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2 DMain Results

We suppose that ¢ and 6 are independent random variables with the same
distribution of probability f () =e™%, f(8) = e~?, we have

N

2 z
(M) :f mp/z e*v’dap/Q e~%sin 9d¢9/][ dadydz =
0 0 0 {(z,y.2)ePo}

Z 3
2wvolP0/2 e_""dcpf e ?sinfdo =
0 0

™

c A
27ra1a2a3f e_“’dgofz e~ sin 0d6. (4)
0 0

By (2), we can write

27 z %
p(N) :/ dwfz e*'?ssinl?dﬁ?f2 e_“"dgo//f drdydz =
0 0 0 {@y,2)ePs }

27r/2 e“gsinf)dﬂfz e *(uolFy 1do =
0 0

i

7 3
27rf e sin@dﬂ/ [a1aza3 — I (a1az sin @sin ¢ + ajag sin 6 cos @ + azasz cos ) +
0 0

+1? (a1 sin® fsin @ cos @ + ag sin 0 cos @sin ¢ + a sin 6 cos f cos p) —

—1? sin” 0 cos O'sin ¢ cos ] e~ Pdip. (5)



Replacing in (3), the formulas (4) and (5) we deduce

I 7 3
Pint = = 3 / e~ sin 0df / [@1a sin O sin o+
aazas [;2 e~ ?dp [ e~ sinddf Jo 0

ajazsin @ cosy + asas cosf—

[ (a1 sin” @ sin ¢ cos o + ag sin 6 cos @ sin ¢ + a3 sinf cos f cos @) +

12 sin? § cos @ sin ¢ cos ple P dp. (6)

First, we compute the integral
2
I (0) = / [@1az sin @ sin ¢ + ayag sin 6 cos ¢ + azas cos —
0

l (%1 sin® 0 sin 2 + ap sin 6 cos fsin @ + a3 sin 6 cos f cos p) =

e
+§ sin® @ cos @ sin 2p)e " dp.

As shown in [2]:

f2 e Pdp=1-e"%;
] e Psinwdp =

(Loe®),

o
l\JlI—J

/e“"cosgodtp— (1+e72);

o

1
2
2 =
/ e ?sin2pdp = = (1+e %),
0 5
i
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/2 e Pcos2pdp == (1+e7 7). (7)
0

With these values we see that

L0 = —a1 [az (1 - e” %) +as3 (1 +87%)] siné + azas (1 — e~ %) cos f—

_%{gal (1+e’%)sin29+[a2 (1- _12")—(—@3 (1+ _%)]sin9c059}+
2 g
e (14 € %) sin®fcosd.

Therefore, we observe

B- [
0

Wl

e™"1 (6) sindf = /E 5"9(%0«1 [a2(1—€e %) +a3(1+e 2)]
0



il x
sin? @ + 20203 (1—e"%)sin260 — %

{gal (1+e %)sin®0 + [az (1 - e*%) + a3 (1 +e‘%)] singéicos(?} +

= x
= (14 e %) sin® @ cos 0)do.

Substituting 6 with ¢ in (7) we obtain

fz e~ sin’ 0do = 1/2 e (1 - cos26)df =
0 2 Jo

i
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e 1, (8)

By the same arguments, we see that

i

fze*‘?QsianG:%(l-i-e”%). 9)
0

To compute the integral

by denoting
e~ cos 260 sin 0d6,

e~ cos 26 cos 046,

[SE]

e~ % sin 20 sin 644,

o
I

N
I
= é“?ﬁé*\

Z
S j e~ sin 20 sin 0dp
0

we conclude
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With these values we get

e g :
J=—[ e " (1 —cos20)sinfdf =
2 Jo
1 3
3 l f ¥ sin 6d6 — f % cos 20 sin GdH]
0
TEsEl g 3 2 &
e ey

In view of (7) and (10), we observe

= —/2 e=? (1 — cos 20) cos §df =
0

- f2 e_gcosﬁd97f2 8sos00icoaldl
2 0 0

1 1(1—1—6_%) 3+L 2 —_+l—
2Rl (R ) 10, & :

In the end, we compute the integral

[~E]

3 G2
M:/ e~ 7 sin” @ sin 6 cos 6d6.
0

We have

(T

o | =

N f e ?sin® #sin 6 cos 0d0 =
0

L (f e~05in90dh = ifz e—f’sinz;ada) .
4 0 2 0

By two parts integration we obtain

ki

2 4
./02 e~ % sin460d6 = " (1—e”

(CE
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This formula in conjunction with the fourth formula (7) yields

M:—F(l+e‘%

Sira s
1|5 oo o ) Rk

)_15

f2 =9 (1 — cos 26) sin 20d8 =
0

(11)

(12)

(13)



Putting (7), (8), (11), (12) and (13) together implies

e i

o= ialaz (1 - e,%) (1 +3€_2) - ialag (1+ EmQ)

10 10
(1+36"%)+%a2a3 (1-e"2)—
l a Lo et a Ay o
ﬁ[é(1+e 7)(3-4eF) + 2 (1-eF) (1+2:7%) +
2
% (1+e7%) (1 +2e-%)] + % (1+e72) (1+2e7 %), (14)
By (6), (7) and (14) we obtain
Py = —aiap (1—e72)(1+3e )+
: a1a2a3(1—e_%)2{10 § 2( )( )
1 _Loam ke 1 =
Ea1a3(1+e 2)(1+3€ 2)++ga2a3(1—€ 2)—
e T e Ea it a S o
E[?l(lee 7) (3 —4e 2)+32(1—e ) (1+2e7%) +

2
2 (et (et L1 4ed) (1+2e-%)}}.

If a; — 400, ag — +o0, the lattice R becomes a pattern of parallel planes at a
distance a; and probability P;,; can be written to the form

References

[1] W. Blaschke, Vorlesungen iiber Integralegeometrie, 3ed., V.E.B. Deutsher
Verlag der Wiss, Berlin, 1955.

[2] M. Stoka, Laplace type problem for a rectangular lattice and non-uniform
distribution, Atti Acc. Sci. Torino, 149 (2015), pp. 93-98.

(3] M. Stoka, Probabilités géométriques de type "Buffon” dans le plan euclidien,
Atti Aced. Sci. Torino, T, 110 (1975-1976), PP. 53-59.





