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Abstract
In the context of autoregressive linear process, with exogenous ran-

dom variables, say ARHX (p, q, k), We envisage dérivative of order p,

exogenous random variables of order q and k fixed jumps. Prédiction
and exponential rates are obtained in the context of exogenous ran-
dom variables. Also, high frequency data holds with dérivative, and
one obtains jump in dérivative of order (p + 1).
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1 Introduction

First, we consider a predictor of the form ARHX(g), where

tu)
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and

^n,h 'U/h(Zn—l)h) “I- Vn,h — h — Q (1-2)

cf Damon and Guillas [2002] p.763. Also, a simulation study appears in
the context of ozone [cf Damon and Guillas, 2005].

Our objective is to consider the case of p dérivatives with random jumps,
say Xn \ Z£n\n > 1, and a fixed jump at 0 < t\ < ... <4 < 1. Note
that the case with p = 0 and without exogenous variables appear in Blanke
and Bosq [2014], Bosq [2015], Blanke and Bosq [2016].

Thus, we envisage the model ARHX(p1 g, k) with

X^\t) = p{X^1)(t) + YjahXZ^)(t) + ^\tln>l (1.3)
h=1

and

znl(t) = uh(Z(Xh)(t) + r^h(t), 1 < h < q, n > 1, p e N, (1.4)
where 0 < t < 1.

Note that and are a white noise, but there is a jump at tj.
In this context we put £n>0 ||^||£ < oo, ||a^||£ < oo,

Sn>o 11uh.j 11£ < oo, 1 < h < g, 1 < j < k, where ||.||£ is the norm of bounded
linear operators.

We now turn to estimation of jumps in dérivative. Note that, big contin-
uous variations may be considered as jump (cf Horvâth and Kokoszka [2012]
p.13 with crédit card transaction). Here, applications appear in physic,
finance, economy, seismology, shocks, avalanches, electricity consumption,
waves propagation, climatic variation etc.... In Dmowska and Kostrov [1973],
Takahashi [2004], Tanushev [2008], Çetin and Sheynzon [2014], crashes and
beams are considered. In the context of dérivative, we envisage Scherzer
[1998], Mas and Pumo [2009], Blanke and Vial [2011, 2014]. We also con-
sider Cates and Gelb [2007] with dérivative at discontinuity and Joo and
Qiu [2009] with régression curve in dérivative. Jumps in dérivative appear in
Warsi [1964], Rauch [1988], Cai and Mehlum [1998] where shocks and waves
hold. Also, electricity consumption appears in the context of El Hajj [2013].

In Section 2, we consider fixed jump in dérivative with an exponential rate
of convergence and convergence in distribution. In this context (X-P\t) —
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X-P\t~), 1 < i < n) are independent (cf Proposition 2.1). Also a jump in
dérivative appears at Tp = {4,...,4} where 0 < 4 < ... < 4 < l,t G Tp.
with tj = £j(+) in the context of We also consider exogenous and
random jump at ûq(Z^+) with fixed jumps Sp = {si, ,0 < s\ < ... <
S h ^ G ^ F <Sp, Sj Sj (a).

For example, exogeneity appears in volatility models, cf Thieu [2016] and
Bosq and Shen [1998].

Also, one obtains CLT and LLN, see Guidas [2000a,b], with dérivatives
(cf Proposition 3.5).

In the context of Section 3, a jump at (ai(Z^l)(s) - is
envisaged (see Lemma 3.1) and an exponential rate holds (cf Proposition
3.2).

Now, prédiction holds in Section 4, we use X-P\t), z}^ (7), 1 < h < q) witb
1 < i < n . Then, for obtaining empirical linear operators, it is necessary te
estimate pn>àh,niûh,ni 1 < h < q and three exponential rates are considered
in Proposition 5.1 (cf Section 5.1). In the context of Hilbertian operators we
consider projection with an orthonormal basis (cf Section 5.2)

Finally, lrigh frequency data are obtained and we consider X(j>) and exoge-
nous variable of order p (see Section 6). Finally, we envisage some extension
(cf Section 7).

Note that, we obtain main results in the context of Bosq [2000] and some
change appears in Bosq [2016].

2 Fixed jumps with dérivative
Now, we suppose that a jump appears at Xn\t) where t G Tp = {G, ...Xk}
with to = 0 < ti... < 4 < 1 = 4+i.

For convenience we envisage q = 1 since g > 1 is rather intricate, see aise
Remark 3.4.

We need the following assumption:

Al-awA)6C'([0, 1], n>l,peN,

A2-a1(Z^})eC[0, l]n>lpeN,

A3 - 4f)(t) - X 0, o.s.,teTPt, n > 1, peN
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where C([0, 1] is the space of continuous function.
Then, it follows that:

Proposition 2.1. Under Al, A2, A3 it holds

4p)W - !«((-) = <&>(*) - 4P,(H 1 0, a.s. t 6 Tp n > 1, p 6 N, (2.1)

Proof. We get

X?(t) = P(4f-i) W + ai (Z{2m + e«(t)
and

*£>(<-) = P(4f-i)(H + «1 (Ap,i)(H + 4p)(H
thus

4P,M - *£>(*-) = W^i)(t) - /W^XH]
+ K(44(t) - 0l(^)(i-)] + iW(i) - 4P)(H1

Silice Al and A2 hold, one obtains

XP(t)-X^(t-) = ^(t)~e^(t-)
and there is a jump at Tp.

□

Thus X^ and £&) hâve the sanie jump at Tp.
In order to obtain an exponential rate we make the following assumption

A4 — ||e^ < b, n > 1, p G N
Proposition 2.2. Under Al,A2,A3,A4 one get

1 n
P(~ I X{XP)(t)-XlP\t~))-E(X^(t)~xM(t~))}\ >a)< 2exp(

i=1

n > 1, p G N, t G Tp, a > 0, and

na2
26^
(2.2)

1 - VW4-)) -> £W(P)(4 - -Y(P)(C—)) (2-3)
^

i=1

almost completely, p G N, 1 < j < k.
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Proof. We put

1 n
A, = - XWA - W(H) - E(X^\t) - X«(i-))]

i=l

and
1 n

A„ = - ETA*) “ A(H) - - eir\t-))}.
1=1

Then from Proposition 2.1 we get

Dn = Àn (2-4)

Now, by using Hoeffding inequality (cf Bosq and Blanke [2007] p.297).
and since (t) - e[p\t—)^ 1 < i < n) are independent and bounded from
A4, one obtains an exponential rate and (2.2) holds.

Then since

E , Tld?.2exp(“W<0°
n> 1

We get the Borel-Cantelli lemma and (2.3) follows. T

Remark 2.3. Boundedness in A4 may be replaced with existence of some

exponential moment (See Bosq [2000] p.221).
Remark 2.4. Finally a random jump with dérivative can be considered (cl
Bosq [2015] p.12-14).

Thus, a jump at tj in the context of p dérivatives is available.
It is also possible to slightly modify Dn^p(t), in the i.i.d. case we put

1 n
A,pW = - E [XW + A) - AA - «n)

i— 1

0 < t - an < t + (3n < 1,
and we make the following assumption:
B- X^get a dérivative on the right (resp. on the left), with Taylor rest

and X(p+1) is bounded by b almost surely.
and
C- 0 < E |X(p\t) - X^(t—)| < oo, where Tp — {tl5...,4} lias a jump

in dérivative.
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Proposition 2.5. If B and C hold, we hâve

Dn,P(t) -4 E(X®(t) - xV>(t-)),a.s. t e Tp.

and

Dn,p(t) —> 0 a.s. if (an, (3n) -4 (0,0) t £ Tp

Proof. From B one obtains

xl”\t + p„) = xlp\t) + /?„ x^\t + en/3n),

0 < t < t+ /3n < 1, 0 < 0n < 1, 1 < i < n, and

xjp>(t - a„) = X,M(t-) - a„ xjp+1)(t - ê'nan),
0 < t — an < t < 1, 0 < 9'n < 1, 1 < z < n, hence

1
Dn,P(t) = - E pP>W - ^(H + ?iP)1

i=1

where

?jP) = - É K XiP+1)(< + ~ «» #+1)((i“) - W
i=l

and now, from B, we get

4
*=i

(2.5)

(2.6)

(2.7)

(2.8)

< b (an + f3n) —> 0, a.s.

and (2.5) holds since C gives

l E 45b) - ^(H] -4 £[*W(f) - *(p)(H] <*•«•
i=1

If t has no jump, we get

|-^n,p(^) I — b (on d~ /3n) ^ 0, (2.S.

□
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Then we obtain:

Proposition 2.6. (Convergence in distribution)
If Al, A2, A3, and B, C holds, we get an^~ —> 0, and one obtains

E + W - - a») ~ E(X®(t) - xf(H)
=>N~tf(0,<j2(p)), (2.9)

0 < t—OLn < t+(3n < 1, teTp; wherecr2(p) = V(X^(t)—X^(t—))1 p G N;
and

1

i—1

1

ho, (2.10)

in probability, with t Tp, since cr2(p) — 0.
Proof. We get

= 4= è fx“(< + A.) - xj*\t - «„) - £(x<p)(t + A.) - xf(t - «„))Jn Lv Î=1

We put

1
E P» W'b + ^nfîn) - an ((t-) - 0>„)J :=
i=l

and by using (2.7) and (2.8) we get
1 n

^P)(i) = -F EW W - W(i-) - £(WW - W(H] +z» -^. /r) —-

7=1

Now, in the context of B, one obtains

Zn - EZJ < 2 IIX(p+1)
"b /3ri

and since

1
Rÿ(t) = 4= E[(W(i) - W(H - E(xP(t) - Xf (1-)] + Zn- EZri'n

%—i

then, since —» 0, one obtains Theorem 25.4 p. 332 [cf Billingsley,
1995]. Finally, we get the desired resuit from Proposition 2.1.

(2.10) is clear since the gaussian distribution is vanishing. □
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3 Exogeneity
Now, we consider a fïxed jump in dérivative with exogenous random variables.
For convenience, we envisage q = 1 (see also Remark 3.4).

A jump in dérivative appears at Sp — {si,5^} where So = 0 < Si <
... < Sh < 1 = Sh+uS E Sp, in the context of ai(Z^\)(t) (cf Section 2).

Now we get:
A5-X^(s) = xM(s-),seSp

Then

Lemma 3.1. From Al,A3,A5 , we get

ai(zlpi)(s~) - ai(zipi)(s) = 4P>(s) - 4p)(«-) ï Oa.s., S e Sp, n > 1, p 6 N
(3.1)

Proof. We put

4PT) = p(*„A)W + <444)4) + 44(4
and

X^(s-) = p(Xpl1)(s~) + ®i(44)(s—) + s^(s-)
Thus

Ww(4 - x®(8-) = [p(x4-i)(4 - p(A-i)(«-)]]
+ Kl(44)(4 - a,l(Zntl){s-) + [44(4 - 4T-)]

Then, from Al, A5 it is easy to see tirât (3.1) holds. □

Proposition 3.2. Under Al,A3,A4,A5 , it holds

1 n
p(-1

i— 1

- E{ai,(Z{^)(sj) - (ai,(4?)(«3-)}l > “) < 2exP(-^-) (3-2)
l<j<h, n>l,p£N and

n
)(5i) ~~ -> ^(aij(^)(sj) _ai,j(^,?)(5j~))

(3.3)
ï=l

almost completely, 1 < j < h, n > 1, p E N.
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Proof. Lemma 3.1 entails

«1,(£$)(«,~) - “î,{Z{*})(Sj) = e(p)(sj) - e(p)GH + Oa.s.Kp)

and, one obtains Hoeffding inequality
Finally, we get

oo

^2exp(-
n—1

(cf Bosq and Blanke

na2
262" ) < OO

[2007] p.297).

and the convergence is almost complété by Borel-Cantelli lemma, cf (3.3). □

Remark 3.3. Then, a jmnp at Sj in a context of p dérivatives lrolds.
Remark 3.4. Now, it is possible to envisage q jumps. We set aj(Z^)(s)
where s G S^ = {sj}i, , with 0 < sjti < ... < < 1, 1 < j < q
where kj is an integer. Then, it lrolds

Rp = Tpn (fn|=1 sf) = 0
where p G N. Thus, Lemma 3.1 and Proposition 3.2 are clear.

Note also that the CLT and the LLN hold with exogeneity and dérivative:

Proposition 3.5. (Guillas)
Let X^p\ Z(p\ rj(p\ be a bounded ARHX(p), if p G N, we get

^, = «(Æ)+4P)
Xp = p(Xp) + a(ZP) +

with ||i/,|| < ||p|| < 1, then

xP + ... + XP -GO
n

almost surely and in L2H, and

1

* i=1

Proof. In the context of Guillas [2000a,b], Theorems 1 and 2, we may replace
X, T, p, e with X^p\Y^p\r]^p\£^ and the resuit is straightforward. □
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4 Prédiction

We now consider forecasting over t € [0, 1] .

We make the following assumption:

A6 - Z^,e^\rj^) are globally independent n > 1, p G N

Then, we put

Conséquent ly

E(XP(t)\UP(t)) = p(X^)(t) + a(ZP)(t) + E(e^(t)\uP(t))
and, since A6 are independent, one obtains

E(eÿ(t)\Uir!‘pt)) = E(e^(t)) = 0.

Then, for obtaining prédiction, it is necessary to estimate p, a, u in the
context of exogenous random variables (cf Section 5).

There is a lot of papers about prédiction but Mas [2007] and Brunei et al.
[2016] are interesting.

5 Estimating linear operators

5.1 Exponential rate
In the context of t G [0, 1] it holds

D = pC,

where D is a cross-covariance operator and C a covariance operator.
Also, from Mercer Lemma, we hâve

oo

r=1

witli

C(vr) = Xrvr, r > 1,.
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To this aim, we envisage the empirical covariance in the context of dérivative,
given by

cip> = ^I2xd®x!p>
i—1

and the empirical cross-covariance operator get the form

Dip)
1

n— 1

n>2.
n — 1

i—1

Since C is not invertible, we must obtain a truncation at /cn, that is

pn_ = nknD^ c~Uv)nkn
where nA"is the projector over V\,..., Vkn-

Similarly, we set

1

n
i=1

and

n— 1

X'f’ = Z'iP) ® Zi+1’ " - 2-
i= 1

And, one obtains:
oo = uka{p) r~^p)nkr

An analogous resuit holds concerning u.

Finally the predictor takes the form

4p)(t) = MxAm+ài ,n(4pi)(t),
where

Znl(t) =Ûn(Zn-l)0O-
Now, we need to obtain an exponential rate with two assumptions:

A7 — Xr = br 7, (6 > 0,7 > 1), r > 1
and

^HOF’IL is bounded, n > 1, p G N
Then we hâve

11
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Proposition 5.1. Under assumptions Al, A3, A5, Al, A8, one obtains

P(\\Pn,{Xn}) ~ P(Xn})\\C ^ £) ^ C1,M) eXP(“C2,(£> p) (bg
(5.1)

77 > 0,, n > ni)7?, 7 > 1, p G N.
And

P(\\àh,n,{Zn}) - ah,(Zn])\\C ^ £) ^ M6’ P) exp(-d2,(£, P) (log J)4(H-r) )
(5.2)

r] > 0,, n > n2)7?, 7 > 1, p G N.
And, finally

P(.\\ûh,n,{zl) - Uh,(Z{p)||£ > e) < ei,(e, p) exp(-e2,(e, p) ^ocrn"4(1+7)
(5.3)

3 > 0„ n > n3;r?, 7 > 1, p G N.

Proof. From Theorem 8.8 and Example 8.6 p.221 of Bosq [2000], we get

P(\\Pn, ~ p\\r >v)< Cij(ï?) exp(—c2>J(î?)
n

(logn)4E+7);

r] > 0, n > nv, cij(77) > 0, c2,j(7) > 0, , 7 > 1, p E N;
cf p.232-234 in Bosq [2000] with sonie little modifications.
Now, since A8 is bounded, we hâve

p(||pn,(x7) - po7>)||£ > v) < p(\\pn, - P\\c > 11

(5.4)

y(p)
■)

and from (5.4), one obtains

P{\\Pn,{XlP) ~ P(xip))\\c >e)< ci,(£,p) exp(-c2}(e,p) (log J]4(i+t) )
where |J^y| = A then (5.1) holds.

(5.2) and (5.3) are similar. □

Remark 5.2. Note that we get kn = logn.

Then, the next statement entails:
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Corollary 5.3. Assumptions Al, A3, Ab, A7,A8 give

P( sup IX{v\t) - X^(t) I >v) = 0(exp(-5{r], q) - ”4(1+ ,)0<t<l IgOgU) 1 v

p G N, n > 71(77, q).

Proof. Clear, from Proposition 5.1. □

Remark 5.4. It is also possible to modify p by using régression in dérivative.
We put

y:rxzk(,i(4p>)
Cp) \X)V,-Xï-(p)_ y(p)||

Ghr

EirW
X^-X^

0 < j < G where K is gaussian and hn —> 0 (See Damon and Guillas [2002]
p.765, équation (5)).

5.2 Almost sure convergence

In the context of Hilbertian operators, we get p and a with

Xn O- aiyZ^ -p £n, n>\

and we envisage projection with an orthonormal basis. Also, we suppose that
p and a are symmetric.

We put
p(vj) = \jVj, j > 1, (5.5)

and

a(vj) = [ijVj, j > 1, (5.6)
where the v'-s are orthonormal.

We consider the following assumption

nio - (en) n (Zn)
cf Damon and Guillas [2005] p. 187.
We need the following hypothesis:

Ail - E((Zn,Vj)2) < oo and E((Xn:Vj)2) < oo



Proposition 5.5. From A10 and Ail, one obtains
1 i

À3n 2 ? J — B ^
;EL {X„v

and
‘EL {Xifa)ft

Fji
ii vj,

1 v^n
n

j > l,n > 1
e:=,(4L ’

Proof. By using Vj, it holds

(A^, Uj) {p(Xn—1); Vj) F {Q'{Zn),Vj) d~ (pn,Vj)
and from (5.5) and (5.6) (7.1) and (7.2) we get

(An, Vj) Xj {Xn— lj Vj) d" Pj {Zn, Vj) -7 {pni Vj) 5

(5.7)

(5.8)

(5.9)

and

(-Z-niVj) (Xn—\,Vj) \j (Xn—\,Vj) +Pj((Zn, Vj) (Xn—\,Vj))-\-(£n,Vj) (dfn_i, Vj )
but since

00

■Z-n—l ^ ^ ipn-l-j)
3=0

(see Bosq and Blanke [2007] p.245), then from A10 , we obtain

(ZniVj) II (Xn—\, Vj)
and also

(^-715 Vj) II {Xn—\ , Vj)
thus

E((Xn,Vj) (Xn-UVj)) = \3E{{Xn^VjŸ)
and one obtains an empirical form in the context of (5.7).

Now, by using (5.9) (7.5), we get

(Xn, Vj) Xj Vj) A Pj (Zn, Vj) d~ (pm Vj)
and inserting (Zn,Vj) one obtains, by using Ail

E((Xn,Vj) (Zn,Vj)) = pjE((Zn,Vj)2)
and the empirical form appears in (5.8). □
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Then

Corollary 5.6. From A10 and Ail, it holds

Xjn Xj a.s., j > 1, (5.10)

Ajn t [ij, a.s., j A 1, (5.11)

Proof. From Ail, one obtains

E(| (Xn,Vj) (Xn-hVj) |) < {E((Xn,Vj)2)]i [E^X^v,)2)]^ < oo

Then, from the strong law of large numbers (cf. Shiryaev [1996], p.325),
we get

(X„Vj) (Xi+uVj) E({XuVj) (X,,Vj)), a.s.

and
1 n
-£ <*,«*>* -> e((x,Vj)2)

i=1

then

Xjn —^ Aj a.s

and (5.10) holds.
On the other hand

E( I {XuVj} (Zt.Vj) j) < [E((X„Wj)2)]5 mz^fÿ < oo

thus

and also

then

n
EïLi (Xi,Vj) {Zi,Vj) -> E((X,Vj) {Z,Vj)), a.s.

1
^ E((z>vi)2)’ a-s■

jdjn ^ l^ji a.s

and (5.11) holds. □
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Remark 5.7. An infinité dimensional vector get the form

Xjn (An_i,'Uj) "T" jàjn {Zn,Vj) A (cn, Vj ) , j ^ 1
Remark 5.8. An exponential rate may be envisaged, if ||Xn|| is bounded, we
get

2

P(sup\Xjn - Xj\ > rj) < 4 exp(
j>i a + pp

n> l,a > 0,/3 > 0,7/ > 0, cf Bosq [2000] p. 99 and 104.
fljn is similar.

Remark 5.9. A dérivative of order p can also be considered.

6 High frequency data
It is also possible to observe liigh frequency data, namely (X-p\^-),n:n >
1, 0 < j < rn, 1 < i < n) with p G N and to envisage exogenous random
variables.

In order to simplify the exposition, we suppose tirât X^ has a single
jump at R G [0,1[.

Since data are discrète, we need a regularity assumption for the sample
path, tirât is

A9- \X(v\t) -X(p,(s)| < c\t-s\a, (s,t) e [0,to[2U[fo,l]2, c> 0, a e]0,l]-
Now, there exists an integer jo(n) such that

m-i < to < m < !
rn rn

Then, we construct a detector of R by putting

to n = ~ arg max 5(pn}
rn i <j<rn Jl

where

S.(p) £(vw(f)-yrt(7-A),3,n n
i—1

1 < j < rnj, p G N.
Then we get the following statement
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Proposition 6.1. From A9 we obtain

to,n h)(+) ci.s.

and
1

, \

to.n t ^0( — ) a-S-
Tn

with

1 n -
- Y(XP(t~ xP(i0,n - -)) E(XV>(to) - X^(t0-)) a.s.
n “ rn

i=i

where rn —v oc.

Proof. In the proof of Proposition 4 we envisage some little modifications
but the proof is clear [see Bosq, 2015]. □

Remark 6.2. In the context of exogenous random variables one consider
ah(Z^l) and the proof is clean.
Remark 6.3. It is also possible to obtain a jump at X^p+1\ namely:

i—1

XjP\to + an) — xjp\tp+)
CT-n

xP(t0-pn)-xP(t0-)
-fin

0 < - (3n < to < t0 + an < 1 with an j 0(+) and (3n | 0(+).
We consider one jump at to, a Taylor expansion and a bounded jump at

X^p\ then we hâve

fîip)(to) E(X^1\t0+) - X^+1\t0-)) a.s.

cf Bosq [2016] Proposition 3.2 p.731-732.

7 Possible extension

Remark 7.1. The ARMAD^p\k,r) process can also be considered (cf Bosq
[2016] p.730) in this context:

= e ii(Æ)+yp - È xXA, p e n.
i=l i=1

But this expression is rather complicate.
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Remark 7.2. We may envisage a fixed jurnp in the context of a continuons
function cf C3 = C([tj, tJ+1]), 0 < j < k + 1.

Then, we consider a jump at tj < s, t < tj+1, where

and

^n,j (^j
1

Tl

n

11tj<s<tj+i,tj<t<tj+it
i= 1

t)

with

1

n — 1

n

'y ^ ^i(g) ^i+l(^) Ibj<s<<j+1, tj<t<tj+it
i=1

n . _ rrfcn n . /^-lrr/c,

where IIfenis the projector over ...,Vkn.

anj and unj are similar (cf Section 5).
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