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Abstract

We consider Local Asymptotic Normality (LAN) and Uniform Local Asymptotic
Normality (ULAN) conditions for Linear Functional Autoregressive Processes with
multi dimensional parameter. The corrélation operator dépends on an unknown
multi-dimensional parameter and we establish the LAN and ULAN conditions.
Then we dérivé with asymptotic properties of the conditional maximum likelihood
and Bayes estimators giving Hajek minimax bound, consistency, asymptotic nor-
mality and efficiency of these estimators yielding their optimality.

Keywords. Linear Functional AR processes- Local Asymptotic Normality-
Maximum likelihood estimators-Hajek bound- Efficiency.

1. Introduction

Nowadays in many fields such that economy, biology, medicine etc., a huge
quantities of data is collected and used to draw modeling évolution problems and
prédiction information. Doing so, generated models can be described by contin-
uous smooth dynamics allowing often to accurate estimâtes of parameters in the
phase analysis, or with effective data noise réduction through curve smoothing
leading to data with irregular time sampling schedules. In order to describe conve-
niently such continuous flow of data, practitioners and statisticians often consider
them as "high dimensional" vectors resulting from realizations of random curves or
a sample of a valued function space random variable. Then they may apply statisti-
cal concepts coming from multivariate data analysis. Now their statistical analysis
is carried out through the well-known Functional Data Analysis (FDA)that we may
find out some basic concepts in Ramsay [26] with strong arguments for its wide
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scoop. Since this area becomes more attractive giving a central topic of studies of
modem statistics. There exist many textbooks and we may cite without be exhaus-
tive the monographs by Bosq [4], Ferraty and Vieu [5], Ramsay and Silverman [26]
(and references therein), Horvath and Kokozka [9],Hsing and Eubank [30] where
generalizations of existing models and classical inference procedures are well de-
veloped.We also mention recent surveys in FDA realised by differents authors, we
cite (Cuevas [7], Goia [6],...)

We are interested by the class of Linear Functional Autoregressive Processes.
This class of processes has received more attention and investigated by many au-
thors for predicting continuous time random processes. We may cite a few Bosq [4],
Mas [21], Antoniadis and Sapatinas [2], [23] etc... We also refer to the papers by
[19] and references therein. We quote the article by Arkoun and Pergamenchchikov
[3] and references therein, concerning recent progress in nonparametric functional
time sériés and Vincent Lefieux’s thesis [31] for semi-parametric functional ap-

proaches. Various applications hâve been successfully performed in a many areas.
The examples range from prédiction of electricity consumption, road traffic, El-
Nino température to concentration levels in air pollution (see Bosq [4]). An appli-
cation to environmental data processing was given by Omatu et al. [24] predicting
the concentration levels of pollutants in air pollution analyzed by Bucy-Kalman
filter System. In the same framework, Loges [20] treated the case of the unobserv-
able rv’s are ruled by a Hilbert space valued autoregressive équation AR(1). we
also cite the recent works of [1], [14] and references therein very interesting papers
with regard to the functional time sériés process, especially autoregressive models.

We deal with the Local Asymptotic Normality (LAN) condition introduced by
LeCam which became a fundamental concept in parametric estimation. In a pre-
vious paper (Kara and Mourid [13]), we show the LAN condition for the class
of functional autoregressive processes when the corrélation operator dépends on
one-dimensional parameter. We then obtain Hajek minimax bound, consistency,
asymptotic normality and efficiency of the conditional maximum likelihood and
Bayes estimators. In this paper, we extend these results when the corrélation oper-
ator dépends on a multi-dimensional parameter namely 6 G 0 C W, for p > 1.
From this point of view, the proofs of the LAN condition in multi-dimensional case

requires more technics and are not direct especially in the functional setting. An ex-

ample of operator depending on a multi-dimensional parameter is given by Loges
[20] where pe — Yli-i QiPi> €] — 1,1[, and pi a bounded linear operator with
\\pi\\c < 1. For a one-dimensional parameter, recall Ornstein-Uhlenbeck process

autoregressive représentation (1) (see Bosq [4] Ex. 3.4 p. 76) where the operator po

isexplicitanddefinedbype{f){t) — e~etf{l), /ef[01], #>0, £e[0,l].Re-
call that under LAN condition, local experiments converge weakly, in the LeCam
distance, to Gaussian shift experiment and lower bounds for the law of a class of
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regular estimators (Hajek convolution theorem) and their effïciency are derived.
(see Ibragimov and Hasminski [11], LeCam and Yang [18], Kutoyants [16] [17]).
Since LAN condition is satisfied by many statistical models under mild conditions.
It mainly relies on checking mean square differentiability property with respect to
the parameter of probability measures (Pg, 6 G 0). For ergodic Markov process,
this condition is investigated by Philippou and Roussas [25] and Roussas [27]. In
autoregressive time sériés framework, Swensen [29] and Kreiss [15] showed that
the LAN condition also holds (see also [22]) and Hwang and Basawa [10] dis-
cussed this condition for a Rd-valued stationary Markov non-linear time sériés.

Our aim is to establish LAN and Uniform LAN conditions for functional au-

toregressive processes when 6 G 0 C Rp, for p > 1. We show that the log-
likelihood ratio has the typical LAN décomposition with the same scale 1 / y/n,
therefore the local experiments converge weakly, in the LeCam distance, to Gaus-
sian shift experiment. Then using general results by Ibragimov and Hasminski [11],
we dérivé asymptotic properties of the conditional maximum likelihood (MLE)
and Bayes estimators and hence set their optimality when 0 G 0 C W only for
p = 1, 2, 3. Nevertheless, the properties of conditional maximum likelihood esti-
mators MLE derived in Theorem 3 still remain difficult to extend in the full gener-

ality when p > 4. Our objective in the future will be to find suitable techniques to
overcome varied levels of difficulty.

This paper is organized as follows. Section 2 introduces notations and defini-
fions. Section 3 deals with main results. Section 4 is devoted to examples. Section 5
contains simulations results.Auxiliary lemmas are in Section 6 and technical proofs
are postponed to Appendix.

2. Notations and Définitions

Let (Çî,A,P) be a complété probability space and (H, H) a real separable
Hilbert space equipped with the inner product the associate norm |j.|| and
its Borel cr-field V.. We dénoté by C (H) the space of bounded linear operators
defined on H into H, and by ||.||£ the usual norm of bounded linear operators. A
strong H-Gaussian white noise (en, n G Z) on H, defined on (fi, A, P), with zéro
mean and covariance operator C£, is a Gaussian sequence of 77-valued i.i.d. rv’s. A
process X = (Xn, n G N) defined on (fi, A, P) with values in (77,77) is a Hilbert
space valued autoregressive process (ARH process) if

Xn = Po{Xn—, i) + En (1)

where pe G C{H) depending on a parameter 0 and (en, n G Z) is a strong H-
Gaussian white noise. We suppose that the parameter 9 G 0 where the param-
eter space is an open set of W,p > 1. In Introduction we cited the example
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of the Ornstein-Uhlenbeck process that admits the représentation (1) with an ex-

plicit operator po as well as the example given by Loges [20] both depending on
a parameter 9. Our goal is to estimate the multi-dimensional parameter 9 in the
LAN setting based on the observations of (1). We consider the family of proba-
bilities (Pn,d: 9 £ 0) of the conditional probability law of (Xi,..., Xn) given
the initial value X0 : P^e = P^° Xn. We dénoté by Zn,e(h) := dPnjn/dPnf
the dérivative of the absolute continuous part of Pn,en with respect to Pn^ where
0n — 0 + (pn(0)h, (pn(0) is a sequence of definite positive matrices and h £ W.
The basic tool in this study is the local asymptotic normality structure of the family
of the conditional likelihood ratio Zn^(h) associated to (1), in the vicinity of 0. We
first recall the Local Asymptotic Normality condition.

Définition 1. The family ofparametric probability measures (Pn,o,9 6 0) is
said to be satisfy Local Asymptotic Normality condition (LAN condition) at a point
9 if there exists a sequence of definite positive matrices (<pn(9)), pn{9) —» 0, a
sequence ofrv’s (Sn(9)) such thatfor ail h £ W the log-likelihood ratio ln Zn^(h)
satisfies the following représentation under Pnp:

lnZnj(h) = hSn(0) - l/2\\h\\2 + opnd(l), as n -* oo, (2)
where

Sn(0) =>n^oo A/-(0,I)
where I is the identity matrix in MT.
The family ofparametric probability measures (Pn,e, 9 £ O) is said to be satisfy
Uniform Local Asymptotic Normality condition (ULAN condition) ifwe hâve LAN
condition (2) and moreoverfor ail M > 0 under Pnfî :

sup | ln Zn^(h) — hSn(9) + 1/2||/i||2| = opn e(l). (3)
\h\<M

Throughout the paper we need to use the following functional matters. Let
{efc, k > 1} be a complété orthonormal System in H consisting of eigenvectors
of the covariance operator C£ of the rv’s £o and {ak > 1} the corresponding
eigenvalues where o\ > 0. For x G H we dénoté by a]t(x) :—< x^e^ > the
Fourier coefficient of x with respect to the vector e^. The continuity and differen-
tiability are with respect to the parameter 9. If a function g(9) is différentiable we
dénoté by g(6) = Xg(9) the gradient vector of g and Jg{9) the matrix defined by
Jg(9) — Xg(9)XTg(9) where T designs the transpose of a vector.

3. Main Results

In general the study of LAN condition requires technical conditions and we
make the following assumptions which essentially carry on the operator po and the



Fourier coefficient a,k{x). The parameter space 0 is aconvex open set of W,p > 1.
Assumptions
AO. 3C > 0, sup0€0 || pe \\c= C < 1.

Al. For ail 9 G 0 and for ail x G H,
oo

Y^ak2al(Pex) < oo.
k= 1

A2. For ail k > 1 and i > 1, Fourier coefficients ak{peXf) are différentiable
and for ail 1 < j < p, the function

d
'y qq {ak(PüXi—i) 2ak{Xi)ak{peP^i—i))
k=1

is finite and continuous for ail 9 G 0, P^-a.s..
A3.

a. For ail 1 < j < p

d
F0(supV^2[—^(^Ii)]2) < oo.

«e© fc=1

b.The matrix

oo

r(0) = Y,ak2EelV(akPeX1)VT(a.kpsx1)},
k=1

is positive definite.
Now we can State the LAN condition (2) of the family of probabilities (Pn>$, 9 G

0) satisfying (1).

Theorem 1. . UnderAO, Al, A2, A3, the family ofprobability measures (Pn,o, 9 €
0) of (1) satisfies the LAN condition (2) at each point 9 G O where the matrix
(fn(9) — r-1/2(6>)/x/rF, the random vector

n oo
1

Sn(9) = n-1T-1/2{9) EE —2^{peXi-i)k[dk(Xi) - ak(poXi-i)]]
i=1 k—t k

and the matrix

oo

r(0) = J2aPEelV(akpex1)VT(akpeX,)],
k=1

where r~1//2((9) is the inverse matrix ofTl^{9) (the square root matrix ofY(9))
and V is the operator gradient.



46

To establish the ULAN condition (3), we need to add the following conditions.
A4. For ail k > 1, Fourier coefficients ak{pe{Xi)) are three times differen-

tiable functions on 0 a.s. and Vu G 0.

a. For ail 1 < j < p sup^ee Eu ES °k2[w]ak{pe(xi))? < 00•

b. For ail 1 < jj <p supe)Ue0 K ES^< 00•

c. For ail 1 < j, r, s < p, sup0>tt€0 Eu EjS 2[a^9Mgsafcfa(Xi))]2 <
00.

A5. For ail x G H and for ail k > 1, the Fourier coefficients ak(pe(x)) are
différentiable in 9 G 0 and VI < j < p,

< pex,ek >=< >=< x,{p{ej))*ek >,

where p^ defined by p^x = -^-pex and its adjoint (p^)* are bounded and
linear operators.
A6.

a.
oo

supXX2ii(^))*efeii2 <o°-

b.
oo

siipXX1iiUJ))*e/cii <o°-

The following resuit establish the ULAN condition (3) of the family of probabilities(Pn0)
satisfying (1).

Theorem 2. Under AO,..., A6(a), the family of probability measures (Pn,e^ £
0) of (1) satisfies the ULAN condition (3) where Sn(9) and T(9) are defined in
Theorem 1.

In particular for any bounded continuons loss function l such that the sets
{l(x) < a}, a > 0, are convex and symmetric and for ail estimator 9n, we hâve
Hajek bound

limliminf sup Eo[l{\fnTl^2{9f){9n - 0))] > E/((),
5~+o n^°° |0-0O|<$

where Ç c-* A/*(0,1) in Rp.
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Remark 1. 1. AO ensures a strictly stationary ergodic Markov process (Xn)
f (1) with transition Qo(x,dy) = P£l+Pe(x)(dy) (see Bosq [4] Th. 3.1 p. 74 and
lourid [23] Chap. 1). Al ensures the équivalence of Gaussian measures via a
'akutani Theorem. The rest ofassumptions mainly ensure finiteness of sériés and
wments, differentiabïlity, interchanging between sum and intégral signs, etc..

2. Recall that an estimator is said to be efficient in Hajek sense if we hâve
quality in the Hajek bound of Theorem 2.

In this part we consider the parameter space 0 an open set of W, p — 1,2,3.
Ve define the conditional maximum likelihood estimator MLE 9n by

g i dPno
dee dPnj0

foere 9o is a fixed value in 0 e RP where p e {1,2,3}.
In order to establish properties of the conditional maximum likelihood estima-

)rs (0n, n > 1), we make the following assumptions.

A7. For ail 9 e 0, po is a Hilbert-Schmidt symmetric operator commuting with
the covariance operator C£ of £o-

A8. The eigenvalues (À^/c > 1) of po are such that : 9 —>• A^q are C1-class
fonctions

and infflge po > 0 where po is the smallest eigenvalue of the matrix P7=i v\k,eS7T\k,e-

The properties of the conditional ML estimators are summarized in the follow-
îg theorem.

'heorem 3. Under AO,..., A5, A6(a), A7, A8, the conditional maximum likeli-
ood estimator (MLE) 9n satisfies :

1. For ail compact interval K C 0 and ô > 0, we hâve

supPfldl 0n-0\\>ô)-ïn—K» 0-
6eK

2. Under Pq
VnT1/2(0)(Ô„-0) =>„->oo C,

where ( e—>■ A/"(0,1) and the convergence is uniform on any compact set
K C 0. The matrix T((9) is defined in Theorem 1.

3. The conditional maximum likelihood estimator MLE 9n is efficient in Hajek
sense.
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Remark 2. From the limit law of the maximum likelihood estimator, it is quite
possible to test hypothèses and détermine confidence bands. For the prédiction
of the process, from relation (1) we know that po(Xn) is the best probabilistic
predictor of Xn+\. Hence we define a predictor of Xn+\ by Pg (Xn) , where
9n is the conditional maximum likelihood estimators MLE. We can show the be-
havior of predictors and give the values of both errors RMAE and MSE knowing
that the quality of the predictor pg (Xn) calculated at points i = 1;m, is
measured by relative mean absolute error RMAE and mean-squared error MSE
defined by: RMAE = l/m^, \Xn+1(U) - Xn+1{U)\/\Xn+1(U)\, MSE =

For a particular form of the Hilbert-Schmidt operator po especially when only
the eigenvalues dépend on the parameter, we hâve the following resuit.

Corollary 1. Let 6 € 0 C MP, p=l, 2, 3. The operator pe of (1 ) is given by :

Pqx = E£i ^e,k <x,ek> ek. Suppose

L 3c > 0 such that sup0€@ supfc || < c < 1 and\/k, thefunction 0 —>■ \q^
has ail partial dérivatives oforder 1, 2 and 3.

2. 3ci > 0, i = 0,3, such that for ail 1 < j, r, s < p,

supfc>i siip^e 4#- < c0, sup^i supeee (Jk2\A^e,k\2 < chk J

supt>i supogeF2\mfi;xeF ^ suPfc>isuP«ee°k2\wfirW,x<>F <
C3-

3 suPee©E£i °k21 Jj-M2 < 00

4. infgge pq > 0 where pe is the smallest eigenvalue ofthe matrix JfkLi ^^k,eXTXkp.

Then the conditional MLE 9n satisfy ail the properties ofTheorem 3.

4. Examples

We give two examples where the conditions AO, A8 are satisfied and then
we deduce the LAN and ULAN conditions.
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Example 1. Let H be a real separable Hilbert space and X = (Xn,n G N) a
5-valued AR process defined by ( 1 ) where po is given by [20]:

po - 0iP^ + 02P^
where 9 — (0i,02) 6 6 = 5(0,1) (the unit bail in R2) and p^l\p^ are two
symmetric Hilbert-Schmidt operators commuting with the covariance operator C£.
Let (0fc,efc,fe > 1) be the eigen-elements of the covariance operator C£ where
ek(t) — \/2sin((k - 1/2)7rë) and al = 1 /(k- l/2)27r2. The three operators
p(l\p^ and C£ share the same set of eigenvectors (ek, k > 1). The eigenvalues of
p^ and p^ are denoted by (Ak{p^)> (Ak(p^) respectively. We take A/^1)) =

(fc + 1/2)-2, and Afe(P2>) = (fe + 1)“3.
Example 2. Let X = (Xn, n G N) be a 5-valued AR process defined by (1) where
po is given by pex = Xo,k <x,ek> ek and 9 = (9h 02) G 0 = 5(0,1)
(the unit bail of R2) and Ao>k = e~MG+i) (k)~5 + e~k^d2+1^ (&)~4. The covariance
operator C£ has the same eigen-elements as in Example 1.

In the two examples, the process (Xn,n > 0) satisfies AO,..., A8. So by
Theorem 2 and 3, the corresponding family of probabilities (Pn,o, 9 G 0) satisfies
ULAN condition (3) and ML and Bayes estimators are consistent, asymptotically
Gaussian and efficient.

It is readily to check the assumptions A0...A6 a and A7. For the assumption A8
we hâve to find the smallest eigenvalue of the matrix î VA^V^A^,#. Some
calculations give » = l/2[(£jfc>i(4!«)2 + E*>i(4?j)2) “

(E*>t(A$)2 + E*^#)2)2 - 4[Efc>i(AS)2 Ek>1(W - (E&i me
_4rv.. a(2h2_rv. A^A^)2]

For Example 1, A^ = Ak(p^), for i = 1,2. Hence po doesn’t dépend on
9 and is strictly positive. So A8 is satisfied. For Example 2, we hâve A^ =

_e-fc(0i+i)(/c)~4 and = -e~k^2+1\k)~3. The function 0 -» po is con-

tinuous and so inf^g© po = inf^Q po — p^ where 0 G 5(0,1). We may easily
get Pq > 0. Hence the condition A8 is verified.

5. Numerical Simulations

In this section, we carry out numerical simulations to illustrate the behavior of
conditional maximum likelihood estimators MLE in two cases of Eq (1) where it
is given explicitly.

The MLE estimator 9n — (0n,i, 0n,2) is a random variable so it is more correct
to write 9n = 9n(w). In order to simulate the behavior of the estimator around
the true value (intersection of the lines (x = 02) and (y — 9{)) we fixe uj and we
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increase n, for each n we hâve a realization so a couple so we get several pairs
since n varies. We consider five different realizations, so 5 different u, from which
the different couples represented obtained. Each realization is represented by a

particular type of point, for which reason we find on the figures figl and fig4 the
signs + and x, the triangles, the circles and the lozenges.

Example a. For this first case, we take again the preceding example example
!..

The true value is 0 — (0i, 62) — (0.3,0.9).
In this case the conditional ML estimators 6n — (0Uji,0n,2) is explicit and

given by:
0n,i - (a^2

b26n, 2 Ol,2

-ê)/(
-&)/(

a1

ai,2
a2

ai,2

a 1,2
02

Ql,2
ai

_ Ql,2 \
ai /

where for j = 1,2 we hâve:
24(pu)Xi-1)a3 — Ei=l Efc> 1 ak

al,2 = E?= 1 Efc>l 2aA:(p(1)^-i)afe(p(2)^-i)
bj = E?=i Efc>!
The following graphie shows the behavior of the conditional ML estimators

around the true value when n increase.

O

O

O

1 1 1 1 ^ 1 1—

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

TETA2

figl

The following graphie shows the behavior of the conditional ML estimators
around the true value when n increase.



fig2

The following graphie shows the behavior of the conditional ML estimators
9np around the true value when n increase.

oo

<TV|

oo

1 OO 200 300 400 500

fig3

Comments The two figures fig2 and fig3 show good behavior of the estimators
6n,i and 9np around true respective values 9\ and 62, when n increases.The figure
figl surely, does not allow conclusions to be drawn about the behavior of the es-
timator 9n when n increases, but we notice a strong accumulation of its different
realizations, for different n, around the real value 9 = (0i, #2) = (0.3, 0.9)

Example b. In this case po is given by :

po = e~dlp^ + e~d2 p^
where the true value is 9 = (0i,02) = (2,3) and p^x = J2k>i(& + l)-2 <
x,ek > ek, , P(2)W = Zk>i(k + 1)~3< x, ek > ek. Let (cr|, ek, k > 1) be the
eigen-elements of the covariance operator C£ where ek(t) = \/2sin((k - l/2)nt)
and al = l/(k — l/2)27r2.
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by:
In this case the conditional ML estimators 6n — (0n,i, 0n>2) is explicitly given

0n,i = — ln((
-ln(('n,2

h
ai,2

b?.
ai,2

h.)/(M füii\\
a2 '! ^ai2 02 >>

))01,2
- £M/(-22- -ai / < v ai 2 01

where for j = 1,2, ay, bj and are defined previously.
The following graphie shows the behavior of the estimator around the true

value when n increase.

tri

O

£
7

O

^A.O
O»

O

—1 1— 1 1—

2 8 2 9 3 0 3.1 3.2

TETA 2

fig4

Comments: we notice, in this case also a strong accumulation of different
realizations of 6n when n increas, near the real value 6 — (6\, 62) = (2,3)

6. Auxiliary Lemmas

In this section we présent auxiliary lemmas needed in the proofs of the theo-
rems of Section 3. For commodity we recall some lemmas established in a previous
paper (Kara and Mourid [13]). With the help of notations of Section 2, we introduce
the following quantities. For i — 1,..., n, let

ge{y/x) = dP^~e1=x/dP£i(y),

ÿo,k{y,x) = 1/2cTk2\ak(Pey) - 2ak(x)ak(pey)]
where 6,0* G 0. Define the set

Un,e = ^1/2W(e - 0)
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For ail 1 < j < p, we consider the following notations: for ail / € H, k > 1,

^7 < Pof,ek >= àk(pef) and -^-pe = pe,

C3 = max supj>fc2||fe||2, G* = max sup^afc 1||pSejb||.i <j<Poee k=1 1<?<P0G0 fc=i

We also dénoté, for ail 1 < j < p, and i < 1,
00

d
Si = SP(6) = £>fc~2—ajOÆiHfe),

Jfe=l j

Ftt(«) = F<%) = «tfo)lV*o = xo),
X— 1 fc=l

oc n-z

Q(n,i) = Qff (n,i) = ^^[(^5r)2afc2 < papj >2 /X0 = x0],
k=1 r=l

oo n-

4(n,i) = ^(n,*) = < PePexn-i-i,ek >2 /X0 = xq],
fc=l r=l

oo n-z

Æ(n,i) = B^(n,i) = J^B0l(J^Sr)2ak2 < pepl9~l£n-i,ek >2 /X0 = x0],
k-1 r=l

oo n-z

E(n,i) = E^\n,i) — $r) (Jjç < pqPq £n~i,ek > (ijç < pQPQXn-i-.\,ek > /Xq — æq]>
fc=l r=1

\2 / Vft[(E;=iSr)7^o = xo), i> 1,
/i(#) = to, « = 0.

The expression of the likelihood ratio is given by the following lemma.

Lemma 1. Suppose AO, Al. Then
00

9o{y/x) = J[exp{lfoï2[2ak{y)ak(pox) - a2k(pex)])
k=i

and the likelihood ratio is given by
npXo=xo
ar(Xi ...Xn)
dP,(^1 r..,£n)

=n n ^pi1/2^ 2(2^(^)^(p^î-i) - 4(pexi-t))i-
z=l fc=l
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Lemma 2. Suppose AO,...,A3. For alli> 1 and M > 0, we hâve

lim sup À~2 E# [</>*(# + \h, 9) - l]2 < Eq[IitM9)]2
X~+°\h\<M

and

lim sup cj)i(9 + h\, 9) - 1) - hTfi{9)\2 = 0
A-^° \h\<M

where
00

MO) = X/ 2àk{peXi-i)[ak{Xi) - ak{poXi-1))].
1

The following lemmas give the tightness of the likelihood ratio process {Zn^{u))
in the space Co(Mp).

Lemma 3. Suppose AO, Al, A7, A8. For ail 0 < a < 1/2, u 6 Un^ and 9 G K, a
compact set ofQ, we hâve for n > no

EeZn,eM < exp(-#n(|w|))

where ÿ„(H) = 2(o - ^iïJ^pT^jjïlMI2-
Lemma 4. Suppose A0,Al,A2,A5,A6(b). For ail 3 < /3 < 4 compact set
K C 0, t/iere exists B = 5(iT) and a — a(K) = 4-/3, such that

sup sup |u - - Z4^4(u)|4 < 5(1 + 5a),
6eK u,veUn}Q,\u\<R,\v\<R

where B = luP?sf.I^og]]*pJlinfeeK

C0 = max(2C|v/2Er>i^)C'2; 2C'32Er>1 ^)+2C'32v/8C/iEr>i iarH
scïÆBF?); 8C?; c2cf + c^KE^ <r2) + 2 +

2C32JC'iC2(Er>i <r2)) «nrf Cl = , C2 = 8^p, C ù given m AO
and C3, C4 are given in the beginning ofthis section.

Remark 3. Under A0,Al,A2,A5,A6(a) and A7, we may hâve the same results
of Lemma 4 withC0 = max(2Cf ^)C2\ 2Cf (£,.>! ^?)+2C|^8C'iCr>i^);
8C32 yËTT?); 8C32; c2c2 + CjCKe.m a2) + 2clfcEEEEE))-
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Lemma 5. Suppose AO, Al, A2. Then

Me) := ^(M*)l«-=« = Ÿll/2apdk(p,Xi-1)[ak(Xi)-ak(peXi-i)] a.s.
fe=l

Lemma 6. For y (E H, let {/$, n> l}ka sequence offunctions defined by
n

fn(x) = J] V2^:2àk{pey)Mx) - ak{pey)), xe H.
k= 1

Under AO,..., A3, we hâve

i) {/n, n > 1} zs a Cauchy sequence in L2(H, P%lfel~V)-
ii) limn^oo = fy in L2(H, Px'~q~v) w/zere

00

/yW = X] V2crfc:2dk{pey){ak{x) - ak(poy)).
k=1

Moreover

J1}1»/(/nW)2^1=ïW J(fy(x)fp^(dx)
oo

fc=1

Lemma 7. Le? {Xn(/i, tu), n > 1} a sequence ofreal rv’s in L2 continuons in
h e Rp and X a RP-valued rv in L2. Suppose thatfor ail h £ RP

1. xn(h,uj) ->n-+oo hTX(u) P- a.s.,

2. for ail M > 0, sup|h|<M |P(X2(/i,u;)) - P(/zTX(u;))2| -4n_>oo 0.
Then

sup E(Xn(h,Lü) - hTX(u>))2 ->n-+oo 0.

Lemma 8. Suppose AO andA4(b). Then for ail 1 <r,j<p and /3 > 1/2,
n oo ^2

n1//4(ln(n))~^(n~1 X! afcfa?^-iKfe)) ^n-+oo 0 P<? - as..
i=i fc=i r

Under A4(a), A5, A6, we hâve
n oo

^^^[-a,^1)]2 ^n^oo inPe-probability.n

i=1 fc=l
L<96>.

Jfc=l
<961
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Lemma 9. Let (Xn) be a ARHprocess defined by (1) and suppose AO. Then

Ee(\\Xnf/X0)<2Cn\\X0W2 + Ch

and

^(||Xn||4/Xo)<8Cn||Xo||4 + C2,

where C\ = 2 and C2 — is given in AO.

For the quantities Si, Q(n,i), A(n,i), B(n,i), C(n,i), E(n,i), fi defined in
the beginning of Section we hâve the following results.

Lemma 10. We hâve for ail n> 1

n-l n—1

Ee(S3n(Y, Si)/X0 = rco) = 0 = Ee(S„(£ Sif/X„ = x0).
7=1 7=1

Lemma 11. We hâve for alln> 1

n n—1 7

Fn{9) = J2 Ee(SÎ/X0 = *0) + 6 £ ^(SiUE S^!X» = *»)•
7=1 7=1 r=l

Lemma 12. Under AO A5 A6(a), we hâve
n 00

Y,Eetâ/X° = x°) < 3n(5^Cr^2||(^>)*efc)||2)2(8||x„||4 + C2)
7=1 fc=l

w/iere C2 is defined in Lemma 9.

Lemma 13. Under AO A5 A6(a), we hâve for alli> 1

sup/i(0) < iC3(2||x0||2 + Ci),
0G0

vv/?er<? C3 w in Lemma 4 and C1 in Lemma 9.

Lemma 14. Under AO A5 A6(b), we hâve for ail i> 1

1. A(n,i) < Q(n,i + 1) + (8||x01|4 + C2).

2. B(n,i) < Cl~1C^(2\\xo\\2 + Ci)[(^r>iar)(n ~ ^

3. E(n,i) < 2(Ci-1)2(Et>1 ^)1/2p3C42(8|iæol!4+C2)3/4+Vn - i - ICf (2||z0||2+
CO^fSHrcof + C,)1/2].
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4. Qo(n,ï)^ < QIq\ïi,i + 1 ) -\- Ci 1(n — i + 3)Cb(l + ||æo|| + ||æo||2 +
Ikoll3 + Ikoll4)-

5. maxi<j<psup0€0 Q<?(n, i)^ < KÇ^Z^1 C'î+r“1(n-i-|+3))C^0 IMD-
where

C0 = maX(2C|v/2(Er>lff?)C2; 2C|(Er>! cy2)+2C|/sCÜËLU?);
SCiyë^); 8^1; C2C2 + C,Cf(E^ ar2) + 2C3C|C23/y(Er>1<T2) +
2Cl]fÏM^)),Cis in AO and Ci, i=1..4 are given in the previous lem-
mas.

7. Appendix. Proofs

Proof of Theorem 1. Under AO, (Xn) defined by (1) is a stationary ergodic
Markov chain. From relation lrnix-msup^icj^ EQ([(\~lfa(6 + h\,0) - 1) -

hTfa(0)}2 = 0 where &(0) =

(see Lemma 2), we deduce for ail i > 1 that the root of the ratio of transition
densities fa is différentiable with respect to 0 in quadratic mean. From a Roussas
Theorem (see [10]), we hâve that the family of probability measures {Pn,e, 0 G 6)
of ( 1) satisfies the LAN condition (2). ■

Poof of Theorem 2. Let An = lnZn^(h) where we can take a change of
variable 0n = 6 + n~l!2h (see LAN condition [11]). Under Al, A2 A3 we hâve
the LAN condition from Theorem 1. For ULAN condition it suffices to verify that
under Pq and for ail M > 0

sup |A„ - hTr(6)1/2Sn{6) + l/2hTV(8)h\ = Op( 1).
\h\<M

To do we use a Taylor sériés expansion gives P^-a.s.
For more details see the appendix (proof of Theorem 2bis) ■
Proof of Theorem 3. Let p G {1,2,3}.
We follow the general theory in Ibragimov and Hasminski [11] and apply The-

orem 1.1 p. 174. By Theorem 2, we hâve the convergence of the finite dimensional
laws of the likelihood process. For ail 0 < a < 1/2, u G Unj and 6 G K,
a compact set of 0, we hâve for n > ïiq EqZ^^u) < exp(-gn(|w|)) where
g„(lM|) = 2(0-2a2)sup^Pw||2|M|2.

and For ail 3 < /? < 4 and compact set K C 0, there exists B = B(K) and
a = a(K) = 4-/3, suchthatsup^^sup^g^^jy^^^^^ \u-v\~P Eq\Z1J^ [u)~
^>)i4<BU+n j
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Previous relations, ail together (see Lemma 4 and Lemma 3) give that the se-

quence of the laws of the likelihood process is tight in the space Co(K). We then
deduce ail the properties of the conditional ML estimators listed in the theorem. ■

The proofs of Lemmas 1, 5, 6 and 8 are given in [13]. Note that Lemma 7 is
well known and is a generalized version of a Levy Lemma.
Proof of Lemma 2. We hâve Eq [fa (6+Xh, 0)-l]2 = Ee [y/ge+Xh(X*/Xi-1)/ge (Xi/Xi-1)•
l]2. So

Ê«[(Æ77TJX~Ï)MX~/X~7)-1Ÿ/X,^ = y] << A2 1(6+Xth) dt,
(4)

where 1(6 + Xth) = S[^hTVge+xth(x/y)gdl^h(x/y)}2P£i(dx).
On the other hand

[hTVge+\th(x/y)\2 = 9e+xth(xM[hTYlak2^ak(Pe+xthy){ak{pe+xthy) ~ «fcW)]2
k=1

P

= 9e+\th(x/y)[hj 22 ke+xth(x/y)}2,
j=i

where

(7

fj,e+\th(x/v) = ^-^Qf.^Po+xthyïMpe+xthy) - ak(x))-
k= 1

The previous notations, the inequality (J2j=i ajJ - 2P 1 Yjj=î aj and Lemma 6
yield

P OU rj

1(6 +Xth) < 2P~1M2 Vsup y]l/4^2[—a^y)]2. (5)
i=i0e0fc=i 06i

Let us show that
lim /(# + Xth) = 1(0).
A->0

Set F\(x/y) = \ge+xth(x/y)[hj Ej=i We hâve

l(8 + \th) = E(Fx(e1/y)). (6)

Notice that

Fx(ei/y) -+a->o Fo(ei/y) P ~ a.s., (7)



F\{si/y) < G\(ei/y), (B)

where

G\{si/y) := 2P ^ j[/j,0+At/i(ei/2/)]Wa^^i/?/)-
j=1

It is clear that

G\{e\/y) ^a—m ^0(^1/y) -P — &-s-

By Lemma 6, we may write

^ OO O

£(GaOiA/)) = ^ h) ^ l/4a^2[^-afc(p0+A^^)]‘
j=l k—1 ^

Under condition A2 we conclude that

(9)

lim £(GA(£l/2,)) = E(G0(s1/y)). (10)
A->0

We hâve E(G\(e\/y)) and E(Go(£i/y)) are bounded by quantities independent
of À.
Then (9), (10) and Bresis Lieb’s Theorem imply

lim E(\Gx(ei/y) - G0{ei/y)\) = 0. (11)
A—J-0

The results (11),(8), (7) and the dominated convergence theorem yield

Jim E(\F\(ei/y) - F0(ei/y)\) = 0.

Hence

limiE(Fx(ei/y)) = E(F0(ei/y))
A->0

= E(\ge(£i /y)[hjY^fjA£i/y)}2)
3= 1

= Ee([hTU»)?IXi-i = y)-

From équation (6) we hâve
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The results (5), (12) and the dominated convergence theorem give

lim f 1(6 + Ath)dt = £(([/iT&(0)]2/*i-l = y)- ('3)A->0 J0

From (13) and (4), we hâve

lim A-2Es((4,i(0 + Ah, 6) - l)2/^i-i =y]< Ee([hTU6)]2/Xi-1 = y).
X-6-0

Hence

£„[lim \-2Ee[(4H(6+\h,6)-\flXi-l = j/]] < E,,(Ee(lhT4,im2/Xi-1 = y)).
À—>-0

Condition A3, inequalities (4), (5) and the dominated convergence theorem again
yield

lim A-2Et,((M0 + Ah, 6) - l)2] < Ee([hT^(0)]2). (14)
À-»0

On the other hand, we hâve for any real vector h :

A"1^ + AM) - 1) ->A^o hTU0) P„ - a.s. (15)

This limit is also uniform over compact sets because / is a continuons function.
Hence by Fatou Lemma

Ee[(hT4>i(6))2] <liminf£eA“2(*(0 + AM)-l)2- (16)

From this and (14), we deduce

lim Ee\~2(4>i(6 + A/i, 6) - l)2 = Ee((hT4>i(e))2\.
A—>0

Similarly as above, we show that the function |E^À~2(<^((9 + \h,0) — l)2 —

Ee[(hT4>i(6))21 is continuous.
Hence

lim sup \Ee\~2(4)i(6 + \h, 9) - l)2 - Ee[(hT<j>i(6))2]\ = 0.
x~>°\h\<M

From this, resuit (15) and Lemma 7, we conclude

sup Ee(X l((j)i{6 + Xh, 9) - 1) -hT(j)i(6))2 -^a->o 0.
\h\<M
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Proof of Lemma 3. From the proof of Lemma 9 of [13], we hâve for ail 0 <
a< 1/2

00

Ee(Zan/u)) < J]!1 + 2(a - 2a2)[AM; - A^]2]-^-1^4,
k=1

where = 9 + (nr_1/2(#))w.
By Taylor sériés expansion, there exists 9,9 - tT /^u+9, 0 < t < 1 such that

[AM; - AM]2 =

Hence for n large enough, we get

oo .

Ee(Zan/u)) < n[l + 2(a-2a2)-((r"1/a(«)«)TVAM-)S]-(n-1)/4
k=1

< e-2(«-2a2)E£i((r^/2(e)«)TvAlS)2

Set

A(m = r-1/2(«)(Ë VAfci9-vTAM-)r-1/2(e).
k=1

Let 0), 1 < i < p} be the eigenvalues of 0). We hâve
E£1((r_1/2(%)TVAM-)2 = n_1 < A(0,0)u,u >> \\u\\2mî{9j)eKxemmi<i<pVA,i{9,9)

and

inf min UAi[9,9) = inf min \uA-i j(9,9)}~1
(0,è)eKxQl<i<P meKx@l<i<P

= [ sup maxuA-i^dj)]-1
{9,6)eKxQ1-l-p

= [ sup |p(0,0)r1l|]~1
(l9,è)eKxQ

= [ sup ||rI/2(#xy]vAM-vTAM-)-1r1/2(éi)||]-1
(e,è)eKxQ k> 1

> [sup||r1/2(0)||2sup||(J]VAM-VTAM-) 1
ôee t>i

-i in—i

eeK

1
> [sup ||r1/2(6i)||2— ,

9eK int^e0

i
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where hq is the smallest eigenvalue of Y,k>i ^^k.e^Th.e-
Therefore, for ail 0 < a < 1/2, we hâve

m»)
-2(«-2«2)[Sup,w l|r1/2(0)ll2JhJ-p]_1MI2< e 060

where <?n(||it||) = 2 (a - 2a2) infgfe w

suPeeiv llrl/2(6')ll
Proof of Lemma 4. Let 9 = (0i, 02, —, 0p) and set 0^ - 9 +

e(2) = 0 + f(m^iwih = 8(i) _ é,(2).
\/n

We hâve

ur(r(fl))~1/2

**IM“)1/4 - M”)1/4|4 = £«(£e(|zn,e(«)1/4 - Z„,p(«)1/4|4/Xo)).
Set eo = -^o = ®o. With the previous notations, Taylor sériés expansion with inte-
gral remainder, Cauchy-Schwarz inequality and with the convexity of 0, ail yield :

£9(|Z„,9(»)1/4-Z„,e(01/4|4Ao = xo)

m iïï=i w>>iM-i))1/4 - (n?=i%(2)feM-i))1/4i4)

=< VTexp(-l/4E"=1 E£ilU^-W*-i.«i))(«(1) "^

<2:8||«W-9P)||4/01Etfl(1)+(1_t)fl(2)([E?=1(^Er=iE?=ifea)+(1-*)fl(2»,t(^-i^i))2]2/^ =

< 2_V||^(1) - 0® II4 maxi<j<p stipTg0 Fn\r ).
The rv’s e* are independent of Xs, Vz > s+1 and Vz, {a^), k > 1} is a sequence
of independent Gaussian r.v’s N(0, a2k), with lemmas 11; 12,14 relation (17), and
monotone convergence theorem, ail these imply

Eo(|Z„,9(«)1/4-Z„l9(«)1/4l4Ao = *o)

< 2-Vll^1) - 9^||4maxi<j<psuprG0E?=i Et({S^\t))a/X0 = xq) +
=*,)

<2-V|!^1)-«(2)||4maXK3-<psupree[3n(Er=i^2|lJ-(PÎefc)||2)2(8||x0||4+
8£»£l||4(l-C)-4)
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+e ES1 Et>i MZUsPW^a^rX^/Xo = x„)]

<2-yp(1)-^(2)||4maxi<i<psuprG0[3nE£1 ^2|| J-fe)||2)2(8|ko||4+
8^||ei||4(l - C)-4) + eES1 Qr\i +1,1)1

<EtolhiriirWir2(2Jfp2)'(i-c)-1||«-»||4.
Hence

Proof of Lemma 9. From Xn = po(Xn-1) + en we hâve Xn = Pq(Xq) +
EEo Pl£n-i• Since (e^z > 1} is a strong Gaussian noise independent of Wo>
using Hôlder inequality and (a + b)2 < 2a2 + 2b2, we hâve

n-1

EedlXnf/Xo) < 8|W(X„)||4 + 8 E C‘'***B(|^||e,H,||^||***l)
îl)*2)*3 )*4=0

< 8C>||X0|4 + 8E(|e1||4)((l-C)-4.
We deduce a similar resuit for the First inequality from E(||ei ||2) = Y,k>i °\• ®

Proof of LemmalO. We hâve

n-l n-1

E„(SS(ESi)/Xo) = ^((ESi)^^M^O,.,Jfn-l,£l,..,en-l))/^),
i=l j=l

But

y

^o{Sn/(Xo — Æq, = ^n-lî^l = G> “mGi-1 = en-l)) ~ W(Gi))
k=1

because the exponent is odd (=3) and
00 00

Vn > 1, afc(p0xn_i)afc(£n) ->iV(0, J](7^2(—afc(p0xn_i))2),
fc=i j k=1 J

(17)
(which is the a.s. limit of a sequence of Gaussian rv’s). We proceed similarly for
the 2nd equality. I
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Proof of Lemma 11. By the définition of i*2(0) and using Lemma 10, we hâve

F2{«) = E9(SÎ + S24 + 65|5? + 4S23S1 + 4S2Sf/Xo = a:o)
= £*(S? + S2 + 6$S?/Xo = io).

Again using LemmalO and a récurrence on n, we obtain
n

Fn+m = Fn(«) + £9(S^1 + 652+1(^5j)2/Xo = ïo)
i=1

n+1 n i

= £ E«(st/Xo = *o) + 6 Y, Ee(Sl!(£ Srf/X0 = x0).
i—1 i=l r=l

■
Proof of Lemma 12. We hâve

Ee(St/Xo) =
fc=l

From the relation (17) and the factthat if Y iV(0,cr2) then£(72m) = ^|(72m,
we imply

MY,afwMPeXi-^ak(£i))A/(xo^Xi-i) = {xo,x.i-1 3E'7t2(;
fc=l fc=l

Hence from Cauchy-Schwarz inequality and Lemma 9

00

Ee(Sf/Xo = *0) < 3(^<Tfc-2||(p“))*et)||2)2[8C*-1||a:o||4 + 8£||fi||4(l - C)
k= 1

As C < 1 we hâve the resuit. ■
Proof of Lemma 13. As in the proof of Lemma 9, we may obtain

m < h-i(6) + C,3(2||ar0||2 + Ci).

Hence

/j(9)<7j_i(9) + C3(2||io||2 + C1).
We hâve the resuit by récurrence on i. ■

Proof of Lemma 14.

-ak{pexi-1))2]2.



651.Similarly as in in the proof of Lemma 9, we may hâve

oo n-i

a(»,*) = y>[(y>)v<4(À4x„_w)/*o=*oi
k-1 r=l

oo n-i-1

= £f*[( £ Sr)V4(/W#*»-i-i)Ao = lo] + £»[(S„-i)Vt-24(p(pjl„_i_i)/lo = 10
fc=l r=l

n-i-1

"h S^Sn-iŒjç ü^PqPqXji-î-i)/Xo = Xo]
r=l

00 00

= Q(n,i +1) + ^^[E0[(^(jÿ2âtt(^Xn_i_i)au(£n_i))2(j^24(p^Xn_i_i)/Xo = %•••
k-1 w=l

n-i-1

j-^n-i-1 = • •£n-i-l]/-^0 = Xo] "h 2£/^[^[( ^ SrVfc ^kiP9PdXn-i-l)
r-1

oo

(T: ^u{p6Xn-i-l)^u{^n-i)) /X0 ~ ^0) ••> -^n-i-1 ~ **^n—i—l]/-^0 = ^o]-
u= 1

As for ail n > 1, the random variable ES^Ü^^n-iJaufcn) ^ N(0,Y^=i°ü2àl(poxn-i))
(a.s. limit of Gaussian rv’s), Cauchy-Schwartz inequality, Lemme 9 and assump-
tion AO, ail this imply

00 00

A(n,z) = Q(n,i +1) + ^M^A^pÆ-i-iJK2 < PePdXn-i-h^k >2 /^o = ®0] + 0
k=1 U=1

00

< Q(n,i +1) + G*(y](Tfc_2||pJefc|2)2(8||xo||4 + C2).
fe=î

Hence the resuit.2.With the same arguments as in 1, Fatou inequality, Lemmas 13 and 9, we may
deduce

oo n-i

BM = y]^[(y]^)2^2<P0P0_1£n-i,efc>2/Xo = Xo]
k-1 r=l

oo

< Ci-1C32£<T2)(2||x„||2 + C1)(n-i + 3).
fc=l3.With the same arguments as in 1, Lebesgue Theorem, A6(b), Cauchy-Schwartz

inequality, C£eu = o\eu, Hôlder inequality, Lemma 9 and Lemma 13, we may
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hâve

oo n-i

E{n,i) = ^^[(^S,.)2^1 < pepyhn-i.ek > a^ < pepl9Xn+ hek > /X0 = ^o]
k—1 r=l

< ^iipr1ii2(E^2»^i2)(E^)1/2(E<T«1i^ii)2-B»™x»-<-iii3/^o=mi
fc>i fc>i «>i

+ 2||p'-1||2(7„_i_1(0))1/2(^||p^||)(^j|fe||2)(£;,[|jX„_i_1||VXo = ï0])1/2
U>1

< 2(Ci-1)2C3C2(E fffc)1/2(8||*o!|4 + C2)3/4 +
k> 1

2(ci-1)2V^lcI(E »Ô,/2(2NI|s+cy'^siMl4+cy1/2.
k>l

4. The inequality of 4 follows from the relation Qg\n,i) = A^\n,i) +
Bg\n, i) + Eq\u, i) and the previous inequalities.
5. From a récurrence in the inequality of 4 we obtain

n-i—2 4

g^)(n,i)<^)(n,«+(n-i-l))+C'0( J] Cî+r-1(n-i-r+3))(^ Wf),
r=0 r=0

(18)
But

Q9\n,i-\-(n-i- 1)) = Q^\n,n- 1)
< 2A(n, n- 1) + 2B(n, n- 1).

Similarly as previously we may hâve

2A(n,n -1) < 2C2(C’-1)2|M|4
< C0C”-2(||xo||4)

and

2B(n,n-1) < 2V3C|(C”-2)2(E^)lkol|2
k> 1

< CbC^MI2).

4

Q“(n,n-l)<C"-2if(Elkoir).
r=0

Hence
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Plugging the last resuit in equality (18) and since Cq and C are not depending of 9
and j, we hâve the desired resuit. ■

Poof of Theorem 2bis. Let An = ln Zn^(h) where we can take a change of
variable 9n — 9 + n~l/2h (see LAN condition [11]). Under Al, A2 A3 we hâve
the LAN condition from Theorem 1. For ULAN condition it suffices to verify that
under Pq and for ail M > 0

sup |A„ - /irr(0)1/aS„(0) + l/2hTF($)h\ = op(1).
\h\<M

A Taylor sériés expansion gives F^-a.s.: Vi, k > 1,30* fc, 39**k between 9 and
9n = 9 + rTl/2h

A„ = ATr(ô)1/2S„(«) + (2n)-1hTRe.K.h,
where

hTRei,e**h = Y^k=i ak {hT Jak{pe*,kXi-1) h ak(p0^kXi-1) +
[h VQ>k{P6n,kXi—l)] ~ h Jd^pQ**h (2/(;(A"j)}.

°n = K,kl k > !} and C = {6n% k^1} are given by
0*n,k = r/A + (1 - rk)9 = 9 + n~l!2rkh and 0 < ||rfc|| < 1,
0*n*k = skôn + (1 - sk)9 = 9 + n~l!2skh and 0 < ||sfc|| < 1.

Notice that, for ail k the matrix rk and sk are diagonal.
We hâve

An - hSn{9) + l/2hTT(9)h = {2n)-lhTRe*nK*h + 1/2hTY{9)h. (19)
Therefore to obtain the resuit it remains to show that under Pq :

sup |(2n)~lhFRQ^e^h + l/2hTV(9)h\ — op( 1).
h, \h\<M

We get

|(2n)~lhTRexh + \/2hTT(9)h\ < |(2n)~lhTRe*nie*n*h - (2n)~lhTRefih\
+ \{2n)-1hTRe,eh + l/2hTT{9)h\ (20)

and

n oo

|(2n)-1hTIkfih + l/2hTF(9)h\ < 1/2A/2||ïi-1 ££ -<jp{Jat(p9Xj_1)at(£j)ll
i=1 k=1

n oo

+ Hn_1 S -rf^^PeXi-i^a^poXi-i)}
i—l fc=l

oo

+ ^2 °k 2Ee{Xak(p0Xi-i)XTak(peXi_i)] ||.
k=1
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From the equality 2ab = (a+6)2—a2—62, we obtain under A5, for ail 1 < r, s < p

Tl OO rj r\ n

1'L'Lak2ïwak^i>Xi-i'lwak^eXi-^ = (2n)-1ZEff,-2fc

i=l fc=l i=1 fe=l

9 9

<x'-^^w/^>2
n oo o

(2«)_1 E E^t2 <Xi-!’ (w^"ek >
i=l fc=l

n oo

i=l fc=l

By Lemma 8 we deduce
11 00

Q g
n ^_j2-j^k [~Ô0~ak{pd-^i-l)~Ô0~ak{pd-^-i-l)] ~^n^oc

i= 1 fc=l r s

with
00

d d
Tr,s = E'^/ak [’Kn'ak{pd^i-l)^~ak{p9^i-l)]-

k=1 r s

Hence

n oo oo

||n"1J]^-(7^2[Vait(p0Xi_i)Vafc(p0Xi_i)T]+^^2JB0[Vafe(p0Xi_i)Vafc(p0Xi_i)T]|| -4n^oc 0.
i=i fc=i fc=i

By Lemma 8 and under AO and A4(b), we hâve for ail 1 < r, s < p, under Pq1EE'
i=i &=i

dOrd9, -Ük{pdXi-l)ak{£i) r

Therefore, under Pq

sup |(2n) 1/iTf?^/i + l/2/iTr(0)/i| ->n^oc 0. (21)
\\h\\<M

On the other part,

|(2n)~lhrRe*n)e*n*h - (2n)~lhT Reph\ < l/2M2|/n)i(/i) + In)2(h) + ïn 2(h)
+ 4i,3{h) P In,4:{h) + In,b{ti)\, (22)



69

where

n oo d2
In,i(h) - n 1 ~ak 2qq qq ak{pe*n,kXi-i)[ak{pe*n,kXi-i)-ak{pdXi-i)\,

fc=1

n oo

ruus

Q Q Q
In,2{h) = n_1 11 -(Jk2gQ~ak(pe*n,kXi-i)[—ak(pe*n,kXi-i)-—ak(peXi-i)},

i=1 k=1

n oo
! n ^ °°^ d d d

-^n,2(^) = n '^2'^Lj~(Jk ~Q0~ak{pe,kXi-i)[-^-ak{pe^,kXi-i)—-^ak{peXi-1)],
ï=i fc=i

n 00 <92 52
In,3{h) = n ^2 ^2 ak [ak^e*n ~ qq qq ak(peXi-i)\ak{£i),lddrdds

i—l k=1

n 00
v—a ^2 dz

In,4{h) = n I'22'ï2 ~ak ak(PoXi-i)[-^-^-ak(pe*n,kXi-i)--^-^-ak(peXi-i)\
d2

i—1 /c=l

n 00■v — (92 u

In,b{h) = n iy^25^J(Jk2ak(peXi-i)[^Q ak{pe**,kXi-1)-^ ^ Qfc(pg-Xj-i)]-
52

ï=i fc=i

By the same technics used in the proof of Theorem 2 in ([13]), we may obtain
that for ail j — 1,5, In,j(h) converges to 0 in Pq probability uniformly in 0 <
h < M.

From the last resuit and inequalities (22),(22) and (20 ), we conclude that under
Pq and for ail M > 0

sup |A„ - fcIï(0)1%n(0) + l/2hTT(6)h\ = op(1).
\h\<M

This ends the proof. ■
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