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Zaher Mohdeb^* and Abdelkader Mokkademr
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Saint-Quentin-en- Yvelines*

Abstract: The paper is devoted to the estimation of the square distance bet-
ween the régression function / and the subspace Ep spanned by the linearly
independent functions gi,...,gp. In order to estimate this measure of discrea-
pancy, we propose an empirical L2-distance between / and Ep, without weight
and we show that it is invariant with respect to change of basis in Ep.

1. Introduction

We consider the following régression model

(1-1) Yi,n — f (ti,ri) T £i,n > t — 1, . . . , 77.,

where / is a unknown real function, defined on the interval [0,1] and t\_n — 0 <
h,n < • • • < tn.n = 1, is a üxed sampling of the interval [0,1]. The errors e^n form
a triangular array of random variables with expectation zéro and finite variance a2,
and for any 77, the random variables £i>n,..., en^n are independent.

Let gi,... ,gp be linearly independent functions defined on [0,1] and let Ep be the
vector space spanned by gi,...,gp. We assume that the design {tijn,... ,tn,n} is
associated to a positive density function h in the interval [0,1]. We dénoté L2(dp),
where dp(t) = h(t) dt, the space of square intégrable functions, equiped with the
usual inner product (.,.). As measure of discreapancy between the régression func-
tion / and the subspace Ep, we may use the square distance

(1.2) V2U) = min f \f(t) - v(t)|2 h{t) dt.
veEp J0

In this paper, we propose an empirical L2-distance of V2(f). We follow the procedure
of Dette and Munk (1998), but without use of weights. Indeed Dette and Munk
(1998) use weights satisfying particular conditions; this leads to a problem with
the choice of weights. Generally, this empirical L2-distance is used to test the null
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hypothesis Hq: ”/ G Ep” against the alternative hypothesis #1: ”/ ^ The
previous test has been the subject of several works: Dette and Munk (1998), Mohdeb
and Mokkadem (2002, 2004) introduce a test statistic based on the estimation of
the square of the distance of / to Ep with respect to a L2-norm. Other related work
includes that of Dette (1999), Gonzâlez-Manteiga and Cao (1993) and Stute (1997).
We give the main resuit in the following section.

2. Main resuit

First, note that square distance V2(f) given in (1.2) may be expressed also as

(2.1) Vl(f) =
^2( f\ _ £(/)#!> • • •i9p)

G(gi,...,gp)
where G(vi,..., Vk) dénotés the Gramian déterminant | ((t?*, Vj)) 1^=1,.for ni,..., Vj
in L2{d/i). We need to estimate D2(/); for this, we use the observations Y =

(Yqn,... ,Yn^n)' and we follow the procedure of Dette and Munk (1998), but with-
out use of weights.
Let

A^n = ti,n ~ ti— 1,tu î = 2,. . . , 77., A;qn = A2,n ,

W = diag^A^h^))^
and let Ep,n be the vector space of Rn spanned by (gi.n, • • •, 9n,n)i where

9k,n = ($fc(^l,n) ■ • • 19k{tn,n)') i fc = 1, . . . , 77.

Dette and Munk (1998) propose an estimator denoted M2 of the distance V2(f)
between / and the model Ep, and estimating the unknown inner products involved
in the expression (2.1) by empirical expressions. To show the invariance of the
estimator M2 with respect to change of the basis in Ep, Dette and Munk (1998)
are led to introduce suitable weights 7n;,n, 7,..., 77 satisfying the following particular
conditions:

n

^ ^ — 1 'tfîl ^ 1
i=1

and

{dki 9l) — ^ ^ ^i,n'Wi,nh{di,n)9k(S'i,n)9l{ti,ri), 1 k E: l Y: P-
i=1

Weights Wi)n, satisfying the previous conditions are generally not easy to
obtainable (see the discussion on pages 783-784 in Dette and Munk (1998), and
Theorem 2.1 therein).
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In this paper, we define Gn(Y,gi,... ,gp) as the déterminant obtained by replacing
in (2.1) the inner product (/,/) by

Y'WY = Y,\nh(ti,„)Y^n
i= 1

and (f,gk) by
n

Y Wgk^n = ^ ^ \,nh{ti}n)9k(ti,n)Yi,n i k 1? • • • iV‘
i— 1

We estimate V2(f) by
_ Gn(Y,g\,,gp)

n G(9u---i9p)
It is clear that V2{f) does not dépend on the basis {<71,... ,gp} of Ep, since V2(f)
is the square distance in L2(d/j,) of / to Ep, but it is not obvious the same holds for
V2(Y, gi,..., gp). The following resuit States that T)2 (Y, gi,.-.,gp) does not dépend
on the choice of the basis {gi,..., gp}.
Theorem 2.1. For any 0 6 W1, T^(0,gi,... ,gp) is invariant with respect to
change of basis in Ep.

Proof. Let U = {u\,..., up} be an orthonormal basis of Ep and V = {iq,..., vp} an
arbitrary basis of Ep. It is sufhcient to show that

£>n(0> ui,...,up)= l£(@, ni,..., vp).

We hâve for ail / G Lr (dp),

©2(/) = (/,/> +*■((/, “!>.•■ ■,</,%>})
and

where P (resp. Q) is a second degree polynomial whose coefficients dépend only of
the basis U (resp. V).

Let A = (aij)ij=be the change-of-basis matrix, that is

(2.2) vk — H h akpup, k = 1,..., p.

We hâve

if,Vk) =afci(/,wi) + --- + afcp(/,Wp), k =
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then

(</,«!>,..., (/,«P>) = «(</,«!> >)•
where H: Rp —> Rp is polynomial map, with H(c\ , . . . ,Cp) = (ci,...,cp)A'
Therefore

V2(i) = </,/> + Qo #(</,«!>, • ••,(/> Up) )•
whence

• ••>(/, «p)) = QoH((fiu i)» • - • » (/,%)) » \/f eL2 (du)

Otherwise, V(^i,..., zp) G W, 3f — Y7j=izjuj ^ L2(dfi) such that Zj = (f,Uj),
j — 1,... ,p; therefore

P{zi,...,zp) = QoH(zi,...,Zp), V(^i,..., zp) G Rp,
which leads to P = Q o H.
Consider now 27^(0, wi,..., up) and 27^(0, vi,..., vp).
We hâve

and

i£(e,ui,.. .,«*,) = ©'we + p(©'wUl,n,.. .,e'w«,,„)
p2(e, vi,...,wp) = e'ffe + Q(®'wvhn,.... e'w%,„),

where W = diag(Aitnfo(£itn)) .=1 n ,

^A;,n

and

^fc,n —

According to (2.2), we hâve also

(uk(tl,n)i • • • ? Wfc(tn,n))

(^fc(^l,n)) • • • j ^fc(Ai,n)) •

^k,n — ®fclTl,n 3“ ‘ ‘ T ^kp^p^n j 2 1; • • • iP

and therefore

0 1TVi~^n — Ûfci© TVH h a^p0 WuPjn h f 5 • • • iP )

that is

Thus
(eWt)i,„,..., e'wv) = h (e'wui,„,.... ©'wu„n).

D2(e,t>i, = ©'we + q o H(e'wultn,e'w
as Q o H = P, therefore

X£(@,vi,...,Vp) e'we + p (e'iviu.n,.... e'w«p,n)
Vl(Q,uu...,up).

The resuit is proved. □
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