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Nearest neighbor based conformal prediction

Laszl6 Gyorfi©', and Harro Walk!
Budapest University of Technology and Economics' and University of Stuttgart*

Abstract: In this paper we introduce a nearest neighbor based estimate of the
prediction interval with prescribed conditional coverage probability and with
small length. In the special case, when there is no feature vector, the problem is
the estimate of a confidence interval. For confidence interval estimate, we show
the distribution-free strong consistency of the conditional coverage probability
and of excess length of the interval, while the conditional coverage probability
of prediction interval has the distribution-free strong consistency property and
under weak conditions on the underlying distributions strong consistency and
the fast rate of convergence of the excess length are shown. As a consequence,
we construct a confidence set estimate for classification.

1. Introduction

Consider a training data set
(11) Dn={(thl)a--'a(Xn’Yn)}’

and a test point (X1, Yn+1), with the training and test data all drawn i.i.d. from
the same distribution. Here each X; € R? is a feature vector, while ¥; € R is a
response variable. The problem of predictive inference is the following: if we observe
the n training data points D, and are given the feature vector X,.; for a new
test data point, we would like construct a prediction interval Cp(z) = C,(Dp, )
for Y41 such that we believe C),(Xp+1) is likely to contain the test point’s true
response value Y, 1.
We are interested in the conditional coverage probability

(1.2) P{Yy11 € Cn(Xn41) | Dy Xnt1 = 7}

and in the length of the interval C,(x). Most of the related literature study the
(unconditional) coverage probability

P{Yni1 € Cn(Xn+l)}=
while Vovk [16] considers the conditional coverage probability

P{Y,11 € Cn(Xpn+1) | Dn}
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and Barber et al. [1] investigate the conditional coverage probability
IP{Yn+1 € Cn(Xn+1) I Xnt1= $}

If there is no feature vector X;, then the problem is reduced to the estimation of
confidence interval.
In this paper we consider three set estimation problems:

o confidence interval of given conditional coverage probability and of small length,

e prediction interval of given conditional coverage probability (1.2) and of small
length,

e confidence set for classification with given conditional coverage probability
(1.2) and with small size.

Such estimates can be derived from the estimates of quantiles or conditional
quantiles. For example, concerning the confidence interval one may search for the
shortest interval with prescribed empirical distribution. In the sequel we modify
this principle such that choose the shortest interval with a bit smaller empirical
distribution. It turns out that these interval estimation problems are easier than the
corresponding point estimation, which means that the rate of convergence of the
length of the interval is super-polynomial.

Lei et al. [12], Papadopoulos et al. [14], Romano, Patterson and Candés [15],
Vovk [16], studied estimates of prediction intervals. These authors discuss and in-
vestigate various concepts on the basis of independent and identically distributed
or exchangeable samples. Concerning an overview on the validity and on efficiency,
especially a negative result for the non-asymptotic situation see Vovk [16] and Bar-
ber et al. [1]. Lei and Wasserman [11] and Lei, Robins and Wasserman [13] contain
results on batch mode prediction, while Vovk [16] and Lei et al. [12] are on online
(or sequential) prediction.

Usually, the authors use a prediction set around a point prediction of Y, espe-
cially intervals are considered, which are symmetric around a regression function
estimate, showing the consistency of the coverage probability, also refining the pro-
cedures under computational aspects (see Papadopoulos et al. [14]). Here we show
the consistency of the conditional coverage probability and investigate the rate of
convergence for the excess of the estimated prediction (confidence) interval length
with respect to the minimal prediction (confidence) interval length.

2. Estimate the confidence interval

In this setup there is no feature vector. For the random variable Y, introduce the
distribution function
F(y) =P{Y <y}.

If 0 < p < 1, then the set of possible quantiles is an interval ) such that

[Qp,lcrw: Qp,up) CQE [Qp.lmep,up]:
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where

Qpup = inl (p) = sup Y
yeR:F(y)<p

is the upper quantile, and

(el -—  1in
Gplow low (p ) yeR:F(y)>p

denotes the lower quantile. In general, the quantile is not unique. The quantile is
unique, if
dplow = Gpup-

Concerning a confidence interval

C = [fio fril,
we need that for the coverage probability
P{YeC}>1—-aq,
where 0 < a < 1 is fixed, and the size of the interval

A= fri— fio

is as small as possible.
If the lower and upper quantiles are known, then the optimal confidence interval
can be constructed as follows: Put

D(p) = Fl(p+1—a) — Fyl(p),

(0<p<a)and
p* := argmin D(p).

0<p<a
Then
A= min Dip) = D(p"),
fio = Fu_pl (%)
and

fii = Fu(@® +1-a).

For the sake of simplicity, throughout the paper we assume that the arg min exists.
In the general case, p* can be defined such that D(p*) < infocpea D(p) + 1/n?,
where n is the sample size.

If the lower and upper quantiles are unknown, then assume, that we observed
data {Y1,...,Y,} consisting of independent and identically distributed copies of Y.
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Let .
1
== ly<y,
i
fe=]

be the empirical distribution function, where I denotes the indicator function, while

/3 = i : 0<p<l1
meal?) = e 4 0<P
and
Fly= sip oy, O<pzel

YER: Fn(y)<p

are the corresponding quantile function estimates. From these estimates one may
derive the plug-in estimate of the optimal confidence interval. Put

Dy(p) := F 1, (p+1—a—Inn/vn) - Fibo(p+1nn/vn)

(0 <p<a)and
Pn = arg min Dy, (p).

0<p<a
Then
Ap = Dy (pn),
Fajo = Frpup(n + Inn/+/n)
and

fﬂfu = ntow(pn-i— L= —lnn/\/ﬁ)

The main point here is that we underestimate the optimal confidence interval re-
sulting in distribution-free consistency.

Lei, Robins and Wasserman [13] studied the extension of our problem, when
Y is d' dimensional and the aim was to approximate the confidence set of minimal
Lebesque measure. They assumed a smooth density of Y, and from the kernel density
estimate they derived a confidence set estimate. For Lipschitz continuous density and
for the expected Lebesgue measure of the symmetric difference of the optimal and

estimated confidence set they got a rate of convergence O (111 n/nY/ (d’+2)), which is

O (Inn/ nt/ 3), for d’ = 1. Here we do not assume a density and construct a confidence
interval instead of a confidence set such that the tail of the excess of the estimated
confidence interval length with respect to the minimal confidence interval has the
rate of convergence O (1/n?!n"),

Put

Co= [fn,loy fn,hi]'

The following theorem is on the tail distribution of the conditional coverage proba-
bility P{Y,+1 € Cy | Y1,..., Y} and of the excess length (A, — A*)™:
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Theorem 2.1. For any distribution of Y and € > 0,

P{|P{Yn+1 € Cn ‘ Y'].:"':Kl} o (1 e Ot)| 2 E}

(2.1) <8(n+1)e ™ B L Ty e
and
(2.2) P{A, — A* >0} < 2/n?™"",

The proof of this theorem is in the last section. (2.1) implies that

(2.3) lim P{¥, € C | Yy, Yol =l-0o
n—00
a.s. and
@4)  E{P{Yar €Cal V..., Ya} = (1 - )} = O (lnn/vh).

Furthermore, because of
o0 o0
) P{An—AT >0} <) 2/n" < oo,
n=1 n=1
the Borel-Cantelli lemma implies the strong distribution-free consistency of the ex-
cess length:
lim [A, — A*]T =0
n—od
a.s.
3. Conformal prediction
Introduce the conditional distribution function
Fly|z)=P{Y <y| X =z}

and the corresponding lower and upper conditional quantile functions are defined
by

tplow(®) = Fopp, (0) = B v
and
Gpup(@) = Fup(p) = sup
yER:F(ylz)<p
respectively.

The conformal prediction is an interval

Clz) = [fis(2), fuil2)]:



178

Concerning a prediction interval C(z), we need that for the conditional coverage
probability (called also conditional validity in [11] and in [16])

(3.1) PYeCX)|X=z}21-a,
where 0 < « < 1 is fixed, and the length of the interval

A(z) == fri(z) = fio(z)

is as small as possible (efficiency, compare [11] and [16]).

An extension of our problem can be found in Lei et al. [12] (with a generalization
to multi-dimensional ¥ in Lei and Wasserman [11]) such that C(z) is an arbitrary
(measurable) set, and under (3.1) the aim is to minimize A(C(z)), where A stands
for the Lebesgue measure. From a kernel density estimate they derived a consistent
estimate of the optimal prediction set, and for Lipschitz continuous conditional
density showed the rate of convergence of order O (Inn/n'/(@+%). Our setup is much
simpler such that there is no need to assume the existence of the density of (X,Y).
Here, we do not assume a density of (X,Y’). Interestingly, under mild conditions,
especially Lipschitz continuity of the function F(y | -), we get a super-polynomial
rate O (1 /n? l““) in the case of prediction interval, instead of a prediction set.

If the conditional distribution function and the conditional quantile functions are
known, then the optimal prediction interval can be constructed. Put

D(p) = Fy o (p+1-0) — Fr (0),

(0 <p<a)and

*

p* :=p*(z) := argmin D(p).

0<p<a
Then
A'(z) = min D(p) = D(p"),
Fio(@) = Fyup(p*)
and

fil@) = Frpo, (0" + 1~ a).

If the conditional distribution function and the conditional quantile function are
unknown, then assume, that we observed data (1.1). The obvious way is to estimate
the conditional distribution function and the conditional quantile function. Allowing
additional measurement errors, Hansmann and Kohler [10] studied local averaging
regression based, in detail kernel regression based, conditional quantile function
estimates. Here we introduce a k-nearest-neighbor (k-NN) estimate, which is easier
to analyze. For a fixed z € R?, reorder the data (X1,Y),...,(Xn,Y,) according to
increasing values of || X; — z||. The reordered data sequence is denoted by

(X(n,l) (IE}, Y(n,l)(z"))u ety (X(n,n) (.’E), Y(n,n) (1:))




179

X(nk)(2) is the k-th nearest neighbor of . The tie breaking is done by randomiza-

tion. If the distribution of feature vector X is denoted by p, then for the sake of

simplicity, we assume that p has a density, therefore tie happens with probability 0.
The k-NN estimate of the conditional distribution function is defined by

&
il
Fk,n(y |z) = % Z]I}’(n‘i)("f)i'y’
=i

while
Il = m i<t pi<
rikndon(?) YER:F, Tf?yh: 2" i

and

Fﬂ:;,n,up(p) = sup Y, 0< D < 1
yER:Fy. » (y]x)<p

are the corresponding conditional quantile function estimates. From these estimates
one may derive the plug-in estimate of the optimal prediction interval. Put

D ( ) Fm_knlow(p_l_l_ _tkn} xk'nup(p—I_tk,n)
(0 < p < a) with
= nn(1/VE + (k/n)/%,

and

Py =Dy (22) = argmin Dy(p).

0<p<a
Then
A'ﬂ-($) = D (pn):l

fk,n,io{m) F:r_k . up{pﬂ + tk,n)

and

fk nhz(-’f;) :r: Icn low(p“ ko tk:’”)'

This estimate has a simple interpretation. If y; < -+ < y denotes the ordered
samples of Y{,, 1y(z), ..., Y1) (), then

Fkny|$ kzuyl<y

For

Yg(n) = AIE mln[ k n Imu(%/k ol =20 n) yz]
yirifk<a

—&rgmln[yuc (i/k+1—a—2tr )] yi)
Yiit

= arg mm[yl_ﬂ-k{l—a—?tk.n)j ~ls
yiy i<ka
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we have that

fk,n,lo(x) = Yg(n)+ |kt n)

and

Jenni(T) = Yg(n) 4 k(1—a)—kten)-

Put
Ck,n($) = [fk,n,Ia(-T): fk,n,hi(:c)}'

The next theorem is on the strong universal consistency of the conditional cover-
age probability and on the rate of convergence under some smoothness condition. In
order to have non-trivial rate of convergence of the conditional coverage probability,
one has to assume tail and smoothness conditions, otherwise the rate of convergence
can be arbitrarily slow, see Chapter 3 in [9]. For most of the related results, the
feature vector X is assumed to be bounded, which excludes the classical paramet-
ric problem, where the conditional distributions of X given ¥ are multidimensional
Gaussian distributions. Next, we introduce a mild combined tail and smoothness
condition, under which we get fast rate of convergence.

Definition 3.1. For each y, the function F(y | -) satisfies the modified Lipschitz
condition, if there is a constant C* such that for any y € R and z,z € R?

(3.2) |F(y | z) - F(y | 2)] < C* (S azy)

where Sy, denotes the sphere centered at = and having the radius r (cf. [3], [8]).

If the density f of u is continuous, then the right hand side of (3.2) is approx-
imately equal to C*f(z)/?||z — z||. For d = 1, the standard exponential distribu-
tion is an example, where the right hand side of (3.2) is approximately equal to
C*e™* max{z — z, z—z}. Interestingly, one can show densities for modified Lipschitz
condition, where E{||X||} = oo, for example, f is the Cauchy density.

Theorem 3.1. Assume that p has a density. If k = ky, such that k,/(Inn)? — oo
and (Inn)%,/n — 0, then for any distribution of (X,Y),

(3"3) nli_)nc}oIP{YnH € Ckn,n(Xn+1) i DnaXn+I =% 33} =l-a

a.s. for p-almost-all z. If, in addition, for each y, the function F(y | -) satisfies the
modified Lipschitz condition, then for any fized z,

E{lP{Yn_;_l = Ckmn(Xn-i-l) i Dn:Xn+I e I} g (1 iz Ot)f}
(3.4) = (mn/\/@ +0 (m n(kn/n)l/d) .
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For the choice
(3.5) kn = |const - n¥(@2) |

the rate (3.4) is of order

Inn

Under mild condition, the following theorem states strong consistency and the
rate of convergence of the excess length [A,(z) — A*(z)]™:

Theorem 3.2. Assume that y has a density and k,/(Inn)? = oo and (Inn)%k,/n —
0.

(i) If either the conditional quantiles at p* and at p* +1 — « are unique,
or the function F(y | -) satisfies the modified Lipschitz condition, then

(3.7) lim [An(z) — A=)t =0

n—oQ

a.s. for p-almost-all .
(1i) Under the modified Lipschitz condition we have that

(3.8) P{An(z) — A*(z) > 0} < 2072127 4 9= 3n/Mlnnzoce

We get that Ijpp>oc- = 1, if n is large enough. Thus, the choice (3.5) and (3.8)
imply the super-polynomial rate of convergence:

P{An(z) - A*(;T;) > O} < Qn—Zlnn =i 26—3kn/14 = 0(1/n2 lnn).

It is an open problem whether (3.7) is satisfied without assuming anything on the
conditional distribution function, or whether there is an estimate of the optimal
prediction interval with distribution-free consistency of the excess length of the
prediction interval.

4. Estimate the confidence set for classification

The previous results have some consequences in classification. For the classification,
the label Y takes values in the finite set {1,...,K} and the Bayes decision g*
minimizes the error probability:

g*(z) = arg max Pj(z),
J

where
Pl =PY =j| X =gl 4=1 K,
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A possibility for improving the confidence of the classification is the Bayes decision
with rejection option, which means that for small values of max; P;(x) one does not
make any decision, see Problem 2.5 in [7].

Another possibility is, that instead of deciding on a single label, we give a list of
labels. Such list is called confidence set for classification. The problem is to construct
a confidence set Cy,(z) = C,,(Dy, x) such that for the conditional coverage probability

PlYeCX)| X=2}21-q,

where 0 < a < 1 is fixed, and the cardinality |C(z)| of the set C(z) is as small as
possible. (Cf. [4] and [5].)

If the a posteriori probabilities Pj(x), j = 1,..., K are known, then the optimal
confidence set can be constructed. Let P (;)(z) > --- > P (4)(z) be the ordered
values of Pi(z),..., Pg(z). Define L*(z) by the inequalities

L*(z) L*(z)-1

Z Ptj(:x:)(x) = Lg = Z sz{a:)('r}
i=1 j=1
Then, the optimal confidence set is

C*(z) = {ir(2), - . yip+(@) ()}

If the a posteriori probabilities Pj(x) are unknown, then an approximation of P; is
denoted by F;, j =1,..., K, from which the corresponding plug-in confidence set is
as follows: Let F; y(z) > -+ 2 F;_ () be the ordered values of Py(z), ..., Px(z).

Define L(z) by the inequalities
L(z) E(z)-1
Z — i Z - m){m
: j 1
with a £ > 0. Then, the plug-in confidence set is

C(@) = {1(@);- ., i @)}-

In this way we underestimate the optimal confidence set.
Choose an integer k less than n, then the k-nearest-neighbor estimate of P; is

(41} :-T k Z]I{Y(n 1) "‘J]’

As before, from these estimates we derive the plug-in confidence set Cy,(z) such that
Cp and P, ; correspond to C and Pj, respectively. Furthermore,

=ty = Inn(1/VE + (k/n)9).
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Theorem 4.1. Assume that u has a density. If k = k, such that k,/(Inn)* = co
and (Inn)%, /n — 0, then for any distribution of (X,Y),

(4'2) lhginf]p{yn+l € C'n(X:nz+1) ‘ Dan-!-l T I} 2 l—a

a.s. for p-almost-all z. If, in addition, the modified Lipschitz condition is satisfied,
then for any fized x,

E{((1- ) = P{Yn41 € Co(Xnt1) | D, Xnp1 = 2}) "}
(4.3) =0 (1nn/vkn) + O (Inn(kn/m)"/%).

Theorem 4.2. Assume that i has a density and ky, /(Inn)? = oo and (Inn)%k,/n —
0. Under the modified Lipschitz condition we have that

(4.4) P{|Cn(z)| — |C*(z)] > 0} < 272187 4 2~ 3kn/Mhanzo0r

5. Proofs
Proof Theorem 2.1. We have that

Bl e Culith s Ynt= Pllom) — Flifs):

and

[ (fapi) = F(fago)] — (1 = @)

< |(F(fa) = F(faso)) — (1 — & — 2Inn/ V)| + 2lnn/va
= |[F(fani) = F(fago)] — [Falfani) = Falfrio)l] +2Inn/vn
< 2sup |F(y) = Fu(y)| + 2Inn/v/n.

Thus, Theorem 12.4 in Devroye, Gyorfi and Lugosi [7] implies that

B{[E(fo i) — Bl o)) = (L='0)| 2 e}
< P{z Sl;p |F(y) 7 Fn(yn 2 5/2} + Hann/ﬁZE/Q
<8(n+ 1)6_”52/128 + L, n/vnze/4:
Furthermore,
A, — A* = Dy(pn) - D(p*)
< Dy(p*) — D(p*)
< (Fg'(p") = Fplbp@" + Inn/v/m))
(5.1) + (Bl +1—a—Inn/vn) - Flp* +1-a))".
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One has

P{F,, (p*) — F;.,(p* + Inn/vn) > 0}
< P{Fu(F}(p*)) = p* + Inn/y/n}
= P{F.(F,, (")) - F(F' (p*)) > Inn/v/n}.

The Hoeffding inequality implies that
P{F,jpl(p T up( -i-lnn/\/_ = O} < =20 (lnn/vm)? _ 1/n 2lnn.
Similarly, we get that

P{F, (0" +1—a—Inn/v/n) — F L(p* +1—a) > 0} < 1/n212",

n Iow

Proof of Theorem 3.1. One has that

IF’{Yn+l € Ck- n(XnJrl) | Dna Xn-1-1 = -T} F(fknhz(w) | -'L') fkn!o( ) | 1‘)

Devroye [6] proved that k,,/Inn — oo and k,/n — 0 imply that

(5.2) |F(y | 2) = Frpn(y | ©)] = 0
a.s. for all y and for p-almost all z, from which we get

(5.3) sup |F(y | 2) - Fronly | 2)| =0

a.s. for p-almost all =, where we used the argument of the standard proof of Glivenko-
Cantelli theorem showing that the pointwise convergence of empirical distribution
functions implies the uniform convergence. We have that

|[F(frnni(®) | 2) = F(fengolz) | )] — (1 - )|
I[F fknhz (@) =)= (fknlo(l') | z) }_(l_a_th,n)!+2tk,n
“F fknhz (z) | z) - (fkn.!o )!m)]
= [Fen(fenni(@) | 2) = Frn(finio(@) | 2)]| + 250
(5.4) = 254D |F(y | 2) — Finly | 2)| + 2tin-
Under the conditions of the theorem

tepn — 0.

Therefore (5.3) and (5.4) imply (3.3). Because of (5.4), (3.4) is proved if

53 E{swlFly|o)- Bl o)1} =0 (1k/VE) +0 (/) ").
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Put 4
Fk,n(y|$):}E{Fk,n(y|x)|X11-- 3 %:Z lent LE)

Concerning (5.5), we show that

(59 B {sup ity | )~ Fraly | )1} = O (1 VF)

and

(57 E {sup Fialy | ) - Fly | 2]} =0 (km)).

Proof of (5.6): We have
E {m;p Fialy | 2) = Fenty |91}
_E {E {sgp Fionly | 2) = Fenly | 2)] | Xx}}
=E{j01n»{s3p|n,n<y )= Fealy | 9] 25| X, Xo ).

Conditioning with respect to Xi,..., X, we note that Fj,(y | ) is an arithmetic
mean of independent {0,1} valued random variables. Although these random vari-
ables are not identically distributed, we can extend the proof of Theorem 12.4 in
Devroye, Gyorfi and Lugosi 7], which is a sharpened version of the Glivenko-Cantelli
theorem. Thus, we obtain that

P{sup e B e ,Xn} < 9k + 1),
y

0 < s < 1, which implies
5 1 ;
E{“NﬂmWUﬂ—ﬂﬂyHN}sfxmﬂLmk+nf“ﬁ%¢
v 0

1
gs+mk+nf es*/324

22
VE Jre2/32

cey 6_4‘egk52/32’
=

<eatEL e e~ 2dt
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which yields (5.6) by the choice £ = Ink/V/k.
Proof of (5.7): The modified Lipschitz condition (3.2) implies that for each y,

|Finy | @) = Fly | 2)] < IF(y | Xn)(2) — Fly | )|

| =
Hng

C* /d

ol B
e

IA

1
#(Sz, lo— X @)

=il

< C*u(Sw,ur—X(n,k)(:c)n)l/ e

For iid. uniformly distributed Uy,...,Up, let Ugqpys...,Up,y) denote the corre-
sponding order statistic. If p has a density, then from Section 1.2 in Biau and
Devroye [2] we have that

D
(5.8) Sz jlz— X iy @) = Uttem)-

Thus, for any fixed y and s > 0 with (s/C*)¢ > k/n, the Bernstein inequality implies
that

P{supmk,n(y ) =Py ol }
y
<PLO U o

= P{U(k,n) o (S/C*)‘i}
= {% > (HUfS(s/C*)d = (S/C*)d) < —[(s/c*yd - k/n]}
=1

i nf(s/C*)%—k/n]?
< e 2e/CHI+2((s/CT)T-Kk/nI]3 |

Therefore
B {suplFuny |2) - Fl 2l
y

- | ln»{sx;mﬁk,n(y ERCEENT

00 ____ nl(s/c*)%—k/n)?
< 20*(k/n)1/d+/ e 20s/C*)H+2(s/C*)T-k/nl/3 g
2C* (k/n)1/d

< EC*(k/n)l/d 4k /00 g=3n(s/C*)*/32 4
20 (k/n)1/4
< 2C*(k/n) % + O((1/n) /)

= O((k/n)"/),




187

and so we get (5.7). O
Proof of Theorem 3.2. Notice that
An(z) - A*(z)
Dn(pn) — D(p")
< Du(p*) — D(p7)
( :Bupp) Fw_knup(P +tkn))
(5.9 L B et B T 1= Q)

Proof of (ii): We have that

P{Fob(0") = Frh npl® + thn) 2 0
S P{Fin(Fryp@®) | 2) 2 p* +tkn}

= P{ Fun(Fotp(0) | 2) = F(Fyby(s") | 2) 2 Inn(L/VE + (k/n)"%) |
< P{ Fun(Frip(0") | 2) = Fia H,,(p )|2) 2 Inn/Vk}

+ P{ Fn(Frdy (07) | ) = F(Es (") | 2) > nn(k/n)! /).

As in the previous proofs, the Hoeffding inequality and the Bernstein inequality
imply that

BB 0") )= Bl s 0°) [ 0) 2 IR < o ln/ R
—2Inn

= %

and for Inn > 2C*,

]P{Fk n(F:c—ujﬂ@*) j 4}~ a:'u,p( ) = lnn(k/n)l/d}
<P {C*U(lk/,i) > lnn(]g/n)l/'d}

< P{Ugn) > 2k/n}

i P{%Z (]{U«;SQk/'n 2 IE{]IUiSZk/n}) < _k/ﬂ}

i=1
n n 2
< ¢ TR
= o~ 3k/14
Thus,
i {F* (p*) - F-L

SNLP x,k,nup

(p" +tkn) 2 0} SR e e o
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The proof of
P {F‘

:t:knlow(

*+1—a—tk,n) F_

&, low\P

(¢ +1-0)20}
< n—2 Inn + e—3k/14][]n n>20*

is similar.

Proof of (i): Because of (5.9) we have to prove that

and
(P

,k,n,low

(p*+1_a_tk,ﬂ) F:t:_low(p*+1_a))+_>0

a.s. for p-almost-all z.
If the conditional quantiles at p* and at p* + 1 — @ are unique, then Theorem 1 in
Hansmann and Kohler [10] and (5.2) imply

(FI_‘[].;]D( ) F;)’;—knup(p*-l_tkn) ( $up xknup(p ))
\ mp(p g @)

and

(Fménlow(p*+l_a_tkﬂ) xlom(p pro ))
- 2 +
(kanlmn(p*-'—l_ ) F:rlow(p +1_a))
| :nknlmup 57 ) Fx_low(p +1—Ol)|
=0
a.s. for p-almost-all z.
If the function F(y | -) satisfies the modified Lipschitz condition, and Ijy p>20+ = 1
for n large enough, then (3.8) implies that
P{A.(z) — A*(z) > 0} < 2n~21n7 | 9¢—3ka/14

and so the condition k,/Inn — oo together with the Borel-Cantelli lemma implies
the strong consistency (3.7). O
Proof of Theorem 4.1. For the plug-in confidence set, we can bound the condi-
tional coverage probability and the excess size as follows.

PY €OX) | X=2}= ¥ Pilo)

j€0(a)
K
> Y, Bilo)-) IR~ Bie)
jeC(x) =1
K
(5.10) Hlea—i- 3 Bzl R
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Furthermore,

lo@i-iex@i>0 = l@sLr@)
= I[E(x}—lzL‘ (z)
ST S AL YNe
Sl Byl oy @)-TK, 1B @B @)
o p1-a-5TK, IP(2)-Bi(2)]
(5.11) =Ly ®  1B@-B@)
(5.10) implies that

P{Ys+1 € Cn(Xn41) | Dn, Xn+1 = 2}
K
(5.12) >1-a—tyn— ) |Piz) - Poj(@)l-
§=1

Under the conditions of the theorem ¢y, ,, — 0. Devroye (6] proved that k,/Inn — oo
and ky/n — 0 imply that

(5.13) IPy(2) - Pag(@)] =0

a.s. for all j and for p-almost all z, from which we get the first half of the theorem.
Because of (5.12), (4.3) is proved if

(5.14) E{|P;(z) - Pp;(z)]} = O (1n k/\/E) +0 ((k/n)lfd) :

This last step can be verified in the same way as in the proof of Theorem 3.1. 0
Proof of Theorem 4.2. (5.11) implies that

K
P{|Cn(2)| = [C*(2)| > 0} S P thyn < Y [Ps() = Pay(2)]

i=1
—2In —3kn /141 *
< g 20y 9o mkn 18y naos

where the last step can be made as in the proof of Theorem 3.2. |
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