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Abstract

Letn > 1,and let 1,: F,(M) — 1} M be the natural inclusion of the n'" configuration
space of M in the n-fold Cartesian product of M with itself. In this paper, we study the map
tn, the homotopy fibre I, of 1, and its homotopy groups, and the induced homomorphisms
(tn)gx on the k™ homotopy groups of F,(M) and [T} M for all k > 1, where M is the
2-sphere S? or the real projective plane RP?. It is well known that the group i (1) is
the homotopy group 11 (ITf M, E,(M)) for all k > 0. If k > 2, we show that the
homomorphism (1, )u is injective and diagonal, with the exception of the case n = k = 2
and M = S?, where it is anti-diagonal. We then show that I, has the homotopy type of
K(Ry-1,1) x Q(ITF ' S?), where R,y is the (n — 1) Artin pure braid group if M = S?,
and is the fundamental group G, 1 of the (n — 1) orbit configuration space of the open
cylinder S? \ {Zo, —Zo} with respect to the action of the antipodal map of S* if M = RP?,
where Zy € S%. This enables us to describe the long exact sequence in homotopy of the
homotopy fibration I, — F,(M) — [T} M in geometric terms, and notably the image
of the boundary homomorphism 7131 ([Tf M) — 7tx(I,). From this, if M = S?* and
n > 3 (resp. M = RP? and n > 2), we show that Ker (1, )#1) is isomorphic to the quotient
of R,,—1 by the square of its centre, as well as to an iterated semi-direct product of free groups
with the subgroup of order 2 generated by the centre of P,(M) that is reminiscent of the
combing operation for the Artin pure braid groups, as well as decompositions obtained
in [GG5].
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1 Introduction

Let M be a connected surface, perhaps with boundary, and either compact, or with
a finite number of points removed from the interior of the surface, and let [[f M =
M x - -- x M denote the n-fold Cartesian product of M with itself. The n'"* configuration
space of M is defined by:

n
Fn(M): {(XL-..,Xn) EHM xi#xjforalllgi,jgn,i;éj},
1

It is well known that the fundamental group 71 (F,(M)) of F,(M) is isomorphic to the
pure braid group P, (M) of M on n strings [FaN, FoN], and if M is the 2-disc then P,,(M) is
the Artin pure braid group P,. Lett,: F,(M) — []{ M denote the inclusion map, and
fork > 0, let (tn)u: 7x(Fa(M)) — 11 (IT{ M) be the induced homomorphism of the
corresponding homotopy groups. If no confusion is possible, we shall often just write
¢ in place of 1,, and 14 or (1,)# if k = 1. The homomorphism i4: P,(M) — m; (H’f M)
was studied by Birman in 1969 [Bi], and if M is a compact surface without boundary
different from the 2-sphere S? and the real projective plane RP?, Goldberg showed that
Ker (14) is equal to the normal closure in P,(M) of the image of the homomorphism
j#: Py — Py(M) induced by the inclusion j: D*> — M of a topological disc D? in
M [Go]. In [GG5], we extended this result to S? and RP?, and in the case of RP?, we
proved that 14 coincides with Abelianisation, so that Ker (14) is equal to the commutator
subgroup I'»(P,(RP?)) of P,(RP?).

The aim of this paper is to study further the maps 1, and the induced homomorph-
isms (1,)4 in more detail in the cases where M = S? or RP?, and to determine the
homotopy type of the homotopy fibre of ;. Following [A, pages 91 and 108], recall that
if f: (X, x0) — (Y, o) is a map of (pointed) topological spaces and I denotes the unit
interval then the mapping path of f, defined by:

Ef— {(x,/\) GXXYI‘f(x) :/\(0)} (1)

has the same homotopy type as X, the map rf: Ef — X given by r¢(x,A) = x being
a homotopy equivalence, and the map ps: Ef — Y defined by ps(x,A) = A(1) is a
fibration whose fibre is the homotopy fibre I of f defined by:

Iy = { (x,A) € X x Y! ‘ F(x) = A(0) and A(1) = yo} . )

We will refer to the sequence of maps [y — X L ¥ as the homotopy fibration of f,
where the map Iy — X is the composition of the inclusion Iy — Ef by r;. More
details may be found in [A, Ha, W]. In what follows, we denote the homotopy fibre
of 1, by I,,. We shall determine the homotopy type of I, in the cases where M is either
S? or RP?. This leads to a better understanding of the long exact sequence in homo-
topy of the fibration p,,, as well as an alternative interpretation of P,(M) in terms of
exact sequences. Additional motivation for our study comes from the following two
facts:

(a) up to a shift in index, the homotopy groups of I, coincide with those of the pair
(ITf M, F,(M)). More precisely, by [A, Definition 4.5.3] and the paragraph that pre-
cedes it, mp_1(I,) = m((I'T{ M, E,(M))) for all k > 0. If one uses the classical defin-
ition of the relative homotopy groups of a pair, the two definitions may be seen to be
equivalent using the paragraph that follows [A, Definition 4.5.3].
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(b) the higher homotopy groups of F,(M) are known to be isomorphic to those of S?
or S (see Theorem 5), and so such exact sequences bring in to play these homotopy
groups.

In the rest of the introduction, let M be S? or RP2. The paper is organised as follows.
In Section 2, we show in Lemma 7 that for all n,k > 2, the homomorphism (i) is
injective, and in Propositions 9 and 10, we prove that this homomorphism is diagonal,
with the exception of the case M = S? and n = k = 2, where it is anti-diagonal.
The aim of Section 3 is to prove Theorem 1 stated below that describes the homotopy
type of I,. In Section 3.1, we define the framework and much of the notation that
will be used in the rest of the paper. In the case of RP?, this description makes use of
certain generalisations of configuration spaces, which we now define. Let Zy € S?, let
C = $?\ {Zo, —2o} denote the open cylinder, and let T: S* — S? denote the antipodal
map defined by 7(x) = —x for all x € S? as well as its restriction to C. If n > 1, the n'"
orbit configuration space of C with respect to the group (t), which is a subspace of F,(C),
is defined by:

Fn<T>(C) = {(X1,~--,xn) e[[M|xi¢{xjt(xj)} foralll <i,j<n,i ;Aj},
1

Orbit configuration spaces were defined and studied in [CX], but some examples already
appeared in [Fa, FVB]. Let G, = m (Fn<T> (C)) denote the fundamental group of an (C).

It is known that Fn<T> (C) is a space of type K(Gy, 1) [C]. We first determine the homo-
topy type of the homotopy fibre I,,.

THEOREM 1. Let n > 2 and let M = S? or RP?. Then the homotopy fibre I, of the map
tn: Fu(M) — TT{ M has the homotopy type of:

(a) F,_1(D?) x Q(TT} ! S?) if M = S?, or equivalently of K(P,—1,1) x Q(TT! 1 S?), where
Q(TT! ! S?) denotes the loop space of TT} ' S
(b) F<T>1(C) x Q(TT¢ 1 S?) if M = RP?, or equivalently of K(G,—1,1) x Q(TTH ' S?).

n—

Theorem 1 will be proved in Section 3.2. The basic idea of the proof is to ‘re-
place’” 1, by a map that is null homotopic and whose homotopy fibre has the same
homotopy type as that of 1,. The fact that this map is null homotopic implies that its
homotopy fibre has the homotopy type of the homotopy fibre I. of a constant map
(see Remarks 14(b)), I. being the product space that appears in the statement of The-
orem 1. Another important tool is the relation between the homotopy fibres of fibre
spaces and certain subspaces (see the Appendix, and Lemma 28 in particular). Tak-
ing the long exact sequence in homotopy of the homotopy fibration of 1, and using
the results of Section 2, we obtain the following exact sequences, where for k > 1,
Onk: ([T M) — mx_1(In) denotes the boundary homomorphism on the level of 7t
associated to the homotopy fibration:

n
I, — Fo(M) =5 ] M. (3)
1
LetR,_ 1 =P, 1if M =S? and R,,_1 = G,_1 if M = RP2.

COROLLARY 2. Let n > 2, and let M = S? or RP2.



(a) Suppose that k > 3 (resp. M = S? and n = k = 2). Then we have the following split short
exact sequence of Abelian groups:

n
1 m(Fa(M)) 2% 1 (TT M) 25 () — 1, @
1

where the homomorphism (i, )u is diagonal (resp. anti-diagonal), and ty_1(I,) is isomorphic
to 1 (Q(IT} 1 S2)). Up to isomorphism, the short exact sequence (4) may also be written
as:

1— m(M) — ﬁ (M) — ﬁ (M) — 1.
1 1

(b) Suppose that k = 2, and that n > 3 if M = S?. Then we have the following exact sequence:

n oy n L
1— (T M) 25 m(L) — Pa(M) % m (T M) — 1, 5)
1 1
where 711 (1) is isomorphic to R, X 74 (Q(H’f‘l S?)). Up to isomorphism, the exact se-

quence (5) may also be written as:
1—2Z"— P 1 ®Z" ! —Py(S?) —1 ifM=S5°

17" — Gy x 2" — Py(RP?) " 7n 1 i M = RP2.

In the case M = S?, the short exact sequence does not split.

We can make more explicit the kernel and the image of the homomorphisms that ap-
pear in the exact sequences of Corollary 2. In order to understand better the homotopy
tibration (3) and these exact sequences, we need to study the boundary homomorphism
Oy, k, the case k = 2 being the most complicated due to the appearance of G,,_1 in 711 (1)

if M = RP?, and to make use of the structure of an (C) and G,. With this in mind,
in Section 3.3, we derive a presentation of G, (see Proposition 19), as well as the fact
that the centre of G, is infinite cyclic (this result may be found in [BS, Satz 7.2] or [CP,
Proposition 6.2]), generated by an element ®,, that is somewhat similar in nature to the
full-twist braid of P,,(M) (see Proposition 20).

If M = S? (resp. RP?), let nyg = 3 (resp. ny = 2). From now on, we denote the
boundary homomorphism d,,» by 9. By (5), the image of 9, is a free Abelian group of
rank n. The aim of Section 4 is to describe this image more precisely, and to visualise it
more clearly in terms of the direct product R,,_1 x 7t (Q([T{ ' S?)), which is the fun-
damental group of I, via an explicit isomorphism between 711 (I,;) and 771 (I.). The main
difficulty that we face is to determine explicit homotopy equivalences between I, and
I.. In Section 4.1, we introduce geometric representatives of generators of 711 (Q(M)),
that we use to describe certain elements of 711 (I,,) in Lemma 22, and also to fix a basis

B = (/\yo,/\fl, . ,)\gn_s,/\go,)\_go> (resp. B = ()on,)\xl,. . .,)aniz,)\z())) of 7'[2(1_[? M)
in equation (46) (see Section 4.2). Here, Xo, X1, . .., X,_2, 2 are certain basepoints of S?
that are defined in Section 3.1, and xg, x1, ..., x,_2,2¢ are their projections in RP? un-
der the universal covering map from S? to RP2. In Lemma 24(a) and (b), we construct
explicit homotopy equivalences between the intermediate homotopy fibres defined in
Section 3.1 whose composition yields a homotopy equivalence between I. and I,,. Here
we also require Corollary 30 that is proved in the Appendix. This enables us to prove
in Lemma 24(d) that the images by 0,, of the first n — 1 elements of B may be identified
via the induced isomorphism between 771 (I.) and 771 (I,) with the corresponding factor
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of 11 (Q(ITY ! $?)), and allows us to describe clearly these images viewed as elements
of | (IC)

The elucidation of the image by 9, of the remaining element 7\_50 (resp. Az,) of B
if M = S? (resp. if M = RP?) is much more complicated. The computation has been
carried out in [GG7, Sections 5.3 and 5.4], but is rather long. In Section 4.2, we describe
the image of d,, by bringing into play an element T, of 7r1(I,) in Proposition 25 (this
element was also present in [GG7], but it is put to use here more directly). This has
several advantages. First, under the given isomorphism between 711 (I;) and 711 (I,,),
the description of the image of d, viewed as a subgroup of 711 (I;) becomes simpler
compared to that obtained by studying d(B). Secondly, T,, corresponds to a generator
of the centre of R,_1, namely the full-twist braid of P,,_; if M = S?, and to @;}1 if
M = RP2. Thirdly, under the projection of 7r;(M) to P,(M), T, is sent to the full-twist
braid of P,(M) that plays an important role in the structure of this group. The main
result of Section 4 is the following theorem.

THEOREM 3.

Im (30) = {<8M°)"”’a”“fns>ran<Azo>/r:3> M52

(0n(Axy), -, 0n(Ax, ), T2) if M = RP?,

We underline the fact that the basis of Im (9,,) given by Theorem 3 is coherent with
the decomposition R,,_1 x 711 (Q(TT/ " S?)) of 711 (1), in the sense that under the given
isomorphism between 711 (I;) and 711 (I,), the first n — 1 elements correspond to gen-
erators of the factors of 711 (Q(TT/ ' S?)) by Lemma 24(d), and 72 corresponds to a
generator of the centre of R,,_; by Remarks 26(b). Theorem 3 enables us to reprove
several isomorphisms involving P,(S?), and to improve the description of I' (P, (RP?))
given in [GG5] as follows.

PROPOSITION 4. Let M = S? or RP2, and let n > ny.

(a) If M = S? then there are isomorphisms:
Ker ((tn)u) =Pu(S?) = Py1 /(A5 _1) 2Fy_o x (Fy_g X (- x (F3 xFp) -+ )) X Zp. (6)

(b) If M = RP? then there are isomorphisms:
Ker ((tn)#1)=T2(Ps(RP?))XG, 1 /(@%_1) 2F2y_3x(Fap_5x (- - -x(F5xF3) - - - )) x Zp. (7)

In both cases, the Zo-factor of Ker ((1y)1) corresponds to the subgroup (A2) of P, (M).

The result of part (a) is in agreement with [GG5, equation (2)].

Finally, in an Appendix, we prove Proposition 29 that relates the homotopy fibres of
tibre spaces and certain subspaces, and that implies that one of the maps that appears
in between I. and I, is indeed a homotopy equivalence. This result seems to be well
known to the experts in the field, but we were not able to find a proof in the literature.

The paper [GG7] is an extended version of this manuscript. As well as containing
more detailed proofs of Propositions 19 and 20, as mentioned above, the image of the
image by 9, of the element 7\,50 (resp. Az,) of B if M = §? (resp. if M = RP?) is
determined (see Remarks 26(a)), and a few other results that are not relevant to this
paper are given there. With respect to [GG7], the approach taken in Section 4.2 of this
paper allows us to describe the image of d,, in Theorem 3 and to obtain Proposition 4
more directly.



Some of the other results and constructions of this paper have since been generalised
in [GGG]. More precisely, if X is a topological manifold without boundary of dimension
at least three, under certain conditions, the homotopy type of the homotopy fibre of the
inclusion map ,: F,(X) — []{ X was determined, and was used to study the cases
where either the universal covering of X is contractible, or X is an orbit space S¥/G of
a tame, free action of a Lie group G on the k-sphere S¥. A description of the long exact
sequence in homotopy of the homotopy fibration of ¢, similar to that of Corollary 2,
was given in the case X = Sk/G, where the group G is finite and k is odd, and the
boundary homomorphism was described in detail. The authors have also written a
survey that summarises the current situation, and that includes some questions and
open problems about graph and (orbit) configuration spaces [GG6].
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2 Properties of 1, and (1) s

In this section, we determine some properties of ¢, and of (i, )a, where k € N. If X and
Y are topological spaces, and f,g: X — Y are maps between X and Y, we write f ~ ¢
if f and g are homotopic, and we denote the homotopy class of f by [f].

We first state the following description of the homotopy type of the universal cov-
ering of the configuration spaces of S* and RP2.

THEOREM 5 ([BCP, FZ], [GG3, Proposition 10(b)]). Let M = S? or RP?, and let n € N.

Then the universal covering F,(M) of F,,(M) has the homotopy type of S* if M = S? and n < 2
or if M = RP? and n = 1, and has the homotopy type of the 3-sphere S otherwise.

REMARK 6. If M = S? (resp. M = RP?), then by [FVB, Corollary, page 244] (resp. [VB,
Corollary, page 82]), t2(F,(M)) is trivial for all n > 3 (resp. n > 2).

Let M = S or RP?> and let n > 2. Fori € {1,...,n}, let p;: F,(M) — M and
pi: TI# M — M denote the respective projections onto the i'coordinate. If 1 < i <
j<nleta;;: F(M) — B(M)anda;;: [[f M — [T M denote the respective pro-
jections onto the i"and j"'coordinates. Observe that the maps p;, p;, a;; and a;; are
fibrations, and that:

pi=picinand pow;j = &;;oly. (8)



Let1 <i < j < n. Asmaps from F,(M) to M, we have p;o1, = pyow;jand pjoi, =
p2 iz © & j, and using (8), we obtain the following commutative diagram:

a(M)\ (M)
pi

"

M/

I3
v
M i
‘\ﬁl
I1

)
pi ~i P p2
I P M
pj P2
M M

In all of what follows, let T: S? — S? denote the antipodal map defined by T(x) = —x
for all x € S?, and let 77: S*> — RP? denote the universal covering.

LEMMA 7. Let M = S? or RP?, and let n > 2.

(a) Let 1 < i < n. Ifeitherk > 3, ork = n = 2and M = S?, the homomorphism
(pi)wc: 7 (Fu(M)) — (M) is an isomorphism.

(b) Let k > 2. Then the homomorphism (tn)uc: 7 (En(M)) — m(IT] M) is injective.

REMARK 8. Let n and k be as in Lemma 7(a). Theorem 5 implies that 7t (F,(M)) =
(M), and the lemma provides an explicit isomorphism.

Proof of Lemma 7. Letn, k > 2.

(a) Let1 < i < n. Then p;: F,(M) — M is a Fadell-Neuwirth fibration whose fibre,
which is an Eilenberg-Mac Lane space of type K(7,1), may be identified with F,_1(M \
{x;}). The result follows by taking the long exact sequence in homotopy of this fibration
(note that the fibre is contractible if M = S? and n = 2).

(b) Ifk > 3,0ork = n = 2and M = S? then the statement is a consequence of part (a)
and (8). So assume that k = 2 and that n # 2 if M = S?. The result is a consequence of
Remark 6. O

As we shall now see, the homomorphism () : 7T (Fo(M)) — m(I'T] M) is diag-
onal for most values of n and k, with the exception of one case when it is anti-diagonal.

PROPOSITION 9. Let n,k > 2.

(a) If n = k = 2 then the homomorphism (i2)u: 72(F2(S?)) — ma([T2—, S?) is the anti-
diagonal homomorphism that sends a generator of 1o (F2(S?)) to (1, —1) or to (—1,1) depend-
ing on the choice of orientation of S?.

(b) Ifn > 2andk > 3 then (1) 7 (Fo(S?)) — m(TT} S?) is a diagonal homomorphism.

Proof. Letn =k = 2 (resp. n > 2 and k > 3). In part (a) (resp. (b)), we shall show that
(tn)ar: 7 (Fu(S?)) — mp(TT] S?) is an anti-diagonal (resp. diagonal) homomorphism.
To do so, it suffices to prove that (p1)u © (tn)s2 = —(P2)#2 © (tn)#2 (resp. (P;)uk © (tn)ux =
(Pj)#k o (tn)s for all 1 < i < j < n), which is equivalent to showing that (p1)sn =

—(p2)u2 (resp. (pi)ux = (p))uk)-

(a) Suppose that n = k = 2. Thus m(F(S?)) & mp(S?) = Z, and for i = 1,2, p;
is a homotopy equivalence, with homotopy inverse s;: S> — F,(S?), where s1(x) =
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(x, —x) and sp(x) = (—x,x) [GG4, page 859]. Since p1os; = Idg and pyos; = T, we
have (s1)s = ((p1)x2) "L (P2)we ((P1)w) ! = T, and (p2)w = T o (p1)r = —(p1)w
since T is of degree —1. Now 7 (F>(S?)) = m,(S?) = Z, and once we have fixed an
orientation of S? and a generator of 715(F>(S?)), (12)# sends this generator to (1, —1) or
to (—1,1) using (8) and Lemma 7(a).

(b) Let k > 3. To compare the homomorphisms (p;)u: 7% (Fi(S?)) — m1x(S?), where
i €{1,...,n}, we analyse the elements (p;)u([«]) of 713 (S?) for maps a: S¥ — F,(S?).
We split the proof into two cases.

(i) First suppose that n = 2. Let = pj o «, and let s; be as in the proof of (a). Then
s10B = syopioa =~ a. Since B is a map from SF to S?, it follows from the long exact

sequence in homotopy of the Hopf fibration S! — S3 M, S? that B factors through
the Hopf map H: S® — S?, and so there exists B1: S¥ — S% such that 8 = H o B;.
We thus have the following diagram:

Sk 2 F(S?)

Nl
s? A
that is commutative, with the exception of the paths involving s; that are commutative
up to homotopy. Using the homotopy equivalences of part (a), for i = 1,2, we have:
pioa~ pjosiof=piosjoHoBy~1 1oHop.
But by a result of Hopf (see [A, page 269, Lemma 8.2.5] or [Ho, Satz II and IIb’]),
ToH ~ H,and so pjeca = B =~ ppowa. Thus (p1oa)y = (p2oa)s for all maps
a: S5 — F(S?), hence (p1)s = (p2)#r, from which we conclude that (i)4 is a diag-
onal homomorphism.
(i) Now suppose that n > 3. To prove that (1,)4 is diagonal, it suffices to show that
the homotopy class [p; o «] in 7 (S?) of the map p;oa: S* — S? does not depend on
i, or equivalently that [p;oa] = [p1 o a] in i (S?) forall 2 < j < n. As we saw in the
previous paragraph, (i2)u: 7 (F2(S?)) — ([T, S?) is a diagonal homomorphism,
in particular, (P10 )us = (P2 © 12)#. Using this and taking i = 1 and 2 < j < n in the
commutative diagram (9), for any map «: Sk — F, (Sz), we have:
[proa] = [proncayjon] =[pronomyjoa] = [pjoal,
and thus (p1 ) = (pj)u as required. O

The following proposition is the analogue of Proposition 9 for RP2,

PROPOSITION 10. Let n,k > 2. Then (iy)u: m(Fy(RP?)) — i (TT RP?) is a diagonal
homomorphism.

REMARK 11. Let M = §? (resp. M = RP?). In the cases not covered by Lemma 7(a),
namely k =2 and n > 3 (resp. n > 2), (1n)u2: T2(Fn(M)) — mp(TT} M) is trivially di-
agonal by Remark 6, but the homomorphism (p;)# of Lemma 7(a) is not an isomorph-
ism.

Proof of Proposition 10. Let k,n > 2. We consider four cases.

(a) If k = 2 then 715 (F,(RP?)) = 1by Remark 6, and hence (1, )# is the trivial (diagonal)
homomorphism.



(b) Letn = 2and k = 3. By (8), it suffices to show that (p1)s = (p2)#3. With Theorem 5
in mind, let -y (resp. p) denote a generator of the infinite cyclic group 73 (F3(RP?)) (resp.
m3(RP?)). By Lemma 7(a), (p;)us: 7t3(F3(RP?)) — 713(RP?) is an isomorphism for all
1 <1 < 3, s0 there exists ¢; € {1,—1} such that (p;)#s(7) = €. Hence there exist
1 <i<j<3ande € {1,—1} such that (p;)s3(7) = (pj)us(r) = eo. Consider (9),
where we take n = 3. The map «;; is a Fadell-Neuwirth fibration, whose fibre may
be identified with F;(RP?\ {xi,x]-}), and as in the proof of Lemma 7(a), we see that
(a;j)43: me(F3(RP?)) — mi(F2(RP?)) is an isomorphism, thus 7' = (;;)ss(y) is a
generator of the infinite cyclic group 713(F,(RP?)). Taking the commutative diagram (9)
on the level of 713, we see that:

ep = (pi)us(v) = (prowij)us(y) = (p1)as(v) and

&p = (Pj)#3(’Y) = (p2 O‘Xi,j)#3(')’) = (p2)w(y),
from which it follows that (p1)s3 = (p2)#3 as required.

(c) Suppose thatn = 2 and k > 4. Let h: F,(RP2) — F,(RP?) be the universal cover-

ing map, and with Theorem 5 in mind, let f: S* — F(RP2) and g¢: F(RP?) — §®
be homotopy equivalences. If i € {1,2} then p;oho f: S* — RP? lifts to a map
pi: S* — S?%, and we have the following commutative diagram:

S3 pi S2
lho f ln (10)
F(RP?) P RP2,

From Lemma 7(a) and the proof of case (b) above, (p;)u: 7x(F2(RP?)) — i (RP?) is
an isomorphism and (p;)#3(7") = ep. Considering the commutative diagram (10) on
the level of 7r3, (ho f)43 and 743 are also isomorphisms, and it follows that (p;)ss =
(7t43) ~L o (p;)u3 © (o f)u3 is an isomorphism that is independent of i. Hence p; is homo-
topic to the Hopf map H, and on the level of 7t;, we have (p;)s = s o Hygo (o f)ar) !
for all k > 3. We conclude that (p1)s = (p2)s as required.
(d) Finally, if n,k > 3, it suffices to replace S? by RP? in case (b)(ii) of the proof of
Proposition 9, and to make use of the fact proved in cases (b) and (c), that for n = 2 and
all k > 3, (12)# is a diagonal homomorphism. O

REMARK 12. To prove the result of Proposition 10 in the case n = 2 and k = 3, one may
make use of [DG, Proposition 2.13] or [K, Theorem 1.17] to show that the pair of maps
(moH,moH): S* — RP? x RP? may be deformed to a pair of coincidence-free maps,
and so up to homotopy, factors through F,(RP?).

3 The homotopy type of the homotopy fibre of ;, for M =
S?, RP?

The aim of this section is to prove Theorem 1 concerning the homotopy type of the
homotopy fibre of the map t,,: F,(M) — [T} M, where M = S? or RP?. In Section 3.1,
we define much of the basic notation that will be used in the rest of the paper, and we
advise the reader to refer to this section frequently during the rest of the manuscript.
In Section 3.2, we shall prove Theorem 1 and Corollary 2, and in Section 3.3, we give a
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presentation of Gj,.

3.1 Generalities and notation

Let X be a topological space, and let xy € X be a basepoint, and let I = [0,1]. If ]
is a path in X parametrised by t € I then let [~! denote its inverse, in other words
I71(t) = I(1 —t) forall t € I, and if x € X then let c, denote the constant path at x. If
1,1" are paths in X such that /(1) = I’(0), then I * I’ will denote their concatenation. Let
QX denote the loop space of (X, xp), and if w € QX then let [w] denote the associated
element of 711 (X, xp). If Y is a topological space and f: X — Y is a map, then we shall
always take the basepoint of E¢ and I defined in equations (1) and (2) to be (xo, cf(x)))-

We define the following notation that will be used throughout the rest of the ma-
nuscript. Let S? be the unit sphere in R3, let Zp = (0,0,1), let D be the open disc
S?\ {—Zp}, let C be the open cylinder S? \ {Zo, —Zp}, and let T: S> — S? be the an-
tipodal map. We equip S* with spherical coordinates (6, ¢), where 8 € [0,277) is the
longitude whose prime meridian passes through Xy and ¢ € [—7, 7] is the latitude. Let
ng = 3 (resp. ng = 2) if M = S? (resp. RP?), let n > ng, and for j € {0,1,...,n—ng},
let ¥ = (0,5 (; +1)) and x; = 71(¥;), where 77: §* — RP? denotes the universal cov-

ering map. Let M = S? (resp. M = RP?), and let M = D (resp. Ml = C). We take the
basepoint W,, = (wy, ..., wy) of both F,(M) and [T} M to be (Xo, X1, ..., Xn—3,20, —20)
(resp. (x0,X1,-..,Xn—2, zo)) where zp = 71(Zp), and the basepoint of both F, 1(M\
{wy}) and [T ! M to be W), = (wy,...,w,—1). Let G = {Idp} (resp. G = (T]c)).
Then FC | (M) is the usual configuration space F,_1(D) of D (resp. the orbit configura-

/!

tion space Fé? (C) of C) that we equip with the basepomt W) = (wf,...,w]_;), where
W, = (Xo,X1,-..,Xn—3,20) (resp. W)/ = (Xo,X1,...,X—2)). So as not to overload the
notation, we shall omit these basepoints in much of what follows, and we shall identify
m (ITf OM, (cw,, - - -, Cw,)) With o (TT] M, W,,)) in the usual manner.

Let E,, and I,, (resp. E}, and I,) denote the mapping path and homotopy fibre respect-
ively of the inclusion t,: F;(M) — [T} M (resp. tj,: F,_1(M\ {wy}) — [T M)
that are defined using (1) and (2) by:

In = {(x,A) € En| A(1) = Wi} (11)

E, = {(W) € Foo1(M\ {wy}) x [T M'| pu(0) = y}

L ={(y,n) € B, [ u(1) = Wy} (12)
The basepoints are chosen in accordance with the convention of the first paragraph.
Let j,: Iy — E, and j;,: I, — E], denote the associated inclusions. By [A, Proposi-
tion 3.5. 8(2) and Remark 3.5.9(1)], the maps f,: F,(M) — E, and g,: E;, — F,(M)
(resp. f: Fyo1(M\ {w,}) — Ejand g;,: E,, — F,_1(M\ {w,})) defined by f,,(x) =
(x,¢,,(x)) and gu(x,A) = x (resp. f,(y) = (y, ¢y, y)) and g, (y, u) = y) are mutual ho-
motopy equivalences. Let a,: E, — E, be defined by a,(y, ) = (v, wn, i, cw, ), let

Enz{(x)\ ) € Fu(M XHMI
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@p: [T M — [T} M be defined by @, (y) = (y, ws), and let
w B (M — F,(M
&n Fya(M\(wn)) " 1(M\ {wn}) n(M)
denote its restriction to the corresponding configuration spaces. We define the map
Tu: En — T} M (resp. /)2 Ej, — TT'-! M) by Tu(x, A) = A(1) (resp. ,(y, ) = u(1)).
Note that 7, o f, = 1, and that &, restricts to a map from I, to I, that we denote by a,.
Applying [A, pages 91 and 108], we obtain the following commutative diagram:

I

[ ) M
- J#, (13)
In P In En In I—Igl M,

where the rows are fibrations. Let dj,: T]'' QM — I, (resp. dy,: [I} QM — L)
denote the boundary map corresponding to the upper (resp. lower) fibration of (13),
and for all k > 1, let:

n—1

Oy = ()i ﬂk(n M) — M1 (1) (resp. 0y = (du)k: T (H M) — x—1(In))
i—1 1

denote the induced boundary homomorphism on the level of 7. We recall the con-
struction of these maps in the following lemma that will be used in Section 4.

LEMMA 13. With the above notation, we have d),(w) = (wy, ..., wy_1,w) (resp. dy(w) =
(w1, ..., wy,w)) forall w € H?;ll QM (resp. w € [T} OM).

Proof. The statement of the lemma is a consequence of the general construction of
the boundary map of a fibration, which we now recall. Let f: (X, x9) — (Y, y0) be
a map between based topological spaces, let Iy denote the homotopy fibre of f, let

EY = {A € Y| A(1) = yo} be the path space of Y, and let QY — EY 1% ¥ be the
path space fibration [A, page 85], where Py(A) = A(0). By [A, Proposition 3.3.12 and
Definition 3.3.13], we have the following pullback square:

Iy —— EY

Pl

x_ I Y,
where u(x,A) = Aand v(x,A) = x forall (x,A) € I, vis the principal fibration induced
by f, and u induces a homeomorphism between the fibre F, of v and QY whose inverse
u': QY — F, is defined by u/(w) = (xp,w) for all w € QY. The boundary map
d: QY — Iy is then defined by d = io u', wherei: F, — If is inclusion, so dlw) =
(x0,w) for all w € QY. The result then follows by taking X = F,_1(M \ {w,}), Y =
[T Mand f =, (resp. X = F,(M), Y =T} Mand f = 1,). O

The following remarks will play an important role in the proof of Theorem 1.

REMARKS 14.

(1) Let p: E — B be a fibration with fibre F, let E’ be a subspace of E, and suppose
that the restriction p’ = p |p: E/ — Bis also a fibration, with fibre F’. Let:: E/ — E
denote inclusion, and let // = i|p: F/ — F denote the restriction of : to F’. The in-
clusions of the fibres in the corresponding total spaces induce an explicit homotopy
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equivalence between the homotopy fibres I, and I, of ¢ and / respectively. Although
this result seems to be folklore and is well known to the experts in the field, we were
unable to locate a proof in the literature, and so we give one in Proposition 29 in the Ap-
pendix of this paper. A consequence of this proposition is that the map a},: I}, — I, is
a homotopy equivalence (see Corollary 30).

(b) Suppose that f: X — Y is null homotopic, and letc: X — Y denote the constant
map that sends the whole of X onto yo. By [A, Proposition 3.3.17], I; and I; have the
same homotopy type. On the otherhand, I, = { (x,A) € X x Y| A(0) = A(1) = yo} =
X x QY. Therefore Iy has the same homotopy type as X x QY.

Let M = S? (resp. M = RP?),and let i.: FS | (M) — H;’;ll S? be the constant map
that sends every point of F® | (M) to W/, which we take to be the basepoint of H?:_ll S?
at this level. By Remarks 14(b), its homotopy fibre is given by:

I = FS (M) x Q(ﬁ SZ>, (14)
i=1

which we equip with the basepoint W, in accordance with the convention given in
the first paragraph of this section. Let I,/ be the homotopy fibre of the inclusion map
M2 FS (M) — [T7] S? defined by (/) (u) = u forallu € F¢ | (M), and also equipped
with the basepoint W,. So:

n—1 I
Il = { (u,u) € FS (M) x (H SZ> #(0) =uand u(1) = W,’ll} : (15)
i=1

If M = §?, then s, = 1}, s0 I} = I}, by (12). Let:
hp: I — FC (M) and 2 I} — Fy 1 (M)

denote the projections onto the first factor, and let 77: S> — M be the identity Idg»
(resp. the universal covering 77: S*> — RP?). Then 7 restricts to a map from I (resp.
from C) to M \ {w, } that we also denote by 7. Let a,: I;] — I}, be defined by:

067-[(]/0, e Yn—2, ZO,- cey lnfz) = (ﬁ(yo), cey ﬁ(ynfz), TTo lo, ooy TTo lnfz). (16)
Note that if M = S? then a is the identity. Let p: H?*l S? — H’ffl M denote the
identity (resp. the 2"~!-fold universal covering), and let p’: FS (M) — F,_1(M\ {w,})
denote the restriction of p to F,f_l(M). If ac: I, — I is a pointed map that satisfies

hloac(u, u) = uforall (u, u) € I, using the definitions, one may check that the follow-
ing diagram of pointed spaces and maps is commutative:

I —" - FG (M) — " [T §2
e IdFy?,l(M) Idn?:—ll s2
M rc (M) i ! s2
n n—1 i=1
. ; ) (17)

Snoin A _
I = Fy (M {w, }) —— T M

/

~

ay . B |F, 1 (M\{wn}) X
I —2" P (M)— ' M,
with the possible exception of the upper right-hand square. In the proof of Theorem 1,
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we shall see that this square commutes up to homotopy (see Remark 18), and in Sec-
tion 4.2, we exhibit a map a. that satisfies the above condition (see equation (43)).

To end this section, we state and prove the following lemma that will be used to ana-
lyse the upper part of the long exact sequence in homotopy of the homotopy fibration
of 1.

LEMMA 15. Let A and B be Abelian groups, and let n > 2. Assume that ©@: A — @i, B
is an injective homomorphism, and suppose that there exists i € {1,...,n} such that the com-
position 7t;0 @: A — B is an isomorphism, where 7t;: @}, B — B is projection onto the
ih factor. Then the following short exact sequence:

1— A2 @B (@' B)/Im(®) — 1 (18)

splits, where {: @ { B — (B! 1 B)/Im (©) denotes the canonical projection.

Proof. Since the groups that appear in the short exact sequence (18) are Abelian, the
existence of a section for { is equivalent to that of a section for ®. If g: B — A is
inverse of the isomorphism 77; c © then the map h: @} ;B — A givenby h = go 7,
is a homomorphism and defines a section for ©. O

3.2 Proof of Theorem 1

In this section, we prove Theorem 1, from which we shall deduce Corollary 2. Lemma 16
appears in [C, Theorem 2.1.3, part 4]. It will play an important role in the proof of The-
orem 1(b), and is interesting in its own right. For this reason, we give an alternative
proof of this result.

LEMMA 16. For all n € N, the space Fn<T>(C) is a K(Gp,1), and Gy, is isomorphic to an
iterated semi-direct product of the form Fp, 1 x (Fpy—3 X (--- x (F3 X Z) ---)), where for
i=1,...,n—1,Fy 1 isafree group of rank 2i + 1.

REMARK 17. This description of G;, is similar to that of Artin combing for the Artin pure
braid groups. The actions may be determined using Proposition 19 in Section 3.3.

Proof of Lemma 16. If n = 1 then 131<T> (C) = C, and the result is clear. So suppose that
n > 2. The proof is similar to that for the configuration spaces of the disc, and makes

use of the Fadell-Neuwirth fibrations. The map g,: E™ (C) — Fn@l(C ) defined by
forgetting the last coordinate is well defined, and as in [FaN], may be seen to be a
locally-trivial fibration (see also [Fa, Theorem 2.2] and [CX, Lemma 4]). The fibre
over the basepoint W,/ = (Xo,X1,...,X,_2) of Fn@l(C ) may be identified with the set
C\ {%£xy,..., £X,_»}. Furthermore, g, admits a section s, given by choosing (for ex-
ample) a point sufficiently close to zp in a continuous manner (see [Fa, Theorem 3.2]
and Remark 21 for two different possibilities for s;). Since the fibre has the homotopy
type of a wedge of circles, taking the long exact sequence in homotopy of the fibration
qn, we see that (g,)s: 7 (an (C)) — my (Fn<f>1(C)) is an isomorphism for all k > 3
and is injective if k = 2, and that there exists a split short exact sequence:

1—— m(C\ {+%, ..., +%y2}) —> Gy =-- Gyq —— 1. (19)
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Induction on 7 then shows that nk(Fn<T> (C)) is trivial for all k > 2. The first part of the
statement then follows. By induction on 7, equation (19), the isomorphism G; = Z and
the fact that 711 (C \ {£Xo, ..., £X,_2}) = Fy,_1, we obtain the isomorphism given in
the second part of the statement. O

Proof of Theorem 1. Letn > 2. We make use of the notation and basepoints of Section 3.1.
By Corollary 30, I, and I}, have the same homotopy type.

(a) Suppose first that M = S%. We claim that themap £, F,_1(S? \ {wy,}) — TT-' S?
is null homotopic. To see this, observe that for 1 <i < n — 1, the following diagram is
commutative:

For (82 {wy}) —o [TV 2

lpi lﬁi
S\ {wy} 2 &,

where p; and p; are the projections of Section 2. The contractibility of S? \ {w,,} implies
that the composition & o p; is null homotopic, so the composition p; o 1}, is null homo-
topic forall1 <i <n —1, and hence ( is null homotopic, which proves the claim. The
first part of Theorem 1(a) follows by applying Remarks 14(b) to ¢, and using (14). The
equivalence with the second part is clear using the fact that F,_1(D) is an Eilenberg-
Mac Lane space of type K(P,_1,1) [FaN].

(b) Let M = RP?. Considering F,_1(RP2\ {wy,}) to be a subspace of [T} ' RP? via the

inclusion 1,, one may check that Fn@l (C) = p~Y(F,_1(RP?\ {w,})), and that the map

P Fn@l (C) — F,_1(RP?\ {w,}) is also a regular 2"~ '-fold covering map. Now con-
sider the middle right-hand commutative square of (17). We claim that I}, and I} have
the same homotopy type. To see this, first note that since p is the universal covering
map and (1),)4 is surjective, it follows using standard properties of covering spaces that

Pig: 7T (Fn@l(C )) — Ker ((1},)#1) is an isomorphism. Consider the homotopy fibra-
tions: 1
/A
LN ONTe) H S2and I, S50 £ (RP?\ {wn)) = H RP®  (20)
of the second and third rows of (17), and for k € N, let 8” s m(TT 1 SZ) — 1 (1))
denote the boundary homomorphism corresponding {0 the tirst of these. Using the
commutativity of these two rows, we obtain a map ¢§: I;] — I, of homotopy fibres
given by &(x,A) = (p'(x),poA) for all (x,A) € I/ that satisfies p’ oh)l = (gh°fh)°C,
and taking the long exact sequence in homotopy of the homotopy fibrations (20), we
obtain the following commutative diagram of exact sequences:

Il

) l;; - 9,
ey L (BT (0)) I (S T e (1) —
/ 21
g#kl (&noin) sk lp#k () #k lp#k " lé#kl )

e () (B (RP2 a0 })) P (T RP) 2 (1) —
Now F,_1(RP?\ {wy}) is an Eilenberg-Mac Lane space of type K(7,1), so by Lemma 16,

Fn<f>1 (C) is too. Since the homomorphism py is an isomorphism for all k > 2, it follows

from (21) that {4 is an isomorphism for all k > 2. Studying the tail of (21), and using
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the surjectivity of (1,)# and the fact that F, (o 1(C) and F,_1(RP?\ {w,}) are path con-
nected, we deduce that 77o(I),) and 7rp(1))) con51st of a single point, so Gy is a bijection.
Finally, from the remaining part of the long exact sequence in homotopy, we have:

J! "
1 — (I 82) 22 my(1) — M o (B () 1
lP#Z C#ll ;. lp#l l
o oy a2 , (§non)m X e 5
1— m(IT ' RP?) -2 my(I,) — 1 (Fyq (RP?\ {w n})) m([T7 RP?) —1,

and since pj, is an isomorphism, we obtain the following commutative diagram of
short exact sequences:

/!

an, h;{
(TS 2 my(rry 2% 7 (27 (€)) —— 1

%lp#z ('j#ll glp

_ an, (gn ]n)
1 —— m([T} ' RP?) —> my(I)) =% Ker (1)) — 1.

1

The 5-Lemma implies that ¢y is an isomorphism. We conclude that ¢y is an isomorph-
ism for all k > 0. Now by [A, pages 204-5] or [M, page 247], the homotopy fibre Ir of
amap f: X — Y between two topological spaces X and Y is the standard homotopy

pullback of the spaces and maps * — Y J X, and by [M, Lemma 36], if X and
Y each have the homotopy type of a CW-complex, then I; has the homotopy type of
a CW-complex. Applying this to the maps ], and ¢, we conclude that I, and I each
have the homotopy type of a CW-complex. Whitehead’s theorem then implies that they
have the same homotopy type, which proves the claim.

It remains to determine the homotopy type of I,/. Let 1 < i < n — 1, and consider
the following commutative diagram:

F T)l ) n Hiil —1 SZ
Pilp o) l lﬁi
n— 1/2/ SZ

where p; and p; are the projections of Section 2. The composition /) o pl‘ is null

7€)
homotopic because C has the homotopy type of a circle and S? is 51mp1y connected,
so the composition p; £, is null homotopic, from which it follows that ¢, is also null

homotopic. So I}/ has the homotopy type of Pn@l(C ) x Q(TT} ! S?) by Remarks 14(b)
and (14), which proves the first part of the statement of part (b). The second part then
follows from Lemma 16. O

REMARK 18. In the course of the proof of Theorem 1, we showed that:

(a) I and I)] have the same homotopy type.
(b) 1!!'is null homotopic (recall that i/ = ¢, if M = S?). From this, it follows that:

(i) the upper right-hand square of the diagram (17) commutes up to homotopy, and so
the same is true for the whole diagram.
(ii) I, and I. have the same homotopy type by [A, Proposition 3.3.17].

In Lemma 24, we shall exhibit explicit homotopy equivalences between I, I, and I};.

We now prove Corollary 2.
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Proof of Corollary 2. We make use of the notation of Section 3.1. Let M = S? or RP?, and
let n > 2 and k > 1. Taking the long exact sequence in homotopy of the lower fibration
of (13), and using the fact that 7, o f, = 1, we obtain the following long exact sequence:

no‘n In n an
e (L) R v)) L (H M) Wk e (L) — oeen (22)
1

(a) Suppose that k > 3 and n > 2 (resp. M = S?and n = k = 2). Then (1) and
(tn)#(x—1) are injective by Lemma 7(b) (resp. (12)# is injective by Lemma 7(b) and P, (S?)
is trivial), from which we obtain the short exact sequence (4), where 713 _1(I,) has been
replaced by 711 (Q(IT/ ! S?)) via the homotopy equivalences of Theorem 1. We have

also used the fact that F,_;(D?) and Fn@l(C) are Eilenberg-Mac Lane spaces of type
K(7m,1) by [FaN] and Lemma 16 (resp. P;(ID?) is trivial). Proposition 9(b) and Pro-
position 10 (resp. Proposition 9(a)) show that (1, )s is diagonal (resp. anti-diagonal).
Further, ifi € {1,...,n}, by (8) and Lemma 7(a), (p;)sk © (tn)sr: T(Fa(M)) — m (M)
is an isomorphism, and taking A = 7 (F,(M)), B = (M), © = (1) s and 71; = (P;)mc
in Lemma 15, it follows that the short exact sequence (4) splits. This proves the first part
of the statement in each case. The application of Theorem 5 and standard facts about
homotopy groups yields the second short exact sequence of the statement of part (a).

(b) Let k = 2 and n > 3. Since mp(F,(M)) is trivial by Theorem 5, we obtain the
exact sequence (5) by applying once more Theorem 1 to equation (22). The fact that
71 (I,) is isomorphic to R,,—1 x r1 (Q([TF ' S?)) is a consequence of the homotopy
equivalences of Theorem 1. If M = S?, the sequence becomes short exact, but does
not split because the middle group is torsion free and the quotient has torsion. The
remaining exact sequences in the statement then follow using standard results about
homotopy groups. O

3.3 Some properties of the group G,

Let n > 1. Once more, we make use of the notation of Section 3.1. As we saw in
Lemma 16, the orbit configuration space an (C) is a K(7t,1), and its fundamental
group G, is a repeated semi-direct product of free groups. A presentation of Gy is
given in [C, Theorem 1.4.3]. In this section, we give an alternative presentation of G, in
Proposition 19 that allows us to show that its centre is infinite cyclic in Proposition 20.
We identify C with the open annulus (0,1) x S! in the complex plane C, where we
identify Zo with the origin in C, and up to this identification, if z = re' € C then we take
its antipodal point z’ to be (1 — r)ei(9+”). Letvy,...,v, bebase points in C that lie on the
negative part of the x-axis, and let v}, .. ., v}, be the corresponding antipodal points (see

Figure 1). The map g;,41: Féﬁl (C) — E{T (C) defined by forgetting the last coordinate

is well defined, and as in [FalN], may be seen to be a locally-trivial fibration (see also [Fa,

Theorem 2.2] and [CX, Lemma 4]). The map s;,41: Fn<T>(C) — Fn<fr>1(C) defined by
Sur1(Y1, - yn) = (Y1, -+, Yn, Yns1), where y,,11 is a point sufficiently close to zy and
lying on the negative x-axis, is a section for g,,;1 (see for example the proof of [GG1,
Theorem 6]). The corresponding antipodal point y;,_ ; lies on the positive x-axis close
to the outer boundary of C, and the induced homomorphism (s,+1)#: G — Gp41 is

a section for (g,+1)#. This section is not unique. Another useful choice of section will
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. ! / /
! Y] Un+1 1 U1 Y Un+1

Figure 2: The generator p; .

be described in Remark 21.

If j € N, the free group 111 (C\ {v1,7],.. .,vj_l,v}_l},vj) of rank 2j — 1 admits a
basis { pj, | 0 <i<2j—2}, where for 0 < i < 2j — 2, we represent the generators 0j,i
by the loops depicted in Figure 1. If j < i < 2j — 2 then p;; is represented by a loop
based at v; that wraps round the point v}_ j+1- If j = n then via the identification of the
fibre of q,.41 over (vy,...,v,) with C\ {v1,7},...,vy, 0} }, this group is isomorphic to
Ker ((9,+1)#). However, we have to take into account the fact that we are working in the
orbit configuration space. If (y1,...,yn+1) € Fn@l(C) thenforalll <i<j<n+1,y,
should not only be different from y;, but it must also avoid y;-. We thus interpret the fibre

as an ‘honest” subspace of Fn@l (C), and for each 0 < i < 2j — 2, we will represent the
element p; ; by a pair of antipodal loops (see Figures 2-4). With our choice of section, if
j < n, the image of p; ; (p;,; being considered as an element of G;) by the homomorphism
(spo---osj11)s is the element p;; of G,. Using induction on , it follows from this
and the fact that G, is isomorphic to the internal semi-direct product Ker ((g,)4)
(sn)#(Gn—1) that the group G, is generated by the set Ui, {pji| 0<i<2j—2}. We
will shortly give a presentation of G,, but we first define several elements that will
serve to simplify the statement:
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P . / /

Figure 4: The generator 0,is j<i<2j]-2

(a) forall1 <j <k <mn,Djr= pkipkj+1- " Prk—1 (see Figure 5).
(b) foralll < j <k <mn, G, = P}Z&D]'_JrlLkPk,ijH,kPk,O (D].jrlllkpk,]-D]-H,k is the mirror

image of o, ! with respect to the horizontal axis), see Figure 6.

(c) foralll <k <nandk <m < g <2k—2,Eg g = OkmPhkm+1" " Pkg- The element

Ex,m,q is represented by the loop (and its antipode) based at vy that winds successively
/ / /
m—k+17 Om—k+27 "+ "7 ZJq—k+1

around the points v (see Figure 7).

/ /
U1 Um—k+1 Ug—k+1 Uk Un U1 Ukt Yg—k+1 U O

Figure 7: The element Ey 4, 1 < k<nandk <m < g <2k-2.
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PROPOSITION 19. Let n € N. The following constitutes a presentation of the group Gy:
generating set: Uy {p;;| 0 <i<2j—2}.
relations: let1 < j < k < n. Then:

(I )
Ok,1 l.fl:OOT'].<Z<k
Cr,j0k1Cr. ]-1 fl1<1<j
1 orifk <l <k+j—2
0PkI0; 9 = . )
PiopkiBio Cr,j ifl=j
Ck.j I;Icl,k+j_2p];,3 Dy ;3.0k,lD1,kPk,oEk,k,k+j—2C,; jl fl=k+j—1
| Chjkftj—10%105 k11 ifk+j<1<2k-2

(II) forall 1 §i<erj,iPk,lP]~_i1 =0 if0<1<i—1j+1<I<k+i-2k+i<I<
k+j—2o0rk+j<I1<2k—2and

(P}:,]'lpk,ipk,j ifl =i
o} ot lexilog o] ifi <l<j
PLIPKIOT; = § P Pri Pk Pk ik, ifl = j
Eiiri-1jtj—1Ep g oPiki-1Ekkrij2Eppyi 1y Fl=k+i=1
Bt j—aEkkriot 20k k-1 Ep 1oy jooEkkripsj2 fl=k+j—1

in the remaining cases.
(1) forall j < i <2 =2, pjioxi0;; = logj Prpyilonilonirijopif) 1 <1 <i—j,
i—j+2<I<j—Lk+i—j+1<I<k+j—20rk+j<1<2k-2,
0),iPk,i— j+1p;il = [P;?,}z P;Z;}H_ IDi—j1,k0k0Eikri—1Ey, ;} ktj—2Chijt1 Bkt j-2°
Bk 100 D1k Okksi— P
which is the case | =1 —j+1,
pj,ipk,kJrjflP;il = [pk_,jl' Pk_,il_ i+1)Ex, ;ikﬂ-_zck,ze j+1Ek ket j—20k k+j—1Ef kl,kﬂ-_zC,; L i1
Ek,k,k+j—2 [Pk_,i{]urlr Pk_,]'l]f
which is the case | = k+j—1, and

Pk ifl=00rj+1<I<k+i—j—1
01iPkIP; = | PrjPiksi—jPhkiPkkri-jPkj =]
P}:,jlpk,k—s—i—jpk,j ifl=k+i—j,

in the remaining cases.

Proof. The proof is by induction on n. If n = 1 then G; = (p19) = Z, and the given
presentation is valid. So suppose that the result holds for some n > 1. As we saw
above, G,11 is generated by U]’.’:f {pj, | 0 <i<2j—2}. Applying standard techniques
to obtain a presentation of the group extension G, using the short exact sequence (19)
whose kernel is a free group [], Proposition 1, page 139], the defining relations are of

two types:

(i) the images under (s,41)# of the relators of the presentation of G,, rewritten as ele-
ments of Ker ((p,,+1)#)-
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(ii) the elements of the form yxy !, rewritten as elements of Ker ((p,,;1)#), where

n
x€{ppi1]0<I<2n}andy e | {pji| 0<i<2j—2}.
j=1
Since (sp11)#(pji) = pj,i forall1 < j <mnand 0 <i < 2j -2, the relators of G, are sent
to relators of G, .1 under (s,11)#, and so the relations of (i) above are those of G,, but
considered as relations in G,;. This gives rise to all of the relations (I)—(III) for G, 14
with 1 < j < k < n. It remains to analyse the relations emanating from (ii), which
correspond to the relations (I)—(III) for G, 1 with1 < j < n and k = n + 1. We obtain
the following types of relation:
(I) conjugation of p, 1, by the generator p;o of Figure 2, for1 <j<mnand 0 <[ < 2n.
(I) conjugation of p, 1, by the generator p;; of Figure 3, for 1 < i < j < n and
0<1<2n.
(III) conjugation of p,;1,; by the generator p;; of Figure 4, for1 < j <mnandj <i <
2j—2and 0 <[ < 2n.
Using these figures, for all0 < [ < 2n and 0 < i < 2j — 2, the conjugate of p,;1; by
pj; may be rewritten as an element of Ker ((p,41)#). Although p,, 1, is also represen-
ted by two loops, the intersections between the two pairs of loops are symmetric, and
geometrically it suffices to consider (and remove) the intersections between the two
representative loops of p;; with one representative loop of p,,1;. The verifications are
left to the reader. O

IfneN,let®, = pi0---pno- We now show that the centre Z(G,,) of G, is infinite
cyclic, generated by ©,.

PROPOSITION 20. Let n € N. Then Z(Gy,) = (Oy).

Proof. We outline the proof, leaving the details to the reader (full computations may
be found in [GG7, Proposition 20]). Let n € N, and let ® = ©,. In what follows, (I)-
(III) refer to the corresponding relations of Proposition 19. We start by showing that ©®
commutes with each generator py; of G, where 1 < k <nand 0 <1 < 2k — 2, which
will imply that ©® € Z(G,,). We consider three cases.
(a) Suppose that | = 0. By (I), the generators of the form p,,9, 1 < m < n, commute
pairwise, so pio commutes with © for all 1 < k < n, which proves the result in this
case.
(b) Suppose that 1 <1 < k. By (I) and (II), px; and p,,0 commute if m < [ orif k < m,
and using the fact that the p,,, 9, 1 < m < n, commute pairwise, we see that:

Opi1® ! = propio - 'Pk—l,opk,lpk__lw o 'P;()l Pk_,é- (23)
By (D),

000k10;9 = ChjpriCrj H1<1<]

PRI C1 ifl =j,

and using the fact that Cy ,, commutes with p; forall 1 < g < m < k, we see that
0L Pk=10Pk 0% 10" PLo = Chk—1" " Ciis1CkiCy - - Ciopy- SINCE P+ Prk—1 =
Dy, forall1 < m < k, we have p,;&pk,m S Pk k—10k0 = Pk_’éDm,kPk,O- Using this re-
lation, the definitions of Ci,_1 and D,,; and the relation Cyy_; = Ok, 5pk/k,1pk/0 =
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O 3 Dy k—1pk0, we may prove by reverse induction on m that for all 1 < m <k,

Chk—1" Com+1Chom = ProPkm "+ Phk—10k0 = Pio D kko- (24)
Combining the above equalities, we conclude that ® commutes with p; if 1 <1 < k.
(c) Suppose that k <[ < 2k — 2. By (IlI), oy, commutes with p; forallk+1 < j <n
and by (I), the py, 0, 1 < m < n, commute pairwise, so:

Ok i® ! = 010" Pn0PKIOHD T P10 = PLO" " Pk0PkICkg P10

= 01,0 PI—k+1,00k0 (P1—k+2,0 - Pk— 1opklPk_110'“Pz_lk+zo)Pk_5P1_1k+1o'".01_3- (25)

7

By (I), we have mePklpmo Ckmplekm foralll —k+2 <m<k-—1,and Cimps0 =
ps,0Ckm forall 1 < s < m, using also the relation:

_ -1 -1 -1
Clom = O 0Lk k- 1"'Pkm+1pkmpkm+1"'!)kk 10k,0-

-1
Hence 0120 - * Pk—1,0010¢ 10" ) k+2o PkoDl k+2kPkOPklPko - k+2 kPk0- There-
fore:

@1 =01+ 10D1 k24060010 - 'Pl—k,oPk,IPf_lk,o i 'Pf,é)Pkf(} Df_lk+2,kpf_1k+1lo, (26)
by (25), since Dj_ki2k = Pki—k+2 """ Pkk—1, SO Dj_k12, commutes with psg for all 1 <
s <1 —k+1by (I). Now from equation (24), we obtain:

Cijok - Cit = (Crpe1 -+ Crotkr1) - Cik1 -+ Ciomk1- Craok - -~ Cin
= 010 D11 kD10, 27)
and by (I), we have:
Pm,OPk,an_i,l() = Ck,mpk,k—i-m—lpk,qpk_,}}+m_1C];na ifl<m< q— k and q< 2k —2.  (28)
Soforalll <m<I[—k,
0,0 (Ok,m+kPkm+k+1 " Ph1—1Pk10k, 11_1 o 'Pk_,;+k+19;;;+k)0m,o =

-1 — -1 1 _

ChmPhk,m-+k—10km+kPhk,m+k+1 " * P I—1Pk 1P 1 'Pk,,erHPk,erkPk,erk_lCk,,}q- (29)

Using equations (27) and (29) and the relation Cy ,,050 = 05,0Ck, forall 1 < s < m, one
may check that:

01,0 'Pl—k,OPk,lP;_lk,o o 'P Pko - k+1 le kPk0Ek k- 1PklEkk1 1Pk0D L
D;—k+1,k0%0- (30)
Combmmg (26) and (30), and using the relation D; ., le « +1 = pkl k41, We obtain:

Opr 1O = p1 k10 (Pk,l—k—i—lDl,kPk,OEk,k,l—lpk,l Ek,k,l_lpk,o 1k Pk,z_k+1)Pz_k+1,o- (31)
In (31), it remains to conjugate by p;_x1 . Using (I), we have:

Ok,m ifm=0orifl —k+2<m<k-1
pl—k+1,0Pk,mpf}k+1,0 = 4 Crl—k+106mCy, ll—k 4 Hl1<m<I-korifk<m<I-1 (32)
Chi—k+1 ifm=1—k+1,

and
Pz—k+1,oPk,mPf,1k+1,0 = Cri—kt1Ey, kl,lflpk_, 0 Dy ;Pk,lDl,kPk,OEk,k,l—IC;; L ifm=1 (33
From the definition of Cil—kt1, We have pklock,l,kJrlpk_é = Dﬁlk+2 WOk —k+1 Dy _k12k and
together with (31)-(33), one may show that:
Opi 0" = D1 Dy o1 D1 Dy = -
We have thus shown that © commutes with each of the generators py;, of G,,, where
1<k<mnand0 <! <2k—2,and so we conclude that ©® € Z(G,) foralln € N.
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It remains to prove that Z(G,) = (©,). The proof is similar to that for P,. If
n = 1then G; = (©) from Proposition 19, so the result holds. Assume by induc-
tion that Z(G,,_1) = (®,_1) for some n > 2, let x € Z(Gy), and consider the short
exact sequence (19). Since (g, )# is surjective, (,)#(x) € Z(Gy,-1), and so by induc-
tion, there exists | € Z such that (g,)#(x) = ®' . From the definition of g,, we have
(@n)#(pi0) = pipif 1 < i < n—1and (qn)s(pn0) = 1, thus (4:)4(©y) = O,_1. Since
@, € Z(Gy), x0,! € Ker ((g:)#) N Z(Gy), so x@,! € Z(Ker ((g,)4)). Thus x®," is
trivial because Ker ((g,)#) is a free group of rank 2n — 1. It follows that x € (®,), and
this completes the proof of the proposition. O

REMARK 21. As we already mentioned, the section (s,+1)4: Gy, —> G;,41 gives rise to
a decomposition of G, as an iterated semi-direct product of the form Fy,, 1 X (Fp,_3 X
(«+-x(F3xZ)---)). We may choose a different section for (g,41)# so that (®,) ap-
pears as a direct factor of G, as follows. Lets)  ;: E” (C) — Fn@l(C) be the map
defined by 5:1+1(y1/ coo,Yn) = Y1, Yn, Ynt1), where the point y,1 € C belongs to
the segment between v, and zy and is sufficiently close to y,,. The induced homomorph-
ism (s, 1)#: Gn —> Gyq1 sends pp0 t0 0004410, and @ to @, 1. As above, G, may
be decomposed as an iterated semi-direct product of free groups, but by Proposition 20,
it is of the form:

Gn = Fon1 X (Fap3 0 (- % (F5 3 F3) -+ )) X Z, (34)

where the Z-factor is generated by ®,,. We will make use of this section to prove Pro-
position 4 at the end of Section 4.2.

4 The boundary homomorphism for M = S? and RP?

In all of this section, M will be S? or RP?. Set ng = 3 (resp. ng = 2) if M = S? (resp.
M = RP?), and let n > ng. By Theorem 5, 7 (F,(M)) is trivial. Considering the tail
of the exact sequence (22) and using the homotopy equivalence g,: E;, — F,(M), we
obtain the following exact sequence:

n . n
1—m (H M) Oy (1) B by Ly o (1‘[ M> 1, (35)
1 1
where 9, = 9, is the associated boundary homomorphism. If M = S? then the
sequence (35) is short exact. If M = RP? then the homomorphism (i,)s is Abelian-
isation [GG5, Proposition 8], and Im ((gy, © ju)#) = Ker ((14)#) = I'2(Py(RP?)). So in
both cases, to understand completely the exact sequence (35), we need to describe
Ker ((gn © jn)#) (which is equal to Im (9,)). This is one of the aims of this section. In
Section 4.1, we describe explicit generators of 711 (Q(S?)) and 71 (QQ(RP?)) that will be
used in the rest of the paper. In Section 4.2, we exhibit homotopy equivalences between
I. and I}/, and I/ and I, in Lemma 24, and we prove Theorem 3 that describes the
image of d;;, and which is the main result of this section. Using this theorem and res-
ults about P,_1 /{A}_,) and I'>(P,(RP?)) obtained in previous papers [GG2, GG5], we
prove Proposition 4 that shows that Ker ((1,)41) may be written as an iterated semi-
direct product. We shall make use of the notation defined in Section 3.1. Recall that
m: S* — RP? denotes the universal covering, and that T: S? — §? is the antipodal

map.
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41 Geometric representatives of generators of 77, (QQ(M))

We follow the notation of Section 3.1. For i € {1,2,3}, let p;: R> — R denote pro-
jection onto the it coordinate. Taking n = ny, the basepoint Wy, is (X, Zo, —Zo) (resp.
(x0,20)) if M = S? (resp. M = RP?). If u € {X, +2o}, we shall identify 71 (Q(S?), c,)
with 715 (S?, 1), and 711 (Q(RP?), Cre(u)) With 7o (RP?, t(u)) in the usual way. In this sec-
tion, we define explicit geometric representatives of generators of 711 (Q(S?), u) and of
1 (Q(RP?), Cr(u)), and we prove two lemmas that shall be used in what follows.

Let ITy be the tangent plane to S? at Xy, and let D be the straight line defined by
x = 1 and y = 0 contained in Ily. For t € I, let I1; be the plane given by rotating I
about D through an angle t7, and let @5, ; = S* NII;. We choose the orientation and
parametrisation so that:
(Xa) foralls € (0,1), pa(@z,4(s)) < 0if t € (0,
(Xb) forallt € (0,1), p3(@z,(s)) < 0ifs € (0,
(Xc) for all t,s € I, pi(@z,+(5)) = pi(Wx, (1
—p3(Wx, (1 —s)).
;Xd) foi all t,s € I, po(Wz,1(s)) = —p2(@z,1-+(5)), and p;(wz,+(s)) = pi(@z,1-+(s))
ori=1,3.
(Xe) forallt € I, py(@z,(s)) > 0ifs € [0,1),and p1(@g, 1(s)) < Oifs € (3 3]-

NI—= N =

), and p; wat(s)) > 0ift € (3,1).
) and p3 (@, (s)) > 0ifs € (3,1).
s)) for i = 1,2, and p3(@x,+(s)) =

Foreacht € I, Wy, is aloop based at Xg, Wz, 0 = Wy, 1 = cz,, and for each w € S\ {Xo},
there exist unique values t,s € (0,1) for which wz, ;(s) = @w. Observe also that:

e from condition (Xb), p3(@z,(3)) = 0 for all t € I, so the loop (@s,(3))ter is the
great circle lying in the xy-plane.
* by conditions (Xc) and (Xe), for all t € I, py (@, (s)) > 0ifs € [0,1) U (3,1], and

pl(&fo/%( )) <0ifs € <4, 4)
Consider the rotation R about the straight line of equation x = z and y = 0 by an

angle 7t. The matrix of R in the standard basis of R3 is <§ —31 é). For allt € I, let

Wz, = R(wz, ;). It follows from the above conditions on wy, ; that:

(Za) foralls € (0,1), po(@z,(s)) > 0if t € (0,3), and pp(@z, +(s)) < 0ift € (3,1).
(Zb) forallt € (0,1), p1(@z,(s)) < 0ifs € (0,3) and p1(@wz, +(s)) > 0if s € (3,1).

(Zc) for all t,5 € I, pi(wz,(s)) = pi(Wz (1 —s)) for i = 2,3, and p1(wz,(s)) =
—pi(wz(1=5)). N N N

(Zd) forallt,s € I, po(@sz,+(s)) = —p2(@z,1-¢(s)), and p;(@Wsz,+(s)) = pi(@Wz,1-¢(s)) for
i=1,3.

(Ze) forallt € I, p3(@z,(s)) > 0ifs € [0,7), and p3(c7150/%(s)) <0ifs € (3, 1]

In particular:

* by condition (Zb), p1(@z,(3)) = 0, so the loop (@5, +(3))ter is the great circle lying
in the yz-plane.
* by conditions (Zc) and (Ze), for all t € I, p3(@z,(s)) > 0ifs € [0,) U (3,1], and

2z
p3(“~150,%( 5)) <0ifs € (3,7)-

The loop @, is illustrated in Figure 8 for u € {X(,Zp} and small values of t. We also
set:

Wyt = —Wy1-t. (36)
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Figure 8: The loops wz,  and ws, ¢ for small values of t. The dotted lines indicate that
the loops are on the ‘hidden’ side of the sphere.

If u € {Xo,20, —20}, then (W +)icr is a geometric representative of a generator, which
we shall denote by A, of 711 (Q(S?),cy). If u € {Xo,Z}, the fact that the covering
map 7t induces an isomorphism on the 75-level implies that (77 o Wy, t) ¢y is a geometric
representative of a generator of 7r; (Q(RP?), Cr(u)) that we denote by A (). Note that:
[(mow_z)ter] = [(7To (—@z1-¢))iet] = (7T ocvg_oi)tel] = —Axz) (37)
using (36). If M = S? (resp. M = RP?), each direct factor of 71 (TT{* Q(M), Wy,) will
be identified with the corresponding group 711 (Q(S?),c,) (resp. 71 (Q(RP?),c u))) If
u € {Xo,20,—2o} (resp. u € {Xo,20}), let 8, = 9y, (Ay) (resp. & a) = Ong(Ar(uy) in
7T1(1n0)
LEMMA 22. With the above notation:
(ﬂ) lfM SZ the ZOOP (XO, 20, ZO/ wa tr CZ()/ 7ZO>t€I (T’ESP ('XO’ 20, ZO’ CXO’ wZO tr CiZO)tGI’
(xg,zo, —Z20, Cx,, Czy W_3,, f)tel) is a geometric representative in Iy, of(Sx0 (resp. of(SZO, o z)-
(b) if M = RP?, the loop (xq,zo, 7T © W, tr Czy el (resp. (Xo, 20, Cxy, 700 Wiz, 4 )icl) IS a geo-
metric representative in I, of by, (resp. of £95,).
Proof. The result is a consequence of the application of the construction given in the
proof of Lemma 13 to the lower fibration of (13), and equation (37). O

LEMMA 23. Let u € {Xg,Zo}. Then in 1t1(Q(S?), c), [(Dut)ter] = [(@ ul Deel-

Proof. First suppose that u = Xy, and for 6 € [0, 7t], let R} = ((1) cosd —sino ) . Then for all

0 sinf cosf

t € I, Rj(wz, 1) = Ws, +, and using conditions (Xc) and (Xd), for all t,s € I, we have:
o p1(@54(5)) P i)\ (Pr(@sai(1—5))
Ry (@0x,,t(s)) = | =P2(@xo(s)) | = | pa(@zp1-1(s)) P2(Wzy1-1(1—s))
—p3(@Wz,:(s)) —p3(@Wzy1-4(s)) p3(Wz,1-+(1—3s))
:(7}9701 t(l_s):a):11 t(S)'
So R;‘C(&}fo,t) = 1 %
(Rp)ocio,n- If u = Zo, by the first part, R o Rj(wx,;) = R(Wg,1) = @z, and Ro

Rl (Ws, 1) = R(w~ 1ot) = w~ , for all t € I, and the result then follows as in the
case of xy. O

from which we deduce the result for Xy using the homotopy
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zo = Jj(zo)

Figure 9: The homeomorphism J;.

4.2 Construction of homotopy equivalences and the homomorphisms
of the long exact sequence in homotopy
Once more, the notation will be that defined in Section 3.1. We start by introducing

some other notation. Let n > ng, and letj € {0,1,...,n —np}. Let Ji: S? —» S? be the
orientation-preserving homeomorphism defined by:

0.0+ (5—9) (i41)) ife>0
Ji(0, ) = 2 A (38)

Note that Jy = Idg, | ]-(370) = Xj, ]; sends the equator (¢ = 0) to the circle of equation

Q= ( i ) , leaves the longitudes invariant, and fixes the poles (see Figure 9). If t € I,
lethj;: I — S? be the path defined by:
~ (147 ~ ~
hi(r) = Wz, t (T) for all r € I, where Wz, p = Jjo Wsy (39)

The subspace M of I defined in Section 3.1 is contractible. Let us define two expli-
cit contractions, Hy: M x I — D of M onto Xy, and H>: D x I — D of D onto Z; as
follows.

(a) Ifv € M, letv = (6, ¢). To define the homotopy H;, we separate the cases ¢ > 0
and —7t/2 < ¢ < O0:

(i) suppose that ¢ > 0. If v = X then set Hy(v,7) = X forall v € I. If v # X then there
existt € (0,1) and s € [3,1), both unique, such that @z, ;(s) = v. We then set:

Hi(v,r) = wz,1(s(1 —7r) +7) forallr € I. (40)
(i) suppose that —7t/2 < ¢ < 0. Notice that (6,0) = &;0,(2n_9)/2n(%), and that
min (_72(’), %) € (0,1). We set:

. r : |
(9,(P<1 mm( 55 1))) 1f0§r§m1n< =, )

T2

- 1+r—2mm(—(”,1)
w;?o,(Zn—e)/Zn( 2(1 mm( 2(pn1>2) 1fm1n< 72[ ,2> <r<I.

One may check that H; is continuous, and that Hy(v,0) = v and Hi(v,1) = X for all
v € M.
Geometrically, H; contracts M onto Xy, first along the longitudes in the lower hemi-

NI

Hi(v,r) =
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sphere, then along the paths (W, (s)), efry In the upper hemisphere.

(b) Ifv € D,letv = (6, ¢). The homotopy H; of D is defined by Hy(v,7) = Hy((6, ¢),7) =
(6, (1 —r)p + ). Geometrically, Hy contracts ID onto 2y along the longitudes.

If v € M (resp. v € D), we define hz(jl) : I — D (resp. h{(}z) : I — D) by:

hz(,l)(r) = H;(v,r) and hz(,z)(r) = Hy(v,1). (41)
Observe that hz(,l) (resp. hz(,z)) is a path that joins v to Xy (resp. to zg) via the homotopy H;
(resp. Hp). Let ¥;: M x I — D be the homotopy defined by ¥;(%, t) = ]j(Hl(]]-_l(f),t))
using (38), and for X € M, let lpg) : I — D be the path defined by 1P,(7j)(”) = ¥;(x,7)
that joins X to x;. Note that 1/)3(70) = hg), and that for all r € I

U () = Fi(@5,0(3),7) = S (@5,4(3),7)

wxj,t(% _
= Jj(H1(@5,(3),7)) = Jj(@x,+(*3")) by equations (39) and (40)
= hj(r) by equation (39). (42)
Leta.: I. — I} be the pointed map defined by:
(Y1, .. Yn—1, W1, ..., Wy_1) = (y1,...,yn—1,tfﬁ) * Wi, ... 1Py: 11) *wp_1), (43)
where forally € Mandi=1,...,n—1:
i [WP ifM=SPandi=n—1
Py =9 (1) . (44)
Py otherwise.

Note that a. satisfies k)] o ac(u, ) = u for all (u,u) € I, and so diagram (17) is com-
mutative up to homotopy using Remark 18. From the definition of a},: I}, — I,,, (16)
and (43), it follows that:

/
oy, ol o“c(ylw s Yn-1, w1, .. '/wnfl) =

(R1)s - A1), wn, R o (P 5 n), ..., 7o (P

Recall that 77 was defined just before equation (16).
The homomorphism J;: S? — §? defined by equation (38) and the covering map
m: S? — RP? induce isomorphisms on the 7,-level, so by equation (39), (7 o @fj,t)te I

* Wp_1),Cw, ). (45)

is a geometric representative of a generator of 7 (Q(S?), C’fj) (resp. of 1 (Q(RP?), Cx;))
that we denote by Az, . (resp. by Ay)). Identifying 1 (Q(S?), ¢ ) (resp. nl(Q(RP2),cx].))
with 715 (S?, x]) (resp. nz(RP x])) as usual, we may thus take
(/\xo,/\xl, .. Ax 3,/\ZO,A Zo) (resp. (/\xo,/\xl, . Axn_z,/\ZO)) (46)
to be a basis B of the free Abelian group 7> ([Tf S?) (resp. of 712([T} RP?)). For each
v € {Xo,X1,...,Xn-3,20, —Zo} (resp. v € {x0,X1,...,Xn—2,20}), let
by = On(A v) (resp. 52,—8 (Av)). (47)

By Remark 18 and the proof of Theorem 1, the homotopy fibres I, I}/ and I;, have
the same homotopy type. We are now able to exhibit explicit homotopy equivalences
between them, which will allow us to describe the images of certain elements of 771 ()
by the induced isomorphisms. Recall that the maps j,: I, — E,and g,: E, — F,(M)
were defined just after equation (12).

LEMMA 24.
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(a) The map a.: I. — 1)/ defined in (43) is a homotopy equivalence.
(b) The map ar: I] — I}, defined in (16) is a homotopy equivalence.
(c) With the notation of (45),
gnojnotyotronc(Y, ..., Yn-1, w1, ..., Wu_1) = (TW1), ..., T(Yn-1), wn).
. ~ Ow; = On(Aw,) if M =S?
d) Foralli=1,...,n—1, (&, caronr)s(Ay) = 01 0
(d) ( n T C)#( wi) {5w1:an(sz) ZfM:RPZ
Proof.
(a) Let Bc: I] — I. be defined by:
~(1)y —1 ~(n—1)y —1
,BC(Ull- . -/Un—llr)/ll"'/’)/l’l—l) = (vll"'lvn—ll (lpi(;)) *Y1,e0 ey (lng:,ll)) *’)/71—1)'
Then a; 0 B =~ Idm and Bcoa, ~ Idj, so a. and B, are mutual homotopy inverses
between I, and I}.
(b) If M = S? then a is the identity, and the result is clear. So suppose that M = RP?2.
Define : I, — I}/ by:
ﬁﬂ(vll ey On—1, ll/ ey ln—l) - (51/ ey 511—1/ le ey ln—l)/
where fori = 1,...,n—1, Z I — S? is the lift of the path [;: I — RP2 by the cov-
ering map 7 such that [;(1) = w/, and 7; is given by 9; = [;(0). The map B is well
defined, since if (vy,...,v,_1) € F,_1(RP?\ {z0}) then (7y,...,7,_1) € Fn<f>1(C). The
fact that 7t is a covering map implies that a0 B = Idl’/i and Broa, =1d 17, SO &x and
Br are mutual homotopy inverses between I/ and I,.
(c) This follows directly from (45) and the definition of the maps g, and j, given in

Section 3.1.
(d) Leti € {1,...,n—1}. Then:

)\wl(/ = [(wi’, e ,w;’fl,cw/l/,. . .,ngil,(’:}w;/,t, Cwl(/Jrl,. . "Cw;/_l)tel} (48)
in my(Il;). Forallj =1,...,n—1, ﬁ(w;’) = wj, and I]J\;J_;,l = cy; using (44) and the
definition of ¥; ;. It follows from (47), (48) and Lemma 13 that:

(a) oayo [XC)#()\wgl) = [(w1,..., Wn—1,Cwys -, Cwy 1, TT 0 &w;//t, Cugryre v es cwnfl)tel]
| 0n(Aw) = 0w, ifM =S?
an()\wi) = 5wi if M == RPz,
as required. O

The following proposition relates the elements that appear in (46) to an element T,
of 7t1(I,) that projects to the full twist braid under the homomorphism (g © jn )#.

PROPOSITION 25. Let M = S? or RP?, let n > ny, let 7,: I —> I.. be the loop in 1. based at
W, defined by:
_ (&fo,f(%)'&}fl,t(%)' sy &fnfsft(%)fzo' Cxor Cxyr v vy Cfnfs'cfo) if M= s
Tu(t) =4, 0 30 g _ ] e oo (49)
(0x,6(3), @x,4(3)s -+ @z, 5 4(5), Cpr Cyr - -1 C5, ) if M = RP~,
and let T, be the element of 1t1(I,,) defined by T, = [, 0 ar o ac(Ty)]. Then (gn o jn)s(Th) =
A%, the full-twist braid of P,(M), and there exist unique integers mg, my, ..., My _1 € 7 such
that:
o an(mo)\go + -t my Ay, My 2Az + mn_1/\_50) if M = S?

T, = 50
an(MQAxO + -+ Wlnfz/\xniz + mn_l/\zo) lfM = RP2. 50

n
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— EO

Figure 10: The full twist braid A2 of P,,(S?), which is equal to (g © j )#(T).

Proof. Let 1, be as defined in equation (49), and for t € I, let:
o (D), @5 (), 0% (3),20) ifM=S?
(0o () = § (5012 Ouapla) o O5 s a) T) M =S
(wfo,t(i)/wfpf(i)""'wfn—z,t(i)) if M = RP-.
Then T, (t) = (y1(t), ..., ¥n-1(t), ¢y, 0)s - - -+ €y, 4(0)), and using (45), we have:

~

Tn :[ :,ZOOCT[ODCCOTH]

(51)

~

~ A~ ~ ~(1 ~(n—1
= [(R@O), - Ryna (B),wn, Ry, BB e, ) ] (B2)
By (44), (52), Lemma 24(c) and the fact that h;z) = ¢z, we see that:

0

(@a () @rg(B)r- o @5, i) 20 —20) | iEM=S?

(@50 (1), (@54 (D)), (@5, 0 (3))i20),_ | i M=RP2.

Using the constructions of Section 4.1 and equation (39), this element may be seen to
be a geometric representative of A2 in P,(M) (see Figure 10 for the case M = S?).
In particular, T, is non trivial, and T2 € Im (d,) by exactness of (35). With respect
to the basis of 71>([T{ M) given by (46), the existence and uniqueness of the integers
mo, my, ..., my_1 given in (50) also follow from the exactness of (35). [

(8&n o jn)#(Tn) = (53)

REMARKS 26.

(a) In [GG7, Theorem 3], we showed that the coefficients of (50) are given by my =
coomy_p=1,and m,_1 = —1 (resp. my,_1 =1)if M = S? (resp.if M = RP?).

(b) Let M = S? (resp. M = RP?). Writing the group ;(I.) as the direct product
Ry x m (Q(TT} 1 S?)) by (14), [1,] may be regarded using (49) as the element A2
of P,_1 with respect to the choice of orientation of the loops given in Figure 10 (resp.
as the element @', of G,,_1, the inverse being due to the fact that in Figure 1, we have
chosen the opposite orientation of the loops). By definition, under the isomorphism
(a), oazonc)y: m1(l;) — m1(I,) given by Lemma 24 and Corollary 30, [1,] is sent to
Ty, and by (53), (gn © jn)#(Tn) = AZ in P,(M).

(c) A useful algebraic section involving the group R, given in the statement of Corol-
lary 2(b) may be obtained in a straightforward manner as follows. Let M = S? (resp.
M = RP?),letng = 3 (resp. ng = 2), letn > ny — 1, and let R, = P, (resp. R, = Gy).
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With the notation of Section 3.1, consider the homomorphism p: R;, — R;,,—1 induced
by the projection F& (M) — PnGO _1(M) that forgets the last n — 1y 4 1 coordinates. Then
Ry,—1 is the infinite cyclic group P, = (A3) (resp. G1 = (p1,0))- Thus p admits a section,
and R, = Ker (p) x R,,_1. Further, p(A2) = A} (resp. p(©,) = ©1), and since the
centre of R, is equal to (AZ%) (resp. to (®,)), we conclude that R, may be written as

an internal direct product Ker (p) x Z(R,). Since F¢(M) is a space of type K(R, 1),
Ker (p) is torsion free.

To end this section, we prove Theorem 3 and Proposition 4.

Proof of Theorem 3. If M = S? (resp. RP?), let e; 1 = an(X;i) fori=0,...,n—3,¢,_1 =
E)n(Xgo) and e, = E)n(/N\_gO) (resp. ej11 = 9n(Ay,) fori =0,...,n —2and e, = 9,(Ay)).
By exactness of (35), (e, ...,en) is a basis of the free subgroup Im (9,) of 7r1(I,), and
using also Proposition 25, we have {ey,...,e,_1,77) C Im(d,). Consider the iso-
morphism (a), o azoac)s: m(l;) — m1(I,) given by Lemma 24 and Corollary 30. For
i=1,...,n,let f; be the unique element of 711(I.) such that (&}, o ar o ac)s(f;) = e;, and
let V; and V be the subgroups of 711 (I¢) for which (a}, cazoac)s(V1) = (e1,...,e4_1, T2

and (a), oz onar)s(V) = Im(d,). Then V3 C V, and by Lemma 24(d) and the de-
composition 711(I;) = R,_1 X m (Q(HT‘l S?)) of Corollary 2 as an internal direct
product induced by (14), we have 71 (Q(IT ' $?)) = (fi,..., fu_1) C Vi C V. Fur-
ther (a}, o azoac)s([ts]) = Ty by Proposition 25, so [1,]> € V;. By Remarks 26(b),
[T,] may be viewed as an element of the factor R,_1, namely A%_l if M = S?, and
@, ' if M = RP2 Since m (Q(IT} ' S?)) = (fi,.... fu1) C V C m(I), there
exists an element v € R,,_1 such that (f,..., fy,—1,7) is a basis of V. The fact that
[ta]?> € ViNR,_1 C V implies that there exists k € Z such that [1,]? = 7, where
and [1,] belong to R,_1. Since ([1,]) = Z (Rn_l), it follows from Remarks 26(c) that
v € {[t), [t 7L [m)? [ta] 2} Iy € {[t], [ta] !} then T, € Im (9,), and thus T, €
Ker ((gn © jn)#) by exactness of (35) which contradicts the fact that (g, © ju)#(T) = A2
in P,(M) by (53). Hence v € {[t]?, [ta] 2}, from which we conclude that V C V;. So
Vi =V, and thus (ey,...,e,_1,72) = Im (9, as required. O

Proof of Proposition 4. Let M = S? (resp. M = RP?), and let n > ng. By exactness of (35),

Ker ((tn)#) = Im ((gn ©jn)#) = 1 (In)/ Im (), (54)
where Ker ((1,)#) = Py(S?) (resp. Ker ((t4)#) = TI'2(P,(RP?)) by [GG5, equation (2)
and Proposition 1(a)(i)]), and the isomorphism of (54) is induced by the homomorphism
(§n © jn)#. From Theorem 3 and (47), we have:

Im (9,) = <25V,70,25V,70,...,g,7n 3,5ZO,T ) (resp. Im (9,,) = <(5x0,(5xl,...,5xn72,?,3>).
Making use of the isomorphism (a), o a0 ac)y: 11(l.) — m1(I,) and the notation of
the proof of Theorem 3, we have:

1 (L) / Im (9,) = (L) /{fi, -, fuo1, [T2]), (55)
the isomorphism being induced by (&}, o ax o a¢)4. Since fi,..., f,_1 are generators of
the respective factors of 7t1( (]_[;1_1 $?)) in 7y (L), it follows from (14) and (55) that
(L) / Im (9,) = Ry /([T Using Remarks 26(b), if M = S? then [7,] may be inter-
preted as the full twist brald A2 of P,_1, and so 1 (L,)/ Im (9y) = Pyq /(A% ) =
Fpox (Fp_3x (- x (F3 x ]Fz) -)) X Zy using [GG2, Pr0p051t10n 8] and the Artin
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combing operation. We thus obtain the isomorphisms of (6). Now suppose that M =
RP2. By Remarks 26(b), [1,] may be interpreted as the element @;}1 of G,_1, and the

isomorphisms of (7) follow from (54), the fact that Ker ((1,)#) = I'2(P,(RP?)) and equa-
tion (34). O

REMARK 27.Let M = RP?, let n € N, and let K, = Ker ((1)#). In [GG5, Proposi-
tion (1)(a) and Theorem 3], we showed that (1,,)#: P,(RP?) — 71 (T} RP?) is Abelian-
isation, so K;, = T'»(P,), and that K, = L, X Z,, where L, = Fp,_3 x (Fp;_5 ¥ - -+ X
(F5 x F3)---)). Since the basepoints involved are not the same, we cannot compare
L, directly with the corresponding factor of (7). However, one may show that the map
gnojnoaloaronc: I — F;(RP?) induces a surjective homomorphism G,_1 — K,
from which it should be possible to make explicit the factors Fp; 1, wherei =1,...,n —
2, as subgroups of K. Independently of Proposition 4, if p: P, 1(RP?) — P,(RP?) is
the projection defined geometrically by forgetting the last string, one may show using
the results of [GG5] that the homomorphism p ] Koo' K, +1 — K, splits by making use

of the fact that the restriction p‘ Loy L,4+1 — Ly splits.
n+

Appendix

As we mentioned in Remarks 14, the map «},: I, — I, defined in Section 3.1 is a ho-
motopy equivalence. This follows from Proposition 29 given below relating the homo-
topy fibres of fibre spaces and certain subspaces, and is a consequence of Lemma 28.
This lemma seems to be folklore, and we were not able to find a proof in the literat-
ure, although the statement appears in [N, Section 3.2, Exercises(2), page 99]. We are
grateful to Michael Crabb for proposing proofs of Lemma 28 and Proposition 29. In this
section, we will denote the homotopy fibre of amap f: X — Y by I(f) rather than I.

We first fix some notation and recall the homotopy fibres that we will analyse. Let
f: X — Yand g: Y — Z be pointed maps. By (2), we have:

1) = { (xp) € X x Y| p(0) = f(x), p(1) = v},

1(8) = { (v 1) €Y x Z'| 71(0) = g(y), (1) =} and

I(gof)z{(xv)eXxZIMO 3(f(x)), 7(1) = ¥z}
Let f,: I(g f) — )bethemapdefmedbyf*(x v) = (f(x),7). Then:

:{m, )€ X x 21 x I(9)'| @(0) = fulx,7), (1) = #yg) |-
be (

elongs to I(g)! then there exists (p,T) € (Y x Z')! such that for all
= (p(s),T'(s,-)) € 1(g), I'(s,0) = g(p(s)) and I'(s,1) = xz foralls € I.

) € X x 2 x (¥ x ZD)! | 7(0) = g(f(x)), 7(1) = #2,
(s,O) 2(p(s))and I'(s,1) = *z foralls € I,

(f(x),7) = (0(0),T(0,-)), (p(1),T(1,-)) = (*Y/C*z)}-

Therefore y(t) =T'(0,¢) forallt € I, and thus y(1) =T(0,1) = *zand ¢(0) =T(0,0) =
2(p(0)) = g(f(x)), which implies that two of the defining conditions of I(f.) may be

~—~
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removed, and vy is redundant. Hence we may identify I( f,) with the set:
{(x,p,r) € X x (Y x ZO)I| f(x) = p(0), p(1) = *y, T(1,t) = % forall t € I,

I'(s,0) = g(p(s)) and I'(s,1) = %z forall s € I}. (56)

LEMMA 28. Let f: X — Yand g: Y — Z be pointed maps, and let f.: 1(go f) — I1(g)
be the map induced by f on the level of homotopy fibres. Then I(f.) is homotopy equivalent to

I(f)-

Proof. With the identification of I(f.) with the set given in (56), let ¥: I(f.) — I(f)
be defined by ¢(x,p,T) = (x,p) and ¢: I(f) — I(fs) by ¢(x,p) = (x,p,T’), where
I(s,t) = g(p(max(s,t))) for all s, t € I. Note that ¢ is well defined since f(x) = p(0),
p(1) = xy, I'(s,0) = g(p(s)) and T'(s,1) = T'(1,t) = g(p(1)) = *z for all s,t € I.
Clearly ¢ o ¢ = Id(y). It thus remains to prove that ¢ o i > Id;(y,), or equivalently, that
there exists a homotopy in I(f.) that takes (x,p,T) to (x,p,T’), where I" is as defined
above. It is clear that there exists a homotopy Hy: I x I — I x I, where u € I, for
which Hy is the identity, Hy(s,t) € I x {0}, Hy,(s,0) = (s,0), and H,(A) C A for all
u,s,t € I, where A = I x {0} U{0} x I. For example, we may take:

((1—2u)s +2umax(s,t),t) f0O<u<3

(max(s, t),2(1 — u)t) ifI<u<l

Let u,s,t € I. Since H; (s,t) = (max(s,t),t) and H, (0,t) = (t,t), we see that H, is

continuous. For u,s,t E I,1letTy(s,t) = T(Hy(s,t)). *Then Io=T,T(t,0) = g(p(t)),
and T (s, ) = I'(max(s,t),0) = g(p(max(s,t))) = I'(s,t), so Iy = I'". It remains to
show that (x,p,T',) € I(f«) for all u € I. This is the case, since f(x) = p(0), p(1) = *y,
I'u(s,0) =T (Hy(s,0)) =T(s,0) = g(p(s)), Tu(s,1) =T'(Hyu(s,1)) = *z and I',(1,¢) =

I'(Hy(1,t)) = *z using the properties of Hy given above. It follows that ¢ o ¢ ~ Idy(y,),
which proves the result. O

H,(s, t) =

PROPOSITION 29. Let p: E — B be a fibration, and let Eq be a subspace of E such that the
restriction pg = p |g, : Eo — B is also a fibration. Let F (resp. Fy) denote the fibre of p (resp.
po) over a base point in B, let 1: Ey — E, 1p: F — F, j: F — E, and jo: Fy — Ey
denote the respective inclusions, where 1y = t|r,, and let &’ : I(19) — I(1) be the map defined
by o/ (x,7) = (jo(x),jeoy) forall (x,7) € I(1y). Then &' is a homotopy equivalence between
I(19) and I(1).

Proof. First note that we have the following commutative diagram:

I(10) Fp—2>F
W [jo [i
I() Ey——E (57)
lpo lp
B——B.

Let xo € Fy be a basepoint that we propagate to F, Ey, E and B using this diagram. In
particular, let by = pg © jo(xp) be the basepoint of B. The map a’: I(1) — I(¢) defined
in the statement is well defined, since if (x, ) € I(1) then p(x) = yoand y(1) = p(xp),
so a/(x,7) = (jo(x),joy) € Eg x EI, and we have joy(0) = joui(x) = i(jo(x)), and
joy(1) =jouy(xg) = i(jo(xo)), which is the basepoint of E.
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Taking X = Eg, Y = E,Z = B, f = 1 and ¢ = p in the statement and proof of
Lemma 28, and noting that py = p o1, we obtain a map t.: I(po) — I(p), and the
map ¢: I(1x) — I(1) defined in the first line of the proof of Lemma 28 is a homotopy
equivalence. We will exhibit a homotopy equivalence h: I(19) — I(t;) for which &’ =
o h, which will prove the result. Since p and py are fibrations, the maps g: F — I(p)
and go: Fo — I(po) defined by g(x) = (j(x),cp,) forall x € F and go(v) = (jo(v), cp,)
for all y € Fy are homotopy equivalences [A, Proposition 3.5.10 and Remark 3.5.11].
Consider the following diagram:

I(1) Fp—2 - F

po e

L

I(tx) —— I(po) —— I(p)-
Using the commutativity of (57), it is straightforward to check that the right-hand
square is commutative, and we thus obtain an induced map h: I(y) — I(1.) defined
by h(x,v) = (go(x),g° ) forall (x,7v) € I(i) that is a homotopy equivalence because
g and g are homotopy equivalences. If ¢’: I — B! is the path defined by ¢/(t) = ¢,
for all t € I, then using the definition of ¥, for all (x,v) € I(19), we have:
Poh(x7) = p(20(x),g°7) = $((o(x), i), (°7,¢)) = Go(x), o 7) = ' (x,7).

So &' = ¢ o h, and hence o’ is a homotopy equivalence as required. O

We end this paper with two corollaries of Proposition 29.
COROLLARY 30. The map «),: I}, — I, defined in Section 3.1 is a homotopy equivalence.

Proof. It suffices to take the first two rows (resp. the fibrations pg and p) of (57) to be the
bottom two rows (the fibrations p, and p; of Section 2) of (17), and to apply Proposi-
tion 29. ]

COROLLARY 31. For all k > 1, the inclusion j: F — E and its restriction j|r, : Fo — Eg
induce an isomorphism ju.: 7 (F, Fy) — 1 (E, Ep).

Proof. Recall from [A, Definition 4.5.3] and the paragraph that precedes it that the relat-
ive homotopy group 7ty (E, Eg) (resp. 7 (F, Fy)) is the homotopy group 71 (I(¢)) (resp.
e—1(I(1))) of the homotopy fibre of ¢ (resp. ig) for all k > 1. So for all k > 2, the map of
pairs j: (F,Fy) — (E, Ep) induces a homomorphism ju: 71 (F, Fy) — mx(E, Ep) that
coincides with the isomorphism tx;(k_l) : m_1(I(20)) — mr_1(I1(1)) given by Propos-
ition 29 (observe that if k = 1 then as in [A, Definition 4.5.3], we refer to the map
jur: m(F, Fy) — m(E, Ep) as a homomorphism, and we know that it is also a bijec-
tion). [
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