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Abstract: In this paper, we consider the inverse problem of estimating
the product fg of two densities, given a d-dimensional n-sample of i.i.d.
observations drawn from each distribution. We propose a general method
of estimation encompassing both projection estimators with model selec-
tion device and kernel estimators with bandwidth selection strategies. The
procedures do not consist in making the product of each density estimator,
but in plugging an overfitted estimator of one of the two densities, in an
estimator based on the second sample. Our findings are a first step toward
a better understanding of the good performances of overfitting in regression
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1. Introduction

In this work, we consider that we have n observations X;,i = 1,...,n in R?
independent and identically distributed (i.i.d.) with density f and independent
from n additional observations Y;,i = 1,...,n in R%, ii.d. with density g. We
study the question of estimating the product function fg from these observa-
tions. Note that the resulting function is not — in general — a density, and none
of the observations are directly related to this product. In that sense, we face
an inverse problem. Our framework contains the case where f = g and the goal
is to estimate f2 by splitting a 2n-sample. These quantities may be of interest
in some testing problems or as a first step for estimating the L?-norm of f, see
Laurent and Massart (2000); other product problems are considered in Butucea
et al. (2018).

However, we must explain that we considered this problem as a simplified
setting (a toy-problem, in some sense) for a more complicated question. Let us
explain it. Consider a regression model in dimension d = 1 with Y; = b(X;) + ¢;
with i.i.d. and independent sequences (X;)i<i<n and (€;)1<i<n. The question
is to estimate the regression function b(-) from observations (X;,Y;)1<i<n. A
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popular proposal is the Nadaraya-Watson estimator (see Gyorfi et al. (2002))

~ sy (Ximz " K (Xi=z
by (x) = 2% ZT &ifx ) - D wninYis Wain = n(—hx),z
ﬁZile( h ) i=1 Zi:lK( h )

where K is a kernel and h a bandwidth parameter. This estimator can be seen
as a weighted combination of the Y;’s (second equality) or as a ratio of an
estimator of bf, where f is still the density of the X;’s, divided by an estimator
of f (first equality). In this last case, it is not clear that the same bandwidth
h must be chosen for the numerator and the denominator. Surprisingly, Comte
and Marie (2021) proposed sophisticated strategies for these two terms, but
noticed in the simulation experiments that, if the numerical results obtained
for both functions separately were excellent, the performance of the ratio was
almost systematically defeated by the single bandwidth method selected from a
least squares criterion relying on the weighted view of the question. The unique
bandwidth selected in this case is small, but the ratio of these two bad and
overfitted estimators is undoubtedly very good, at least for not too high noise
level (see a related discussion in Section 4.1 of Bartlett et al. (2019)). This is why
we wondered if the product of two functional estimators was a good estimator of
the product of two functions; we took these functions as densities for simplicity.
Thus our motivation is mainly theoretical, but we believe that the question is
of general interest.

Now, let us see why making a product of density estimi‘gors can be seen as
an inadequate (sub-optimal) strategy. Assume that we set fg := fx g, where f
and ¢ are minimax optimal estimators of f and g respectively. To get an upper
bound result, there is no other way than to separate the role of each estimate :
both individual risks of f and g would emerge. Then, the resulting rate is the
slowest between the rates of estimation of f and g: it is the rate induced by
the less regular density between f and g, say g without loss or generality for
the remaining of this discussion. Clearly, this is not optimal if the product fg is
more regular than g. For instance, if d = 1 and for f a 8(p, p) density with p > 2,
p integer and ¢ a uniform density, i.e. a (1,1). Then on R, f has regularity
p — 1 and g regularity 0, but fg = f has regularity p — 1. Therefore, one can
wonder if in these cases it is possible to build an estimator directly adapted to
the regularity of the product fg.

A related disadvantage of an upper bound separating the roles of f and g
is that it does not treat this problem as an inverse problem : both individual
regularities of f and g intervene whereas one expects that the sole regularity of
fg should matter. Especially since, depending on the regularity classes which
are considered, there is often no universal rule relating the regularities of f and
g to the one of the product.

To complete this discussion, notice that it is easy to derive a lower bound
result, inspired by the former example on beta distributions. Denote by X(s, L),
where s = (s1,..., 8q) with positive s;,i =1,...,d and L, a ball of radius L in
space of functions with regularity s. Then it holds, for any measurable function
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T of (Xy,Yi)1<i<n,

sup T~ fgll*>  sup [T~ fgl>= sup [T fI
s, fex(s,L)

f9€X(s,L) F9€S(s,L)
SuppfC[0,1]4 Suppfc[o,1]4
9=410,1d
It follows that
inf sup ||T— fgl|>>inf sup ||T — f|% (1.1)
T fgex(s,L) T  fes(s,L)

SuppfC[0,1]¢

we recover on the right side the lower bound of the direct density estimation
problem. To summarize, if the regularity set (s, L) contains a [0, 1]% supported
density fy, a lower bound for the product is given by a lower bound for the
direct estimation of fy. This is enough to state that the upper bound results
presented below are optimal. For instance in dimension d = 1, we recover rates
in n T f (fg) € X(s, L), a Sobolev class of regularity s, that are minimax.

The plan of the paper is the following. We propose in section 2.1 a general
estimation strategy: we define a function estimator of the product fg and prove
a non-asymptotic risk bound under general assumptions. This general strategy
encompasses projection and kernel methods, for which we check the assumptions
and present spectific results in Section 2.2. Then we study in a particular projec-
tion case the resulting rate, related to the regularity of fg: it can be reached for
a well-chosen dimension of the projection space (see section 2.4). As this choice
depends on unknown parameters, we then propose in Section 3.1 a general pa-
rameter selection strategy of Goldenshluger and Lepski (2011) type, and prove
that the resulting estimator automatically reaches the squared-bias/variance
compromise. This general method applies to projection and kernel methods.
However in both cases and in dimension 1 alternative methods are used in the
simulations, which outperform Goldenshluger and Lepski procedures numeri-
cally; they are simpler to calibrate with faster execution times. Note that an
invariable difficulty in the theoretical study of these procedures is that even if
we have i.i.d. variables, our estimates are built from sums of dependent vari-
ables (see e.g. (2.6) or (2.7)). Numerical comparisons of the different methods
and associated strategies for product estimators are conducted in section 4, and
concur to our theoretical findings. Several additional questions are presented in
the concluding remarks of section 5. Lastly, proofs are gathered in section 6 for
the results of section 2 and in section 7 for the adaptive results stated in sections
3 and 4.

2. General estimates of the product and examples
2.1. Functional estimator and first risk bound

We consider a general family K of functions K : I? — R, where I C R?, that
are symmetric (i.e. Vz,y € I, K(z,y) = K(y, x)).
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In the sequel, we denote by ¢k the quantity Yx(z) = [K(z,y)¥(y)dy for
any function . The collection K must be chosen such that 1k can be a good
approximation of 1. Examples of possible collection K are provided in Section
2.2.

For such a function K* € K, we define an estimator of f by

fr- (z ZK* X;,x), ze€l. (2.1)

This estimator is considered in Lerasle et al. (2016) and for specific choices of
K*, it covers for instance projection estimators, kernel estimators or weighted
projection estimators. The first two examples are detailed in Section 2.2. Remark
that E(fx-) = fk+ is expected to be a good approximation of f.

Following an analogous way, we propose as an estimator of fg, for K € IC,

/\

(F9)k x-( ZfK* )K(Y;,2), xel. (2.2)

Indeed, if fx- is near of f, and as E(f(Y1)K(Y1,2)) = (fg)k, we get a relevant
estimator of fg if, again, for K € K,y is a good approximation of fg. Note
that in definition (2.2), X; and Y7 must have the same dimension.

We set the following assumptions on K:

(A1) 3Cy > 0,%p € LA(D), [lvl|? = [ ([ ¢@)K(y,2)dy) dz < Cal|]?
(A2) L(K) :=sup,; [K*(y,z)dz < cc.

Moreover, we require the following assumptions on fi»:

2
(43) 3C5 >0, J (Elfic-0))) dy = |l fir||* < .
(A1) 3C; >0, [ Var (fie- () dy < C.
2 7w\ 211>
(.A5) 4C5 >0, VY € L (I), E | (v, fx+ E[f]K*] < Cs o
These assumptions are related to K* and therefore to the density f only. Now, we

can establish the following upper bound on the mean integrated risk of (fg)x k-

Proposition 2.1. Let K,K* belong to K. Assume that assumptions (Al)-(A5)

hold and that g is bounded on I with bound denoted by ||gllcc- Let (fg)y - be
the estimator defined by (2.2). Then, we have

Bl (Fa)u e~ Fal) < 20(F)eFall*+2Culgl% 15— e IP+e(1.0) 22, (2.9

where €(f, g) := ||g]lco(Cs + Cy + Cs).

Strategy suggested by (2.3). The risk bound (2.3) contains two standard
terms, the squared bias ||(fg)x — fg||* and the variance €(f, g)L(K)/n, requiring
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a standard selection for K (see Lerasle et al. (2016)). It also involves the bias
term || f — fx-||*> which has no counterpart: thus K* can and should be chosen
in order to make it negligible and fK* can thus be taken overfitted.

If in the initial problem, f and g have symmetric roles, this is no longer
true in the definition (2.2) of the estimator, where one of the two densities
is estimated first. As a matter of fact, Proposition 2.1 suggests to plug in the
product estimator (2.2) an over-fitted estimator, eliminating a selection issue for
K*. When possible we select for this over-fitted estimator the one corresponding
to the smoother density. Indeed, this should make the additional bias term
decrease faster. However, the information about which is smoother between f
and g, is not available. From theoretical viewpoint, both || f — fx«||* and |lg —
gk-||? are negligible by assuming a minimal regularity for f and ¢ and choosing
K* such that Assumptions (A1)-(.A5) hold, makes the bias term the smallest
as possible. From a practical point of view and in dimension 1, we propose to
consider that the smoother density is the one for which a selection method for
the direct density estimation of f and g leads to the smallest complexity L(K)
(i.e. the smallest selected dimension in projection or the largest bandwidth for
kernels, see section 2.2 hereafter).

S— —

In the sequel, we may write (fg)y instead of (fg)y x. When there is no am-
biguity, as K* can be fixed.

2.2. Assumptions (A1)-(A5) for projection and kernel estimators

We consider the following two examples:

[P] Projection function: for a multi-index m = (my,...,mq) € N9, let
0<j<m-1

where (¢5)o<j<m-—1 is an IL2(I)-orthonormal basis, I = I} x ... x I, with

@j(T) = (), ® ... @ ;,)(x) = @j, (1) X ... X @j,(7a)

and
d m;—1 d
L(m) := Z of| = H sup Z or, () | = H L(m;) < +oo.
oj<m-1 || g=1 \"<l k=0 j=1

We denote by Sy, the Dp,-dimensional linear subspace of IL?(I) spanned
by o, ..,%Ym_1, where Dy, = H?:l m;.

[Ker ] Kernel function:
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for K an integrable and square-integrable symmetric function (K(—z) =
K(z)) defined on R, such that [, K =1 and h € [0,1]%. We denote by
Kn(z) == [[]_ hj ' K(x;/h;) and set L(h) = []7_, L(h;) where L(h) =
I K[| /.

First we state that the above functions fulfill assumptions (A1)-(A2):

Proposition 2.2. The functions Ky, defined in [P] and Ky defined in [Ker]
satisfy assumptions (Al1)-(A2) and belong to K.

The order of L(Ky,) := L(m) depends on the choice of the basis. In dimen-
sion 1, for the trigonometric basis for m odd and I = [0, 1], it holds L(m) = m.
For the Hermite basis where I = R, we have L(m) < Cy+/m (see Lemma 1 in
Comte and Lacour (2021) and section 2.4). For the Legendre polynomial basis
where I = [—1,1] it holds that L(m) = m?, see Cohen et al. (2013, p.831).
In any case, we consider that L(m) > 1, which holds at least for m > my.
Extension to dimension d is straightforward by tensorization of the bases, and

L(m) = ngl L(m;). In the kernel case, we simply have L(Ky) := L(h).

Next we prove that Assumptions (A3)-(A5) are verified for the projection
estimator of f

~ ~ N 1 &
Jome =T = > Gypy, G5 = EZ%‘(XZ% (2.4)
0<j<m*—1 i=1

mi—1 mj—1 .
where » g ;< _q stands for 301" 574", and for the kernel estimator

fipe o= fue(z) = %ZKh (X; — ). (2.5)
i=1

Proposition 2.3. Assume that f is bounded. Then the estimators of f:

o fu- in case [P] under L(m*) < n,
o fn- in case [Ker] under L(h*) <mn,

satisfy assumptions (A3)-(A5).

The conditions L(m*) < n and L(h*) < n represent a stronger version of
Assumption (A2). Moreover fx,, = fm = D o<jem_1%¥5 With a5 = (f,¢5)
is the projection of f on Spy: it is a good approximation of f for m large (in
the sense that minj<;j<4m; is large). Analogously, fk, = f * Kn with uxv
denoting the convolution product of two L?(I) functions, gets close to f for
small h (in the sense that max;<;<q h; is small) under mild conditions, see e.g.
Tsybakov (2009) or Goldenshluger and Lepski (2014).

This allows to derive from Proposition 2.1 in the following section upper-
bound results for projection and kernel estimators that we introduce below.
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2.3. A Corollary in the projection or kernel case

In a purely projection approach where we take K and K* in the same collection
of the form [P], we obtain the following estimator of fg¢:

it = T = 3 8™ g, ™) = 257 0y (¥0) o (V).
0<j<m-1 i=1
(2.6)

Clearly, E(&gm*)) = (¢j, fm+g), which shows that our estimator is indeed close
to fm+g, which in turn should be near of fg for large m*. Choosing m* large is
possible since the variance of fiy,« does not appear in the risk bound. It is worth
noting that the sum in the right hand side of (2.6) is composed of identically
distributed but dependent variables: indeed, dependency appears through fm*,
which is based on the X-sample.

In a purely kernel approach where we take K and K* in the same collection
of the form [Ker], we consider the estimator of fg:

—

(P (#) = 5 3 Fae (VKu(Y: — ). (27

A straightforward consequence of Proposition 2.1 is the corollary:

Corollary 2.1. Assume that f and g are bounded.
Let (f9) - be defined by (2.6). For any m* such that L(m*) < n, we have

— L(m
E (1T Dmme — F91°) < 200 0)en— Sl + 20121~ fume |7+ & 2 29
where fg = fglr, €1 = ||g|loc (1 + 2| flloo) and (fg)m is the orthogonal projec-
tion of fg on Sm, fm* the orthogonal projection of f on Sy=.

Let (fg)nn- be defined by (2.7). For any h* such that L(h*) < n, we have

__ & L(h
& (1o — Fal2) < 2070 — Fall + 2l K o — 117 + ZE)

(2.9)
where € = glloo(1+ 2K ).

It is also possible to consider a mixed strategy where K* is selected in collec-
tion [P] and K in [Ker], or vice-versa, and a similar result is obtained. This
strategy is investigated in the numerical section. Then, the two bias terms
I(f9)x — fgll? and ||f — fx-||* refer to different regularity spaces, see the dis-
cussion below and the next section.

The bound (2.9) suggests to choose h* the smallest as possible, in order to
make this term negligible. For instance if f belongs to a Nikols’ki ball with
regularity parameter o = (a,...,aq) (see Goldenshluger and Lepski (2014),
Definition 1), || fu~ — f||* has order Z?Zl(h;)hj if the kernel K has order at least
max;|a;| (where [«] is the largest integer such that [«] < a and the order of
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the kernel is understood as in section 3.2 of Goldenshluger and Lepski (2014)).
It follows that if min; a; > 1/2 and h} = 1/n, Vj, this term has order less than
1/n and is negligible. Then, only the bandwidth h requires to be selected.

If in addition fg belongs to a Nikols’ki ball with regularity parameter 3 and
K has order at least max; |5, |, then the estimator reaches the minimax rate

d
- 11
I for S =2

(see Goldenshluger and Lepski (2014)), for h; chosen of order n=P/ (ﬁj(zﬁﬂ)).
Such a choice of h is not feasible since 3 is unknown, a data driven procedure
for selecting h must be proposed.

In the following section we provide a more precise evaluation of the rates of
estimation in the projection case in dimension 1.

2.4. Projection strategy: Rates on Sobolev Hermaite spaces

In this section we focus on the case d = 1 and give an example of rate induced
by the bound (2.8), in the case of the Hermite basis and associated Sobolev
spaces (see Comte and Lacour (2021) Definition 1 for the general case d > 1).
The Hermite functions (¢;);>0 are defined from Hermite polynomials (H;);>o
by: for x € R
2 P2 dj _ 22 i —
(@) = ¢ Hj(2)e™ %, Hj(w) = (=1Ye” —— (™), ¢ = (2jlvm)~""2

(2.10)
The Hermite polynomials (H;),>o are orthogonal with respect to the weight
function e~*", that is: Je Hj(x)Hk(x)eﬂ”de = 2141\/78; ) (see Abramowitz
and Stegun (1964), chap 22.2.14). Therefore, the Hermite basis (¢;);>0 is an
orthonormal basis on R. We note also that ¢; is bounded:

l|@j]leo = sup|e;(z)] < @y, with By ~ 1,086435/7/* ~0,8160  (2.11)
xeR

(see Abramowitz and Stegun (1964), chap.22.14.17). Moreover, as recalled above
SUP,er 2?2_01 @3 (x) < Cpy/m for a finite constant Cyr > 0 (see Lemma 1 of
Comte and Lacour (2021)).

For s > 0, the Sobolev-Hermite ball (see Bongioanni and Torrea (2006)) is

defined by :

W (D) = {9 eL’(R),Y ka3 (0) < D}, D >0, (2.12)
k>0

where ar(0) = (0, ¢). It is proved in Belomestny et al. (2019) that, for s an
integer, s > 1, f € W5 = {0 € L2(R)7Zk20 k*a?(f) < oo} is equivalent to:
f admits derivatives up to order s which satisfy: f, f/, ..., f®, a*=¢f© for
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¢ =0,...,5 — 1 belong to L?(R). Moreover, for any function f € W5 (D), we
have ||f — fm||*> < Dm™°. It is also easy to see that if, in addition, s > 1, then
f is bounded. Indeed

1> ajpsl < ®o | laol + D (lagli* )i~/ | <@ | IFIl +
j=0 ji>1

As f and g are assumed to be bounded, it holds

[(£9,05)| < min([[flleo|(g, )], lglloc | #5)])-

Thus if fg € W5 (D), f € Wi (D') and g € W3 (D), then s > max(s', s).
Consequently, we obtain as a straightforward consequence of bound (2.8), the
following result.

Proposition 2.4. Lets > s’ > 1/2 and assume that fg € W5 (D), f (
with f and g bounded and g € L2(R). Then choosing mop, = [n/!
m} =n?/C%, we have

&\_/

T _ _2s
E (IC79) oy s, — S9112) < CD, D', | flloes gllow)n™ 757

We can conclude that the resulting rate is of order n=2%/(2s+1) and is optimal,
see (1.1).

3. Adaptive procedure
3.1. General adaption result

We propose a Goldenschluger and Lepski (2011) method. Define K,, = {K;},¢7,
a family of symmetric functions indexed by a parameter 7, satisfying (A1)-
(A2). For simplicity, we write 1 instead of ¢¥x, and L(7) instead of L(K,). For
example in the previous examples the parameter 7 is a d dimensional vector
of integers m in the projection case and a bandwidth h € [0,1]¢ in the kernel
context. We add the following assumptions

(A6) Vz,y € LV, 7" € Tp, [Ki(z,2)Ki(2,y)dz = [ K, (y, 2)Kp (2, z)dz.
(A7) f and g are bounded and V7 € Ty, || fr]leo < Cr.
(A8) The collection of models is such that Card(7,,) < n?, and Ve > 0,

Z eV L(7) <Y < 4o
TETn

where ¥ = ¥(c¢) is a constant depending on ¢ but not on n.
(A9) V7 € T, sup,, [Kr(z,y)|* < CoL?(r).

A10) The parameter 7* is such that L(7%) < .
(A10) The p ™) = 5@ T 3)(1 + V) log(n)
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Define
'r 'r’ / K y’ (y)dy

Under (A6) note that ( f9), .- ( 9),: - Now, set

{ A() = sup e, [n(ng)T,T/ - ()P = sV (@) .
V(7) = (C1 v ORI 1% + Ilgl|2) 2.

The selection of 7 is done by the rule

7 =arg min {A(1) + 'V (1)}

TEK,

for some positive constants x and &’ to be selected. The estimator J?KT* of f
defined in (2.1) relies now on the symmetric function K.+ € IC,, and is rewritten
fr= with K* = K+ and we note fx_. by fr-.

Theorem 3.1. Assume that Assumptions (Al1)-(A10) are fulfilled. Then we
have, for k' > k,

E(I(f9),z ~ fol") < C inf {(CrVD)I(f9)r ~ fall* +w'V(7)}
4200y O gl ] — P+ S

where C' is a numerical and C' depends on || fllco, ||9llcc and on a constant
specific to the collection IC.

Theorem 3.1 shows that the adaptive procedure automatically realizes the
squared bias-variance tradeoff up to negligible terms, as soon as 7* is such
«||? has order less than O(1/n). This result is general and allows
to consider any collection K such that (A1)-(A10) are satisfied. For example, a
mixed strategy where a kernel estimator of f is plugged in a projection estimator
of the product is possible. It is worth stressing that the proof of Theorem 3.1
relies on the Talagrand inequality and does not involve the study of a U-statistics
(see Lerasle et al. (2016) and our Theorem 4.2 below).

3.2. Assumptions (A6)-(A10) for projection and kernel estimators

In this section, we present assumptions ensuring (A1)-(A10) for the previous
procedures. First, in the projection case (2.6), we define the collection of pro-
posals for m as follows

={me{l,...,n}% L(m)<n},

and set the following set of assumptions:

[P1] f and g are bounded on I.
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[P2] The basis functions are bounded: Vj € N¢,Vz € I, |¢j(x)| < C,.
_ e m
~ 4(d + 3) log(n)
[P4] The collection of models is such that Card(M,,) < n¢, and Ve > 0,
Y omen, €V Lim) < % < 400 where ¥ = ¥(c) is a constant depending
on ¢ but not on n.

[P5] There exist b € (1,00)% and C} > 0, which need not to be known,
such that 37,-; j%a?(f) < Cy < +o0, where jP = j7* ... ji.

[P3] The model m* is such that L(m”*)

Corollary 3.1. In the projection case [P], assumptions [P1]-[P5] imply (Al)-
(A10).

In Assumption [P3], the maximal value of m* depends on || f||oc. This con-
straint can be replaced by L(m*) < n/log®?(n) and the result follows for n
large enough. Assumptions [P2] and [P4] are classical, for instance they are
fulfilled by trigonometric and Hermite bases. Condition [P5] is a minimal reg-
ularity constraint. For instance for d = 1, it requires that the function f has
a minimal regularity of 1/2 on Sobolev-Fourier spaces for I = [0,1] and 1 on
Hermite Sobolev spaces.

Second, for the kernel estimator (2.7), denote by 7, a discrete collection H,,
of bandwidths in (1/n, 1) with cardinality less than n. We consider the following
set of assumptions:

[K1] f and g are bounded on I.
[K2] The kernel K is even, bounded and integrable.

[K3] The bandwidth h* is such that L(h*) < 2(d+3)”(fl “jmg) Ty
[K4] The discrete collection H,, of bandwidths in (1/n,1)¢ has cardinality
less than n¢ and for any ¢; > 0, Y nen, exXp(—c1y/L(h)) < ¥ =¥(a) <

+o00.

Note that as [ K =1, |K||; > 1. Similarly to [P3], We can replace in [K3] the
bound by nlog(n)~3/? > L(h*), for large enough n, to get rid of the unknown
constant || f||c in the bound defining h*. Assumption [K4] is fulfilled for

d
1 2 —1
”Hn:{he{,,...,n ,1} }
n n n

Contrary to the projection, the kernel method does not require any regularity
constraint of type [P5].

Corollary 3.2. In the kernel case [K], assumptions [K1]-[K4] imply (Al)-
(A10).
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4. Numerical study
4.1. Numerically efficient adaptive procedures in dimension 1

For the numerical study we focus on dimension d = 1 and do not implement
the above adaptive procedure. Indeed, the Goldenschluger and Lepski method
is often difficult to calibrate from an implementation viewpoint (see Comte
and Rebaftka (2012)) and suffers from important computational costs. Indeed, it
involves the calibration of two constants, x” and k. This preliminary calibration
step is difficult, probably because these constants act simultaneously on the bias
and variance terms. In the kernel case, the "double” convolution which appears
when computing fgj, 5, is numerically time consuming. Instead we propose two
numerically efficient procedures model selection and PCO, for which the squared
bias-variance tradeoff is also attained under [P1]-[P5] and [K1]-[K4] respectively.

4.1.1. Model selection for projection estimators

We present, under the above assumptions [P1]-[P5], a result for a more standard
and simpler model selection procedure. More precisely, define

2 -~
T (t) = [[t]* - - > Fme (V)E(YY). (4.1)
i=1
Then select m with the criterion
N . . L(m)
= n(t = 2 2y
i arg iy {anin 20(6) + pen(m) . pen(m) = w1 + o) =

where k is a numerical constant. Note that

— e~

in 9 () = Y ((F)mme) = ~N(F9) -

2

With the same tools as those used in the proof of Theorem 3.1, we can prove
the following result.

Theorem 4.1. In the projection case [P], if Assumptions [P1]-[P5] hold, then,
there exists kg such that, for any k > ko, we have

f9) L
B o — Fal) < inf, {39 = (bl + an(l1% + Do) 2 }

C
+16]|g 113 1f = four I + —, (4.2)
n

where C is a constant depending on || fllco, Ca-

The proof is omitted but details can be found in the preprint version Comte
and Duval (2022), version 1, which also indicates that kg = 8 x 12 = 96 would
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suit. In practice, this theoretical value is always too large, and has to be cali-

—

brated on preliminary simulation experiments. Note that, the estimate (f¢) 4, -
is replaced by its positive part, for which the same risk bound holds. Moreox;er,
it can be easily checked that this proof also hold in a mixed strategy where a
kernel estimator for f is plugged in a projection estimator of the product, i.e.
K* in [Ker] and K in [P]. This justifies why for numerical results we experiment
this mixed strategy with a penalised criterion for adaptation.

The values ||f|loo, ||g]lco in the penalty term are unknown and must be re-
placed by estimates. The bound || f||c can be estimated by the maximal value of
a projection estimate of f on a middle-sized space, for instance sup,; |f[ ] ()]
and an analogous approach can be adopted for ||¢||. Let us denote these esti-

mators by ||f]|., and ||g||,.. This strategy is theoretically studied in Theorem
12 p.594 (Appendix A: Random penalty) in Lacour (2007).

We consider in the numerical Section the estimator ffh,m* and adopt the follow-
ing strategy. The penalty is obtained from the theory as the sum of the bounds

on two terms, a bound on %Z;n:_ll E (@?(Yl)[fm*(Yl)P) and a bound on an

additional term given by || fl|co||gllcc L(m)/n. Following ideas in Massart (2007)
(see also Theorem 7.6 p.216, in the density case), we replace the first term by

[

n m

p (m) = >

n -
=1 5=0

[ (V500

and the second term by pen,(m) = mwme(m)/n. So, in the Hermite basis
where L(m) = Cy+/m (with unknown Cpg), our global penalty is

vm

ey (m) + Al 71 ol 2 (43)

The constant k is calibrated by preliminary simulations, see section 4.

4.1.2. Bandwidth selection with PCO

We describe here a method called ”PCO” (”Penalized Comparison to Overfit-
ting”) introduced for kernel density estimation by Lacour et al. (2017). The
PCO method is more complicated from theoretical point of view, because it
involves the study of several U-statistics of order 2. But, it is much easier to
calibrate and implement in practice. -

Let us describe the PCO method. Denote by (fg), (omitting h* for simplic-
ity), we select

h= arg hrélqlil {H(f/g\)h - (E)h

with hpin = min{h, h € H,},

12 + 2pen(h)}

min

pen(h) = pen, (h)+pen,y(h) where pen, (h) = %(Kh, Kp_.) Z J/‘E* (Y;), (4.4)
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c(f,9,K)

= alf,9.K) = 4K K]l (g% + [ £1%)- (45)

peny(h) =

Note that pen; and pen, are both of order 1/(nh). This is obvious for pens;
for peny, observe that [(Kp, K, . )| < [[K|lsol|lK|[1/h and that, under [K3],
(1/n) >0, fh*( i) is bounded with large probability, see (7.6).

Theorem 4.2. Consider the kernel case [K]. Assume that Assumptions [K1]-
[K4] hold and that 1/(nhmin) < 1. Then, for any k > 1/4, we have

fo K
E (Il(fg),: - fg\|2) <ey inf {|(fg)h ~Jgll?+ (1 j_ e)co(f;li’ )}
a6 — F9I? + esllfe — I+ OB,

where c3 and C are positive constants depending on f,g9, K and (c1,c2) =
(3.6,10.4) would suit.

The risk bound of Theorem 4.2 involves four terms. The first term in the first
line is the minimal risk among the collection of estimators, up to multiplicative
a constants. The two following terms, ||(fg)n,.. — fgl> and | fr- — f|* are
bias terms corresponding to small bandwidths, they are negligible if hyi, is of
order 1/n and h* of order log(n)/n (as required by assumption [K3]), and if the
functions f and fg have regularity larger that 1/2. The last term log(n)/n has
negligible order compared to the first one. Therefore, the adaptive estimator
achieves the intended squared-bias variance compromise given at the end of
section 2.3.

4.2. Description of the implemented procedures

We illustrate the performances of the projection estimator with Hermite basis
(see section 2.4) and kernel estimator with kernel built as a Gaussian mixture
defined by:
K(x) =2n1(x) — na(x), (4.6)

where n;(z) is the density of a centered Gaussian with a variance equal to j.
This kernel is of order 3 (i.e. [ 27K (z)dz =0, for j = 1,2,3). We consider four
examples:

[BU] X ~ f=B(7,5) and Y ~ g =U(0,1),

[GE] X~ f=T41/4)and Y ~g=E(1/4),

[INL] X ~ f =N(0,3) and Y ~ g Laplace,

[NC] X ~ f =N(0,3) and Y ~ g Cauchy.

We compute normalized L2-risks to allow the numerical comparaison of the
different examples for which [(fg)? varies a lot. Namely, we evaluate

E[|(fg) — f9)]
IZIE
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and the associated deviations, from N = 100 independent datasets with different
values of sample size n = 200, 1000 and 2000. All adaptive methods require the
calibration of constants k’s in penalties. This is done by preliminary simulation
experiments. For calibration strategies (dimension jump and slope heuristics),
the reader is referred to Baudry et al. (2012), and to Lerasle (2012) for theore-
tical justifications. Here, we test a grid of values of k’s, the tests are conducted
on a set of densities which are different from the one considered hereafter, to
avoid overfitting. The different estimators are computed on the same datasets
and compared. R

e Product : This estimator is obtained as the product of fg where each
estimator is an adaptive optimal estimator. In the projection case, the product
is fi, Gy, Where fp, is defined by (2.4) with

1

N 4 n m-—
o . 2 2(x.
Mo =arg, i o) el 2 2 et

7

and g, is defined analogously. In the kernel case, fﬁﬁﬁzv where fﬁl is defined
by (2.5) with

~ ~ = 4
hi = i — P+ =Ky, K1) b,
L=arg o {||fh Foll® 4 — (K i>}
and ﬁﬁz is defined analogously.
e First X: In all our examples f is smoother than g. The theoretical results
suggest that one should consider for the preliminary estimate the dataset X

—

which has density f. In the projection setting our estimate is (fg)z - of Theo-
rem 4.1 and penalty given by (4.3), where H/fﬁ is estimated by sup,c; |]/”?0(:E)|,

llgll2, is estimated similarly, and with x = 0.15 after calibration. In the kernel

case we consider the estimator (fg); of Theorem 4.2 with penalty given by (4.4)
where pens is replaced by

_ IL/1Z -+ g2
— 0.32/1lc0 T 119100
peny h )

where || f[|2, is estimated by sup,c; |flig n/ﬁ(x)|7 lgl|2, is estimated similarly.

Note that ||[K||; ~ 1.133 and ||K||cc ~ 0.516, || K||3|| K||eo = 0.75.

e Optimal first : As the information about compared smoothness of f
and ¢ is unavailable in practice, we have proposed an adaptive method for
choosing which estimate is plugged in: we perform a classical penalized (resp.
PCO) procedure (see step Product) to the datasets X and Y and we take as
preliminary projection (resp. kernel) estimate the one for which m (resp. E) is
the smallest (resp. largest). Indeed, the optimal dimension (resp. bandwidth)
is asymptotically a decreasing (resp. increasing) function of the regularity. For
instance, if m; < mo we proceed as in First X step, otherwise the roles of X
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and Y are switched. We count the number of times where Y is selected first;
thus, when this count is zero, First X and Optimal first are the same and
give the same result.

e Oracle (optimal first) : Our benchmark is computed as follows. We
consider for all dimensions or bandwidths the estima@is of the step Optimal
first and select the oracle that minimizes m — E[||(fg) — fqll*] or h
E[||(fg),,— fgl|*]- This quantity provides a numerical lower bound for the L2-risk
of our procedure.

m,m*

4.3. Numerical results

n Product First X Optimal first Oracle

Hermite Kernel | Hermite Kernel Hermite Kernel Hermite  Kernel

200 18.2 3.21 12.3 21.0 7.79 5.80 2.08 4.69
(1.85) (2.97) (3.32) (3.96) (2.32,100)  (8.60,79) (1.64) (8.00)

1000 4.41 1.22 3.79 1.05 2.19 0.93 0.54 0.74
(0.57) (1.05) (1.09) (0.68) (0.66,100) (0.6,26) (0.40) (0.54)

2000 2.26 0.43 1.92 0.45 1.18 0.40 0.27 0.31
(0.38) (0.29) (0.46) (0.32) (0.37,100)  (0.28,47) (0.21) (0.23)

TABLE 1

Case [BU]: L?-risks with std in parenthesis (both multiplied by 10?), Dmax = 130. For
”Optimal first”, the bold sub-script is the number of times where Y is selected first.

n Product First X Optimal first Oracle

Hermite Kernel | Hermite Kernel | Hermite  Kernel Hermite Kernel

200 27.4 16.6 10.5 5.21 10.5 5.21 4.27 3.79
(8.13) (9.11) (5.07) (3.36) (5.07,0) (3.36,0) (2.87) (2.18)

1000 38.1 10.1 3.86 2.77 3.86 2.80 1.52(1.02) 1.25
(6.63) (7.29) (1.43) (2.12) (1.43,0) (2.13,2) (1.02) (0.77)

2000 36.2 11.0 2.62 1.75 2.62 1.75 0.90 0.80
(4.98) (10.8) (0.80) (1.57) (0.80,0) (1.57,0) 0.64) (0.55)

TABLE 2

Case [GE]: L2-risks with std in parenthesis (both multiplied by 10?), Dmax = 100. For
the Optimal first the bold sub-script is the number of times where Y is selected first.

Let us comment the results of Tables 1-4. First, we compare separately projec-
tion and kernel procedures. Let us start with the two fully data driven methods
Product and Optimal first. We observe that the results of the corresponding
columns nicely confirm the theory: the risks of our procedure is almost system-
atically and significantly smaller (see Table 2 in particular). Besides, the risk of
Optimal first is always comparable and even sometimes better than the risk
of the First X method which uses the unavailable knowledge of the smoothest
density. The risk of Optimal first has the same order as the Oracle even if a
multiplicative factor larger than 2 is observed. Lastly, as the risks are normal-
ized we can compare the risks of the different Tables; we see that the first two
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n Product First X Optimal first Oracle

Hermite Kernel | Hermite Kernel Hermite Kernel Hermite Kernel

200 5.45 6.81 5.68 6.50 5.65 6.66 3.43 3.18
(2.61) (7.42) (1.47) (3.49) (1.44,51)  (3.59,29) (1.58) (2.04)

1000 4.62 4.36 2.25 2.94 2.53 2.80 1.16 0.98
(0.93) (6.96) (0.93) (2.39) (0.95,100)  (2.32,42) (0.60) (0.57)

2000 2.27 2.46 1.39 2.34 1.46 2.62 0.74 0.62
(1.57) (2.37) (0.33) (2.44) (0.41,55) (2.68,26) (0.34) (0.35)

TABLE 3

Case [NL]: L?-risks with std in parenthesis (both multiplied by 10?), Duax = 100. For
the Optimal first the bold sub-script is the number of times where Y is selected first.

n Product First X Optimal first Oracle

Hermite Kernel | Hermite Kernel Hermite Kernel Hermite  Kernel

200 4.60 49.8 3.24 5.19 3.24 5.18 2.43 2.65
(2.59) (71.8) (2.14) (2.48) (2.14,48) (2.48,23) (1.67) (1.86)

1000 2.31 72.3 1.84 2.51 1.87 2.46 0.84 0.78
(0.74) (74.6) (0.54) (1.87) (0.50,100)  (1.87,13) (0.52) (0.68)

2000 0.92 64.1 0.73 1.88 0.83 1.77 0.43 0.39
(0.74) 85.4) (0.49) (1.73) (0.53,95) (1.66,10) (0.30) (0.31)

TABLE 4

Case [NC]: L2-risks with std in parenthesis (both multiplied by 102), Dmax = 50. For
the Optimal first the bold sub-script is the number of times where Y is selected first.

examples (Tables 1 and 2) are slightly more difficult which was expected: these
densities are less regular as functions on R.

Second, we can compare projection and kernel methods. The kernel method
is much more time consuming that the projection method (by a factor more
than 10). We can see that for the operational Optimal first method the kernel
strategy seems better for the first two examples while the projection method
wins in the two other cases. Nevertheless, the gap between the risks is never
very large.

Mixed Kernel and projection strategy. Finally, we implement a mixed
strategy where a kernel estimator for f, based on the kernel (4.6), is plugged
in a Hermite projection estimator of the product fg. The selection procedure is
performed via model selection as described above. Following the same strategies
as previously, we display the estimated normalized L2- risks for the four exam-
ples. The adaptive Optimal first strategy is conducted by adaptively selecting
the smoothest density with a model selection procedure, even if the plugged-in
estimator is a kernel. Comparing the results displayed in Table 5 with above re-
sults, we observe an analog behavior for the mixed strategy as for the projection
or kernel ones.
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Product First X Optimal first
n 1000 2000 1000 2000 1000 2000
[BU] 0.71 0.69 2.52 1.14 4.43 2.10
(0.45)  (0.29) | (0.67)  (0.32) | (0.94,100)  (0.37,100)
[GE] | 21.14 22.16 4.54 3.22 4.54 3.22
(6.82)  (9.40) | (1.66)  (0.86) (1.66,0) (0.86,0)
[NL] 3.65 2.52 3.96 2.49 3.44 2.40
(2.49)  (0.61) | (1.21)  (0.71) (1.20,98) (0.60,100)
INC] 2.03 1.01 2.07 1.50 2.05 1.47
(2.44)  (0.38) | (0.43)  (0.49) (0.45,99) (0.50,98)
TABLE 5

Mized Kernel-Projection : L2-risks with std in parenthesis (both multiplied by 10?).
For the Optimal first the bold sub-script is the number of times where Y is selected

first.

5. Concluding remarks

In this paper, we have shown that an optimal strategy for estimating a product
of densities was not to make a product of estimators but to plug an overfitted
estimator of one of the densities in the estimator of the product. This can
be done both with projection and kernel estimators and adequate model or
bandwidth selection methods are proved to deliver adaptive estimators. We have
implemented these methods and proved their good numerical performances in
dimension 1.

We assume that the two samples have the same sizes but the case where the
X-sample has size nx and the Y sample size ny is worth being studied, for
instance if nx = yn, ny =n, v € (0, 00). Following the steps of the proof in the
projection case suggests that the procedure can be adapted and leads to similar
results with rate induced by the smallest sample size (1 A y)n.

We considered a product of two densities but generalizations to product of
other functions or product of more than two densities may be worth studying.
Lastly, it is likely that our methods would extend to dependent variables, pro-
vided that the two sequences remain independent, but this should be further
investigated.

If we come back to the Nadaraya-Watson problem that initiated our question,
we justified in our context that plugging an overfitted estimator is an optimal
strategy. Other contexts where overfitting has been recognized as judicious exists
(see Chinot and Lerasle (2020)). The next step, as the original problem is a ratio,
is to address the question of estimating 1/f when f is a density.

6. Proofs of section 2
6.1. Proof of Proposition 2.1

Consider the classical bias variance decomposition

— — — —

Ell(f9)x — f91°] = Ell(f9)x — El(f9)xlI”] + |E[(f9)g] = foll* := V +B.
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We first study the bias term B, note that IE[(?E)K] = (E[fK*]g)K = (fr=9)g it
follows that

B <2 (||(fir9)x — (f)xl® + (f9)x — fol®) = 2(B1 + Ba),

where By = ||(fg)x — fgl|? is the standard integrated squared bias of fg. Using
(A1) we write

B = [ ([t - 00 ) do < 1l - al?
< CillgllZ N fies = fII%-

Next we split V to involve the conditional variance given (Xi,...,X,) =X
2]
as E [fK* (Y1)K(Y3,.) ‘X} fK* )k For the first term, as the sum is composed

of centered terms we get

=E /Var (; i:fK (Yi)K(Y;,x)|X> dx}
< % / E {fK* (Yl)QK(Yl,x)ﬂ do
i{/E [(fK* (V1) —fK*(Yl))QK(Yl,x)Q} dz +E {/fK*(Yl)QK(Yl’m)le} }
<[ f=] <fK*<y>—fK*<y>>2} K(y, )% dydw+/ fe (0K Pl
1

[ [ Vet atw) [ K dsdy+ [ e 7ot / K(W)zdxdy]

19l 2 (04 1 ),

-3 Fie (OK(Y:, ) — B [Fe (DK, )|X]

+E [|((Fie = fic)g) ] := Vi + Vo,

IN

where we used successively (A2), (A4) and (A3). Finally, we write using (.A5)
Vo =E [/ <J?K* — fx=, gK(. dx] < */ K(y, z)*g(y)*dydx
C5 2
< —L(K
< S L@,

where we used (A2) to obtain the last line. Using ||g||?> < ||g|lc and gathering
all bounds completes the proof.
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6.2. Proof of Proposition 2.2

In case [P], we have, denoting by ¢y, the orthogonal projection of ¢ on the
linear space Sy, :=span(¢g, - - -, Pm—1),

/ (/ > e )dy)de— / [ > (/ ¢j<y>w<y>dy>saj<x>rdx

0<j<m-1 0<j<m-1

= 5 ([ ewwiis) = ol < o

0<j<m-—1

So Assumption (A1) holds with C; = 1. On the other hand, for (.\A2), we have

sup/( Z @j(:c)%oj(y)) dx = sup Z ‘sz(y):L(m)<+oo.

yel 0<j<m-—1 Yl g<j<m-—1

In case [Ker], we denote by u*v(z) = [u(y)v(z — y)dy the convolution
product. Then by the Young inequality (8.1), we get

2
/ ( [t —y)dy) dz = [l * K2 < [Knl 2] = K242

Thus (A1) holds with Cy = | K||?¢. As Vj, [ K2(y; —; dxj fK2 Ydu/h; <
+00, Assumption (A2) is satisfied and L(Ky) = || K|*? HJ Lhy

6.3. Proof of Proposition 2.3

In case [P], we have ]E[J/C\m( )] = fm~(y) where fu« is the projection of f on
2
Sm* = span(@g, . - ., Ym=—1). Therefore f( fm*( )]) dy = || fe- |2 < |IF]I? <
flloo- Next we write

| flls, and (A3) holds with C3 = ||f||? or C5 = |
Z ( > @j(Xi)%'(y)” dy

/ Var (Fone (4)) dy = / Var |
B :L/Var< Z %’(Xl)sﬁj(y)) dy
<j<m*-1 2
1
H/E (Ogjg;*_l <pj(X1)<pj(y)> dy

1 L(m*
=E( %?(Xl)) < L)
n n

0<j<m*—1

IN
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Therefore (A4) holds with Cy = 1. Lastly, recalling that @; = n=1 31" | ¢;(X;),
and noting that a; = (¢;, f) = E(gj), we have

E (|(¢, fon — Efenc)?)

// ¢<u>w<v>E( RGEIAOES (ak—akxok(v)) dudy

0<j<m*—1 0<k<m*—1

- / / (u cov(5(X1)3(u), 91 X1 ) (v) )

O<J k<m* 1

: //77[1 E (03 (X1) 5 (u) i (X1) o (v) ) dudv

0<J k<m* 1

as the omitted term is the opposite of a nonnegative quantity (it can be written
as the opposite of a square). It follows that

2)

E (|(#, fon — Efen)

< ;Zm ] eren@amadad @i
-/ [/ ( )y gom:)soj(u)) w<u>du] ()
<j<m*-1 2
1
< W= [ / <0<j§*_1¢j($)“"j(u)> z/}(u)du} o
< IIfT\LIOO > //1/, (/ ()@k(x)dx)goj(u)cpk(v)dudv

0<j,k<m*—1

2
= W 5 ([uwn) =g < Wy

0<J<m* 1

We obtain that (A5) holds with C5 = || f||co-

Now we consider case [Ker] and note that E(fu-(2)) = f * Kp-(z). As by
Young Inequality (8.1), |[f + Kn+[* < [[Kn-[7[f]* = |K]F||f||*, Assump-
tion (A3) is satisfied with C3 = ||K||2¢||f||?> (or C3 = ||K||?¢||f]|ec)- A stan-

dard bound (see Tsybakov (2009), proposition 1.4) yields [ Var (fh (m)) de <
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I1K|??/(n HJ 1 1) <1, so that (A4) holds with Cy = 1. Lastly

( ZKh* ;=) — [ *Kn+) ) = %Var(W’Kh* (X1-2))

< lua: ((, K- (X1 —))?) < %/ (/w(u)Kh* (z — u)du)Qf(:c)da:

2
< Mheey a2 < e et A = el

where we used Young’s inequality. Therefore (A5) is holds with Cs = || f || || K [|2%.

7. Proofs of adaptive results
7.1. Proof of Theorem 3.1

The proof starts by decompositions which are standard when studying Gold-
enschluger and Lepski (2011) methods and bounds. For &' > k, we get (see
Comte (2017), sec 4.2)

E(I(F9)s — f9lI?) < 3E(I(f9), — fgll*) + 65V (r) + 6E(A(r).  (7.1)

The first right-hand-side term has expectation controlled by applying Propo-
sition 2.1 and the term V(7) can be associated with it. Only A(7) must be
studied. We write

1(F9),—(F9), oI < 3UI(F ), —(F D)o 1P HN(F 9w = (D) 1PN (F ) s = (D) 1)
The bound on the middle term is obtained with (A1)
1(f9)r — (f9)rr > < Cill(f9)r — (fo)l?

which refers to an adequate bias term. For the last term, we use (A1) and get
10£9),.. = (F9)rrII” < Cll(f9), — (f9)- 11>

The expectation of this term is also studied in Proposition 2.1, with IE(||(?;)T —
(f9)-]*) = V + By with the notation of this proof. Next

1(F9) = (f9)w[1? < 201(F9), = (Fr9) |2 + 1 (fr-0)r = (F0) )

where we have the bound ||(fr+g) — (fg)-||* < Ci||gl|%|| fr= — f|I* from (AL).
Now we notice that H(f/g\)T — (freg)-|? = SUPep(0,1) V. v2(t) where B(0,1) is a
countable set of square integrable functions with ||t/ = 1 and the empirical
process is defined by

—

vn(t) = ((f9), = (fr=9)=, 1)
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Therefore we have

1(fg), — (f9)-I1* <2 ( sup vy (t) + CillglZ | fr — f|2> :
teB(0,1)

)

Reminding the definition of A(7) given by (3.1), we have
& _—
E(A(r)) < 6E ( sup  sup v (1) — 6V(T')> +3C1E(|(f9), — (f9)-I1%)
7'k, teB(0,1)
+6CE g2 N f7 = fII* +6Cill(f9)r — (fo)ll*. (7.2)

Thus, the result of Theorem 3.1 holds if we prove that, for two constants ¢1, cs,
we have

Z IE( sup v2(t) — cﬂ/(r’)) < Q (7.3)
T'ekn

teB(0,1) n
Indeed, plugging (7.3) in (7.2) and the result in (7.1) is the result of Theorem 3.1.

We prove (7.3). We split v, in four terms: v, = v 1 + Vp2 + Uy 3 + V4 Where
for some positive constant ¢y to be defined in the sequel, we set

Ax) = {|fr+ (2) = fr(@)] < co},

[(F(Y) = fre (Vi) Lagyny (Ko (i, ), 8) — (F = fre)1ag)s, 8],

Vas(t) = (((f~fre Zw ), (X) = (Ko (X, )= fre)g)rst),

oa(t) = %Z[fr*mx&m, 2,8y = () )]

i=1

Study of v, 2 We start by the study of v, 2 as it leads to fix ¢, and we first
establish that E(sup,cp(o,1) [Vn,2(t)]) < n? for some positive p. It holds that

E tesgx;gl)[uig(t)]]ﬂ
< E[Hiiumz) oo Oy B i) = (e — fr )| [
< L B[ 00— £ () 2y K (0,07 X o
< 250 [l (7007 + £ 00 X
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Using (A9) we obtain that fr.(¥1)? < CoL2(7*) < Cign? (where the last in-
equality follows from (.A10)), and with (A7) that

LS)IP(AC(Yl)) < 2(Cyon? + C2)P(A(YY)).

El sup [ygg(t)]‘x] < 2(Cyon® + C2)
teB(0,1)

Therefore,

~

E ( sup [Vﬁ,z(t)]) < 2(Clon+0?)/1p(\f(y) — [ (W) > co)g(y)dy. (7.4)
teB(0,1)
We complete by applying the Bernstein inequality to Z; = K.+ (X;,y) yielding

~ nct
]P . — frx > < 2 "0
(1) = 1] > o) < 200 (5%
with v3 a bound on Var(Z;) and by an a.s. bound on Z;. We find with (A9) that
by = /CoL(7*) suits and with (A2) Var(Z;) < ||fllecL(7*) = v3. Therefore,
choosing
co = [ flloe; (7.5)

and using (A10) , it follows that
P (I (0) = fre )] > o) < 20709, (7.6)

Then, gathering (7.4) and (7.6) leads to E( sup V,,2l72 (1)) < 4(Cron?+C2)n=d+3),
t€B(0,1)
As a consequence under (A8), we get

E( sup [1;,(1)]) < —. (7.7)

teB(0,1)

slQ

TEK,

Study of v, ;. We apply the Talagrand inequality (see Lemma 8.1) to v, 1
conditionally to X. Using that ¢ — v, 1(¢) is linear and the Cauchy-Schwarz
inequality and ||| = 1, we get

2
(E ( sup  |vn,1(t)] |X>> <E ( sup V?L 1(t)|X>
teB(0,1) teB(0,1)

S% /Var[(ﬁ*(yl) = fr (V)1 a) Kr (Y1, 9)[X]dy
< [BIG05) — o 0L R 02,0
SM = H?.

n
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Next, note that
SUP |(ﬁ'* (.’L‘) - fT* (x))lA(m) <K.,-(.%‘, ')v t>| < ¢osup |<KT(x’ ')7 t>|
z,

t,x
< oKy (2, )| = co/L(7) := by (7.8)
and

supVar((fT( 1) — fre (Yl))lA(Y1)< -(Y1,.),6)[X)

< sup E[(fr- (Y1)*Lavy) (Ko (Y1, ), ) X)

—sup / Fre ()2 Ly (Ko (31,), 8) X))y
< gl =, (7.9)

where we used (A1) and (A7). Applying Lemma 8.1 with ¢ = %, it follows that

2L 4c? L
E|[ sup laa(t)f — 42X x| <2 (010$||g||ooexp (—K1 (7) )
teB(0,1) no), nk, 2[|glloo

e ()

using L(7) < n. Since the latter bound does not depend on X, the inequality

holds unconditionally in expectation. Therefore under (A8) and as L(7) > 1,
we get, for C' a positive constant, and using (7.5),

|

el teB(0,1)

C
<=,
n

(7.10)

Study of v, 3 Similarly to v, ; we apply the Talagrand inequality

(]E (tezlzop,l)l%,?)(t)o) SE[H( Fre = fr)g) M

= %/Var (Kre (X, )Q)T(y)) dy

<3 B0 G000 an =+ f] ([t Goagteris ) frasay

2
< oMl T o oasay < o 1= 1y

using (A1) and (A2). Next, note that using Cauchy-Schwarz inequality and (A1)
sup (6. --)a)es 0] < Cusu (e 2~ -]

< Cillglle (VEG) + V/0r) < 201 ilglle = b
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using (A7) with || fr-[| < /[|f7

o and (A10). Finally, (A1) enables to write
sup Vax (((Kpe (X,.) = fr=)g)mr 1)) < sngK(KT* (X,))9)r1)°]
< il flosup [ ( / Kr<u7v>t<u>du) 7 (0)dv

< Gl fllcllgllie = 3.

Applying Lemma 8.1 with é = %, it follows that

L(T
E ( sup Ivn,a(t)l2—401|f|oo||gllooU) ]
teB(0,1) n .
2 2 - 2 K1C(1/2)V/Iflloo
< 4CT|l9ll5 17l 67K12Cf‘<‘g‘>‘m n 49 x 4C5 e—W\/L(T) .
- Kin - K1C2(1/2)

Therefore under (A8), we get, for C' a positive constant,

2 EK sup |un,3<t>|2401||flloo“9“°°Lg>>
.

<

%. (7.11)

ol teB(0,1)

Study of v,s4 Again we apply the Talagrand inequality, similar computa-
tions enable to derive from (A1) and (A7) Hi = Ci||fllcollgllec L(T)/n, vi =
C1C7||g||o and by = C7y/n. It follows, by applying Lemma 8.1 with § = £, that

: [( sup IVn,4(t)|2—401||f||oo||g|°°L§zT)>
+

teB(0,1)
T o0 o0 o0
o4 C1C7||g||ooe—K17L( L N 49 x C2 e_chlim) \/071\“(“77 Tole .
- K n KlnCQ(l/Z)

Therefore under (A8) we get, for C' a positive constant,

> ]EK sup Iun,4(t)|24cl||f||°°||fl|°cL(T)> ] < % (7.12)
+

ol teB(0,1)

As a consequence, gathering (7.7)-(7.10)-(7.11) and (7.12) gives the result
(7.3) for C a positive finite constant, depending on a, ||f|lcos |g]/co, C1 and C.

7.2. Proof of Corollary 3.1

We already checked that [P] satisfies (A1) and (A2), and that for f bounded,
Assumptions (A3)-(A5) hold under L(m*) < n, which is ensured by [P3]. For
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(A6), we write

/ Y @) S e=)enly)d:

0<j<m-1 0<k<m’—1
- ¥ > a@ad) [
0<j<m-1 0<k<m’—1 K ,

=0k

= > wi@eiy),

0<j<mAm’—1

which is clearly symmetric in m, m’. Therefore (A6) is fulfilled.
To check (A7) we have to bound || fm+||co. Under [P2], we have

| fone (@) = Jao(Npo(@) + D a(es()| < Cp [ laol + D lay(f)]

1<j<m*—1 i1

Then using [P5], we have

[fm(@)] < Cu|Cot [D5Pad(£)D 5P

i1 i1

< Cp|Cot [CuD i | :=C(b,¢) < o0
jz1

since minj<;<qb; > 1. Thus, Assumptions [P5] and [P2] imply that (A7) holds
with C7 = C(b, p).
Assumption [P4] is analogous to (A8). Lastly

2 2

sup| Y pi(@)ei)| <sup | Y @i(a)| =L*(m),

Y lo<j<m—1 ¥ \0<j<m-1

so that (A9) holds with Cy = 1, and therefore [P3] is (A10).

7.3. Proof of Corollary 3.2
We already checked that [Ker| satisfies (A1) and (.A2), and that for f bounded,

Assumptions (A3)-(A5) hold under L(h*) < n, which is ensured by [K3] (for n
large enough). Next we compute

[ Ko~ 2w (2 = )z = [ Kn(w)Ku(o — u— y)du

= /Kh(v — y)Kh’ (:L’ — 'U)dZ,
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where we made successively the affine changes of variables u = ¢ — 2z and v =
u + y. Using that K is even it follows that Assumption (A6) is fulfilled. Using
[K1], we easily bound ||fn«|lcc < ||fllool|K]l1, implying that (A7) holds with
C7 = ||fllco[K]l1. Assumption [K4] implies (A8). Lastly, sup, , [Kn(z, Y <

L2(h)|| K| % /|IK]/*, so that (A9) holds with Cy = || K||%, /|IK|* and [K3] implies
(A10).

7.4. Proof of Theorem 4.2

Following the first step in Lacour et al. (2017), we write

1(F9)i — Fall® < 1(F)n — Fall® + (pen(h) — ¥n(h)) — (pen(h) — ¥ (h)) (7.13)
with

G (B i) = (FO) — f9, (D — L9).

As in Comte and Marie (2021), we decompose v, in

¢n(h7 hmin) = 1/J1,n(h, hmin) + wZ,n(hw hmin) + w3,n(h7 hmin)-

First,
Kn, K ) — U(h, hmin U(h, hain
rn (B Fmin) = w Zﬁ*(n)‘L% = Penl(h)Jr%,
=1
where
Un(ho 1) = > (e (V) Kn(Yi =) = (£9)ns fue (V) K (Y — ) = (Fg)me)-
1<i#j<n
(7.14)
Indeed,
K, K ) & "
B ) §™ 2 (1) = 5 3 o (VK (Y — ), e (V) K (¥ — )
i=1 i=1
Second,

G Pin) 3= (90 (F )

— 2 (Zo% (V) K (Vi =), (F9)) + D (Fur (V) Kn(Yi =), <fg>hn,in>)

(7.15)

and lastly

1/’3,n(ha Pmin) := Vi (B hanin) + Vi (Bumin, ) + ((f 9 — £9, (f D) hwin — f9)

with V, (b, h') = ((£g),, — (F9)n: (f9)n — fg).

We state a series of Lemmas that permit to establish Theorem 4.2.
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Lemma 7.1. Under the assumptions of Theorem 4.2, it holds that

JE( sup [tz h’>|> <%

h,h'€Hy

where C = C(f, g, K) is a positive constant depending on f, g, K.

Lemma 7.2. Under the assumptions of Theorem 4.2, for every ¢ € (0,1), it
holds

(sup{|V (h, K =9 (f9)n — foll? }) < 2q9||K|| lgllsoll fs — FIP+C log;n).

Lemma 7.3. Under the assumptions of Theorem 4.2, for every ¢ € [0,1], it
holds

E < sup {|Un(ha hmin)| _ﬁco(fvg7K) }) < 79||fh* _ fH2 + OIOS(R)

heH., n? nh

We deduce from (7.13) that

1(Fa)i — fal> < 1(F9)n — f9lI> +2 (peny (k) — ¢ () + 2pena(h)
—2(pen, (7) — () — 2peny (h). (7.16)

We have for all positive h

Un(h, hmm)

TL 1;[}2 n( mln) + V (h hmln) + V (hmina h)

+((fDn = f9,(fDhmm — [9)-

n(h) — peny (h) =

We note that for all positive 6

(T~ 19, (F s — J)| < SN0 — Tl + g — Tl

Applying these for h = h we get

IE(

w(ﬁ) ~ pen; ()| — pens (h) )

CO(fagvK)
nh

( (i) = 31D, — S0 +E
CO(f>gu ))
o

h hmln

~ 0
(Vi 1 = 5155 fal?
1
2

+E (01(0)s — fol? + 0~ O+ D~ Sl + <.
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where we used Lemma 7.1. Now, using Lemmas 7.2 and 7.3, we get

E (|46 (R) = peny ()| — peny(h) )

SO+ DD, — Fol +er(f 9.5, 0)| e — I

05 (10703 ol + (1 L2 KDY | los)

IN

Observe that [(fg), fgll2 = |(F9) — (SOl +11(f9)y, — Fall® +2Va (R, h). Tt
follows that for all 6 € (0, 3),

(1=20) (It~ FolP + 1= ) 2 L2ED) -7, — gl

= 2 (Valh,B) 01 (Fa)y — Sol1?) + (1200~ 5 OIBL g e
< =2 (V) + 011 (Fa) — Foll®) < 20V (h )] = 0](Fa),, — fal®)

provided that 1 — k/6 < 0. Therefore we choose k > 6 and apply Lemma 7.2
again. We obtain

B(

YR~ peny (B)] — pema()) < 50+ )10, — Foll* + e2(F,0, KL — I

2
+ L E (1T - fal?) + B,

Similarly, we get

0+ GO — S + ea(f 9. ) e — 1

K CO(fagaK) log(n)
5) nh )+C n

N =

E ([4hn(h) — peny ()] + peng(h)) <
o (n(fg)h el

Plugging the last two bounds in the expectation of (7.16) implies

(1 - 13@) E (I7); ~ foll?) <E (1o — Fol?)

120 (n(fg)h P ras” (“’))

0 7 nh
log( ).

£200+ GNP — Sl + e, ) e — FIP +C

Now applying Proposition 2.9 with a rougher bound on the variance (the con-
stant is larger), we get for 6 € (0,1/4), and k > 6,

( 20 ) (H(fg)~—f9|| ) S2(1+9)||(fg)h_fg||2+2(1+0+ﬁ)%

log( )

+2(0+ g)ll(fg)hmin — foll® +dea(f, g, K) | o — fI? + C——
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We conclude that for £ > 1/4 and all § € (0,1/4),

E (1700 - fol?) <200+ a0 ing {1 = SalP + (14 o L0

O D — oI + sl e — FI + €

where
(1+6%)(1 —20)
6(1 — 26)

and c3 and C are positive constants depending on @, f, g, K. Taking § = 0.2 we
get the result given in Theorem 4.2.

c1(0) =20(1— 6)/(1—30) >0, ca(0) =2 >0,

7.4.1. Proof of Lemma 7.1

For the study of 13 ,, note that |((fg)n, (fo)n) < [[fg* Kplll|fg* Kn|| <
|K 12|l fg]l? and observe that

n

E(| fa- (V1)) \/E (fp.(11)) < \/HgHoo(HKH2 + KRN £112)-
As a consequence, for all positive h, b/,
1 —~
E ( sup | = > (far (YD) Kn(Yi =), (f9)n) )
hh' €M, | T

<E <|fh*<yl> sup (K (Vi =) <fg>h/>|>

<E(|fr- YDDIE 2] £l
< J Igllos (IEII2 + 1K NI FIE N £ 9lloo-

From the definition of v, given by (7.15), il follows that the result of Lemma
7.1 holds with C' = (2y/[[glloc (1K 12 + IKIFIF112) + llglloc) | £glloo 1K .

7.4.2. Proof of Lemma 7.2 and study of V,,(h,h’)
We decompose V,,(h, 1) =V, 1(h, k') + Vi, 2(h, &) + V), 3(h, B') with

Vii(h 1) = ((f9)n — (P )n (FO)n — f9),
Vaz(h 1) = {(Foe9)h — (=9 (FOn — f9),
Vas(h b)) = {(fo=9)h — (F9n: (f9)n — f9)-

We have for all positive 6
<

[Vos(hs W)L = [{(fne 9)n=(F ) (FOIw = Fo)| < SII(fIn—Fall*+55 IIKII gl fre = £1I%,



F. Comte and C.Duval/Estimators for the product of density functions 32

implying that

U
E <sup {1Veath. ] = G179 - fg||2}> Sl gl e — 1P

B,k
(7.17)

Next, we write
n

Vn,Q(ha h/) = % Z(Zl - ]E(ZZ))v

i=1

where Z; — E(Z;) := ([(Kp(X; — ) — fa=()9(-)] * Kn, (fg)n — fg) and apply
Bernstein Inequality. Using that K is even, the variance bound is obtained by

VarZ, < E(Zf)=/([(Kh*(u—-)9(~)]*Kh,(fg)hf — f9)* f(w)du

- / K 5 (g [+ (Fg) — fa) (@) f(u)du

|| Flloo [ K * (gKn * (fg)n — fg))|?
| Flloo 1K= 1211 (g KR * ((fg)n — F))|?
[ Fllsc g2 N KT (f9)n — FO)I? =

On the other hand, we have

IAIACIA

Zl < sw / Ky (2 — 2)g(@)((Fo)w — fo) * Kn)(x)da

< gl s (T = F)# K@) [ |Eie (2]

IN

lollel Kl sup (e = £ )| [ 1K)l

< Ngllso I KT+ KD fglloo = banr-

Therefore, Bernstein Inequality (8.2) implies that with probability larger than
1—2e?

202, A
Vaa(h B < /=2 4 Sy
n n

0 A K|?
< Licsam — s + 2 selonz i 3@ 1 s,
This together with (8.3) and |H,| = n leads to
9 log(n
E <MF {1veath 1 = FUcs0 - fg||2}> <ol ()

For V,, 1, we write V,, 1(h,h') = V,fl(h, h') + Vg (h,h') with

V2L (h,H) Z / T (V) K (Y; — 2) — (o) * Kn@)) ((f)ns — fa) 2}z
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where . R
Fre@) = B @1, yjcas o= 2 el K

Here, we apply the Bernstein inequality conditionally to X, with by, =

[ fllsoll falloo KT (L + (K1) and of 5 = | £IZ gl KT (fg)n — foll*. The
orders of by, and vy, s being the same as for V,, o and independent of X, the

result for V,, is :

E <su {ivtanmn = Scsome - fg||2}> <o )

h,h’

Lastly, by noticing that \fh(ac)| < |fh(x) — [ (@) + | f oo | K1, we get

P(|fne (2)] > do) < P(| fur ()= fr= (@) > 1 ool K1) < P(| e ()= fr ()] > o)

as || fllsoll K ]l1 > || flloo = co by reminding of (7.5). Now using as in (7.6) Bern-
stein Inequality, we get, under [K3],

P(| fr- ()] > do) < 202 (7.20)
Indeed condition [K3] is the translation of (A1) withd = 1and C = || K |2 /|| K||*.
Then as [[(fg)n = fello < fglloc (1K1 +1) < 2] fgllocl K]l1, we get that

Ko _
E(J“‘; |v;,1<h,h’>>s > a8l gk [R07-@) > dolgtein
)/e n

h,h'€H
2
_ CUa KM _C
- nth* ~n

Note that the last bound is obtained using |H,| < n, L(h*) < n under assump-
tion [K3]. Gathering this with (7.17), (7.18), (7.19) gives the result of Lemma
7.2.

7.4.3. Proof of Lemma 7.3 and study of U, (h,h’)

Warning. For the study of this term, in order to avoid burdensome technical-
ities, we assume that fp+ is bounded by 2||K||1||f||co. We proved in the study
of V, (see (7.20)) that that the probability of the complement is 1/n* under [K3].

Recall that Uy, (h,h') is defined by (7.14). We write that

Fur VKLY =) = (f9)n = fr (V) En(Yi =) = (farg) x Kn,
(D
+ (fh*g) * K, — (frrg) * K+ (frr9) * K — (f9)n
(2)n B)n
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so that U, (h, hmin) can be splitted into 9 terms, denoted with obvious super-
indices (k, ¢) for k, ¢ € {1,2,3}. These 9 terms can be reduced to 6 by symmetry

arguments, denoted by Ur(f)’(j)(h7 hmin) for i < j € {1,2,3}.

e Treatment of ULV (h, hmin) we have, by analogy with Lemma 6.2 in Comte
and Marie (2021), that, for every ¥ € [0,1],

(1),(1) . KI2IE 121 £112 1
E<Sup {wn (s honin) _ OIEP ||1||f||oo}|x> L Clog) o))
n

heH, n? nh

and it is easy to see that all bounds do note depend on X so de-conditioning
is straightforward.
e Treatment of UT(LS)’(?’)(h, hmin) it is easy to handle thanks to the equality

U (hy hwin) = n(n = V){(fa=9) % K = (f@)ns (f1r9) * Knpis = (F9) hnin)
leading to the bound

|UT(L3)’(3) (ha hmin)
n2

A

| < (fre = gl * Knlll[(far = £)g] * Knp

IK 29112l fe = FII%- (7.22)

e Treatment of U7(L2)’(3)(h,hmm) first note that U(Q)( )(h, Pmin) /1% = [(n —

1)/nl{(2)n, (3)n,.,) Where ((2)p, (3)n,...) is equal to
([(fn-9) = (Fn-9)] % Kn((fre = £)g) * i)

= ([(Fn9) = Fn- O, (e = £)9) * Ky * K1)

= ([(fa9) = (fu-9)]; <fh* — 1)g) % K % K,)

= ([(Fn9) = (e O] % K (e = £)9) %K)

and thus {(2)1: (3)hs.) = (2 s (3)n), 50 that Uff>><3><h, hunin) = U” @ (i, Bain).
Now, the process can be written as

IN

n

SN2 R, 22 = (K (X g, (e~ ] K Ko,

i=1

To apply Bernstein Inequality, we need to bound the variance and infinite norm
of the Z,L-2’37S. For the moment of order 2, we have

/f (/Kh* z—u)g(u)[(f — fr)g ]*Kh*Khmm(u)dU>2dI

| Flloo | K h= * [g[(fre — £)g] * Kn * Kp,,. |12
ANl fre = Fgl > Knx K117
1l g2 M KNS fre — I == v.

E[(Z7")?]

IAN A IA
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For the upper bound, it holds:

/ K- (& — w)g()[(f — f 9] % K % K, (u)du

sup

< lglloo sup [[(f = fue)g] % Kn * Ky, (u)] Sup/ [ K (2 — u)ldu
< gl Ky Supll[(f—fh*)g]*Kh(v)lsup/lKhm(U)ldu

<

N2 NE N lloe + sup [ f % Kp (u)]) < IglEMENT A+ [ K| flloo := b.

Then Bernstein Inequality implies that with probability larger than 1 — 2e~?,
A >0, for any 9 € (0,1),

20\ A A
U O s hia)| /1% < (s )| < ([ 2450 < DS~ |P+C(K, S, 9)
As a consequence, we obtain

(2),(3) /
P <sup (‘U (h, )

h,h! n?

= f = fu

A
2) > (K | < 21H,,Pe .
)= c ,f,g%) < 9l e
Then it follows from (8.3) and |H,,| = n that
E (sup
h,h!

o Treatment of U (h, hunin ) write that U™ (b, huin) /2 = [(n=1)/n){(D)n, (3)n....)
and (1)p, (3)n,,.,) 1s

U®@:G)(h, ')

< c’ log(n).
N2

—9|f - fh*||2> < —= (7.23)

n
+

LS o VBV =) — (Fie) % K [ — D)) K

i=1

We apply Bernstein Inequality conditionally to X, recalling that we consider
fr+ bounded by 2|| f1]co || K]|1-

E ((fur (V) KRV = ), [(fne = 1)g] %K) X))

-/ ( [he @y =0l ~ o * Ko <u>du) o)y

2
< AIKIRIF 12N glloo 1R % [(fae = gl Bl I < BT N6 1o = FI2,
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by iterative application of Young Inequality. Next for the infinite norm

sup [ Fr D EnR(y — ), [(Fae — F)g] % K|

< 2 flll s / Ky — @ |[(foe — F)g] % Ky ()| du
< 2 flll K / Kn(0)ldvsup [(Fae — £)g] % Ko, ()]
< 2 lll KI5 | = (] < 21Nl IR+ 1K),

The bounds do not depend on X, it holds:

E (sup

h,h

for a constant C' > depending on f, g, K. Moreover, the bounds do not depend
on h, hmin so the same bound hold for U,(Lg)’(l)(h7 Pnin) /12

UG (h, n')
n2

SO e ||2> <l gy

n
+

o Treatment of Uy (h, hunin) write USY® (B, huin) /02 = [(n—1)/n)(D)n, (2)n,...)
where ((1)n, (2)n,) 18

min

LS e (VKLY — ) — (Fe) % K [ — Fo )] % K
i=1

First, we apply a Bernstein Inequality conditionally to X. The variance term is:
E ({Far (DK (Y = ), [(Far = fir)g) % Knn)?) < Al F e llglloo LI E*(Fre — e )l 2 = .
For the upper bound, we get

sup | Fre ) Ky — ), [(Fae — fne)g) % Knad| < BIE £ % ]l9]l0 := B

with usual tricks. Now, we can notice that

o) 1
< gl IK N2 K2

E (HKh*[(fh* —fh*)g]||2) nh

(7.25)

So we write

E

sup
heH,

(1),(2) . —~
< E {JE sup ("Tg‘h”““) — I K * [(for — fh*)g]2> |X] }

heH,

. . K 2 K 2

+08 | sup (1 (e = fursg? — L= LKLY
heH, nh

nh

( 5 (i) _419||g||oo||K|%||K||2>]
n2
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The first term is bounded by taking the expectation of the conditional Bernstein,
where constants are independent of the X;, which writes with the terms b, v:

(1),(2) , 1
E | sup <<hh> <o) 7o
heHn n

.2 —mem%—ﬁnmﬁ

For the second, we use Talagrand Inequality, relying on the linear process
vn(t) = (Kn* [(fnr = fae)gl,t)

which fulfills sup,epo,1) Va(t) = [[Kn* [(fre — fa+)g]||> where B(0,1) is a count-
able dense subset of {t € L2(R), ||t||* = 1}. To apply Talagrand inequality, we
compute H?,v,b. We have from (7.25) that

o ol KIBIK2
nh '
Then we compute v2.

sup Var < / K (z — u) Kp- (X1 — u)t(x)dzdu)

lIll=1

< sup E

lItll=1

— sup E |:(Kh* *Kh*t(xl))ﬂ

( / Kz — u) K- (X1 — u)t(x)dmdu) T

llitl=1
< llee S [ > Ky > t]* < (| flloo 1K 1T 1= 02
Next, for b, we find
1/2
sup sup |Kp- x K, xt(y)] < sup sup [/t2(x)dx/(Kh*Kh* (y — m))zdm}
=1 v =1 v
K|1|| K
_ HKh*Kh*” < H ”1” || — b,
Vh
The Talagrand Inequality gives
- 9lloo K 2 K 2
S R Y L
heH, n +
C
< P Z exp(—c1/h) + card(H,,) exp(—Cav/n) | .
heHn

As a consequence, as under [K4] and h < 1, 37, 5, exp(—ci/h) < X < +00
and card(H,) < n, we get

(1),(2) ) 2 2
S@<n/ég%w_wM%WMK“ﬂ<cmW. 727)

E
hEHn nh n
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o Treatment of U2 (h, hunin) write U2 (B, hunin) /02 = [(n—1)/1]((2)n, (2)hss)
where ((2)p, (2)n,.,,) is

([(fre = fue)gl % Ky [(Foe = fi)9) % K )-

The decomposition of this term involves first a U-statistics related to X:

UX(h, 2hmm _ L Z / (/(Kh* (X; —u) — f* Kpe(u))g(u)Kp(z — u)du)

n 1<z75]<n
o (f 0906 = 0) = £ 5 Kae (0D o = 01} o
and terms corresponding to ¢ = j that are studied separately:
o Z [ (06— = 5 g i)
X (/(Kh*(Xi —v) — fx Kp«(v)g(v)Kp,,, (€ — v)dv) dz.

First, developing the latter product leads to the study of the four following
terms. Two cross-terms that are are bounded by

(K g) % Kp x Kppy,, () Ky (X; — 2)g(2)dz

< Hglloc sup|f*(Kh*g)*Kh*Khmm(x)l/lKh* (2)|d=
xr
|| K3
< MolelBIE G s (1) 1) < DI G 7
o WLl KT

n

The product of last terms can be written

. / (f * Kneg) % Kn(2)(f % Kineg) % K (2)d

min ||

1
< N % Kneg) x Knllll(f * Kn-g) x Kn

1
< IR 1 [ 951 5 Ee |2

n

IN
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Finally, the product of the first terms is

n? Z/// K (Xi = u) K+ (X — v) K (2= u) Ky, (2= v)g(u)g (v) dudvdz

< ||9|| Z/IK (X; — )| Kp+ | % | K, (X — 2)do
) |g||2 o | Bl K| (K |(2)d

- [Kne % K| (2) [ Ene | % [ K |(2)d2

< ||97|l bup|Kh | % | K| (2 )/|Kh* | K i | (2)d2

< lglZ KR ||K||oo

= nh

implying that, for H;(u,v,x) := Kp+ (X; —u) Kp+ (X; —0) Kp(x —u) Kp,,, (€ —0)
2 3
Sup< Z// Hi(u,v, 2)g(w)g(v)dududa ||g||oo|K||1||K||oo> 0.

nh
Let us deal with the U-statistics UX(h,hmin). We follow the line of the
proof of Lemma 6.2 in Comte and Marie (2021) and write UX(h, hyin) =
dor<isi<n Ghihmn (Xis Xj) where

G b (Xiy X)) = ([(Kp= (Xi =) = froe)g] % Ky (K= (X5 =) = foe) gl % Ky )-
Indeed, G p,in (Xi, X5) = Gp

in n(X;, X;) as for all functions u, v it holds

min

<U*Kh,’U*Khmm> = <U7U*Khm;n*Kh> = <U7U*Khm;n*Kh> = <U*Khm;nvv*Kh>-

We apply the deviation inequality for U-statistics of order 2, as in Lacour et
al. (2017), see Theorem 3.4 in Houdré and Reynaud-Bouret (2003). Following
the notations of the aforementionned papers, we have to compute four bounds
tp, by s O

o First a,, is a bound on sup, ./ |Gp hy. (2, 2)]-

sup ‘thhmin (Zv Z/)|

< sup (500 3 ) = fo )] # K @) [ 1083 (X ) = el = Koo
50 (1Rl i (=) = ol 11 (X =) = ol 163l
I ol LK1 o
< ol gy ity e 2glc 7 = 4l BRI e
hIIlln hmlll
Thus ) 5
X _ ol e

n2 n
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o Next b2 is a bound on nsup, E[G7 ,,

»Mtmin

(z, X1)], we write
nsupE[G], ;. (2, X1)]

< nsup [[(Kn- (2 =) = fa-)g] EnPE(I[(Kn (X1 =) = fos)g] % K

< |1 Kn |1

?)
2 5up [ (= =) = Fur ) BB (X1 =) = fur)all})
o KUK,

min

< A =b;.
‘We obtain
b, A2 <2)\3/2HKH2||K||%||9H00 <QIIKIIQHKH?Ilgllio +)\3 K|
n? Vhhminnd/2 nh 0 n2hmin

o We compute ¢2 which is a bound on n’E [G%hhmin (X1, Xg)]. Decompose

E [Gh i (X1, X2)] = E [([(Kn- (X1°) — fre)g) * Kn, [(Kpe (X2 =) = fre)g] * Knp)?]

into four squared terms. First,

(fre g% Kn, [ g% Ky < < NglS BRI < gl SN K NTNF 112

Second
(fregxEn, (Kp+ (Xa — )g) * Knppi)?

< {sulfg ([ 10 (X2 = g) K (2t

< {Klsupufh*g)(z)um [ e, u>g<u>|du}

< {IK 1 loollglioo x gllool K13} = (1 lloo lglZ I K12

The twin term in Apin, b has clearly the same bound. Lastly

E [((Kp«(X1 = -)g) * Kn, (Kp+ (X2 — )g) * Kn,.)?]

- [/ ( [ Fiea =g+ K e (0= g 5 i >d) F0)f (0)dudv

2
< gl / / ( / K| % || (u — )| K *Khmmuv—x)dx) £ (w) £ (v)dudv
= It / / B | % | K] % 1K | 5 | Kl (1 — )] £ 12) £ (0) duds
< I K e | % 1Kl 5 [ | 5 | B i I
K2
< ol s L
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We get
2
n
¢ = ;||9||‘io||f|\§o||K||‘13 (K1 + 3[1E]17) -
Thus , for all positive #, A it holds
VA _ o lglS I FIE IS n MUK+ 31K]17)
n? - nh 4n 0 '
o Lastly, the term 9,, is a bound on
sup Y B [Ghpy (X, X5)ai (X0)bi (X)),
a,b 1<i#j<n

where ay(+), bp(-) for & = 1,...,n is such that E(>",_, a7 (Xx)) < 1 and
E(Yj_, b3(Xy)) < 1. Using the independence for i # j between functions of X;
and functions of X;, we get that the term inside the sup is less than

ZEHHKhHaZ ) ZE i % [ Khp,

i=1
where H; = |Kp+«(X; — )g — fng|. First we have

Z]E(|Kh* (Xi—")

b; (X)), (7.28)

* [ Kpllai(X3)])

. 1/2
<vn {Z [E (| Kp- (X5 —-)g — faegl* Kh||ai(Xi)|)]2}

n 1/2
<V {ZE [(1h-(X; = )g = fuegl* [Kn])?] E<a§<xi>>}
As

E [ (1Kn (X: — )

we get

D E(Kp (X - ) * [Knllai(X:)]) < /20| flloollglloo | K2 [
i=1

Plugging this in formula (7.28), we get

K B[P+ fre % | Kn] ]

* 1K) ] < 1Tl llgl2e

(O E (Hix [ Kpllai(X)]) ZE (Hj # [ K| 105 (X5)1))

i=1

< Vol fTmliglll Kl ||Khu2ﬂ«: ( [ KX = 99~ g

n

< V2nl[fllcllglloo I K 1Rl < 21K glloo | D ED; (X))

=1

Ky () dus |bj<xj>|)

< 2v/2n e llglZ I K ITN Enll x v/n.
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Therefore,
n
0, = 2\/2Hf||ooIIQII§IIKII?|\K|\7-
h
It follows that \ ) A 2
A _ Il SRR 3
n? nh n

Applying the deviation inequality for U-statistics of order 2 (see Lacour et
al. (2017) and Theorem 3.4 in Houdré and Reynaud-Bouret (2003)) leads thus

to
X . 2 4 4 2
E{ sup <Un (h72hmm) _ oI IS lglls KT )} < olos(n)
heH,, n nh n
Therefore
U7(12)7(2) h hmin 2 4 K 4 K 2 1
E{ . ( (s honin) _ o WISV IE) | logn) 7 o,
heH,, n nh n

The result of Lemma 7.3 follows by gathering the bounds (7.21), (7.26),
(7.27), (7.29), (7.24), (7.23), (7.22).

8. Appendix

In the paper we make an extensive use of the following:
e The Young Inequality: for u € LP(R%) and v € LI(R?, 1 < p,q < r < oo,

1 1 1
* v, < . —l= 4, 8.1
luxollr < llullpllvlle, -+ P (8.1)

e The Bernstein inequality: For i.i.d. random variables Z;, set S,, = % Y (Zi—

E[Z;]). If E[Z?] < v and |Z;1]| < b a.s. then with probability larger than

1 —2e?, for any A > 0,
2
15,] < ,/% + %h. (8.2)

e Deriving a bound in expectation from a bound on probability: If P(Z >
%) < n2e~* for all A > 0, then it holds

1
E[Z,] < ¢ OgTE”). (8.3)
Indeed, for all positive A we have
E[Z.] = / P(Z > z)dx = f/ P(Z > H—)‘)d)\ <= (A+2n%e™ ),
0 n Jy n n

and A = 2log(n) gives the result.
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The Talagrand inequality. The result below follows from the Talagrand con-
centration inequality given in Klein and Rio (2005) and arguments in Birgé and
Massart (1998) (see the proof of their Corollary 2 page 354).

Lemma 8.1. (Talagrand Inequality) Let Y1, ..., Y, be independent random vari-
ables and let F be a countable class of uniformly bounded measurable functions.
Consider vy, the centered empirical process defined by

n

i=1
for f € F. Assume there exists three positive constants M, H and v such that

n

sup [flloo <0, E[]Sclelg):hjn(f)ﬂ < H, sup 1 > Var(f(Yr)) < 0°

n
fer

Then, for any § > 0 the following holds

E[sup ()2 = 2(1 + 26)H2L

feF
4 (0?2 nH? 4902 Ki1C(6)v25 nH
< [Z K _r9vaonag
- K (n exp( 10 v? ) + K1n2C?(0) P ( 7 b ’

with C(0) =140 —1 and K1 =1/6.

By standard density arguments, this result can be extended to the case where
F is a unit ball of a linear normed space, after checking that f — v, (f) is con-
tinuous and F contains a countable dense family.
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