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Abstract

Recent models of international equity portfolios exhibit two potential weaknesses.
First, the structure of equilibrium equity portfolios is determined by the correlation
of equity returns with real exchange rates and non financial income; yet empirically
domestic equities don’t appear to be a good hedge against either risk factors; Second,
equity portfolios are highly sensitive to preference parameters. This paper addresses
both issues. It shows that in more general and realistic environments, (a) the hedging
of real exchange rate risks occurs through international bond holdings, since relative
bond returns are strongly correlated with real exchange rate fluctuations; (b) domestic
equities can provide a good hedge against non-financial income risk, conditionally on
bond returns. The model delivers equilibrium portfolios that are well-behaved as a
function of the underlying preference parameters. Empirically, we find reasonable em-
pirical support for the theory for G-7 countries. We are able to explain short positions
in domestic currency bonds for all G-7 countries, as well as significant levels of home
equity bias for the US, Japan and Canada.
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1 Introduction

The current international financial landscape exhibits two critical features. First, the last
twenty years have witnessed an unprecedented increase in cross-border financial transactions.
Second, despite this massive wave of financial globalization, international portfolios remain
heavily tilted toward domestic assets (French and Poterba (1991), Tesar and Werner (1995)
and Ahearne, Griever and Warnock (2004); see appendix A.7 for recent evidence). The
importance of these two features has not gone unnoticed and has generated renewed interest
for theories of optimal international portfolio allocation.!

An important strand of literature, launched into orbit by the influential contribution
of Obstfeld and Rogoff (2000), sets out to explore the link between the allocation of con-
sumption expenditures and optimal portfolios in frictionless general equilibrium models with
stochastic endowments & la Lucas (1982).? One popular approach, initially developed by
Baxter et al. (1998), and extended by Coeurdacier (2009), Obstfeld (2007) among others,
consists in characterizing the constant equity portfolio that —locally— reproduces the complete
market allocation through trades in claims to domestic and foreign equities.

As emphasized by Coeurdacier (2009) and Obstfeld (2007), the structure of these optimal
portfolios reflects the hedging properties of relative equity returns against real exchange rate
fluctuations.®> For instance, with Constant Relative Risk Aversion (CRRA) preferences, the
optimal equity position is related to the covariance between the excess return on domestic
equity (relative to foreign equity), and the rate of change of the real exchange rate. When
the coefficient of relative risk aversion exceeds unity, home equity bias arises when excess
domestic equity returns are positively correlated with an appreciation of the real exchange
rate. In that case, efficient risk sharing requires that domestic consumption expenditures
increase as the real exchange rate appreciates. If domestic equity returns are high precisely
at that time, domestic equity provides the appropriate hedge against real exchange rate risk,
and investors will tilt their portfolio towards domestic equity. Seen in this light, most of
the theoretical literature mentioned above represents a search for models that generate the
‘right’ correlation between relative equity returns and real exchange rate fluctuations.

This line of research faces two serious challenges. First, as shown convincingly by
van Wincoop and Warnock (2006), the empirical correlation between excess equity returns
and the real exchange rate is low, too low to explain observed equity home bias. Further,
most of the fluctuations in the real exchange rate represent movements in the nominal ex-
change rate, so once forward currency markets are introduced, the conditional correlation
between equity returns and real exchange rates disappears. This casts a serious doubt on

!See Adler and Dumas (1983) for a review of the earlier literature.

2A chronological but non-exhaustive list of contributions —some of which precedes Obstfeld and Rogoff
(2000)— includes Dellas and Stockman (1989), Baxter and Jermann (1997), Baxter, Jermann and King
(1998), Coeurdacier (2009), Obstfeld (2007), Kollmann (2006), Heathcote and Perri (2007a),
Coeurdacier, Kollmann and Martin (2007) and Collard, Dellas, Diba and Stockman (2007).

3A result also emphasized in the earlier, partial equilibrium literature. See Adler and Dumas (1983).



the ability of this class of models to quantitatively explain the home equity bias. Second, as
shown initially by Coeurdacier (2009) and Obstfeld (2007), the equilibrium equity portfolios
are extremely sensitive to the values of preference parameters. Whether the coefficient of
relative risk aversion is smaller, bigger than or equal to unity, whether domestic and foreign
goods are substitute or complements, equity portfolios can exhibit home, foreign, or no bias.
In other words, this class of models delivers equity portfolios that are unstable.

This paper addresses both issues simultaneously. We argue that many of the results in
the previous literature are not robust to the introduction of bonds denominated in differ-
ent currencies. Of course, bonds are redundant in the previous set-up since locally efficient
risk-sharing is obtained by trading equities only. This creates an obvious and uninteresting
indeterminacy. This indeterminacy is lifted once we allow for additional and realistic sources
of risk. That the economic environment is subject to more than one source of uncertainty
strikes us as eminently realistic. These additional risk factors can take many forms that
cover many cases of interest: redistributive shocks, fiscal shocks, investment shocks, prefer-
ence shocks, nominal shocks, etc.... In presence of these additional risks, optimal portfolio
allocation will typically require simultaneous holdings of equities and bonds.

The important economic insight is that in many models of interest, as well as in the
data, relative bond returns are strongly positively correlated with the real exchange rate.
As a consequence, it is optimal for investors to use bond positions to hedge real exchange
rate risks. All that will be left for equities is to hedge the impact of additional sources
of risk on investors’ total wealth. Of course, the precise form of the additional sources of
risk matters for optimal portfolio holdings. We explore this question systematically using
a simple extension of Coeurdacier (2009)’s model. We begin by adding only one additional
risk factor, so that risk sharing remains -locally- efficient. This simple extension delivers two
important results. First, equilibrium equity holdings take a very simple form; Unlike the
previous literature, these holdings do not depend on the correlation between equity returns
and the real exchange rate. Second, this optimal equity portfolio does not depend upon the
preferences of the representative household.*

These simple results have important empirical implications. First, since equity positions
are not driven by real exchange rate risk, home equity bias can only arise from hedging de-
mands other than the real exchange rate. This simultaneously validates van Wincoop and Warnock
(2006)’s result and establishes its limits. Moreover, we show that home equity bias arises if
the correlation between the return on non-financial wealth and the return on equity, condi-
tional on bond returns, is negative (a generalization of both Baxter and Jermann (1997), and
Heathcote and Perri (2007b)).° In simultaneous and independent work, Engel and Matsumoto
(2008) develop similar results in a specific model with nominal rigidities. These authors also
draw the connection between the impact of forward trades (or bond trading) and optimal
equity positions.

4Equivalently, optimal equity positions coincide with the equity positions of a log-investor who doesn’t
care about hedging the real exchange rate risk.
Ssee also Bottazzi, Pesenti and van Wincoop (1996).



The model also provides tight predictions about equilibrium bond holdings. First, we
show that while these bond portfolios typically vary with investors’ preferences, they do so
smoothly. In other words, the portfolio instability of earlier models is not simply transferred
to bond portfolios. Second, the model predicts that the overall domestic bond position
reflects the balance of two effects: the optimal hedge for fluctuations in real exchange rates
(for non-log investors), as well as a hedge for the implicit real exchange rate exposure arising
from equilibrium equity holdings and non-financial wealth. In other words, households want
to hold bonds in their own currency since local bonds have higher returns when the price
of consumption goods is higher (real exchange rate hedging). However, if returns on their
equity portfolio and their non-financial wealth are also higher (resp. lower) in those states,
investors optimally undo this exposure by shorting the domestic currency bond (resp. going
long in the domestic currency bond). We find that for plausible values, it is possible for a
country to have short or long domestic currency debt positions. In line with our findings,
recent empirical evidence (Lane and Shambaugh (2007) and Lane and Shambaugh (2008))
suggests large heterogeneity across countries in the currency denomination of external bond
holdings. On average, advanced countries hold long (but small) domestic currency debt
positions but some large countries, most notably the US, are short in their own currency
debt.

Are these results relevant in practice? The answer is yes. First, we show that our general
specification with one additional source of risk fits (or extends) a number of models that
have been used in previous literature. We explore the case of redistributive shocks, fiscal
shocks, investment shocks, or nominal shocks in the presence of price rigidities. Second and
more importantly, we show how equilibrium portfolios can be computed from observable
data on bond and equity returns together with data on real exchange rate and non-financial
income. In particular, we show how simple regressions of real exchange rate and returns on
non-financial wealth on asset returns (bonds and equity) help us to back out equilibrium
portfolios from the data. This makes an important link between recent theoretical work on
international portfolios and data on asset prices.

We also evaluate the robustness of our results in presence of more than one source of
risk. By allowing for multiple sources of risks, markets are effectively incomplete (even
locally). Importantly, we show that our results remain robust in that case and that the
empirical counterpart of the theoretical portfolios can also be computed using the exact
same empirical methodology.

We then confront our results to the data. We use quarterly data on equity, bond returns
as well non-financial income for the G-7 countries since 1970 to estimate the parameters of
the models. In particular, we ask wether data on asset prices are theoretically consistent
with observed portfolios. For all countries, we show that the presence of bonds is key
to obtaining more reasonable equity positions: without bond trading, ‘the international
diversification puzzle is indeed worse than you think’ (Baxter and Jermann (1997)). With
bond trading, we find reasonable estimates of home equity bias for the US, Japan and
Canada. Finally, the model predicts currency exposure of international portfolios in line
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with recent empirical evidence on industrialized countries (see Lane and Shambaugh (2007)
and Lane and Shambaugh (2008)).

Finally, we explore the robustness of our theory in two important cases. First, we in-
troduce non-traded goods as in Obstfeld (2007) and Collard et al. (2007). In presence of
non-traded goods, real bonds still load on the real exchange rate while domestic equities
(in traded and nontraded goods) still hedge the remaining sources of risks. We show that
the overall home equity bias (across traded and non-traded equities) is independent of pref-
erences. However, the optimal holdings of traded and non-traded domestic equity depend
upon their hedging properties of movements in the terms of trade.

Second, we discuss cases where bond returns do not provide a good hedge for fluctua-
tions in the (welfare-based) real exchange rate. This arises in two situations: in the presence
of preference/variety shocks similar to Coeurdacier et al. (2007) or Pavlova and Rigobon
(2003), and with nominal shocks as in Lucas (1982), or in Obstfeld (2007)’s version of
Engel and Matsumoto (2006)’s sticky price model. In both cases, the new source of risk sim-
ply perturbates bond returns, leaving equities, consumption expenditures and non-financial
income unchanged. It is then optimal not to hold bonds in equilibrium, which brings us back
to the results of the equity-only models. While theoretically restoring the results from the
earlier literature, the case of nominal shocks cannot be relevant in practice. Indeed nominal
and real bonds returns are strongly correlated in industrial economies, limiting the extent
to which nominal bonds are unable to hedge fluctuations in total nominal expenditures.

Section 2 follows Coeurdacier (2009) and develops the basic model with equities only.
Section 3 constitutes the theoretical core of the paper. It introduces bonds and an additional
source of risk, then characterizes the efficient equity and bond positions under different risk
structures. Section 4 extends the model to incomplete markets. Section 5 presents our
empirical results. Section 6 discusses some extensions and some potential caveats of our
framework.

2 A Benchmark Model.

2.1 Goods and preferences.

Consider a two-period (¢ = 0,1) endowment economy similar to Coeurdacier (2009). There
are two symmetric countries, Home (H) and Foreign (F'), each with a representative house-
hold. Each country produces one tradable good. Agents consume both goods with a pref-
erence towards the local good. In period t = 0, no output is produced and no consumption
takes place, but agents trade financial claims (stocks and bonds). In period ¢ = 1, country 4
receives an exogenous endowment y; of good ¢. Countries are symmetric and we normalize
Ey(y;) = 1 for both countries, where Ej is the conditional expectation operator, given date
t = 0 information. Once stochastic endowments are realized at period 1, households consume
using the revenues from their portfolio chosen in period 0 and their endowment received in
period 1.



The country 7 household has the standard CRRA preferences, with a coefficient of relative
risk aversion o:
ci-
Ui = EO |i : :| )

l1—0c

(1)

where C; is an aggregate consumption index in period 1. For future reference, we consider
in what follows the plausible case where o > 1.
For i,7 = H, F, C; is given by:

; with @ # j (2)

_ _ ¢/(o—1)
C; = [a1/¢05f D/ 4 (1— a)tocs 1>/¢>}
where ¢;; is country ’s consumption of the good from country j at date 1. ¢ is the
elasticity of substitution between the two goods and 1 > a > 1/2 represents preference for
the home good (mirror-symmetric preferences).

The ideal consumer price index that corresponds to these preferences is for i = H, F"

. 1/(1-9)
P = |ap; *+(1—a)p,*

; with @ # j (3)
where p; denotes the price of the country s good in terms of the numeraire.
Resource constraints are given by:

Cii + ¢ji = yi; with @ # j (4)

We denote Home terms of trade, i.e. the relative price of the Home tradable good in
terms of the Foreign tradable good, by ¢:

PH
=— 5
= (5)

An increase in ¢ represents an improvement Home’s terms of trade.

2.2 Financial markets.

Trade in stocks and bonds occurs in period 0. In each country there is one stock a la Lucas
(1982). A share § of the endowment in country ¢ is distributed to stockholders as dividend,
while a share (1 — 4) is not capitalized and is distributed to households of country i. At the
simplest level, one can think of the share 1—4 as representing ‘labor income’; but more general
interpretations are also possible. More generally, 1 — ¢ represents the share of output that
cannot be capitalized into financial claims. This could be due to domestic financial frictions,
capital income taxation or poor property right enforcement. In our symmetric setting, J is
common to both countries. The supply of each type of share is normalized at unity. We
assume also that agents can trade a CPI-indexed bond in each country denominated in the
composite good of country i. Buying one unit of the Home (Foreign) bond in period 0 gives
one unit of the Home composite (Foreign) good at ¢ = 1. Both bonds are in zero net supply.



Initially, each household fully owns the local stock equity, and has zero initial foreign
assets. Country ¢ household thus faces the following budget constraint at ¢ = 0:

PsSii + psSij + pubii + ppbi; = ps,  with j #1 (6)

where S;; is the number of shares of stock j held by country ¢ at the end of period 0,
and b;; represents claims (held by ¢) to future unconditional payments of the good j. pg is
the share price of both stocks, while py is the price of the both countries real bond, identical
due to symmetry.

Market clearing in asset markets for stocks and bonds requires:

Sii + S5 =13 by +bji =0; with i # j (7)

Symmetry of preferences and distributions of shocks implies that equilibrium portfolios
are symmetric: Sgg = Srr, byg = brpr, and bpy = byr. In what follows, we denote a
country’s holdings of local stock by S, and its holdings of bonds denominated in its local
composite good by b. The vector (S;b) thus describes international portfolios. S > % means
that there is equity home bias on stocks, while b < 0 means that a country issues bonds
denominated in its local composite good, and simultaneously lends in units of the foreign
composite good.

2.3 Characterization of world equilibrium.

We characterize first the equilibrium with locally complete markets (see appendix A.1 for a
precise definition of locally complete markets). As shown below, markets are locally complete
in our model when the number of shocks is at least equal to the number of assets. In a
world with just endowment shocks, markets will be complete (locally) but portfolios will be
indeterminate (i.e. the number of assets is larger than the dimension of the shocks).

2.3.1 Goods market equilibrium

After the realization of uncertainty in period 1, the representative consumer in country
l1—0o

maximizes subject to a budget constraint (for j # 7):

1

P,C; = picii + pjcij < 1; (M)

where I; represent the (given) total income of the representative agent in country ¢ and \;
is the Lagrange-Multiplier associated with the budget constraint.
The intratemporal equilibrium conditions are as follows:

i\ ? p\
Ci = a (E) Ciicj=(1—a) <FJZ> Cy; with i # j (8)

Using equations (8) for both countries and market-clearing conditions for both goods (4)
gives:



¢ [(g)d’ CF] -4
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(9)

1_,’_:0( 1;”)
() - As
emphasized by Obstfeld (2007), the term €2,(.) captures the Keynesian transfer effects due
to consumption home-bias.

where ), () is a continuous function of two variables (u, z) such that: Q,(z) =

2.3.2 Budget constraints.

Recall that country ¢ household holds shares S of the local stock with dividend dp;y;, and
shares 1 — S of the foreign stock, with dividend dp,y;. In addition, it holds b bonds denomi-
nated in the local good, with payment P; and —b bonds in the foreign good, with payment
P;. The period 1 budget constraints are thus:

P,C; = Sopiy; + (1 = S)op;y; + Pib— Pib+ (1 — 0)piys; with i # j (10)

where the last term represents non-financial income.
These constraints imply:

PyCy — PrCp =1[0(2S — 1) + (1 = 9)|(payn — pryr) + 2b(Pg — Pr) (11)

which says that the difference between countries’ consumption expenditures equals the dif-
ference between their incomes.

2.3.3 Log-linearization of the model and locally complete markets.

Denote y = yu/yr the relative output. We log-linearize the model around the symmetric
steady-state where y equal unity, and use Jonesian hats (z = log(x/)) to denote the log-
deviation of a variable x from its steady state value . Define the Home country real exchange
rate as the foreign price of the domestic good, RER = Py /Pp, so that an increase in the
real exchange rate represents a real appreciation. Using (3) we can write:

—

RER =11 _ (90— 1)7 (12)
Pr

so that the real exchange rate always appreciates when the terms of trade improve.

As shown in appendix A.1, if a rank and spanning conditions are satisfied, one can repli-
cate the efficient risk-sharing allocation up-to the first order.® This implies that, abstracting
from second-order terms, the equilibrium allocation is the one that prevails in a world with
locally complete markets. This property turns out to simplify the portfolio problem: one

6The spanning condition states that the dimensionality of the shocks is smaller than the number of
independent available assets. The rank condition states that shock innovations do not leave asset pay-off
unaffected.



just needs to find the portfolio that replicates locally the efficient allocation.” In particular,
when these two conditions are verified, the ratio of Home to Foreign marginal utilities of ag-
gregate consumption is linked to the consumption-based real exchange rate by the familiar
Backus and Smith (1993) condition (in log-linearized terms):

~ ~. Py _
—o(Cyg —Cp) = 5= (2a —1)q (13)
F
Hence, any shock that raises Home aggregate consumption relative to Foreign must be as-
sociated with a Home real exchange rate depreciation.
Log-linearizing (9) and substituting (13) gives:

y=—00+ 2a-1)(¢—-1/0)5- (14)

Substituting (12) implies:
U=-Xq (15)

where A = ¢ (1 — (2a — 1)2) + (2a —1)* /o represents the equilibrium terms of trade
elasticity of relative output. Note that A > 0 as 1/2 < a < 1: a relative increase in the
supply of the home good (¢ > 0) is always associated with a worsening of the terms of trade
(G < 0) with an elasticity —1/\. Without home bias in preferences (a = 1/2), A is simply
the elasticity of substitution between Home and Foreign goods (¢). When a > 1/2, there
are deviations from PPP. An increase in relative output triggers a fall in the relative price
level. Under locally complete markets, this requires an increase in domestic consumption
expenditures (at a rate 1/0) that increases relative demand for the home good.®

Note also that from equation (15), relative equity returns R, are equal to:

Ro=g+7-0-2i=(1-5) (16)
When A > 1, an increase in relative output is associated with an improvement in relative
equity returns. Conversely, when A < 1, an increase in Home relative output is associated
with a relative decrease in Home equity returns. This happens when either the elasticity of
substitution between goods is low (¢ < 1) or the preference for the home good is sufficiently
strong.’

We next log-linearize equation (11) using (13) to obtain:

PuCin = FrCr = (1= ) (a= )7 =25~ 1) + (1 =) @+7) + 2 20— D7 ()

The first equality is simply the Backus-Smith condition. It records the response of relative
consumption spending to a change in the real exchange rate. This response depends on the

"Appendix A.1 shows that such a portfolio is the one chosen by our utility-maximizing investors.
8See Obstfeld (2007).

1/2
9Specifically, when ¢ > 1 and o > 1 (the empirically plausible case), we need: a > % [1 + (i__‘f;) ]
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coefficient of relative risk aversion o. In a locally-efficient equilibrium, a shock that leads
to an appreciation of the real exchange rate induces an increase in relative consumption
expenditures when o > 1. The expression to the right of the second equality in (17) shows
the change in relative income necessary to obtain this locally-efficient allocation of relative
consumption expenditures. The efficient portfolio has to be such that a real appreciation is
associated with an increase in relative spending and income.

2.4 The Instability of Optimal Equity Portfolios.

Financial markets are locally complete when there exists a portfolio (S,b) such that (15)
and (17) both hold for arbitrary realizations of the relative shocks y. Clearly, here portfolios
are undetermined since the dimension of ‘relative’ shocks exceeds the dimension of ‘relative
assets.'” Much of the literature focuses on the case where bonds are not available and
efficient risk sharing is implemented with equities only (Coeurdacier (2009), Obstfeld (2007),
Kollmann (2006)).

Substituting b = 0 into (17) and using (15), we solve for the equilibrium equity portfolio
position:
S 1]25-1 (1-%)(2a—1)

5_2 5 §(A—1)

(18)

When § = 1, this expression coincides with the equilibrium equity position of Coeurdacier
(2009) and Obstfeld (2007). In the more general case where § < 1, the optimal equity
portfolio has two components. The first term inside the brackets represents the position of
a log-investor (¢ = 1). As in Baxter and Jermann (1997), the domestic investor is already
endowed with an implicit equity position equal to (1 — §) /6 through non-financial income.
Offsetting this implicit equity holding and diversifying optimally implies a position S =
(20 —1) /26 < 1/2 for 6 < 1. As is well known, this component of the optimal portfolio
impart a foreign equity bias.

The second component of the optimal equity portfolio represents a hedge against real
exchange rate fluctuations. It only applies when o # 1, i.e. when total consumption expen-
ditures fluctuate with the real exchange rate. Looking more closely at the structure of this
hedging component calls for a number of observations. First, this hedging demand is a com-
plex and non-linear function of the structure of preferences summarized by the parameters o,
¢ and a. As Obstfeld (2007) and Coeurdacier (2009) note, for reasonable parameter values,
this hedging demand can contribute to home equity bias only when A < 1, i.e. when the
terms of trade impact of relative supply shocks is large.!! Finally, using (16) and (12), this

hedge component can be rewritten as (1 — 1/0) /d cov <f26, RER) Jvar (f%e), a function of
the covariance-variance ratio between excess equity returns and the real exchange rate.

10Tn other words, while the spanning condition is verified, the rank condition is not verified: bond and
equity excess returns are perfectly correlated.

'When A = 1, this component is indeterminate since the relative return on equities is independent of the
real exchange rate (and constant). This case is similar to Cole and Obstfeld (1991).
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This model faces three main problems. First, the non-linearity in (18) implies that
small changes in preferences can have a large impact on this hedging demand. This is most
apparent if we consider the optimal portfolio in the neighborhood of A = 1. As figure 1 makes
clear, small and reasonable changes in o, ¢ or a have a large and disproportionate impact on
optimal portfolio holdings, from large foreign bias (S < 0) to unrealistically high domestic
bias (S > 1). To the extent that we don’t know precisely what value these parameters take,
one is left with the inescapable conclusion that this model does not provide enough guidance
to pin down equity portfolios, or a-fortiori, explain the home portfolio bias. As emphasized
by Obstfeld (2007), and as the figures make clear, things are even worse since the benchmark
model cannot deliver home equity holdings between S = 1 —1/2§ < 0.5 and S = 1, thus
excluding the relevant empirical range.

Second, given the constant income sharing rule 9, the model predicts a perfect correla-
tion between equity returns and non-financial income. This tilts portfolios towards foreign
equities (the first term in (18)), as emphasized by Baxter and Jermann (1997). While this
correlation might be positive, it is hard to believe that it is perfect and many papers found it
pretty low (see Fama and Schwert (1977) for earlier work and Bottazzi et al. (1996), Julliard
(2003, 2004), Lustig and Nieuwerburgh (2005)).

Third, the extent to which the model can deliver home equity bias depends on the
hedging properties of equities for real exchange risk, as captured by the covariance-variance

ratio cov (}A%e, RER) Jvar (f%e> . In the case of the US, van Wincoop and Warnock (2006)
show that relative equity returns are poorly correlated with the real exchange rate. They
find a covariance-variance ratio cov (Ee, RER) Jvar (f%e) equal to 0.32, unable to account

for the observed home portfolio bias.!?

3 Equity and Bond Equilibrium Portfolios: the case of
locally-complete markets.

This paper’s main objective is to characterize both equity and bond portfolios once additional
sources of uncertainty are allowed. Of course, introducing bonds in the model of the previous
section yields an uninteresting indeterminacy since markets are already locally complete. In
this section, we allow for exactly one additional source of uncertainty in the model so that
the markets remain locally complete with both equities and bonds. We can then use an
extension of the previous method to characterize optimal portfolio holdings.

This calls for three remarks. First, since relative endowment or supply shocks are un-
likely to represent the only source of uncertainty in the economy, adding other sources of
uncertainty is quite realistic and general. Second, adding only one source of additional un-
certainty is mostly done for tractability. Section 4 will cover the more general case where
markets are incomplete (even locally)'® and show that our portfolio characterization holds

12They find essentially a zero correlation once controlling for forward markets.
13This means that spanning condition defined in Appendix A.1 is not verified: the number of shocks is
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in that more general case. Lastly, going from the general to the particular, we show how to
map our results in specific models where the additional source of risk arises from redistribu-
tive shocks, shocks to government expenditures or investment, from demand shocks, or from
nominal shocks.

3.1 A general representation with one additional source of risk.

Assume that a shock ¢;