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Abstract

This paper deals with development and analysis of a finite volume (FV) method for the
coupled system describing immiscible compressible two-phase flow, such as water-gas, in porous
media, capillary and gravity effects being taken into account. We investigate a fully coupled fully
implicit cell-centred “phase-by-phase” FV scheme for the discretization of such system. The main
goal is to incorporate some of the most recent improvements in the scheme and the convergence
of the numerical approximation to the weak solution of such models. The spatial discretization
uses a TPFA scheme and a new strategy for handling the upwinding. Based on a priori estimates
and compactness arguments, we prove the convergence of the numerical approximation to the
weak solution. The particular feature in this convergence analysis of the classical engineering
scheme based on the “phase-by-phase” upwinding on an orthogonal mesh relies on the global
pressure-saturation fractional flow formulation as was defined relatively recently for immiscible
compressible flow in porous media. We have developed and implemented this scheme in a new
module in the context of the open source platform DuMu¥X. Two numerical experiments are
presented to demonstrate the efficiency of this scheme. The first test addresses the evolution
in 2D of gas migration through engineered and geological barriers for a deep repository for
radioactive waste. The second test case is chosen to test the ability of the method to approximate
solutions for 3D problems modeling scenarios of COs injection in a fully water-saturated domain.

Keywords: Compressible two—phase flow; Porous media; Finite volume; Nonlinear degenerate
system; DuMu® ; Water-gas.
AMS Subject Classification: 35K65; 35Q35; 65N12; 76505; 76T10; 76M12.

1 Introduction

Modeling of two-phase flow through the subsurface is important for many practical applications,
from groundwater modeling and oil and gas recovery to CO2 sequestration or management of nuclear
waste repositories. In this work we focus on COs sequestration and nuclear waste underground
storage.

The modeling and simulation of the injection and the spreading of carbon dioxide in the under-
ground is essential for the proper understanding of the physical and chemical processes at different
length and time scales, to ascertain migration and trapping of COs in the porous formations, and
in assessing the capacity as well as the safety (possible leakage) of the reservoir, see for instance
[57].
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The long-term safety of the disposal of nuclear waste is an important issue in all countries with
a significant nuclear program. Repositories for the disposal of high-level and long-lived radioactive
waste generally rely on a multi-barrier system to isolate the waste from the biosphere. The multi-
barrier system typically comprises the natural geological barrier provided by the repository host
rock and its surroundings and an engineered barrier system, i.e. engineered materials placed within
a repository, including the waste form, waste canisters, buffer materials, backfill and seals. One of
the major issues in the safety of a deep geological repository for radioactive waste is the migration
of hydrogen resulting mainly from anaerobic metal corrosion and from water and waste radiolysis,
see for instance [64].

The mathematical analysis of the system describing the flow of two incompressible immiscible
fluids in porous media is quite understood. Existence, uniqueness of weak solutions to these equa-
tions, and their regularity has been been shown under various assumptions on physical data; see for
instance [2, 12, 14, 21, 25, 26, 27, 41, 53] and the references therein. However, as reported in [9],
the situation is quite different for immiscible compressible two-phase flow in porous media, where,
only recently few results have been obtained. In the case of immiscible two-phase flows with one
(or more) compressible fluids without any exchange between the phases, some approximate models
were studied in [42, 43, 44]. Namely, in [42] certain terms related to the compressibility are ne-
glected, and in [43, 44] the mass densities are assumed not to depend on the physical pressure, but
on Chavent’s global pressure. In the articles [23, 45, 50, 51], a more general immiscible compressible
two-phase flow model in porous media is considered for fields with a single rock type and [9] treated
the case with several types of rocks. Lastly, a compresible two-phase two-component flow in porous
media in low solubility regime was studied in [49].

The numerical modeling and analysis of two-phase flow in porous media has been a problem of
interest for many years and many methods have been developed. There is an extensive literature
on this subject. We will not attempt a literature review here, but merely mention a few references.
We refer to the books [15, 25, 28, 48] and the references therein. For a recent review, we refer for
instance to [30, 31]. For simplicity of exposition, our focus here is on the cell-centred finite volume
method, following [37].

Finite volume methods have long been popular in reservoir engineering owing to their numerous
advantages: they meet the industrial constraints of robustness and low computational cost, they
satisfy local conservation, are simple to code, and can be used on a large variety of meshes. The
classical cell-centred Two-Point Flux Approximation (TPFA) is the most widely used technique for
discretizing Darcy’s law in commercial reservoir simulators. The prevalence of that method within
the oil-and-gas industry mostly stems from its simple implementation, intuitive understanding, high
execution speed, and robustness but its consistency requires strong orthogonality conditions on the
mesh. Multi-Point Flux Approximations (MPFA) extend TPFA to consistent discretizations on
general meshes with anisotropic heterogeneous media [1, 32].

Concerning the convergence study of the numerical approximation of the solution of the flow
of two incompressible immiscible fluids in porous media, it has been the object of several studies
during the past decades. We refer for instance to [20, 22, 34, 35, 36, 38, 55, 63] and the refer-
ences therein. Later the convergence study to compressible flow of the “phase-by-phase” upstream
weighting scheme was extended in [16, 60] in the case of a homogeneous domain. Then similar works
have been done in [39, 61, 62] for a partially miscible compressible two-phase two component flow
model. Lastly, the convergence of combined finite volume-finite element schemes for compressible
two-phase flows in homogeneous and anisotropic porous media were studied in [46, 47, 59]. Closer
to the present problem, a convergence of a combined mixed finite element and vertex centred finite
volume method for immiscible compressible flow in heterogeneous porous media was obtained in

[33)].



The model of two-phase flow in porous media consists of the usual equations derived from the
mass conservation of both fluids along with the Darcy-Muskat and the capillary pressure laws. There
have been two main approaches to modeling such problem for immiscible incompressible two-phase
flow. The first one, the problem is written in terms of the phase formulation, i.e. the saturation
of one phase and the pressure of the second phase are primary unknowns. The second one, it has
been shown that these equations can be written in a fractional flow formulation, i.e., in terms of a
global pressure and saturation [12, 25]. All the aforementioned works concerning the convergence
study for immiscible incompressible two-phase flow used the phase formulation and the fractional
flow formulation. For the compressible model, the phase formulation is used and the notion of the
global pressure as defined for the incompressible model is used as a tool in the convergence proof.

The global pressure for compressible two-phase flow is quite different from the case of incom-
pressible one. Indeed, in the incompressible case the global pressure is defined from the phase
pressures and the saturation of a phase by a simple algebraic relation, while in the compressible
case it requires a solution of an ordinary differential equation (ODE). The fractional flow formulation
for compressible two-phase flow employs the saturation of one of the phases and the global pressure
as independent variables. This formulation, derived in [3, 4] without any simplifying assumptions, is
fully equivalent to the original phase equations formulation. The fractional flow approach treats the
two-phase flow problem as a total fluid flow of a single mixed fluid, and then describes the individual
phases as fractions of the total flow. This approach leads to a less strong coupling between the two
coupled equations: the global pressure equation and the saturation equation. The fractional flow
formulation leads to a coupled system which consists of a nonlinear parabolic equation (the global
pressure equation) and a nonlinear diffusion—convection one (the saturation equation). Further,
it has been proven that this fractional flow approach is suitable for mathematical and numerical
simulation; for more details, see [5, 6, 7]. Let us also mention that a fully equivalent global pressure
formulation for three-phase compressible flows was established in [24] and validated by numerical
results in [29].

In this article, we focus our attention on the study of immiscible, compressible two-phase flow
in porous media taking into account gravity, capillary effects, and heterogeneity using the classical
engineering model that is used in many petroleum engineering simulators. The fractional flow
formulation described above has the central role in the convergence proof since it is essential for
the basic energy estimate derivation. The results obtained earlier in [38] for the incompressible case
and in [60] for the compressible case are revisited. The main goal is to incorporate some of the
most recent improvements in the scheme and the convergence of the numerical approximation to the
weak solution of such models. Let us mention that the main difficulties related to the mathematical
analysis of such equations are the degeneracy caused by the fact that the phase mobility and time
derivative vanish when the corresponding phase is missing. The common approach for solving this
type of degeneracy is the transition to the fractional flow formulation which introduces new types
of degeneracy, the degeneracy of the diffusion term in the saturation equation, and the degeneracy
of the temporal term in the global pressure equation. Despite this degeneracy, the fractional flow
formulation is suitable for energy estimate derivation, unlike the formulation based on the phase
pressures.

The present paper has several objectives. First, we will outline a new strategy for handling
the upwinding in the classical cell-centred TPFA “phase-by-phase” upstream weighting scheme.
The second objective of this paper is to present a new proof of the convergence of this scheme
based on the concept of the global presssure as defined in [3, 4] for immiscible compressible flow
in heterogeneous porous media. Lastly, we have developed and implemented this scheme in a new
module in the context of the parallel open source platform DuMuX [52]. The overall objective of
this part is the development of a new-generation framework and reservoir simulator suitable for



massively parallel processors.

The rest of the paper is organized as follows. Section 2 is devoted to the statement of the problem.
Namely, in this section we introduce the system of equations describing immiscible compressible
two-phase flow in porous media on a reservoir scale. Then we introduce the notion of the global
pressure for compressible two-phase flow. Then we formulate the main assumptions on the data.
Finally, we give the definition of a weak solution to our problem. In Section 3 we recall the general
FV framework and formulate the fully coupled fully implicit cell-centered FV scheme that will be
studied. Several auxiliary results including the discrete maximum principle, that will be used in
the energy estimates for the scheme, are proven in Section 4. In Section 5, we first establish some
energy estimates followed by the existence of discrete solutions to the FV scheme and we recall
a compactness result which will be used for the convergence of the numerical scheme. Finally, in
Section 6 we pass to the limit in the discrete equations, as discretization parameters go to zero, and
we find the weak solution to the continuous two-phase flow model, which completes the convergence
proof. Let us note that to shorten the proof, some technical parts are omitted in this paper.
However, detailed convergence analysis can be found in [58]. In Section 7, a description of the
implementation of our strategy in DuMu¥ is given. Then, to validate our approach, we consider
two test cases, for which numerical results are exhibited by comparison with published results.
The first test case is a 2D benchmark exercise [10], named Couplex-Gaz launched by the French
Agency for the Management of Radioactive Waste (ANDRA), for modeling waste-generated gas
flow systems. The second test case from [56] concerns the injection of CO2 in a 3D homogeneous
porous domain fully saturated with water. Finally, some concluding remarks and perspectives are
presented in Section 8.

2 Statement of the problem

In this section we formulate the studied problem. First, in subsection 2.1 we introduce the system
of equations that describes isothermal immiscible compressible two-phase flow in a porous medium.
Then in subsection 2.2 we define the so-called global pressure for compressible flow. Subsection 2.3
provides the main assumptions on the data. Finally, in subsection 2.4 we give the definition of a
weak solution to our problem.

2.1 Governing equations

We consider the flow of two immiscible compresible fluids in a porous reservoir § subset of R,
Il =25 0or3 WesetQr = Q x (0,7) where T" > 0 is a fixed time and we assume that Q is a
polyhedral domain. Its Lipschitz continuous boundary 0f2 is divided in two parts 92 = I'y U 'p.
Standard flow models consist of equations for mass conservation and the multiphase extension of
Darcy’s law for fluid flow in porous media (see, e.g., [48]):

q)at<pn(pn)5n) - diV (An(Su)pn(pn)K (VPn - pn(pn)g)) = an (1)
DOt (pw (Pw) Sw) — div (A (Sw) P (Pw) K (VP — pu(Pw)8)) = Flu, (2)

where ® is the porosity and K is the absolute permeability of the porous medium, g being the
gravity vector, and Sy, Pa, Pa, Aa, and Fy, are respectively saturation, pressure, density, mobility,
and source term of the phase v = w (wetting phase), n (nonwetting phase).

The system is completed by no void space assumption, S, +.5, = 1, and by the capillary pressure

law pc(sw) = Pn — Pw-



The boundary conditions are imposed as follows. On 'y the fluxes satisfy a homogeneous
Neumann boundary condition:

An(Sw) pn(Pn)K (Vpr — pn(pn)g) -1 =0,

)‘w(Sw)pw(pw)K (pr - pw(pw)g) ‘n =0, on Iy (0’ T)’ (3)

while on I'p the pressures satisfy a homogeneous Dirichlet boundary condition:
pn(x,t) =0, py(z,t)=0, onIp x (0,7). (4)
The sources and sinks in the model, F,, and F},, are taken in the following simple form:
Fu = puw(pw)(SeFr = SwFp),  Fu = pu(pn)(ShF1 — SuFp), (5)

where F7 > 0 is the injection rate and Fp > 0 is the production rate. Note that the injection values
of phase saturation S, and S!, S! +SI = 1, are known but the pressures are given by the reservoir
pressures.

Finally, the initial conditions are given by

pn(ovx) = p?z(x)ﬂ pw(ovx) :p?u(a?), z € (L. (6)

2.2 Global pressure and useful relations

In this article we rely on the global pressure variable p which is introduced in [3, 4] and it is
related to the wetting phase pressure p,, by the following integral equation

pulSur) =p— [ Falo. o) ds, pa(Susp) = pulSirp) + (S )

The fractional flow function f,, of the nonwetting phase is defined as usual by
fn(Swapn) = pn(pn)/\n(sw)/)\(svan)a )\(Swapn) = pw(pw)/\w(sw) + pn(pn))\n(sw)v (8)

and fn(Sw,p) = fu(Sw,Pn(Sw,p)). The fractional flow function f,, of the wetting phase is given
by fw =1-— f, and fw(Sw,p) = fuw(SwsPn(Sw,p)). The integral equation in (7) corresponds to a
Cauchy problem for the ODE in which the global pressure p is just a parameter giving the value at
Sw = 1. Under assumptions (A.3)-(A.5) this problem defines a unique function p,,(Sy,p), see [3, 4].

Between the gradients of the phase pressures and the gradient of the global pressure, the following
relation holds

Vi = W(Sw, D) VD + fuo(Sw, ) VDe(Sw), 9)

Vpy = W(Swap)vP - fn(Swyp)vpc(Sw)a (10)
where the function w(Sy,, p) is given by

_ 9pu(Sw,p) _ 9puw(Sw.p)
Op op

w(Suw,p) : (11)

It should be noted that this formulation for compressible flows requires to solve a family of ODE
which could numerically be done by using standard libraries existing in the literature, for more
details see [3, 4].



Let us mention that for incompressible flows, the global pressure introduced in [12, 25] is defined

S An(8) /
P =Ppuwt /1 ml)c(s) ds,
which is an algebraic equation while the global pressure in the compressible case is defined by an
ODE (7).
The degeneracy of the two-phase flow system leads us to replace the saturation S, with suitably
defined saturation potential 5(Sy,),

as follows:

Sw

BlSw) = | Aw(8)An(s)pe(s) ds, (12)

which leads to the following relation between the gradients of the phase pressures and the gradient
of the global pressure (9), (10)

A (Sw) on(Pn) Von = Aa(Sw) on(Pn)w(Sw, ) VD + &(Sw, p) VB (Sw), (13)
A (Sw) P (Pw) VDw = Aw(Sw) puw (Puw)w(Sw, p) VD — &(Sw, p) VB (Sw), (14)

where we define the function &(Sy,p) by

Pn(Pn(Sw; P)) pw (P (Sw, P)) '

ASu) = N(Sup)

2.3 Main assumptions
The main assumptions on the data are as follows:

(A.1) The porosity ® belongs to L>°(2), and there exist constants ®,; > ®,, > 0, such that
®,, < ®(z) < ®pr ae. in Q a polyhedral domain of R!, [ = 2, or 3.

(A.2) The absolute permeability K = k(z)I, k € L*(12), is a piecewise continuous function with
finitely many surfaces of discontinuity of finite (I — 1) dimensional measure (see also Defini-
tion 3.1, item vi)). Moreover, there exist constants kps > ky, > 0 such that k,, < k(z) < kpy
a.e. in €.

(A.3) The relative mobilities A, A, are Lipschitz continuous functions from [0, 1] to R™, A, (S, =
0) = 0 and A,(S, = 0) = 0; A\, is a nondecreasing function of S, for & = w,n. Moreover,
there exist constants Ay > A, > 0 such that for all s € [0, 1]

0< Am < Aw(s) + Anls) < Anr. (16)

(A.4) The capillary pressure function p. € C1([0,1]) is a monotone decreasing function.

(A5) p, and p,, are C1(R) increasing functions, and there are constants py,, pas, p4; > 0 such that
for all p € R it holds p, < pa(p) < pur, ph(p) < pdyy a=w,n.

(A.6) Fp,Fr € L*(Qr), Y, S% € L*() with 0 < 59 < 1 and pl, = pY, + pc(S5).

(A.7) The inverse of the function §(S,,) is a Holder continuous function of order 7 € (1/2,1), which
can be written as (for some positive constant C' > 0)
Sa T

g Aw($)An(s)pi(s) ds| > 1Sy — Sal. (17)

C




The assumptions (A.1)—(A.7) are classical and physically meaningful for two-phase flow in porous
media. They are similar to the assumptions made in [5, 42] that dealt with the existence of a week
solution.

Remark 2.1. In [4] it has been shown that due to the assumptions (A.4) and (A.5) there exist
constants wmy,wyr such that for all S € [0,1] and p € R, it holds 0 < wy, < w(S,p) < wpr < +o0.

Remark 2.2. From (7) and (A.4) it easily follows that there is a constant M > 0 such that
p=M<py<p p<p.<p+M
2.4 Definition of a weak solution

In order to define a weak solution to our problem, we introduce the following Sobolev space:

V={ue H(Q);u=00onTp}.

We give below a definition of a weak solution to our problem, see for instance [51].
Definition 2.3. Let (A.1)-(A.7) hold true and assume (p°,p0) € L3(Q) x L?(2), 0 < SY <1 a.e.
€ Q. Then the pair (pn,pw) is a weak solution to problem (1), (2), (3), (4) and (6) satisfying

!
pa € L0, T3 LA(9)), [ Aa(Suw)VPa € (L0, T; LA(R)) ,  p € L*(0,T;V),
0< Sy <1 ae in Qr, ‘bat(PnSn), q)at(pwsw) € L2(07T; Vl)»
B(Sw) — B(1) € L*(0,T; V),

such that: for all ¢ € C*([0,T];V) with o(T,-) = 0,

[ wpulp)Supdr i~ [ @)l S )0, ) dr
0 Q

+ 0 Mo (Sw) pw () KV D = Ao (Sw) 93y (pw) K] - Vipdazdt (18)

—|—/Q pw(pw)SwFpgod:Edt:/Q pw(pw)S{UFpgodxdt;
T

T

for all 4 € C([0,T]; V) with (T,-) =0,

[ @oup)Suddr i — [ @)onR )~ )00, 7)da
0 Q

/s M (Sw) o (0n) KV pi — Mo (Sw) () K] - Vipedadt (19)

+ [ pulpa)SaFpvdadt = [ pu(pa)ShFpvdudt.
Qr Qr

According to [51], this problem has at least one solution.

3 Finite volume discretization

We now introduce our notation and the general form of the FV approximations that will be
considered in the rest of the paper. We formulate a fully coupled fully implicit cell-centered FV
scheme for the spatial discretization and a first-order (backward Euler) scheme for the integration



in time. We consider the classical two-point flux discretization with “phase-by-phase” upwinding on
an orthogonal mesh which is often used in the petroleum engineering simulators. The only difference
between the scheme considered in this article and the classical petroleum engineering scheme is in
the treatment of the gravity flux which we consider separately from the viscose flux and we use
stabilization by upwinding with respect to the gravity. This modification behaves similarly to the
classical scheme in practice and simplifies the convergence proof.

3.1 Mesh and discrete operators

In this subsection, we recall the definition of a FV mesh on € x (0,7") according to the framework
of [37].

Definition 3.1. (Admissible mesh of Q) Let Q be an open bounded connected polyhedral subset
of Rl 1 = 2, or 3. An admissible FV mesh of Q, denoted by T, is given by a family of "control
volumes", which are open polyhedral convex subsets of 2, a family of subsets of Q contained in
hyperplanes of R!, denoted by & (these are edges (two-dimensional) or sides (three-dimensional)
of the control volumes), with strictly positive (I — 1)—dimensional measure, and a family of points
(xK)KeT satisfying the properties (i)—(v) from Definition 9.1 from [37].

We assume also the following property:

vi) For any L € T, the absolute permeability k|1 is a continuous function on L. The surfaces of

discontinuity of k(x) are, therefore, exactly represented in the mesh T and they will be denoted
by Edise CEr ={o €& 0 ¢ IN}.

The mesh size is defined as size(T) = sup{diam(K), K € T}. We denote by N(K) the set
of neighboring volumes of K and with Ex set of faces of K. For any K € T and o € &, |K]| is
the [-dimensional Lebesgue measure of K, and |o| is the (I — 1)—dimensional measure of o. If the
K and L are two control volumes we denote by dg/;, distance between zx and zp; for o € Ex
by dk ., we denote distance between xx and o. For shorter notation we use the transmissibility
x|z = lokl/dki and Tk o = |o]/dk o

In the set of edges o € £ included in the boundary 02 we distinguish subsets £p and &y, such
that I'p = Uyeg,0 and I'y = Ugeg, 0. In order to simplify the treatment of the Dirichlet boundary
conditions we will use the notation of the ghost volume attached to the Dirichlet side ¢ € £p. The
ghost volume has the Dirichlet values of the phase pressures attached to it, that is for the ghost
volume L we set py, 1, = pn,r, = 0. By Np(K) 2 N(K) we denote the set of all neighboring volumes
of K, including possible ghost volumes.

For the mesh we also assume the following regularity

3y>0 Vh VK €T VLeN(K) diam(K) +diam(L) < vdgr,
(>0 VK e€T,Voelx dros > (ds,

where

7 \dgo ifoCOQ

3.2 Approximation spaces

In this subsection, we focus on the following discrete function spaces that will be used. We denote
by Hp(£2) the space of functions from L?(Q2) which are piecewise constants on each K € T, and for



function u;, € Hj, () we denote the constant value of uj, on K by ug. For (up,vy) € (Hp(Q))?, the
inner product is defined in the following way (see for instance [60])

(Un, vn) 1 Z > rriup —u)(vp —vr) +1Y D TReUKVK.

KE‘.TLGN(K KeTocoKNI'p

The norm in Hy(Q) is defined by [|up| g, @)= ((up, up) ) 2.
We denote by Ly,(£) the space of functions from L?(2) which are piecewise constants on each
K € T, with the inner product and the norm

(un, o), = >, |Klurvie, lunlg, @ = Y [Klluxl*. (21)
KeT KeT

The discrete gradient Vjuy, of a function uy, is defined on the dual mesh (see [11]) in which the
control volumes are attached to the sides o € £. To the interface ok, we associate the volume Ty,
constructed as a diamond upon o, with xx and z, as vertices; to o € £k, o C I, we associate
the volume T , constructed as a diamond upon o with zx as a vertex. The [-dimensional measure
of Tz, and Tk is respectively equal to [T .| = |og|dk |/l and [Tk q| = |oldK o /1.

The discrete gradient Vjuy is defined as a function constant by dual volumes, in the following
way:

St k(L i r € T,y
Viwup(z) = lu‘C’quiK NK|o ite €Tky, o CI'p, (22)

0ifx € TKJ, o C 'y,

where 7g |, and 7g|z, are unit normals to o and oz, respectively, directed outside of the volume
K. Tt is easy to show that ||Vhunl[2(0) = [|unl g, ). In order to make the notation more uniform,
for the ghost cell L connected to the volume K by the side ¢ we will denote the distance di , by
dg|r- With this convention we can write

up, — ug
Viipun = (Viun) Iy, = =K1,
KIL

which is valid for interior and the Dirichlet sides.
In sequel, we will use a discrete Poincaré inequality, see e.g. [17, 37]:

Lemma 3.2. (Discrete Poincaré inequality) Let  be an open bounded polyhedral subset of R!, | = 2,
or 3, T an admissible F'V mesh in the sense of Definition 3.1, satisfying (20), and w € Hyp(Q2). Then

[ullz2(@) < CEO)|ullm, )
where the constant C(Q2) depends only on ).

Remark 3.3. The first constraint on the family of meshes (Tp)p in (20) is used in the compactness
proof (see [11]) in order to estimate the discrete gradient of the piecewise constant function uy =

(ur) ke, with ug = |71| [ u(x) dx foru e Whee(Q) by
[Viun|r2@) < CllVullLeq

The second constraint on the family of meshes (Tp)n is used in the proof of the discrete Poincaré
inequality (see [17, 37]).



A time discretization on the interval (0,7") is given by an integer N, the time step 6t = T/N
and a sequence of time points ¢! = idt, i € {0,1,..., N}, with tV = T. The FV discretization of
Q2 x (0,7, denoted by D, consists of an admissible mesh T of {2 and a time discretization on interval
(0,T), D = D(T,N,6t, {t'}},). We define size(D) = max(size(T), dt), and we will write D = Dy,
where h = size(D).

We denote by X (T, dt) the set of functions u from Q x (0,7") to R such that there exists a family
of values {ut,, K € T,i=0,1,..., N} satisfying

u(x,t) = uit for x € K and t € (idt, (i + 1)6t].

For a function u € X (7, 6t) we define the discrete L?(0,T; V) norm as follows
N-1
[ullZ 207110 = D Ot Z > TK|L|UZ+1 WP HLY D > Treui P
i=0 2 i LEN(K KeT 0€dKNp
The following lemma gives the discrete integration by parts formula.

Lemma 3.4. Let p € (C1(Qr))" be a function equal to zero on the Neumann boundary T'n. Then
there exists a constant C depending only on ¢ and Q such that for all p, € L*(0,T; H,(Q)) it holds,

T T
E, = ’/ / Viph - pdxdt +/ / pp dive dxdt
0 JQ 0o Ja

The proof is similar to the one in Proposition 6.1. in [16], therefore it is omitted here.

< Ch (IlpalFeo iy +1) - (23)

Remark 3.5. In order to simplify notation when applying gathering by the edges we introduce the
following notation. Let Fy; € R for K € T, L € Np(K) has the property Frip = —Fr if
L € N(K) and let ¢ be a piecewise constant function on Q, precisely p(x) = vr, © € K. We also
assume that pr, = 0 for ghost elements L. Then we have

>y |0K|L\FK|L<,0K— Z > |okLlFrinlex — L)

KeT LeNp(K) Ke‘ILeND(K)
where
- Nlogzl if L € N(K)
|UK\L’ = .
2|o| ifc € 0K NTp.
Using this definition we also introduce Tg|;, = |0k |L|/dK| and |TK|L\ = |6x|LldrL/l to simplify

the norm in Hp(Q).

3.3 Fully implicit finite volume scheme

In this subsection, we provide a description of the fully coupled fully implicit FV scheme for
the system modeling immiscible compressible two-phase flow in heterogeneous porous media. It is
based on the “phase-by-phase” upwind discretization of the two-phase flow equations. We refer for
instance to [13, 19, 40, 54] and the references therein.

The system (1)—(2) is discretized by the two-point cell-centered FV scheme with implicit Euler’s
time discretization. The phase mobilities A, on the interface oy, are approximated by an upwind
scheme with respect to the corresponding phase pressure:

I
g
N

)\up,i _ {Aa( 1ZU,K) if pa,K _p37L >0 o ] (24)
KL\ Na(SE ) i ph e — Pl <0

10



The gradients Vp, on the edge oz, are approximated by the two-point approximation, and
the phase mass densities are also approximated by the upwind approximation with respect to the
corresponding phase pressure:

pzpl’z‘L = {pa(p%]{) %f p;’K B p;"L 20 a = w,n. (25)
’ pa(Pe, 1) if pt, k= Po,r <0

For the energy estimates presented in Section 5 we will also need the harmonic mean approximation
used in [60], and given by

(Pl rc — P! )//p;’K YO it g £
a, K a,L PQ,L pn(U) a, K a,L o= w,n. (26)

Pa (piv,K) if pg,K = pg,L

% _
Po,K|L =

For the discretization of the mass density in the gravity term we will use weighted arithmetic mean:

Gi _ Palbh)dKo + pa(Pyr)dLe
Po,K|L =

d »  9K|L = & TK|L> (27)
K|L
where 7|y, is the K-outer unit normal vector to the edge okr,. The phase mobilities in the gravity
term are approximated by an upwind value with respect to the gravity:

Gi {Aa(SfU,K) if g > 0 (28)

oKIL )\Q(S:'U’L) if Ir|L < 0.
The absolute permeability is approximated by a function kj, that is defined on the dual mesh as

in [37]. More precisely, on the dual volume T, the function kj, is equal to the weighted harmonic
mean

P dr|L
KL dio/kkx +dro/kL’

(29)

where the values ki and kj, are defined as the mean values over the elements K and L respectively,

1
k :—/kzxdm

The corresponding function from Ly, () is denoted by k".

Remark 3.6. In a standard way, one can prove |k — k:hHLz(Q) — 0 as h — 0. By using simple
calculation we obtain

len = K" 122y < Wby D Tkl + D lkx — kol | Tkl
K|L65disc KlLégdisc

The first term on the right-hand side tends to zero as h — 0 due to the finite measure of Egisc, and the
second term goes to zero due to the continuity of k outside of Eqisc. It follows that ||k —kpll12() — 0
as h — 0.

The FV scheme for the discretization of equations (1)-(2) with boundary conditions (3), (4),
and initial conditions (6) is given by the following set of equations with the unknowns (pﬂ[l() KeT,

(pjz—i_ll()KET’ (S;—j}l()[(eg', and (S;T}()Keﬁ]', 1 S {0, 1, ,N — 1}

11



Pk = Pk = Pe(Syk)s Sl + S5k =1, (30)

pHLgitl i gl . .
n7 n7 n7 n7 7‘+ "+ 3 1 3 1
|K|®x 5 + Z 7'K|Lk’K|L)‘ZI,)[é\L PZ?}QL (pZTK _p:;,rL)
LeNp(K) (31)
G+l [ Gi+1)2 +1
+ > loklkrinN KL (pn,;ﬂL) kL = [K|F
LENp(K)

pHLGIHL i gi
w, w, w, w, up,i+1 _up,i+1, i+1 i+1
|K|®g 50 + ) TRILEK LA K| 1 P, |1, (Pro,ic — Puo,r)
LEND(K) (32)
Gitl [ Git1)2 i+1
+ Z |O’K‘L’kK‘L)\w}(|L (pw,;ﬂL) IK|L = ’K|F’3U—f—K
LENp(K)

For oz, € I'v the Neumann boundary conditions are given by:

. . . . . . 2
up,i+1 up,i+l, i+1 i+1 G,i+1 Gi+1 _
)‘w,K|pr,K|L(pw,K - pw,L) + )‘w,K|L (Pw,K|L) 9k =0, (33)
. . . . . . )
up,i+1 upi+l, i+1  i+1 GLi+l GLi+1 _
)\an‘L P K|L (pn,K pn,L) + /\nmL (pn,K|L IK|IL = 0. (34)

For o1, € I'p the Dirichlet boundary condition is implemented by setting
Poz =0, P =0 (35)
in the ghost cell L. The initial conditions are given by

1 1 ~
ﬁxz—a/ﬁmm% ﬁxz—a/ﬁme Suic = Do (P 1 — Py xc)- (36)

4 Preliminary results

In this section, we present a set of preliminary results, related to the global pressure, which are
needed for the analysis of the scheme and the discrete maximum principle for the saturation.

As mentioned before, our approach to proof the convergence of the scheme (30)—(36) use the
global pressure p defined in (7). For this we need to discretize the relations (9) and (10). In order
to simplify notation we will denote S, by S in this section.

The function w is given by (11) and its approximation wéq 1, on edge ok, is given by

Pu (S, Pi)—Pw(Si L) L. <
- _ 1f V] ‘]
PP Pk 7 PL

Ipu (< ! o .
aLp(SKM’pZK) if px = -

i _
WKL =

In (37) we have denoted §§(|L = % and S§(|L will be defined as S;’{“'}z’i later in (40).
We want the equations that relate the global pressure gradient to the phase pressure gradients
(9) and (10), to be valid in the discrete case too. Therefore we will use (9) and (10) to determine

suitable approximation for the fractional flow functions f,, and f,.

12



From (7) the wetting phase pressure p,, is defined for any S’ as

Si

A

Pu(S'Pi) =Pic = | Fuls,pipl(s) ds. (38)
Assuming the discrete version of equation (10) written as
Piu,K - piu,L = W%ﬂL(P?{ - PiL) - fé,K|L(pC(S;() - pc(Si))a

we get the following expression for ffL KL

7 1 Sﬁ( r 7 / SZ N 7N\,
= ([ Rl ds — [ Fuls o) ds) (39)
Ug —Ur SkiL SkiL

where we have denoted u%; = p.(S% ) and u% = p.(S%). Let us define the upwind value S%%i with
respect to the global pressure

; St if pt. —pb >0
gupi _ | Slc K PL2
i { Sy ifp —pg <0, “0)

and the corresponding upwind mobility as )\gu%L Ao (S%‘Z’i) for « = w,n. We set S}(\ L= S%T

in (39) and we get

1 Sk

A

fn(s P )Pe(s)ds, i, = min{pk, p}- (41)

% _
n,K|L —
Uy — “L

In the limit S = S% = S we have ffl’K|L = fn(S, ka|L)' By setting fi}}K‘L =1- friz,K|L’ meaning

1 Sk 4 , U
e = g [ e B s, Bl = minfolcopi ) (12)
we obtain on the interface o,
P i — Dt = Wi (Pl — 1) + foy ey (wie — up)- (43)

We have proved the following result.

Pr0p051t10n 4.1. Assume that pK and pL are two given values of the global pressure, uK pc(SK)
and uL pC(S’L) are two given values of the capillary pressure. We denote by Pk an, P Kcs

and py, ;, the corresponding values of the nonwetting and the wetting phase pressures defined by (7).
Then we have

pfz,K — Do = WéqL(pé( —pp) + fé;,K|L(U§< —up), (44)
pZ;,K - PZ,L = W}qL(PZK —pL) — ffz,K|L(UZK — ), (45)

where wK\L is defined by (37) with SK|L = UP’ (see (40)); [} K|L s given by (41), and f¢ KL=
L= fh KL (see (42)).

Next we present four auxiliary lemmas. The first one is an easy consequence of the monotonicity
of the function pg.

13



Lemma 4.2. For o € {w,n} it holds pgfl’éw > piu,K|L’ where pZ{DI’é‘L is defined by (25) and prK'L
is defined by (26).

Lemma 4.3. With the same notation as in Proposition 4.1, we have the following estimates:
Fio reip (Wi = up) P = ) > fu(S% Pin) (wke — ) (0% — L), (46)

nrci (ke = ul)(ple = ph) < Fa(SER P ) (ule —ul) (P — ). (47)

Proof. From the fact that the capillary pressure p. is a nonincreasing function of s, f,, is a nonde-
creasing function of s, and f, is a nonincreasing function of s it is easy to show that for all p € R,
Sk,Sr €10,1] and a € {w,n} it holds:

Sk .

fa(Sk,p)(uk —ug) < fa(3.9)PL(8)ds < fa(SL,p)(uK — ur). (48)

L

Using (42), (48), (40), and the monotonicity of the function S — f,,(S, p"KlL), we get

‘ . S . Sk . ‘ .
Fogin (ke =)@l =) = [ Fuls.pige)() dstois = p1)

L
> fuw(S u\;[)/ apK|L)(uK ul)(Px — pL)-
The inequality (47) is proved in the same way. O
The following lemma compares the “phase-by-phase” upwinding to the global pressure upwind-
ing.

Lemma 4.4. For a € {w,n} it holds )‘upiqL )\iu}?w

Proof. Assume that p% — p% > 0 holds, which implies )\g"}?l .= Aa (S%), @ = w,n. Then it is not

possible to have at the same time pm K pm L <0 and pj, g pw7 1, < 0. Indeed, this follows from
the equations (45) and (44) and the fact that w}(‘L(piK —ph) >0, fTiL,K‘L > 0, and fziu,K\L > 0.
Therefore, we have three possibilities:

i) pf;mK — pfuyL > 0 and piL,K - pﬁl,L > 0. In this case all the upwind values are the same.

ii) pl, x — Pl = 0 and pl, , —pl ;< 0. In this case we have )‘pr’;u: = A\ (S%) and AP K|L =
Aw(S%), and also f? K|L(pc(5}() —pe(S%)) < 0, and consequently using (A.4) we get St > St .
Due to the monotonicity of the function A, one has

AL L= An(S1) > Aa(Sk) = A2,

iii) pl, g — Pl < 0and pl x —pl ;> 0. In this case we have )\Zp[’é‘L = M (5%) and AP K|L =
A (S%), and also f? K‘L(pc(S}() — pe(S%)) > 0, and consequently using (A.4) we get S < St.
Due to the monotonicity of A, one has

Aelen = Mu(SE) = Au(Sk) = N1

This proves the statement in the case p% - piL > 0. In the similar way one proves the statement in
the case py — p7 < 0. O

14



Lemma 4.5. Let Dy, be a FV discretization of Q x (0,T) and let assumptions (A.1)-(A.7) hold.
Then the following inequality holds:

b A h—( 2
Agup \pr K|L(pw K~ Pu L) + Ak K|Lpn K|L(pn K~ Pn L)

> pmAmwn (P — P)* + Cp(B(Sk) — B(SL))%,
forall K € T, L € N(K), andi € {1,..., N}, where we have denoted pi, KlL = Pa(Pa(S%T7PK\L)>

a € {w,n}. The constant Cg is given by 1/Cg = pM)\M max {;%w N%}

(49)

Proof. After introducing (45) and (44) in the left side of (49) we obtain

Xk K|pr K|L<PwK P L) + A K|Lﬁn K|L(an v, L)2
(Ai"?fﬂ% KL T )‘w,}ﬂLﬁfu,K\L) (W%w) Pk —pL)°
+ 2w </\n 1€|Lﬁ}z,K\qui; KL — A uK?Lﬁw K|Lfg,K\L) (Pl — 1) (U — uf)
(/\gupﬁ/:/ﬁu K|L (fwi,KlL) + /\n“};rLﬁn KI|L (fi,mL)Q) (uf —up)?.

The first term on the right-hand side is straightforward to estimate. The second term can be
neglected since from Lemma 4.3 we get

n gup gup,i —i i i i i i
2w, (/\ K|Lpn K\wa K|L — )‘w,K|pr,K|Lfn K|L) (Pk — pp)(uk —ul)
qup,i —i

=z 2“)3(@ ()‘Z K\Lpn,K|wa( K|L’va2k|L) ~ N, K| LPuw, KlLfn(S?(u\IzZ’piIQL)) (P — pi)(uf —ul) = 0.

The third term is estimated as follows. From the monotonicity of the mobilities and using Sf(li’
{8, St} we get

(B(Si) - BSE))” < A2 (spm) (/ WOIAC ds) X2 (S (/ WOTAC d)

Aw (Sﬁ’;ﬁ’) S A (S%“‘% ) [ Sk
Hw St Hn

2 2
An ()P (s) d8> + Aw(5)pe(s) d8> ,

st
and the estimate

. N . St . . 2
(8(sic) - 5(50) s<1/cﬁ>{p;,KLA (sgm) ( /. fn<s,p’K|L>pg<s>ds>

L
i 2
—i gup,i Sk i /
+pn,K\L)‘ (SK|L ) i fw(37pK\L)Pc(5) ds .
L
This proves (49). O

The discrete maximum principle for the saturation can be proved as in [60] and therefore we
omit this part of the proof.

Lemma 4.6. (Maximum principle) Let Dy, be a FV discretization of Qx(0,T) and let (pn hs Dw,h)
be a solution to the FV scheme (30)-(56). Assume that (SY, r-)ker € [0,1]. Then we have

0<S,x<1, VKeT, Vie{0,...,N}.
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5 Energy estimates and compactness result

In this section we first present some energy estimates followed by the existence of discrete
solutions to the FV scheme and a compactness result which will be used for the convergence of
the numerical scheme. Similar works have already been done, for example, in [60] in the case of a
homogeneous domain. Therefore, in the following proofs, we only insist on the new elements which
appear in our study, mainly related to the use of the formulation obtained by the global pressure
for compressible flow concept.

The first main result of the section reads.

Theorem 5.1. Let Dy, be a F'V discretization of Qx (0,T) and let (pp h, Puw,p) be a solution to the F'V
scheme (30)—(36). Then, there exists a constant C' > 0, depending only on Q, T, p?v,h,pg’h, SIS Fp, Fr,
such that the following estimates hold:

S IKIOkHPY ovmi) — D IKIPkHDY k5 Py i)

KeT KeT
A w k
o b Zétz > Tl - (50)
PM i=0  KeT LeNp(K)

T Z oty > FrlBSE) - BSETHIP< €

i=0  KeT LENp(K)

and

STIKI@kHPY k. h i) — O IKI@kHPy i, D% i)
KeT KeT

L S L DS Tl Pk —Pat)? < C (51)
ae{u)n} 1=0 KE{ILEND(K)

where we have denoted

Sw
H(pn, Pw) = Sw(pw(Pw)gw(Pw) — Pw) + Sn(pn(Pn)gn(Pn) — Pn) — /O pe(s) ds (52)

with Cg given in Lemma 4.5. The functions gu(pw) and gn(pn) are given by

P do Pn do
gw(pw) :-/0 PT(U) and gn(pn) :A pT(U)

Proof. We use the functions g, (py) and g, (pn) as the test functions in (31) and (32). By summing
those two equations, multiplying by ¢, and summing over all elements and all time levels we get

Z Z Z |K|® g ( pfj;l( pé,KSé,K)ga(pijl()
ac{wn} i=0 KeT

i+1 i+1
+ 2 Z 0D D TRILKKIASK L Parkln Pk — Paln)9a (')
ae{w 'n,} 1=0 KE‘ILEND(K

Gitl [ Git1\2 ;
> Z 5ty Y loklkriA, ?|L (P%?w) 9K|Lga(pzj,_[1() (53)
ae{u}m,} =0 KETLEND(K)
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+ Z 0t 3 1K 1pa(pii ) Sk Fridga (bl k)
ae{w Tl} 1=0 KeT

- 3 Z 0t > K pa(ph ) SE it ga (i)
ac{w,n} i=0 KeT

In order to simplify notation we will write equation (53) as
Al 4 A% = A3 4 At AP

where A’ are the successive terms in equation (53).
1. The accumulation term Al can be estimated from below in a standard way as in [60] to obtain

AL > 3 S K|k (R vl ) = H o Phoi))- (54)
=0 KeT

2. Gradient estimate. The term A2 can be written as sums over all interior and Dirichlet’s sides:

,i+1 ,i+1
P X NS S e (4 i) (0180~ 0alD)
ae{w n} =0  KeTLeNp(K

up,i+1 i+1
o, K|L by Pa,K|L>

for a € {w,n} in A%2. Then, from the definition of the mass densities on the interface (26) for
a € {w,n} we have

Due to the Lemma 4.2 and monotonicity of the functions g, we can replace p

1 1 1
o190 Pl i) — 9(0i1)) = wiie — i

which leads to

N—
1 i+l 1 1
25 Z Z ot D TrwkkiAdin Pk —pa)” (55)
ac{w,n} i=0  KeTLeNp(K)
By Lemma 4.4 we can replace the phase upwind mobilities )\Zp ;‘FLI by the global upwind mobilities

)\iu%;l By introducing the factors p“}l{' ;/pv < 1in terms of A2, from Lemma 4.5 it follows

A% > PmAm&inkim Z at Z Z 7~’K|L(P§< —pith)?

=0 KT LeENp(K)

+ oonr Sty > %K|L(5(5$1) B(SZH)) ~

i=0  KeT LENp(K)

(56)

3. Note that A3 = A3 + A2. Using Remark 3.5 and Proposition 4.1 for summand « = w we get

i+1 [ Git1)2 i1 ; 1
Zétz Z |0K|L|kK\L)‘w;<|L (pw}ﬂL) 9K|LG$K\LWK|L(plL - ")
0 KeTLeNp(K)
1

. . 2 .
~ Git+1 G, i+1 i+1 141 i+1 i+1
tz Z |UK|L’kK\L)‘w,K|L (Pw,mL) gK\LGw,K\Lf K|L(uL —uy )
i=0  KeT LENp(K)

1=
N—

l\.')\r—t
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A +AII’

where
1 1
gitt _Iun) —geWlg) o1 1
wKIL = CwKILS

In order to estimate the term A3 we use 16k1Ll = \/dK|L10K L] V\/‘ZKJ‘ and the Cauchy-Schwarz
K|L

inequality to obtain

A <oro)+ 2 Zétz S el - P
= KeT LeNp(K)

where C'= C'(A M,{p M, Pm; 9], war, kar, €), and € is an arbitrary small parameter. After introducing
the definition of fﬁb KL into the term A3; we obtain

S7,+1

gl [ Glit1)2 i+1 w, K i1
II - Z ot Z Z |O'K|L’kK\L)‘w K|L (pw,K|L) gK\LGZ,JqL /SlJrl f ( sz|L)pc( )d
=0 KGTLEND K) w,L

In the case gz, > 0 we have A ?‘2 Aw (S’Jrl ). If S”l > SZ 7 the term A%, is nonpositive, so it
can be neglected. If we have va’ Sfjj—f, due to the monotomclty of the wetting phase mobility,
we can estimate

i+1

1 G7+1 2 3 Sw’K r
A3 < 3 Z sty Y |0K|L\kK|L (Pw}qL) 9K|LG:U+711(‘L /5”1 Aw(8) fn (s, leﬁlL)Pc( s)ds
= KGTLEND w,L

k

Amp m i=0 KeTLeNp(K

Si+1

o A (i) ds
SH—I
w,L

In the case gg|;, < 0 we come to the same conclusion which then leads to the estimate

N-1
Yooty > FulBSu) - BSL P,

i=0  KeT LENp(K)

A3 < CT|Q| +

[NSENON

with C = C(par, Pms Am, kar, |g, &), for any & > 0. The same estimates can be applied to A2 which
leads to the following estimate:

AP < CTIO| + & Z 0t Y Tl - PP
i=0  KeT LeNp(K)

THY Y Aqulasi) - SR

i=0  KeT LENp(K)

(57)

4. Using the estimates |pqo(Pa)ga(Pa)| < Z—Z!pd, a € {w,n}, we get

N-1
A <0 Yoty IKIFRRI(S kpu i+ 1S xpn )
i=0  KeT
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By Remark 2.2 and the fact that Fp € L?(Qr) we get

N-1
A<c Z ot Z |K|\Fzg+1%|(|pl+1|—|—M) <Cy + 3 Z 5t Z K| |pidt 2,
=0  KeT =0 Keo

where C1 = C1(|Q, T, pars pms | FPN 1201y M €1). Using the discrete Poincaré’s inequality we ob-
tain

Q 7 7
A <o+ 2 Z D D DT e e (58)
i=0 Ke€TLeNp(K)

We note first that the wetting phase term in A* is nonpositive for p:;r[l( < 0 and then it can be
neglected. From the definition of the global pressure (7) we have p,, < p < |p|. This fact, combined
with gy (pw) < p%pw and |gn(pn)|< p%n|pn|a leads to

Al < P Z ot Z |K||F11+K1|(|p2+1|+M> < CQ—}—— Z 5t Z |K||pid 2,
Pm 1=0 KeT =0 =

where Cy = C2(Q, T, par, pms |1 F1l| 20y, M €1). Again by using the discrete Poincaré inequality
we have

C
A4 < C + 61 Q Z 5t Z Z TK|L|pZ+1 H—l‘? (59)
=0 KeT LeNp(K)

By taking ¢ = ¢;Cq = pm’\g‘i‘”km and € = ailjwm we obtain (50). The estimate (51) is obtained

from (54), (55), (57), (58), (59), "and an application of the estimate (50). O

Remark 5.2. From the monotonicity of the phase pressures, Lemma 4.6, and the assumption (A.4)
we conclude that there is a constant C > 0 such that

H(pns Pw) > _/Osw pe(s)ds > —C. (60)

Let us note that Theorem 5.1 and (60) prove the following corollary.

Corollary 5.3. Let Dy, be a FV discretization of Q x (0,T) and let (ppp,pwr) be a solution to
the F'V scheme (30)-(56). Then, there exists a constant C' > 0, independent of h, such that the
following estimates hold:

Ipnll20,1;m, ) < Cs 1B(SK) | 20,73 H,(02)) < C-

The existence of a solution of the FV scheme (30)-(36) can be proved as in [60]. We have the
following result.

Proposition 5.4. The F'V scheme (30)-(36) admits at least one solution
(p?[l(,p:j[l();(gq, 1€ {0, oo, N — 1}.

The strong convergence of the FV approximation can be proved by applying the compactness
theorem of Kolmogorov, Riesz and Fréchet (see [11, 37, 60]). For this, we introduce the functions

Up = Pw (pw,h)sw,h) Vi = pn(pn,h)Sn,h- (61)
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and by following [60] (see also [11]) the estimates on space and time translates of the functions Up,
and V}, and its corresponding piecewise linear in time representations, can be obtained. Then by
using Kolmogorov’s compactness theorem and the fact that the mapping (u,v) = G(Sy, p) given by

u = pw(pw(Sw,p))Sw, V= Pn(pn(swap))(l - Sw)

is a diffeomorphism, then the following result is proved (see [60]).

Theorem 5.5. Let (D), be a sequence of F'V discretizations of Qx (0, T) such that limy_,q size(Dp,) =
0. Then there exist subsequences (po,n)n, & € {w,n}, (Swn)n, and (py)n such that
Up — U  strongly in LP(Qr), 1 < p < o0, and a.e. in Qr, (
Vi, =V strongly in LP(Qr), 1 < p < oo, and a.e. in Qp, (63
Swh =+ Sw ae inQp, 0<8,<1, (
(

pr—p  a.e. in Qp,

and U = pw(pw(Sw,p))Sw, V= pn(pn(Sunp))(l - Sw)

From the priori estimates (50), the Poincaré inequality, and Lemma 3.2 it is easy to prove the
following weak convergences.

Lemma 5.6. Let (D), be a sequence of FV discretizations of 2x(0,T) such that limy_q size(Dp,) =
0. Then there exist subsequences (Syn)n and (py)n such that

p.B(Sw) = B(1) € L*(0,T; V), (66)
ViB(Swn) = VB(Sw) weakly in (Lz(QT))l, (67)
Vipn — Vp  weakly in (L2(QT))Z, (68)

where p and Sy, are the limits from Theorem 5.5.

6 Convergence results

In this section, we present some convergence results based on the estimates established in the
last sections. Our goal is to prove the following theorem.

Theorem 6.1. Assume hypothesis (A.1)—(A.7) hold. Let (Dy)p be a sequence of discretization of
Q x (0,T) such that h — 0. Then there exists a subsequence of solutions to the discrete problem
(30)—(36), which converges to a weak solution of the problem (1), (2), (3), (4), (6) in the sense of
Definition 2.3.

In order to prove Theorem 6.1, we first prove some auxiliary lemmas. From (A.3), (A.4), and
(A.5) we have the following results.

Lemma 6.2. The functions pa(pa(Sa,p)) and pa(pa(Sw,p))/AN(Sw,p) are Lipschitz continuous for
a e {w,n}.

Lemma 6.3. Let Sy, 5 and pj, be convergent subsequences from Theorem 5.5, and define the func-
tions Sy, Sy, P, and p, on the dual mesh composed of elements Ty, K € Ty, L € Np(K),
by

q o o 41 1+1 o L . i+1 i+1
Shlgi g1y, = max{ S, e, Syrpty Splpit1)xry, = min{ S, g, Syrp b
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D | si v = i+l i+l o SIS ES B A |
ph|<tz,t7‘+1]XTK|L T max{pK 7pL 9 Bh|(t7‘7tl+l]><TK‘L T mln{pK 7pL .

Then there is a constant C' independent of discretization such that
18(Sh) = B(SWlz2(r) < Csize(T),  [Bn — pyll2(r) < Csize(T). (69)

If Sy, and py, are any other dual mesh functions satisfying S, < S, < Sp, p, < Pn < Dy, then for
any continuous function A: [0,1] x R — R we have

A(Sh, pn) = A(Sw,p) a-e. in Qr, (70)
where Sy, and p are given limits in Theorem 5.5.
Proof. The estimates (69) are proven in [60] and (70) follows from the continuity of A. O

Lemma 6.4. Let &(Sy,p) be given by (15). Then the following equality holds

i+l up,itl pit1 1 1 1 i+1 i+1 i+1 1
Az Pl Fuorcin (W = uE) = 808y 5 it ) (BUSUTR) = B(SL)) + Ay

where

. . . 2T
AL < C|B(SE) - BSED) -

+C (|Sufkie — S| +

—it1 1 1 1
P — pei|) [B(SE) — B(SE)|
with the constant C independent of the discretization parameters.

Proof. For simplicity of notation we will denote S,, by S and we will omit the time level index i+ 1
since all the quantities are given on the same time level.
From the definition of f,, |7, we conclude that there exists @ € {ﬁ K| L7§K| L] such that

Pw (pw (av pK|L)))‘w (a)
)\(E, pK|L)

Ak L P\ L (Ui — ur) = An(Skin)on (P, k1) (ug — ur),

and therefore, we can estimate

pn(pZ{)K‘L)pw (pw(a@, pK|L))

Arel < N pr) An(Sici)hu@) (s = ur) = (B(Sk) = B(SL)
(P, ) Pw (P (@ prL))
,Ki(aijw) K|L a(§K|L’BK|L) |B(Sk) — B(SL)| := c1 + ca.

The term ¢ can be estimated as

2
1 = 5 A (Sin) M@ = Anan) )| fure =

for some a; € [§K|L,§K|L] By applying (A.3), (A.4), and (A.7) we get

c1 < C|Sk — S| |B(Sk) — B(Sp)[” < C|B(Sk) — B(SL)[*" .
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Using Lemma 6.2, (A.3), and (A.5) it is easy to show that

Pn (pZZj[qL)pw (pw (a, pK|L)) -
@, k) ~ MEKiL Pe)

<C (’?KM - §K|L‘ + ‘ﬁmL —BK\LD ’

leading to

< C (’§K|L _§K|L’ + ‘pK|L —BK‘LD 1B(Sk) — B(SL)|-

This concludes the proof.

O]

We now pass to the proof of Theorem 6.1. Let ¢ € D([0,T) x Q) and set @i := p(zx,t') for
all K € T, and i € {0,1,..., N}. In order to pass to the limit in (31), we multiply (31) by 5tcpz+1
introduce the global pressure variable by (44), (45) and sum over K € T and ¢ € {0,1,..., N, —1}

to obtain
S+ Sh - sh 4 sh 4 Sh =0,

where we have denoted

Np—1
h __ i+1 Qi+l i Q i+1
St= 3" 3 IKI®k (A icSi = Phic S ) 95

i=0 KeTp,

Np—1

up,i+1 up,i+1 H—l i+1 z+1 i+1
Sy = Z ot Z Z TKILRK|LAn K| Pr, KL K|L(pK )Pk
KeTy LEND(K)
Np—1

up,i+1 up,i+1 pi+1 i+1 i+1 +1
Sy = Z ot Z Z 7'KILkK\L)‘nK|Lan|LfZ K|L( K —ug )WlK
KeT;, LENp(K)
Np—1
1 @itl i+l i+l 1 oLt i1, i+l
Si= 38t 3 K CarTurdowshgiarupal syl
KeTy
Np—1 . )
i+1 i1 i+1
St=Y 0t > > loxplkkipAir (friin) oxnei
i=0  K€T, LENp(K)

By applying standard technique (see [16, 60]) we get

h—0

By applying gathering by edges and simple calculation we can rewrite the term Sé‘ as

| M=l

7 i+l up,itl ; ;
Z ot Z Z |TK|L‘kKIL)‘ZPI§TL PZ”E\LW}ELVMLPZ“-Vso(:me,tl“),
KeT, LeNp(K)

where Ty is some point on the segment with the endpoints zx and zp.

lim ST = _/QT D () pp (P, 1)) Sp (2, t)Opp(x, t) do dt —/Q@(m)pn(pg(x))Sg(x)w(x,O) dx.

By introducing the corresponding piecewise constant functions S,7, , §w,ha Phy Swn, and Py,

defined on the dual mesh we can write

St= [ [ KIS o S BB ) Vi - (Vi



Now, by Theorem 5.5, Lemma 5.6, Lemma 6.3, and ||k — kp||72(q) — 0 as h — 0 we get

lim S} = / / E(2) M ()0 (P (S )0 (s )V - Vep devdt.

After applying gathering by edges and Lemma 6.4 we can rewrite the term S% as

1 Nnl

Z ity > \TK|L\kK|L04(Sw+11<|L7p}alL)VmLﬁ(Sf:fﬁ)'VﬂP(xK\LytHl)
KeT, LENp(K)
L N1

+3 Z oty Y FRppkki AL e =er e
i=0  KeTn LEND(K)

Then using the estimate (71) and by Cauchy-Schwarz’s and Hoélder’s inequalities we get the
following estimate:

Np—1 T
lerr| < C{( Yooty > FkulBSLL) - 5(5$11{)|2>
i=0  KeT LeNp(K)

1—7

Nj—1 ‘ A
(zatz 5 %KLWL“—WIL)

KeT LENp (K)

N1 1/2
—i+1 i
+ IVelloo [VRB(Sw,n)ll L2(py (Z 575/ ‘Serh —S+1|2d )

Njp—1 1/2
IVl VaB(S i)l 20y (2 st [ 19+ - ’+1|2dx) }

We can estimate

Np—1 ) ] ) 1-7
( Z &> > 7~'KL|901L+1902];F1|1T>

i=0 KT LENp(K)
Np—1 ~ ) , 1-7
< Vel Z Ot Z Z UTkLlldr)p| =7 < CHv@Hoohl_Q(l_T),
1=0 KeT LeNp(K)
which gives us |cr7| < C(h?"~! 4+ h) and due to (A.7) the term c;; tends to zero as h — 0.

Using the same reasoning as for S we get

lim S} = k(x)a(Sw,p)VB(Sy) - Ve dzdt. (77)
h—0 Qr
Using (64) and (65) it is easy to pass to the limit in S} and get

T
lim S} — / / (00SuFpe — puShEre) de dt. (78)
h—0 0 Q0

The term S? can be written as

1 Nl

~ Gitl [ Git1)\2 ;
=—3 Z 5ty > ’TK\L|I{7K|L}\”[Z{TL (PnVIZ(TL) g Viret™h)
KeT), LeNp (K)
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/ /kh An(SSHP) 02 (P (SG 1 )8 + Vinep da it

SG up SG

wh’

Sw.n and p, < ph < pj,- We note that for smooth test function ¢, by Lemma 3.4, tho — Vap

where and ph are suitable piecewise constant function such that S, ; < SG P SG

weakly in L2(Qr). Then the same arguments as in S5 and S% ensure

lim SP = / / Sw)p2(pn)g - Vo da dt. (79)
h—0

We can perform similar calculations and reasoning in all terms of the equation (32) and after
passing to the limit as h — 0 we obtain the following variational equations:

[ @pulpu) St it [ @) SN0, ) d
0 Q

+ 0 [K ()\w(Sw)pw (pw)w(swyp)vij - &(Sw,p)V5(Sw)) - )‘w(Sw)pzj (pw)Kg] - Vdzdt (80)

+ / pw(pw)SwFPSdedt = / pw(pw)Si,Fpgod:zdt;
Qr Qr

- () S [ 2@ @)1 = $5@)(0,) do
0 Q

o [K (An(Sw)pn (pn)w(Sws ) VP + &(Sw, p) VB(Sw)) = An(Sw)pn(pa)Kg] - Vipdzdt — (81)

+ / Pn(Dn) Sp Fpiodrdt = / pn(pn)Sf;deJda:dt,
Qr Qr
for all ¢, € C*([0,T);V) with ¢(T,-) = ¢(T,-) = 0.

Starting from the limit global pressure p and the wetting phase saturation S, one can define
the limit phase pressures p, and p,, by (7). From (13) and (14) we can reintroduce the gradients of
the phase pressures into the previous variational formulation which then reduces to the variational
problem from Definition 2.3. Theorem 6.1 is proved.

7 Numerical results

In this section, we present the numerical results for test cases modeling different scenarios of
immiscible compressible two-phase flow in porous media. The first test case is a 2D simulation of
the gas migration inside a nuclear waste repository. The second test case is the injection of gas
(CO2) in a 3D homogeneous porous domain fully saturated with water.

All our developments have been implemented in DuMu®. It provides many tools to solve nu-
merically PDEs and allowing, among other things, the management of mesh, discretization or linear
and nonlinear solvers. The code is an object-oriented software written in C++ and has massively
parallel computation capability. The modular concept of DuMu® makes it easy to integrate new
modules adapted to our numerical scheme. Using the scheme (31)-(32), we have developed a new
module, named 2p-global, which allows to numerically solve the coupled system (1)—(2) with a fully
implicit scheme in time and a cell-centered FV method in space. We have a set of nonlinear equa-
tions which are solved implicitly using Newton’s method with variable time stepping. The control
of the time-step is based on the number of iterations required by the Newton method to achieve
convergence for the last time iteration. The time-step is reduced, if the number of iterations exceeds
a specified threshold, whereas it is increased if the method converges within less iterations. Let us
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mention that throughout all numerical experiments, we observed that in no instance more than a
maximum of 10 iterations was needed for the convergence of Newton’s method. Consequently, for
this study the adopted strategy for the management of the time step is sufficient. Therefore, there
is no need to use other types of local time-stepping strategies proposed in the literature. Numerical
differentiation techniques are used to approximate the derivatives in the calculation of the Jacobian
matrix. This allows to transform the nonlinear system of equations for each iteration step into a
linear system of equations. For solving the occurring linearized systems of equations, an iterative
linear solver is used, namely, BiConjugate Gradient STABilized (BiCGSTAB) method, precondi-
tioned by an Algebraic Multigrid (AMG) solver. This solver is integrated in the ISTL-Library of
DUNE.

Our approach has been validated by solving several tests in 1D including the MoMaS bench-
mark [18] on multiphase flow, where hydrogen (H3) flow in nuclear waste repositories was examined,
the numerical results are satisfactory and replicated to those in the literature. The results of these
simulations are omitted since nothing startling was found. Instead, we concentrate on the results
obtained in realistic two test cases. The first example proposed in the framework of the multiphase
flow simulation benchmark Couplex-Gaz [10] which was launched to improve the understanding of
gas migration in a repository situated in clay formation. The benchmark was designed to compare
the performance of the numerical methods and to increase the confidence into the numerical tools
used for two-phase flow modeling and evaluation of critical parameters such the peak gas pressure
in a repository, the saturation around the canisters, and water flux induced by gas. The second
test case is adapted from a test case described in [56] and simulates CO2 sequestration scenario in
3D and shows that our approach can handle a large number of unknowns. Both test cases show
that our fully implicit approach is suitable to simulate immiscible compressible two-phase flow in
heterogeneous porous media.

All computations were performed on a laptop with Intel(R) Core(TM) i5-4590 CPU Processor
(3.30GHz x4) with 8GB RAM. One of the objectives of this paper is to deliver computational
performance also suitable for limited computational resources. Let us mention that in view of the
CPU times required for the examples treated in this paper, all the simulations were performed
sequentially. However, the new module developed can be used on multicore/multinode systems.
The parallelization in DuMu¥ is carried out using the DUNE parallel library package based on
MPI providing high parallel efficiency and allowing simulations with several tens of millions of
degrees of freedom to be carried out, ideal for large-scale field applications. DuMu® has the ability
to run on anything from single processor systems to highly parallel supercomputers with specialized
hardware architectures.

7.1 Example 1: Couplex—Gaz Benchmark

The first test case is an example from the Couplex—Gaz Benchmark [10]. It deals with a simu-
lation of Hs migration out of intermediate-level radioactive waste disposal drifts for at least 100000
years after the closure of the facility. The model configuration considers, a cross-section (2D)
through the disposal drift, a heterogeneous domain € = (0,200 m) x (0,130 m) composed of seven
different materials as shown in Figure 1. Main challenging issues arise as lots of different materials
were taken into account at scales between 10 cm and several tens of meters and due to high contrasts
in permeability (up to 8 orders of magnitude) of the different materials.

For all media we have used Van Genuchten’s capillary pressure curves,

1/n
1
pc(Swe) = Pr (Sl/m - 1) )

we
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Figure 1: Schematic of the geometry of the 2D domain (left) and the mesh (right) for test case 1.

and the relative permeability curves

2m

br(Sue) = Ve (1= (1= S5)™) 0 kra(Sue) = (1 Sue) /2 (1= s5m) "

but with different parameters. The parameters used in the simulation are given in Table 1. Rock
properties are also given in the same table. A simplification in comparison to the original test case
is that we impose the same vertical and horizontal permeability in the Cox layer. We find that
this simplification does not severely impact overall the behavior. It is assumed that a gas (Hz) is
produced inside each waste package. For the first 500 years 6.25 mol/years of Hy per waste package
is produced, and for the next 9500 years it is produced 0.5 mol/years of Hy per waste package.
After 10000 years the gas source term is set to 0.0.

Waste Concrete of Filler Fractured Disturbed Host
Clearance
package package concrete zone zone rock
K[m?] 10715 1071 10712 10-1® 5-10716 5-1071% | 5.1072
D[] 0.25 0.15 1.0 0.3 0.16 0.15 0.15
Snr[—] 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Swr[~] 0.01 0.01 0.01 0.01 0.1 0.2 0.4
n[—] 1.5 1.54 1.5 1.54 1.5 1.5 1.49
PrPa] | 3-10% 2106 5-10% 2108 2108 5-106 15 - 109

Table 1: Van Genuchten’s parameters and rock properties.

We consider two-phase flow composed of Ho and water. The water phase is assumed incom-
pressible with density p,, = 1000 kg/m? and viscosity g, = 1073 Pa -s. The Hs density is modeled
by the ideal gas law, precisely p, = Mp,/(RT), with Hs molar mass set to 2 - 10~ 3kg/mol and the
temperature to 303.15 K . Additionally we impose Hy viscosity as pi, = 1076 Pa-s. The initial
conditions for the water saturation are imposed as shown in Table 2. In the fully saturated parts
of the domain we impose hydrostatic wetting phase pressure. In the remaining parts of the domain
the initial gas pressure is set to 1 atm. The duration of the simulation is equal to 100000 years.

On the top and the bottom of the domain we impose the following boundary conditions

pw(z,2 =0,t) = 5.5-10°Pa,

Sw(z,z2=0,t) =1, x€][0,200],t € [0,tend],
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Waste Concrete of Filer Fractured Disturbed Host
Clearance
package package concrete zone zone rock
Sw 0.2 0.6 0.1 0.7 1.0 1.0 1.0

Table 2: Initial condition for the water saturation.

puw(z, 2z =130,t) = 4.2-10Pa, S, (z,z=130,t) =1, z€[0,200],t € [0,tend].

The left and the right parts of the domain are assumed impermeable.

For this simulation we have used a rectangular grid with 96 cells in the horizontal direction and
90 cells in the vertical direction, for the half of the domain, with cells more densely set around the
disposal system as shown in Figure 1. The mesh was generated manually using The Dune Grid
Format. The convergence was achieved with an initial time step of 1 s and a maximum time-step
equal to 100 years have been considered. The tolerances for the Newton method and the BICGSTAB
method are respectively 1078 and 107!3. In this case, Newton’s method converges rapidly in less
than 9 iterations.

The obtained results are given in the left part of Figures 2 - 3. We compare our results with
those obtained by other teams that took part in the Couplex—Gaz Benchmark given in [65] (right
part of the presented figures). Figure 2 displays the evolution of the gas pressure in the point
(101, 62) defined by the benchmark. We can see that we obtain the same physical behavior for the
gas phase pressure inside the waste package. We obtain the maximum gas pressure of 8.65 MPa
at 10000 years, which represents a major indicator to investigate possible pressure buildup, which
may introduce a risk of damage to the host rock.

In Figure 3 we can see that we again have the same physical behavior for the water saturation
as shown in the figure on the right with somewhat higher values. There is a slight desaturation of
this part of the domain in the beginning of the simulation followed by an increase of the saturation
values until 10000 years. For the next 10000 years we again have slight desaturation, and afterwards
the water saturation value rises until the end of the simulation when it reaches the value of 0.36.

To get an idea of how fluid flows through the domain, the gas pressure, the water pressure and
the water saturation contours from the simulation are presented. In Figure 4 we can see a significant
increase of the gas pressure around the waste packages due to Ho production. It is also interesting
to observe in Figure 5 that the water pressure is modified 50 meters away from the disposal system
since the low permeability of the host rock prevents rapid water flow in this area. Notice that the
evolution of the front behaves in a physically realistic manner. The saturation front is very sharp
due to the strong and sharp localized variation of the permeability, this is remarkably captured (see
Figure 6).

We terminate by noting that the general trends of the system behavior are in good agreement
with the results obtained by other groups. The results show that locally the differences between the
simulations can be slightly different but the global behavior is similar enough to confirm the same
conclusions about the response of the system to the migration of generated gas.
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Figure 3: Comparison of the water saturation in the waste package.
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Figure 4: Gas pressure (MPa) at 1 year, 500 years, and 10000 years.
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Figure 5: Water pressure (MPa) at 1 year, 500 years, and 10000 years.
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Figure 6: Water saturation at 1 year, 500 years, and 10000 years.
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7.2 Example 2: CO; injection in a fully water-saturated domain

This test case concerns a 3D scenario of injection of COy adapted from an example proposed
in [56], where we consider two-phase flow model instead of two-phase two-component flow. The
porous domain is a cube with dimensions 100 x100 x 100 m? which is located 800 m under the
surface. In this test case the Brooks—Corey model is used for the capillary pressure and for the
relative permeabilities:

1 243X

- 242
pc(swe) = pentryswe/\a krw(swe) = Swe)\ ) krn<swe) = (1 - Swe>2 <1 - Swé ) .

The parameters for the Brooks—Corey model and the properties of the porous domain are given in
Table 3.

M=) | Pentry(Pa) | Swr(=) | Snr(=) | @ | k(m?) | T(K)
2 1-103 0.0 0.0 0.2 | 1072 | 313.15

Table 3: Brooks Corey’s parameters and rock properties

The domain is initially fully saturated with water and CO3 is injected into the lower left part
of the cube as shown in Figure 7 by rate ¢ = 4 - 1072 kg/(m?s). The remaining parts of the
boundary are assumed impermeable except of the side denoted by I'y,; where hydrostatic pressure
for the water phase and zero gas saturation are imposed. The initial pressure for the wetting phase
is also hydrostatic. The duration of the simulation is 18 days. For the 3-D domain we have used a
structured grid composed of 60 x 60 x 60 cubes of the same dimensions. The initial time step 6t is
set to 1 s and the maximum time step is set to 5000 s. The tolerances for the Newton method and
the BICGSTAB method are respectively 1078 and 100, In this case, Newton’s method converges
rapidly in less than 6 iterations.

The results of this test case are given in Figures 8 - 11 which illustrate the evolution of CO9 at
different times. As expected, COy which is less dense than the liquid phase, migrates upwards and
when it reaches the impervious top of the domain it spreads laterally. Good agreement between
our results and those of [56] was achieved. This test case shows the effectiveness and practicability
of the method and that our approach can handle large number of unknowns.

<

I out

s

Fin

Figure 7: Computational domain for test case 2.
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Figure 8: COs saturation after 4 days. Figure 9: CO; saturation after 9 days.

Figure 10: CO; saturation after 14 days. Figure 11: CO saturation after 18 days.

8 Concluding remarks

In this article, we have presented a mathematical formulation and FV approximation for a sys-
tem of coupled degenerate PDEs modeling immiscible compressible two-phase in the subsurface.
Based on a priori estimates and compactness arguments, we prove the convergence of the numerical
approximation to the weak solution using the concept of the global pressure developed specially
for compressible flows in heterogeneous porous media. The results improve upon previously de-
rived schemes to heterogeneous porous media. A fully implicit approach has been developed and
implemented in the framework of the parallel open-source platform DuMu®. Numerical results con-
cerning scenarios of gas migration through engineered and geological barriers for a deep repository
of radioactive waste and geological storage of CO2 validated the method. The study still needs to
be improved in several areas such as the case of discontinuous capillary pressures. More precisely,
this paper treats the case of a single rock-type model, i.e. we assume here that the capillary pres-
sure and relative permeabilities depend on the saturation solely. Our future study will focus on
extension of these results to the case of porous media with several rock types: capillary pressure
and relative permeability curves being different in each type of porous media. Let us note that all
the aforementioned works are restricted to the case where the gas density is bounded from below
and above. This assumption is too restrictive for some realistic problems. In this case the gas obeys
the ideal gas law, i.e. the equation of state is given by o4(pg) o opg where p, is the gas density, py
is the gas pressure and o is a given constant. Then a new degeneracy appears in the evolution term
of the gas pressure equation. These more complicated cases appear in the applications. Further
work on these important issues is in progress. Finally, we believe that our convergence analysis also
can be extended to a compositional compressible two-phase flow model based on the concept of the
global pressure [7], but more research remains to verify this.

31



Acknowledgements

This research has been partly supported by the Carnot Institute ISIFoR project (Institute for
the sustainable engineering of fossil resources). This support is gratefully acknowledged. We also
thank E. Ahusborde and M. El Ossmani for their help during the development of our 2p-global
module in the framework of DuMu*.

References

1]

I. Aavatsmark, T. Barkve, O. Bge, T. Mannseth, Discretization on unstructured grids for in ho-
mogeneous, anisotropic media. Part I: derivation of the methods, STAM J. Sci. Comput. 19 (1998)
1700-1716. https://doi.org/10.1137/51064827595293582.

H. W. Alt, E. di Benedetto, Nonsteady flow of water and oil through inhomogeneous porous media,
Ann. Scuola Norm. Sup. Pisa Cl. Sci. 12 (1985) 335-392. http://www.numdam.org/item/ASNSP_
1985_4_12_3_335_0/.

B. Amaziane, M. Jurak, A new formulation of immiscible compressible two-phase flow in porous
media, C. R. Mécanique 7 (2008) 600—605. https://doi.org/10.1016/j.crme.2008.04.008.

B. Amaziane, M. Jurak, A. Zgalji¢ Keko, Modeling and numerical simulations of immiscible compress-
ible two-phase flow in porous media by the concept of global pressure, Transport in porous media 84
(2010) 133-152. https://doi.org/10.1007/s11242-009-9489-8.

B. Amaziane, M. Jurak, A. Zgalji¢ Keko, An existence result for a coupled system modeling a fully
equivalent global pressure formulation for immiscible compressible two-phase flow in porous media, J.
Differential Equations 250 (2011) 1685-1718. https://doi.org/10.1016/j.jde.2010.09.008.

B. Amaziane, M. Jurak, A Zgalji¢ Keko, Numerical simulations of water-gas flow in heterogeneous
porous media with discontinuous capillary pressures by the concept of global pressure, J. Comput.
Appl. Math. 236 (2012) 4227-4244. https://doi.org/10.1016/j.cam.2012.05.013.

B. Amaziane, M. Jurak, A. Zgalji¢ Keko, Modeling compositional compressible two-phase flow in
porous media by the concept of the global pressure, Comput. Geosci. 18 (2014), 297-309. https:
//doi.org/10.1007/s10596-013-9362-2.

B. Amaziane, M. Jurak, L. Pankratov, A. Piatnitski, An existence result for nonisothermal immiscible
incompressible 2-phase flow in heterogeneous porous media, Math. Meth. Appl. Sci. 40 (2017), 7510—
7539. https://doi.org/10.1002/mma.4544.

B. Amaziane, L. Pankratov, A. Piatnitski, The existence of weak solutions to immiscible compressible
two-phase flow in porous media: the case of fields with different rock-types, Discrete Contin. Dyn.
Syst. Ser. B 15 (2013), 1217-1251. https://doi.org/10.3934/dcdsb.2013.18.1217.

Andra, Cas test Couplex-Gaz 1: modélisation 2D d’une alvéole de déchets de moyenne activité a vie
longue. http://math.univ-1lyonl.fr/~bourgeat/MoMaS/cas_test/Cas_test_couplex_gaz_1.pdf,
2006 (accessed 5 January 2021).

B. Andreianov, M. Bendahmane, R. Ruiz-Baier, Analysis of a finite volume method for a cross-
diffusion model in population dynamics, Math. Models. Methods Appl. Sci. 21 (2011) 307-344. https:
//doi.org/10.1142/50218202511005064.

S. N. Antontsev, A. V. Kazhikhov, V. N. Monakhov, Boundary Value Problems in Mechanics of
Nonhomogeneous Fluids, North-Holland, Amsterdam, 1989.

K. Aziz, A. Settari, Petroleum Reservoir Simulation, Applied Science Publishers Ltd, London, 1979.

T. J. Arbogast, The existence of weak solutions to single porosity and simple dual-porosity models of
two-phase incompressible flow, Nonlinear Anal. 19 (1992), 1009-1031. https://doi.org/10.1016/
0362-546X(92)90121-T.

32



[15]

[16]

[17]

[31]

[32]

P. Bastian, J. Kraus, R. Scheichl, M. Wheeler, Simulation of flow in porous media. Applications in
energy and environment, De Gruyter, Berlin, 2013.

M. Bendahmane, Z. Khalil, M. Saad, Convergence of a finite volume scheme for gas—water flow in
a multi-dimensional porous medium, Math. Models Methods Appl. Sci. 24 (2014) 145-185. https:
//doi.org/10.1142/50218202513500498.

M. Bessemoulin-Chatard, C. Chainais-Hillairet, F. Filbet, On discrete functional inequalities for
some finite volume schemes, IMA J. Numer. Anal. 35 (2015) 1125-1149. https://doi.org/10.1093/
imanum/dru032.

Alain Bourgeat, Farid Smai, S. Granet, Compositional Two-Phase Flow in Saturated-Unsaturated
Porous Media: Benchmarks for Phase Appearance/Disappearance. Simulation of Flow in Porous
Media, De Gruyter, pp.81-106, 2013.

Y. Brenier, J. Jaffré, Upstream differencing for multiphase flow in reservoir simulation, SIAM J.
Numer. Anal. 28 (1991) 685-696. https://doi.org/10.1137/0728036.

K. Brenner, C. Cances, D. Hilhorst, Finite volume approximation for an immiscible two-phase flow
in porous media with discontinuous capillary pressure, Comput. Geosci. 17 (2013) 573-597. https:
//doi.org/10.1007/s10596-013-9345-3.

C. Cances, P. Michel, An existence result for multidimensional immiscible two-phase flows with dis-
continuous capillary pressure field, STAM J. Math. Anal. 44 (2012) 966-992. https://doi.org/10.
1137/11082943X.

X. Cao, S. F. Nemadjieu, 1. S. Pop, Convergence of an MPFA finite volume scheme for a two-phase
porous media flow model with dynamic capillarity, IMA J. Numer. Anal. 39 (2019) 512-544. https:
//doi.org/10.1093/imanum/drx078.

F. Caro, B. Saad, M. Saad, Study of degenerate parabolic system modelling the hydrogen displacement
in a nuclear waste repository, Discrete Contin. Dyn. Syst. Ser. S 7 (2014) 191-205. https://doi.org/
10.3934/dcdss.2014.7.191.

G. Chavent, A fully equivalent global pressure formulation for three-phases compressible flows, Appl.
Anal. 88 (2009), 1527-1541. https://doi.org/10.1080/00036810902994276.

G. Chavent, J. Jaffré, Mathematical Models and Finite Elements for Reservoir Simulation, North-
Holland, Amsterdam, 1986.

Z. Chen, Degenerate two-phase incompressible flow. I. Existence, uniqueness and regularity of a weak
solution, J. Differential Equations 171 (2001) 203-232. https://doi.org/10.1006/jdeq.2000.3848.

Z. Chen, Degenerate two-phase incompressible flow. II. Regularity, stability and stabilization, J. Dif-
ferential Equations 186 (2002) 345-376. https://doi.org/10.1016/50022-0396 (02) 00027-X.

Z. Chen, G. Huan, Y. Ma, Computational Methods for Multiphase Flows in Porous Media, STAM,
Philadelphia, 2006.

R. di Chiara Roupert, G. Chavent, G. Schéfer, Three-phase compressible flow in porous media: Total
differential compatible interpolation of relative permeabilities, J. Comput. Phys. 229 (2010) 4762—
4780. https://doi.org/10.1016/j.jcp.2010.03.013.

D. A. Di Pietro, M. Vohralik, A review of recent advances in discretization methods, a posteriori
error analysis, and adaptive algorithms for numerical methods in geosciences, Oil Gas Sci. Technol.
69 (2014) 701-729. https://doi.org/10.2516/0gst/2013158.

D. A. Di Pietro, E. Flauraud, M. Vohralik, S. Yousef, A posteriori error estimates, stopping criteria,
and adaptivity for multiphase compositional Darcy flows in porous media, J. Comput. Phys. 276
(2014) 163-187. https://doi.org/10.1016/j.jcp.2014.06.061.

M. G. Edwards, C. F. Rogers, Finite volume discretization with imposed flux continuity for the
general tensor pressure equation, Comput. Geosci. 2 (1998) 250-290. https://doi.org/10.1023/A:
1011510505406.

33



[33]

[34]

[35]

[36]
[37]
[38]

[39]

[40]
[41]

[42]

[43]
[44]
[45]

[46]

[47]

[48]
[49]

[50]

M. El Ossmani, A convergence of a MFE-FV method for immiscible compressible flow in heteroge-
neous porous media, Math. Comput. Simulation 81 (2011) 2103-2128. https://doi.org/10.1016/
j.matcom.2010.12.007.

G. Enchéry, R. Masson, S. Wolf, R. Eymard, Mathematical and numerical study of an industrial
scheme for two-phase flows in porous media under gravity, Comput. Methods Appl. Math. 2 (2002)
325-353. https://doi.org/10.2478/cmam-2002-0019.

G. Enchéry, R. Eymard, A. Michel, Numerical approximation of a two-phase flow problem in a porous
medium with discontinuous capillary forces. SIAM J. Numer. Anal. 43 (2006) 2402-2422. https:
//doi.org/10.1137/040602936.

R. Eymard, T. Gallouét, C. Guichard, R. Herbin, R. Masson, TP or not TP, that is the question.
Comput. Geosci. 18 (2014) 285-296 (2014). https://doi.org/10.1007/s10596-013-9392-9.

R. Eymard, T. Gallouét, R. Herbin, Finite volume methods, in: P. Ciarlet, J. L. Lions (Eds.), Hand-
book of numerical analysis, Vol. VII, North—Holland, Amsterdam, 2000, pp. 715-1020.

R. Eymard, R. Herbin, A. Michel, Mathematical study of a petroleum-engineering scheme. ESAIM:
Math. Model. Numer. Anal. 37 (2003) 937-972. https://doi.org/10.1051/m2an:2003062.

R. Eymard, V. Schleper, Study of a numerical scheme for miscible two-phase flow in porous media,
Numer. Methods Partial Differential Equations 30 (2014) 723-748. https://doi.org/10.1002/num.
21823.

P. A. Forsyth, M. C. Kropinski, Monotonicity considerations for saturated—unsaturated subsurface
flow, SIAM J. Sci. Comput. 18 (1997) 1328-1354. https://doi.org/10.1137/S1064827594265824.

G. Gagneux, M. Madaune-Tort, Analyse Mathématique de Modéles non Linéaires de I'Ingénierie
Pétroliere, Mathématiques & Applications 22, Springer, Berlin Heidelberg, 1996.

C. Galusinski, M. Saad, On a degenerate parabolic system for compressible, immiscible, two-phase
flows in porous media, Adv. Differential Equations 9 (2004) 1235-1278. https://projecteuclid.
org/euclid.ade/1355867902.

C. Galusinski, M. Saad, Water-gas flow in porous media, Discrete Contin. Dyn. Syst. Ser. B 9 (2008)
281-308. https://doi.org/10.3934/proc.2005.2005.307.

C. Galusinski, M. Saad, Two compressible immiscible fluids in porous media, J. Differential Equations
244 (2008) 1741-1783. https://doi.org/10.1016/j.jde.2008.01.013.

C. Galusinski, M. Saad, Weak solutions for immiscible compressible multifluid flows in porous media,
C. R. Acad. Sci. Paris, Sér. I 347 (2009) 249-254. https://doi.org/10.1016/j.crma.2009.01.023.

M. Ghilani, E. Quenjel, M. Saad, Positive control volume finite element scheme for a degenerate
compressible two-phase flow in anisotropic porous media, Comput. Geosci. 23 (2019) 55-79. https:
//doi.org/10.1007/s10596-018-9783-z.

M. Ghilani, E. Quenjel, M. Saad, Positivity-preserving finite volume scheme for compressible two-
phase flows in anisotropic porous media: The densities are depending on the physical pressures, J.
Comput. Phys. 407 (2020). https://doi.org/10.1016/j.jcp.2020.109233.

R. Helmig, Multiphase flow and transport processes in the subsurface: A contribution to the modeling
of hydrosystems, Springer, Berlin Heidelberg, 1997.

M. Jurak, I. Radigi¢, A. Zgalji¢ Keko, Two-phase two-component flow in porous media in low solubility
regime, STAM J. Math. Anal. 51 (2019) 2019-2052. https://doi.org/10.1137/18M1182206.

7. Khalil, M. Saad, Solutions to a model for compressible immiscible two phase flow in porous media,
Electron. J. Differ. Equ. 122 (2010) 1-33.

Z. Khalil, M. Saad, On a fully nonlinear degenerate parabolic system modeling immiscible gas-water
displacement in porous media, Nonlinear Anal. Real World Appl. 12 (2011) 1591-1615. https://
doi.org/10.1016/j.nonrwa.2010.10.015

34



[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[62]

[63]
[64]

[65]

T. Koch, D. Glaser, K. Weishaupt, S. Ackermann, M. Beck, B. Becker, S. Burbulla, H. Class, E.
Coltman, S. Emmert, DuMux 3—an open-source simulator for solving flow and transport problems in
porous media with a focus on model coupling, Comput. Math. with Appl. (2020). https://doi.org/
10.1016/j.camwa.2020.02.012.

D. Kroener, S. Luckhaus, Flow of oil and water in a porous medium, J. Differential Equations 55
(1984) 276-288. https://doi.org/10.1016/0022-0396 (84) 90084-6.

F. Kwok, H. A. Tchelepi, Convergence of implicit monotone schemes with applications in multiphase
flow in porous media, STAM J. Numer. Anal. 46 (2008) 2662-2687. https://doi.org/10.1137/
070703922.

A. Michel, A finite volume scheme for two-phase immiscible flow in porous media, STAM J. Numer.
Anal. 41 (2003) 1301-1317. https://doi.org/10.1137/30036142900382739.

R. Neumann, P. Bastian, O. Ippisch, Modeling and simulation of two-phase two-component flow with
disappearing nonwetting phase, Comput. Geosci. 17 (2013) 139-149. https://doi.org/10.1007/
$10596-012-9321-3.

A. Niemi, J. Bear, J. Bensabat, Geological Storage of COy in Deep Saline Formations, Springer,
Netherlands, 2017.

I. Radisic, Mathematical modeling and numerical simulation of multiphase multicomponent flow in
porous media, Doctoral thesis University of Zagreb (2020). https://urn.nsk.hr/urn:nbn:hr:217:
744128.

B. Saad, M. Saad, A combined finite volume—nonconforming finite element scheme for compressible
two phase flow in porous media, Numer. Math. 129 (2015) 691-722. https://doi.org/10.1007/
s00211-014-0651-z.

B. Saad, M. Saad, Study of full implicit petroleum engineering finite-volume scheme for compressible
two-phase flow in porous media, STAM J. Numer. Anal. 51 (2013) 716-741. https://doi.org/10.
1137/120869092.

B. Saad, M. Saad, Numerical analysis of a non equilibrium two-component two-compressible flow
in porous media, Discrete Contin. Dyn. Syst. Ser. S 7 (2014) 317-346. https://doi.org/10.3934/
dcdss.2014.7.317.

A. S. Saad, B. Saad, M. Saad, Numerical study of compositional compressible degenerate two-phase
flow in saturated—unsaturated heterogeneous porous media, Comput. Math. with Appl. 71 (2016)
565-584. https://doi.org/10.1016/j.camwa.2015.12.010.

M. Schneider, B. Flemisch, R. Helmig et al., Monotone nonlinear finite-volume method for challenging
grids. Comput. Geosci. 22 (2018) 565-586. https://doi.org/10.1007/s10596-017-9710-8.

R. P. Shaw, Gas Generation and Migration in Deep Geological Radioactive Waste Repositories, Geo-
logical Society, London, 2015.

Jean Talandier, Couplex—Gaz Benchmark. Synthesis of results for case 1. https://www.andra.fr/
mini-sites/couplex/couplex_andra2.pdf, 2007 (accessed 5 January 2021).

35





