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SMALL-TIME LOCAL CONTROLLABILITY OF THE BILINEAR
SCHRODINGER EQUATION, DESPITE A QUADRATIC
OBSTRUCTION, THANKS TO A CUBIC TERM

MEGANE BOURNISSOU*

ABSTRACT. We consider a 1D linear Schrodinger equation, on a bounded interval, with
Dirichlet boundary conditions and bilinear control. We study its controllability around
the ground state when the linearized system is not controllable. More precisely, we study
to what extent the nonlinear terms of the expansion can recover the directions lost at
the first order.

In the works [9] [16], for any positive integer n, assumptions have been formulated
under which the quadratic term induces a drift in the nonlinear dynamics, quantified
by the H~ "-norm of the control. This drift is an obstruction to the small-time local
controllability (STLC) under a smallness assumption on the controls in regular spaces.

In this paper, we prove that for controls small in less regular spaces, the cubic term can
recover the controllability lost at the linear level, despite the quadratic drift. The proof
is inspired by Sussman’s method to prove the sufficiency of the S(6) condition for STLC
of ODEs. However, it uses a different global strategy relying on a new concept of tangent
vector, better adapted to the infinite-dimensional setting of PDEs. Given a target, we first
realize the expected motion along the lost direction by using control variations for which
the cubic term dominates the quadratic one. Then, we correct the other components
exactly, by using the STLC in projection result of [I5], with simultaneous estimates of
weak norms of the control. These estimates ensure that the new error along the lost
direction is negligible, and we conclude with the Brouwer fixed point theorem.

1. INTRODUCTION

1.1. Description of the control system. Let T' > 0. In this paper, we consider the 1D
linear Schrodinger equation given by,

{ i0p)(t, x) = —03U(t, ) —u®)u()P(t,z),  (t,x) € (0,T) x (0,1), (1)
w(t? 0) =yt 1) =0, te (O,T)

This equation is used in quantum physics to describe a quantum particle stuck in an
infinite potential well and subjected to a uniform electric field whose amplitude is given
by u(t). The function p : (0,1) — R depicts the dipolar moment of the particle. This
equation is a bilinear control system where the state is the wave function ¢ such that for
all time ||4(¢)||z2(0,1) = 1 and w : (0,T) — R denotes a scalar control.

1.2. Functional settings. Unless otherwise specified, in space, we will work with complex
valued functions. The Lebesgue space L2(0,1) is equipped with the hermitian scalar
product given by

1 PR
(f.9) = /0 f@)g(@dr, Vf.ge L*(0,1).
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Let S be the unit-sphere of L?(0,1). The operator A is defined by
Dom(A) := H*(0,1) N H}(0,1) and Ap:= —;if.
Its eigenvalues and eigenvectors are respectively given by
Vi e N*, X\ = (jm)? and ¢; = V2sin(jm).
The family of eigenvectors (¢;)jen+ is an orthonormal basis of L?(0,1). We denote by,
Vi e N*, ot z) := pj(x)e”™ V(t,z) € R x [0,1],

the solutions of the Schrodinger equation with u = 0 and initial data ¢; at time ¢ = 0.
When j = 1, v is called the ground state. We also introduce the normed spaces linked
to the operator A, given by, for all s > 0,

H{y(0,1) := Dom(A?)

endowed with the norm Hg0||H(SO) 0,1) = = I({2, ) |lns vy = Z 17° (@, ¢j)]

Let T > 0. For u € L'(0,T), the family (u,)nen of the iterated primitives of u is defined
by induction as,

t
up:=u and Vn €N, u,41(t) ;:/ up(T)dr, t€[0,T].
0

Sometimes, to uniformize the notations of the primitives and derivatives of u, we will write
u(™ when n is negative to denote Ujy|, the [n|-th primitive of w.

We will also consider, for any integer k¥ € N, H* ((0,T),R), the usual integer-order real
Sobolev space, equipped with the usual H*(0,T)-norm and HE(0,T) the adherence of
C>(0,T), the set of functions with compact support inside (0,7"), for the topology || -
| e (0,1~ For any integer k € N*, a negative Sobolev norm is defined by,

lull g-r .7y = lur (D) + lwwll 207y, w € L*0,T). (2)

These norms don’t coincide with the usual H *-norms, but this definition is taken as these
quantities arise naturally in both the nonlinear and linearized dynamics.

1.3. Assumptions on the dipolar moment u. Let us make precise the assumptions
on the dipolar moment p we shall consider in the following.

(Hyeg) The function u is in H*((0,1),R) with the following boundary conditions
w(0) = /(1) = p®(0) = u® (1) = 0. (3)
(Hyin) There exists an integer K € N* — {1} such that

(L1, oK) =0, (4)

C

and there exists ¢ > 0 such that for all j € N* — {K}, |(up1, ¢j)| = 7 (5)

Define, for p = 1,2 and 3, the following quadratic (with respect to p) coefficients,

+o0o
Afe = (=P} Z <)‘j - )\1—;)\K> (A = AP T = AP e, 03) (merc, #5)- (6)
=1
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(Hquaa) The first two quadratic coefficients vanish and the third one does not vanish

Al =0, (7)
A2 =0, (8)
Aj #0. 9)
(Heup) The following cubic (with respect to u) coefficient does not vanish
+o00 +00
Cr =Y (M= Ag) (eon, ) (e, 05) — D (N = Ak) gy, o) (%1, 5) # 0. (10)
=1 j=1

Remark 1.1. Notice that, under (Hcg), integrations by parts and Riemann-Lebesgue
lemma lead to

12¢q , 1
x N\ = —1yita, ) (1) — ) )
WEN (uoner) = s (CUP O i) + o (5). (b
Thus, all the series considered in (6) and (L0)) converge absolutely.

Remark 1.2. For smooth vector fields X,Y in C(R? R%), the Lie bracket [X,Y] is
defined as the following smooth vector field: [X,Y](z) := X'(2)Y (z) — Y'(2) X (x). Notice
that the sign convention chosen is not usual. We also define by induction

ad%(Y):=Y and VkeN, ady™(Y):=[X,ad% (V).

At least formally, the assumption (Hquaq) can be written in terms of Lie brackets as

¥p = 1,2, ([ady " (1), ad’y (1)1, ox) = 0 and ([ad’ (1), ad’ ()] er, pxc) # 0.
Notice that the last Lie bracket is exactly the one along which the quadratic order adds a
drift, denying W3>-STLC (see Definition for finite-dimensional systems & = fo(z) +
ufi(x) in [7, Theorem 3]. Similarly, (Hcyp) can be written as

([ada(p), [ada(p), uller1, pxc) # 0.

All these computations can be made rigorous when y satisfies (Hyeg) for instance. In that
case, the iterated Lie brackets are well-defined (for all k € N*, to compute ad® (11)p1, one
needs to check that ad® ™! (1)¢; is in Dom(A)) and denote commutators of operators.

At a heuristic level, assumptions (Hyeg), (Hiin), (Hquaa) and (Heyp) entail that, in the
asymptotic of small controls (in a norm to be specified), the leading terms of the solution
1 of the Schrodinger equation along the lost direction are given by

T T
<¢(T), (pKeii)‘lT> ~ —ZA%(/ U3(t)2dt + ZCK/ U1 (t)2UQ(t)dt. (12)
0 0

The existence of a function p satisfying (Hreg), (Hiin), (Hquad) and (Heyp) is proved in
Appendix [A]

1.4. Main result. First, we state the notion of small-time local controllability (STLC)
used in this paper, stressing the smallness assumption imposed on the control, as it plays
a key role in the validity of controllability results.

Definition 1.3. Let (E7,|| - ||g,) be a family of normed vector spaces of real functions
defined on [0,7] for T" > 0. The system is said to be E-STLC around the ground
state if there exists s € N such that for every T' > 0, for every i > 0, there exists
6 > 0 such that for every ¢y € SN H, (0,1) with ||y — wl(T)”H(SO)(O,l) < 6, there exists
u € L*((0,T),R) N Ep with ||u||g, < n such that the solution 1 of associated to the
initial condition ¢; at time ¢t = 0 and the control u satisfies ¢(T") = ¢y.
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When the linearized system around an equilibrium is controllable, using a fixed-point
theorem, one can hope to prove STLC for the nonlinear system as explained in [26, Chap.
3.1] in finite dimension. When it is not the case, one needs to go further into the expansion
in the spirit of |26, Chap. 8]. For the Schrédinger equation, a few STLC results are already
known.

Linear behavior. Since [6], it is known that when the coefficients ({11, ¢;))jen+ satisfy
c
J

then the Schrodinger equation is H(’)“—STLC around the ground state with targets in H(Z(f)+3.

This result has been extended in [I5] where the author proved that when holds only
on a subset of N*, STLC holds in projection with a unique control map for a finite range of
regularity on the control. Moreover, it also has been proved in [9] that, under the weaker
assumption,

there exists a constant ¢ > 0 such that Vj € N*,  [(ue1, ;)] = —=, (13)

p'(1) £ 4/(0) #0,
a finite number of coefficients (up1, px) vanish, but the local controllability with controls
in L? holds in large time.

Quadratic behavior. In [I6], the author proved that when, for some n > 2 (resp. n = 1)
(wp1, oK) =0, Af=---=A%'=0 and A% #0,

(with enough regularity on p so that the associated series converge), the Schrodinger
equation is not H?" 3-STLC (resp. W~1>°-STLC), due to a drift quantified by the H~"-
norm of the control. This follows the work of [9] where the authors already denied L°°-
STLC in the case n = 1. Let us stress that such a result entails that, under (Hyy),
and (Hquad), the Schrédinger equation is not H3-STLC.

The goal of this paper is the proof of the following statement by taking advantage of
the cubic term of the expansion.

Theorem 1.4. Let p1 satisfying (Hreg), (Hiin), (Hquaa) and (Hewn). Then, the Schrodinger

equation is H3-STLC around the ground state with targets in H(lol)(O7 1).

Using ‘higher-order control variations’ to prove STLC is classical for ODEs: it has been
used for example to prove the sufficiency of Sussman S(#) condition [54] (see also [26],
Theorem 3.29]) or by Kawski in [41, Theorem 3.7]. However, up to our knowledge, it is
the first time that this strategy is used in infinite dimension. The proof of Theorem
can be brought down to the following ideas.

e First, to recover STLC, it is enough to have STLC in projection on the reachable
space of the linearized system and to move into the directions lost at the linear
level using ‘higher-order control variations’.

e To move into the directions lost at the linear level, the strategy is the following.

> First, one computes a well-quantified expansion of the solution along the lost
directions to identify the leading terms.

> Then, one proves that the cubic term can absorb the quadratic term along
the lost directions using oscillating controls small in a good asymptotic.

> Finally, one corrects the linear components using the STLC result in projec-
tion on the reachable space of the linearized system. Sharp estimates on the
H~*-norms of the control (see ([2)) are needed to prove that such a correction
didn’t destroy the work done previously along the lost directions. Thus, the
work done in [I5] is a key tool for this paper.
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The paper is organized as follows. First, a systematic approach to recover STLC when
the linearized system misses a finite number of directions is described in Section [2|and pre-
sented on a few toy-models in finite dimension in Section[3] Before applying this method to
the Schrodinger equation, in Section [ we recall its well-posedness and the controllability
result in projection of [15]. Then, the power series expansion of the Schrédinger equation
is computed in Section [5] Finally, Section [6]is dedicated to the proof of Theorem

1.5. State of the art.

Controllability results on the Schrodinger equation.
Local exact controllability results. Bilinear control systems have been considered as non
controllable for a long time because of a negative result [I] from Ball, Marsden and Slemrod,
later adapted for the Schrédinger equation by Turinici in [55]. The result in [I] was later
completed by Boussaid, Caponigro and Chambrion in [I§].

However, these statements don’t give obstructions for the Schrodinger equation to be
controllable in different functional spaces. Later, exact local controllability results for 1D
models have been proved by Beauchard in [2] 3], later improved by Beauchard and Laurent
in [6] and generalized later in [15]. In [6], the authors also proved the local controllability
of a nonlinear Schrédinger equation with Neumann boundary conditions. The case of
Dirichlet boundary conditions has been treated later by Duca and Nersesyan in [37].

Morancey and Nersesyan also proved the controllability of one Schrédinger equation with
a polarizability term [45] and of a finite number of equations with one control [44], [46].
In dimension N < 3, Puel [51] also proved the local exact controllability of a Schrodinger
equation, in a bounded regular domain in a neighborhood of an eigenfunction correspond-
ing to a simple eigenvalue, for controls u = u(t,z). Using the link between quantum and
classical dynamics, in [10], the authors also gave some necessary and sufficient conditions
of the local controllability of the Schrodinger equation.

Global results. Using Galerkin approximations, global approximate controllability results
have been proved by Boscain, Boussaid, Caponigro, Chambrion, Mason and Sigalotti
in [I1, 12, 17, 18, 22]. The genericity of these sufficient conditions is stated in [23].
This strategy has also been used to prove exact controllability in projection on the first
eigenstates in [19]. Adiabatic arguments [13| 14} [34] 35] or Lyapunov techniques [43], [47]
can also be used. Also, in [36], the authors proved the approximate controllability of a
nonlinear Schrédinger equation with bilinear controls.

Nersesyan and Nersisyan also proved the global exact controllability in infinite time of
one Schrédinger equation in one [48] and any dimension [49]. Later, Duca provided explicit
times such that the global exact controllability holds in [32]. Global exact controllability
in projection of infinite bilinear Schréodinger equations has also been proved in [33].

Local controllability result by the power series expansion. When the linearized
system is not controllable, the strategy, presented in [20, Chap. 8] for finite-dimensional
control system, of performing a power series expansion of the solution, can be used to
prove both negative or positive controllability results.

Negative results. In [7], the authors proved that, in finite dimension, for scalar-input dif-
ferential systems, when the linear test fails, the second-order term adds a drift quantified
by the H "-norm of the control, along an explicit Lie bracket, denying W?"~3>_STLC for
the nonlinear system. Such a phenomenon was already observed in infinite dimension, for
a Schrédinger equation, by Coron in [25], by Beauchard and Morancey in [9] and later in
[16]. In these works, using the second-order term, and more precisely proving a coercivity
inequality involving an integer negative Sobolev norm of the control, the authors gave im-
possible motions in small time. For a Burgers equation, STLC is still denied in [42] proving
a coercivity inequality but involving a fractional Sobolev norm of the control instead. In
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[8], obstructions caused by both quadratic integer and fractional drifts are proven on a
scalar-input parabolic equation. A similar result has also been proved on a KdV system,
for boundary controls in [28] by Coron, Koenig and Nguyen. The authors also showed in
[29] that the STLC of a water tank modeled by 1D Saint-Venant equations doesn’t hold
when the time is not large enough, proving a coercivity property for the quadratic term
of the system.

Positive results. The power series expansion method has been used in infinite dimension
to recover STLC for the first time in [27] for a KdV control system. Beforehand, in [52],
Rosier studied the controllability of the Kdv equation posed on a finite interval (0, L)
with Dirichlet boundary conditions and the control acting on the Neumann data at the
right end-point of the interval. The author proved that when L belongs to a set of critical
values, the linearized system around the origin is not controllable due to the existence of
a finite-dimension subspace of unreachable states. For some critical values such that the
space of unreachable states is of dimension 1, Coron and Crépeau in [27] recovered local
controllability in small time using a power series expansion of the solution of order 3 for
which there is no quadratic term. In [20], the same approach is used by Cerpa to treat
another critical length. However, in this case, the unreachable set of directions at the
linear level is of dimension 2 and a second order expansion is sufficient to recover local
controllability, but the result holds only in large time. Later, Cerpa and Crépeau proved
in [21] the local controllability in large time for any critical lengths with the same strategy.

Such a method has also already been used for the Schrédinger equation. In [5] and
[3], the controllability of a quantum particle in a 1D infinite square potential well with
variable length is studied. In both cases, the proof relies on a compactness argument that
needs local controllability results around many periodic trajectories. Those local results
are proved by the linear test or using second order terms for some trajectories for which
the linearized system looses one direction. In [9], local controllability with controls in L?
in large time has also been proved using an expansion of order 2.

Moreover, for the first time in [8], on a scalar-input parabolic equation, the power series
method has been used to recover at the quadratic order an infinite number of direction
lost at the linear level.

Finally, let us quickly mention that stabilization results have also been proved using the
power series expansion method as in [24] [30, [31].

2. METHOD OF ‘CONTROL VARIATIONS’

Under (Hjy,), the linearized system around the ground state of the Schrodinger equa-
tion is not controllable: it misses one complex direction ¢ . This situation is called
‘controllability up to (real) codimension two’. The goal of this section is to propose a sys-
tematic approach to deal with these situations, which is different from the one for ODEs
and better adapted to PDEs. For finite dimensional systems, the classical approach used
by Kawski [41, Theorem 2.4] consists in,

e proving that any direction lost at the linear level is a ‘tangent vector’ thanks to
higher order control variations,

e and deducing the STLC of the nonlinear system thanks to a time-iterative process
that uses arbitrary small-time intervals.

For PDEs, using arbitrary small-time intervals is not comfortable, because of the control-
cost explosion when the time goes to zero. Therefore, in our new approach, Kawski’s
time-iteration process is replaced by a Brouwer fixed point argument. This is why our
new notion of ‘tangent vector’ contains a continuity property.

2.1. Main result. To encompass finite and infinite dimensional systems, STLC is dis-
cussed in terms of the surjectivity of the end-point map. Let us state first the functional
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setting. Let X be a Banach space over R. Let (Er, | - ||g,) be a family of normed vector
spaces of functions defined on [0,7] for " > 0. Assume that for all 71,75 > 0, for all
u € Ep, and v € Ep,, the concatenation of the two functions u#v defined by

uHv = u]1(07T1) + U(' - TI)]I(Tl,TH-Tz) (14)

is in B, 47, with moreover the following estimate:
lu#vllEry or, < lull By + |0l Br, - (15)

For example, for any positive integer k, the Sobolev space H(’f (0,T) satisfies this property
whereas the Sobolev space H*(0,T) doesn’t. Finally, let (Fr)r=o be a family of functions
from X x Ep to X for T' > 0. Later, in all our applications, Fr will denote the end-point
of the control system.

First, let us make precise the new definition of ‘tangent vector’ used in this paper.

Definition 2.1. A vector £ € X is called a small-time FE-continuously approximately
reachable vector if there exists a continuous map = : [0,4+00) — X with Z(0) = & such
that for all T > 0, there exists C, p,s > 0 and a continuous map b € (—p,p) — up € Ep
such that,

Wb € (=p,p),  |IFr (0,up) = bE(T)x < CPI'"™  with  |wllz, < Clof*. (16)

The family (up)per (resp. the map E) is called the control variations (resp. the vector
variations) associated with &.

Remark 2.2. Let us stress that, for finite-dimensional system, in [41], Kawski (see also
the work of Frankowska [38, 39]) introduced rather the following definition: a vector & is
said to be an m-th order tangent vector if there exists a family of controls (u7)rso such
that

Fr(0,ur) =T™E+o(T™)  when T — 0. (17)
Our Definition [2.1]is different: the final time and the amplitude of the target are unrelated.
This allows constants in badly quantified with respect to the final time T', which is not
possible in . Hence, being a small-time F-continuously approximately reachable vector
is a weaker property than being a tangent vector. Also, for this reason, the dependency
of the constants with respect to the final time will not be tracked in this paper. For the
Schrédinger equation , the lost directions at the linear level are approximately reachable
vectors, but it seems more complicated to prove that they are tangent vectors.

Our systematic approach is formalized in the following statement.

Theorem 2.3. Assume the following hypotheses hold.

(A1) For all T >0, Fr: X x Ep — X is of class C? on a neighborhood of (0,0) with
Fr(0,0) = 0.

(A2) Forallz € X, T € Ry — dFr(0,0).(x,0) € X can be continuously extended at
zero with dFy(0,0).(z,0) = z.

(A3) For all Ty, T > 0, for all x € X, for allu € Er, and v € Er,,

Fri+1 ($7u#v) =Fn, (FTI (J,‘,u) ,7)) : (18)
(A4) The space H := RandFr(0,0).(0,-) doesn’t depend on time, is closed and of finite
codimension n.
(As) There exists M a supplementary of H that admits a basis (&;)i=1,... n of small-time
E-continuously approximately reachable vectors.
Then, for oll T > 0, Fr is locally onto from zero: for all n > 0, there exists § > 0 such
that for all xy € X with ||x¢|x <0, there exists u € Ep with ||u||g, < n such that

Fr(0,u) = xy.



8 MEGANE BOURNISSOU

Remark 2.4. If in addition of (A1) — (A45), we assume that
(Ag) for all T'> 0 and u € Ep, u(T — -) is in Ep with
fT(fT(O,U),U(T - )) = Oa
then, for all T' > 0, Fr is locally onto: for all n > 0, there exists § > 0 such that for all
(z0,2f) € X2 with ||zo||x + ||zf||x < J, there exists u € Er with |lu||g, < n such that
Fr(zo,u) = xy.
Indeed, let (zg,z¢) € X2 with ||zl x +]|zf]lx < 4. By Theorem there exists u,v € Ep
such that Fr(0,u) = xg and Fr(0,v) = x¢. Then, using successively (A3) and (Ag), one
has
For(zo, w(T — -)#v) = Fr(Fr(zo, w(T —)),v) = Fr(0,v) = zy.

Remark 2.5. The C?-regularity of Fr in (A;) is for convenience. In the proof of Theo-
rem [2.3] one needs the following estimates: for all 7' > 0 and R > 0, there exists C' > 0
such that for all (z,u) € X x Ep with ||z||x + ||u||g, < R,

[Fr(z,u) = Fr(0,u) = Fr(z,0)| x < Cllzllx|[uller, (19)
| Fr (2, u) = dFr(0,0).(z,u)llx < C (|l2]% + [lullE,) - (20)
Both estimates follow from Taylor formulas when Fr is of class C?.

Remark 2.6. When Fp denotes the end-point map of a control system,

e (A;) is linked to the well-posedness of the system: for controls in Ep and initial
data in X, the end-point of the solution must take values in X;

e (Ay) asks that the solutions of the linearized system are continuous with respect
to time;

e (Aj3) is related to the semigroup property of the equation;

e (A4) means that the linearized system is ‘controllable up to finite codimension’;

e (As) means that the directions lost at the linear level can be recovered using ‘higher
order control variations’;

e and (Ag) is linked to the time reversibility of the equation.

2.2. Proof of Theorem The first tool is the local surjectivity of the nonlinear map
Fr up to finite codimension.

Proposition 2.7. Assume (A1) and (As). Let T > 0 and N a supplementary of H.
Denote by P the projection on H parallely to N'. Then, Fr is locally onto in projection
on H: there exists 6o,C > 0 and a C*-map T'r : Bx(0,60) x (Bx(0,60) NH) — Er with
I'7(0,0) = 0 such that for all (zg,z¢) € Bx(0,60) % (Bx(0,00) NH),
PIFr (zo, r (w0, 75))] = 2, (21)
with the size estimale
I (z0, 25)l| 2, < C ([[2ollx + lzfl[x)- (22)
The proof follows from applying the inverse mapping theorem to the C'-map
XxEr - XxH
(x, u) +— (x,P[Fr(z,u)]).
Then, we prove that every direction spanned by approximately reachable vectors can
be recovered using higher order control variations.

Proposition 2.8. Under the assumptions of Theorem [2.3, there exists T* > 0 such that
for all T € (0,T*) and n > 0, there exists My a supplementary of H, C,s,p > 0 and a
continuous map z € Mp N Bx(0,p) — u, € Er such that for all z € My N Bx(0,p),

1Pz (0,us) = 2l < Cll2ll¥ with  Juallz, <. (24)

(23)
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Proof. Let T > 0andn > 0. Let 0 = Tp < --- < T;, = T be a subdivision of [0, T]. By (A4s),
there exists C,p,s > 0 and for all i = 1,...,n, two continuous maps Z; : [0,400) = X
with Z;(0) = & and b € (—p, p) — u; € E,_7,_, such that for all b € (—p, p),

[Py (06) — BT — To)l| < W™ with el p < CBE. (26)
For all ¢ = (¢1,...,¢,) € R" with ||c]] < p and k € {1,...,n}, we define
k
ul = uil#ué# . #ufk € by

We prove by induction on k € {1,...,n} the existence of C' > 0 such that for all ||c||x < p,

k

Fro(0,u#") =3 ¢idFr,—1,(0,0).(Z(T; — Ti-1),0)
=1

<Clet. (26)
X

The initialization with k& = 1 follows from the definition of the family (u})per in and
that dF(0,0).(-,0) = Idx by (As2). Let us prove the heredity: assume that holds for
some k € {1,...,n}. First, by (As), one has,

k
) = ]:TkH*Tk (ka(O,Uf )’u’gz:i) :

Thus, together with the inequality , one gets,

k+1

FTk+1(O7uz$

k+1
)

k
HFTkJrl (0, ufﬁ - ]:TkH*Tk (Ovulcc,:;ll) - ]:TkH*Tk (FTk (O,Ufﬁ )s O)HX

k k
< C||Fr 0,6 ) | x [l B, 7y, < Clielllersal®s (27)

thanks to and the size estimate in . Moreover, by Definition

1Pz (0,uf ) = k1B (Ter — Ti)llx < Clegga | (28)

Besides, using the Taylor expansion , one gets,

k

k
H]:TkH—Tk(]:Tk(Oauz% )’0) - d‘FTk+1_Tk(07 O)'(]:Tk(()»uc# )’O)HX
k
< C||Fr, (0,6 )% < Clef®. (29)
Moreover, using the induction hypothesis (26]), one has

k
Hd‘FTk+1*Tk(O’0)'(‘FTk (O,Ufé ),0)

k
=Y @dFr,-0,(0,0). (dFr—1,0,0).(Ei(T: —~ T1-1),0),0) | < Cllef ™+, (30)
=1

Besides, differentiating , one gets that for all 71,75 > 0 and x € X,
dFr,(0,0).(dFr,(0,0).(x,0),0) = dFr+1,(0,0).(x,0).

Thus, and lead to

< Ofef**=. (31)
X
Then, estimates , and lead to for k+1 and this concludes the induction.

Conclusion. The following map is continuous and doesn’t vanish at zero,

(t1, .o tnst1, ..oy tn) = det (Paqg[dFe, (0,0).(E1(E1),0)], - .., Pag[dFr, (0,0).(En(tn), 0)])

k
‘FTk+1_Tk (‘FTk (07 ufk)a 0) - Z Cid‘FTk+1_Ti(07 0)' (E%(TZ - Ti—l)v 0)

i=1
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where Py := Id =P denotes the projection on M defined in (A5) parallely to H. Thus,
there exists T > 0 such that for all T € [0, T%), (Pm[dFr—1,(0,0).(Z:(T5:—Ti=1),0)])i=1,..n
is a basis of M. As M is a supplementary of H, one deduces that My defined as

My = Span(dFr_7,(0,0). (Z,(T; — T;-1),0), i=1,...,n),
is also a supplementary of H. Thus, by , the proof is concluded with

n
Uy 1= uﬁncn forall z= ZCid}-T—Ti (0,0). (B(T; — T;-1),0) € M.
i=1
Notice that the continuity of the map z — wu, stems from the ones of b — ul’;. O

Finally, one can prove Theorem the ‘higher order control variations’ constructed in
Proposition and the local surjectivity of Fr up to finite codimension given in Propo-
sition are enough to gain back the controllability lost at the linear level.

Remark 2.9. Tt is enough to prove the conclusion of Theorem for sufficiently small
final times T' € (0,7%). Indeed, for T' > T*, taking T; > 0 such that T'— T; < T*, one has

Vu € Er_r,,  Fr(0,0p1#u) = Fr-1,(Fr,(0,0),u) = Fr_7,(0,u),
using (A;) and (As3). Thus, the result in small time entails the result in large time.

Proof of Theorem[2.3. Let T" > 0 the final time, 77 € (0,7) an intermediate time and
n > 0 the accuracy on the control. Define 0 := min(do, 75) where dg (resp. C) is defined

by Proposition 2.7] (resp. (22)). Let 25 in X with [lzf[x < 4.

Step 1: Steering 0 almost to xy. Let M7, the supplementary of H given in Proposition
The goal of this step is to construct a n-parameters family (v,).c My, such that, for every
z € Mp, small enough, one has

PFr(0,v,) = Py, (32)
1Pz, Fr(0,v2) = 2llx < CllzlX” + CllPas|%,  with v >0, (33)
[0zl <1, (34)

where Py, := Id —IP denotes the projection on My, parallely to H. By Proposition
there exists C, p,s > 0 and a continuous map z — uz from Mp, N Bx(0,p) to Ep, such
that,

VZe Mr N Bx(0,p), |Fr (0u) ~Zx SCIEIY" with sl < 3. (35)
Denote by (elTl)i:L,_m a basis of Mr,. Then, the following map is continuous and non-
vanishing at zero,

£ det (IPTl [dF,(0,0).(e™,0)], ..., Py [dF(0,0). (11, 0)]) .

Thus, for T small enough, P, [dFr_1,(0,0).(-,0)] is invertible from Mz, to Mp, with a
continuous inverse by the open mapping principle. Hence, there exists a linear continuous
map h from Mz, to Mr, such that,

Vze Mr, Pr[dFr_7,(0,0).(h(2),0)] = 2. (36)
Finally, for all z € Mg, N Bx(0, p), we define
Vy 1= uh(z)#FT_Tl (]:Tl (O,Uh(z)) ,]P’.T}f) N (37)

where I'r—p, © Bx(0,90) x (Bx(0,80) N#H) is constructed in Proposition with the
supplementary Mr, and the family(uz)se Moy, is constructed in . As Fr, ((), uh(z)) —0

Fri (0, unzy) || < o -

when z goes to 0, for p small enough,
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Size estimate. By , for all z € Mp, N Bx(0,p), v, is in Ep with
||Uz||ET < Huh(Z)HETl + HFT—T1 (-FT1 (O,Uh(z)) ’]P)xf)HET—Tl
< g + C (|1 Fr (0, upee)) lx + IPsllx) < g +205 <,

using the size estimate on up(z) and the estimate on I'r_g,. This proves .

Target almost reached. Moreover, using (As), one has,
fT(O, UZ) =Fr_7 (]:Tl (O,Uh(z)), I'r_m (]:T1 (O,Uh(z)) ,me)) . (38)

Therefore, by definition of I'r_p,, (32) is already satisfied. To prove , one can
use together with the inequality (19) to get

1P, Fr(0,0:) — 2|y < |[Pry [From (0.Tr-my (Fry (0,unisy) Pr))] |
+ [Py [Fromy (Fry (0, up)),0) = 2]]|
+ Cl[Tr-1, (Fry (0,uniz)) s Pag) B r IF7 (0,unezy) lIx- (39)

Yet, using the estimates on I'r_py, on Fr, (0, up(z)) and the continuity of h, the
last term of the right-hand side of is estimated by C||z||*4 C||Pz||?. Using the Taylor
expansion , the second term of the right-hand side of is estimated by

IPr, [dFr—7,(0,0). (Fr, (0,un(2)), 0) = 2]l x + [|Fr (0, un()) 1% < Clz] 20, (40)

using estimate , the construction and the continuity of h. Moreover, by definition
of # in (A4), Pr [dFr—1,(0,0).(0,Cr_7, (Fr, (0,uz),Pxy))] = 0. Thus, using again the
Taylor expansion , the first term of the right-hand side of is estimated by

C P77, (Fry (0,u2), Pay)lI5 < C (l12)° + | Bg]|) (41)

using estimate on I'r_7, and . Therefore, , and lead to .

Step 2: Steering 0 to xy. Thanks to and , to conclude the proof, it remains to
prove the existence of z € M, N Bx(0, p) such that P, Fr(0,v,) = Ppzs. To that end,
we apply the Brouwer fixed-point theorem to the function

| M, NnBx(0,p) — Mnp

Gy, :
f zZ Z—]PTl[fT(O,Uz)]—l-PTl[xf].

First, notice that by continuity of Fr, of I'r_1,, of h and of Z +— wuz, the map z — v,
defined in is continuous from My, to Ep. Thus, G, is continuous. It remains to

prove that it stabilizes a ball. Let p’ € (0,p) such that Cp'7 < % and reduce § such

that C6% + § < %/ where C' is given in . Then, using estimate , one has for all
z € MT1 N B)((O,p’),

1G2, (2)llx < Cllzllx™ + ClIPzgl% + |Pasllx < Cp'7 +C8° + 6 < .

Thus, one can apply Brouwer fixed-point theorem to G, to conclude the proof. 0

3. TOY-MODELS IN FINITE DIMENSION

The goal of this section is to illustrate the method presented in Section [2] on examples
in finite dimension. For the sake of simplicity, we only explain how to prove that the
directions lost at the linear level are small-time E-continuously approximately reachable
vectors. The verification of the other assumptions of Theorem is left to the reader. In
this section, for all n € N*, (e;)i=1,...» denotes the canonical basis of R".
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3.1. A first toy-model: not all lost directions can be recovered. Consider the
following control-affine polynomial system
:ﬁl = u,
{ i = 23 + 3. (42)
The reachable space of the linearized system around (0,0) is given by H = Span(e;) and

its supplementary by M = Span(ez). However, es is not a small-time W ~*-continuously
approximately reachable vector because the following quantity

T T T
x2(T;5 wu, 0) :/ ul(t)2dt+/ uy (t)3dt > (1 —T\UHW_LOO)/ ul(t)dt
0 0 0

is positive for 7" and ||u|[y/-1,0 small enough. This system illustrates Sussman’s necessary
condition [53] on [[fo, f1], f1] (0) for L>°-STLC.

3.2. Sussman example: a quadratic/cubic competition. The following classical ex-
ample illustrates that a cubic term can be used to dominate a quadratic drift and restore
STLC,
il = u,
i?g =, (43)
iﬁg = IL‘% + xi{’
For this system, H = Span(ey, e2) and M = Span(es).
First, is not W1>°-STLC. Indeed, considering a trajectory such that x1(T) =
zo(T) = 0, two integrations by parts give,

T T T
/0 ul(t)3dt:—2/0 u2(t)u1(t)u(t)dt:/0 ug ()2 (t)dt.

Thus, provided that ||uly1.00(0,1) < 1,

T T
23(T u, 0) :/0 un(®)2(1 + /() dt > ;/0 s (1)t

Hence, it is impossible to reach states of the form (0,0, —4d) with § > 0.

However, e is a small-time L°°-continuously approximately reachable vector. Indeed,
in this asymptotic, one can use the cubic term to absorb the quadratic term along the lost
direction using oscillating controls defined for b € R* by

1
vt € [0,T], wy(t) := sign(b)|b| 1 ¢" <|b|t2 ) with ¢ € C%(0,1) s. t. / ¢'(0)3d0 = 1.
11 0

Indeed, performing the change of variables t = |b\%0, one gets

ol fr - )\ Ch s (e Y
23(T; up, 0) = / sign(®)b o [ | ) dr+ / sign@)bl e | Lo || de
0 | 0 Tk

12 1 1 12
—ybyn/O ¢(9)2de+sign(b>\b\/o & (0)%d0 = b+ O(Jb|13).

Moreover, along the ‘linear components’, as wuy is supported on (0, ]b|%) C (0,T) for b
small enough, one directly has

(@1(T5 up, 0), w2(T; up, 0)) = (ur(T), u2(T)) = (0,0).

Besides, one has the following estimates on the controls,

k 1—2k
VkeN, (|| eom < 16| oo Bl T
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Hence, this family of controls is arbitrary small in L>(0,7) (but not in W1>(0,T)).
Moreover, this estimate (with & = 0) also gives that the map b — u; from R* to L>°(0,T)
can be extended continuously at zero with ug = 0. Therefore, es is a small-time L°°-
continuously approximately reachable vector with vector variations Z(7") = ez and by
Theorem is L>°-STLC. Notice that this was already known thanks to the Susmann
S(6) condition [53].

3.3. A polynomial toy-model for the Schrodinger PDE. The next polynomial con-
trol system is designed to be a toy-model for the Schrodinger equation as explained
later in Remark

.C'Cl = u,

To9 = T1,

.@3 = I, (44)
P4 = 23 + 2329,

.f5 = 4.

For this example, H = Span(ey, e2, e3) and M = Span(ey, e5). Moreover, solving explicitly
, the fourth and fifth components are given by,

T T
(T u, 0) = /0 ws(£)2dt + /0 s (1) 2us(t)d, (45)

25(T; 1, 0) = /O N (02 + /O T~ w6 un(t)dt (46)

First, using Cauchy-Schwarz and Gagliardo-Nirenberg inequalities [50], one gets the exis-
tence of C' > 0 such that for all u € H3(0,T)

T
/0 ul(t)2u2(t)df‘ < Cllulfeory < C (”u(g)”LQ(O,T) + T_3HUHL2(0,T)) lusl| 22 (0.1

Thus, the quadratic term prevails on the cubic term in and when controls are
small in H3. This allows to deny H 3_STLC for . Nonetheless, let us prove that
is H3-STLC.
Step 1: e4 is a small-time Hg—contmuously approzimately reachable vector with vector
variations Z4(T) = e4 + Tes. Heuristically, for a final time T fixed, looking at and
, the cubic terms of x4 and x5 have the same size. Thus, it seems better to use the
vector variations Z4(T') = e4 + Tes instead of Z4(T) = ey.

As before, in the asymptotic of controls small in Hg, one can use the cubic term to

absorb the quadratic term along the lost direction using oscillating controls of the form,
for all b € R*,

wy(t) = sign(b)|b| 7 63 ( t4> with ¢ € C°(0,1) s. t. /1 ¢"(0)%¢'(0)dh = 1. (47)
0

|‘41

Indeed, substituting these controls into and and performing the change of vari-
ables t = |b|4i19, one gets

1
2a(Ts s, 0) = P [ o070+,
0
42 ! ES 2 . 45 ! 10 0\2 17
rs(T5 i, 0) = P[0 1 40)0(60)%a0 + 70— sign)bl T [ 06 (6)20'(0)as.
0 0

Moreover, as u, is supported on (0, \b[ﬁ) C (0,T) for b small enough, one directly has,
(@1(T5 wp, 0), 22(T; wp, 0), 23(T; up, 0)) = (ua(T), ua2(T), us(T)) = (0,0,0).
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Besides, for all b € R*,

1
lug 2207y < ||¢(5)||L2(0,1)|b‘41' (48)

Thus, the family (up)peg is arbitrary small in H3(0,7T) and the map b — up from R* to
HZ(0,T) can be continuously extended at zero with ug = 0. This concludes Step 1.

Step 2: Constructing the second approrimately reachable vector from the first one. Hermes
and Kawski proved in [40, Theorem 6] that for affine-control systems of the form & =
fo(x)+ufi(x), if for some Lie bracket V of fo and fi, V(0) is a tangent vector in the sense
of (L7), then [fo, V](0) is also a tangent vector.

Using the same construction, we prove that es is also a small-time Hg—continuously
approximately reachable vector with vector variations Z5(7") = e5. Denote by (up)per the
control variations associated with e4, constructed at step 1. We are going to prove that,
for all (b, c) € R? small enough,

2(3T; wp#0p ry#uc, 0) = (b+ ¢)(eq + Tes) + 2Tbes + O(||(b,¢)||'F37). (49

Thus, taking for all « € R, b = 55 and ¢ = —b, this proves the existence of a family of

controls (v4)aer such that, when a goes to zero,
(3T; va, 0) = aes + O(la["F31)  with [[vallg2(0,r) < ClalT,

using . And, this will conclude Step 2. To prove , notice first that by definition of
(up)per, one has

2(T; wy, 0) = b(eg + Tes) + O(|b|*+a1). (50)
Then, using the semi-group property of , one has
z(2T; up#0p0, 17, 0) = z(T; Oo,17, (T wp, 0)). (51)
Moreover, computing explicitly the solution, one gets a constant C' > 0 such that,
Vp € R, ||z(T; 0.1y, p) —p — Tpaes|| < Cllpll*. (52)
Thus, , and lead to
2(2T; w# 0,11, 0) = b(ea + Tes) + Thes + O([b|'+ar). (53)

Then, once again, using the semi-group property,
z(3T; up#0jo 1y #fuc, 0) = (T ue, (215 wp#0p,7y, 0)). (54)

Moreover, using Gronwall Lemma, one gets a constant C' > 0 such that for all ||u|| m2(0.7) <
Land [|p[| <1,

[2(T; u, p) = x(T; Oy, p) = 2(T5 u, 0)|| < Cllullyziomllpll- (55)
Thus, and lead to

|z (3T Ub#O[O,T}#UCa 0) — z(T; uc, 0) — x(T; O[O,T]v z(2T; Ub#O[O,T]a 0))ll
1
< COlluell gzll#(2T; w#0p,17, 0)|| < Clef31 b, (56)

using the size estimates on (u¢)cer and on z(27T'; up#0j917, 0). Besides, using
the estimates and ,

2(T; Oy (2T; w#0, 0)) = b(es + Tes) + 2Tbes + O(|b|F1). (57)
Using the definition of the family (u.).cr, and lead to (49).
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Remark 3.1. The system can be seen as a polynomial toy-model for the Schrédinger
PDE in the following way. For both control systems, the linearized system is control-
lable ‘up to codimension 2’, the leading quadratic (resp. cubic) term of the solution along
the first lost direction is given by fOT u3(t)?dt (resp. by fOT u1(t)?ua(t)dt) and the second
lost direction is more or less the ‘integration’ of the first one.

3.4. A bilinear toy-model for Schrédinger. Let p € N* and Hy, H; € Mp(R) sym-
metric matrices. Consider Schrédinger control systems of the form

iX'(t) = HoX (t) —u(t)H1 X (t), (58)
where the state is X (¢t) € CP and the control is u(t) € R. We write (¢1,...,pp) for an
orthonormal basis of eigenvectors of Hy and (A1, ..., \,) for its eigenvalues. We also denote

by X;(t) := pje it for all j € {1,...,p}. In this section, the commutator of Hy and H;
is denoted by [Hy, H1] := HoHy — H1Hy and (-,-) denotes the classical hermitian scalar
product on CP.

Remark 3.2. For Schrodinger ODEs , we work around the trajectory (Xi,u = 0).
The work in Section [2] can still be used by performing the change of function X*(t) :=
X (t)e*t — ¢ to work around (0,0). Thus, in this setting, a vector £ € RP is called a
small-time E-continuously approximately reachable vector if there exists a continuous map
= :[0,400) — RP with Z(0) = £ such that for all 7" > 0, there exists C,p,s > 0 and a
continuous map b € (—p, p) — up € E7 such that for all b € (—p, p),

IX(Ts5 wp, 1) = Xa(T) = bE(T)|| < O™ with  [Jup]| g, < CJBI*.
The topology on the state is not specified as all norms are equivalent in finite dimension.
3.4.1. The linear test. The linearized system of around the trajectory (X1,u = 0) is
given by

ZXi = H()XL - u(t)Hle. (59)

By the Duhamel formula, the solution of with X7,(0) = 0 can be written as

p T )
Xu(0) =13 (o) [ a0 ar) (7). (60)

j=1
Thus, the reachable space of the linearized system is given by
H := Spanc (X;(T) for j € {1,...,p} such that (Hip1,p;) #0),
as the equality X7 (T) = Xy is brought down to solving a finite polynomial moment

problem when the coefficients (Hi¢p1, ¢;j) don’t vanish. To simplify, we assume that,

there exists an integer K € {2,...,p} such that

(Hipr,0x) =0 and Vje{l,....p} —{K}, (Hipi,0;)#0. (Hyn)
As the solution of the Schrédinger ODE is complex-valued, it means that H is of
codimension 2 and its supplementary is given by M = Spang(¢x,i¢K)-

3.4.2. Quadratic and cubic behaviors. To prove that ipx and g are approximately reach-
able vectors, we need to study the behavior of the solution of along the lost directions.
Unlike for the previous polynomial toy-models, here the computations of the first terms
of the expansion of are quite heavy. It can be lightened by introducing the new state

X(t) = e Hn® x (1), (61)

which solves the following ODE, called the auxiliary system,

¢ ¢ g (i ()"
X/(t) — _Z'e—’iHlul(t)HOeiHlul(t)X(t) = 4 Z 1

k=0
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Thus, working with X , it is easier to quantify the expansion of the solution with respect
to the primitives of the control and not with respect to the control u. This idea was
introduced in [25] and later used in [9) [I6] for the Schrédinger equation. It was also used
in finite dimension in [7] to study the quadratic behavior of differential systems or in [4] to
give refined error estimates for various expansions of scalar-input afﬁne~control systems.

By the Duhamel formula, the solution of the auxiliary system with X (0) = ¢ satisfies

+oo
X(t) = Xq(t) — i /0 emiHo(t=r) N AT _““ b (Ho)X (7)dr. (63)
k=1

Then, the linear term X L, the quadratic term )N(Q and the cubic term X¢ of the expansion
of X around the trajectory (Xi,u = 0) are given by,

Xi(t) = - /te_iHO(t_T)U1(T) adjy, (Ho) X1 (7)dr, (64)
0
iuq ()2
12

Xo(t) = /0 t e~ tHo(t=7) <—u1(r) adly, (Ho)X (1) + ad%h(Ho)Xl(T)> dr, (65)

Xo(t) = /0 e~ Ho(t=7) ( — () ad}y, (Ho) Xo(7)

L) (Ho) X w(r)’
5 ad, (Ho)X(r) + == ady, (Ho)Xa(7) ) dr. (66)

First-order term. Using , the linear term along the lost direction is given by
~ . T .
(XL(T), ore™™T) = (A = M) (Higr, SOK>/ uy () g = o, (67)
0

under 1} The K-th direction is also lost at the first order for the auxiliary system.

Second-order term. Substituting the explicit form of X into , the quadratic term
along the lost direction is given by,

_ T ' T t R
<XQ (T), pKe z)\1T> ZAK / u (t)2el()\K—)\1)(t—T) dt + / Uy (t) / Uy (T)k(t, T)det,
0 0 0

(68)
where
p
A A +)\K
Af = <adH1(Ho P1. oK)= < ! ) (Hyo1,05) (Hi0k, 05),
7j=1
= Z Y(Aj — Ak ) (Hie1, ¢5) (Hiok, ¢j)e i (T=t)+Ax (t=T)+M (T—7)) (69)

Jj=1

To identify the leading quadratic term, one can compute integrations by parts to get, for
all n € N*, the existence of a quadratic form @Q,, on C?" such that

(Xq(T), pree”™T) = Z Am/ iy (1) 261 AR AT gy

T t )
v / (1) / ()OO0 (t, 7V drdt + Qn (ua(T), .. un(T), .. ), (70)
0 0
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where, for allm =2,...,n,

T
ap, ::/ un(T)aflag_lk(T,T)dT,
0

p

. A+ A — -

R=) <Aj - 121() Ak =A™y = )™ (Hien, 95) (Hipks 95)-
i=1

To see more details about this kind of computations, the reader can for example refer to
[8, Section 3.3] or [16], Section 2.2 and 5]. To identify the leading quadratic term, one must
know which coefficient A’} is the first not to vanish. From now on, we assume that

AL, =A% =0 and A% #0. (Hyuad)

This choice is explained later in Remark Then, using for n = 3 and Cauchy-
Schwarz inequality, under 1) one gets that

(Ko@) T)| = O (Jlusl 2201y + lua(T)P + [us(T)) (71)

Thus, provided that the boundary terms can be neglected, the leading quadratic term of
the expansion along the lost direction is fOT us(t)?dt.

Third-order term. Substituting the explicit forms and of X, and )N(Q into ,

the cubic term along the lost direction is given by,

(Xo(T), prce™™T) = é<ad§{1(Ho)<P1,SOK>/ wuy (t)3e A=A ET) gy
0

T t T t
+ /0 uy (t)? /O wy (7)ha (¢, 7)drdt + /O uy (t) /0 wy (7)%ha(t, 7)drdt

n /0 ") /0 () /0 " () (t, 7, s)dsdrdt,

where the cubic kernels are given by

. P

7 ¢ i — i(T— —T

hi(t,7) = 52()\3'—)\1)<H1<P1790j><ad12r{1(ﬂo)¢1(,¢j>€ Cr@=D 2 (r=0+0(T=) - (72)
j=1

. i <& .

ha(t, ) := 5 > Ak = M) (Hipk, @) (addy, (Ho)pr, @) A 0T r=0+0T=m) - (73)
j=1

p p

ha(t,m8) = > (Ak = X)) (A1 = M) (An — X)) (Hio1, on) (Hipn, @) (H1 0K, 05)
j=1n=1

« ez()\K(t T)4+X;(7=t)+ X1 (T—s)+An(s— 7')) (74)

For the Schrodinger PDE , computing formally the Lie bracket, one gets that ad (1) =
0 for all . Thus, to have a toy-model fitting the PDE, from now on we assume that

(ad}y, (Ho)e1, o) = 0. (75)

Then, the cubic term along the lost direction behaves as
~ . T t A~
(Xo(T), peMT) = / uy (t)2/ up(7)hy(t, 7)drdt
0 0

T t A
—I—/O ul(t)/o u1(7)2h2(t,7)d7dt+(9(||u1]|%1(07T)). (76)
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The last cubic term is neglected in front of the other two in an asymptotic of small-time,
and thus, is seen as a small pollution.

Error estimate on the expansion. With a similar proof as in [16, Prop. 2.5], one can
compute the following error estimate,

I(X = X1 — Xp — X - Xo)(T)]| = Ollurl2a0.1)- (77)

Remark 3.3 (About assumption ) When holds, the equality gives that
in an asymptotic of small-time, the leading cubic term is fOT u (t)2us(t)dt.

o If instead of , we assume that fl}( # 0, by , the leading quadratic term
is fOT u(t)2dt. Thus, for controls small in W~=5% the quadratic term prevails on
the cubic term and is not W1 Thus, one must at least assume that
Al =0.

e If, instead of , we assume that A}( =0 and A%( # 0, then with n = 2
gives that the leading quadratic term is fOT ug(t)?dt. However, the cubic term
can’t absorb simultaneously such a quadratic term and the quartic term as by
Cauchy-Schwarz inequality, one has

T T
< / u2(t)2dt/ uy (t)dt.
0 0

To overcome this issue, one could try to prove a sharper error estimate than .
Instead of doing this, we assume li so that the leading quadratic term is

given by fOT u3(t)?dt. This time, the cubic term can handle simultaneously such a
quadratic term and the terms of order higher than four.

2

T
/ s (£) 2 (£)
0

To sum up, the goal of this section is to prove the following result.

Theorem 3.4. Let Hy and Hy satisfying 1} 1) , and 1) (defined below).

Then, the Schrodinger ODE is H2-STLC around the ground state: for all T > 0, for
all p > 0, there exists 6 > 0 such that for every Xy € CP with || Xy — X1(T)|| < 9, there
exists u € HZ((0,T),R) with ||u”Hg(0,T) < n such that the solution X of satisfies

X(T; u, 1) = Xy.

3.4.3. Proof that the vector ipk is a small-time Hg-contz'nuously approximately reachable
vector. Working in two stages as for the polynomial toy-models and , we prove
that i@k is a small-time Hg-continuously approximately reachable vector associated with
vector variations =(7T) = i X (T).

e First, the computations of Section|3.4.2|entail the existence of a family of oscillating
controls (up)per arbitrary small in HZ(0,T) such that

(X(T; up, ¢1), X (T)) = ib+ O(|b|*T31)  when b — 0. (78)
e Then, we make sure that
IPX(T; up, 1) — X1(T)]| = O(Jb|1+10), (79)

where we recall that P denotes the orthogonal projection on H.
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Step 1: Using oscillating controls along the lost direction. Define, for b € R*,

ub(t)—sign(b)yby471¢<3)< t4> with ¢ € C2°(0,1) s. t. /1¢”(0)2¢’(9)d6— ! , (80)
b1t 0 C

| |41 K

with Cx = ﬁl(0,0) — iLQ(0,0) where hy and hsy are defined in and . To ensure
that ¢ exists, one must assume that

A~

C K 75 0. (chb)
First, the same estimate as gives that the controls are arbitrary small in Hg and the
map b — up can be extended continuously from R to Hg(O,T). Moreover, substituting

these controls into , , and , the same computations as for lead to

. 1 91 ~
(X (T wpy 1) e ™T) = b / ¢"(60,)? / & (02)001 (bl 7501, bl 02)d0do),
0 0

+ b/o1 ¢"(61) /061 & (02)2ha(b|31 60y, |b]31 62)dB2d6; + O(|b|Far).
Performing the expansion of the kernels h1 and hy when b goes to zero, one has
(X(T; w, o1), e ™T) = iCich /0 ¢(0)2/(0)doei 10T 4 O (|| ),
which gives by construction of ¢ as X(T) = X (T) when uy(T) = 0 (see (61)).

Step 2: Correcting the linear components. Unlike for the previous polynomial toy-models,
it is not straightforward to make sure that holds. Thus, in a second time, the linear
components of the solution are corrected using the STLC result on projection on H given in
Proposition This gives the existence of a control v, € HZ(T, 2T) such that the solution
of on [T, 2T] associated to the control v, and the initial condition X (7T; wup, 1) at
time T satisfies

PX(2T) = X1(2T)  with  [Jop||g2r0r) < CIX(T5 wp, 1) = Xa(T)[. - (81)

Then, is verified (for the final time 27"). However, one needs to check that which
holds at time 7" thanks to Step 1, still holds at time 27" and has not been destroyed by
the linear correction. Thus, one needs to check that

(X (2T), Xie(21)) — (X(T), X (T))] = O(Jp|"+31). (82)

FEvolution of the solution along the lost direction. First, we prove that under (i one
has,
(X (2T), Xk (2T)) — (X(T), Xk (T))| < Cllval[71 7,07)- (83)

To that end, first notice that, using , under , one has,

Ve 0,T), (X(), Xic(t) = (X — X1 — Xp)(t), X (8)).
Besides, looking at and , X — X7 — Xy, is the solution of

(X — X1 — X)) = Hy(X — X1 — X1) —u(t)Hi (X — X1).
Thus, the Duhamel formula gives that the left-hand side of is estimated by

2T
/ o) (H (X — X1)(8), orc)e K CT=0gy

T
< Cllvellpirory sup (X = X1)(@)[. (84)
te[T,2T]
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Moreover, writing the Duhamel formula for the equation satisfied by X — X, one gets
similarly that

sup [|(X = X1)(0)[| < Cllvellpr(rory sup [ X(@)]]- (85)
te[T,2T) te[T,2T)]

Besides, taking the scalar product of with X and then the imaginary part of the
corresponding equality, one gets that the norm of X is preserved. Thus, putting together
all these estimates, one gets .

Estimate on the end-point of the solution at time T'. Thus, to prove , using and
, it is enough to prove that

1X(T; w, g1) — Xa(T)|? = O(p|"+ 1), (86)

that is, we need to estimate the error on the linear part of the solution when using the
oscillating controls . Notice that by the Duhamel formula, as in (85)), a straightforward
estimate is given by

11
1X(T5 up, 1) = Xa(T)|| < Cllusl[ 10,7y = O([b]T),

by definition of the family (up)per. This is not enough to prove . One can compute
a sharper estimate by writing instead that

[ X (T wp, 1) = Xo (D) < [ XL(T5 wp, @1)l| + (X = X0 = Xp)(T5 we, 1)l (87)
Moreover, using the estimate given in [16, Prop. 2.6], one has
26
(X = X1 = X)(T; up, o)l < CllualZeo) = OB, (88)
looking at . Moreover, looking at the explicit computations given in , the linear
part is estimated by

| XL(T; up, 1) < C max

T
/ ub(t)ei()‘j—)\l)(t—T)dt‘ . (89)
J=1...p|Jo

Besides, for every j = 2, ..., p, performing three integrations by parts as u1(T") = ua(7T) =
uz(T) = 0, one has

T T
/ ub(t)ei(’\jAl)(tT)dt’:’()\j—/\l)?’ / W,(t)eiwM)(tT)dt‘:(f)(ybyi?) (90)
0 0

looking at . Notice that this also holds for 7 = 1 because in this case, the left hand-side
is equal to u1(7T) = 0. Therefore, , , , lead to

23
[ X(T5 up, 1) — X2 (T)[| = O([p[ar),
which gives concluding Step 2.

3.4.4. Proof that the vector pi is a small-time Hg-continuously approzimately reachable
vector. As for the polynomial toy-model , the second approximately reachable vector
is built from the first one in a way inspired by the work [40, Th. 6]. To that end, denote
by (up)per the control variations associated with ipg constructed in Section m The
goal is to prove that for every b, c € R small enough,

X (3T; wp#0pg 11 #ue, 1) = X1(3T) + (ice? O =0T i) X1 (3T) + O(|(b, ¢)[F31). (91)
Thus, for all T' € (0, M), taking ¢ = _W.m and b = —ccos(2(Ag — A\1)T),
this provides a family of controls (vqy)acr such that when « goes to zero,

X(3T; va, ¢1) = Xa(3T) + aX(3T) + O(Ja|'*47)  with |[vall20.57) < Clo|Tr.
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This will give that ¢ is a small-time H3-continuously approximately reachable vector
associated with vector variations Z(T') = Xk (T'). So, it remains to prove (91). First, by
construction of the family (up)per, one has

X(T5 w, 1) = X1(T) + bXx(T) + O(bFa1)  with s 0.7y < CIoJ31.
Then, on [T, 2T], no control is activated, so,
X2T; wy#0p1y, 1) = e M7 X(T; wp, 1) = X1(2T) + ibX g (2T) + O(|b|'+1).
Moreover, using the semi-group property of the equation, one has

X(3T; up#0p0 y#fuc, ©1) = X (T ue, X(2T5 wp#0p,17, ©1))- (92)

Besides, using Gronwall Lemma, one proves the existence of C' > 0 such that for all 7 > 0,
p € R® with ||p|| < 1 and u € HZ(0,T) with lullgz <1,

IX(T5 u, Xu1(7) +p) = X(T5 u, r)e”™7 — e Tp|| < Cllull 20,1y 19l (93)

The proof is left to the reader but one can refer to Proposition [£.4] for a similar proof for
1

the Schrodinger PDE. Taking u = u., 7 = 2T and py = ibX (2T) + O(|b]'T41), one gets

that |lucllg20,m)llpoll = (’)(\c]ﬁ|b|). Moreover, by construction of (u.),

X(T; e, ¢1) = X1(T) + icX g (T) + O] Tar).
Thus, using , becomes
X (3T; w0 m#tue, ¢1) = X1(3T) + ieX g (T)e M7 1 ib X (3T) + O(|b, ¢ +37),
which concludes the proof of .

3.4.5. Towards the Schrodinger PDE. Let us state here the main difficulties we are going
to face for the Schrédinger PDE (|1)) compared to the ODE .

e In Section[5] the computations of the expansion of the solution will be quite similar.
The only difference is that the kernels will be defined as function series. Thus, the
regularity and boundness of such kernels needed to perform integrations by parts
will not be straightforward but will stem from (Hyeg).

e The main difficulty for the PDE will be to prove that i@ is a Hg—continuously
approximately reachable vector (the second approximately reachable vector will be
deduced from the first with the same proof). Using the same oscillating controls
as for the ODE, we will have similarly that

(W(T; up, 1), (T)) = ib+ O(Jb| 1), (94)

Then, contrary to the finite dimensional case, we will need to correct an infinite
number of linear directions. This will also be done using the STLC in projection
on H to get the existence of v, € HZ(T,2T) such that

P(2T) = 11 (27).

The core of the paper is to prove that such a linear correction didn’t destroy the
work in . This is done using two ingredients.

— The STLC result in projection provides an estimate, in finite dimension,
on the linear control by the data to be reached. For the Schrédinger PDE, the
classical estimate giving that the L?-norm of the control is estimated by the
data to be controlled in the H ?0)—n0rm is not sharp enough. The whole work
of [15] has consisted in establishing sharper (and simultaneous) estimates on
the control to make this step work.
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— Also, in finite dimension, the evolution of the solution along the lost dimension
is estimated by the L'-norm of the linear control. Once again, this will
not be sharp enough for the Schrédinger PDE. That is why in Section we
quantify more precisely the evolution of the solution along the lost direction.

4. WELL-POSEDNESS AND STLC OF THE SCHRODINGER EQUATION

4.1. Well-posedness of the Schrodinger equation. In this section, we recall the result
given in [I5, Theorem 2.1] about the existence and uniqueness of the solution of the
following Cauchy problem, stressing the link between the regularity of the solution and
the boundary conditions on the dipolar moment u,

0 (t, w) = —02(t, ) — u() (@) (t, @) — f(t,2), ( z) € (0,T) x (0,1),

'¢(t70) = w(ta 1) =0, ( )’ (95)
¢(Oax) = w0($)7 ( ) )
Theorem 4.1. Let T > 0, (p,k) € N2, u € HQ(p+k)+3((0 1),R) with p2+D(0) =
pCrt(1) =0 for alln = 0,....p— 1, u € H¥(0,T),R), 1 € H((§§’+k)+3(0,1) and

f € HE(0,T), H*+3 N H(2p)+1(0 1)). There ezists a unique solution of (95), that is a

function 1 € C*([0,T], H(Q(%H(O 1)) with (T') in H(Q(](§0+k)+3(0, 1) such that the following

equality holds in H p+3 for every t € [0,T1]:

wlt) = a1 [ AT (urp(r) + F(r) dr
0

Moreover, for every R > 0, there exists C = C(T, i, R) > 0 such that if HUHH(’)“(O,T) <R,
then this solution satisfies

W(T)HH%;MH& WHck([o,T],H(Qg’)+3) <C <H¢OHH<20()"+’“)+3 + HfHHk((o,T),H2p+3mH(2(g“)> .

We will sometimes write ¢(+; u, 1g) to denote the solution of (1)) associated with control
u and initial data 1y when we will need to keep track of such a dependency.

Remark 4.2. Notice that when y satisfies (H,eg), the multiplication operators
o =, (96)
© = %y acR, (97)
maps continuously H (70) and H'NH (50) into H" N H (50) but does not map continuously H (70)

into H (70). Moreover, the operator
o =2+, (98)
maps continuously H” N H, (50) into HS N H (30) and the operator
o = (99)

maps continuously H' N H, (5) into H' N H (50) Indeed, for , Leibniz formula gives for
n=20,1,2,

" /2n
(2n) _ (2k (2n—2k) (2k+1) (2n—2k—1)
(ho) kzo <2k> '+ Z <2k: + 1) ? '

Thus, if ¢ € H(70), for all n = 0,1, 2, (,ucp)@") vanishes at x = 0,1 because for all k& €

{0,...,n}, =28 does and for all k € {0,...,n — 1}, u®**t1) does. This gives the
continuity of . Notice that one can’t go higher as for (,ugo)(ﬁ), in the sum, the term
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1)’ doesn’t vanish at 0 and 1. The other continuities are proved the same. These
continuities will be the key to prove the well-posedness of the equations considered in the
following (see Remark [4.3] Sections [5.2] and [5.3).

Remark 4.3. Thanks to Remark n on . from Theorem {4.1| with p = k = 2, one
deduces that, when 1 satisfies (Hyeg), for every ¢ € HH, peC ([O,T], HZ)) and u,v €

HZ(0,T), the Schrodinger equation

P(t,0) = (¢, 1) =0, te(0,7),

P(0,z) = 1o (), z€(0,1).
admits a unique solution 1 € C2([0, T, H(7 )(0, 1)) with (7)) in H(IOI)(O7 1). Moreover, for
every R > 0, there exists C = C(T, u, R) > 0 such that if HUHHS(O,T < R, this solution
satisfies

1O g2e s Mllozqo,r),a

0 C (ol gy, + 0l mz0m) 19 lcoiry.g, ) - (100)

This will be the regularity on solutions used in all this paper.

(0))

4.2. Dependency of the solution with respect to the initial condition. From the
well-posedness result given in Theorem 4.1} one can deduce the following result about the
dependency of the solution of with respect to the initial condition.

Proposition 4.4. Let T' > 0, p satisfying (Hyeg) and 1o € H(lol) (0,1) and 7 € R. For all
R > 0, there exists C = C(T, u, R) > 0 such that for allu € HZ(0,T) with lull 20,1y < R
one has

[T w1 () +200) = U(T5 u, )e™7 — e Ao g < Cllull gz o 1ol

Proof. Define, for all t € [0,T], A(t) := (t; u, 11(7)+1o) —V(t; u, @1)e M7 — ety
Notice that A is the solution of,

10N = —O2A — u(t)p(@) A — u(t)p(a)e "y,
with Dirichlet conditions and A(0,-) = 0. Therefore, Remark gives the existence of
C > 0 such that

= Cllullmz 0,1 %ol s -

| At
||A(T)HH(11 CHUHH20T e ¢0ch ([0.T),H,) 0

O

4.3. Controllability in projection by the linear test with simultaneous esti-
mates. In this section, we recall the local controllability result in projection by the linear
test given in [I5] as it will be useful in this paper. To that end, we introduce the following
notations: if J is a subset of N*, we define the space H := Spanc (¢;, j € J) and the
orthogonal projection on H given by P;(v)) = — > (¥, ;)¢; for all ¢ € L?(0,1).

2

Theorem 4.5. Let (p,k) € N> with p >k, J a subset of N* and p € H>P+F)+3((0,1),R)
such that p®* ) (0) = (1) =0 for alln =0,...,p—1 and

there exists a constant ¢ > 0 such that for all j € J,  [(ue1,¢5)| > ]2;+3 (101)
Then, the Schrodinger equation is STLC in projection around the ground state with
controls in Hy'(To,T) and targets H(20()p+m)+3 for every m € {0,...,k} with the same

control map.
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More precisely, for all initial time Ty > 0 and final time T > Ty, there exists C, 6 > 0 and
aC'- -map FTO T QTO X Qp — HO((T(),T), ) where

={YpeSN H(O(f* RF3. g — Pi(To)ll, i < 5}, (102)
sw:wweﬂmﬂ%” g =By D) e <8, (103)

such that T'ry 7(11(To),¥1(T)) = 0 and for every (1o,f) € Qr, x Qr, the solution of
on [Ty, T| with control u := 'y 7(vo,vy) and initial condition vy at t =Ty satisfies

Py ((T)) = ¥y, (104)
with the following boundary conditions on the control

where here (up)nen denotes the iterated primitives of u vanishing at Ty. Besides, for all
m in {—(k+1),...,k}, the following estimates hold

lull e 1,7y < C <H¢o - ¢1(TO)HH(2(§)1)+m>+s + by — IP’J%(T)HH%;M)%) : (106)

5. ERROR ESTIMATES ON THE EXPANSION OF THE SOLUTION

The goal of this section is to compute the power series expansion of the solution v of
the Schrodinger equation up to order 3 with a sharp error estimate, as it is the key to
prove Theorem In all this section, if not mentioned, we will work with controls u at
least in HZ(0,T) and with a dipolar moment u satisfying (Hyeg)-

5.1. Formal expansion of the solution. Formally, expanding the solution of around
the trajectory (¢1,u = 0),

e the first-order term ¥ of the expansion of %) is solution of,

1000 = ~020 — u(t)u(e) (1, ),

U(t,0)="(t1) =0, (107)
U(0,2) =0,
which can be explicitly computed as,
~+00 t A
D=3 (o) [ wme® i), teoTl (o)
j=1 0

e The second-order term £ of the expansion of v is solution of,
106 = —03€ —u(t)p(z)¥(t,z),
£(t,0) =¢(t,1) =0, (109)
5(07 x) = 07

e and the third-order term ( of the expansion of v is solution of,

D¢ = —02C — u(t (@)t ),

¢(t,0) =¢(t,1) =0, (110)

¢(0,z) =0.
The goal of this section is to quantify in which way the following expansion holds rigorously
PP+ UL (111)

Such expansion will be studied under the following asymptotic.

Definition 5.1. Given two scalar quantities A(T,u) and B(T, u), we will write A(T,u) =
O (B(T,w)) if there exists C,T* > 0 such that for any 7" € (0,7), there exists n > 0 such
that for all u € H3(0,T) with lull 20,7y <, we have [A(T, u)| < C|B(T,u)].
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Thus, the notation O refers to the convergence |[u|| z2(o,7) — 0 and holds uniformly with
respect to the final time on a small time interval [0,7%]. All estimates will be computed
under this asymptotic as the goal stated in Theorem is prove Hg—STLC.

But first, before computing any estimate, we state a Well-posedness result about all the
equations considered, which directly stems from Remark 4.3]

Proposition 5.2. Let u satisfying (Hyeg) and u in HZ((0,T),R). Then, there ezists a
unique solution ¢ (resp. ¥, & and ¢) of (A) (resp. (107), cmd .) belonging to
Cz([O,T],HZO)(O,l)) with ’(/J(T) (resp. U(T'), &(T') and ((T')) in H11 (0 1). Moreover, the
following estimate holds,

=0(1). (112)

1 lle2(o,m1,m7, )

5.2. An auxiliary system. Our goal is to prove that when p satisfies , (Hquaa) and
(Heup), the leading term of the solution v of the Schrodinger equation (1)) along the lost di-
rection is namely the cubic term fOT u1 (t)?ug(t)dt in the asymptotic given in Definition
Thus, we seek to prove that such a cubic term can absorb both the quadratic term and the
terms of order higher than four. Therefore, classical error estimates on the expansion
involving the L2-norm of the control u are not sharp enough because can’t be absorbed
by such a cubic term. As in Section [3.4.2] one can compute sharper estimates, involving
rather the L?-norm of the time primitive u; of the control u by introducing the new state

O(t, ) =Pt x)e MO (¢ ) e [0,T] x [0, 1]. (113)

This new state satisfies the following equation, called the auxiliary system

10y = — 0% — iy (£) (20 (2)0at) + " () ) + ua (£)?4 ()4,
Y(t,0) = (¢, 1) =0, (114)
$(0,2) = 1.

Proposition 5.3. Let u satisfying (Hyeg) and uy in H3((0,T),R). There exists a unique
solution  of (114)) in C%([0,T],H™ N H(E’O)), which satisfies

1llea o arnmg, ) = © (1) (115)
Moreover, the following equality holds in H(E’O)(O, 1) for every t € [0,T],

Y(t) = Pa(t) - / e HAUT) (Ul(T) (2102 + ") O(7) + iul(T)Qu'z{ﬂv(T)) dr.  (116)

0

To prove ([116]), we need to recall the following smoothing effect first proved in [6] and
then generalized in [15].

Proposition 5.4. Let (p,k) € N2. There exists a non-decreasing function C : [0, +00) —

(0,+00) such that for all T > 0 and for all f € HE((0,T), H*¥+3 0 H1(0,1)), the

function G : t — t e A=) £(7)dr belongs to C*([0,T ,HZ‘DJr3 0,1)) with the following
(0)

estimate,
||G‘|Ck([O,T],H(2(§’)+3) < CHf||H’€((O,T),H2P+3mH(2(§7)+1)' (117)

Remark 5.5. Because of the term ax{/? in , up to now, the well-posedness of the
auxiliary system is only understood through its link with the Schrédinger equation
and is not proved directly using for example a fixed-point argument on the formulation
(114]). However, one needs to be very careful: the multiplication by the exponential factor
preserves the regularity but not the boundary conditions of . More precisely,
the continuity of the operators given in Remark is the key to know which boundary
conditions can be deduced for the auxiliary system from the Schrédinger equation and
which can’t.
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Proof of Proposition[5.3. Regularity. By Proposition [5.2] under these hypotheses, the so-
lution ¢ of the Schrodlnger equation (1)) is C?([0,T], H (70)) Thus, from the continuity

given in Remark on (97), the function ¢ defined by (T13) is C2( 0,T),H" N H (50))
Moreover, (|115| follows frorn .

Equation. For this regularity, the Schrédinger equation is satisfied for every t in H (50).
Thus, computations prove that (114)) holds for every ¢ in H°N H (30) using Remark H with

and .

Uniqueness. For every function J satisfying the first equation of ([114)) for every t € [0, 7]
in HHNH ?0), an energy estimate proves that its L?-norm is preserved. This implies the

uniqueness for solutions in C2([0, T), H' N H, (50)) (see [16, Prop. 4.6 and 4.7] for more details

on such an energy estimate).

Weak formulation. Denote by 1 the right-hand side of (116). The continuity of
and stated in Remark imply that the functions integrated in the definition of
belong to H3((0,T), H? OH(O)). Thus, the smoothing effect stated in Propositionﬂwith

(p,k) = (1,2) entails that ¢ belongs to CQ([O,T],HE’O)). Moreover, computations proves

that 1& satisfies (114) for every ¢t € [0,T] in H> N H, (30). Thus, the uniqueness allows to
prove (|116]). O

5.3. Computation of the expansion of the auxiliary system. One can compute by
hand the expansion of the solution 9 of the auxiliary system (114} around the ground
state, up to order 3.

First-order term. The linearized system of (114)) around the trajectory (¢1,u = 0) is given
by

10,0 = —02W — duy (t) (2 Outpr + " 4h1) ,
U(t,0) = W(t,1) =0, (118)
U(0,z) =0.

Linearizing (113)), U is also given by,
B(t) = W(t) — iun (D (1), € [0,7], (119)

where U is the solution of (107)). Recall that by Proposmon ¥ belongs to C2([0, T, (0))

Thus, using the continuity of (96 . given in Remark [4.2] and (119)) entail that v belongs to
C%([0,T],H" N H(50)). As before, using Proposition [5.4 With (p, k) = (1,0), the following
equality holds in H (50)(0, 1) for every ¢ € [0,T],

U(t) = —/0 e~ Ay () (20 0ptr (1) + 1"y (7)) dir, (120)

and moreover, the following estimate holds
||‘I’||CO 0.7],H{, (0,1)) = o (HU1||L2(0,T)) . (121)

Moreover, the solution of (118)) can be computed explicitly as

OEDY ((/\j — A1) <N<P1790j>/0 U1(T)6’(A1A1)Td7> b(t), tel0,T]. (122)

j=1
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Second-order term. The second-order term of the expansion of (114]) around the ground
state is the solution of

10:€ = =02 — i (1) (200, W + W) + un (824,

£(t,0) = ¢&(t,1) =0, (123)
£(0,z) =0.
Identifying the second order terms in (113)), 5 can also be given by,
Pt ui (t)°

&) = £() — im (Db () + 120 (1), (124)

2
Thus, from the regularity of £ given in Proposition on ¥ and the continuity of the
operators given in Remark ¢ is in C%([0,7],H" N H(E’O)). Moreover, the following
equality holds in H (50)(0, 1) for every ¢ € [0,T],

() =— /Ot e~ iAlE=T) [ul(T) (2;/827&1(7') + p"\i(T)) + iy (1) 1y (7‘)] dr. (125)

As all the integrated terms belongs for 7 fixed to H (30), by Remark the triangular

inequality together with the fact that for every s € R, €*4 is an isometry from H 5’0) to

H 5’0), gives that

||g”00([0,T],H<30>(0,1)) =0 <HU1||L1\|E’\|CO([07T1,H30)) + HU1||%2) = O (Jlwlf2) (126)

using (121). Besides, substituting the explicit form of ¥ given in (122) into (125), the
solution can be explicitly computed as

£(t) = —iio ((//2901780]) /Otm(T)%i(A]’_deT) Y;(t)
j=1
—i—:i </0t u(T) /OT Ul(S)Equad’j(T, s)drds> Pp;(t), (127)

where, for all j € N*, the quadratic kernel EquadJ is given by

+o0

kquadi (75 5) = > (A1 = An)(An — X)) (1101, @n) (1160, o) As A THAR=A0)) - (198)

n=1

Thanks to Remark u all the quadratic kernels Equad,j defined in (128) are bounded
in C*(R%,C). This regularity is the key to perform integrations by parts and reveal a
coercivity quantified by the H 3-norm of the control, as stated in the following result.

Lemma 5.6. If the control u € L?*(0,T) is such that ua(T) = u3(T) = 0, then, for all
J e N,
(€(T),v;(T)) = —Z'ZA?/ up(f)Qez(Aj_mtdtﬂL/ U3(75)/ u3(7)07 05 kquaa (¢, T)drdt.
e 0 0 0
(129)
Proof. Let j € N*. Thanks to (175]), the computations given in (127 give directly
&(T),v;(T)) = —iA}/ ul(t)QeZ()‘j)‘l)tdt—f—/ ul(t)/ U1 (T)kquad,j (t, 7)drdt. (130)
0

0 0
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Besides, for all m € N and H in C?(R?,C), if u,,41(T) = 0, integrations by parts lead to

/Omm(t) /Ot wn (T)H (1, 7)drdt = /OT g1 (1)2 (;CZ(H(t,t)) _ alf—f(t,t)> gt

T t
—|—/ um_H(t)/ Um+1(7)0102H (t, T)dTdt.
0 0

Therefore, ((129) is deduced from (130f) applying this equality successively for m = 1 and
H = kquaq,; and for m = 2 and H = 0102kquad,; and also noticing that

1d

\V/p - 2’ 3’ 5% <a€728§72%01uad,j(t7t)> - 8?716572%quad7j(t,t) = —iAi?ei(Aj_Al)t.

In particular, under (Hquaq), the quadratic term, along the lost direction, is given by

ET), 9 (T)) = —idd, / s (t) 2O 4 / us(t) / s ()3 Ot i (1, 7).
0 0 0

(131)
Thus, namely, the leading quadratic term along the lost direction of the expansion is given

by Jif us(t)?dt.

Third-order term. The third-order term of the expansion of (114]) around the ground state
is the solution of

i0C = —02C — iun (1) (20/0,E + 1'E) + ua (1),

Z(m 0) - g(ta 1) =0, (132)
¢(0,z) = 0.
As before, thanks to , the cubic term can also be given by
~ - 2 3
&0 = ¢ — im@uén) + 2w 10, rep (s

Thus, the cubic term Z belongs to C2([0,T], H” N H?, ). Moreover, the following equality

(0)
holds in H(50)(0, 1) for every ¢ € [0,T],

t ~ ~ ~
§(t) = - / e Ly (7) (20 0,E(r) + p'E(T) ) + i (72U (r) | dr, (134)
0
and the following estimate holds, using the triangular inequality

IClleoqozn e, @1 = © (Ialzo)) - (135)
Using the explicit computations of ¥ and 5 given in (122)) and (127)), one gets that the

third-order term is given by

—+00

. T t - T t _
¢(T) :Z<i /0 uy (1) /O uy (1) kg (t, 7)drdt + i /0 us (1) /0 w1 (7) kg 4 (t, T)drdt

J=1

_ /0 Tul(t) /O e /0 Tul(s)EgubJ(t, 7, s)dsdrdt)wj(T), (136)
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where the cubic kernels are given by

“+o00
Ko (£:7) =3 (A1 = An) {11, @) (1% 0, ip) !l Ra 7 An ) An=2)7] (137)
n=1
ke (7)) = (An = M) (01, o) (ipn, o)/l 7An)EF Cn =207, (138)
n=1
and
" +00 +o0
k'gub_] (t,7,s Z Z (A1 — = Ap)(Ap — Aj)
p=1n=1

X (P15 Pn) (1P, @p) (Hpp, ) e1N TR =An)7H(An=A1)s] - (130)

Thanks to Remark [L.1] the kernels k!, . and k2,  are bounded in C*(R?,C) and the
kernel k:g’ub’ ; is bounded in C'(R2%,C). Formally, in an asymptotic of small time, (136)

entails that the cubic term behaves as fOT ud( ) o(t)dt as kéubj( T) & kéub](0,0) for

i = 1,2 at first order and as the third term of (136)) is a higher order cubic term.

5.4. Sharp error estimates for the auxiliary system. The goal of this section is to
compute sharp error estimates on the expansion of the auxiliary system.

Proposition 5.7. If i satisfies (Hyeg ), then the following error estimates on the expansion
of the auxiliary system hold,

1 = = ¥l ooy 3, 01 = © (lutllFomy) (140)

19 — 1 — ¥ — € — (|l Lo (0.1).22(01)) = O <||U1H%2(O,T)> : (141)

Proof. Proof of the linear remainder. We have seen in Proposition that the following
equality holds in H (50) for all t € [0,T],

(6= 0)(®) = = [ A (an(r)@0s + ")) + (PP ) dr

0
where for 7 fixed, every term under this integral belongs to H> N H3 (0)° Thus, the triangular
inequality and the isometry of €'4% from H (30) to H3 0) for every s give,

% — 1]l oo 0,7, 12 (HU1||L1||¢||LOO (0.7),H,) + a2 1] oo OT)H(O)))

= O ([[ullr2), (142)

(o) ~

using estimate ((116)) on 1; Notice that, by Cauchy-Schwarz inequality, we indeed have
lluil|Lr = O(||uil|z2) as the definition of O given in Definition also means we work in
small time.

Proof of (140)). Using (116)) and ([120]), the following equality holds in H, (50) for all ¢t € [0, T,

(== 0)(0) =~ [ A (wn(r) (200, + ) (5 = n)() + dun (7))

0
Once again, for 7 fixed, every term belongs to H° N H ?0) thanks to Remark S0 using

once again the triangular inequality,
10 = 1 = Bl = O (luall = bl oy, + | 2lldll sz, ) = Ol 22),

using the estimate ((142)) on the linear remainder and estimate (116]) on 7,/}.
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Proof of cubic remainder. As before, in HEE’O),

(W — 1 — T —E)(t)
=- / AT (u(r) (200 + ") (@ = b1 = W) (7) + dua ()2 (0 = 1) (7) ) dr.

0

And thus, using the triangular inequality, (142) and (140)), one gets
1 =1 = = Ellorry = O (Juallpalld = 1 = Tl sz, + | Fel9 = ol oy, )
= O(J|lu][72). (143)

Proof of (141). Finally, in H(50),

(=t === 00) = = [ 0 (ua(r) 000+ 4) (=1 = ¥ = E)(7)
i (720 (@ = = )(7) ) dr

And thus, using (140 and (143)), one gets (141)). O

In a nutshell, when (Hyeg), (Hiin), (Hquada) and (Heu) are satisfied, for the expansion of
the auxiliary system along the lost direction,

e by , the leading quadratic term is given by fOT us(t)?dt,

e by (136)), the leading cubic term is given by fOT ug (t)2ug(t)dt,

e and by among every term of order higher than four, the leading term is given
by (Jif ua(t)?dt).

Therefore, in the asymptotic of controls small in H?, along the lost direction, the cubic
term prevails on the linear term (because it vanishes) but also on the quadratic term and
on the terms of order higher or equal than four. This is why, in the next proposition, we
state that along the lost direction, we only keep the dominant cubic term and all other
terms are seen as (small) pollution, the bigger pollution being given by the quadratic term.

Let us stress that, in another asymptotic on controls, for example, in the asymptotic of
controls small in H3, this does not hold any more: Gagliardo-Nirenberg inequalities prove
that the quadratic term prevails on the cubic term (and on the higher-order terms), and
thus one can deny H3-STLC using such a quadratic term as done in [16].

Corollary 5.8. Let u satisfying (Hreg), (Hiin), (Hquaa)- Letu € HZ(0,T) be a control such

that ug(T) = us(T) = 0. Then, the solution 1 of the auziliary system (114]) associated to
the initial condition @1 satisfies

~ T t ~
(B(T), i (T)) — i /0 us (1)? /O ur (7)Y e (1, 7)drdt

T t _
—i [ ) [ (Rt rrde = O (Juslso + o) - (144

where we recall that %iub, i and %zub, i are respectively defined by (137) and (138).

Proof. The computations (122), (131), (136) and the error estimate (141]) give that the
right-hand side of (144 is estimated by

O (Jlusl3z(o.z) + lulEs 0.z + Nutllhegory) -
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However, for every control u such that ua(T) = ug(T) = 0, integrations by parts and then
Cauchy-Schwarz inequality prove that
2

T
fuallls = ([ wOua(tit) < Cl Bl = Ollulig )
as we recall we work in the asymptotic of controls small in HZ (see Definition [5.1]). U

5.5. Sharp error estimates for the Schrédinger equation. From the expansion of
the auxiliary system, one can deduce sharp error estimates on the expansion of the solution
of the Schrodinger equation .

Proposition 5.9. Let pu satisfying (Hyeg). Then,
I = 1 = ¥l oy 20y = © (l1l3eor + (D), (145)

I = 1 = ¥ = € = Cllpm om0y = © (It + (DI . (146)

Proof. The proof of (145)) and (146]) are very similar. Thus, we only prove ({146]). Using all
the links (113]), (119)), (124) and (133]) between the expansions of the Schrodinger equation

and of the auxiliary system, one gets

(W — 1 — O —€—C)(T) = ™ DH(h —apy — T — €~ )(T) + (e T — 1)¢(T)
p uy (T)?

(" — 1 — iy (T)p)E(T) + (W 1 — iy (D) — =) W(T)
+ (e™ M 1 —juy (T — u1(2T)2M2 - 'U1(6T)3M3)¢1 (T).

The first term is estimated by [|u1[|7. thanks to the estimate (141]) on the auxiliary system.
Doing an expansion of e/“1(T)# the second term (resp. the third, fourth and fifth term)
is estimated by |uy(T)[[|¢(T) |2 (vesp. Jur (T)21E(T) |2, [ur(T)P[[€(T)] L2 and |ui (T)[?).
Then, estimates (121)), (126)) and (135 on ¥, £ and ¢ together with Young inequalities
lead to (|146)). O

To conclude on the error estimate of the expansion of the Schrodinger equation, one
needs to estimate the boundary term uq(7"). This can be done for specific motions of the
solution.

Lemma 5.10. For every u in H3(0,T) such that the solution of satisfies

((T5 u, @1),01) = (1(T), ¢1), (147)
then, the following estimate holds
0 (T)] = O (a0 - (148)

Proof. Thanks to the explicit computation of ¥ given in (108)), one gets
(W(T), 1) = (W1(T), 1) + ie=M (upr, o1)ur (T) + O (|| (¥ — 1 — ©) (T) || z2(0,1))

As (o1, ¢1) # 0 by (f]), assumption (147) together with the estimate (145]) of the quadratic
remainder lead to

(1) = O (Jlurla) + [ur(T))

By definition of O (see Definition , we work with controls arbitrary small in HZ, thus,
such estimate entails ((148)). O

Corollary 5.11. Let pu satisfying (Heg). Then, for every control u € H3(0,T) such that
the solution of satisfies (147)), the following estimate holds,

[ =1 =¥ =& = (Il Lo 0,1),22(0,1)) = O <HU1H%Q(O,T)> : (149)
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5.6. The non overlapping principle. In this paper, it is quite useful to use non over-
lapping controls as already seen in Section 3 Moreover, if v (resp. w) is a control defined
on (0,71) (resp. on (0,7%)), it would be every convenient to have

1/1(T1 +T27 v#w, SDI) - ¢<T17 v, 901) +¢(T2a w, Qol)a
where recall that the concatenation of two controls is defined in . However, it is not
the case. That is why, in the following section, we estimate precisely the evolution of the
solution along the lost direction, to then use it in Section [6] for non overlapping controls.

5.6.1. For the quadratic term.

Proposition 5.12. Let 0 < T < Ts. If p satisfies and (8)), then for all control u
in H2(0,Ty) such that uy(T1) = ua(Th) = uz(Th) = ua(T2) = uz(Tz) = 0, the solution of
(109) satisfies

[(E(To; u, 1), YK (T2)) — (€(Th; u, ¢1),Yr(T1))]
= O (llusl22q0,1y) + lur () w2 o7 + e (T2) 2) - (150)

Proof. Using the link with the auxiliary system ([124]) and the explicit form of U given in
(122)), one has, for every T € [0, T5],

~ T wi(T)? o
(ST 0T = @)= (D) [ Ok (Bt (1) O
where the quadratic kernel kqyaq,7 is given by,
400 ‘
kquad 7(t) = > (An = A1){101, 0n) (pispp, pn) € {On =20 Are =0T, (151)
n=1

Thus, if the control satisfies u1(71) = 0, then,

(E(T2), Vi (T2)) — (E(T1), ¥r (T1)) = (E(T2), Y (T2)) — (E(T1), e (T1))
T 2

Fur(Ty) [ (8 kquad.my (t)dt u(To)”

_ ei(}\K—Al)Tg.
0 2

(o1, 0K)

The first term of the right-hand side is estimated by O( ||U3H%2(0 T2)) using the explicit

computation of E given in . The second term of the right-hand side is naturally
estimated by O(Ju1(12)||lu1l[z1(0,7)) as the kernel is bounded. However, such estimate
will not be sharp enough to use in the sequel of this paper (and more precisely in the
proof of Proposition [6.2l Thus, one can compute a shaper estimate by performing one
integration by parts in the integral. This gives that the second term is estimated by
O(lur(T2)[lluzll L1 (0,1,)) noticing that k(.4 7, is still bounded thanks to Remark O

5.6.2. For the cubic term.

Proposition 5.13. Let 0 < Ty < Ty. For every control u in Hg((), T5) such that ua(Th) =
u2(T2) = 0, the solution of (132|) satisfies

(€T, v (1) = C(T), v (1))

=0 <”U1H?il(o,T2) + Hul“%2(T1,T2)HU’l”Ll(O,Tg) + HUJ?HL‘X’(TLTQ)HUIH%Q(O,TQ)> - (152)
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Proof. Using the explicit form of Zgiven in (136, one has,

~ - To t
T, b (To)) — (C(T0), v (T1)) = i / wn(1)? /O wr (7 g (£, 7)drdt

T

Ts t -
bi / wa(®) [ ua(r) R gt r)drde + 0 (sl o).
0

T

as the kernel %3 b i defined in is bounded in C°(R3,C). The first term of the right-
hand side is bounded by Hu1||L2 (T T2)||u1|\L1(07T2) as kéub’K is also bounded. Moreover, it
would seem natural to estimate the second term by ||u1HLl(Tl’TQ)Hu1||%2(0’T2). However, as
before, it would not provide an estimate sharp enough to use in the sequel of the work.

One can compute a sharper estimate by performing one integration by parts to get that
the second term of the right-hand side is bounded by,

1o

1> . t -
/ wn(t)uus (£ R e (1, £)dt + / us(?) / wr (72002, o (1, 7)dbdr
0

T1 Tl

= O (ljuzll oo, ) o oy )
as the kernel k2 b defined in is bounded in C*(R?,C). O

Proposition 5.14. Let 0 <1} < Ty. For every control u in Hg((], T5) such that ui(Th) =
uz(T1) = u2(T2) = 0, the solution of (L10|) satisfies

(C(T2), ¥ (T2)) — (C(Th), Y (T1))| = 0<||U1H?i1(o,T2) + w2y o el o,m)

il oyl |22 0.2 + o ()l 20 7, + (T (153)

Proof. Using the link with the auxiliary system (133]) and the explicit computations of T
and ¢ given in ((127) and ((136)), one gets, for all T' € [0, T3],

. T
(T, xc(T)) = ET), xe(T)) + s (T) / wr (12K (D)t

T t U 2 T
+ iy (T) /0 ua(t) /O ul(T)kgubj(t,T)det—lgT) /0 ur (kS (1)t

uy (T)°

- 6 <:u38017 ¢K>ei()\K_)\1)T7
where the cubic kernels are given by,
g i[(An—A e —An)T
Kl () = _ZZ 201, o) Wn,(pm/o iy () 26O AEH QAT g
+00 +o0
e (t7) = > (A = An) A = Ap) (101, ) (1o, ) (110, P
p=1n=1

% ei[()\pf/\n)tJr()\nf)\1)7+(/\K7)\p)T] 7

400
k3 (t) ==Y (An = A1) (o1, on) (1 pn, i ye'ln AR =AT],

n=1
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So, if the control satisfies u;(77) = 0, one gets

(C(T2), i (T)) — (C(T1), ¥ (Th)) = (C(T2), ¥ (T2)) — (C(Th), ¥ (T1))

Tz To t
+ zu1 T2 / u1 cub,Tg (t)dt + iul(Tg) / ul (t) / ul (T)kgub,Tg (t, T)det
0 0 0
Ul T2 2 LUl TQ 3 i _
(2)/0 1t )kcub Tg( )dt — i (6 ) <M3Q01,<PK>€ A —21)T>

From the estimate on the auxiliary system (152)) and the boundness of the kernels, one
deduces ([153)). O

From the behaviors of the quadratic and cubic terms given in ) and - from the
error estimate (149) and from the estimate (148) on the boundary term ui(T1), one can
deduce the following estimate.

Theorem 5.15. Let 0 < T < Ts, pu satisfying , @ and (8)). For every control u in
H?(0,T3) such that u1(Th) = uz(Ty) = uz(Ty) = ua(Th) = ua(Ta) = us(Tz) = 0, if the
solution of satisfies the specific motion (L47), then, one has

[(@(T2), ek (T2)) = (W(T2), 0re(T))] = O (Jlusll3ao, ) + 1 320,12l 20,12
+ ||U1H?i1(o,:r2) + HUIH%Q(Tl,Tg)Hul”Ll(O,Tg) + HU2HL°°(T1,T2)HUIH%Z(O,T2)>'

6. MOTIONS IN THE LOST DIRECTIONS

6.1. Motions in the lost directions +ipg. As for the bilinear toy-model , the
motions in the +ipg directions are done in two steps.

e First, we initiate the motion along +ipx by noticing that when p satisfies (Hyy,),
(Hquad) and (Hewn), along ipg, the solution is mainly driven by the cubic term

fo uq (t t)dt which enables us to move in both + and —ipg directions. This
work is done in Proposition [6.1] At this end of this first step, along the other
directions (¢;)jen-— {k}, the error is possibly ‘big’ (in a sense to precise).

e Then, this error is corrected using the exact local controllability in projection result
given in Theorem However, one needs to make sure that such ‘linear’ motions
don’t induce a too large error along g and preserve the work done in the first
step. This is done Proposition

Proposition 6.1. For all’T > 0, there exists C,p > 0 and a continuous map b — uy from
R to H3(0,T) such that,

Vb e (_pvp)7 ‘(w(Tv Up, @1)7¢K( > - Zb‘ C‘b‘l—i_“ (154)
Moreover, for all p € [1,+00] and k € Z, k > —3, there exists C > 0 such that,
L(7—4k+2)
Vo€ (=p.p),  luwllwreomr < Clb[* o (155)
and for all € € (0,3), there exists C > 0 such that for allb € (—p, p),
1 (10—dm—
HQ,Z)(T, Up, 901) - ¢1 (T)‘|H(25;l+7(0’1) < C|b| 41 (104 46)7 Vm = 737 s 72' (156)

Proof. Let T'> 0 and p € (0, T%). For all b € R*, we define the control wu; by,

t
Vi€ [0,T], up(t) = sign(b)[b| 316> <|b|4>
41

1
1
where ¢ C®(0,1) such that / §'(076(0)d0 = o, (157)
0
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where Ck is defined in (10]). Notice that for all b € (—p, p), up is supported on (0, |b\ﬁ) C
(0,7).

Size of the control. Let p € [1,400] and k € Z, k > —3. Recall that, if k is negative, we
still write u®) to denote u)y the |k|-th primitive of u. For k > 0, by Poincaré’s inequality,
there exists C' > 0 such that ||up| s, < C||uk)HLp. For k < 0, it holds by definition (2)
of the negative norms. Thus, by definition and performing the change of variables
t:|b|ﬁt97 one has, for all b € (—p,p), b # 0,

P o (T—4k) ,(3+k)
HubHWk,p(OT ¢ ’b|41 ¢
|b|41

< CH¢ 3+k)||Lp o1 |b|ﬁ(p 7—4k)+4).

P
dt

Continuity of the map b — up. The continuity from R* to Hg(O,T) directly stems from
the dominated convergence theorem. Moreover, the size estimate ((155) with £k = p = 2
gives the existence of C' > 0 such that,

1
Vb € (—p,p), b#0, HubHHg(o,T) < Clar.
Thus, the map b — up can be continuously extended at zero with ug = 0.

Ezxpansion of the solution. As ul( ) =20, by - the end-point of ¥ and w are the same.

Thus, it suffices to prove with 1/1 instead of ¥. Moreover, Corollary [5.8| gives the
following expansion of order 3 of the auxiliary system, when b goes to zero,

T3 s, o)D) =i [ [ (Rt )t

T ¢ ~
—i/ ul(t)/ ul(T)Qk‘?ub’K(t,T)det‘<C|b|%, (158)
0 0

as by (155)), one has the following estimates: Hu;))||L2 < C|b|% and [luq |3, C’|b|% Then,
substltutlng the exphClt form of the control ( and performlng the change of variables

(t,7) = (|b|ar i 61, \b[41 62), the two integral terms of are given by
s [ o002 [ 60 (0101, 50 050
0

/ QZ)” / Qb” 92 kcub K(‘Mﬁel’ |b|ﬁ92)d0201)

Expanding the kernels when b goes to zero, as they are both bounded in C!(R?, C), one
gets that (158) can be written as

- - ~ 1 42
]w(T; e 1), () — bR, 1(0.0) = R (0.0) | ¢"<9>2¢’<9>d0\ <o,

Moreover, looking at the definition of C, Eiub’ x and Egub, x given respectively in ,
and , one can notice that %iub’K(O, 0) — Efub,K(O, 0) = Ck. Thus, the previous
equality leads to by choice of ¢ given in (|157)).

Size of the end-point. Using the explicit form of ¥ given in , one gets,

T
190~ 61(Dlgon < | (w1 [ e )
(0) 0 o1

W =01 = WD) e, me {=3....,2} (150)
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Yet, for all j € N*, j > 2 and k € Z with k > —3, by integrations by parts (integrating u
when k£ < 0 or differentiating u when k > 0), one gets,

T .
/ up(t)e!Pi Mgy
0

T
— ‘()\] — )\1)_]“/ ul(yk)(t)ei(kj—h)tdt < C|)\] _ )\1|—k:|b|ﬁ(11—4k)7
0

(160)
using estimates with p = 1. This also holds for j = 1 as u1(7') = 0. By interpolation,
such estimates hold for all j € N* and k € [—3,3] with a uniform constant with respect
to k. Let ¢ € (0,3/4) and m € {-3,...,2}. Taking k = e +m+ 1 € [-3,3] in (T60),
summing over j € N* and using Remark to estimate the coefficients ({11, ;) jen+,
one gets

T oo 1/2
H <</~L<P17 ©;) / ub(t)ei(AjM)(tT)dt> <C Z — |b|4*11(1074m745)‘
0 h27n+7(N*) ]:1
(161)
Moreover, [15, Proposition 4.5] gives the existence of C' > 0 such that for allm = —3,...,2,

A(10—4m
1 = ¥ = O)Dllyzzesr < Cllusllmomy w207y < CloTH, (162)

using (155 to estimate the size of the controls. Then, (159)), (161 and (162) lead to
(156]). O

Proposition 6.2. The vector ipi is a small-time Hg-continuously approrimately reach-
able vector associated with vector variations Z(T) = ithi (T'). More precisely, for allT > 0,
there exists C,p > 0 and a continuous map b — wy from R to HOQ(O, T) such that,

. 1
Yo € (=p.p), AT wy, 1) = 1(T) = b%x (D)l g 0,1) < Clb|**s2, (163)
with the following size estimate on the family of controls,
1
[ws|[ 20,7y < C10]37. (164)

Proof. Definition of the control. Let 0 < T7 < T. To move along the +ipg directions, we
use non overlapping controls. More precisely, we define, for all b € R,
wy = uplo ) + ve iy 17, (165)

where (up)per is the family of controls defined on [0, 7] constructed in Proposition
and

vy := Ty 7 (Y(T15 we, 91),91(T)),
where I'r, 7 is the control operator constructed in Theorem with J = N* — {K} and
(p. k) =(2,2).
Size of the controls. Because we use non overlapping controls, for all b € R,

1
lwsll 20,1y = llusll 20,10y + Vel 2oy ) < CIOIT + [lopll g2y 1) (166)

using the size estimate (155]) on the family (up)per with p = k = 2. On [T1,T], using the
linear estimates (106) on I'ry 7 and the estimates ((156|) on the end-point of the solution at

time 77, for all € € (0, %), one gets the existence of C' > 0, such that for all b small enough
and for all m € {-3,...,2},

1 (10—dm—
ool gy < T35 s 91) = 62Tl gagn oy < CIIBIOm190 - (167)

Taking € < i, estimate (167) with m = 2 and (166|) imply (164).
Motion along ik . By construction of I'ry 7 (see (104))), we already know that

P(T; wy, 1) = 91(T) = P (u(T) + ibipx (T))
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where P denotes the orthogonal projection on Spanc (¢j, j € N* — {K}). Thus, to prove
(163]), it only remains to prove that
. 1
(T wp, 1), $re(T)) = ib] < Clpf" 52 (168)
By definition of (up)per, one already has that

((T1; up, 1), bx(Th)) — ib] < CJb[ 7t

Thus, it remains to prove that the linear correction used on the time interval [77, 7] didn’t
destroy such an estimate, and more precisely, to prove that

1
((Ts wy, 1), k(1)) = (B(T1; wy, 1), ¥ (T))] < Clo| 52
By Theorem the left-hand side is estimated by

O (llwslZ o,z + lewtl3ao.m el o

Fllwillaom) + 101l Z2er mylwillLior + ||U2HL°<J(T1,T)||w1||%2(o,T)>- (169)

Thus, it remains to prove that the estimates (155)) on (up)per and (167]) on (vp)per are sharp

enough so that the previous quantity can be neglected in front of \b]Hs*lz. For example,

using these estimates in H 3, one has
j 42
Hw3HL2 0,T) — HUSHL2(0 ) T HU3HL2 ) S (’b"“ + ’b"“ ) < CPblar,

for b small enough, choosing ¢ < 1. Similarly, one gets,
17 18 _ 4e
||w1||L2(0T |wall L2 (0,7) (Ibl41 + |b|41 *) (|b|ﬁ + |b|H_H) ’
H’U)IHLl OT) (‘b‘41 + |b|41 ) ’

lonlZ2r, o oz < CIOESE (Jof + ot =3)

Choosing ¢ < i, for b small enough, every term can be neglected in front of |b|1+$.

In (169), it only remains to estimate ||vol| Loo(ThT)leHQLQ(QT). As (167)) provides only

estimates of (vp)per in L2-spaces, one needs to use a Gagliardo-Nirenberg inequality (see
[50, Theorem p.125]) to estimate [[v2|po(1;,7)- More precisely, there exists C' > 0 such
that

1/2
lall oo (i) < Cllorll oty o 102l 5ty 2 + Cllvall 2y )
Thus, thanks to (167)), v, in W~ is estimated by

16 _ 4e
lv2| oo (1y,7) < Cb]21 it

And, finally, one has

£

16 _ 4e 21 4e
leallzoe ey i 3o,y < CIOFHE (o] + (o575

which is also neglected in front of |b|1+8% This concludes the proof of (163).

Continuity of b — wp. The map b — wuy of is continuous from R to H2(0,T}).
Besides, the continuity of b — v}, from R to H? (Tl, T) stems from the regularity of I'ry 7
(see Theorem [4.5) and of the solution of the Schrodinger equation with respect to the
control (see ({100))). This gives the continuity of the map b + wj constructed by .

Remark 6.3. The sharp estimates (167)) on the control operator I'r, 7 of [16] together
with the sharp estimate (169) on the evolution of the solution along the lost direction are
the key to prove the motions along the first lost direction ipgk.
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6.2. Motions in the lost directions +yg. As for the toy-models and , the
second approximately reachable vector can be deduced from the first one using a proof
inspired by [40, Th. 6]. The following statement and its proof are very similar to the one
done in finite dimension in Section[3.4.4, One only needs to be careful about the functional
setting.

Proposition 6.4. The vector i is a small-time Hg—contmuously approximately reachable
vector associated with vector variations Z(T) = Vi (T). More precisely, there exists T* > 0
such that for all T € (0,T%), there exists C,p > 0 and a continuous map b — vy from R
to H3(0,T) such that,

1
Vo€ (=p,p), (T v, 1) = U1(T) = 0 (D)l 0,1) < Clof**s, (170)
with the following size estimate on the family of controls,
lvell 20,7y < ClBIT (171)

Proof. Denote by (up)per the control variations associated with ip g constructed in Propo-
sition The goal is to prove that the existence of C' > 0 such that for all (a, 3) € R?
small enough,

JOT: e, )67~ 205 |

11
H)

< Ol(a B)|"Fs. (172)
s i b
Thus, for all T € (0, m) and b € R, taking § = — oty and o = —f cos(2(Ax—
A1)T), this proves the existence of a family (vp)per satisfying (170) and (L171). So, it re-

mains to prove (172). First, by definition of (up)ser in Proposition [6.2} there exists C' > 0
and p > 0 such that for all « € (—p, p),

. 1
AT wa, 1) = 9u(T) — o (T gy < Cla""s  with uallg2(07) < < Clal.
(173)
Then, on [T, 277, no control is activated, so ¥(2T) = e *AT4)(T) and (173 (L73) becomes

|02T5 wa# 00,1y, 1) — ¥1(2T) — iapx (2T) HHn) < Cla|l+53. (174)

Then, using the semi-group property of the Schrodinger equation, one has,

V(3T ua#O0pm#us, 1) =I5 ug, Y(2T; ua#Op1), 1))
Together with the estimate Proposition [£.4] about the dependency of the solutions of the
Schrodinger equation with respect to initial condition, one has

[#GT: watt0Hus, 01) = (T3 us, 1) — AT (RT3 ua#, 1) — 1 (20)|

< Cllugllzom) 10T ua#t0, 1) =1 2T) g -
Using estimate (164) on (ug) and (174) on ¢(2T; ua#0, 1) —11(27), the right-hand side

of the previous inequality is estimated by C|j \Tll |a|]. Then, using once again the estimate
(174) on ¥(2T; ua#0, p1) — 11(2T) and the definition of (ug)s given by (163)), one has,

|03Ts wattO mytus, 1) = 1(3T) — i (T)e™ T — iy (3T) |

11
H)

11
Hg)

< CI8|7r[al + Clal¥s2,
which gives (172]) and this concludes the proof.
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6.3. Proof of Theorem The H3—STLC of the Schrédinger equation. The
goal of this section is to prove Theorem using the systematic approach developed in
Section More precisely, we apply Theorem with Ep := HZ(0,T) for all T > 0,

X = H(O)(O, 1) and

Fr: (w()?u) = w(Tv u, 1/10)7
where 1 is the solution of the Schrédinger equation with 1(0) = 1. Let us now check
that the assumptions of Theorem hold in this setting (with the adaptation discussed
in Remark .

(A1) By [15, Prop. 4.2], it is known that when pu satisfies (Hyeg), the end-point map is
C' around (1,0). The C?-regularity is proved similarly, and thus, the proof is
left to the reader.

(A2) By [15, Prop. 4.2], the differential at (¢1,0) is given by dFr(¢1,0).(Vo,v) = V(T),
where W is the solution of the linearized system

10,V = —02U — v(t)u(x)y(t, x),
U(t,0) =¥(t,1) =0,
\I’(O, 33) = \I’U.

Thus, for all ¥, € H(lol), T — dFr(e1,0).(¥g,0) = e *4TTq is continuous on R
and dFy(p1,0).(Vp,0) = Uy.
(As) By the uniqueness result stated in Theorem one can check that, for all 77,75 >

0, %o € Hig), u € H§(0,T1) and v € H§(0,T3),

V(T + Tz; udtv, o) = (To; v, Y(T1; u, o))

(A4) By [15], Prop. 4.3], when p satisfies (Hyy ), the reachable set of the linearized system
around the ground state is given by

H = Spanc (j(T); for all j e N* — {K}).

This space doesn’t depend on T, is closed, and is of codimension 2 in L?(0,1).
(As) By Propositionand Proposition (6.4, when 1 satisfies (Hyin), (Hquad) and (Heub),
both ipx and ¢k are small-time Hj-continuously approximately reachable vectors.

By Theorem when g satisfies (Hreg), (Hiin), (Hquad) and (Heup), the Schrédinger
equation is Hy-STLC around the ground state with targets in H(lol)(O7 1).

APPENDIX A. EXISTENCE OF A FUNCTION K SATISFYING ALL THE HYPOTHESES

Remark A.1. In this appendix, the coefficients (A% )y=1,23 and Ck respectively defined
in , , @ and are seen as quadratic or cubic forms with respect to u. Moreover,
the definition given in terms of series can be tricky to use. Thus, we use instead the
expressions in terms of Lie brackets given in Remark Computing the Lie brackets,
one gets that for all p satisfying (Hyeg), the quadratic (resp. cubic) forms AL and Ck are
given by

Ak () = (W21 0x)  and  Cx(p) = —4u”u"p1, oK) (175)
The similar expression of A%( is quite heavy. Computing the associated Lie bracket and
then ‘symmetrizing’ the associated quadratic form (see [16, Proposition A.3] for more
details), one gets the existence of a constant C' > 0 such that for all p satisfying (H,eg),
one has

2
A% (1) = (101, 0:)] < Cllpllrz o,
[16, Proposition A.3] also provides a similar approximate expression of A%, but it will not
be useful.

Theorem A.2. Let K € N*, K > 2. There exists p satisfying (Hreg), (Hiin), (Hquad) and
(chb)-
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Remark A.3. To prove Theorem it is enough to prove the existence of a function

pw € H1((0,1),R) N H{(0,1) satisfying , , , @, and

supp ¢ C [0,1), (176)
1) (0) #£ 0, (177)
Vi e N —{K}, (up1, @5 #0. (178)

Indeed, when the boundary conditions hold, thanks to of Remark assumption
(b)) is equivalent to

pO0) £ p® (1) £0  and  Vj e N —{K}, (up1,p;) #0.
The proof of Theorem is in four steps.

e First, using Baire theorem to deal with the infinite number of non-vanishing con-
ditions, one can find a function p.es satisfying , , and . Notice
that only the non-vanishing condition @ is not treated at this stage as the strat-
egy of the two following steps, relying on oscillating functions, would destroy this
condition.

e Then, using some analyticity and the isolated zeros theorem, one constructs fiyes
a perturbation of u..r satisfying while conserving all the previous properties
already satisfied by fiyef.

e Similarly, one constructs then fi..s a perturbation of fi.s satisfying while con-
serving all the previous properties satisfied by fief.

e Finally, using the construction of a quadratic basis, from ji,.f, one constructs a
new function satisfying @D in addition to the previous conditions.

Proof of Theorem[A.2 Let K € N*, K > 2 and T € (0,1) such that px(Z) =0. Asp1 >0
on (0,1) and ¢ (Z) > 0, one may assume the existence of § > 0 such that 1ok > 0 on
(Z,7+6) and p1px <0 on (T —6,7). Let n € (0,7 — §) such that p1¢ox # 0 on (0,7n).

Step 1: Eristence of u in H'X N H§(0,1) supported on [0,m) and satisfying , , (1177)
and (178). In this step, we work with the H'!(0, 1)-topology. Denote by

£ {M € H"((0,1),R); u=0on [g, 1] and p satisfies } N H;(0,1),
U = {p € & pu satisfies (D), (ITD) and (7))

The goal of Step 1 is to prove that U is not empty. As £ is not empty, it suffices to prove
that U is dense in £. Moreover, denoting by

Ci={n €& Cr(u) #0}, Vi {p € & u(0) £ 0} and Uy :={u € & (upr, ;) # 0},

U is the intersection of all the open subsets V, C and U; for j € N* — {K}. Thus, as £ is
a complete space (because closed in H'!), by Baire theorem, to prove that U is dense in
&, it suffices to prove that V, C and U; for j € N* — { K} are dense in £. The density of V
is clear. Let j € N* — {K}.

U; is dense in €. Let p* in € such that (u*p1, ;) = 0 and let € > 0. As the linear forms
= (1, ¢i) and p — (up1, ;) are linearly independent (for j # K), one can find
v € C°(0,2) such that (vp1, k) = 0 and (ve1, ;) # 0. Then g, := p* + ”57”1/ is in U;
with ||pe — p*||gn < e.

C is dense in €. Let p* in &€ such that Cx(pu*) = 0 and let € > 0. By a similar construction
than the one given in [16, Theorem A.4], one can find v € CZ°(0, 3) such that (vp1, ) =0
and Ck (v) # 0. Then, by , e Cr(p* + ||€T||V) is a polynomial of degree 3 vanishing
at zero. Thus, there exists ¢* > 0 such that this polynomial doesn’t vanish on (0,e*).
Hence, for all € € (0, %), pe := p* + H€7HV is in C with ||pe — p*||gu <e.
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Step 2: Emistence of p in H'' N Hy satisfying , , , (176), (177) and (178)). Let
pref in HM N Hé constructed at Step 1, supported on [0,7) and satisfying , , (1177
and . The goal of this step is to prove that if p,¢ doesn’t already satisfy @ (we
assume that Al (trer) < 0, the case Ak-(urer) > 0 is similar), then one can construct a
perturbation of p,e¢ satisfying while conserving the properties already satisfied by fiyef-
To that end, one can consider the following ‘basis’ functions.

o Let po in C° (T + 0, H2+2) such that (pop1, o) = 1.

e Let J~ and J* two open intervals of respectively (Z — §,7) and (Z,Z + ). For all
e > 0 and A # 0, we define

E\)\\ (:z: - x(A))
Ue, /\ g y T E [07 1]7 (179)
\/|<P1 (M) 2
where g € C2°(0,1) such that fo 2dy =1 and z(\) := 21 oo + 2~ 1hoo
where 2% are in Ji (thus, sign(yx(x j[)) = £1). Notice that p. ) is supported on

(z7,27 4+¢e)U(at, 2T +¢) and thus on J~ UJ* for € small enough. Formally, p. »
is constructed so that AL (u ) =~ A.

We consider perturbations of ¢ of the following form,
Ve i= foet + fen — (HeAP1, 0K )0, €>0, A #D0. (180)

Notice that all the functions have disjoint supports (see Figure [I|) so that the quadratic
and cubic forms can be seen as additive. Moreover, by construction, for all € > 0 and

A # 0, v, 5 already satisfies (4)), (L76) and (177).

Href He X He, X
\

(=2
~
8l
~
8]
_l’_
(9]
~
+
8
+
=
—

FicUrRE 1. The supports of the functions used in Step 2 are depicted.

Step 2.1: For all ¢ small enough, there exists A(€) > 0 such that v, () satisfies (7] . The
goal is to construct a one-parameter family of functions such that the following quantity
vanishes,

Q(e,N) == A (ven) = Af(brer) + A (11e)) + (a1, 01)* Afe (1) (181)

Regularity of Q. Looking at , one could fear some lack of regularity for Q with
respect to A. However, as A}, (yirer) < 0, one only needs to study @ on (R*)?. Moreover,
substituting the expression and performing the change of variables z = ey + ™, one
has, for all e > 0 and A > 0,

A efte g pt
<Ms,,\901,80K> = \/W /x+ g < - > e1(z)pk (v)d

— 2 A/1 ()1 (ey + 2 )pic(ey + )y, (182)
oo () Jy SV EeREy Ty

PK

Thus, the map (g, A) — (pe 21, ¢x) is analytic on (R% )?. Similarly, using the computation
of A} given in (L75)), one gets, for all £ > 0 and A > 0,

A 1
W /0 g W) e1(ey + 2 )k (ey + 2 T)dy. (183)

Hence, the map (¢, A) — Ak (pc ) is also analytic on (R%)?. Thus, @ is analytic on (R% )2.

A}((UE,A) =



42 MEGANE BOURNISSOU

For e small enough, Q(e,-) can take both signs. Doing a Taylor expansion with respect to
e of (183)), one gets the existence of C' > 0 such that for all € > 0 and A > 0,

| AR () — Al < Ce. (184)

Thus, (181)), (182]) and (184)) lead to the existence of C' > 0 such that for all € € (0,1) and
A >0,

1Q(e, \) — Ak (piref) — A| < Ce. (185)
Thus, there exists £* > 0 such that for all € € (0,&*),

Q <5,—A}< erf)) <0 and Q <5, 3 Aic () (“ref)> > 0.

2 2
For e small enough, Q(e,-) is increasing. Differentiating (182) and (183] D with respect to
A and performing again an expansion with respect to € in the spirit of (184)), one gets the

existence of C' > 0 such that for all e > 0 and A > 0, |0 Q(e, A) — 1| < 06 Thus, for e > 0
small enough, 0\Q(e, ) is positive.
Conclusion. Applying the intermediate value theorem, one gets for all ¢ € (0,e*) the

existence of A = A(e) € —A}K(““’f), 3 (prer) such that Q(e, A\(¢)) = 0, meaning that
2 2

Ve A(e) defined in (180) satisfies by definition ([181)) of Q.
Step 2.2: The map € — \(e) is continuous. As for all € € (0,%), Q(e, A\(¢)) = 0, recalling
the definition ((181]) of @, one has

Me) = Ae) = Afc (e n(e) — Ak (tire) — (e a0 15 1) 2 AR (10) =2 M) H (€) — Al (birer)-
Using and (183)), H is analytic on (0,e*) with |H(g)| < Ce for all € € (0,£*). Thus,
for all € and ¢¢ in (0, &%),

[A(e) = Aleo)| < CefA(e) = Aleo)| + [Meo) [ H () — H{(eo)l-
Reducing €* if needed, the continuity of € — A(¢) on (0,£*) stems from the one of H.
Step 2.3: The map € — \(e) is analytic. Let g9 € (0,e*). By construction, Q(eg, A(g¢)) =
0. Besides, in Step 2.1, we proved that 9 \Q(go,A(g0)) > 0 and that @ is analytic on

(0,€*) x R%.. Hence, by the implicit function theorem, there exists an open neighborhood
V of g, an open neighborhood W of A(g¢) and an analytic function A : V — W such that

(eeV, AeWand Q(e,\)=0) & (¢€Vand A=A(e))
As e — A(e) is continuous, locally A = A and thus, € — A(¢) is analytic on (0,&*).

Step 2.4: There exists € such that v, y) satisfies (178) and . By a similar computation
than the one in (182)), one gets, for all j € N*, ¢ > 0 and A > 0,

1
* [ sty + ety (en+ iy

Vo1, 1) = oy e A
(Veap1, 05) = (HrefP1, ©5) \/901(5U+)80K 0

- <Mg,,\<P17 SOK> <M0<P17 90j>-

As (g,N\) — {ue o1, ¢K) is analytic on (R%)? (see Step 2.1) and € — A(e) is analytic
n (0,e*) (see Step 2.3) , for all j € N* — {K}, the map € — (1 x)¥1, ;) is analytic
n (0,e*). It can also be extended by continuity at zero with the value (perp1, ;) # 0

by construction of juef. Similarly, using (175), ¢ — Ck (v, A(e)) 1s analytic on (0,e*) and

can be extended continuously at zero with the value Ck (prer) # 0. Thus, the functions

(e = (Veae)P1, Pi))jens—{k} and € = Cg (V. () are analytic and non-zero on (0,e).

Hence, by the isolated zeros theorem, there exists € € (0,e*), such that for all j e N*—{K},

(Vere)P1, p5) # 0 and Ck (v, z()) # 0, meaning that v, () satisfies (10) and .

Step 3: FExistence of p in H'Y — Hé satisfying ., ., ., ., ., and .

The proof of Step 3 is quite similar to the one of Step 2. Let [iyef constructed at Step 2
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satisfying (4 ., ., (T76), (I77) and (178)). As in Step 2, the goal is to prove that

if fiyer doesn’ t already satisfy (we assume that A2 (firer) < 0), then one can construct
a perturbation of fiet satlsfymg while conserving the properties already satisfied by
firet. Let J* and It (resp. J~ and I~) open disjoint intervals of (Z — 6, %) — J~ (resp.
(z,T+6) — JT). In this step, we consider the following new ‘basis’ functions.

o Let fip in O (222 1) such that {figp1, px) = 1 and Ak(fig) = 0.

e By [I6, Theorem A.4], there exists ui in C2°(IF) such that (17 ¢y, pr) = 0 and

Afe(ny) = £1.
e For all ¢ > 0 and A # 0, we define

feals \/m o @] (x_:m) |

where g € C2°(0,1) such that fo )Qdy =1 and z()\) := 271 >0 + 2~ Tr<o,
-t

where = are in Ji. Notice that for ¢ small enough, the support of ji.  is in
J~ U JT. Formally, this time, fi. ) is constructed so that A%{(ﬂg,)\) ~ A

In this step, we consider perturbations of fi ¢ of the form,

Doy = firet + flen — (e @1, PR )0 + 1/ | Ak (fe )| 11y e K(ME’A)), e>0, A#0.

Once again, we made sure that all the functions considered have disjoint supports (see
Figure [2)) so that the quadratic and cubic forms can be seen as additive.

N + ~ N + ~ N
Href M .Ur(‘t Nt A Hex Href My Href Ho
, I —t | b . | |
J T —— -t ' T T 1
0 K z-06 1 JToJm T g Jt It T+6 1445 1

FiGURE 2. The supports of the functions used in Step 3 are depicted.

Moreover, by construction, for all (e,\) € R% x R*, . , already satisfies (), (7)), (176)
and (177)). Then, define

Q(e, A) i= AR (D2 2) = Ak (fives) + AR (e n) + (e rp1, ox) > A (o)
A (e ) [ A% (g ARG (156)
The end of Step 3 is exactly the same as the one of Step 2.

e Applying the intermediate value theorem to Q(s, -), one proves the existence of
a continuous map & — A(¢) such that for all & small enough, Q(e, \(¢)) = 0 and
thus, 7. 5 satisfies (8). Notice that because of the last term in , one could
fear some lack of regularity of Q. However as A — Al (fi.\) is continuous on
R* with a computation similar to (183), 51gn(A1 (fie,x)) is locally constant around

A = — A (firer).
e Then, one uses the implicit function theorem to get that € — A(¢) is analytic and
thus, with the isolated zeros theorem, to get the existence of an ¢ such that 7, 5.

satisfies and (|178]).
Step 4: Emistence of p in HY N HY satisfying (), (@), (&), @i (10), (176), ) and
(178]) . Let ziper constructed at Step 3 satisfying (4)), (7)), (8]), (10]), (176}, 177 and (178).

Assume that A%((ﬁref) = 0, otherwise fier already satisfies @D Let J- and Jt tyvo open
disjoint intervals of respectively (z—0,7) — (J_ U J=UI7) and (Z,Z+0) — (JTUJTUIT).
By [16, Theorem A.4], there exists v in C°°(J*) such that

(vor k) = Ake(v) = A(r) =0 and  Ak(v) = 1.
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Define for all ¢ € R, v, := jirer + ev. By construction, for all ¢ € R*, v, satisfies ,

@,

, @D, (176]) and (177)) because the functions have disjoint supports. Moreover, the

maps € — Cg () and € — (v:¢1,¢;) for all j € N* — {K} are polynomial, so analytic
and non-vanishing at zero by construction of ji..s. So, by the isolated zeros theorem, there
exists € € R* such that v, satisfies and ((178). O
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