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A B S T R A C T

Snoek relaxation in interstitial bcc solid solutions is the origin of the Snoek peak in frequency-
dependent and temperature-dependent internal friction measurements. When applied to low-carbon
steels, the internal friction profiles show a linear dependence of the peak height with carbon content.
However, recent Monte Carlo simulations of frequency-dependent internal friction exhibited a non-
linear giant peak height at high carbon contents. To investigate this e�ect in temperature-dependent in-
ternal friction, we developed a thermo-kinetic mean-field theory of the Snoek relaxation phenomenon.
By taking into account the collective behaviour of the interstitial atoms, our theory predicts (i) a non-
linear dependence of the peak height with composition when approaching the order–disorder transi-
tion of the alloy; (ii) a shift in the temperature of the peak; (iii) a composition-dependent activation
enthalpy of the relaxation time. The theory is exemplified by the case of carbon-supersaturated iron.

1. Introduction
The Snoek e�ect in body-centred solid solutions origi-

nates from the tendency of interstitial atoms to occupy spe-
cific non-equivalent sites in strained crystals: the elastic strain
field energetically favours one of the three sets of interstitial
sites, inducing a redistribution of the interstitial atoms via
atomic jumps towards the favoured sites. Now, as each in-
terstitial deforms the host matrix, the homogeneous strain of
the crystal results not only from the applied stress but also
from the distribution of the interstitial atoms over the atomic
sites. This strain in turn interacts with the interstitial atoms
and a�ects the energetic levels of both stable and transition
sites. The thermodynamics of the solid solution as well as
the kinetics of the atomic jumps are thus a�ected by both the
applied stress and the interstitial distribution.

In 1948, Zener [1] showed that the alloy thermodynam-
ics based on carbon–strain interaction in a stress-free Fe-C
crystal leads to carbon long-range ordering below a tran-
sition temperature. By a mean-field model, Shtremel [2]
showed that an applied stress can favour Zener ordering. These
ideas have been confirmed since by various theoretical ap-
proaches [3–19]. The e�ect can be understood as follows:
an applied stress creates a strain (the elastic response) that
favours one set of octahedral sites. These sites becoming
progressively over-populated create an additional strain (the
anelastic response) that in turn favours the sites even more.
As a result, when applied to a low-carbon alloy, the stress in-
duces a low-order state, the ferrite phase; above a threshold
carbon content, it produces a high-order state, the martensite
phase. In the vicinity of the threshold composition, the col-
lective response of the carbon atoms produces a very large
anelastic strain response, which is the origin of the giant
Snoek e�ect [20, 21].
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The carbon–carbon long-range elastic interaction there-
fore modifies the Snoek relaxation behaviour. Several theo-
retical works have focused on this point. The coupling model
[22–24] is derived from a mean-field approximation of the
elasticity theory of point defects. The random cooperative
strain interaction model (RCSI) [25] assumes a random dis-
tribution of the strain interactions. These models predict a
shift and a broadening of the internal friction profiles. How-
ever, they do not consider the consequence of long-range
carbon–carbon interaction on the saddle point energy of the
jumping atoms. Recently, the author showed by Monte Carlo
simulations that this interaction has a strong e�ect on the re-
laxation time [21].

In this paper, we present a mean-field approach of the
Snoek relaxation phenomenon. Our theory is based on the
elastochemical model describing the thermodynamics of the
interstitial solid solution [26], and on the rate theory applied
to carbon jumps [18, 27, 28]. Both thermodynamic and ki-
netic aspects rely on the elasticity theory of point defects
to describe the long-range carbon–carbon interaction. This
thermo-kinetic model is applied to internal friction measure-
ments. Our results are compared to Monte Carlo simula-
tions of frequency-dependent profiles and to an experimen-
tal temperature-dependent profile. The focus is then set on
the e�ect of carbon content on the internal friction. The non-
linear peak height–carbon content relationship and the giant
Snoek e�ect in supersaturated alloys are highlighted. The
limits of the standard linear-response approximation [29] are
also discussed.

2. The thermo-kinetic model
The thermo-kinetic model is a consistent description of

the thermodynamics of carbon long-range ordering and of
the dynamics of carbon atomic jumps. As was demonstrated
in previous papers [6, 19], Zener ordering mostly depends
on the long-range elastic carbon–carbon interactions. There-
fore, short-range interactions can be neglected. The mean-
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field approximation implies the use of average site fractions
of carbon Ci on each sublattice i, and the consideration of
the homogeneous strain ", irrespective of the strain hetero-
geneities. The core of the model is the mathematical ex-
pression of the enthalpy of the crystal as function of com-
position, temperature and applied stress. From the enthalpy
function, the migration enthalpy of the carbon atoms is ex-
pressed, leading to the rate equations of the site fractions,
and by integration, to the time-dependent strain response.
The main features of the model are described below.

2.1. Equations of the model
Carbon atoms soluted in the bcc lattice sit on the stable

octahedral sites. They migrate via the unstable tetrahedral
sites. There are 3 non-equivalent octahedral configurations
(labelled i = 1, 2, 3) and 3 non-equivalent tetrahedral con-
figurations (labelled j = 1, 2, 3). Each configuration is char-
acterised by its force dipole tensor POi or P Tj representing
the elastic field induced by the defect. In our mean-field ap-
proach, each carbon atom interacts with the elastic field cre-
ated by both the applied stress and the other carbon atoms.
The resulting homogeneous strain tensor " is expressed as a
function of the stress tensor � and of the force dipole density
tensor p [26]:

" = S (� + p) . (1)

S is the elastic compliance tensor of the crystal. The dipole
density p depends on the distribution of the carbon atoms
over the sites. When all carbon atoms lie on octahedral sites,
p is written as

p = 1
V0

…
CiPOi , (2)

where V0 is the atomic volume of the lattice. The dipole
density of the crystal varies during and after each carbon
jump. For a given distribution of the carbon atoms over the
interstitial sites, the elastic contribution to the total enthalpy
is then written, for a crystal of volume V ,

H = *1
2
V S(� + p) � (� + p). (3)

As an equivalent to the force dipoles tensors, we intro-
duce the strain dipole tensors � = SP _V0. According to the
tetragonal symmetry of the defects, each of these tensors has
a singulet component �1 representing the strain induced by
a carbon atom along the tetragonal axis, and a doublet com-
ponent �2 representing the strain in perpendicular directions.
With these notations, and making use of Equation 3, the mi-
gration enthalpy of a carbon atom from site i through the
transition site j is written [17]

Hm
iôj = Hm

0 * V0
�
�Tj * �Oi

�
� (� + p), (4)

whereHm
0 is the migration enthalpy in the stress-free carbon-

free crystal. It is clear from this equation that not only the
applied stress but also the carbon distribution a�ect the mi-
gration enthalpy.

According to the jump rate theory, the probability per
second for a carbon atom to jump from stable site i through
the transition site j is written

piôj = ⌫0 exp
⇠
*Hm

iôj_kBT
⇡
. (5)

From this probability function, too means of time integra-
tion are available. The first one is the Monte Carlo method.
On-lattice atomic kinetic Monte Carlo (AKMC) was applied
successfully to study the thermodynamic [17], thermo-elastic
[26], di�usional [18] and relaxation [21] properties of the
Fe-C system. Details of the method can be found in refer-
ence [17].

The second means of time integration is the mean-field
approach used in the thermo-kinetic model. In this approach,
the jump frequency from i through j is written�iôj = Cipiôj .
The net flux from stable position i to stable position k via the
saddle position j is then Jiôk = �iôj*�kôj . An octahedral
site of type i has two nearest neighbours of type k and two
nearest neighbours of type k®. Then the matter balance at
site i implies the rate equations

ÜCi = 2
�
Jkôi + Jk®ôi

�
, i = 1, 2, 3. (6)

These equations are conservative, such that the total car-
bon fraction C =

≥
Ci remains constant. When integrated,

the coupled equations (6) provide the time evolution of the
site fractions Ci(t) under given applied stress. The resulting
strain response is provided by Equation 1.

In Section 3, the thermo-kinetic model is compared to
Monte Carlo simulations.

2.2. The linear-response approximation
When the applied stress is low, the strain response is also

low, unless certain circumstances discussed later. Then the
strain response is accurately approximated by a linear func-
tion of the stress. Similarly to reference [21], we used this
approximation to model the internal friction in a forced tor-
sion pendulum experiment. We considered a crystal submit-
ted to a pure (001)[110] shear stress such that �22 = *�11 =
�(t). The crystal response to a sinusoidal excitation of pulsa-
tion ! is a sinusoidal pure shear strain "(t) = "22 * "11. The
time lag between stress and strain corresponds to the energy
loss Q*1, which follows a Debye curve [29]:

Q*1 = � !⌧
1 + (!⌧)2

(7)

From our thermo-kinetic model, we established the equa-
tions relating the relaxation strength � and the relaxation
time ⌧ to the carbon content [21]. The calculated relaxation
strength is a non-linear function, exhibiting a singularity at
C = C*:

�(C) = C
C* * C

(8)

Carbon fraction C* is the value above which the solid so-
lution becomes unstable relatively to Zener ordering. It de-
pends linearly on temperature as

C* = 3S®

2V0(�1 * �2)2
kBT . (9)
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This equation defines a spinodal line in the temperature–
composition phase diagram. We introduced the shear com-
pliance S® = 2(S11 * S12). The compression compliance
will also be of use: S®® = S11 + 2S12.

The relaxation time exhibits the same singularity as the
relaxation strength:

⌧(C) = (6⌫0)*1 exp

L
Hm

0 + EHZC
kBT

M
C*

C* * C
(10)

where ⌫0 is the attempt frequency for carbon migration and
Hm

0 is the migration enthalpy in the infinite dilution limit.
The novelty of our approach is the expression of the composition-
dependent activation enthalpy of the relaxation time:

Hm = Hm
0 + EHZC , (11)

with

EHZ = *
V0
3S®® tr

�
�O

�
tr
�
�T * �O

�
. (12)

The energy coe�cientEHZ depends only on the elastic prop-
erties of the material. It originates from the e�ect of strain
(both volumic and shear components) on the migration en-
thalpies of the interstitials [18]. Notice that in the limit of
low carbon content (C ô 0) one recovers from Equation
10 the usual expression of the Snoek relaxation time ⌧*1 =
6⌫0 exp

�
*Hm

0 _kBT
�
. The consequences of the composi-

tion dependence of � and ⌧ are (i) the giant Snoek relaxation
in the vicinity of the ordering transition and (ii) the shift and
broadening of the Snoek peak in frequency-dependent in-
ternal friction [21]. Such e�ects are investigated further in
Section 3.

In order to explore the influence of temperature, we can
alternatively express the relaxation strength and time as func-
tions of T . Actually, by substituting C* (Eq. 9) into Eqs. 8
and 10, the relaxation strength is written

�(T ) = T *

T * T * (13)

and the relaxation time

⌧(T ) = (6⌫0)*1 exp

L
Hm

0 + Em
CC

kBT

M
T

T * T * (14)

with temperature T * defined by

kBT * =
2V0(�1 * �2)2

3S® C . (15)

In the vicinity of T = T * the relaxation strength �(T ) di-
verges with the power law (T * T *)*1. However, this pro-
duces no divergence of the energy loss because the relaxation
time ⌧(T ) diverges with the same law. Hence, in the vicin-
ity of T * the increase in relaxation strength is canceled out
by the increase in relaxation time. As a result, the linear-
response approximation predicts no discontinuity in energy

loss when crossing T *:

Q*1(T *) =
6⌫0
!

exp
4

S®

2S®®
tr(�O)tr(�T * �O)

(�1 * �2)2

5

ù exp

L
*

Hm
0

kBT *

M
.

(16)

Such a property was previously described by Nowick and
Berry [29]. It will be further discussed in Section 4.2.

2.3. Model parameters and computation set up
We assumed that the material parameters do not depend

on temperature in the range of interest (250–400K). We used
the lattice parameter, elastic sti�ness tensor and force dipole
tensors computed from first principles in reference [18], such
that they are consistent with one another. The values are
reported in Table 1, together with the symmetrised compli-
ances and the strain dipole tensors deduced from the elastic-
ity theory. The values are compatible with the data found in
the literature. The attempt frequency and migration enthalpy
for carbon were fitted to the data of da Silva [30]: ⌫0 = 159
THz and Hm

0 = 0.872 eV.
The phase diagrams were constructed by minimising the

Gibbs energy function G = H * TS. H is the enthalpy
function of Equation 3 and the S is the configurational reg-
ular entropy.

Snoek relaxation profiles were obtained from successive
computations of the thermo-kinetic model at selected fre-
quencies f = !_2⇡. High-accuracy Runge-Kutta integra-
tion of the rate equations was performed to get the time-
dependent site fractions. The internal friction is defined as
the fractional energy loss per cycle:

Q*1 = 1
2⇡

�W
W

. (17)

W is the maximum elastically stored energy per unit volume
during a cycle. �W was computed as the integral of � � d"
along a cycle. When varying the temperature for internal
friction computations, the starting state of the alloy was set
to fully disordered. In doing so, we simulated internal fric-
tion measurements upon cooling of the ferrite phase.

2.4. Comparison with experiment
As a test of the thermo-kinetic model, we compared our

results with the temperature-dependent internal friction mea-
surements of Weller [31]. They were performed on a 20
at.ppm C polycrystal at the oscillation frequency of 1 Hz.
The internal friction computed on a single crystal was con-
verted to the polycrystal response via the Reuss averaging
method [29, 32] according to the relationship

Q*1
poly =

2S®

5G*1Q
*1
single (18)

where G*1 = (3_5)S44 + (2_5)S® is the average inverse tor-
sion modulus. With the data of Table 1, we have Q*1

poly =
0.516 Q*1

single. Comparison with experiment is satisfactory,
given that no fitting parameter was used (Fig. 1)
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Table 1
Top rows: lattice parameter a0 (in nm), elastic compliances Sij (in GPa

*1
) and dipole

moments Pa and Pc (in eV) computed by DFT. Bottom rows: symmetrised compliances

(in GPa
*1

) and dipole strains deduced from elasticity theory.

a0 S11 S12 S44 P O
c P O

a P T
c P T

a

0.2855 0.00615 *0.00218 0.0104 17.0 10.0 5.37 14.8

S ® S ®® �O1 �O2 �T1 �T2
0.01667 0.00178 0.838 0.0350 *0.435 0.647

0.0

1.0

2.0

3.0

4.0

250 270 290 310 330 350 370 390

En
er
gy
lo
ss
10
4 Q
-1

Temperature T [K]

Experiment
Thermo-kinetic model

Figure 1: Snoek relaxation profile calculated from the thermo-

kinetic model (continuous line, circles) compared to the exper-

iment of Weller [31] (diamonds). The alloy is Fe-20 at.ppm C,

the oscillation frequency is 1 Hz.

3. Frequency-dependent internal friction
Frequency-dependent internal friction is usually measured

at room temperature in a series of runs at various oscilla-
tion frequencies. Figure 2 presents a set of Snoek profiles
computed with the thermo-kinetic model at temperature T =
300 K over a wide range of oscillation frequency. Specific
carbon contents have been selected: C = 0.5% is just beyond
the limit of the composition–peak height linear relationship;
C0 = 1.225% coincides with the Zener order-disorder tran-
sition; and C = 1.37% is close to the spinodal composi-
tion of C* = 1.379% (Eq. 9). We see in Figure 2 that the
peak height increases rapidly with increasing carbon con-
tent, while the peak position shifts towards lower frequen-
cies. The profiles also appear broadened and skewed at high
carbon content.

These results are compared to kinetic Monte Carlo sim-
ulations reported in reference [21]. The simulations used an
applied stress amplitude of 100 MPa, a high value as ref-
erence to experimental usage, but technically necessary to
overcome the high fluctuations present in the finite-size sim-
ulation box. The coincidence between both approaches is
very good, which validates the thermo-kinetic model. The
later has the advantage of being far less computationally de-
manding than the Monte Carlo simulations.

The steep increase in peak height when C approaches

1.379% is a manifestation of the giant Snoek e�ect in the
vicinity of the spinodal point. The correlative skewness of
the profile is well rendered by the thermo-kinetic model.
Such a behaviour could not emerge from the linear-response
approximation since the later, although incorporating the sin-
gularity at C = C*, keeps a Debye dependency on the fre-
quency.

0

1

2

3

4

5

6

0.0001 0.001 0.01 0.1 1 10 100

En
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Figure 2: Snoek relaxation profiles for various compositions

computed with the thermo-kinetic model (lines) compared to

the simulations by kinetic Monte Carlo (circles) [21]. The

temperature is T = 300 K.

Figure 3, top gathers the stress–strain hysteresis cycles
corresponding to the peak frequencies of Figure 2. The cycle
at C = 0.5% has an ellipsoid shape, as expected in the linear
regime. When the carbon content increases, the cycle grows
and its largest diagonal declines. This decline corresponds
to an e�ective softening of the alloy. Correlatively, the cycle
area increases largely, in direct relation with the increase in
energy loss.

The very large energy loss when C approaches C* can
be understood from the quasi-static stress–strain isotherms
drawn in Figure 3, bottom. These curves have been com-
puted with a very small stress rate insuring equilibrium at
each time step, starting from the disordered state at � = 0.
Close to the linear regime (C = 0.5%), the stress–strain char-
acteristic is almost a straight line, whose slope is slightly less
than the inverse shear compliance 1_S®. When the carbon
content increases, the characteristic becomes non linear and
the slope at low stress continues to decrease. At C = 1.37%,
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the curve is almost flat in the strain range of [*0.79%, 0.79%]
under low applied stress, and steep beyond. Such a supere-
lastic behaviour is due to the collective migration of the car-
bon atoms towards the favoured interstitial sites. The car-
bon atoms induce a large anelastic strain at little stress ex-
pense (0.74 MPa). This arises because the disorder to or-
der transition becomes barrier-less when the spinodal line is
reached. Consequently, the static compliance is almost infi-
nite. Under dynamic conditions, the corresponding energy
loss is naturally very large, as seen in Figure 2.

-120
-100
-80
-60
-40
-20
0
20
40
60
80
100
120

-1.5 -1 -0.5 0 0.5 1 1.5

Sh
ea
rs
tre
ss
σ
[M
Pa
]

Shear strain ε [%]

0.500%
1.000%
1.225%
1.370%

-120
-100
-80
-60
-40
-20
0
20
40
60
80
100
120

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

Sh
ea
rs
tre
ss
σ
[M
Pa
]

Shear strain ε [%]

0.500%
1.000%
1.225%
1.370%

Figure 3: Top: stress–strain hysteresis cycles corresponding to

the peak frequencies of Figure 2. Bottom: quasi-static stress–

strain isotherms.

4. Temperature-dependent internal friction
Temperature-dependent internal friction is obtained ex-

perimentally by a series energy-loss measurements performed
at various temperatures. The resulting profiles depend on the
oscillation frequency. We will show that they are strongly
carbon-dependent. The results will be discussed in relation
to the thermo-elastic properties of the Fe-C system.

4.1. The thermo-elastic properties of Fe-C
During a temperature-dependant internal friction mea-

surement, the thermo-elastic properties of the material are

scanned over a range of temperature. Zener ordering may oc-
cur in that range, to which the Snoek relaxation is sensitive.
In the present work, we focused on carbon-supersaturated al-
loys, i.e. carbon is assumed to remain in solid solution. This
can be achieved in practice by measuring the Snoek profile
during cooling from a not too elevated temperature. Under
this condition, the thermo-elastic properties of the alloy are
expected to evolve strongly in the vicinity of the ferrite to
martensite transition temperature [33].

To investigate this point and shed light on the giant relax-
ation phenomenon in temperature-dependant internal fric-
tion measurements, the temperature–stress phase diagram
and the stress–strain isotherms we computed in the case of a
carbon content C = 1.37 at.% (0.30 wt.%).

The stress–composition phase diagram drawn in Figure
4 was constructed by minimisation of the Gibbs energy. The
first-order transition lines form a symmetric Y-shape. At
high temperature, the ferrite phase is stable. It is charac-
terised by a low degree of Zener order (total disorder is achieved
at zero stress). The martensite phase is stable at low tem-
perature. It has a high degree of Zener order, i.e. most car-
bon atoms sit on one type of octahedral sites. Zener order-
disorder transitions occur along the inclined transition lines,
which join at zero-stress and temperature T0 = 322 K. K and
K® are two critical points beyond which the order-disorder
transition is continuous (�K® = *�K = 9.04 MPa and TK =
TK® = 335 K). An important point for the thermo-elastic
behaviour of the alloy is the spinodal point at zero stress,
located at temperature T * = 298 K.

When the temperature is decreased, under zero-stress con-
dition, the ordering transition can occur below T0. However,
disorder may persist as a metastable state until temperature
T * (Eq. 15) is reached, at which stage the ordering transition
occurs barrier-less. The stress–composition phase diagram
is homothetic in carbon content, i.e. a diagram at composi-
tion C can be deduced from Figure 4 by rescaling both axes
proportionally to C .

The thermo-elastic behaviour is related to the temperature–
stress phase diagram. Selected stress–strain isotherms of the
alloy C = 1.37 at.% are gathered in Figure 4, bottom. No-
tice that the stress axis is horizontal, and coincides with the
phase diagram on top. At T = 400 K, a temperature far
above the ordering transition, the stress–strain characteristic
is almost linear, with a slope slightly higher than the shear
compliance S®. When the temperature is decreased, strong
non-linearities appear, together with an increase in slope at
the origin. At the temperature of the critical points, TK , the
slope is infinite when the stress equals the critical value of
±9.04 MPa corresponding to the critical points K and K®.
Below TK , a step in strain accompanies the order–disorder
transition when crossing the K®T0K line. The amplitude of
the step is maximum at the spinodal temperature (T *). At
this temperature, a vanishing stress produces a finite strain,
i.e. the static compliance in infinite, as expected at a critical
point [1, 34].
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Figure 4: Top: temperature–stress phase diagram computed

at carbon content C = 1.37%. The spinodal point lies at � = 0
and T * = 298 K. Bottom: stress-strain isotherms computed

at C = 1.37%. Note that the stress axis is horizontal in both

graphs.

4.2. Influence of the oscillation frequency
The computer implementation of the thermo-kinetic model

allows for fast computation of low-frequency and low-stress
simulations. The stress amplitude was set to 1 MPa in a se-
ries of computations where the oscillation frequency f was
varied from 10*2 to 100 Hz. We obtained the profiles pre-
sented in Figure 5.

As expected for thermo-activated processes, the peak po-
sition shifts toward low temperatures when decreasing the
frequency, while the peak height increases. The high-frequency
profiles (f Œ 1Hz) are well reproduced by the linear-response
approximation. In this regime, the system is driven out-of-
equilibrium at a frequency that does not allow enough time
for the ordering transition to take place, although the tem-
perature is brought below T0. This is not the case at lower
frequencies (f Õ 10*1 Hz). In particular, at f = 10*2 Hz
the sharp drop in energy loss located at 307 K is caused by
the ferrite to martensite transition. Such a transition is a non-
linear e�ect, out of reach of the linear model [29].
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Figure 5: Snoek relaxation profiles computed with the kinetic

model at various oscillation frequencies (lines) compared to the

linear model (dashed lines), for C = 1.37%. The linear model

fails in the low-frequency regime.

4.3. E�ect of carbon content
The e�ect of carbon content was studied at the usual os-

cillation frequency of 1 Hz. The linear model proved to be a
good approximation at this frequency. It was run for carbon
contents up to 1.37 at.% (Fig. 6).

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

280 300 320 340 360 380 400 420

En
er
gy
lo
ss
Q
-1

Temperature T [K]

0.100%
0.500%
1.000%
1.225%
1.370%

Figure 6: Snoek relaxation profiles for various carbon contents

computed with the linear model. The oscillation frequency is

f = 1 Hz.

Two important features emerge. First, the peak height is
a steep function of carbon content in the vicinity of 1.4 at.%,
as can be seen in Figure 7. The peak-height–carbon con-
tent relationship is linear only for carbon content as low as
Ì 0.2 at.%, similarly to the frequency-dependent case (see
Section 3).

Second, the peak position is composition-dependent: it
is equal to 310 K at low carbon but shifts towards higher tem-
peratures when the carbon content increases, up to 334 K
when C = 1.37% (Fig. 7). Given the temperature depen-
dence of both �(T ) and ⌧(T ) (Eqs. 13, 14 and Fig. 8), the
peak coordinates are not analytical. The shift can neverthe-
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less be qualitatively understood from the increase in activa-
tion enthalpy Hm with carbon content (Eq. 11): numerically
Hm = 0.872+0.600C , which varies from 0.872 to 0.880 eV
in the range of C = 0 to C = 1.37%.
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5. Discussion
The thermo-kinetic model predicts that the peak energy

loss in internal friction measurements should reach huge val-
ues when the carbon content is close to the Zener order–
disorder transition. This giant Snoek relaxation is non-linear
with respect to the carbon content. It is accompanied by a
shift in the peak position in frequency-dependent and temperature-
dependent experiments.

Such a behaviour was previously identified by Monte-
Carlo simulations of frequency-dependent internal friction
[21]. For technical reasons, the Monte-Carlo simulations
were restricted to high stress amplitudes (100 MPa). Such

amplitudes are more in line with the hysteretic damping phe-
nomenon than with internal friction. Conversely, the thermo-
kinetic model allows for small stress amplitudes. The present
work shows that the above-mentioned relaxation properties
are kept with stress amplitudes as low as 1 MPa. Our model
has also the advantage of being very fast running, which al-
lows for an easier study of the low-frequency regime.

Our understanding of the non-linear e�ects on Snoek re-
laxation is in line with Zener’s theory [20]. It is at vari-
ance, however, to some previous approaches. Based on a
Ginzburg-Landau approximation, Nowick and Berry stud-
ied theoretically the energy-loss singularity in the vicinity
of a second-order transition, which is of Curie-Weiss type
[29, 35]. Our approach is closer to that of Dattagupta et al.
[22], who recognised that the Zener order–disorder transi-
tion is a first-order transition. Our mathematical treatment
is somewhat simpler that Dattagupta’s. It clarifies one point:
giant relaxation is related to the spinodal temperature T * via
the diverging term (T*T *)*1, whereas the sharp peak at low
frequency is related to the transition temperature T0. In the
Fe-C system, these temperatures can be separated by 15 K
or more, depending on the carbon content.

Comparison between the thermo-kinetic model and the
linear-response theory highlights the limits of the linear ap-
proximation. Actually, only a non-linear approach can cap-
ture the influence of the order–disorder transition on the low-
frequency response. In simple words, the linear model does
not know the order–disorder transition, although it knows the
spinodal point.

The non-Debye character of our computed Snoek peaks
is a manifestation of the so-called "interaction" between the
solute atoms [36]. Contrary to the works of Weller et al.
[37], Haneczok et al. [25, 38] and Blanter et al. [39–41],
the short-range interactions are not at work in our approach.
The long-range elastic interaction between the defect dipoles
and the homogeneous strain is rather the origin of both the
peak increase and the peak shift. The homogeneous strain is
generated by both the applied stress and the carbon-induced
strain. As a consequence of the carbon-induced strain, the
carbon atoms are not independent: once a carbon atom has
moved to a favoured site, it produces a strain that further
favours energetically the sites of same type. The resulting
autocatalytic e�ect is all the more pronounced the closer to
the order–disorder spinodal. Near the spinodal point, ap-
plying a small stress at the adequate frequency is enough to
promote a large proportion of carbon atoms into the favoured
sites. This collective behaviour of interstitials atoms creates
the giant anelastic response. Theories that approximate the
total relaxation strength to the sum of individual atomic con-
tributions do not account for this collective behaviour. They
can therefore not predict giant relaxation.

The carbon–strain interaction acts not only on the car-
bon atoms sitting in stable octahedral positions. The inter-
action also modifies the energetic path of migrating carbon
atoms, especially at the tetrahedral unstable position. As a
consequence, the activation energy of the relaxation time is
composition-dependent. This further raises the relaxation
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time at high carbon content, in addition to the e�ect of the
spinodal.

We found that both characteristic temperatures T0 and
T * are linear functions of the carbon content. Such a compo-
sition dependence was identified experimentally by Hanec-
zok et al. [42] on the so-called critical temperature in the Fe-
C system. Besides, a non-linear increase in the peak height
was evidenced when increasing solute oxygen in Ta [43].
The origin of this is probably not the same as in our case
because the measured curvature of the Q*1

m –oxygen content
curve is opposite to ours. In addition, the dipole tensor of the
Ta-O system is probably too weak to produce a measurable
e�ect of the dipole–strain interaction in this system. The
experimental confirmation of the non-linear dependence of
Q*1

m on solute carbon in Fe-C is still awaited.
The sharp peak predicted at the crossing of temperature

T0 during cooling is not reported in the literature. Two rea-
sons can explain this: first, according to our calculations the
peak only occurs at low-frequency oscillations (f Õ 10*1 Hz),
which are rarely used in temperature-dependent internal fric-
tion. Second, the calculated peak has a very narrow temper-
ature range, and may be damped out if the cooling rate is too
fast. For these reasons, the peak will be di�cult to evidence,
unless specific means are implemented.

6. Conclusion
Based on the elasticity theory of point defects and on the

rate theory of thermally activated processes, we built a math-
ematical model of the kinetics of Snoek relaxation. Its appli-
cation to frequency-dependent and temperature-dependent
internal friction in the Fe-C system showed that the peak in
energy loss grows non-linearly with carbon content. In the
vicinity of the spinodal of the Zener disorder to order transi-
tion, the energy loss exhibits giant values. The peak position
is shifted by the thermodynamic e�ect of the transition and
by the kinetic e�ect of the composition-sensitive carbon mi-
gration path.
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