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GEOMETRY OF INVARIANT DOMAINS IN COMPLEX SEMI-SIMPLE LIE
GROUPS

CHRISTIAN MIEBACH

ABSTRACT. We investigate the joint action of two real forms of a semi-simple complex Lie group UC by
left and right multiplication. After analyzing the orbit structure, we study the CR structure of closed
orbits. The main results are an explicit formula of the Levi form of closed orbits and the determination
of the Levi cone of generic orbits. Finally, we apply these results to prove g—completeness of certain
invariant domains in UC.

1. INTRODUCTION

Let UC be a connected semi-simple complex Lie group with compact real form U which is given by
the Cartan involution 6. Let us assume that there are two anti-holomorphic involutive automorphisms
o1 and oy of U® which both commute with 6 and let G; = Fix(o;), j = 1,2, be the corresponding
real forms of UC. The group G1 x G5 acts on U® by (g1,g2) - 2 := glzgz_l. In this paper we investigate
complex-analytic properties of certain (G x Gy)-invariant domains in U® through the intrinsic Levi form
of closed (G1 x Gg)-orbits.

If 0y = 09 = 6, then we discuss the (U x U)-action on U® by left and right multiplication. Every
(U x U)-orbit intersects the set exp(it) in the orbit of the Weyl group W := Ny (t)/Zy(t) where t is a
maximal torus in u. In [Las78] Lassalle showed that every bi-invariant domain Q C U® is of the form
U exp(iw)U for a W—invariant domain w C t and that © is a domain of holomorphy if and only if w is
convex. In [AL92] Azad and Loeb proved the stronger statement that a (U x U)—-invariant function ® on
Q is plurisubharmonic if and only if the W—invariant function

p:t= R, () := ®(exp(in)),

is convex.

In the case that 0; = 02 and G is a real semi-simple Lie group of Hermitian type there is a distin-
guished (G; x Gy)-invariant in U®, namely the open complex Ol’shanskii semi-group. According to a
result of Neeb ([Nee98]) the open Ol'shanskii semi-group is a domain of holomorphy.

Although the above results are statements about complex-analytic properties of domains in complex
Stein manifolds, the method of their proofs is representation-theoretic. A different approach to the study
of (G x Gy)-invariant domains in U® by analytic methods was made by Fels an Geatti in [FG98]. There,
Fels and Geatti gave explicit formulas for the intrinsic Levi form of a closed orbit M, := (G1 x G1) - #
of maximal dimension in U® (in the following called a generic orbit) and determined the Levi cone of
M, which enabled them to decide whether or not there may exist a bi-invariant domain of holomorphy
containing z in its boundary.

The main results in this paper are an explicit formula for the intrinsic Levi form of an arbitrary closed
(G1 x Gg)-orbit in U® and the determination of the Levi cone of a generic orbit. We use a theorem of
Matsuki ([Mat97]) in order to obtain a parameterization of closed (G x Gg)—orbits by certain Cartan
algebras in the Lie algebra u® = Lie(U®). More precisely, there are finitely many Cartan algebras ¢; such
that the closed orbits are precisely those intersecting a set of the form C; = nexp(ic;), where the element
n can be chosen from a fixed torus in U. It turns out that the weight space decomposition of u® with
respect to ¢; is well-suited to describe the CR structure of closed orbits intersecting C;. In particular,
the complex tangent space of such an orbit can be identified with a direct sum of weight spaces and the
intrinsic Levi form of a closed orbit is determined by the Lie bracket of certain weight vectors together
with a coefficient which depends on the intersection of the orbit with C; (Theorem 3.11). From this
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fact it can be derived that the CR structures of closed orbits which belong to the same set C; have very
similar properties.

The method used here for the derivation of explicit formulas for the Levi form is different from the
one used in [FG98]. While Fels and Geatti found explicit local extensions of complex tangent vectors
to CR vector fields on a generic orbit and computed their Lie brackets, the approach used here avoids
these technical difficulties by pulling back the CR structure of the orbit into the Lie algebra of G; x G4
where the Levi form can be determined via Lie-theoretic methods. In particular, we obtain a new proof
for their results in the case G1 = Gs.

A finer analysis of the weight space decomposition of u® with respect to ¢; reveals that it has properties
very close to a root space decomposition. The most important one is the existence of sl(2)—triples which
enables us to determine the Levi cone of generic orbits by essentially the same method as in [FG98|
(Theorem 3.17).

In Section 4 we give several applications of the results obtained so far. First we use the criterion
from [FG98] together with the knowledge of the Levi cone in order to decide which (G x Gz)—invariant
domains containing a generic orbit in their boundary can be Stein. Secondly, we classify and study the
rank one case in some detail since this case provides a class of examples where the methods and results
become most transparent. This is due to the facts that complex-analytic properties of smooth domains
in Stein manifolds are determined by the classical Levi form of their boundaries and that in the rank one
case the boundaries of almost all invariant domains coincide with orbits of hypersurface type. Finally, we
define a (G x G)-invariant domain  C U® which is the right analogon of the open complex Ol’shanskii
semi-group in the case G1 # G2. We prove that the classical Levi form of a (G7 x G3)—invariant smooth
function at a point z € € splits into a contribution coming from the complex tangent space of (G1 x G2) -z
and a contribution due to a transversal slice. Via this splitting we construct a strictly g—convex function
on €2 which goes to infinity at 02, and hence conclude that 2 is g—complete.

Notation. If ¢ is an automorphism of a Lie group G, then by abuse of notation we write ¢ also for the
derived automorphism of g = Lie(G).

Acknowledgment. This paper is a modified version of the author’s Ph.D. thesis [Mie07]. The support
by a Promotionsstipendium of the Studienstiftung des deutschen Volkes and by SFB/TR 12 of the DFG
is gratefully acknowledged.

2. THE (G x Go)-AcTIiON ON U®

2.1. Compatible real forms. Let U be a connected semi-simple compact Lie group. Then its universal
complexification UC is a connected semi-simple complex Lie group, and hence carries a unique structure
of a linear algebraic group (compare [Che70]). The map ®: U x iu — U®, (u,&) — uexp(£), is a real-
analytic diffeomorphism, called the Cartan decomposition of UC. Furthermore, the map 0: U — UC,
f(uexp(§)) := uexp(—§), is an anti-holomorphic involutive automorphism with U = Fix(6), called the
Cartan involution of U® corresponding to the compact real form U. Proofs of these facts can be found
e.g. in [Kna02].

Let 0, and o5 be two anti-holomorphic involutive automorphisms of U®, which both commute with
the Cartan involution 6. The fixed point set G; := Fix(o;) is a real form of U® for j = 1,2. The
assumption that o; commutes with 6 implies that the Cartan decomposition of U € restricts to a real-
analytic diffeomorphism K; x p; — G;, where K; := G; NU and p; := g; Niu hold. Thus the real form
G is a compatible subgroup of U € in the sense of [HS07]. In particular, K ;j is a deformation retract of
Gj.

Remark. Since G; is closed, the group K is compact and hence a maximal compact subgroup of Gj;.
Thus G; has only finitely many connected components. If the group U € is simply-connected, it follows
from [Ste68] that G; is connected.

The product group G; x Go acts on UC by left and right multiplication, i.e. we define

(g1,92) - 2 := g1295 "
where g; € G and z € UC.
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Definition 2.1. We say that an element z € UC is regular (with respect to G; x Gy) if the orbit
(G1 x G3) - z has maximal dimension. The element z is called strongly regular (with respect to G1 x G3),
if it is regular and if (G; x Gq) - z is closed. We write US and US. for the sets of regular and strongly
regular elements, respectively. Finally, we call the orbit (G x G3) - z generic if z is strongly regular.

Remark. (a) If we consider the action of U on itself given by conjugation, then Definition 2.1 yields the
usual notion of (strongly) regular elements in linear algebraic groups (compare [Hum95]).

(b) The subsets UL and UC. are invariant under G; x G3. The set US. can be proven to be open and
dense in U® which justifies the terminology “generic orbit”.

(c) In [Mat97] an element z € UC is called regular semi-simple if the automorphism Ad(z~1)o; Ad(2)o9
is semi-simple and if the Lie algebra go N Ad(271)g; is Abelian. It can be shown that an element is
regular semi-simple in Matsuki’s sense if and only if it is strongly regular.

2.2. The isotropy representation. The following proposition is crucial. For convenience of the reader
we give a short proof which makes use of the complex-analytic structure of U®.

Proposition 2.2. Let z € U® be a point such that the orbit M, := (G x G3) - z is closed. Then the
isotropy group (G1 x Gs), is real-reductive and the isotropy representation of (G1 x Gs). on T,U® is
completely reducible.

Proof. Since UC is a Stein manifold, there exists a smooth strictly plurisubharmonic exhaustion function
p: U® = R. By compactness of U we can average p using the Haar measure and hence assume that p
is (U x U)-invariant. It follows that w := i9dp is a (U x U)-invariant Kéhler form on U® with respect
to which U x U acts in a Hamiltonian fashion. The last statement means that there exists a (U x U)-
equivariant momentum map p: U® — u* @ u*. Since the group G; x Go is compatible with the Cartan
decomposition of U® x U®, we can restrict u to the subspace (ip1)* @ (ip2)* and obtain the restricted
momentum map pp: US — (ip1)* @ (ip2)*. According to [HS07] this restricted momentum map encodes
a lot of information about the (G x Gg)-action on U® from which we need the following.

(a) A (G1 x Gg)-orbit is closed in U if and only if it intersects M,y := ujpl (0) non-trivially (Proposi-
tion 11.2 in [HSO7]).

(b) If z € M,,p, then the isotropy group (G1 X G2). is a compatible subgroup of U® x U® and hence real-
reductive (Lemma 5.5 in [HS07]). Together with the previous statement this implies that isotropy
groups of closed orbits are real-reductive.

(c) If z € My, then the isotropy representation is completely reducible (Corollary 14.9 in [HS07]).

Hence, the proposition is proven. ([l

In the rest of this subsection we will have a closer look at the isotropy representation. Every element
(&1,&2) € g1 @ g2 induces the tangent vector

d d 1
2.1) p . (exp(t&1)z exp(—t&2)) = 7 ) (zexp(t Ad(z1)&1) exp(—t&2))

— (£.).(Ad(z"1)& — &) € .U,
where £, denotes left multiplication with z € U®. These tangent vectors span the tangent space of the
(G1 x G2)—-orbit through z, i.e. we obtain T,M, = (g1 D g2) - z = {(fz)*f; Ee€gs+ Ad(z_l)gl}.

Let p denote the isotropy representation of (G x Gs), on T.U®. One checks directly that the isotropy
group at z € UC is given by

(G1 x G2). = {(29227", 92); 92 € G2 Nz Gr2}.

Consequently, we may identify (G1 x Gs). with Go N 271Gz via the isomorphism ®: G5 N 271Gz —
(G1 x G2)., g+ (29271, g). Similarly, we will identify the tangent space T, M, with go + Ad(z~1)g; via
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(£;)«. We conclude from
d

P((9) ()6 = - i (29271, 9) - (zexp(t8))
= % i (zgexp(t€)g™")
= &) sep(tAd()) = (1), Ad(g)e
0

that the map (£, ). intertwines the adjoint representation of G N 271G}z on u® with the isotropy repre-
sentation of (G1 x G). on T,U® modulo ®. We summarize our considerations in the following

Proposition 2.3. Modulo the isomorphism ® the isotropy representation of (Gy x Gs). on T,UC is

equivalent to the adjoint representation of Go N 2~ Gz on uC.

2.3. The orbit structure theorem. We review the main results of [Mat97] in order to describe the orbit
structure of the (G x Gy)-action on UC. A proof of Matsuki’s theorem which relies on the momentum
map techniques developed in [HS07] can be found in [Mie07].

Let ag be a maximal Abelian subspace of p; N po and let ty be a maximal torus in the centralizer of
ap in &, N€,. It follows that ¢g := tg P ap is a maximally non-compact 6—invariant Cartan subalgebra of

g1 M ga2.
Remark. By maximality of ag the group A§ := exp(iag) is a compact torus in U.
Definition 2.4. A subset of the form C = nexp(ic) C U® is called a standard Cartan subset, if n € A§

and ¢ = t@a is a f-—stable Cartan subalgebra of goNAd(n~!)g; such that t D ty, a C ag and dim ¢ = dim ¢,
hold. The standard Cartan subset Cj := exp(ico) is called the fundamental Cartan subset.

We call two standard Cartan subsets equivalent if there is a generic (G x Gz)—orbit which intersects
both non-trivially. Let {C;};cs be a complete set of representatives for the equivalence classes. For each
j € J we define the groups

N x i, (Cy) = {(k1, k2) € K1 x Ka; k1Cjky ' = Cj},
Zrxk,(C) == {(k‘l,kg) € K1 x Ko; klzkg_l =z forall z € Cj},
and Wi, x i, (C}) = Nk, x k5 (C) | Z K, x i, (C).
Remark. The group Wk, x i, (C};) is finite for each j € J.
Theorem 2.5 (Matsuki). The set J is finite and we have

US = U G1C;Gy and US = UjeJGl(Cj NUS )Gy,
jeJ
where UG := {2z € U%; (G1 x Ga) - z is closed}. Moreover, each generic (G x Ga)—orbit intersects C; in
a Wi, xk,(C;)-orbit.

Remark. If G1 = Go, then let ¢, ..., ¢, be a complete set of representatives for the equivalence classes of
Cartan subalgebras of g;. We can assume without loss of generality that each ¢; is §-stable. Let {n; ;} be
a set of representatives for the Weyl group corresponding to ¢;. It can be shown that the sets n;; exp(ic;)
exhaust the equivalence classes of standard Cartan subsets for the (G7 x G;)-action on U®. Hence, we
obtain Bremigan’s theorem ([Bre96]).

2.4. The weight space decomposition. Let C = nexp(ic) be a standard Cartan subset. In this
subsection we discuss the weight space decomposition

W€ = @
AEA

of u® with respect to the Cartan subalgebra ¢ C go N Ad(n~!)g;. Here, we have written A = A(u®, ¢) for
the set of weights and ug for the weight space corresponding to the weight A\. We say that the weight



GEOMETRY OF INVARIANT DOMAINS IN COMPLEX SEMI-SIMPLE LIE GROUPS 5

A is real (respectively imaginary) if A # 0 and A(c) C R (respectively A(¢c) C iR) holds. A non-zero
weight which is neither real nor imaginary is called complex. We write A,., A; and A, for the sets of real,
imaginary and complex weights, and obtain

AN\ {0} = A, UA; UA..

Remark. We extend the weight A by C-linearity to the complexified Cartan algebra ¢. Since A(t) C iR
and A(a) C R hold for all A € A, we conclude that the weights are real-valued on it @ a.

Since n € A§, the automorphism 7, := Ad(n~!)o; Ad(n)os € Aut(u®) is unitary with respect to the
Hermitian inner product (£1,&2) := —Bye (51, 0(52)), where B,c is the Killing form of u®. Consequently,
T, is semi-simple with eigenvalues in the unit circle S'. Since 7, leaves ¢ pointwise fixed, each weight

space u5 is invariant under 7,,. Hence, following [Mat97] we obtain the finer decomposition
(2.2) u® = @ u(,\:,a,
(\a)eR

where uga = {¢ euf; 7,(6) = a&} and A= {(\a) € A x S ug’a # {0}}. The elements of A are
called the extended weights, and (2.2) is called the extended weight space decomposition.

Remark. Since ¢ is a Cartan subalgebra of go N Ad(n~1)g;, we conclude u‘gﬁl =€

We collect some properties of the extended weight space decomposition in the following

Lemma 2.6. (1) The Cartan involution 8 maps uga onto u(i)\ w1+ In particular, if (X, a) is an extended
weight, then (—X\,a™') is an extended weight, too. 7

(2) We have B¢ (uga,ugb) =0 unless (A\,a) = (—p,b~1) € A.

(3) Let&xq € uga with [[Ex,q]| = 1 be given and let 0y 4 := —[{A,G,H(Q,a)] Then we have Byc(nx.q,n) =
() for all n € ¢. In particular, nx,, does not depend on the element a € St i e. Me = Mra’ =: Nx
for all (A a), (N, d') € A.

(4) We have [€xa,€] = Bue(€x,a, &) for all E € ut, .

Proof. In order to prove the first claim let n =1+ n, € t@a=cand £ € ug \ be given and consider

[1,0(8)] = 0[0(n), €] = Olne — na, €] = O(A(M)E) — O(A(1a)§) = —Am)O(E)-

Here we used the facts that A(t) C ¢{R while A(a) C R and that 0 is C-anti-linear. Since § commutes with
Tn, We conclude

To0(&) = 01, (€) = 0(al) = ab(&) = a=16(¢),

which proves the first claim.
The second claim follows from the fact that the Killing form B,c is invariant under Aut(u®).
In order to prove the third one we compute

-BuC (nA,av 77) = _'BuC ([5)\.@7 9(5)\41)}, n) = -Bu.C (9(5)\,11)7 [5)\,11, nD
= =AM By (éx,a,0(éxa)) = Am)[Exall® = A(n).

The last claim is proven in the same way as Lemma 2.18(a) in [Kna02]. O

Standard arguments from Lie theory (see for example Chapter 1.4 in [Kna02]) lead to the following
result.

Proposition 2.7. (1) Let A # 0. After a suitable normalization the elements nyx, &x.q and 0(Ex,q) form
an sl(2)—triple.
(2) If A # 0, then we have dimc uga =1 and dim¢ u(EnA,am =0 for allm > 2.

(8) The set A\ {0} of non-zero weights fulfills the azioms of an abstract root system in (it ® a)*.

(4) Let A,y € A\ {0} such that A+ p € A\ {0} holds. Then we have [ug,ug] = u§+u,
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3. CR GEOMETRY OF CLOSED ORBITS

3.1. Preliminaries from CR geometry. In this subsection we will review the basic definitions and
facts from the theory of CR submanifolds as far as they are needed later on. For more details and
complete proofs we refer the reader to the textbooks [BER99] and [Bog91].

Let Z be a complex manifold with complex structure J. A real submanifold M of Z is called a Cauchy-
Riemann or CR submanifold if the dimension of the complex tangent space H,M := T,M N J,T,M does
not depend on the point p € M. In this case, the set HM := UpeM H,M is a smooth subbundle of the
tangent bundle 7'M invariant under the complex structure J, called the complex tangent bundle of M.
A CR submanifold M C Z is called generic if T, M + J,T,M = T,Z holds for all p € M. For example,
every smooth real hypersurface in Z is a generic CR, submanifold of Z.

Remark. Since the group G1 x Gy acts by holomorphic transformations on U®, each closed (G; x G3)-
orbit is a CR submanifold of U®. Since the (G x G3)-action extends to a transitive (U x U®)-action
on UC, each closed orbit is moreover generic as a CR submanifold.

A smooth section in HM is called a CR vector field on M. A smooth map f from M into a CR
submanifold M’ C (Z',J’) is called a CR map if f. maps HM into HM' and if f.J = J'f, holds. A CR
function on M is a CR map M — C, where C is equipped with its usual structure as complex manifold.

For each CR submanifold M C Z one can define the intrinsic Levi form, which generalizes the classical
Levi form of a smooth hypersurface.

Definition 3.1. The Levi form of M at the point p is the map £,: H,M x H,M — T;CM/H;?M defined
by

) 1
L,(v,w) = (;[v, W, — 51V, JW]p> mod HEM,
where V' and W are CR vector fields on M with V,, = v and W), = w.

Remark. One can show that the intrinsic Levi form is well-defined, i.e. that it does not depend on the
choice of CR extensions of v,w € H,M (compare [Bog91]).

The Levi cone C, of M at p is by definition the closed convex cone generated by the vectors £, (v,v)
where v runs through H,M. Because of L,(v, w) = L,(w,v) the Levi cone is contained in T,M/H,M.
The Levi cone generalizes the signature of the classical Levi form of a hypersurface. Its significance stems
from the fact that it governs the local extension of CR functions on M to holomorphic functions on Z.

Theorem 3.2 (Boggess, Polking). Let M be a generic CR submanifold of a complex manifold Z and
let us assume that the Levi cone at some point p € M satisfies Cp(M) = T,M/H,M. Then, for each
neighborhood w of p in M there exists a neighborhood Q0 of p in Z satisfying Q N M C w which has the
property that every CR function on QN M extends to a unique holomorphic function on Q.

A proof of this theorem can be found in [Bog91].
3.2. The complex tangent space of a closed orbit. Let z € U® be given such that the orbit

M, = (Gy x G3) -z is closed in U®. By Matsuki’s theorem we can assume that there is a standard Cartan
subset C' = nexp(ic) which contains z = nexp(in). We define

/~\(z) ={(\a) € A; ae 2 = 1}
and set 7, := Ad(z71)o1 Ad(2)oe € Aut(u®).

Lemma 3.3. The automorphism 7, is semi-simple and we have

Fix(r,) = (02N Ad(z"Da) = P uf,.

(\a)EA(z)
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Proof. The first equality is a consequence of [Mat97], p. 57. In order to prove the second one let £ =
Z(A,a) &x,q be an arbitrary element of uC. Then we have

7.(&) = Ad(z7 Yoy Ad(2)02(€) = Ad(exp(—in))Tn Ad(exp(—in))§

= Ad(exp(—in))m, [ > e ey,
(A,a)

= Ad(exp(—in)) Z ae=AMey = Z ae”2MME, .

(A,a) (X,a)
This proves that 7, is semi-simple. Moreover, 7,(§) = £ holds if and only if €5, = 0 for all (\,a) ¢
A(z). O
Since g N Ad(z71)g; is isomorphic to the Lie algebra of (G x Gs)., we obtain the following charac-

terization of strongly regular elements in terms of the extended weights as a corollary.

Theorem 3.4. We have codimg (G x G3) - z = dimp ¢ + (#A(2) — 1). The element z is strongly regular
if and only if A(z) = {(0, 1)} holds. This implies that the codimension of a generic orbit coincides with
the rank of the real-reductive Lie algebra g1 N go.

Finally we describe the tangent space T, M, in terms of the extended weight space decomposition.
Theorem 3.5. Under the map (£,). the tangent space T. M, is isomorphic to
g2 +Ad(z g1 = (g2 NAd(z Dg) & P uf,.
(Na)¢A(z)

In particular, the complex tangent space of (G1 X G2) - z is isomorphic to ®(A,a)¢1~\(z) uga.

Remark. From now on we will identify the quotient 7CM/HTM with REM := (£.). (g2 N Ad(z_l)gl)c.
It follows that these spaces are isomorphic as (G x Gz),—modules.

Proof of Theorem 3.5. Since 7, is semi-simple, we conclude from Lemma 1(i) in [Mat97] that

u =i(g2 NAd(z"")g1) ® (g2 + Ad(z"H)an)
holds. Moreover, one checks directly that this decomposition is orthogonal with respect to the real part
of the Killing form B,c. Similarly, we have the decomposition

ut = Fix(1,) ® Fix(rz)l, Fix(r,) = (92 N Ad(zfl)gl)c,

where the orthogonal complement Fix(7,)" with respect to Byc is the sum of the 7,—eigenspaces corre-
sponding to eigenvalues # 1. These observations imply

g2 + Ad(z7Y)g, = (92 N Ad(z_l)gl) @ Fix(r,)*.
Since the same argument as the one in the proof of Lemma 3.3 implies the equality
Fix(r,)* = @ uga,
(\a)gA(z)
the theorem is proven. O
3.3. Pulling back the Levi form into the Lie algebra. As abbreviation we put G := G; X G5 in
this subsection. Consequently, we have g := Lie(G) = g1 @ ga.

As we have remarked above, every closed G-orbit M, = G - z is a generic CR submanifold of U®. Let
w9 — g-2=T,M, be the differential of the orbit map. By Equation (2.1) the map 7, is given by

7.(&1, &) = (ZZ)*(Ad(Zil)gl - 52)

In this subsection we will pull back the CR structure of M, into the Lie algebra g and compute the Levi
form of M, via this pull back. The following proposition is essential.



8 CHRISTIAN MIEBACH

Proposition 3.6. We have the G,—invariant decomposition g = g,®q,, and q, and T, M, are isomorphic
as G.-spaces where the isomorphism is given by T, = 7.|q,. Since the complex tangent space H, M, is
invariant under G, we obtain the G,—invariant decomposition q, = R(q.) ® H(q.) where H(q,) :=
7, Y (H,M,) and R(q,) := 7, Y(R,M.).

Proof. We only have to show that the adjoint representation of G, on g is completely reducible. This
follows from Proposition 2.2 since G is conjugate to a compatible subgroup of U® x UC if the orbit
G-z = M, is closed. O
Proposition 3.7. The Levi form L,: H,M, x H,M, — R(ZCMZ s given by

i

(31) £ofvew) = (5 [ 07 )] - 5

Proof. Let v,w € H,M, be given and let VW be CR vector fields on M, with V, = v and W, = w.
Since the orbit map G — M, is a G,—principal bundle, there exist projectable vector fields V and W on
G with V, = 771 (v) and W, = 72} (w) such that 7.V =V and m.W = W hold. For a proof of this fact
and more details about projectable vector fields we refer the reader to [KN63]. Although it is in general

771 (v) 7~r1(iw)]) mod HEM,.

z » Nz

not possible to choose the vector fields V and W to be left-invariant, the same argument which proves
well-definedness of the intrinsic Levi form applies to show that
S 1
(;[v, Wle — 2[V,JW]6> mod H(q.)
does only depend on the values V, and We (compare the proof of Lemma 1 in Chapter 10.1 of [Bog91]).
Therefore we conclude

b~ o 1~ — T o ~_ 1. 1.
(2[V,W]e . §[V7 JW]e) mod HC(CIz) — (2 [7Tz 1(1}),7TZ 1(w)] — 5 [7(2 1(1}),772 1(7,w)}) mod Hc(qz)’
and obtain
L(v,w) = (;[V, W], — %[V, JW]Z) mod HEM,
= <;[7rz‘~/,7rzW]z — ;[WZXN/,WZW]Z) mod HEM,
_ (;% AN jm) mod HEM.
=, §[V’ Wle — i[V, JW]. mod H"(q,)
T — 1. _1.
=, (2 [7TZ L), 7] 1(w)] ~5 [ﬂ'Z L), 7] 1(zw)] mod Hc(qz))
=, (; 7' (v), 72 (w)] — % [%Z_l(v)7%z_l(iw)]> mod HEM,.
This finishes the proof. |

In the next subsection we will use the weight space decomposition in order to determine the map 7!
explicitely.

3.4. The Levi form of a closed orbit. This rather technical subsection contains the computations
which are necessary to achieve the final formula of the Levi form.

Lemma 3.8. We have
g. = ker(m,) = {(Ad(z)f,ﬁ); Eegan Ad(zfl)gl}.

Proof. One checks directly that {(Ad(2)¢,€); € € goNAd(271)g1} C ker(r.) holds. The other inclusion
follows for dimensional reasons. O

Lemma 3.9. The subspace q. = R(q.) ® H(q.) is determined by the following.
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(i) We have
R(q:) =7, (g2 N Ad(2 " Han) = {(Ad(2)€, —€); € € gaNAd(z g }-
(ii) We have
(7) " (uXa) = {(Ad(2)02(6) + 01 (Ad(2)02(€)), € + 02(6)); € €ul,}
Jor all (A\,a) € A\ A(z).

Proof. Firstly, we have to show that {(Ad(z)¢,—€); £ € g2 N Ad(z7')g1} is contained in q. = g
where the orthogonal complement is taken with respect to the Killing form of g; & go. Hence, let
£,€ € goNAd(271)g; and consider

Bg1€Bgz ((Ad(z)§7 g)) (Ad(z)gla _5/)) = Bgl (Ad(z)§> Ad(z)gl) - Bg2 (gv gl)
= Buc(gagl) - Buc(évgl) =0.
A simple computation shows {(Ad(z)§, —¢); € € g2 NAd(z7!)g1} C R(q:). Since the converse inclusion
follows for dimensional reasons, the first claim is proven.
A similar argument as above implies that { (Ad(2)o2(€) + o1(Ad(2)02(€)), € + 02(E)); € € uga} lies
in q,. In order to prove the second assertion let £ € ug’a be given and consider
7. (Ad(2)05(6) + 01 (Ad(2)05(€)) € + 32(£)) = 02(€) + Ad(>~ 1) Ad(2)a2(€) — € — 02(€)
= 7(6) — £ = (a7 —1)€ = 3 a(€).
Since @i ,q(&) € uga holds, the lemma is proven. O

Remark. Note that the map @y q: u5§ , — uga is an isomorphism if and only if (\,a) ¢ A(z) holds. In
this case the inverse map is given by

1
ae—2iA(n) — 1

Pra(8) = 3

Definition 3.10. A Levi basis of H, M. is a basis (§x,4) (1) of H. M. such that &y , € uga and 02(€x 4) =
€0y(0).a hold for all (A, a) € A\ A(2).
From now on we fix a Levi basis (§x,q) of H,M,.

Theorem 3.11. We obtain the following formula for the Levi form of M,:
Lo(Enabun) = {aezfim)l [&,aafoz(u),b] if (A4 02(p),ab) € A(z)

0 else
Proof. We will start by computing 7. *(x.4) for €y, € 5 ,. Lemma 3.9 gives us
1) = (Ad()oalprh6) + 01 (Ad(2)02(0516)) 5 hE + 20074 )
= (Ad(2) (0293 58) + T=(#548)), @rné + 02(759))
= (Ad(2) (346 + 02(¢5748)) + Ad(R)E k€ +02(9749))

for any ¢ € uf,. In the next step we determine the Lie bracket [77'(€x4), 72" (€u)]. Since the Lie
bracket of g = g1 & go is defined component-wise, we consider

[Ad(z) (PxLéna + 02005 2na)) + Ad(2)€an, Ad(2) (0] 5Eus + (07 bEun)) + Ad(z)g#,b}

= Ad(z) [w;,}zfx,a +02(05 0éna) +Exar ©ppub + 02(0, 1Eu0) + fu,b}
and
[ héra + 02(97580a)s Pubus + 2(Phan)] -
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The application of 7, to the element in g, & go whose components are given by the above gives
(3.2) [@;Lﬁx,a + 02(80;,1,\5,\@)’ @,b] + |:§)\,aa @;},&L,b + 02(90;,},@,17)] + [Exn,as Eup)-

By the same computation we obtain for . ([7*(&1), 75 ! (i€2)]) the following expression:

(33) {‘p):zg)\,a + 0'2(90;’1)\5/\711)7 igu,b} + |:§)\,aa @,:};igu,b + U2(‘)0;,})i€u,b):| + [gx\,aa igu,b}-

To arrive at the Levi form, we have to multiply (3.2) by £ and subtract (3.3) multiplied by 3. Due to
the facts that ¢y , and ¢, are complex-linear, while o3 is anti-linear over C, this leads to

Z.[g)\,an 0'2(30;},5#17)} .
Inserting the concrete expression for cp;}) yields
by ~—1 Ly ~—1y, i
T, (2[7TZ (Exa)s 75 H(Eup)] — 5[@ (bxa), 7, (ZEW)]) - m[gm,@(@%b)].

To arrive at the Levi form, we have to project this element onto (gg N Ad(z‘l)gl)c. Consequently, we

only obtain a nonzero contribution if [€x.q,02(§.)] € Fix(7.) holds. By the definition of a Levi basis
this condition translates into the one formulated in the theorem. This finishes the proof. O

3.5. The quadratic Levi form. In this subsection we will derive explicit formulas for the quadratic
Levi form of a generic orbit M, = (G1 x G2) - z from Theorem 3.11. For (A, a) € A we define

C ._,C C C C
u [)\, a’] =Uxa + uag()\),a + Uy a1 + u—ag()\),aﬁl'

Since the u®[\, a] L u€[y, b] with respect to the Levi form L. for (X + o2(u), ab) ¢ Az) = {(0,1)}, the
Levi form is determined by its restriction to these spaces for which explicit formulas are given in the next
proposition. We make use of the partition A\ {0} = A, UA; UA..

Proposition 3.12. Let (A, a) € A be given.
(1) For X € A, we obtain

; __ U S
Lo(rxéxa + 72 xq-1) =—2Im (ae—zM(") _ 1) [Exas§-xa—1]-

(2) For A € A; and a = 1 we obtain

~ . ‘T)\‘Q |7”7,\|2 .
Lo(raéai+r-a€xi) = I — 1 o2 1 i[éx1, €]

(3) For A € A; and a = —1 we obtain

2N N N
e—2i/\(7])_|_1 eQiA(n)+1

L.(raéx1 + r_x€xn—1) = — < ) i[éx,—1,6-x,—1]-

(4) For A € A; and a # £1 we obtain

-~

»Cz (TA,af)\,a + ’I“>\7a—1§,\,a—1 + T*/\,aff)\,a + T—A,a—lg—)\,a—l)
_ x0T ) g1 1 _xaT—xq-1
=2Re (aem(m_l[&,mf—,\,al]) +2Re (aegi/\(n) — [Ex,a,fx,al]) :

(5) For A € A. and a =1 we obtain

L. (raéxg + sa02(Ex1) +7-xEx1 + 5-a02(E221))

irAS_x ir_\3x
=2Re <(e—2i)\(n) —1  e2ir(m) — 1> [5)\,175—)\,1]) .
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(6) For A € A, and a = —1 we obtain

L. (raén—1 4 $x02(Ex—1) + 72Ex—1 + $-a02(E-x—1))

. 1r_)\3S) B IraS_y
=2Re <(62i)\(7]) F1 -2 4 1> [5’\’_1’5_>"_1]) ’

(7) For A € A, and a # £1 we obtain
EZ (r)\,af)\,a + SA,aO'Q(f)\ya) + T, a*lgfx\ a1t S—A,aflo—Q(gf)\,a*l))
YxaS—Xat —X\a-15\a
— 2Re ((3;)\[@\ ar&-x a—1]> + 2Re (121)\(,7)[5_>\7a—1,§)\7a]) .

Proof. The proof is a straightforward application of Theorem 3.11. As illustration we will prove the first
assertion. If \ is a real weight, we have oo(\) = A and therefore u®[\, a] = u‘ia @®u®, .. For arbitrary
numbers ry,7_x € C we obtain

L.(raéna+ 1 2na) = [MaPLa(Ena) + AT AL2(Exar Erar)
+F>\T—>\Lz(€f)\,a*1a€>\,a) + |7’—/\|222(§f>\’a*1)
=2Re(r7-aL:(ErarE-ra1))
=2Re <m“\[£)\ asé— Xa~ 1])

ae 21

WT\T — )\
=2Re (ae—w(")—l> [Exnar§-xa1],
since 02[Ex ;- x,a-1] = [Ex,a,§-r,q-1] for real weights . O

3.6. Reduction to the (01, 02)—irreducible case. In this subsection we will introduce the appropriate
reduction method in order to facilitate the determination of the Levi cone.

Definition 3.13. We say that u® is (01, 09)-irreducible if there is no non-trivial ideal in u® which is
invariant under oy and os.

Remark. Let n € AS C U and o} := Ad(n"!)o; Ad(n). Then o} is again a C-anti-linear involutive
automorphism of u® commuting with § and u® is (¢, o2)-irreducible if and only if it is (o, o9 )—irreducible.

The next lemma characterizes (o1, 02)-irreducibility in terms of the set of weights A = A(u®, ¢) where
co = to @ ag is the fundamental Cartan subalgebra of g; N gs.

Lemma 3.14. The Lie algebra u® is (o1, 02)-irreducible if and only if the root system A := A\ {0} C
(ito ® ag)™ is irreducible.

Proof. Let us assume that u® is (o1, 02)-irreducible. If the root system A is not irreducible, there is
a decomposition A = Ay UA; into non-empty subsystems Aq, As such that for all \; € A, neither of
A1 £ Ao is a root. It follows that
C C C
u; = 1uy ;P @ uy,

AEA;

where ug § = Span{ u§ Hu ] AEA; } is a non-trivial ideal invariant under oy and o9, which contradicts

the fact that u® is (o, 02) —irreducible.

In order to prove the converse, let us assume that uf is a non-trivial ideal in u® invariant under oy and
0o. Consequently, its orthogonal complement u§ with respect to the Killing form B is also a non-trivial
01— and oy-stable ideal and u® = u$ @ u§. It is not hard to see that this decomposition induces similar
decompositions of g; N go, ¢y, and hence also of the root system A which contradicts the fact that A is
irreducible. g

C

Since the computation of the Levi form is local and the Levi form is invariant under local biholomor-
phisms, it does no harm to go over to coverings. Hence, we assume that UC is simply connected.
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Theorem 3.15. There exists an up to re-ordering unique decomposition u® = u§ @- - ~EBu(jcv into (01,092)—
irreducible ideals. If UC is simply-connected, we have the corresponding decomposition of UC, of the real
forms G1 and Gs, and of the orbits and their (complex) tangent spaces. This decomposition of the complex
tangent space of a closed orbit is orthogonal with respect to its Levi form. Consequently, the Levi cone is
the direct product of the Levi cones of each factor.

Proof. Since u® is semi-simple, it is the direct sum of its simple ideals, and each of these is #-invariant.

Since o, and oy are automorphisms of u®, they map simple ideals onto simple ideals. This observation
proves that u® has a unique decomposition into (o1, 02)-irreducible ideals. Moreover, the simple ideals
which appear in one (o1, 03)—-irreducible ideal must be all isomorphic.

Let u®“=uf@.-- 0 u(JCV denote this decomposition and let U, ,S be the subgroup of U® with Lie algebra
ug. Since U® is simply-connected, we obtain

U =UF x---x U,

and since each semi-simple normal subgroup U,(E is invariant under o; and o9, we have similar decompo-
sitions

G = (G x - x (G)n
for j = 1,2. Here, (G;); is the fixed point set of ojyc. It follows that the (G1 x Gz)-orbits are also
direct products of their intersections with the normal subgroups U ,(E. Since the u(,E are ideals, we have
a corresponding decomposition of the set of weights into strongly orthogonal subsystems. Finally, the

computation of the Levi form in Theorem 3.11 tells us that the respective parts of the complex tangent
spaces are Levi-orthogonal. O

3.7. The Levi cone. In this subsection we will determine the full Levi cone of a generic (G x G3)-orbit.
We assume that UC is simply-connected and that u® is (o7, o )-irreducible.
Let z = nexp(in) be a regular element contained in the standard Cartan slice C' := nexp(ic). Since

z is regular, we have e2*() £ 1 for all (\,1) € A. Hence, we conclude A(n) # 0 for all (\,1) € A;. The
following lemma is then a direct consequence of Proposition 3.12.

Lemma 3.16. The Levi cone C, of the generic orbit (G X G3) - z is generated by

(1) i[gk,aaff)\,afl} fOT (>‘a a) €~Ar7

(2) _7;[5A71a€—)\,1] fOT ()‘7 1) gAt with )\(7]) >0,

(3) Z'[f)\’hf,)\’l] for ()\, 1) eN; wztii)\(n) <0,

(4) ii[gh—lag—)\,—l] fOT ()‘7 _1) € Ai; N

(5) £Re([Ena, € na-1]) and £Im([Exa, € a-1]) for (A a) € A; with X # +1, and
(6) iRe([f)\,aag—A,a_lb and iIm([f)\,aag—A,a_l}) fOT‘ ()‘7 a’) € KC'

Remark. Since we have defined the real structure on ¢ via oy, we obtain

Re([g)\,av 5—)\70,_1]) = [g)\,)\v g—)\,a_l] + 02 ([5)\,&7 g—/\,a_l])
= [Enar€-ra1] T [Eosn) 0 E—aa) a1

The imaginary part Im([f Nar € )Hafl]) can be expressed by an analogous formula.

In order to state the main theorem we have to review some properties of real simple Lie algebras of
Hermitian type. For a more detailed exposition of these topics we refer the reader to [HN93] and [Nee00].

Recall that a simple real Lie algebra g = € @ p is said to be of Hermitian type if the center of £ is
non-trivial. This condition implies that a maximal torus t C ¢ is a Cartan subalgebra of g. Then every
root a in A = A(g®,t) is imaginary, and either g$ C £© or g€ C p® holds. In the first case we call a a
compact root, while in the second case « is said to be non-compact. We write A and A, for the sets of
compact and non-compact roots, respectively. Since g is Hermitian, the root system A possesses a good
ordering, i.e. there is a choice of the set AT of positive roots such that each positive non-compact root
is larger than every compact root. This is equivalent to the fact that the set A;r is invariant under the
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Weyl group W (Ag). Therefore there are two natural W (Ag)—invariant cones Cpin C Ciax, where Ciin
is the closed convex cone generated by

{_i[fa,a(fa)]; fa S gg,a S A;‘} Cct
and
Cmax = {77 S t7 Za(n) >0 for all a € A;‘}

Let C2 . be the interior of Ciyax. Then the open subset G exp(iCY, )G C UC is closed under multipli-

cation and hence a semi-group, called the open complex Ol’'shanskii semi-group.

Theorem 3.17. Let u® be (01, 02)—irreducible and let (G1 x Gg)- 2 be a generic orbit where z = nexp(in)
lies in the standard Cartan slice C := nexp(ic).

(1) If the standard Cartan subset ¢ is non-compact, then C, = ¢ holds.
(2) If ¢ is compact and if a # 1 for some (A, a) € A, then we have C, = c.
(3) If ¢ is compact and if a = 1 for all generalized weights, then o1 = o9 holds and there are the following
cases.
(i) If g1 = g2 =: g is of Hermitian type and if ) lies in Ciax, then the Levi cone C, is isomorphic
to the dual of the positive Weyl chamber defined by A*. In particular, the Levi cone is pointed.
(ii) If g is of Hermitian type and 1 ¢ Cpax, then C, = c.
(iti) If g is not of Hermitian type, then C, = c.

Remark. The reader will note that the statement of Theorem 3.17 differs also for the case o1 = o9 from
the corresponding Theorem 5.3 in [FG98]. Indeed, as L. Geatti has kindly pointed out, the formulation
of the third part of Theorem 5.3 in [FG98] is not correct. The correct statement in Theorem 3.17 and its
proof in the case o1 = 09 are due to an unpublished erratum written by L. Geatti.

It will turn out to be convenient to express the generators of the Levi cone in terms of the coroots
nx € it ® a. Therefore we will identify ¢ = t® a with it ® a via the map (n1,72) — (in1,nm2). By abuse
of notation, we denote the image of the Levi cone under this map again by C, C it ® a. According to
Lemma 2.6 we have

[5)\,0‘757)\,0,*1] = BuC (5)\,&357)\41*1)7» S CTD\
Hence, we can normalize the €, o such that [£x 4,y o—1] = na holds for all A € AT\A; and [€) 0, &) o-1] =
4+ holds for A € A depending on the sign of Byc (&) a, Ena-1)-

Remark. In the case where g3 = g2 =: g and t is a compact Cartan subalgebra of g, we obtain after the

above normalization
Ne for a € A;r
[gavgfa] = )
—To for a € A}

since the real part of B,c is positive definite on p and negative definite on ¢.

Proof of Theorem 3.17. (1) Let ¢ be non-compact. Since A\ {0} satisfies the axioms for an abstract root
system, we may choose a set II C AT of simple weights. By Lemma 3.16 we know that £n, lies in C, for
A€ A\ A;, and we have to show that +n) € C, holds for all A € A. It is enough to prove this fact for all
na with A € II; ;=TI N A;.

If \, u € II; with A+ p € A are given, then A+ u € AJ holds. Since ¢ is non-compact, this observation
implies that there exists an element p € IT\ II;. Let A € II; be arbitrary (if IT; = ), the proof is finished).
Since A\ {0} is irreducible by Lemma 3.14, its Dynkin diagram is connected and hence we find a sequence
A= A1,..., Ay = p of simple roots which are adjacent in the Dynkin diagram. Consequently, we obtain
Aj+--+ Ay €A\ A forall 0 < j < N — 1. This implies

in)\j+"'+/\N = i(nz\j+-~+>\1\771 + 77/\N> €C.

for all 0 < 5 < N — 1. Since £ny, lies in C., we conclude £y, 4.4 2y_, € C, for all j. Tterating this
argument we finally arrive at +n, € C, which was to be shown.

(2) Let us assume that ¢ is compact and that there exists (A, a) € A with a # 1. In this case we have
A = A; and £7, € C, for all X such that there exists a # 1 with (\,a) € A. If there are two weights
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A1, A2 € A such that (Aj,a) € A implies a = 1 for j = 1,2 and such that A; + Az is again a weight, then
we conclude from Proposition 2.7 that

M+ A,a)eN=a=1

holds. Consequently, each set II C AT of simple roots must contain a root p with +7, € C,. Now the
claim follows from the same argument as above.

(3) Let ¢ = t be a compact Cartan subalgebra of go N Ad(n~!)g; such that a = 1 holds for each
extended weight (A, a) € A. It is enough to prove that this assumption implies g; = go since then the
claim follows from [FG98] and Geatti’s erratum.

The proof of g; = go relies on the comparison of the weight space decompositions

u=¢o9 @ u(,\:’l and (g2 NAd(n g =t"a @ u(,\:}l,
AEA\{0} AEA!

where A’ denotes the set of non-zero weights A for which u(il is contained in (92 N Ad(n_l)gl)c. Note
that this is well-defined since dim u‘&:’l = 1 by Proposition 2.7. Since the weight space decomposition is in

both cases defined with respect to t, a basis of A’ has to be a basis of A\ {0}, too. Since the root system
A\ {0} is reduced by Proposition 2.7, we conclude

_ C
u€ = (92 N Ad(n 1)91) ;
and hence, that go N Ad(n1)g; is a real form of u®. For dimensional reasons this implies
go = ga N Ad(n_l)gl = Ad(n_l)gl,

i.e. 09 = Ad(n™1)oy Ad(n).
By the definition of a standard Cartan subset, the fundamental Cartan subalgebra ¢y C g1 N g2 has
the same dimension as t. Therefore, we obtain

rk(gi N g2) = dim ¢y = dimt = rk(go N Ad(n‘l)gl)C = rku®,

which implies in the same way as above that g; Ngs is a real form of u® and hence that g; = g holds. O

4. APPLICATIONS

4.1. The criterion of Fels and Geatti. We restate Corollary 5.6 from [FG98] whose proof relies on
Theorem 3.2.

Theorem 4.1 (Fels, Geatti). Let Z be a complex manifold on which the Lie group G acts by holomorphic
transformations. Let the orbit M, = G-z be a generic CR submanifold such that C, = T.M,/H, M, holds.
Then there exists no G—invariant Stein domain in Z which contains M, in its boundary. Furthermore,
there is no non-constant G—invariant plurisubharmonic function which is defined in a neighborhood of
M,.

Theorem 4.1 gives a necessary condition for an invariant domain with a generic orbit in its boundary
to be Stein. In our situation we obtain the following result.

Theorem 4.2. Let C = nexp(ic) be a standard Cartan subset and let 2 be a connected component of
the open set G1(C NUS)Go. Then Q does not contain any proper (G1 x Gg)-invariant Stein subdomain
unless ¢ is compact and T, has a = 1 as only eigenvalue. In this case G1 = Gy must be of Hermitian type
and Q is a translate of the open Ol'shanskii semi-group in UC.

Consequently, we see that in the case G; # G2 there are no invariant Stein subdomains in U€ in whose
boundary a generic orbit lies. The reader should note that there are only finitely many (G x G3)—invariant
domains whose boundaries consist entirely of non-generic orbits.
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4.2. g—pseudo-convex functions and g—completeness. In this subsection we review quickly the no-
tions of g—pseudo-convex functions and g—complete complex manifolds. Let 2 be a domain in a complex
manifold Z. We call a smooth function on 2 strictly ¢—pseudo-convex if its Levi form has at least n — ¢
positive eigenvalues, n := dimc¢ €2, at each point of 2. Hence, a strictly 0—pseudo-convex function is the
same as a strictly plurisubharmonic function. If 2 admits a strictly g—pseudo-convex exhaustion function,
we say that € is g—complete. The solution of the Levi problem implies that a domain is Stein if and only
if it is O—complete. For more properties of g—complete complex spaces we refer the reader to [AG62].

Remark. A standard argument of complex analysis (compare Corollary XIII1.5.4 in [Nee00] for the case
g = 0 and [Dem] for the generalization to ¢ > 0) shows that a domain  in a Stein manifold Z is
g—complete if and only if there exists a strictly ¢g—pseudo-convex function ® on 2 with the property
®(z,) — oo whenever z, — z € 0.

A domain Q C Z with smooth boundary is called Levi-g—convex, if the boundary 02 can locally be
defined by a function whose Levi form has at most g negative eigenvalues when restricted to the complex
tangent space at any point of 9.

By a theorem of Docquier and Grauert ([DG60]) a domain  with smooth boundary in a Stein manifold
Z is Stein if and only if it is Levi-0—convex. In [ES80] this result is generalized to arbitrary g.

Theorem 4.3 (Oka, Docquier-Grauert, Eastwood-Suria). Let Z be a Stein manifold and let Q@ C Z be a
domain with smooth boundary. Then § is strictly q—complete if and only if Q) is Levi—-g—conver.

4.3. The rank one case. If the closed orbit M, = (G1 x G5) - z is a hypersurface in UC, its intrinsic
Levi form coincides with the classical Levi form of that hypersurface, and hence the signature of LAZ is
defined. According to Theorem 4.3 this signature encodes information about complex-analytic properties
of the domains bounded by M, . In this subsection we will use Matsuki’s classification of pairs of involutive
automorphisms of simply-connected compact Lie groups in order to classify the triples (U€, Gy, G3) where
UC is simply-connected and the generic (G x Gg)-orbit is a hypersurface. Moreover, we will determine
the signature of the Levi form of each generic hypersurface orbit.

In [Mat02] pairs of involutive automorphisms of simply-connected semi-simple compact Lie groups are
classified under the following notion of equivalence.

Definition 4.4. Let U be a simply-connected semi-simple compact Lie group. Two pairs of involutive
automorphisms (o1,02) and (o}, 05) are called equivalent if there exist an automorphism ¢ € Aut(U)
and an element u € U such that

ot =gpo1p™t and  oh = Int(u)poap ! Int(u)
hold.

Since in our case the involutive automorphisms o1,09: U C - UC commute with 6 and are anti-
holomorphic, they are completely determined by their restrictions to U. Therefore, we may apply the
classification result from [Mat02].

Theorem 4.5 (Matsuki). Let UC be simply-connected. If the generic (G1 x Go)-orbit is a hypersurface
in UC, then UC is of the form
Uf=8x-.-x8,
———

k times

where S is a 0-stable normal subgroup of U either isomorphic to SL(2,C) or SL(3,C). Let o and T be
anti-holomorphic involutive automorphisms of S commuting with 0|s. If k is odd, then we have

o1(g1,- - 98) = (o(g1),0(93),0(g2), - - -, 0(gr), 0(gx—-1))
o2(915 - 9k) = (0(92),0(91), - - -, 0(gr-1),0(gk—2), 7(9k)),
and if k is even, then
o1(g1,- - 9k) = (0(91),0(93),0(g2), ..., 0(gr—1),0(gk—2), 7(gr))
oa(g1,- - gk) = (0(92),0(91), ..., 0(gr),0(gr—-1))
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holds. If S = SL(2,C), then the pair (o,7) is equivalent to one of {(co1,1,01,1), (01,1,0),(6,0)}, where
01,1 is the involution defining the non-compact real form SU(1,1) of SL(2,C). If S = SL(3, then the

. . . _ 10 )0
only possibility for (o,7) up to equivalence is (a(g),r(g)) = (9,12719(9)12,1) with Iy := (86 _01).

Proof. Since the semi-simple complex Lie group UC is assumed to be simply-connected, we can identify
the automorphism group Aut(U®) with Aut(u®). By Proposition 2.2 in [Mat02] there exists a f-invariant
decomposition

w=uwao .o

into 01— and oo—invariant semi-simple ideals u}c. Moreover, each u}c is of the form

C_
u; =5;0---Dsy,
—_——
kj; times
where s; is a f-stable simple ideal in uf, such that the restriction of the pair (o1, 032) (or (02,01)) to uf
is equivalent to one of the following three types:

(1) The number k; is even and

o1(&1, -5 6k) = (&), 0(€3),0(&2), -, 0(Ek—1), 0(Ex—2), 0~ (&1))
02(£17 cee 7§1€) = (9(62)’ 6(&1)’ ) e(fk), e(fk—l))a

for some C-anti-linear automorphism ¢ of s; commuting with 0, .
(2) The number k is even and

o1(&r, ., &) = (0(&),0(&3), (52) 2 0(8k-1),0(Ek—2), (&)
o2(&1,. .., &) = (0(&2),0(&1),...,0 0(&k-1)),

where o and 7 are C-anti-linear involutive automorphisms of 5; commuting with 6|, .
(3) The number k is odd and

Ul(fb ce 7£k) = (J(§1)70(§3)79(€2)7 s 79(&6)79(51@71))
U2(£1a ce 7£k) = (9(52)’ 9(51)7 RRE 9(5’671)5 9(51972)7 T(gk))’

where o and 7 are C-anti-linear involutive automorphisms of 5; commuting with 6|, .

The condition that the generic (G X Gy)-orbit is a hypersurface is equivalent to rk(gy Nge) = 1. In
particular, this condition implies that u® is (o1, o5)-irreducible.
If u® is of the first type, one checks directly that

g1Nge = (s W)

holds. Consequently rk(g; N g2) is even and in particular larger than 1. This excludes the first type.
Let u® be of the second or the third type. Again it is not hard to see that

g1 Nge =87 Ns;

holds. It follows that the simple complex Lie algebra s; contains the complex subalgebra (g1 N g2)¢ which
is given as the set of fixed points of the C—linear semi-simple automorphism o7. Using the classification
of semi-simple automorphisms of simple complex Lie algebras we see that the only possibilities for s are
5[(2,C) and s1(3,C). Then the claim follows from Proposition 2.1 in [Mat02] where the pairs of involutions
on the classical Lie algebras are classified up to equivalence. O

Remark. Let U® = S x --- x S (k times) with S = SL(2,C), and let us consider the involutions oy
and oo on UC corresponding to (01,1,0) in the way described in Theorem 4.5. In this case we see
that g1 Ngo =: to = s0(2,R) is one-dimensional and compact. Hence, the fundamental Cartan subset
Co = exp(ity) is an exact slice for the (G7 x Gy)-action on UC, i.e. every (G x G2)-orbit intersects Cy
in exactly one point. In particular, we conclude that each element z € UC is strongly regular and that
G4 x G4 acts properly on U®.
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In the following let us consider a point z € UC such that the orbit M, = (G1 x Ga) - z is a closed
hypersurface in U®. Without loss of generality we take z to be of the form z = exp(in) € C for some
standard Cartan subset C' = exp(ic). Because of rk(g; N gz) = 1 the Cartan subalgebra ¢ C g1 N go
is one-dimensional and hence either ¢ = t is a maximal torus in €, N & or ¢ = a is a maximal Abelian

subspace of p; N pa. Let
C C
ue= @ UXa

(M a)eh
be the extended weight space decomposition of u® with respect to ¢.
Let us first assume that ¢ = a is non-compact. In this case every weight is real and we conclude from
Theorem 3.11 that the only non-zero contributions to the Levi form of M, stem from the terms
L, (5)\,@’ f—A,a*l) =

)
Yo [Exa: € xa-1];

where A # 0 and &) , is a non-zero element in uga with 02(€x,a) = &x,q. Consequently, the restriction of
the Levi form to
W a =u5, ®ut, 0, AeAT,

has with respect to the bases (€x,4,& x.q-1) of uC[\, a] and [€) q,€_x 4-1] Of a the matrix

)
< O a62i>‘("’)—1>
) )
T a—le2in(m) 1 0

which has the eigenvalues j:‘a 1 Hence, we obtain a pair of one positive and one negative

eigenvalue of the Levi form on u®[\, a] for each A € A™.
If ¢ = t is compact, each weight is imaginary and we have to handle the cases a = +1 and a # +1

separately. If @ = &1, then a = a~! and consequently
uha =uf,dut,,, AeAT,

holds. As basis of u®[\,a] we choose (&x.4,& xa) With 02(€x.a) = €_xa, and as basis of t we take
i[€x,a,€—x.a]- Then the Levi form has with respect to these bases the matrix

1
(ae’zi)\(n)l 0 )
1 .
0 T ge2irn(nm) 1

If a = 1, then both eigenvalues have the same sign, and if a = —1, then the eigenvalues have different
sign.
For a # 41 we have
uC[A’ a] = u(&:,a & u(E)\,a*1 ©® u([)iafl S u(E)\,a
and take (0,6 xa-1,80a-1,8-x,a) as a basis of u®[\,a]. Under the assumption Byc(€xq,6 x.0-1) =
Byc(€x,a-1,€-x,a) We obtain i[€x a4, a-1] = i[€r,a-1,E—r,q] Which we take as a basis of t. With respect
to these bases the restriction of the Levi form has the matrix

1
0 P OYCY s 0 0
TTeE T 0 0 0
1 )
0 0 (1) a-Te—2ix(m)_1
O O ae*?’i}\('l})il O

whose eigenvalues are given by + |ae*2ii(”>71| and +

We summarize these results in the following

1
[a—Te—2x(m —1[*

Theorem 4.6. If ¢ = a is non-compact, then each generic orbit M, with z € exp(ia) is Levi-g—convex
with

g=#AT.
If ¢ = t is compact, let us choose an ordering on the set of weights such that A(n) < 0 for all A € AT and
z = exp(in). Then each generic orbit M, with z € exp(it) is Levi-g—convex with

g=#{O -1 e xe At} +#{(N\a) e A; a#+1)
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Moreover, this numbers for q are sharp, i. e. M, is not Levi—q'—convez for any ¢ < q.

Proof. The only claim which is left to show is the fact that the multiplicity of the eigenvalue 0 of £, is
given by rk(u®) — 1.
We conclude from Theorem 3.11 that the nullspace of the Levi form of a generic orbit coincides with
@ ugva
(O,a)ex:ay&l

According to Lemma 5.1 in [Mat02] the subalgebra ug is a Cartan subalgebra of u®. Since we assume that
the generic (G x Ga)—orbit is a hypersurface, we conclude dimc ugl = 1 which finishes the proof. O

Theorem 4.3 and Theorem 4.6 yield the following result.
Theorem 4.7. Let M, be a closed hypersurface orbit where z € C' = exp(ic) and let Q be an invariant
domain with 02 = M.
(1) If ¢ = a is non-compact, then Q@ or Ut \ Q is strictly g—complete with

q=#A",

and this q is optimal. -
(2) If ¢ = t is compact, then Q or U\ Q is strictly q—complete with

g=#{\ 1) €A Ne AT+ #{(\a) € A; a # 1}
and this q is optimal.

4.4. The Levi form of invariant functions and g—complete domains. Let us assume in this sub-
section that the intersection g; N go contains a compact Cartan subalgebra t. By Matsuki’s result a
generic orbit M, = (G1 x G3) - z intersects the corresponding standard Cartan subset C' = exp(it) in an
orbit of the group W, xx, (C).

Remark. It can be shown that there exists a group isomorphism from

W = WKlﬂKz(t) = NKlﬂKg(t)/ZKlmK2(t)

onto W, x i, (C) such that the diffeomorphism t — C, 1 — exp(in), intertwines the W-action on t with
the Wk, x i, (C)—action on C' modulo this isomorphism ([Mie07]).

We say that a non-zero weight A\ € A = A(u®,t) is compact, if the reflection with respect to the
hypersurface (in)\)L C t belongs to W. Otherwise, A is called non-compact. Let us assume that there
exists a good ordering AT on the set of non-zero weights, i. e. that that each positive non-compact weight
is larger than every compact weight. This implies that the convex cone

Chax = {77 € t; iA(n) > 0 for all non-compact \ € A+} ct

is W-invariant.
Let Q := Gy exp(iCY,,)Ga, where CQ__ is the interior of Cyyay. Then G7 x Gg acts properly on Q.

Moreover, the mapping R: C>®(Q)F1xCG2 — ¢ (00 W

max

D= pin— @(exp(in)),
1

?

is an isomorphism (compare [FJ78]). The inverse £ := R~' is called the extension operator.

One would expect that the Levi form of an invariant smooth function on  is determined by the
direction tangent to the (G; x Ga)-orbits and by a direction transversal to the orbit. The following
propositions explains how the Levi form L(®)(z) is influenced by the complex tangent space of (Gy x
GQ) = Mz.

Lemma 4.8. Let ® € C"O(Q)Glxa2 be given. If v,w € H,M, C TS, then we have
L(®)(2) (v, w) = —=d°®(2) L (v, w),
where L, is the Levi form of M.
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Proof. By definition, the Levi form of & € C*°(2) at the point z € Q is the Hermitian form L(®)(z) on
T.Q associated to the (1,1)~form w := —3dd°®. We use the formula

dw(V,W) =V (w(W)) = W(w(V)) — w([V,W])
and extend v to a CR vector field V on M, to compute as follows:
—dd°®(2)(v, J,v) = —v(d°®(JV)) + Jv(d°®(V)) + d°®(2)[V, JV]
=v(d®(V)) + Jv(d®(JV)) + d°®(2)[V, JV]
=v(V(®)) + Lo(JV(®)) + d°®(2)[V, JV].

Since the vector fields V and JV are tangent to the orbit and since ® is constant along the orbit, we
obtain

L(®)(2)(v,v) = —%ddcé(z)(v, Ju) = %d@(z)J[V, JV], = —d@(z)JZZ(v).

Thus the claim follows from the polarization identities. O

Proposition 4.9. Let z € QNUE. and let T,Q = T,U® be identified with
(4.1) ut = @ u(/g,a

(Ma)eA

via (£,)«. Let p € C®(C2, )W be given and let ® := E(y) be its extension to a smooth (G x Ga)—invariant

function on Q. Then the decomposition (4.1) is orthogonal with respect to the Levi form L(®)(z).

Proof. In view of Lemma 4.8 it is enough to show that ¢ and H, M, = @(A,a);&(og) u(&:’a are orthogonal
with respect to L(®)(z). Thus let v € t and w € u§, be given. Since Jv and w are tangent to
M, = (G1 X G3) - z, there are elements 7, € q, C g1 @’gg such that Jv = nq(z) and w = £u(2) hold,
where 7q and &g are the corresponding vector fields on €. Using the same arguments as in the proof of
Lemma 4.8 together with the invariance of ® we obtain

L(®)(2) (v, w) = d°®(z)[na, &l (2) — 1d°®(2)[na, &l (2).

Since [na,&al(z) = [7,€]la(z) € H,M,, the invariance of ® implies d°®(z)[nq,&al(z) = 0, which finishes
the proof. 0

We will apply Proposition 4.9 in order to establish existence of a strictly g—pseudo-convex exhaustion
function on 2. The following theorem extends Neeb’s result on open complex Ol’shanskii semi-groups to
the case G1 # Go.

Theorem 4.10. The domain Q is g—complete for
g=rk(gi Ngo) +#{N 1) € A Ne AT+ #{(\,—1) e A; e AT} +#{(\a) € A; a#+1}.

Proof. Let ¢: C. — RZ% be smooth, W-invariant, and strictly convex with the property that ¢(z,) —

oo whenever z,, — z € 9CY, ., and let ® := E(p) be the corresponding smooth (G; x Gg)-invariant
function in Q. Let z € QN US.. Due to Proposition 4.9 we may compute the Levi form L(®)(z) on each
u®[\, a] separately.

We start with the case a # 1. Then our considerations from the rank one case imply together with
Lemma 4.8 that we obtain for each u®[\, —1] a pair of one positive and one negative eigenvalue and for
each u®[\, a], a # —1, two pairs of positive and negative eigenvalues in the Levi form L(®)(z).

Thus let a = 1. In this case all computations take place in (g; N g2)® and hence the whole question is
reduced to the case that € is an open Ol'shanskif semi-group in (G; N G2)C. In [Nee00] it is proven that
in this case the extension of a strictly convex function is strictly plurisubharmonic. Hence, we see that
in our case the extension @ is strictly g—pseudo-convex for

q:dimt(c+#{()\,a) €A a= 1} +#{(\,-1) € A; Ae AT+ #{(\a) €A; a+# +1}

If z, — z € 09, then ®(z,) — oo holds by construction and hence we conclude that 2 is g—complete for
the above gq. O
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