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MATSUKI’'S DOUBLE COSET DECOMPOSITION VIA GRADIENT MAPS

CHRISTIAN MIEBACH

ABSTRACT. Let G be a real-reductive Lie group and let G and G2 be two subgroups given by involutions.
We show how the technique of gradient maps can be used in order to obtain a new proof of Matsuki’s
parametrization of the closed double cosets G1\G/G2 by Cartan subsets. We also describe the elements
sitting in non-closed double cosets.

INTRODUCTION

Let G be a real-reductive Lie group equipped with two involutive automorphisms o7 and oo which
both commute with a Cartan involution of G. We write G’ for the group of o;-fixed points and let
G; be an open subgroup of G?. The subject of this paper is to describe how Matsuki’s description of
the double cosets G1\G/G2 ([Mat97]) can be proved in a geometric way by using gradient maps and
exploiting slice representations.

Let us outline the main results. The product group G; X G5 acts on G by left and right multiplication,
i.e. by (91,92) - ¢ = glxggl, and the set of double cosets G1\G /G2 coincides with the orbit space
of this action. We will see that the (Gy x Gz)-orbits in G are generically closed, i.e. that there is a
dense open subset G, of G consisting of closed orbits whose dimension is maximal among all orbits.
In [Mat97] the notion of fundamental and standard Cartan subsets is introduced and it is proven via a
Jordan-decomposition for elements in G which takes the involutions o7 and o9 into account that these
Cartan subsets are cross sections for the closed (G x Ga)-orbits. We will give a geometric proof of
this fact and show that Matsuki’s cross sections actually are geometric slices at closed orbits of maximal
dimension. Moreover, we will see that locally G, has the structure of a trivial fiber bundle over a domain
in Matsuki’s cross sections whose fiber is the closed (G x Gg)-orbit through a point of this domain.

Included in this setup is the case that G is complex semi-simple and that o7 = o9 =: ¢ is anti-
holomorphic, i.e. that Gg := G is a real form of G. The orbit structure of the closed (Gg x Gr)-orbits
in G is studied in [Sta86] and [Bre96]. In [BF00] the set of non-closed orbits is investigated, too. Their
analysis is based on the real-algebraic quotient theory available for algebraic actions of complex-reductive
groups on affine varieties which are defined over R. In particular, they make use of a good quotient
G//(Gr x Gr) which parametrizes the closed (Gg x Ggr)-orbits in G and from which they obtain a
stratification of G.

The case that G is a connected reductive algebraic group defined over an algebraically closed field of
characteristic not equal to 2 and that o1 and o9 are commuting regular involutions is studied in [HSO01]
with the help of étale slice theorems, stratifications and the categorical quotient. Moreover, they also
consider the situation where G is complex reductive and defined over R such that o1, o9 are likewise
defined over R. Very recently, they have also used the Cartan decomposition of the momentum map in
order to describe double coset decompositions of a real form of a complex reductive group ([HSO08]).

In this paper we explain how the presence of a natural (G; x G2)-gradient map on G can be used as a
substitute for the methods from the theory of algebraic transformation groups. In particular we obtain the
existence of a good quotient G/ (G1 x G2) and of an isotropy-type stratification from [HSS08] and [St508]
which provides us from the outset with a lot of information about the set of closed orbits. Afterwards,
we analyze the fine structure of the (G; x Ga)—action with the help of the isotropy representation on
transversal slices in the Lie algebra of G and transfer this infinitesimal information via the Slice Theorem
to the group level. It turns out that the isotropy representation on the slice coincides with the adjoint
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H?—representation on h~¢ where (H,o0) is a symmetric reductive Lie group. Therefore we will apply
results from [LM76], [OMS80], [vD83], and [OS84] where these representations are investigated.

This paper is organized as follows. In the first section we review the notions of compatible subgroups of
complex-reductive groups and gradient maps together with their main properties. In Section 2 we describe
the gradient map we use for the (G x Ga)—action on G and investigate in detail the slice representations
for this action. Since the slice representations are equivalent to the isotropy representations of reductive
symmetric spaces, we investigate these in the third section via a natural gradient map. In Section 4
we use these results to give a geometric proof of the main result in [Mat97] which describes the orbit
structure of the closed (G x G3)-orbits in G. We also describe the non-closed (G; X Gg)—orbits. In the
last section we consider some examples in order to illustrate our methods and results.

I would like to thank Prof. Dr. P. Heinzner and H. St6tzel for many helpful discussions on the topics
presented here as well as the referee for his useful comments.

1. COMPATIBLE SUBGROUPS AND GRADIENT MAPS

In this section we collect the facts from the theory of gradient maps with main emphasis on the Slice
Theorem, the Quotient Theorem and isotropy-type stratifications. Further details and complete proofs
can be found in [HS07b], [HSS08] and [St508].

1.1. Compatible subgroups of complex-reductive groups. Let U be a connected compact Lie
group. It is known ([Che70]) that U carries the structure of a real linear-algebraic group. Let UC be the
corresponding complex-algebraic group. Then U® is complex-reductive and the inclusion U < U€ is the
universal complexification of U in the sense of [Hoc65].

The map U x iu — U®, (u, &) — uexp(£), is a diffeomorphism, whose inverse is called the Cartan de-
composition of UC. Furthermore, the map 6: U — U®, §(uexp(§)) := uexp(—£), is an anti-holomorphic
involutive automorphism of U® with U = Fix(f), called the Cartan involution of U® corresponding to
the compact real form U. Proofs of these facts can be found for example in [Kna02].

A subgroup G of UC is called compatible (with the Cartan decomposition of U®) if G = K exp(p)
for K := GNU and p := gNiu. If G is compatible, then the map K x p — G, (k,&) — kexp(§),
is a diffeomorphism. It follows directly from the definition that every compatible subgroup of UC is
invariant under the Cartan involution #. An open subgroup of a compatible subgroup is again compatible.
Moreover, a compatible subgroup G = K exp(p) is closed if and only if K is compact, and in this case K
is a maximal compact subgroup of G. In this paper a real-reductive Lie group is by definition a closed
compatible subgroup of some U®.

Remark. If a real-reductive group G = K exp(p) C U® is a complex subgroup of U®, then G is automat-
ically complex-reductive with maximal compact subgroup K. Hence, we have G = K€ and p = it in this
case.

1.2. Gradient maps and their properties. Let M be a Riemannian manifold. If f € C*®(M),
then we write Vf for the gradient vector field of f with respect to the Riemannian metric of M, i.e.
VfeC>®(M, TM) is given by

(Vf(z),v) =df(x)
foralz € M and v e T, M.

Let G = Kexp(p) be a real-reductive Lie group acting differentiably on M such that the compact
group K acts by isometries. Following [Nei99] we call a smooth map ®: M — p* a gradient map for the
G—action on M if

Vot = Em
holds for all £ € p. Here, ®* € C>°(M) is defined by ®¢(z) := ®(z)¢, and &y € C°(M,TM) is the
fundamental vector field induced by £ € p. If such a gradient map exists, we call the G—action on M
a gradient action. We will only consider gradient maps ® which are equivariant with respect to the
K-action on M and the co-adjoint K-representation on p*.

Ezample. Our main example for a gradient action is the following. Let GG be realized as a closed compatible
subgroup of the complex-reductive group U®. Let Z be a Kihler manifold endowed with a holomorphic
action of U® such that the U-action is Hamiltonian with U-equivariant momentum map p: Z — u*. Let
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M C Z be a closed G-stable submanifold. If we equip M with the restriction of the Riemannian metric
(+,-) which corresponds to the Kéhler metric on Z, then the G-action on M is a gradient action with
K—equivariant gradient map ® := ¢* o (u|ps), where ¢* is the linear map dual to ¢: p — u, £ — —i€. This
can be seen as follows. Since pu: Z — u* is a U-momentum map, we have for every £ € u the identity
dpt = w(€z,) where w is the Kihler form of Z and ué € C*°(Z) is given by u®(z) = u(2)¢. In particular,
if £ € p, then we obtain
dﬂ_lf = w(_J£Z7 ) = <'ﬂ£Z>7
where .J denotes the complex structure of Z. Restricting =% to M the claim follows.

Example. Let V be a finite-dimensional complex vector space with a holomorphic representation p: U —
GL(V) and let (-,-) be a U-invariant Hermitian inner product on V. Then the U-action on V is Hamil-
tonian with U—equivariant momentum map p: V — u*, p8(v) := p(v)é = i{p.(£)v,v), where p, is the
induced representation of u on V. If G = K exp(p) is a closed compatible subgroup of U® and if W is a
real G—invariant subspace of V, then the map

oW = p*, O (w) = i{p.(—i&)w,w),

is a K—equivariant gradient map with respect to Re(,)|wxw for the G—action on W. This map P is
called the standard gradient map for the G—representation on W.

Let M be a real G—stable submanifold of a complex K&hler manifold Z endowed with a holomorphic
action of UC. We assume that there exists a U—equivariant momentum map p: Z — u* and let ®: M —
p* be the induced K—equivariant gradient map where K acts on p* via the co-adjoint representation.
Associated to this map we have its zero fiber ®~1(0) and the set of semi-stable points

Sc(®71(0) =={z e M; G-2n®'(0) #0}.
We will use the following facts from [HSSO08].

Proposition 1.1. Ifz € S(;(<I>71(0)), then G - x is closed in Sg (@’1(0)) if and only if G - x intersects
®=1(0) non-trivially. If x € ®=1(0), then
(1) G-2N®10) =K - z;
(2) the isotropy subgroup of G at x is compatible, i.e. we have G, = K, exp(p,) with p, := {f €
p; fM(f) = 0};
(8) the isotropy representation of G, on T, M is completely reducible.

By the last statement of Proposition 1.1 there exists a G,—invariant decomposition T, M =g-x ® W
where g -z := {{u(2); € € g} = T(G - z). The next theorem gives the existence of a geometric G—
slice at points of ®~1(0). For its formulation we introduce the following notation. For any subgroup
H C G and any H-manifold N we write G xg N for the quotient manifold of G x N by the H—-action
h-(g,z):= (gh~ ', h-x). The H-orbit through (g,7) € G x N is denoted by [g,z] € G x g N.

Theorem 1.2 (Slice Theorem). For each x € ®71(0) there exist a G, —stable open neighborhood S of
0 € W, a G-stable open neighborhood Q2 of x € M, and a G-equivariant diffeomorphism G x¢g, S — Q
with [e, 0] — x.

By abuse of notation we will identify S = [e, S] C G x ¢, S with its image under the map G xg, S — Q
and hence obtain 2 = G-S. The map G x¢g, S = G- S is called a geometric G-slice. The representation
of G, on W is called the slice representation.

In closing we introduce the notion of a topological Hilbert quotient. We call two points xz,y € M
equivalent if and only if

G- xNG-y#0
holds. If this relation is an equivalence relation, we denote the corresponding quotient by 7: M — M //G
and call it the topological Hilbert quotient of M by the action of G.

Theorem 1.3 (Quotient Theorem). Suppose that M = S (<I>_1 (O)) Then the topological Hilbert quotient
m: M — MJ/G exists and has the following properties.

(1) Every fiber of m contains a unique closed G—-orbit, and every other orbit in the fiber has strictly
larger dimension.
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(2) The closure of every G—orbit in a fiber of m contains the closed G—orbit.
(3) The inclusion ®~1(0) < M induces a homeomorphism ®~1(0)/K = M)/G.

1.3. Isotropy-type stratifications. Let G = K exp(p) C U® be a reductive Lie group and let M be a
G-manifold together with a G—gradient map ®: M — p*. As above we suppose that M is embedded into
a Kahler manifold Z endowed with a holomorphic U®-action such that ® is induced by a U-equivariant
momentum map p: Z — u*. Moreover, we assume M = Sg (@’1(0)) and denote the corresponding
quotient by m: M — M//G.

Definition 1.4. For any subgroup H C G we define
M) = {x € M; G-z is closed and G, = H}
The saturation Iy := 7! (7r(M<H>)) of M) with respect to 7 is called the H—isotropy stratum in M.
We collect some properties for later use. The proof of the following theorem can be found in [St608].

Theorem 1.5 (Isotropy Stratification Theorem). (1) The manifold M is a disjoint union of the
non-empty isotropy strata Ig, and this union is locally finite.
(2) If Iy NI # 0 and Iy # Iy, then there exists a g € G such that gHg™' C H' holds.
(3) Each stratum Iy is open in its closure Ip.
(4) Let Gxg, S — G-S be a geometric G-slice at x € ®(0), and let N :={w e W; 0 € G, - w} C
W be the null cone of the slice representation of G,. Then we have

I, NG-S=G xg, (SN (W +N)).

Note that we view S as a Gy—invariant open neighborhood of 0 € W when writing G Xa, (S N
(WS +N)).

Remark. Since the null cone N is real algebraic in W (see [HS07a]), it makes sense to speak of smooth
points of the stratum Iy by Theorem 1.5(4). Moreover, we see that the set of smooth points is open and
dense in Ig.

2. COMPATIBLE SUBGROUPS GIVEN BY INVOLUTIVE AUTOMORPHISMS AND THEIR ACTIONS

2.1. Regular and strongly regular elements. From now on we fix a closed compatible subgroup
G = Kexp(p) in the complex-reductive group U®. Let 6 be the Cartan involution of U® which defines
its compact real form U. Let o1 and o9 be involutive automorphisms of G which both commute with 0|g
(but not necessarily with each other).

Remark. If G is semi-simple, then there exist elements g1, g2 € G such that the Cartan involution 6|g
commutes with 0;- = Int(g;)o; Int(g;l) where Int(g;) denotes conjugation by g; (compare the remark in
Section 4.3 in [Mat97]). In the general case let us consider the decomposition G = G’ - Z, where G’ is the
semi-simple part of G and Z is the connected component of the neutral element in the center of G. Since
all maximal compact subgroups of Z are conjugate, we conclude that 8|z is the unique Cartan involution
of Z. Therefore the Cartan involution 0}6|z0} must coincide with 6|z, i.e. o and 6|z commute. Since
G1\G/Go and g1G197 '\G/g2G=g5 " are isomorphic, we may assume without loss of generality that 6|¢
commutes with o; (see also Corollary 2.2 in [HS08]).

The composition 7 := o907 is an (in general not involutive) automorphism of G. We only consider
involutions for which the restriction of 7 to the center of g is semi-simple with eigenvalues in the unit
circle St i.e. for which 7 € Aut(g) is semi-simple and generates a compact subgroup.

Remark. If the Lie algebra g is semi-simple, then 7 is automatically semi-simple with eigenvalues in S*.
This follows from the fact that 7 is an isometry of the inner product (£1,&) = —B({l, 9(52)) where B is
the Killing form of g.

Let G be the fixed point sets of o; for j = 1,2 and let G; be an open subgroup of G/, i.e. let us
assume that (G%)% C G; C G holds. Then the product group G; x Gy act on G by left and right
multiplication, i.e. we define

(91,92) - @ == grags "
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The arguments presented at the end of Section 2 in [Mat97] allow us to assume that G = G;1G°G> holds.
Since o; is assumed to commute with the Cartan involution 6|g, the group G; = Kjexp(p?’) is a
closed compatible subgroup of G. In particular, G; x G is a closed compatible subgroup of U® x UC.

Remark. It follows that G?7 has only finitely many connected components. If G is simply-connected,
then G% is connected (compare [Loo69]).

Definition 2.1. We say that the element 2 € G is regular (with respect to G; x Gs) if the orbit
(G1 x G3) - x has maximal dimension. We call = strongly regular if it is regular and if (G x Ga) - x is
closed in G. We write G, and G, for the sets of regular and strongly regular elements in G, respectively.
The orbit (G1 X G2) -z is called generic if x is strongly regular.

Remark. The sets G, and G, are invariant under G; X Go. We will see (Theorem 4.5) that G, is open
and dense in G. This justifies the terminology “generic orbit”.

2.2. An explicit gradient map. We fix from now on an embedding of U into a unitary group U(N)

and consider the standard Hermitian inner product (A, B) — Tr(AEt) on the space of complex (N x N)—
matrices. Its real part (-,-) defines a scalar product on g.

Remark. With respect to this scalar product (-,-) the operator Ad(k), where k € K, is orthogonal, while
Ad (exp(f)), where £ € p, is symmetric.

By virtue of the Cartan decomposition U® = U exp(iu) we can define a function p: U® — R=2° by

pluexp(it)) = § Tr(€E).

Using [AL92] one verifies that the (U x U)-invariant smooth function p is strictly plurisubharmonic.
Consequently, the (1,1)-form w := £00p is a (U x U)-invariant Kéhler form on UC. It follows from
Lemma 9.1(2) in [HS07b] that the U-action on U® by right multiplication is Hamiltonian with momentum
map

p:US = u, wexp(§) — i€,

where we identify u with its dual u* via the standard Hermitian inner product. Since the map U® — UT,
g — ¢!, is biholomorphic and interchanges right and left multiplication, we conclude that the U-action
on UC given by left multiplication is also Hamiltonian and has momentum map

p:UC = u, wexp(€) — —i Ad(u)t.

By restriction we obtain a (K; x Ks)—equivariant gradient map ®: G — pt @ p°2 for the (G1 x Go)—
action on G with respect to the Riemannian metric induced by (-,-). Explicitely, we have

D (kexp(€)) = (Ad(k)E + o1 (Ad(R)E), — (€ + 02(6) )
Hence, the zero fiber of @ is given by
71(0) = K exp(p~”2) Nexp(p~ ") K
= {kexp(é) € G5 E€p ™ NAd(k™")p~7'},
where p~%7 1= {{ € p; 0;(§) = =&} for j =1,2.
Lemma 2.2. We have Sg, xa, (27(0)) =G.

(2.1)

Proof. Since the Kéhler form w has global potential p, we obtain
SUCXU“C (u_l(())) = U(C.

By Proposition 11.2 in [HS07b] this means S¢, xa, (u;}al@u,q (0)) = U®, which proves the claim. [
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2.3. The isotropy representation. In this paragraph we will study the isotropy representation p of
(G1 x G2), on T,G. Since (£1,&) € g°* @ g°2 induces the tangent vector

i exp(t&y)x exp(—t&s) = i xexp(t Ad(x_l)ﬁl)exp(—tfg)
dt =0 dt =0

= (ly)«(Ad(z7 )61 — &) € To.G,

where /£, denotes left multiplication with x € G, we obtain T, (G1 x G2) -z = (¢7* ©g°?) -z = {(E)lf; Ee
g°2 + Ad(z~1)g™ } Moreover, one checks directly that the isotropy group at x € G is given by
(G1 X G2)p = {(zgz™",9); g€ GaNa ' G}

Consequently, we may identify (G xGy), with GoNaz G2 via the isomorphism ¢: GoNz~1Giz — (G x
G2)e, g+ (xgz~1, g). Similarly, we will identify the tangent space T, (G x G3) - & with g2 +Ad(z~1)g
via (£;)«. We conclude from

p(2(9)) (la) € = % (zgz~", g) - = exp(t€)
t=0
= % . zgexp(t&)g
= &1 wep(tAd)) = (). Adlg)g
t=0

that the map (£;). intertwines the adjoint representation of Go N~ 1G1x on g with the isotropy repre-
sentation of (G1 X G2), on T, G modulo ¢. We summarize our considerations in the following

Lemma 2.3. Modulo the isomorphism ¢ the isotropy representation of (G1 X G2), on TG is equivalent
to the adjoint representation of Go Nz 1G1x on g.

For any z € G we define the automorphism 7, := o9 Int(z =)oy Int(z) € Aut(G) which induces the
automorphism 7, = g9 Ad(z~!)o; Ad(z) of g. Note that 7. = 0901 = 7 is not necessarily involutive since
we do not assume that o; and o2 commute. We need the following technical
Lemma 2.4. Let x € ®71(0) be given.

(1) The automorphism 7, = oo Ad(z™1)oy Ad(z) is semi-simple. In particular, the automorphism Ty,
with k € K is semi-simple with eigenvalues in the unit circle S = {2z € C; |z| = 1}.

(2) The subalgebra g™ C g is invariant under 6 and oo. In particular, g™ is reductive.
(3) The eigenspace decomposition of g"= with respect to oq is given by

g™ = (g2 NAd(z ™) @ (77> NAd(z~")g™ ™).

Proof. Let © = kexp(§) be the Cartan decomposition of z € ®71(0). It follows that £ € p=72 N
Ad(k~Y)p~=9, which implies 05(¢) = —¢ = Ad(k~1)oy Ad(k)€. Using these identities we obtain

7o = Ad(exp(2€)) 71, = 7 Ad(exp(2€)).

Since T is assumed to be semi-simple and k € K, we conclude that 73 is semi-simple with eigenvalues in S*.
Since for £ € p the operator Ad (exp(2§ )) is symmetric, it is semi-simple, too. Since both automorphisms
commute, we conclude that 7, is semi-simple, which proves the first claim.
If n € g7, then
Ad (exp(—2€))n = 7i(n).
Since 7 has only eigenvalues in S while the eigenvalues of Ad (exp(—2§)) are real, we obtain 7;(n) =7
as well as Ad(exp(—2§))n =9 for all n € g™=. Together with 7,0 = Ad(exp(2§))7k9 = 9Ad(exp(—2§))ﬂc
and 7,09 = 027, ! this observation implies the second claim. The last assertion is elementary to check. [

In order to simplify notation we put

h” :=g? NAd(z"")g? and q":=g 2NAd(= ')g 7.
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Consequently, for # € ®71(0) the Lie algebra g™ = h* @ g% is reductive and symmetric with respect to
02|g= = Ad(z7 )01 Ad(x)|gm. The set H* := Go Nz~ !G1z is a closed subgroup of G™ with Lie algebra
h* and is isomorphic to the isotropy group (G X G2)g.

Lemma 2.5. For z € ®~1(0) we have the H®—invariant decomposition
(2.2) g= (g7 +Ad(x™")g™) @ "
Consequently, (£.).q% is a (G1 X Ga)z—tnvariant complement to TT((Gl x Ga) x) m T,G.

Proof. Let € ®71(0) be given. By Lemma 2.4 the automorphism 7, is semi-simple, and hence
Lemma 1(i) from [Mat97] applies to prove (2.2). The last assertion follows from Lemma 2.3. ]

As a corollary we obtain the following

Theorem 2.6. For every x € ®~1(0) there exists a neighborhood N of 0 € q° such that S, := x exp(iNN)
is a geometric (G1 x Ga)—slice at x. The slice representation of (G1 x Ga), on TS, is isomorphic to the
adjoint representation of H* on q”.

Remark. If the group G is complex and if o7 and oy are antiholomorphic, then G; and G5 are real forms
of G. In this case it turns out that the Lie algebra g™ is complex and that q* = ih* holds, i.e. that h”*
is a real form of g"». Hence, the slice representation is isomorphic to the adjoint representation of the
real-reductive group H® on its Lie algebra h*.

3. THE ISOTROPY REPRESENTATION OF REDUCTIVE SYMMETRIC SPACES

Since we have seen that the slice representation of (G x Gs), at x € ®~1(0) is isomorphic to the
isotropy representation of a reductive symmetric space, we investigate this representation in some detail
using again natural gradient maps. We think of the results obtained in this section as the infinitesimal
version of the (G; x Gg)—orbit structure in G. Later we will make use of the Slice Theorem in order to
transfer the results to the group level.

3.1. Closed orbits. Let G = K exp(p) C U® be a real-reductive Lie group with Cartan involution 6.
We may assume that U is embedded in some unitary group U(N) and hence obtain the associated scalar
product (-,-) on g.

Let 0 € Aut(G) be any involutive automorphism commuting with 6. In this case the set H = G is
a f-stable closed subgroup and consequently H = K exp(p?) is real-reductive. The homogeneous space
X := G/H is called a reductive symmetric space. Let g = h @ q be the decomposition of g into o—
eigenspaces. The group H acts on ¢ via the adjoint representation, and this representation is isomorphic
to the isotropy representation of H on T,gX. We refer the reader to [O0S84] for more details on this
topic.

Since the Lie algebra g is reductive, there is a notion of Jordan-Chevalley decomposition for elements
in g which goes as follows. Every element £ € g can be uniquely written as £ = & + &, such that & is
semi-simple, &, is nilpotent, and [, &,] = 0. If £ € q, then we have

(&) +0(6n) =0(§) = =£ = =& — &n.

From the uniqueness of the Jordan-Chevalley decomposition we conclude that &, and &, are again con-
tained in q. Hence, it makes sense to speak of semi-simple and nilpotent elements in q. Moreover, the
set of semi-simple elements in q is open and dense in .

Remark. In [Mat97] the map ¥: G — Aut(G), z — o9 Ad(z7!)o; Ad(z), is used in order to define a
notion of Jordan decomposition in G as follows. Since Aut(g) is an algebraic group, one can decompose
U(z) as U(x) = su = us where s € Aut(G) is semi-simple and v € Aut(G) is unipotent. It is proven
(Proposition 2 in [Mat97]) that this decomposition can be lifted to G and thus yields a kind of Jordan
decomposition of elements in G which takes the involutions o; and o9 into account. By Theorem 2.6
every = € G is of the form x = xg exp(£), where xo € ®~1(0) is a point of the unique closed orbit in the
closure of (G1 x G3) -z and ¢ lies in the null cone of g*° and hence is nilpotent. It is not hard to see that
U(zo) = s and Ad(exp(2¢)) = u hold. If furthermore z = exp(¢) lies in exp(q¥) for some y € ®~1(0),
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then we can decompose £ as £ = & + &, and obtain \I!(exp(fs)) = s as well as Ad(exp(?{n)) = u (see
Remark 4.1 in [Gea06]).

It is known that the adjoint G—orbit through £ € g is closed if and only if ¢ is semi-simple. In the next
proposition we obtain a similar characterization of closed H—orbits in q.

Proposition 3.1. Let £ € q. Then Ad(G)E is closed in g if and only if Ad(H)E is closed in q. Con-
sequently, Ad(H)E is closed in q if and only if £ is semi-simple. Hence, there is a dense open subset of
& € q such that Ad(H)E is closed.

Remark. (1) The fact that Ad(H)¢ is closed precisely for semi-simple £, is proven by a different
method in [vD83]. It can also be deduced from [LM76] and [OMS80]. In order to illustrate the
method we show how the standard gradient map may be used to prove Proposition 3.1.

(2) Note that Proposition 3.1 can be viewed as a generalization of Corollary 5.3 in [Bir71].

Proof. We first assume that Ad(G)¢ is closed in g. Since the differential of the map H x q — G,

(h,&) — hexp(§), at (e,0) is given by (n,£) — n+ &, we conclude that there is an open neighborhood N

of 0 € q such that V := H exp(NV) is open in G and diffeomorphic to H x N. Since

% OAd(eXP(tn))ﬁ’ =[n,¢]

holds for all ,£’ € g and since [q,q] C h, we conclude that for all & € Ad(G)¢ N q the orbit Ad(G)¢&’
intersects q locally in Ad(H)¢&'. Consequently, every H—orbit in Ad(G)€Nq is open and hence also closed
in Ad(G)& N q. This shows that Ad(H)¢ is closed if Ad(G)¢ is closed.

In order to prove the converse, we consider the standard gradient map

(I)G:g—>p*7 (bg(f):<[777£]7§>7
for the adjoint G—action on g with respect to (-,-). Elementary computations show that

<[ﬂ7§]a§> = <777 [£E7§p]>7
where & = & + &, is the Cartan decomposition of £ € g. Since [&,&p] € p, the zero fiber of this map
is given by ®;'(0) = {¢ € g; [¢,&)] = 0}. Furthermore, the restriction ®: g — (p?)* of ®¢ is
a gradient map for the adjoint H-action on ¢. Since we have [, &,] € p? for all £ € q, we obtain
®,;(0) = ©5'(0) N g. Since one directly checks S¢(25'(0)) = g and S (@5 (0)) = q, the claim follows
from Proposition 1.1. O

In closing we describe the connection to Cartan subspaces of q.

Definition 3.2. A Cartan subspace of q is a maximal Abelian subspace ¢ C q which consists of semi-
simple elements.

Proposition 3.3. FEvery closed H—-orbit in q intersects some O-stable Cartan subspace non-trivially.
Conversely, if € lies in a 0—stable Cartan subspace of q, then Ad(H)E is closed.

Proof. Tf the orbit Ad(H)¢ C q is closed, we may assume by Proposition 1.1 that ¢ lies in ®'(0) and
hence that [£¢,&y] = 0 holds. Therefore there exists a 6—stable maximal Abelian subspace of q which
contains . By @—-invariance this maximal Abelian subspace consists of semi-simple elements and thus is
a Cartan subspace.

Since every element £ in a f—stable Cartan subspace is mapped to zero under ® g, the H—orbit through
£ is closed. This finishes the proof. O

3.2. Nonclosed orbits. The following statement is taken from [vD83] (see Theorem 23).

Proposition 3.4 (van Dijk). There are only finitely many nilpotent H—orbits in q. It follows that the
dimension of the null cone N C q coincides with the dimension of an H—-orbit which is open in N

In order to describe the non-closed orbits, we will make use of the weight space decomposition
gC = th(c) o @gg
AEA

of g© with respect to a Cartan subspace ¢ of q.
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Remark. The set A of weights fulfills the axioms of an abstract root system, since it coincides with
the set of restricted roots for the symmetric space g¢ = £ @ p? where (g%, h?) is the dual of (g,b)
(compare [OS84]). In particular, it makes sense to speak of a subsystem At C A of positive roots.

In the following we extend the involution o by C-linearity to g®. Since ¢ is contained in q, we have
a(gg) = g(EA for all A € A. Consequently, elements of q can be written as

§=¢& + Z (&x —a(&n))
AEAT

where & lies in Z4(c) = ¢. Elements of h can be described in a similar way.
The first goal in this subsection is to find a geometric H—slice at a point 79 € ¢. We identify the
tangent space of H -1y at ng with [b, no].

Lemma 3.5. Let A(no) := {\ € A; A(po) =0}. Then we have

a=[bmleco |an @ oS
AEA(10)
Proof. Since we have q = ¢ ® (q NDyea g(g), it is enough to show that [h,no] = qN @A¢A(no) g% holds.
If & = [¢',no] with & € b is given, then we decompose £’ = 37, ) €} and obtain & = —> 7y A(mo)&y =
=2 aga(mo) MM0)E € AN Daga) g5 which was to be shown.
In order to prove the converse let £ € q N P AEA(n0) ggf be given. It follows from the discussion above

that £ has a representation & = Zz\%/\*(no) (fA — a(fA)). Defining
¢ = Z (A(}m)& +o( A(}lo)g/\)) €bn @ gg

AEAT (no) AEA(no)
one checks directly that [ng,&’] = £ holds. Hence, the lemma is proven. |

As a consequence we obtain the following description of non-closed orbits.

Proposition 3.6. Let £ € q be point on a non-closed H—orbit and let nyg € H - £ be an element lying in
the unique closed H—orbit in H - £. We assume that 1y is contained in the Cartan subspace ¢. Then £ is

contained in the null cone of the Zyg(ng)-representation on ¢ ® (q N EBAGA(no) g«j).

4. STRUCTURE OF THE SET OF CLOSED ORBITS

In this section we will state and proof the first main result, namely Matsuki’s parametrization of the
set of closed (G x Gg)-orbits via Cartan subsets. We will present a constructive proof in some detail
since this explains how one has to deal with concrete examples. In the case of the (Gr x Gg)—action
on a semi-simple complex group G, the proof reproduces the Cayley transform of Cartan subalgebras in
semi-simple real Lie algebras.

4.1. Cartan subsets. We review the notion of fundamental and standard Cartan subsets from [Mat97].

Definition 4.1. Let ty be a maximal Abelian subspace in €772 N¢~* and let ag be an Abelian subspace
of p772 N p~7t such that ¢y := ty B ap is a maximal Abelian subspace of g=?2 N g~?t. Then the set
Co :=exp(cp) C G is called a fundamental Cartan subset.

Remark. (1) By maximality of to the set Ty := exp(tp) is a torus in K. In general T} is not a maximal
torus as we will see in Example 5.2.
(2) The subalgebra ¢ consists by construction of semi-simple elements.

Definition 4.2. A subset C' := nexp(c) C G is called a standard Cartan subset, if n lies in Ty and ¢ is
a f-stable Abelian subspace of ¢" = g=?2 N Ad(n~!)g=“* with decomposition ¢ = t & a such that t C to,
a D ag and dim ¢ = dim ¢g hold.

Remark. The subspace ¢ is a Cartan subspace of q".
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Lemma 4.3. Each standard Cartan subset C is contained in the zero-fiber ®~1(0).

Proof. Let C'=nexp(c) be a standard Cartan subset and let z = nexp(n) for some n € ¢. According to
the decomposition ¢ = t © a we write n = ¢ + 1. Since ¢ is Abelian, we obtain z = nexp(n:) exp(7q)
where nexp(ny) € K and exp(n,) € exp(p) hold. Therefore we can compute as follows:

@(2) = (Ad(nexp(n))a + o1 (Ad(mexp(n0))na) . ~ (10 + 2(10)) )

— (Ad(n)na + o1 (Ad(n)na) ,0) = (0,0),
where we have used that ¢ is Abelian and contained in q™. O

We shall regard two standard Cartan subsets as equivalent, if there is a generic orbit which intersects
both of them non-trivially. We will see later that there are only finitely many equivalence classes of
Cartan subsets. Let {C;};c; be a complete set of representatives. Then we can state the first main
result.

Theorem 4.4 (Matsuki). Each closed (G1 x Gg)-orbit intersects one of the C;, i. e. we have
(4.1) {z € G; (G1 x Gq) -z is closed} = UGleGg.

J

Each generic (G1 x Ga)-orbit intersects exactly one C; in a finite number of points. Hence, the set of
strongly reqular elements in G coincides with the disjoint union of the open sets Q; := G1(C; N Grs)Ga.

Remark. Let G; = Kjexp(p?), j = 1,2, denote the Cartan decomposition. The only point missing for a
proof of Matsuki’s theorem is that the (K; x Ky)-orbit through every element in ®~1(0) intersects some
standard Cartan subset. This fact can be deduced from [OMS0], where it is shown that any maximal
Abelian subspace of g=72 N Ad(k~1)g=7! is conjugate under Ad(Gs x k~1G1k) to a f—stable maximal
Abelian subspace. We will give another proof of this fact which is organized in a way such that it becomes
clear how to deal with concrete examples.

We conclude from Proposition 3.1 the following

Theorem 4.5. The set G, of strongly regular elements is open and dense in G. For each x € G4 the
subspace q* lies in the center of g™ . In particular, in this case q* is Abelian and consists of semi-simple
elements.

Proof. Since Sg, xa, (®271(0)) = G, every orbit contains a unique closed orbit in its closure and we have
a geometric slice at every closed (G; X Gy)—orbit. Moreover, by Theorem 2.6 the slice representation
is equivalent to the isotropy representation of a reductive symmetric space as considered in Section 3.
Hence, Proposition 3.1 implies that Gy, is open and dense in G.

For dimensional reasons the effective part of the slice representation of a generic orbit must be that of a
finite group, which implies that for x € G, the adjoint representation of h” on q” is trivial. We claim that
this implies q* C Z(g™). In order to prove this claim, we decompose the reductive Lie algebra g™ into
its center 3 and its semi-simple part 5. Since every automorphism of g™ leaves its center and semi-simple
part invariant, we obtain the decompositions s = (sNh*)D(sNg*) as well as ¢° = (¢ Ns) P (g N3). Hence,
we have to show that s N q” = {0}. We conclude from the semi-simplicity of s and from [h*, g*] = {0}
that

s=[s,8] =[sNH" sNH*]+[sNg”,sNg°] CsNH",
i.e. we have s = s Nh* which yields the claim. Since q* is f—stable and Abelian, it consists of semi-simple
elements. (]

Corollary 4.6. Let C = nexp(c) be a standard Cartan subset. For x € C N Gy we have 4 = ¢. In
particular, if x € C NGy, then the connected component of C' NGy, which contains x defines a geometric
slice to (G1 x Ga) - x.

Proof. This follows from Theorem 4.5 since ¢ is a Cartan subspace of g% which is Abelian and consists of
semi-simple elements for strongly regular elements. O
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4.2. The (K; x Ky)—action on ® 1(0). In this subsection we review Theorem 1 from [Mat97]. Let
to) C €792 N €77 be a maximal Abelian subspace and let Tj := exp(ty) be the corresponding torus in K.

Proposition 4.7 (Matsuki). Fach (K; x K3)-orbit in K intersects the torus Tp.
To understand the intersection of the (K7 x Ks)—orbits with T, we introduce the groups
Nicyxres (To) i= {(k1,k2) € K1 x Ka; kiToky ' =T}
as well as
Zrixi,(To) == {(k1,k2) € K1 x Kg; ki exp(n)ky ' = exp(n) for all 5 € to }
and W, x rc, (To) := Nk, x5, (To)/ 21, x 15, (To).-
Remark. The group Wik, «x i, (o) is finite (see Lemma 2.2.6 in [Mie07]).

Proposition 4.8 (Matsuki). Every (K x Ks)-orbit in K intersects Ty in a Wi, x k,(To)—orbit. Hence,
the inclusion Ty — K induces a homeomorphism To /Wi, « k,(To) = K1\ K/ K.

Remark. In the special case 07 = o2 this statement can be found in [HelO1], while for commuting
involutions oy and oy it is proven in [Hoo84].

Consequently, after applying an element of K; x Ky, we can assume that k € K is of the form
k = exp(n) for some 1 € ty which is unique up to the action of W := W, x k, (o).

4.3. The extended weight decomposition. Since the maximal Abelian subspace tg C €772 N ¢~
consists of semi-simple elements, we may form the weight space decomposition

“=ttap" = Peo P
AEA, AEA,

with respect to {g.

Remark. (1) If G is complex-reductive, then K is a compact real form of G = K® and p = i¢. In
this case we identify p* with ¢© = g. Hence, Ay and A, are essentially the same, and we do not
have to complexify g in order to consider the weight decompositions when g is already complex.

(2) Tt is proven in [Mat97] that the set of non-zero weights in A, fulfills the axioms of an abstract
root system.

We extend the involutions o, and o as C-linear maps to g€. Since the semi-simple automorphism
T = 0907 leaves each weight space invariant, we obtain the finer decomposition

(4.2) = P .o P .

(M a)eh, (M a)en,

where {’(f\:’a = {¢ € t; 7(§) = a&} and Ay = {(X\a) € A x S Ega # {0}}. The sets pga and A, are
defined similarly. We call the decomposition (4.2) the extended weight space decomposition of g®. For
n € ty we define

Ae(n) == {(\a) € A; ae® ™ =1}
and analogously [~\p (n).
Lemma 4.9. Let k = exp(n) with n € ty be given. Then we have
A = @K,
(Aa)ehe(n)

as well as

(P72 nAdE ) = ()N P pSa
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Proof. Since the C-linear automorphism 7 = 09 Ad(k~!)o; Ad(k) of g€ commutes with 6 and with the
complex conjugation x on g€ which defines g, it follows that 73, leaves £ and pC invariant. Moreover, for
every &x,q € g(ia = Eg,a @ p‘ia we have

Th(Exa) = 7 Ad(E?)Ex o = ae®Mgy 4.

Hence, the fixed point sets of 73, in € and p® are given by

P . and P .

(\a)€he(n) (\a)€Ay ()
respectively. Both fixed point sets are invariant under oy, and furthermore the subalgebra (E"Q N
Ad(k‘l)E”l)(C is the (+1)-eigenspace of o restricted to the fixed point set of 74 in € while (p=72 N

Ad(l’<:’1)]f"1)(C is the (—1)—eigenspace of o5 restricted to the fixed point set of 74 in p©. These observa-
tions proof the lemma. O

Remark. Since 02(g§7a) = g%, 1 and m(g§7a) = g%, ,-1, Lemma 4.9 enables us to determine €2 N

Ad(k~1)e% and p=o2 N Ad(k~1)p—.

4.4. A normal form for elements in ®~!(0). In this paragraph we show that for every element
x € ®1(0) there exists a pair (k;, k2) € K1 x Ko such that kjzk; ! lies in some standard Cartan subset.
This proves that the closed (G; X Ga)—orbits in G are precisely those which intersect a standard Cartan
subset non-trivially.

For this let # = kexp(£) be an arbitrary element of ®71(0), i.e. let £ € p=°2 N Ad(k~!)p~“. By
virtue of Proposition 4.7 the element k is conjugate to an element of the torus Ty under K; x Ky. If
(k1, ko) is an element of the isotropy group (Kj x Ka)g, then ko € Ko Nk~ K1k and k1 = kkok™! hold.
Consequently, we have

(k1. ko) - @ = kikexp(§ky ' = kikky ' exp(Ad(k2)€) = kexp(Ad(k2)E).

Hence, we have to understand the adjoint action of Ky Nk~ 1K1k on p~°2 N Ad(k~1)p~°'. Since the
set (K2 N k’lKlk) exp (p*"2 N Ad(lfl)p*”l) is a closed compatible subgroup of G, we conclude from
Proposition 7.29 in [Kna02] that all maximal Abelian subspaces of p~72 N Ad(k~1)p~71 are conjugate
under Ko Nk~1K k. Hence, we see that there exists an element ky € Ko Nk~ 1Kk such that Ad(k2)€ € a
holds for a maximal Abelian subspace a which contains ag. Let t := Z,,(a) and ¢ := t & a. Moreover, we
decompose 1 € ty as
n=mtmet-@t="t

and put n := exp(ny).

Lemma 4.10. The set C := nexp(c) C G is a standard Cartan subset. Hence, every element x € ®~1(0)
18 conjugate under the group Ky, x Ko to an element of some standard Cartan subset.

Proof. Tt follows directly from the construction that n € Ty holds and that ¢ C g=?2 N Ad(n~1)g= ! is a
f—stable Abelian subalgebra with decomposition ¢ = t @ a such that t C t; and a D ag hold.

It remains to show that dimc¢ = dimc¢g holds. It follows from the construction that ¢ is a Cartan
subspace of g=?2 N Ad(n~1)g=7t. Moreover, since n € Ty, we conclude that ¢q is also a Cartan subspace
of g7?2 N Ad(n~1)g=7", hence that their dimensions coincide. O

In the following we will define the appropriate notion of equivalence of standard Cartan slices in order
to make considerations independent of the point x.

Definition 4.11. Two standard Cartan subsets C; = T; exp(a;) and Cy = Ty exp(az) are called equiva-
lent (or conjugate), if there exists an element (k1,k2) € Nk, xx,(To) such that Tp = k1T1k2_1 holds.

Lemma 4.12. If two standard Cartan subsets C1 and Cy are equivalent, then there exists an element
(k1, ko) € K1 x Ko such that Co = kiCiky ' holds.

Proof. This is the content of Lemma 10 in [Mat97]. O
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Proposition 4.13. Let {C;}jcs be a complete set of representatives of equivalence classes of standard
Cartan subsets. Then J is finite.

Proof. Our construction of the standard Cartan subset C' = nexp(c) reveals that it is completely deter-
mined by the maximal Abelian subspace a in p~?2 N Ad(k~1)p~71. Since all maximal Abelian subspaces
of p~72NAd(k~1)p~7! are conjugate under Ko Nk~ Kk, it is enough to show that there are only finitely
many possibilities for the subspace p~2 N Ad(k~1)p~7t with k& € Ty. Since this fact is a consequence of
Lemma 4.9, the claim follows. O

Remark. In [Mat97] standard Cartan subsets are described in terms of orthogonal systems of weight
vectors (compare also [OM80] and [Mat79]).

In the next step we have to understand the intersection of the (G x Ggz)-orbits with the standard
Cartan sets. For this, we introduce the following groups. Let C; be one of the standard Cartan subsets
and define

Ny sk, (Cg) = {(k1,k2) € K1 x Ko; k1Cjky " = Cy ¥,

Zi, 2k, (C5) = {(k1, k2) € K1 x Ka; kyaky " =z for all z € C},
and Wi, x i, (C;) := Nk, xk,(C})/ Zr, x ik, (C5).
Proposition 4.14. If x € C; is regular, then

(G1 xG2)- 2N (C;NGer) = Wk, <k, (Cj) - x

holds.
Proof. This is Proposition 2.2.28 in [Mie07]. O
Corollary 4.15. The groups Wi, xk,(C;) are finite.

Proof. Since C; defines a geometric slice at its regular points, the intersection of a generic (G x G2)-orbit
with C} is zero-dimensional, and since this intersection is given by an orbit of the compact group K; x Ko,
it is finite. Moreover, by Proposition 4.14 this intersection coincides with an orbit of W, x , (Cj;). Since
this group acts effectively, the claim follows. O

Finally we restate and prove the main theorem 4.4.
Theorem 4.16 (Matsuki). Let {C;} be a complete set of representatives of standard Cartan subsets.
Then .
G1271(0)G2 = JG1C;Gy  and Gy =|JG1(Cj N Gey)Goa.
J J

Moreover, each generic (G1 x Ga)-orbit intersects C; N G in a Wk, x i, (C;)—orbit.

Proof. The only claim which has not been proved up to now is that the second union is disjoint. For
convenience of the reader we reproduce the argument from the proof of Theorem 3 in [Mat97].

Let z € C; NGy, and 2’ € Cp, NGy, with 2” € (G1 X G3) -z be given. Since C; and C}, are contained in
®~1(0), there exists an element (kq,k2) € K1 x Ko such that 2/ = klxkgl holds. We finish the proof by
showing that the element (k1, k2) normalizes C;. For this we write C; = nexp(c;). Since z € C; holds,
we conclude z7!n € exp(c;) and thus C; = xexp(c;). This implies

k1Ciky " = ki(zexp(c;))ky " = kizky " exp(Ad(ka)c;) = 2’ exp(Ad(k)c;).
Moreover, since x is assumed to be strongly regular, we obtain ¢; = q* and therefore
Ad(ko)e; = Ad(k2)q” = Ad(kg)(9762 N Ad(xil)gf‘”)

’

=g 2 NAd(kez 'k; g7t =q” .
Since 2’ is also strongly regular, we conclude q“’/ = ¢;. Hence, the theorem is proven. O

In course of our proof of this theorem we have obtained the following fact.



14 CHRISTIAN MIEBACH

Proposition 4.17. Let C = nexp(c) be a standard Cartan subset in G and let xo be a point of C' such that
the slice representation of (G1 X Ga)4, is trivial. Then xg € CNGs, and there exists an open neighborhood
CO of zg in C NGy, such that Q = G1C°Gy is diffeomorphic to ((Gl x G2)/(G1 x Gz)wo) x C9.

Remark. Since the effective part of the slice representation is that of a finite group there exists an open
and dense subset of points in CNGy, such that the slice representation at these points is trivial. Moreover,
we claim that the isotropy groups of all these points are isomorphic. This can be seen from Theorem 2.6
since if (G x G2), acts trivially on g% = ¢, then (G1 X G2), = Z¢, xa,(C) holds.

4.5. The maximal region with proper (G; x G3)—action. Let © be an open (G x Gz)-invariant
subset of G. We assume that every (G x Gg)-orbit in Q is closed in G, i.e. that Q C G1®~1(0)G> holds.
It follows that every (G x G2)—orbit in Q admits a geometric slice and that the quotient Q /(G x G2) =
Q/(G1 x G2) = (2N @71(0))/(K; x K) is Hausdorff. Therefore, G; x G acts properly on € C
G1971(0)Gy if and only if the isotropy group (G1 x Gz), is compact for every z € Q (compare [Pal61]).
This discussion leads to the following

Proposition 4.18. The set
Compg, «q,(G) :={z € G; (G1 x G2) - x is closed and (G x G2), is compact}
is the mazimal open subset of G1®~1(0)Gy on which G1 x Gy acts properly.

Proof. This is immediate from Proposition 14.24 in [HS07b]. d
Remark. (1) The reader should be aware of the fact that the set Compg, g, (G) is in most cases
empty.

(2) If the group G is complex and the involutions o; and o9 are both anti-holomorphic, then a
(G1 x G9)—orbit with compact isotropy group is automatically closed in G. This can be deduced
with the help of the Slice Theorem from the fact that an adjoint Gg—orbit in ggr with compact
isotropy is automatically closed, where Gg is real-reductive. As we will see in the second example
in Section 5, this is not the case if one of the involutions is holomorphic.

Ezample. Let G/K be a Riemannian symmetric space of non-compact type and let G/K < G¢/K® be
its complexification. Then Compg,, xc(GT) coincides with the Akhiezer-Gindikin subset GUTK® c G©
defined in Proposition 4 in [AG90].

4.6. Non-closed (G x Gy)—orbits. We describe the set of regular elements in G which lie in non-closed
(G1 x Gg)—orbits.

Proposition 4.19. Every element x € G, can be written in the form

r = nexp(n) exp(§),

where xg := nexp(n) lies in the standard Cartan subset C = nexp(c) and & is a point of the null cone of
the H™° —representation on q*°.

Proof. This is a consequence of the Slice Theorem and the description of the isotropy representation. [J

5. EXAMPLES

5.1. Real forms. Let G be complex semi-simple, and let 01 = 09 =: o define the real form G of G.
In [Bre96] and [Sta86] it is shown that the closed (Ggr x Gg)—orbits in G are parametrized by the different
conjugacy classes of real Cartan subalgebras in gg. Moreover, in [BF00] also the structure of non-closed
orbits is investigated in great detail. The case that o1 and o9 are any (not necessarily commuting)
anti-holomorphic involutive automorphisms of G defining the two real forms G; and Gs is considered
in [Mie07] where a natural gradient map is used in order to analyze the set of closed (G1 x G3)—orbits
in the same spirit as in this paper. A special feature when actions of real forms are considered is that
the slice representations are equivalent to the adjoint representation of real-reductive Lie groups. These
are technically simpler to deal with than the isotropy representations of arbitrary reductive symmetric
spaces.
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5.2. Complexification of semi-simple symmetric spaces. Let G be a linear semi-simple real Lie
group with an involutive automorphism o, and let H be a subgroup of G such that (G°)° ¢ H C G°
holds. Then we can form the complexification G/H — G®/H® of the semi-simple symmetric space
G/H. The first basic question in this situation is how one can understand the orbit structure of the
G-action on G¢/H® or equivalently the orbit structure of the (G x H®)-action on G€. Let us assume
that there exists an anti-holomorphic involutive automorphism x € Aut(G®) which defines the real form
G. The holomorphic extension of o € Aut(G) to G defines the group HC. Let § € Aut(G) be a Cartan
involution which commutes with ¢ and induces the decompositions G = K exp(p) and g = ¢ & p; for
a proof of the existence of such a Cartan involution see e.g. [Loo69]. Then the group U generated by
K exp(ip) is a compact real form of G€ such that the groups G' and HC are compatible subgroups of
G® = U® = Uexp(iu). It follows that the group U? = UNHC is a compact real form of H® = U7 exp(iu?).

Let g = h @ q be the decomposition of g with respect to o. We conclude from equation (2.1) that with
this notation the zero fiber of our gradient map has the form

®~1(0) = U exp((iu)~7) Nexp((iu)~")

= {uexp(f); e (z(q Ne) @ (gN p)) ﬂiAd(u_l)E}.
Moreover, from
u’Nu=4(png) and (wu)"7N(u)""=14i(tNq)
we see that if we choose a maximal torus to in i(p N q) and a maximal Abelian subspace ag of Z;(¢nq)(to),
then Cjp := exp(cg) with ¢ := to @ ag is a fundamental Cartan subset of G©.

Remark. (1) Tt follows from the construction that icy is a f—stable Cartan subspace of q whose non-
compact factor ity is maximal.
(2) If we form the weight space decomposition g = go © @cp 9, A = A(g, ito), of g with respect to
itp, then the fact that A is a (possibly non-reduced) root system is also proven in [OS84].

Let us form the extended weight space decomposition of (g©)®. For this we consider the embedding
¢ = g® @ ¢ = (6k(€)). One checks immediately that the C-linear extensions of ¢ and & to
(g°)C = gC @ ¢ are given by (£,¢') — (0(£),0(¢)) and (&,&') = (¢, €), respectively. Forming the weight
space decomposition of g with respect to ity with weights A = A(g, ity), it follows for each A € A U {0}
that

(6°®g%)r =05 @ oSy
holds. Consequently, the set of extended weights is given by A = A x {£1}.

Remark. The set
wo := {in € to; [A(n)| < % for all X € A(g, ito) }

can be used to define a generalized Akhiezer-Gindikin domain in G®/H® containing G/H (see Proposi-
tion 2.3 in [Gea06]). If n € wy and u = exp(n), then we have (i(qN€) ® (qNp)) NiAd(u™')e =i(qgNE).
Hence, the (G x H)-orbits in G exp(wy x ag)H® intersect only standard Cartan subsets which are con-
jugate to the fundamental Cartan subset Cp. Since we have A = A x {£1}, the set G exp(wp x ag)HC
is an open neighborhood of GH® = (G x H®) - e in G® and GHC is the only non-generic orbit in this
neighborhood.

In closing we describe three explicit examples in detail.

Example. Let G be as above and let § be a Cartan involution of G. Taking ¢ = 6 we obtain the
Riemannian symmetric space G/K. The analysis of the G-action on the complexification G/K® has
begun in [AG90]. For a formulation of Matsuki’s results in this context we refer the reader to [Gea02].

A simple example for this setup is the complexification of the upper half plane H™ = {z € C; Im(z) >
0} which can be written as G/K with G = SL(2,R) and K = SO(2,R). The complexification G® =
SL(2,C) has SU(2) as compact real form, and G and K€ = SO(2,C) are closed compatible subgroups of
G = SU(2) exp(isu(2)).

Let g = €@ p be the Cartan decomposition of g with respect to #. Then a fundamental Cartan subset
of G€ is given by Cy = exp(ia) where a C p is a maximal Abelian subspace. From dima = 1 we conclude
that generic (G x K©)-orbits are hypersurfaces in G® and that the (G x K*)-action is generically free.
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- foe s )ren)

and set x; := exp(in;) € Cy. One checks directly that the Weyl group Wi« i (Cp) is generated by z; —
x_t and x4 — x4, and hence is isomorphic to Zo ©Zs. It follows that the set F := {xt € Cp; t €0, 71'/2]}
forms a fundamental domain for the Wik« x (Co)—action on Cy. The only non-generic orbits in Cy are
the ones through zo = e, z,/4 and x /5. Note that o and z,/» have compact isotropy isomorphic to
K while 2,4 has non-compact isotropy isomorphic to exp(i€) = R. The slice representation at x4 is
2 0
0 e 2
non-closed (G x K©)-orbits which contain 2 /4 in their closure and that these non-closed orbits form the
smooth part of the boundaries of the four connected components of G€..

Identifying G*/K® with (P; x P1)\ A where A denotes the diagonal in Py x Py, one finds that the four
connected components of G coincide with the preimages of the G-invariant domains (H* x H*) \ A,
HF x H™, H™ x H* and (H~ x H™) \ A under the quotient map G¢ — G¢/K® = (P; x P;) \ A. The
Akhiezer-Gindikin domain in this example is the domain H* x H~.

Finally, we remark that Compg, xc(G%) = GE\ 17 (1(2,/4)) = G5 U (G x K€) e U(G x K©) - 2y s,
where m: G© — G€ (G x K) denotes the topological Hilbert quotient.

Here we choose

isomorphic to the representation s — < > of R on R2. We conclude that there are precisely four

Ezample. We now turn to the example G := SU(2,2) and K := S(U(2) x U(2)). The group U := SU(4)
is a compact real form of G = SL(4,C) = U such that G and K€ = S(GL(2,C) x GL(2,C)) are closed
compatible subgroups of U®. A fundamental Cartan subset of G* is given by Cy = Ty = exp(tg) where
ity is a maximal Abelian subspace of p. Since every such space has dimension 2, generic (G x K©)-
orbits in G€ are two-codimensional which implies that the isotropy groups have generically dimension 1.
In particular Tp is not a maximal torus in U since every maximal torus in SU(4) is three-dimensional.
Choosing

000 s
00 ¢t 0

o= Msi=10 4 o o] ibsER
s 000

one checks directly that the restricted root system A = A(g,ity) is given by A = {:t)q,:l:)\g,:l:()q +
A2),£(A1 — A2)} where Ai(n:s) =t + s and Aa(mes) = t — s hold. A fundamental domain for the

(K x K)-action on U is given by exp(F) with
Fi={ims €to; 0<t<s<Z}C{ims€to; [t],]s] < T} =:wo.

Direct computations give that pni Ad(u~!)¢ = {0} holds for all u € exp(wg) C Tp, i.e. ~1(0)Nexp(wp) C
U. Hence, G x K€ acts properly on the domain G exp(wo)KC. In fact, one can show that G exp(wg)K®
is the connected component of Compg,, xc(G®) containing GK® (see Proposition 7 in [AG90]).
In the next step we describe the boundary of G exp(wo)K® in GE. There are two qualitatively different
types of boundary points of wg, namely those 7, ; where |t| = § and |s| < § (or vice versa) and those where
0 0 0 ir/4
0 0 0 0
0 00 O
ir/4 0 0 0

|t| = |s| = §. To make our considerations explicit, we take the element 7, :=

Owo. Let up := exp(n;). Since pNiAd(u;')e =R , we conclude the wu; is contained in

o O O
O O OO
o O OO
O OO =
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the standard Cartan subset C; = uj exp(c1) with

0 0 0 is
0 0 it 0
“=3lo i o o bR
s 0 0 0
00 0 0 0 0 0 is
oo o)l Jfo 000
=3Ylo it o o 0 00 0
00 0 0 —is 0 0 0

t

k=1
Ay

The isotropy of the point u; is isomorphic to

0 O
KcﬂuflGulz 2 8 i zeCrabe St 2z tab=1
0 z7!

0
a
0
0

O O o

and the tangent space of the geometric slice at u; is given by

0 0 0 it

e v Jlo 0w oo

p-NiAd(uy g = 0 —w 0 0 i t,seRweC
is 0 0 O

00 0 =i 0 00 0
000 O 0 00 0
000 0 and 0 00 0
000 0 +i 0 0 0

form the smooth part of the nullcone in p©Ni Ad(uj')g. Consequently, these elements lie in the smooth
part of a one-codimensional stratum.

0 0 in/4

Next we consider the point 7, := € Owp and put us := exp(ny). From

0 0 a s
pﬁiAd(u;l)E: g —Oz't Zg Oa: i t,seR,xeC
—is —x 0 O

we see that ug is contained in the standard Cartan subset Co = ug exp(co) with

0 0 0 is
0 0 4 0

g =09 = 0 —it 0 0 ;t,seR
—is 0 0 0

Going through the different boundary parts of wg we find all the conjugacy classes of standard Cartan
subsets in GC.

Ezample. Let G = SU(2,2) and 0: G — G, g — g, be given. The involution o defines the group
H := G° = S0(2,2). The groups G and H® = SO(4, C) are compatible subgroups of G = SL(4, C) with
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respect to the compact real form U = SU(4). As usual we write g = h @ q for the decomposition of g
with respect to o. Direct computations show that Cy = exp(cg) with

0 0 0 s a 0 0 O
0O 0 t 0 0 —a 0 O .
= 0 —t 0 0 ;t,seER )P 0 0 —a 0 ;s a€R Y Cig
-s 0 0 0 0 O 0 «
=to =ap

is a fundamental Cartan subset. Consequently, the generic (G x H®)-orbits in G are three-codimensional.
Since dimg G x H® = 15+ 12 = 27, we see that the (G x H®)-isotropy of a regular element is trivial. In
particular, there exist non-closed orbits with compact isotropy.

Taking the same fundamental domain F C ty as in the previous example it is possible to find rep-
resentatives of the standard Cartan subsets in the same way as above. Moreover, computing the slice
representations one obtains a description of the elements lying in non-closed orbits.
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