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Notations

Let
F,,:=[V,,V,1=V,V,-V.,V,
/A\uv = %(/v\u/v\v + /v\v/v\u)

so that

T2 O Y — A 1
V2=V, V,=4,,+3F,

A=g"V2 =g"A,,



1 Collected patterns for R,

1.1 No derivative of u
R = 35 IRI*X;[u]
R= — o [Ric*X;[u]
R= 55 (AR)X;[u]

R= 5 R*X,[u]

1.2 One first order derivative of u

R= 8g”1v2(/v\v29%)X5[u®u®u®u® (/V\vlu)]
—(d —4)g”1”2(/V\v29%)X5[u®u®u® (/V\,,lu) ®u]
—(d—2)g""(V, M) Xs[ueusd (V,u)eudu]
—3(d—2)g""(V, R)Xs[ue (V, u)eudueu]

1.3 Two first order derivatives of u

R= —4(3d +2)Ric" X[uououeud (V, u) e (V, u)]
+2(d—2)(d—HRic"" Xs[ueueus (V, u)eusd (V, u)]
+(d*—2d + 9 Ric"" Xs[u®ueue (V, u)® (V, u) ®u]
—2(d—2)Ric"" Xg[uoue (V, 1) oueue (V, u)]

+ £(5d* +10d + 48)Ric" 2 Xs[u®u® (V, u) @ u® (V, u) ® u]
+32(d*—d +6)Ric" " Xg[uoue (V, ) e (V, u)eueu]
—3d(d +6)Ric"" X [u® (V, w)eueuaue (V, u)]

+ 2(d* +2d + 24)Ric" 2 Xs[u® (V, W) @ueue (V, u) ®u]
+2(d*+2d + 12)Ric" 2 Xs[u® (V, 1)@ u® (V, u) ®ueu]
—2d Ric"" Xe[u® (V, w)® (V, u)®ueueu]

R= —4d g""RX[u®@u@uedu® (/V\vlu) ® (/V\,,Zu)]
—3d g"MRX[uQuuU® (/V\,,lu) Que® (/V\VZu)]
+3d(d—4) g " RXs[ueueus (V, u) e (V,u)®u]
—2d g""RX[u®u® (/V\vlu) QuUAU® (ﬁvZu)]
+3d(d—4) g RXs[ueue (V, w)eue (V,u)®u]
+22d(d—1)g""RX[ueue (V,u) eV, u)eueu]



—dg""RXg[u® (/V\,,lu) QUAURUSR (/V\VZu)]

+ %d(d —4) g RXg[u® (/V\vlu) QuUAU® (/V\%u) ®u]
+3d(d—1)g" "R Xe[ue (V, w)ous (V, u)ousu]
+ %dz g RXg[u® (ﬁvlu) ® ($v2u) Quueu]



1.4 Four first order derivatives of u

R=24(d +4)2g”1”4gV2"3X8[u®u®u®u®(§vlu) ® (/V\Vzu) ®(§v3u)®(§v4u)]
+18(d +4)2g" g2 X[u®ueu® (/V\vlu)®u® (/V\qu)®(/V\y3u)® (/V\mu)]
+12(d +3)(d+4)g"1 "+ g"2"3 Xg[u ®u®u®(§vlu)® (/V\Vzu) Ru® (/V\Vgu) ® (61,411)]
—3(d +4)(d? +8d +24)g"1"4g”2“’3X8[u®u®u®($vlu)® (’V\VZu) ®($v3u)®u®($v4u)]
—3(d +4)(3d* +32d +96) g"1 g2 Xglueueus (V, w) & (V,,u)® (V,,u) & (V,,u) &u]
+12(d +4)2gV1”4gV2v3X8[u®u®(§vlu)®u®u® (’V\V2u)®($v3u)® (6,,411)]
+8(d+3)(d+4)g" g Xglueus (V, weus (V,,u)eus (V,,u)8(V,,u)]
—2(d+4)(d*+8d +24) g1 " g2 X [u®u® (ﬁylu) Ru® ($V2u) ®(§v3u)®u®(§v4u)]
—2(d +4)(3d% +32d +96) g1+ g"2"3 X8[u®u®($vlu)®u®($vZu)®(/V\v3u) ® (’V\uu) ®u]
+4d(d+4)g" g Xglueue (V, e (V,,u)eueus (V,,u)8(V,,u)]
—(d+4)(d*>+6d+24)g""g"" Xg[ueu® (’ﬁvlu)®(/V\Vzu)®u®(§v3u)®u®(/v\v4u)]
—(d+4)(3d* +26d +72)g"1 " g Xglueue (V, u) e (V,u)eus (V,u) e (V, u)eu]
—2(d+4)(d>+8d +24) g1 " g2 X [u®u® (ﬁvlu) ® (§V2u)®(§v3u)®u®u®(§v4u)]
+3(d+4)*(d* +10d + 48) g1+ g2 Xglu@u e (V,,u) ® (V,,1) ® (V,,u) 8 u ® (V,,u) ®u]
+(d +4)(d® +16d + 104d +240) "1 g "2 Xglueue (V, u) e (V,,u)® (V,,u) & (V,,u) e ueu]
+6(d+4)?g""g" 3 Xg[u® (ﬁvlu) ®u®u®u®(§v2u)® (61,311) ® (§V4u)]
+4(d+3)(d+4)g"1 " g"" Xg[u® (/V\vlu)®u®u® (/V\vZu)®u® (/V\%u)®($,,4u)]
—(d+4)(d*+8d +24)g"1 " g™ Xg[u® (V, ) 8ueue (V,,u) eV, u)eue (V,,u)]
—(d +4)(3d? +32d +96) g1 "4 g "2 3 Xg[u® (’V\vlu) ®u®u®(/V\vZu) ® (’V\VSu) ®(§v4u)®u]
+2d(d+4)g" g Xglue (V,weus (V,u)eusus (V,,u)e(V,,u)]
— 3(d+4)(d* +6d +24) g g " Xg[u® (V, u)eue (V,,u)eue (V, u) 8us (V,,u)]
- %(d +4)(3d? +26d +72) g"1"g"2"3 X [u ® ($V1u) ®ue® (§v2u)®u® (§v3u)®(§v4u)®u]
—(d+4)(d*+8d +24)g"1”4g"2"3X8[u®($vlu)®u®($hu)®($%u) ®u®u®($v4u)]
+3(d +4)%(d* +10d +48) g1+ g2 Xg[u ® (V,, 1) 8 u ® (V,,u) ® (V,,u) @ u ® (V,,u) ® ]
+ 5(d +4)(d® +16d* + 104d +240) g™+ g"2" Xg[u® (V,, 1) @ u® (V,,u) 8 (V,,u) 8 (V,,u) @ u @ u]
—12(d +4)g"1 "4 g"2" Xglu® (’valu)®(/V\v2u)®u®u®u® (§V3u)®($v4u)]
+2d(d+4)g""g" " Xglue (V, e (V,u)eueus (V,u)eus(V,,u)]
+6(d+4)?g""g" 3 Xg[u® (§V1u) ® (§V2u) PUAUS (§V3u) ®(§v4u)®u]
+4(d+3)(d+4)g"1 " g"" Xg[u® ($vlu)®(/V\Vzu)®u®($v3u)®u®u®($v4u)]
—3(d+4)*(d—6)g""g" " Xg[ue (V, we (V,,u)eus (V,u)euse(V,,u)eu]
—(d+4)(d?*+2d— 12)g"1”4gV2"3Xg[u®(/V\vlu)®(§v2u) Ru® (61,314) ® (§V4u) ®ueu]
+6(d+4)?g""g"" Xg[u® (’V\vlu) ® (/V\Vzu) ®(/V\v3u)®u®u®u® (/V\uu)]
—d(d+4)?g" g Xg[u® (V, u) e (V,,u) eV, u)eueus (V, u)eu]
—2(d +3)(d +4)> g"74gr2”s Xg[u@’(/ﬁv1 u)e® (’V\vZu) ® (,V\V3u)®u®(§v4u)®u®u]
—3(d+4)> g7 g" " Xg[ue (V, we (V,,u)e (V,u)e(V,ueususu]



R=24(d+4)>g" g2 Xg[u®u ®u®u®(/75vlu) ® (§V2u) ®(§v3u)®(§,,4u)]
+18(d +4)2 g™ g"2 " Xu®ueu® (/V\Vlu)®u® (§vZu)®($v3u)® (§v4u)]
+12(d +3)(d +4) g g Xg[ueueue (V, u) 8 (V,,u) ue (V,,u) e (V,,u)]
—3(d +4)(d?>+8d +24) g™ V3g”2“’4X8[u®u®u®($vlu)® (’V\VZu) ®(§v3u)®u®(§v4u)]
—3(d +4)(3d> +32d +96) g"1 "3 g2 Xglueueus (V, w) e (V,,u)® (V,,u) & (V,u) ®u]
+12(d +4)2gV1”3gV2"4X8[u®u®(§vlu)®u®u® (§v2u)®(§v3u)® (§V4u)]
+8(d+3)(d+4)g" g Xglu®u® (’V\Vlu) Qu® (/V\Vzu)®u® ($v3u)®($v4u)]
—2(d +4)(d* +8d +24) g1 g2 " Xg[u@u e (V, u)®ue (V,,u)® (V,u)eue (V,,u)]
—2(d +4)(3d? +32d +96) g™ "3g“’2”4X8[u®u®(§vlu)®u®($v2u)®($v3u) ® (’V\mu) ®uj
+4d(d+4)g" "3 g " Xglu®u® (61,111) ®(/V\,,zu)®u®u®(/v\v3u)®(/v\v4u)]
—(d+4)(d?+6d+24)g""3g"2" Xg[u®u® (61,111)®(§v2u)®u®(§v3u)®u®(§v4u)]
—(d +4)(3d? +26d + 72)g“’1”3gV2"4X8[u®u®($vlu)® (ﬁmu) Qu® (?vSu) ®(/V\v4u)®u]
—2(d +4)(d?* +8d +24) g3 g2 X [u®u® (/V\Vlu) ® (§V2u)®($v3u)®u®u®(/v\v4u)]
+3(d+4)*(d* +10d +48) g1 g2 Xglu@u e (V, u) ® (V,,1)® (V,,u) eu e (V,,u) ®u]
+(d +4)(d® +16d> + 104d +240) g1 3 g2 Xglueue (V, v e (V,,u) e (V,,u) e (V,u)eusu]
+6(d+4)? g7 g Xg[ue (V, ) eueueusd (V,,u) eV, u)®(V,,u)]
+4(d+3)(d+4)g"1 g2 Xg[u® (,V\vlu)®u®u® (’V\VZu)®u® (,V\VBu)®(/V\V4u)]
—(d+4)(d*+8d +24)g"" g " Xg[u® (V, u)@ueue (V,u) e (V,u)eus(V,,u)]
—(d +4)(3d? +32d +96) g"173 g 2"+ Xg[u ® (ﬁvlu) ®u®u®(§v2u) ® (/V\Vsu) ®(§v4u)®u]
+2d(d +4)g”1”3g"2v4X8[u®(/V\,,lu)®u®(/V\vZu)®u®u®(/v\v3u)®($v4u)]
—3(d+4)(d*+6d+24)g" g Xglue (V, w)eus (V,,u)eus (V,u)eus(V,,u)]
—3(d+4)(3d* +26d +72)g" " g"2 " Xg[u® (V, w)eue (V,,u)eue (V,,u) 8 (V,,u) e u]
—(d+4)(d?*+8d +24)g"1”3g"2”4X8[u®(,V\,,lu)®u®(/v\v2u)®(’v\,,3u) ®u®u®($v4u)]
+3(d+4)%(d* +10d + 48) g1 g"2 4 Xg[u ® (V, W) @u® (V,,1) ® (V,,u) 8u ® (V,,u) ®u]
+ 5(d +4)(d® + 16d* + 104d +240) "1 g"2" Xg[u® (V,, 1) @ u ® (V,,u) 8 (V,,u) 8 (V,,u) @ u ® u]
—12(d +4)g"1 "3 g"" Xg[u® (ﬁvlu)®(§v2u)®u®u®u ® (§V3u)®(§v4u)]
+2d(d +4)g”1“’3g"2”4X8[u®($vlu)®(/V\Vzu)®u®u®($v3u)®u®($v4u)]
+6(d+4)2g""g" " Xglue (V,,u) e (V,,u)eueus (V,,u)8(V,,u) e u]
+4(d+3)(d+4)g"1"g"" Xg[u® (,V\Vlu)®(/V\hu)®u®($v3u)®u®u®($v4u)]
— %(d +4)2(d—6)g""g 2" Xg[u® (/V\Vlu)®(/V\vZu)®u®($v3u)®u®($v4u)®u]
—(d+4)(d*+2d —12)g"" g " Xg[u® (V, 1) ® (V,,u) ®u ® (V,,u) ® (V,,u) ®u ®u]
+6(d+4)2g""3g"2" Xg[u® (6,,111) ® (’V\nu) ®(§v3u)®u®u®u® (’V\uu)]
—d(d+4)*g""g" " Xg[ue (V, u) e (V,,u)e [V, ueueus(V, u)eu]
—2(d +3)(d +4)2gV1V3g“’2"4X8[u®(§vlu)® (ﬁnu) ® (§v3u)®u®(§v4u)®u®u]

—3(d+4)°g""3g" " Xg[u® (/V\vlu) ® (’V\Vzu) ®(/V\v3u)®(/v\v4u) QUOUS U]



R=48(d+3)(d+4)g" "2 g Xg[u®ueueue® (§V1u)®(§1,2u)® (/751,314) ® (§V4u)]
+36(d+3)(d+4)g" "Z,g”3“"‘X8[L1¢>ZJu®u®(/v\vl u)®u®($vlu)® (’V\VSu) ®($v4u)]
—3(d +4)(d*—2d —12)g"1"2g" " Xg[u@ueuse (V, u) e (V,u)eue (V,u) e (V,,u)]
—3(d+4)(d?>+2d+12)g" Vzg”3“’4X8[u®u®u®($vlu) ® (’V\VZu) ®(§v3u)®u®(§v4u)]
—6(d +4)(2d> +17d +48) g"1"2g " Xglueueus (V, w) @ (V,,u)® (V,,u) & (V,,u) & u]
+24(d+3)(d+4)g"1 "2 g Xg[u®ue® (§V1u) ®u®u®(§v2u)® (/V\Vsu) ® (§v4u)]
—2(d+4)(d?>—2d —12)g"1"2g"3" Xg[u®u ® (’V\Vlu) Qu® ($V2u) QuU® (’V\Vsu) ®(/V\v4u)]
—2(d +4)(d*+2d +12)g"1"2g" " Xg[u@u e (V, u)eue (V,,u)® (V,u)eue (V,,u)]
—4(d +4)(2d?* +17d + 48) g "Zg“’”“Xg[u®u®(,V\vlu)®u®(/v\v2u)®(§v3u) ® (’V\mu) ®uj
—4(d+4)(d*+4d +6)g"1"2g" " Xg[ueue (V, u) e (V,,n)eueusd (V,u) e (V,,u)]
—(d +4)(3d? +10d +24)g“’”’zg””"Xg[u®u®(§v1 u)® (ﬁwu) Rue® ($V3u) Qu® (§V4u)]
+ %(d +4)(d> +2d2—16d —96) g"12g"3" Xg[u®@u ® (,V\vlu)®(/V\V2u)®u®(/V\V3u)® (’V\uu) ®uj
—2(d +4)(d*+2d +12)g"1"2g " " Xg[u@ue (V, u)® (V,,u)® (V,u)eueue (V,,u)]
+ 3(d +4)(d® +10d? +80d +192) g1 "2g"3"* Xg[u®@u ® (V, 1) ® (V,,u) ® (V,,u) ®u ® (V,,u) ® u]
+(d+4)(d® +12d> + 84d +216) g"1 "2 g " Xglueue (V, w) e (V,,u) e (V,,u) e (V,,u)eusu]
+12(d +3)(d +4) g2 g" " Xg[ue (V, w)eueueue (V,,u) e (V,,u) e (V,,u)]
—(d+4)(d*>—2d— 12)g”“’2gv3"4Xg[u®($vlu)®u®u® (§v2u)®u®($v3u)®(§v4u)]
—(d+4)(d*+2d + 12)g"1”2g"3“’4X8[u®(/V\vlu)®u®u® ($vZu)®(/V\,,3u)®u®(/V\v4u)]
—2(d +4)(2d* +17d +48) g"1"2¢ " "+ Xg[u® (V, 1) 8u®u® (V,,u) ® (V,,u) ® (V,,u) 8 u]
—2(d +4)(d? +4d +6)g"1”2g"3"4X8[u®(§vlu)®u®(%\Vzu)®u®u®(§v3u)®(§v4u)]
— %(d +4)(3d% +10d +24) g"1 "2 g 3" Xg[u ® (’V\Vlu) Qu® ($vZu)®u®($v3u)®u®(/v\v4u)]
+3(d +4)(d® +2d* —16d —96) g1 "2 g7 Xg[u® (V, 1)@ u s (V,,u) 8u e (V,,u) ® (V,,u) ® u]
—(d+4)(d®+2d + 12)g"1”2gv3"4Xg[u®(§vlu)®u®(§v2u)® (§V3u) ®u®u®(§v4u)]
+3(d +4)(d® +10d* + 80d +192) "1 "2 ¢ Xg[u® (V,, u) @ u® (V,,u) ® (V,,u) @ u® (V,,u) ® u]
+ %(d +4)(d> +12d% +84d +216) g"172g"3 " Xg[u® (’ﬁvlu) Qu® (’V\VZu) ®(§v3u)®(/v\v4u)®u®u]
—3(d+4)(d*+6d +12)g"1"2g"" Xg[u® (V, 1) ® (V,,u) eueueusd (V,u) e (V,,u)]
—2(d +4)(d? + 4d +6)g”1”2gv3"4X8[u®(ﬁvlu)®(ﬁhu)®u®u®(§v3u)®u®(§v4u)]
+ %(d +4)(d> +10d% +52d +96) g"1"2g"3" Xg[u ® (’ﬁvlu)®(/V\hu)®u®u®(fv\v3u)®(/v\v4u) ®uj
—(d+4)(d*—2d —12)g"1"2g" " Xg[u® (V, 1) ® (V,,u) @u e (V,,u) eueued (V,,u)]
+3(d +4)(d® +6d> +40d +96) g"1"2 ¢ "3 Xg[u® (V, 1) 8 (V,,u) 8 u® (V,,u) @ u® (V,,u) ® u]
+3(d +4)(d® +8d* +36d +72) g"1"2g" " Xg[u® (V, 1) 8 (V,,u) e u e (V,,u)® (V,,u) eueu]
+12(d +3)(d+4)g"1"2g"3" Xg[u® (/V\Vlu) ®($vZu)®(/V\V3u)®u®u®u®(/v\v4u)]
—2d(d +3)(d +4)g""2g"" Xg[u® (V,,u)® (V,,u)®(V,,u)eueus (V, u)eu]
—4(d +3)*(d+4)g" 1’2g1’3v4X8[u®(§v1 u)® (’V\VZu) ® (,V\VBu)®u®(/V\v4u)®u®u]
—6(d+3)(d+4)*g"1"2g"" Xg[u® (V,,u) ® (V,,u) ®(V,,u) ®(V,,u) u®ueu]

1.5 One second order derivative of u

R=4RX[u®ueueued (Au)]
—2(d—6)RXs[uuUeu®d (Au)®u]
—12(d—3)%Xs[ueue (Au)®ueu]
—%(d—Z)E)%XS[u®(/A\u)®u®u®u]



1.5.1 Substitutions of double derivations

Simplifications of terms in:

produce:

R=8Ric" X [u®ue@ueue® (/A\vmu)]
—(d—2)Ric" X [u®@ueue® (/A\qu) Qu]j
— %Zd Ric””ZXS[u®u®(/A\vlv2u) Quuj

1.6 Two first order derivatives of u, one second order derivative of u

R=—48(d+3)g"" X,[ueueueue(Au)®(V, ) eV, u)]
+3(d*—4d—20)g" " X, [ueueue (Au)eue (V,u)®(V, u)]
+3(d—2)(d+2)g"" X;[ueusue (Au) e (V, u)eusd (Y, u)]
+6(2d*+13d +26) g " X;[u®ueue (Au) ® (V, u)® (V, u) ®u]
+4(d*+2d—2)g" " X [ueue (Au)eueue (V,u)® (V,,u)]
+3d(d+2)g"" X,[ueue(Aw)eue (V,u)eue (V, u)]

—3(d*—2d*—32d —80)g" " X, [u®u® (Au)®ue (V, u)® (V, u) 9 u]
+2(d*+2d+4)g" " X [ueue (Au) e (V,w)eusue (V, u)]
—3(d+2)(d*+4d +24) g X,[u®ue (Au)® (V,u)eue (V, u) ®u]
—(d*+8d*+36d +56)g" " X, [ueue (Aw) ®(V, u)® (V, u) ®udu]
+3(d+20° g X, ue(Aw)eueueued (V,u)®(V, u)]
+2(d+1)(d+2)g"" X, [ue (Aw)eueue (V,w)eue (V, u)]
—3(d+2)(d*+4d +12)g" " X, [u® (Aw)eueue (V, u)®(V, u) ®u]
+(d—2)(d+2)g"" X, [ue(Aw)eue (V, u)eueusd (v, u)]
—(d+2)(d*+2d +16)g" " X, [u® (Au)eue (V,u)eus (V, u) ®u]
—3(d+2)(d*+4d +12)g" " X, [u® (Au) ®us (V, u) 8 (V,u)eueu]
—6(d+2)g"" X, [ue (Aw) ® (/V\vlu) QUAUAUR (/V\,,Zu)]

+(d—2)(d+2)g"" X, [ue (Aw)® (V,w)eueusd (V, u)®u]
+2(d+1)(d+2)g"" X, [ue (Aw) e (V, w)eue (V,u)euseu]

+3(d+2) g X, ue(Aw)e(V,w)e (V,u)eudueu]

R=—24(d+2)g" " X,[ueueueue(V,u)®(Auw) e (Y, u)]
—18(d +2)g" " X, [ueueue (V, ) eus (Au) ® (V, u)]
+3(d*+4d +12)g" " X [ueueue (V, u) ® (Au) ®ue (V, u)]
+3(3d*+20d +44) g" " X, [ueueue (V, u) ® (Au)® (V, u) ® u]
—12(d+2)g" " X, [ueue (V, )eueued (Au) ® (v, u)]
+2(d*+4d +12)g" " X, [ueue (V, ) eus (Au) @ue (V,, u)]
+2(3d*+20d +44) " " X;[u®u® (V, ) eue (Au)® (V,,u) ®u]
+2(d*+4d +12)g" "2 X [ueue (V, n)e (Au)eueus (V, u)]



—3(d+2)(d*+6d+32)g" " X, [ueue (V,w)®(Au)eue (V, u) o u]
—(d®+10d*+52d +88)g" "2 X, [ueue (V, w)® (Au) 8 (V, u) ®ueu]
—6(d+2)g" " X,[ue(V, )eususue (Au)®(V,, u)]
+(d*+4d+12)g" " X [ue (V,u)eueue (Au)oue (V, u)]
+(3d*+20d +44) g" "2 X [u® (V, W) eueue (Au)® (V,,u) ®u]
+(d*+4d +12)g" " X,[ue (V, ) eue (Au)eueus (V,u)]
—3(d+2)(d*+6d+32)g"" X, [ue (V,)eue (Au)eue (V, u)eu]
—3(d®>+10d*+52d +88) g"": X,[u® (V, w)eue® (Au)® (V, u) ®ueu]
—6(d+2)g" " X,[ue(V, w)®(Au)eueueud (v, u)]
+(d—2)d+2)g"" X, [ue(V,w)e(Au)eueud (V, u)ou]
+2(d+1)(d+2)g" " X, [ue (V, e (A eue (V, u) ®udu]

+3(d+2)*g"" X, ue (V,w)e(Au)e (V,n)eueusu]

—24(d+2)g"" X, [ueueueud (V, u)®(V, u)® (Au)]

—18(d +2)g" " X, [ueueue (V,u)eus (V, u) ® (Au)]
+3(d—-2)(d+2)g"" X ueueus(V,u)s(V,u)eue (Au)]
+3(3d*+16d +28)g" " X, [ueueue (V, u)®(V, u) ® (Au) ®u]
—12(d+2)g" " X, [ueue (V, )eueus (V, u) ® (Au)]

+2(d—2)(d+2)g"" X,lueus (V, w)eue (V, u)®ue (Au)]
+2(3d*+16d +28) g " X,[u®ue (V, w)eue (V,u) ® (Au) ®u]
+4d+1)(d+2) g X [ueus (V,w)e (V, u)eueue (Au)]
—3d(d—2)(d+2)g" " X,[ueue (V,u)e(V,u)eue(Au)®u]
—(d®>+8d*+48d +104) g" " X, [ueue (V, W) e (V, ) ® (Au) @ueu]
—6(d+2)g"" X,[ue(V, w)eusueus (V, u)® (Au)]

+(d—2)(d+2)g"" X, [ue(V, )eueusd(V, u)®usd (Au)]
+(3d*+16d +28)g" " X, [u®(V, w)eueusd (V, u)® (Au) ®u]
+2(d+1)(d+2)g" " X, [ue(V, w)eue (V,u)eueue (Au)]

- %d(d -2)(d+2)g"" X, [u® (/V\vlu) Qu® (/V\VZu) Que (Au)®u]
—3(d®+8d*+48d +104) g2 X,[u® (V, w)eue® (V, u) ® (Au) ®ueu]
+3(d+2)g"" X, ue(V, eV, n)eueueue (Au)]

—3(d® +6d*+28d +56) g" " X,[ue (V, w)® (V,n)eueue® (Au)®u]
—3(d® +4d*>+16d +40) g™ X, [ue (V, )8 (V, 1) 8 ue (Au) ®udu]
+6(d+2)(d+3)g" " X, [ue(V, eV, u)e(Au)eudusu]



1.6.1 First packet of 2 terms: substitutions of double derivations

Simplifications of terms in:

produce:

R=—48(d+4) X,[ududueu® (A""u)® (/V\,,lu) ® (/V\,,Zu)]
—24(d+4) X;[ueueue (A" u)eue (V, u) 8 (V, u)]
+6(d+2)(d+4) X,[ueueuse (A" u) e (V, u)eue (v, u)]
+6(d+4)(3d +14) X, [usueue (A" u)e (V,u) 8 (V, u)®u]
—8(d+4) X;[ueue (A" uw)eusue (V, u)®(V,u)]
+2(d+2)(d+4) X,[ueud (A" uw)eud (V, u)eus (V, u)]
+2(d+4)Bd+14) X, [usue (A" u)eue (V, u) e (V, u) @ u]
+4(d+4? X, [ueue (A" )8 (V, 1) eueud (V, u)]
—(d+2)(d+4? X [ueue (A" u)e (V, w)eue (V, u)®u]
—2(d+4* X;[ueue (A e (V, u) e (V, u) ®usdu]

1.6.2 Second packet of 2 terms: substitutions of double derivations

Simplifications of terms in:

produce:

R=—48(d+2) X,[ueueueus (V,u)e (A" u)e (V,,u)]
—36(d +2) X,[ueueue (V,u)eus (A" u)e (V,,u)]
+6(d*+4d +12) X;[ueueue (V, u)® (A1) eue (V, u)]
+6(3d? +20d +44) X, [ueueue (V, u)® (A" u) & (V, u) 9 u]
—24(d +2) X,[ueue (V, ) eueud (A" u) e (V,u)]
+4(d*+4d +12) X, [ueue (V,u)euse (A" u)ue (V, u)]
+4(3d* +20d +44) X,[ueue (V, ) eue (A" "u) & (V, u) e u]
+4(d*+4d +12) X,[u®u® (/V\,,lu) (A" ) QU U® (/V\VZu)]
—(d+2)(d*+6d+32) X,[ueue (V,u)® (A" u)eue (V, u) ®u]
—2(d®+10d* +52d + 88) X,[u®u® (V, u) ® (A" ":u)® (V,,u) ®u®u]
—12(d +2) X, [u® (V, w)eueueud (A" u) e (V,,u)]
+2(d* +4d +12) X,[ue (V, w)eueusd (A" u)@ue (V, u)]
+2(3d* +20d +44) X,[u® (V, ) eueue (A" "u) & (V, u) e u]
+2(d*+4d +12) X, [ue (V, ) eue (A" u) eueue (V, u)]
—3(d+2)(d*+6d+32) X, [ue (V,)eue (A" u)eue (V, u) ®u]
—(d®+10d* +52d +88) X;[u® (V, w)®u® (A" "u) & (V, u) ® u®u]
—12(d +2) X, [ue (V, w)e (A" u)eueueue (v, u)]
+2(d—2)(d +2) X,[u® (V, ) e (A" ) eueue (V, u) ®u]
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+4d+1)d+2) X, [ue (V, W) (A" " u)eue (V, u)®ueu]
+6(d+2)* X,[u®(V,u)® (A" u) e (V, u)eueueu]

—24(d+2) X,[ueueueue (V,u) 8 [F"2,u]e (V, u)]
+3(d—-2)d+2) X,[ueueue (V, ) oua[F",u]e (V, u)]
—18(d+2) X;[u®u®@u® (/V\vlu)® [F"2 u]leou® (/V\VZu)]
+3(d—-2)d+2) X, [ueueue (V,w)®[F",u]e(V, u)®u]
+4d+1)(d+2) X;[ueue (V, n)eueud[F"",u]le (V, u)]
+2(d—2)(d+2) X;[ueue(V, w)eue[F"",u]eue (V, u)]
—3(d+2)(d*+2d +16) X;[u®ue® (V,w)eue[F"",u]&(V, u) ®u]
—12(d +2) X,[ueue (V, w)® [F",u]leueud (V, u)]
+2(d—2)(d+2) X,[ueue (V, ) ®[F"",u]leus (V, u) @ u]
+4(d+1)d+2) X [ueue (V, ) [F",u]e(V, u)®usu]
+3(d+2)* X, [ue(V,n)eueueue[F"",u]e(V, u)]

+2(d+ 1A +2) X,[ue (V, w)eueus [F",u]ous (V, u)]
—3(d+2)(d*+4d +12) X;[u® (V,w)@ueue[F"",u] & (V, u) ®u]
+(d—2)d+2) X, [ue(V, w)eue[F" uleueusd(V, u)]
—H(d+2)(d*+2d +16) X;[u® (V, W) ®ua[F"",u]leue (V, u) ®u]
—3(d+2)(d*+4d +12) X, [ue (V,w)eue [F",u]e(V, u)eueu]
—6(d +2) X,[ue(V, e [F", u]leueudud(V, u)]
+(d—2)(d+2) X, [ue (V, e [F",u]leueued (V, u)®u]

+2(d+ 1A +2) X,[ue (V, e [F,u]oue (V, u) ousu]
+3(d+2) X, [ue(V, we[F,ule(V,u)eueueu]
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1.6.3 Third packet of 2 terms: substitutions of double derivations

Simplifications of terms in:

produce:

R=12(d+4) X,[ueueue (V, ) ®(V, u)® (A" "u) e u]

+8(d+4)? X, [ueue(V,n)eusd (V, u)® (A" "u) e u]
+4(d+2)(d+4) X, [ueue (V,u)e (V,u)eus (A" "u) ®u]
—2(d+4)(d*+8d +28) X,[udue (V, )8V, u)e (A" u)eueu]
+4(d+4)? X, [ue(V, )eueue (V, u)® (A" "u) g u]
+2(d+2)(d +4) X,[ue (V, ) eue (V,u)eue (A" "u) @ u]
—(d+4)(d*+8d +28) X;[u® (V,w)eus (V,u)® (A" u)@ueu]
—8(d+4) X,[u® (/V\vlu) ® (/V\vzu) Queu® (A""u)®u]
+2(d—2)(d+4) X, [ue (V, eV, u)eus (A" u)®ueu]

+6(d +2)(d +4) X,[ue (V, ) eV, u)e (A" u)eueusdu]

—48(d +2) X,[ueueueud(V,u)®(V, u) ® [F"",u]]
+6(d—2)(d+2) X;[ueueue (V,u)eud(V, u)®[F",u]]
+3(d+2)(d-8) X;[ueueue (V,u)® (V,u)®ue[F",u]]
+3(d+2)(d—8) X;[ueueus (V,u)® (V,u)®[F",u]eu]
+8(d+1)(d+2) X;[ueue(V, w)eueud (V, u)®[F",u]]
—3(d+2)(d*—2d +24) X, [ueue (V,u)eus (V,u)eue [F"",u]]
—3(d+2)(d*—2d +24) X;[ueue (V,n)eue (V,u)®[F",u]eu]
+4(d—-2)d+2) X,[ueue (V, e (V, ) eueus [F"2,u]]
+4(d—2)(d+2) X;[ueue(V,u)e(V,u)eusd [F",u]eu]
+4(d—2)(d+2) X;[ueue(V,u)e(V,u)®[F"",u]eueu]
+6(d+2) X,[ue(V, w)eueueud(V, u)®[F",u]]
—3(d+2)(d*+8) X;[ue (V,w)eueue (V,u)®us [F2,u]]
—3(d+2)(d*+8) X,[ue(V,w)eusue (V,u)®[F"",u]®u]
—3(d+2)(d*+2d +16) X, [u® (V,w)eue (V,u)®ueu® [F"",u]]
—3(d+2)(d*+2d +16) X, [u® (V, W) eue (V,u)®ue [F"",u]eu]
—3(d+2)(d*+2d +16) X, [u®(V, W) eue(V, u)® [F"",u]®ueu]
+3d(d +2) X;[u® (V, e[V, u)eueudue[F"",u]]

+3d(d +2) X;[u® (V, e[V, u)eueus[F",u]eu]

+3d(d +2) X;[u® (V, )V, u)®ud[F"",u]eueu]

+3d(d +2) X;[u® (V,w)e [V, ) [, u]eueueu]
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1.7 Two second order derivatives of u

R=24X6[u®u®u®u®(/A\u)®(/A\u)]
—3(d—4) X u®ueue (Au)®ue (Au)]
—3Bd+4) X[u®ueue® (Au)® (Au) ® u]
—4(d-1)Xg[u®ue® (Au)@ueu® (Au)]
+12d(d—6) Xg[u®u® (Au)® u® (Au)®u]
+(d?>+2d+12) X [u®u® (Au)® (Au) ® u®u]
—3dX6[u®(/A\u)®u®u®u®(/A\u)]
+2(d*+8) Xg[u® (Au) ®u®u® (Au) ® u]
+%(dz+8)X6[u®(/A\u)®u®(/A\u)®u®u]
—3d X[u® (Aw)® (Au) @ ueueu]
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1.7.1 Packet of 2 terms: substitutions of double derivations

Simplifications of terms in:

produce:

—12(d + ) Xg[u®ueud (A" "2u)® (/A\vmu) ®u]j
—4(d+4) X[uoue (A" w)eue (A, , u)®u]
+2(d +2)(d +4) Xs[u®u® (A" u)® (A,,,,u) ®u e u]

—6(d+4) Xg[u®ueu [F"",u]® (/A\qu) Qu]j
—2(d+4) X[u®ue [F 2, u]ous (A, , u)®u]
+(d+2)(d+4) Xs[ueusa [F2,u]® (A, ,u)@ueu]

R=2(d+2)(d—8) Xs[u®ueueue (A, ,u)®[F"",u]]

+2(d—2)d+2) Xs[uoueue (A, , u)®ue[F"",u]]
+2(d—2)(d +2) Xs[u®uoue (A, ,u)® [F",u]l®u]
+d(d+2) Xs[ueue (A, , 1) ®ueue[F"",u]]
+d(d+2) Xs[ueue (A, , W) ®ue [F"2,u]®u]
+d(d+2) Xs[ueue (A, , w)®[F",u]leudu]

R=(d+2)(d—8) Xs[u®u®ueu®[F"",u]®[F,,,,ul]

+(d—2)(d+2) Xg[lu®u®ue[F"",u]®u®[F, ,, ,ul]
+(d—2)d+2) Xe[u®u®ue[F""?,u]®[F, ,, ,u]l®u]
+3d(d+2) Xs[u®u®[F"",u]®u®ue[F,, ,ul]
+3d(d+2) Xs[u®u®[F"",u]®ue®[F,, ,ul®u]
+3d(d+2) Xg[u®u®[F"",u]®[F,, ul®ueu]
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1.8 One first order derivative of u, one third order derivative of u

R=16(d+1)g""g"" Xc[uQue®uu® (’V\Vlu)® (V3 u)]

Vo V3 Vy

—(d*+8)g" g X[uoueud (V,weus (V3 u)]

Vo V3Vy

—(d2+8)g”1”1’g”2”“X6[Lt®u®u®(/V\,,1u)®(/v\3 u)Qu]

Vo V3 Vy

—8g" g X [u®ue® (/V\vlu) uUU® (/V\izv3v4u)]
—(d®+6d+16)g""g"" Xs[u®u® (/75vlu) ua (V3 4u)®u]

Vo V3V,

+4(d+2)g”1”3g”2”4X6|:u<8>u<8>(61,1u)®(fv\3 u)ueu]

Vo V3 V4

+d(d-i—4)gv1”3gv2’“"X6[ut8’(§vlu)<2§u<2§>u<8>u<8>(/753 u)]

Vo V3 Vy

—2(d +4)g”lv3,g”2”“X6|:u<8>(/V\vlu)®u®u®(/v\3 u)u]

Vo V3 Vs

R=8(d +4)gV1v3gV2v4X6[u®u®u®u®(63

V1V2V3

wWeue (V,u)]

w) e (V,,u)]
+2(d+4)g" g Xglu®ueue® (V2

V172 V3

—(d+4)2g”1v3g”2”“X6[u®u®u®(/753 u)®(/V\v4u)®u]

V1V2V3

R=—8(d—2)g" " X(uoueuoud (V, u)® (V, (Au))]
+3(d*—6d +32)g" " X [ueueue (V, u)eue (V, (Au))]
+3(d*—18d +8)g" " X [ueueue (V, u) 8 (V, (Au)) ®u]
—4(d—-2)g" " Xgueue (V,u)eueue (V, (Au))]
+(d*—2d +8)g"" Xs[ueue (V, u)eus (v, (Au) ®u]
+(d*—2d +16)g" " Xs[ueu® (V, u) (V, (Au) ®ueu]
- %d(d +10)g" " Xg[u® (/V\vlu) QUAUBU®R (61,2(/A\u))]
+3(d*—2d +8)g" " Xe[u® (V, W) oueue (V, (Au)) ® u]
+(d*+2d+12)g" " Xs[u® (V, w)®us (V, (Au) ®ueu]
—6d g"" X[u® (V, w)® (Y, (Au)) @ u®udu]

R=—-8(d+4)g" " X(ueueuoud (V, u)® (A(V, u))]
+3(d—2)(d+8)g" " Xs[u®ueue (V,w)eue (A(V, u))]
+3(d+4)(d—10)g"" X[uoueue (V, u)® (A(V,,u) ®u]
+4d g Xgueue (V, ) eueue (AV, u))]

—8g"" X[ueue (V, w)eusd (A(V, u) ®u]
+(d+2)(d+4) g X[ueue (V, )8 (A, u)eudu]
—3d(d—2)g"" Xs[u® (V, w)eueudus (A(V,u))]
—3(d*+2d+8)g" " X [u® (V, W) eueue (A(V, u) ®u]
+2(d+2)g"" Xe[u® (V, W) oue (A(V, u) ®ueu]

R=—4(d—2)g" " X(uoueuoud (V, (Au)®(V, u)]
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—4(d+1)g"" X [u®eueue® (§vl(Zu)) Qu® (/V\,,Zu)]
+3(d*—10d —32)g" " Xs[u®ueue (V, (Au) e (V, u) ®u]
—2(d+2)g" " Xgueue (V, (Au)@ueus (v, u)]
+3d(d+2)g"" X [usue (V, (Au)eue (V,u)®u]

+(d+2P? g Xueue (V, (Aw) e (V,u)eueu]

R=—4(d—2)g" " Xgueueueusd (A(V,u)®(V, u)]
—4d+1)g" " Xueueud (AV, w)eus (v, u)]
+3(d*—10d —32) g" " X[u®ueued (A(V, w) ® (V,u) ®u]
—2(d+2)g" " Xg[ueu® (A(V, u)eueud(V, u)]
+3d(d+2)g" " Xs[ueue (A(V, w)eus (V, u)eu]
+(d+2) g Xuoue (AV, u)e(V, u)ousu]

1.9 One fourth order derivative of u

R=—-2(d +4)gv1v3gV2v4X5[u®u®u®u®(/V\4

V1 Vo V3 v4u)]

R=2dg"" X[ u@ue®ulue® (/V\vl(’A\(/V\VZu)))]
+(d+2)g"" Xs[ueueus (V, (A(V,,u))) ®u]

R=8Xs[u®uoudue (A(Au))]
—(d—4) Xs[ueueu® (A(Au)) ®u]
—d Xs[u®ue (A(Au) ®ueu]

16



1.10 No derivative of u, no derivative of g

R=%9%X3[u®u®q]
+%9%X3[u®q®u]
+%9%X3[q®u®u]

R=X,[q®q]

1.11 Two first order derivatives of u, no derivative of q

R=—-2(d+2)g" " Xsueue (V,u)e [V, u)®q]
—(d+2)g"" Xs[ue (V,weue (V,u)®q]
+2(d+2)? g Xs[ue (V, W) e (V, u)eueq]
+3(d+2) g Xs[ue (V, u)e(V, u)®qeu]

R=—2(d+2)g""Xs[u®ueqe(V,u) eV, u)]
—2(d+2)g" " Xs[ueqeue (V,u)e(V, u)]
—(d+2)g"" Xs[u®qe(V,u)eusd (Y, u)]
+3(d+2)? g Xs[ueqe(V,u)e(V, u)eu]
—2(d+2)g" " Xs[qeueue (V, u) e (V, u)]
—(d+2)g"" Xs[qeue (V,u)eus (Y, u)]
+3(d+2)g"" Xs[qeue (V, w) e (V, u)ou]

R=—-2(d+2)g" " Xsueue (V,u)eqe (V,u)]
—(d+2)g"" Xs[ue (V,w)eueqe (Y, u)]
—(d+2)g"" Xs[ue (V,u)eqeusd (Y, u)]
+2(d+2)? g Xs[ue (V,w)eqe(V, u)eu]

1.12 Laplacian of u, no derivative of g

R=2X4[u®u®(Zu)®q]
—%d X4[u®(3u)®u®q]
—%d X4[u®(3u)®q®u]

R=2X4[u®u®q®(/A\u)]
+2X4[u®q®u®(Zu)]
—%dX4[u®q®(/A\u)®u]
+2X4[q®u®u®(zu)]
—%d X4[q®u®(/A\u)®u]
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1.13 One first order derivative of u, one first order derivative on g
R=4g""X,[u®@ue® (/V\vlq) ® (/V\Vzu)]
+2g"" X, [u® (/V\vlq) U (§v2u)]
—dg" X, [ue (/v\«»ﬂ) ® (/V\VZu) Qu)
R=—(d+2)g"" X,ue(V, W&V, qeu]

1.14 No derivative of u, one second order derivative of q

R=X;[u® (Zq) ®u]
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2 Collected patterns for R, ,

R=

2g"" X, [ueue (V,u)®N"]F,
_ %dgv2v3X4[u® (61)311) ®u®NV1]FV1v2
L8 K [0 (@, 0 oN " BulF, ,

—2g"" X u®ue®N™ tﬁb(/V\Q,Bu)]Fvlv2
+3d g X ueN" ® (V, u) ®ulF,,,
+2g"" X [N"Queue® (/V\VBu)] F,,,
— %d g XN ®ue® (/V\,,Su) ®ulF, ,,

3 Xs[u® N ®N"]F,
— 3 X3[N"®u®N"]F,
+35 X3[N"®N"2Q®u]F,

— g X5u® (/V\%N”l) ®ulF, ,,

—8(d—2)Xs[usueueue (V,u) e (V, u)]F™
+(d*—4d +16) Xg[ueueue (V,u)eue (V,u)]F""
—8(d—2) Xs[usueue (V, eV, u)®u]F"™
+(d*—2d +16) Xg[ueue (V, ) eueue (V, u)]F"™
+(d?*—4d +8) Xc[u®u® (/V\vlu) Qu® (/V\q,zu)®u]F“’“’2
—8(d— 1D Xe[u®ue (V, )V, u)@ueu]F"™

—6d X6[u®(/75vlu) QUAURU® (/75,,2u)]F”1”2

+(d*+8) Xg[ue (V, w)eueue (V, u) ®u]F""
+(d?+8) Xe[ue (V, w)eus(V, u) ®ueu]F""

—6d X6[u®(/75vlu) ® ($v2u) QuUAUuU]|F™
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2.1 Substitutions of double derivations

Simplifications of terms in:

produce:

R=—-(Bd—4) X;[u®u®u®ud|[F,, u]]F""
—2(d—-1)Xs[u®u®u®l[F, , u]®u]F""
—d Xs[u®u®l[F, , ,ul®u®u]F""
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3 Collected patterns for R, 3

R=8g""g"" X Ju@ueudue® (/V\v“u)](v3

R=8g""g"”" X, [u®uououe(V, u)](V3

R=2g""X, [UuUeUN"] (V3

—16g" g X[ueueueue (v, u)](Vf)1v 1D
+2(d+2)g" g X[ueueue (V, u)®u](Vilv v,
+8gv1V3gV2V4X5[u®u®(v u)@u@u](Vi Yoy ]l)

—2(d—2)g"" g™ Xs[ue (V, u)eueueu] (Vs

VV‘V)

1)

1)
—(d+2)g""g" " X ueueue (v, u)@u](V:’;1v "

1)
+(d—2)g""g"" Xs[u®(V, Weusueu](V?

V1VyV3 )

V1 V9 Vs

1)
_4gV11’zg1’31’4X5[u®u® (v u) ®u®u] (v3

V1 V2 V3

V1V, v3]]')
—(d+2)g""g" " Xs[ususus (V,w)oul(V3,

1)
+(d—2)g""g"" X [ue(V, Weusueu](V?

'V‘VV)

1)
_4gv1v4gv2v3X5[u®u®(V u)®u®u](v3

V1V2 V3

— g X, ueu®ueN”](V?

V1 Yy V3

1)
+g"X,u®ueN"Qu (V:’;lvV 1)
1)
1)

(V3

V1 Vo Vs

+g""X,[ueN">Queu

[ ]
[ ]
[ ]
— g X N"oueueu](V?

V1 V2 V3

-2 X, u®ueueN”

3
( V1V2 V3

(v3

1)

V1V V3 )
3
(vvlvv 1)
N"@ueueul](V: 1)

V1V2 V3

+g"7" X ueueN" ®u

+g"72" X ueN"®ueu

]
]
]
]

_gV2V3X4

V1V2V3 )

—2g"" X, [u®@u®N™ ®ul(v?

1/1/1))

—2g" X,[ueN”2@ueu] (V3

VV'V)

+2g" X, N2 @ueueu](V?

V1 Yy V3 )
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4 Collected patterns for R, 4

R= 3 X,[u]F""F,
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5 R, for u parallel

R = 155 [RI* X3 [u]

— 155 IRic? X4 [u]

R= L (AR)X,[u]

R= %szl[u]

R=:i%NX;u®ueq]

+%9%X3[u®q®u]
+%9%X3[q®u®u]

R=X,[q®q]

R=X3[u®(Aq)®u]

R=

- (/V\vlfﬁ)X4[u QUAUN™]
+3(V, R X,ueN" eueu]
+3(V,, XN @ueuseu]

—X3[u®(V, q)®N"]

R=X3[N"®(V, q)®u]

R=

%RiCV1V2X4[u®u®Nv1 ®sz]

— & Ric, ,, X4[u®N" @u®N"]
+ 1 Ric, ,, X,[u®N" ®N" ®u]
—32Ric, ,, X4[N" @u@ueN"]
—LRic, ,, X4 IN" ®u®N" ®u]
+1Ric, ,, X,[N" ® N ®u®u]

—1g, , RX u®uU®N" ®N"]
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_%gvlvsz4[U®Nvl QUN?
_%gvlvsz4[u®NV1 ®NV2 Qu

]
]
— £ 8unRXN" @ueUON"]
—1g, WRXIN" ®ueN" ®u]

]

— 18, RXIN"@N"2®ueU
R=—38,,,Xs[q®N" ®N"]
R=—3g,,Xs[N"®q®N"]
R=—38,,Xs[N"®N"®q]
R=128,,,8,,XsN"®N">®N" @N"]
R=38, 8, XsN"®N"2@N" @N"]
R=38,,,8uv,XsN"®@N"2@N" @N"]

R= —g""™Ric,,, X,(u®ueue(V, N)]
+ %gV1V3Ric,,2v3X4[u®u®(/75levz)®u]
+ %2gVIV3Rin2v3 X4[u ® (/751)1sz) du® u]

R=—%X,ueueue(V,N")]
— 2R X, [ueue(V, N")eu]
—3RX,ue (V,N")eueu]

R= —X3[u®q ® (/V\lem)]
—X3[qeu®(V, N")]

R= —X3[u® (/V\lew) ®q]

R= %gvlv3X4[u®Nv1 ®(/V\VZNV2)®NV3]
+ %gvlv3X4[NV1 ®u®($v2N”2)®Nv3]



R= _%gv2v3X4[Nvl ®(/V\V1Nv2)®u®Nv3:|
_%g”z”s‘x4[]\rv1 ®($V1Nv2)®Nv3 ®u]

R= =38, Xu[N"®N" & (V,N")eu]

R=3g,,XJue8N"@N"e(V,N")]
+1g,, X,JN" @uaN”®(V,N™)]
+318,,XJN"®N">®ue(V, N"™)]

R=1g,, X,uoN" ®(V,N")®N"]
+ %‘g”l"sx4[]\[v1 due® (VSVZN%) ®Nv2:|

R= =38, X4[N"®N" & (V,N")eu]

R= %g"2V3X4[u ® (ﬁleﬁ’z) N @N™]

R= %gvzv3X4[u® (/v\levz) QN ®Nv3]

R= %gV2V3X4[u® (/v\levl) ®N"2@N"]

R=—g,, 8" " Xue(V,N2)e [V, N")ou]

R=2X,Ju®u® (/V\levl) ® (’v\vavz)]
+X,ue(V, N eue(V, N™)]

R=—X,u®(V,N")&(V,N")eu]

R=X,[u®u®N™" ®(/v\ilv2Nv2)]
— X4 [N™ ®u®u®(/v\ilv2sz)]
—X,[N" ®u®(’v\2vlv2sz)®u]

R=—X,[u®u®N™ ®($§2V1sz)]
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—X,[u®N" ® (WWIN”Z) ®u]
+X,N"®ueue® (?imNVZ)]

R=X,[u®u® (ﬁimN”z) ®N"]

R=X,[u®u® (ﬁ%mN”l) ®N2]

R=—38,,X;u®(AN")®@u®N"]
—%gv1v2X4[u®(ZNv1)®N” ®u]

R=—138,,XJu®N" ®(AN")®u]
— 38 X4[N"®u®(AN")®u]

R= 2g”1”3X4[u®u®u®(Vvvv3 "2)]

R=—-X,Ju®oueu® (/75,,1 (AN"))]
—Xueue (V, (AN"))®u]

R=—X,usueue(AV, N"))]
—X,ueue (A(V, N"))®u]

R=3X;[u®N" ®N"]F,,,
— 3 Xs[N"®u®N"]F,
+3X3[N"®N"2®ulF,,,

R=—g""X,[u®(V, N")®ulF

V172

= —g"" X lueueueN™](V; , | 1

+g""2X,[u®u®N™ ®U](vi1v2v3

+g" "X, [u®NV3®u®u](V?;w
vlwx[ ”3®u®u®u](v3

V1 V9 V3

R=—g""X,u®u®@u®N"](V?

V1V2 V3

+g"" X,ueu®N" ®u](V?

V1V2 V3

)
)
1)
1)

1)
1)

26



3
v
"eueu](
N
+8

"1

3
(v
®u]
[N"®u®u
V2V3X4
—&

"1

3
21V
®N
) v
[u®u® o
v1V3X4 ®u®N ](v
R=2g v1‘V3X4[ll v2®u®u
= e ul(v
V1VSX4[U U
s [N2®u
V1V3x4
2g
+

Vlszvlvz
1F
in[u

R= 5

V1 Vo V3

1)
1)

V23

V23

1)

3
V1V2V3
3
V1V2V3
3
V1V2V3

1)
1)
1)
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6 R, for Non Commutative Torus: P;

6.1 k(3,k)®k(3,k)

R=3(d+2)*g"" X,Ju®k(5, k) ®k(5, k) ®u]
—(d+2)g" " Xu[k(6, k)®u®k(6,,k)®u]
—2(d+2)g" " Xu[k(56, k)@ k(5,,k)®u®u]

6.2 k(@vlk) ® (8v2k)k
R=—2dg""X,lueu®k(s, k)®(5,,k)k]
—(d—2)g" " Xy[u®k(s, k)®u®(5,,k)k]
+3(d*+2d +8) g X,[u® k(5,,k)®(5,,k)k ®u]
+4g"" Xu[k(6, k)®u®u®(s,,k)k]

—(d—2)g"" Xy4[k(5, k) ®u® (5, k)k®u]
—2d g"" Xy[k(5,, k) ®(6,,k)k ®u®u]

6.3 (8,,k)k®k(3, k)

R=3(d+2)(d+4)g"" X,[u® (5, kk®k(5, k) ®u]
6.4 (9, k)k®(0,,k)k
R=—-2(d+2)g"" X,Ju®ue (5, kke (5, kk]

—(d+2)g"" Xy[u® (6, kk®u®(s,,k)k]
+3(d+2) g X,[u® (5, kke (5, kkeu]

6.5 (3, Kk)(3,,k)

R=—(d+2)g""X5[ue (5, k)5, k)eu]

6.6 (3% Kk

V17V2

R=2g""X;[u®u® (Silvzk)k]
—3dg"" X3[u® (5%, Kk ®u]

6.7 k(32 k)

R=— %d g Xsu® k(5ilv2k) Qu]
+2g"M" X3[k(6i1 vzk) ueu]
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7 R, for Non Commutative Torus: P; + P,

7.1 k(3, k) ®k(3,,k)

R=3df""X3u®k(s, k) ®k(5,,k)]
—f72 X5[k(0,,k) @u®k(6,,k)]
+3d 12 X3[k(5,, k) ® k(5,,k) ®u]

R=—dg"" X,Jueuek(s,k)®k(5, k)]
—3(d—2)g"" X,[u®k(5, k)@uek(5, k)]
+(d*+4d+6)g" "2 X, [uek(s, k)®k(5, k) ®u]
+2g"" Xy[k(6, k)®u®u®k(s,,k)]

—3(3d +2)g" "2 X, [k(5,, k) ®@u®k(5, k) ®u]
—(38d+4)g" " X, [k(6, k)@ k(5,,k)®ueu]

7.2 k(3,k)® (3, Kk

R=1df""X,[u@k(5, k) ® (5, k)k]
—fvleXg[k(fsvlk) QU (5V2k)k]
+3d X [k(5, k) ® (5, k)k ® ul

R= —3dg""X,lueu®k(s, k)®(5,,k)k]
—33(d—2)g" " X, [u®k(5, k) ®ud (5, kk]
+(d*+3d+8)g" "2 X, [uek(s, k)® (5, kk®u]
+68"" X, [k(6, k)®u®u®(s,,k)k]
—33(d—2)g" "2 X, [k(5,, k) ®u® (5, k)k®u]
—3d g X,[k(5,,k)®(5,,k)k®u®u]

7.3 (3, )k ®k(3, k)

R=3df""X3[u® (5, kk®k(s, k)]
— 2 X5,k ®@u®k(5,,k)]
+5d f12 X3[(5,, )k ®k(5,,k) ®u]

R=—dg""X,u®ue (s, kk®k(5,,k)]
—3(d—2)g"" X,[u® (5, kkeuek(s, k)]
+(d*+5d+8)g" "2 X,[u® (5, kk®k(5, k) ®u]
+2g"" Xy[(6, Kk®u®uek(s,,k)]
—3(d—2)g" " X,[(5, kk@uek(5, k)®u]

—d g" " X,[(5,, Kk ®k(5,,k)®@ueu]
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7.4 (3, k® (3, k)k

R=3df""X3[u® (5, ke (5, kk]
— 2 X,5[(5,,kk®u® (5, k)k]
+5d f172 X3[(5,, )k ® (5, kk ®u]

R=—(Bd+4)g""Xy[lueu® (s, kke (5, kk]
—3(3d+2)g" "2 X,[u® (5, k®ue (s, kk]
+(d*+4d+6)g" "2 X,[u® (5, kk® (5, kkeu]
+2g"" X6, Kk®u®u®(s,,k)k]
—3(d—2)g"" X,[(5, kkeue (5, kkeu]

—d g""2X,[(5,,k)k® (5, kk@ueu]

7.5 (8,k)(8,,k)

R=—2(d+2)g"" X;[u® (5, k)5, k) ®u]

7.6 (3%, Kk

R=2g""X;[u®u® (5?}1v2k)k]
—(d+1)g""X53u® (5%lvzk)k Qu]

7.7 k(22 k)

R=—(d+1)g" " X;[uak(52 , k)®u]
+2g”1”2X3[k(5ilv2k)®u®u]
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