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1 Collected patterns for R,

1.1 No derivative of u
R = 155 [RI* X3 [u]
R= — o [Ric*X;[u]
R = 535 (AR) X1 [u]

R= % R*X,[u]

1.2 One first order derivative of u

R= L ~2)g""(V, N X,ue (V1))
+3(d+2)g""(V,, W)X usueus (V,u)]

1.3 Two first order derivatives of u

R= —3dRic"" X5[u® (V, u)®(V, u)]
+3(d+2)(d+3)Ric" X, [ueue (V, u) e (V, u)]
— 5d(d +2)Ric"" X, [ue (V, w)eue (Y, u)]
—(d+2)(d+4)Ric"" Xs[ueueue (V, u)®(V,, u)]
+3(d+2)(d +HRic"" Xs[ue (V, w)eue (V, u)®u]

R= —3dg""RXsue(V, u) e (V,u)]
+5d(d +2)g" " RX,[ue (V, eV, u)eu]



1.4 Four first order derivatives of u

G(g)v1v2v3v4 = %(gvlegV3V4 +gv1v3gv2v4 +gv1v4gv2v3)

R= —2(d +4)(d* +10d +28) G(g)""2"3" X5[u® (V,, 1) ® (V,,u) ® (V,,u) & (V,,u)]
—4(d +4)(d* +8d +28) G(g)"1 2" " Xg[ueue (V,,u) e (V,,u) @ (V,u) @ (V,,u)]
—2(d +2)(d +4)(d +6)G(g)" """ Xs[u® (V, W) ®ue (V,,u) e (V,,u) & (V,,u)]
+2(d +4)%(d +6) G(g)" 273" X¢[u ® (’V\hu) ® (§vZu) ®ue® (/V\,,Bu) ® (6,,411)]
+2(d +4)(d +6)* G(g)"1"2" " Xg[u® (V,, 1) ® (V,,u) ® (V,,u) ®u ® (V)]
+4(d+4)(d +6)G(g)" """ Xg[u® (V, w) e (V,,u)® (V,,u)® (V,,u)®u]
+24(d +4)(d* +10d +32) G(g)"1 "2 Xy [ueueue (V, e (V,u) e (V,u) e (V,,u)]
+16(d +4)(d* +10d +28) G(g)"1 "2 "4 X, [ueue (V, ) eue (V,,u) ® (V,,u) ® (V,,u)]
+8(d +4)(d* +10d +32) G(g)"1"2" " X;[ueue (V, u) e (V,u)eue (V,u) e (V,,u)]
+4(d +4)(d? + 6d +16) G(g)"1"2"3 "+ X7 [u@u e (V, 1) ® (V,,u) ® (V,,u) ®u® (V,,u)]
—32(d +4)? G(g)" "2 X [u®u e (61,111) ® (’V\VZu) ® (6,,311) ® (/V\Mu) ®u]
+8(d +4)*(d +6)G(g)"1"2" " X5 [ue (V, ) eueued (V,,u) e (V,u) e (V,,u)]
+4(d+4)*(d+6)G(g)""2"" X5 [u® (V, ) ®ue (V,,u) eue (V,u) @ (V,,u)]
+2d(d +4)(d+6)G(g)"1"2" " Xy [u® (V, u) e u e (V,,u) ® (V,,u) ®ue (V,,u)]
—16(d +4)(d +6) G(g)"1"2"3"+ X, [u® (V,, 1) 8 u ® (V,,u) ® (V,,u) ® (V,,u) ® u]
+2(d+4)(d +6)(d+8)G(g)""2" " X5 [u® (V, 1) ® (V,,u) ®u® (V,,u) ® (V,,u) ®u]
+2(d +4)(d +6)(d +8)(d +10) G(g)"1"2"3 "+ Xg[u@u ® (V, 1) ® (V,,u) ® (V,,u) ®u ® (V,,u) ® u]
+4(d +4)(d +6)(d +8)(d +10) G(g)""2"" Xg[u@u ® (V,,u) ® (V,,u) ® (V,,u) ® (V,,u) ®u ® u]
+(d +4)(d +6)(d +8)(d +10) G(g)" """ Xg[u® (V, w) @ ud (V,,u) 8 (V,,u) 8 u ® (V,,u) ® u]
+2(d +4)(d+6)(d+8)(d+10)G(g)"1"2"3" Xg[u® (/V\vlu) Que® (/V\%u) ® (/V\vgu) ® (,75v4u) Qu®eu]

R=—3(d+2)(d+4)*g""g"" Xs[u® (V, u)®(V,,u)®V,,u)eV,,u)]
+35(d+2)(d+4)(d+6)g""2g" " Xe[u® (V,,u)® (V,,u)® (V,,u) eue (V,,u)]
+3(d+2)(d+4)(d+6)g" 28" Xg[u® (V,, u) 8 u® (V,,u) ® (V,,u) ® (V,,u)]
+(d+2)(d+4)(d+6)g""2g"3 " Xg[u®u® (’ﬁvlu) ® (%\vZu) ® (’V\VSu) ® (’V\mu)]
+3(d+2)(d+4)(d +6)(d+8)g""2g" " X, [u® (V, 1) 8 (V,,u) 8u® (V,,u) ® (V,,u) ®u]

1.5 One second order derivative of u

R= —(d —2)%X,[u® (Auw)]

+1dRX;[ueue (Au)]
1.5.1 Substitutions of double derivations

R=— %d Ric"2 X;[u®@u® (/A\,,ﬂ,zu)]

+(d+2)Ric"X,[Ju@ueue® (/A\,,l,,zu)]

1.6 Two first order derivatives of u, one second order derivative of u

R=3(d+2)*g"" X,[u®(Au)® (V,u) ®(V, u)]



—3d+2)d+4)g" " Xs[ue (Aw) e (V, w)eue (V, u)]

—(d+4)P* g Xsueue (Auw) e (V, u) e (V, u)]
—3(d+2)(d+Dd+6)g" " Xe[ue (Au)eue (V, ) ®(V, u)®u]
+(d+4)(d+6)g" " X[udue (Au) e (V, u)eue (Y, u)]
—(d+2)(d+4)(d+6)g" X, [ueue (Au)e(V, ) e (V,u)eueu]
—3(d+2)(d+4Hd+6)g" " X, [ueue (Au) e (V, u)eusd(V, u)®u]
+3(d+49)d+6)g"" X [ueue(Aw)eue (V, ) e (V, u)®u]
+9(d+4)(d+6)g"" X, [ueueue (Aw) e (V, ) e (V, u)®u]

R=—(d+2)g""X,[ue®(V,u)®(Au) eV, u)]
+3(d+4)(3d +14) " Xs[u® (V, u) ® (Au) ® (V,, u) ® u]
—2(d+4)(d+6)g" " X[u® (V, 1) ®(Auw)® (V, u) ®udu]
—(d+4)(d+6)g" " Xs[ue(V, u)e(Au)eue (V,u)®u]
+3(d+4)(d+6)g" " X [ue (V, w)eue (Au)eus (V, u)]
+(d+4)(d+6)g" " X [uoue (V, w)®(Au)eue (V, u)]
—3(d+4(d+6)d+8)g" " X, [ue(V,w)eue (Au)®(V, u) ®usu]
—3[d+Dd+6)d+8)g"" X,[ue(V, n)eus(Au)eue (V, u)®u]
—(d+4(d+6)(d+8)g"" X [ueue(V,u)e(Auw)e (V,u)eusdu]
—3(d+9)(d+6)d+8)g" X, [ueue (V,u)e(Au)eud (V, u)eu]

R=—(d+2)g"" X, u® (V,u)®(V, u)®(Au)]
+3(d+4)(3d +10)g" " X5[u® (V, 1) ® (V, u) ® (Au) ® u]
+3(d+2)d+4 " Xs[ue (V, ) e (V, u)eue (Au)]
—(d+4)(d+6)g" " Xs[u®(V, u)®(V,u)®(Au)®udu]
+3(d+4)(d+6)g" " X [ue (V, W) e (V, ) eue (Au) ®u]
—3(d+(d+6)d+8)g" " X, [ue(V,w)e(V,u)eue (Au)®usu]
—3[d+D(d+6)d+8)g"" X,[ue(V,u)e(V,u)oudus (Au)®u]
—3d+([d+6)(d+8)g"" X,[ue(V, )eus (V, u)®(Au)®useu]
—3(d+9(d+6)d+8)g" " X,[ue(V,w)eusd(V,u)eued (Au)u]
—(d+4)(d+6)d+8)g" X, [ueue(V,u)e(V, u) e (Au)®ueu]
—3(d+(d+6)d+8)g" " X, [ueue (V,u)e(V,u)eusd (Au)®u]

1.6.1 First packet of 2 terms: substitutions of double derivations

R=2(d+4)(3d +16) Xs[u®u® (A" u)& (V, ) ® (V, u)]
—4(d+4)(d+6) Xg[u®u® (A" u) ® ($vlu) Qu® (/V\VZu)]
—6(d +4)(d +6) Xe[u®ue (A" w)eue (V, u)® (V, u)]
—18(d +4)(d +6) Xg[udueue (A" u)& (V, u) ® (V, u)]
—2(d+4)(d +6)(d+8) X,[ueue (A"u) e (V, u)& (V, u) ®udu]
—(d+4)(d+6)d+8) X,[ueus (A" u)e (V,u)eue (V, u)®u]
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1.6.2 Second packet of 2 terms: substitutions of double derivations

R=—2(d+2) X, [ue(V,u)® (A" u)e (V, u)]
+(d+4)(3d +14) Xs[ue (V, 1) ® (A" u) ® (V,,u) ® u]
—4(d +4)(d +6) Xs[u® (V, 1) ® (A" 1) ® (V,,u) ®u®u]
—2(d+4)(d +6) Xe[u® (V, W) ® (A" u) @ u® (V, u) ®u]
+(d+4)(d+6)Xs[u® (/V\vlu) Que (A" 2u)ue® (/V\,,Zu)]
+2(d+4)(d+6) Xg[uoue (V, w)e (A" " u)eue (V,, u)]
—(d+4)(d+6)d+8) X, [ue(V,u)eud (A" u)e (V,u) ®udu]
—3(d+49)(d+6)d+8) X, [ue(V,w)eud (A" u)eue(V, u)®u]
—2(d+4)(d+6)(d+8) X, [ueue(V,u)e (A" u)e(V,u)eueu]
—(d+49)(d+6)d+8) X, [ueue(V,w)e (A" u)eue (V,u)®u]

R=3(d+2)* X,u® (V, )8 [F",u]e (Y, u)]
—3(d+2)(d+4) Xs[ue(V, we[F",u]leus (V, u)]
—(d+2)(d+4) Xs[ueue (V, )@ [F"",u]le(V,,u)]
—Hd+2)(d+4)(d+6) X[ue (V, w)eud[F"2,u]le (V, u)®u]

1.6.3 Third packet of 2 terms: substitutions of double derivations

R=(d+4)(d+6)X,[ue(V,w)e(V,u) e[ "u)]
—4d+4) Xs[ue (V, W) e (V,u) e (A" "u) e u]
—2(d +4)(d +6) Xs[u® (V, ) ® (V,,u) ®u® (A" "u)]
+2(d +4)(d +6) Xs[u® (V, W) e (V, ) ®ueud (A" "u)]
—2(d+4)(d+6) Xe[u® (V, W) oueus (V, u)® (A" "2u)]
—4(d+4)(d+6) Xe[uoue (V, ) ous (V, u)® (A" "u)]
—6(d+4)(d+6) Xs[u®ueue (V, u)®(V,u)® (A" "u)]
—(d+4)(d+6)d+8) X, [ue(V,w)eud(V,u)e (A" "u)eueu]
—2(d+4)(d+6)(d+8) X,[ueue(V,u)e(V,u)e (A" u)eueu]

R=1d(d+2) X, [u®(V,w)®(V,u)®[F"",u]]
—3(d+2)(d+4? Xs[ue (V,w)eus (V, u)® [F"",u]]
—(d+2)(d+4) Xs[ueue (V, u)®(V,u)®[F"",u]]
+3(d+2)(d+4)(d+6) Xe[ue (V, w)eudus (V, u)® [F"",u]]
+2(d+2)d+4)(d+6) X[uoue (V,uw)eus (V, u)® [F"1",u]]

1.7 Two second order derivatives of u

R= —1(3d +8) X3[u® (Au) ® (Au)]



+(d+4)X,[ue (Aw) @ u® (Au)]

+(3d +10) X,[u® u® (Au) ® (Au)]
+1(d+4)(d+6) X5[u® (Au) ®ud (Au) ® u]
+2(d +4) X5[u® (Au) ® (Au) ®u®u]
+(d+4)(d+6) Xs[u®u® (Au) ® (Au) ® u®u]

1.7.1 Packet of 2 terms: substitutions of double derivations

R=

—4(d+4) Xs[ueue (V2 , u)@ (A" " u)@u]
+2(d +4)(d +6) Xg[u®ue (V3 , u)® (A" " u)@ueu]

3d(d+2) Xyueue (V3 u)® [F2,u]]
—(d+2)(d+4) Xs[ueueue (V2 , u)® [F"2,u]]

1.8 One first order derivative of u, one third order derivative of u

{A,V,}:=AV,+V A

R =

R=

R=

R=

2(d+2)g" g Xylueue (V, u)® ($izv3v4u)]
—2(d+4)g" g Xs[ue(V,eusus (V) u)]

—2(d+4)g" g Xs[u®ueue® (ﬁvlu) ® (63;”3”“)]
+(d+4)(d+6)g" g Xs[ue (V,weueueus (V5 , | u)
—(d+4)(d+6)g""g"" Xe

—(d+4)(d+6)g" g X,

ueue (V,weusd(V:  uweu

Vo V3V

u®u®u®(/V\,,lu)®(/V\3 u)®u

Vo V3 Vy

[
[
[
[

—(d+49)(d+6)g""g" " X[uoueue (V,w)eus (V2 u)

Vo V3V

2(d+4)g" g Xs[u®ueu® (/V\?;lvzvsu) ® (€v4u)]

—(d+4)(d+6)g"" g Xs[ueueue (V3

V1 Vo V3

W) e (V,,u)®u]

2(d*+4d+24)g" " Xs[ue® (V, W) ® (V,, (Au))]
—3(d*+10d +32)g" " X,[ueue (V,u) e (V, (Auw)]
+(d+2)g" X, ue (V, w)eue (V, (Au))]
—3(d+49)(d+6)g" " Xs[ue(V, ) eueus (v, (Au))]
+2(d+4)d+14) g Xs[ueusue (V, u) 8 (V,, (Auw))]
—2d+4)g" " Xs[ue (V, w)eus (V, (Au) ®u]
—(d+4(d+6)g" " Xs[u® (V,w) eV, (Au)eueusdu]

—Hd+4d+6)g"" X3[ue (V,u) 8 (AV,,u)]



+3(d+2)(d+4)g" " X Jueue (V, w)® (A(V,,u))]
+(d+2)g" " X, [ue (V, w)eue (A(V,u)]
+3(d+9)(d+6)g" " Xs[ue (V, )8 (AV,,u) ®udu]
—(d+2)(d+4)g" " Xslueusue (V, u)® (A(V,,u)]
—(d+4)(d+6)g" " Xs[u®(V, u)® (A(V,u) ®ueudu]

R=—(3d+10)g"" X,Jueue({A,V, }u) & (V, u)]
+3(d+9)d+6)g" " Xs[usue ({A,V, e (V, u)eu]
+2(d+4)g" " Xs[ueue({A,V, ) eue (Y, u)]
+8(d+4)g" " Xs[ueueud ({A,V, ) e (Y, u)]
—(d+4)(d+6)g" " Xs[ueusue ({A,V, ) e (V, u)eu]

1.9 One fourth order derivative of u

R=—-2(d +4)gv1v3gvﬂ4X5[uQZ>u®u®u®(/V\4

V1 Vo V3 v4u)]

R=(d+2)g" " X,Jueueue (V, (A(V, u))]
—2(d+4) g Xsueueueue (v, (AV, u))]

R= —1d Xs[u®u® (A(Au))]
+2(d+2) X,[u®u®ue (A(Au))]
—2(d +4) Xs[u®u®u®u® (A(Au))]

1.10 No derivative of u, no derivative of q

R= %mxl[(ﬂ

R=X5[q®q]
1.11 Two first order derivatives of u, no derivative of q
R=3(d+2)*g"" X,u® (V, eV, u)eq]

—2(d+2)(d+4)g" " Xs[ue(V, u)eue(V,u)eq]
—(d+2)d+4)g" " Xs[ueue (V,u)e(V, u)eq]

R=—(d+2)g""X,Jueqe(V,u) eV, u)]
—(d+2)g"" X,qeue(V,u)e (V,u)]



+3(d+2)(d+4)g" " Xs[ueqe (V,u) e (V,u)eu]
+3(d+2)(d+4)g" " Xs[qeue (V,u) e (V, u)eu]

R=—(d+2)g""X,ue(V,w)eqe (V,u)]
+2(d+2)d+4 g Xs[ue (V, W) eqe(V, u)eu]

1.12 Laplacian of u, no derivative of q

3
R= D (i"X)u® (Bu)]
(=1

4

—3(d+2) D (“Ox,)[ue (Bu) @u]
(=1

1.13 One first order derivative of u, one first order derivative on g

R= 2gv1v2 XS[u ® (/V\vﬂ) ® (/v\vzu)]
—(d+2)g"" X, [u®(V, q) eV, u)eu]

R=—(d+2)g""X,[ue(V,w)eV, qeu]

1.14 No derivative of u, one second order derivative of q

R=X;[u® (Aq)®u]



2 Collected patterns for R, ,

R=—d X;[ue(V,uw)e(V,u)]F""
—4X,Jueue (/V\vlu) ® (/V\X,Zu)]F”“’2
+3(d+2)(d+4 Xs[ue (V, weue (V, u)®u]F""
+2(d+4) Xs[ueue (V,u)®(V, u) @ u]F"™
+4(d+4) Xs[ueueue (V,u)e(V, u)]F"™
+(d+4)(d+6) Xs[uoue (V, )eudue (V, u)]F™
+(d+4)(d+6)Xs[ueueue (V,u)eus (V, u)]F™

2.1 Substitutions of double derivations

R=—1d Xs[u®u®lF, , u]]F""
+(d+2) X [u®u®uelF,,, u]]F""™
_(d +4) Xs[u®u®u®u® [Fvlvz’u]]FVIVZ

3 Collected patterns for R, ;

R= %(d_z)gvmgwwxz[u@(/v\wu)] (/v\vvazvg)
_dgvlvzgv3v4X3[u ue (/v5v4u)] (/v\vvazvg)
+2(d+2)g" g Xylueueue (V, wl(V, F,,,)

4 Collected patterns for R, 4

R= 5 X,[u]F"F,

Number of terms so far: 180 in 43 expressions.



5 Collected patterns for R, 5,R,3,R4 4 With N”

R=1(d+4)g"" Xsu®(V, u)® N"]F, ,,
—(d+2)g"" X, [ue(V,u)®ue®N"]F,
—([d+2)g"" X,usue (V, 1) eN"]F,,,

R=1dg"" Xs[u®N" ®(V, w)]F,,,
—1dg"" X,IN" ®u® (V,w]F,,,
+(d+2)g"”" X N"@ueu® (/V\vgu)]Fvle
—(d+2)g"" X[u®uON" © (Y, w)]F,,,

R= %sz[l\]v1 ®NV2]FV1V2
—X3[N" ®u®N™]F,

R= _gv2v3X3[u® (/V\V3NV1) ® U]va

R= %gvlv3X1[NvZ](/v\vvazV3)
KN u](V, F, )
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6 R, for u parallel
G(8) v, vymvs = 3 (80,8 vavs T &y &rpve + &0, 8vyvs)
R = 155 IRI> X, [u]
R= — o |Ric|*X;[u]
R = 35 (A%) X, [u]
R= = R*X,[u]
R=gRX,[q]
R=X,[q®q]

R=X;[u®(Aq)®ul

R= % (¥, R)X,[N"]
—3(V, M) X;[ueueN"]

R= %Ricvaz[NVl ®Nv2]
— 3 Ric, ,, Xs[N" @u®N "]

R=— 1 g,,RX,[N" @ N"]

3
R= =38, ) (X:)IN" @N"]
(=1

R= G(g)v1v2v3v4X4[Nvl QN QN ®Nv4]

R= —X;3[u®(V, q)®N"]



R=X3[N"®(V, q)®u]

R = % gV1V3Rin2v3 Xz[u ® (/v\levz)]
—g"1"Ric,,, Xs[u®u® (V, N™)]

R= —tRX,[u®(V, N")]

3
R=— > (i%:)[ue(V,N")]
(=1

R=13g,,XsN"®@N"®(V,N"™)]
_%ngvzx4[Nv1 ®NV2 ®(/v\v3NV3)®u]

R=—1g, , X,IN"&N"®(V,N")®u]
R= _%gﬂ’zvsX‘*[N% ®N™ ®(/V\V1st)®u]

R= %gvl,,sX4[N"1 ®u®(§v2N"2)®Nv3]
+ %gvlv3X4[u®N‘V1 ®($VZNV2)®NV3]

R= %gv1v3X4[Nv1 ®u®(/75v2N"3)®N”2]
+ %g”l”sx“[u@]\]v1 ®(€VZN1}3)®NV2]

R=—1g,,XJdN" ®(V,N")8N" ®u]
_%gv2v3X4[Nvl ® (/V\le”’Z) Ru ®Nv3:|

R= %gv2v3X4[U® (/V\leh) ®N”®@N"]
R= %gvzv3X4[u ® (/v\levz) QN" ®Nv3]

R= %gv2v3X4[u® (/v\levz) QN ®Nv1]



R=—X,ue(V,N2)&(V,N")eu]
R=—g,, 8" X,ue(V,N*)eV,N")eu]

R=X,[u®(V,N")eua(V,N™)]
+2X,ueue(V,N")e(V,N")]

R= %XS[U®NV1 ® [FVIVZ;NVZ]]
- % XS[Nvl QU [Fvlvzanz]]

R=—X3[N"®(A, , N")eu]
+2X,[N"®(A,, N?)@ueu]

R=2X,ueu® (A, ,N")®N"]

R=—138,., Xs[u®(AN")®N"]
+ 8y, Xq[u®u® (AN")®N "]

R=—1g,,, Xs[N" & (AN")®u]
+gv1v2X4|:Nvl ® (/A\NVZ) ®u ®u]

R=2g¢""X,ueoueue(V: N™)]

V1V2 73

R=—X;[ueue({A,V, }N")]
+2Xueueue ({A,V, IN")]

R=3X,[N"®N"]F,,,
—X3[N"®u®N™]F, ,,

R=—g"" Xs[u®(V, N")®ulF,,,

R= %gvlvsxl[sz](/v\vvazvs)
N el (B, £

R= 3 X,[u]F"™F,

Number of terms so far: 55.
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