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ISOMORPHISMS AMONG QUANTUM GROTHENDIECK RINGS
AND PROPAGATION OF POSITIVITY

RYO FUJITA, DAVID HERNANDEZ, SE-JIN OH, AND HIRONORI OYA

ABSTRACT. Let (g,g) be a pair of complex finite-dimensional simple Lie algebras
whose Dynkin diagrams are related by (un)folding, with g being of simply-laced type.
We construct a collection of ring isomorphisms between the quantum Grothendieck
rings of monoidal categories ¢y and %; of finite-dimensional representations over
the quantum loop algebras of g and g respectively. As a consequence, we solve long-
standing problems : the positivity of the analogs of Kazhdan-Lusztig polynomials and
the positivity of the structure constants of the quantum Grothendieck rings for any
non-simply-laced g. In addition, comparing our isomorphisms with the categorical
relations arising from the generalized quantum affine Schur-Weyl dualities, we prove
the analog of Kazhdan-Lusztig conjecture (formulated in [17]) for simple modules
in remarkable monoidal subcategories of % for any non-simply-laced g, and for any
simple finite-dimensional modules in €5 for g of type B,. In the course of the proof
we obtain and combine several new ingredients. In particular we establish a quantum
analog of T-systems, and also we generalize the isomorphisms of [24, 26] to all g in
a unified way, that is isomorphisms between subalgebras of the quantum group of g
and subalgebras of the quantum Grothendieck ring of %.
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1. INTRODUCTION

1.1. For a complex finite-dimensional simple Lie algebra g, the associated quantum
loop algebra U,(Lg) serves as a natural quantum affinization of g. It can be obtained
as a subquotient of the quantum affine algebra U,(g) corresponding to the level zero

representations and hence inherits a structure of Hopf algebra over Q(¢). In particular,
finite-dimensional representations over U, (Lg) form a rigid monoidal category %, whose
structure is quite intricate. For example, in contrast to the classical finite-dimensional
representation theory of g, it is neither semisimple as an abelian category nor braided
as a monoidal category. Since the naissance of quantum groups in the middle of the 80s
in the context of solvable lattice models in physics, the category €y has been intensively
studied from various perspectives.

From the representation-theoretic point of view, many fundamental results were ob-
tained in the 90s. Chari-Pressley [5, 6] gave a complete classification of simple represen-
tations in %; in terms of the Drinfel’d polynomials. After that, motivated by the theory
of deformed W-algebras, Frenkel-Reshetikhin [10] introduced the notion of g-characters
of representations in ¢y as a natural quantum loop analog of the usual characters for g.
Their basic properties were studied in a subsequent work by Frenkel-Mukhin [9]. These
results particularly imply that the Grothendieck ring K (%) is a commutative poly-
nomial ring generated by the classes of fundamental modules, whose g-characters are
computable by Frenkel-Mukhin’s combinatorial algorithm. These fundamental modules
also have crystal bases [33] (up to a spectral parameter shift). Moreover, every simple
module L(m) in € can be obtained as a head of a unique ordered tensor product of
fundamental modules, called the standard module M(m). Here m belongs to an ordered
set M of dominant monomials which serves as a parameter set for simple modules in
%y (which is comparable with the set of Drinfel’d polynomials).

In this paper, we are particularly interested in the next step : the fundamental
problem to determine the dimensions and ¢-characters of simple modules. One possible
approach is to compute the g-characters of simple modules from those of standard
modules with a Kazhdan-Lusztig type algorithm explained below.

1.2. When g is simply-laced (i.e., of type ADE), a remarkable Kazhdan-Lusztig type
algorithm was established by Nakajima based on the geometry of quiver varieties [45,
47]. This algorithm computes the Jordan-Ho6lder multiplicity P, ,,,/ of the simple mod-
ule L(m’) occurring in the standard module M (m). Since we have

[M(m)] = [Lm)]+ Y Puw[L(m)]

m'eM: m/'<m

in the Grothendieck ring K (%j), this algorithm enables us to compute all the simple
g-characters in principle. It returns the multiplicity P, ,, as the specialization at ¢ = 1
of a certain positive polynomial P, ,,/(t) € tZ>o[t], which can be seen as an analog
of Kazhdan-Lusztig polynomial. These polynomials P, ,(t) are constructed from the
quantum Grothendieck ring ICi(€y) which is a t-deformation of the Grothendieck ring
K (%) [47, 55]. Here we emphasize that the quiver varieties play an essential role to
guarantee the validity of the algorithm P, ,,,y (1) = P,y and the positivity of Py, ;v (2).
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When g is non-simply-laced, the above theory is not applicable for the absence of a
fully developed theory of quiver varieties. However, one can still formulate a conjec-
tural Kazhdan-Lusztig type algorithm for general g as it is possible to construct the
quantum Grothendieck ring IC;(€y) in a purely algebraic way. This is what the second
named author established in [18, 17]. In this algebraic setting, a certain quantum torus
Y is obtained from a different construction involving formal power series of elements
in the quantum affine algebra which can be seen as vertex operators. Then, mimicking
[47, 55], the quantum Grothendieck ring /C;(%) is defined inside ), as a Z[t*!/?]-
subalgebra whose specialization at ¢t = 1 is identical to K (%) via the g-character map
(the purely algebraic proof of the existence of Ky (%) in [17] works in non simply-laced
types as well). By the same arguments as in [47], K;(%,) has a standard Z[t*1/2]-basis
{E¢(m) }mem, whose members are called the (q,t)-characters of standard modules. Un-
der the specialization K;(%;) — K (%), the element E;(m) corresponds to the class
[M(m)] and hence the name. As an analog of the Kazhdan-Lusztig basis, we can con-
struct a canonical Z[t*'/2]-basis {L;(m) }mea of Ki(%,) characterized by the invariance
under a standard bar-involution and the unitriangular property

E(m) =Li(m)+ > Pyaw(t)Ly(m))
m/'eM: m'<m
for some P, ,,/(t) € tZ[t]. The polynomials P, ,,,y () are nothing but the desired analogs
of Kazhdan-Lusztig polynomials.

1.3.  With the above construction, the following conjectures naturally arise.

Conjecture 1.1 (Analog of Kazhdan-Lusztig conjecture, [17, Conjecture 7.3]). Under
the specialization K(6y) — K (%), the element Ly (m) corresponds to the class [L(m)]
for any m € M. In particular, we have Py, (1) = Py for any m,m’ € M.

Conjecture 1.2 (Positivities in the quantum Grothendieck ring).
(P1) The polynomial Py, (t) has non-negative coefficients, i.e., Py, (t) € tZ>q[t].
(P2) The structure constants of ICt(€y) with respect to the canonical basis {Li(m) }mem
have non-negative coefficients.
(P3) In the quantum torus Yy, the elements Ly(m) have non-negative coefficients.

Motivated by Conjecture 1.1, we refer to the element L;(m) as the (q,t)-character
of the simple module L(m). Since they can be computed algorithmically as in the
usual Kazhdan-Lusztig theory, Conjecture 1.1 enables us to compute all the simple ¢-
characters algorithmically once it is verified. Conjecture 1.2 (P1) was checked in several
small examples and expected generally in [18]. As mentioned before, when g is simply-
laced, all of these conjectures are known to be true by [47, 55] using the geometry of
quiver varieties. On the other hand, they are still unsolved for non-simply-laced g.

In this paper, using the new ingredients that we explain below, we improve this
situation with the following results.

Theorem 1.3 (= Corollary 10.7 + Corollary 11.4 + Theorem 11.7).

(1) For general g, Conjecture 1.2 (P1) and (P2) hold.
(2) If g is of type B, Conjecture 1.1 and Conjecture 1.2 (P3) hold as well.



4 R. FUJITA, D. HERNANDEZ, S.-J. OH, AND H. OYA

Our proof of Theorem 1.3 relies in part on the isomorphisms established in this paper
between quantum Grothendieck rings for non-simply-laced quantum loop algebras and
their unfolded simply-laced ones.

Note that in their recent study of the non-symmetric quantized Coulomb branches
[48, 44], Nakajima and Weekes established a parametrization of simple modules in non-
simply-laced types in terms of simple modules in simply-laced types and proved that
g-characters of simple modules of non-symmetric Kac-Moody algebras are obtained
from those of unfolded symmetric ones by imposing a certain modulus condition. In
particular, they solved the character problem for simple modules by a different ap-
proach. Although they also used a connection between non-symmetric and symmetric
quantum affine algebras, it seems to be different from the one we used in this paper.

1.4. In what follows, we outline our proof of the above main results. First of all, we
notice that the description of the (quantum) Grothendieck ring of the whole category
¢y can be reduced to that of a certain rigid monoidal subcategory 47 4 C 6, introduced
in [23] (see Section 2.6). Roughly speaking, €7 4 is a Serre subcategory of ¢ generated
by the simple modules whose Drinfel’d polynomials have their roots at some integral
powers of ¢ only. From now on, we focus on this skeleton subcategory %279.1

Now we assume that g is of non-simply-laced type. Then we choose another simple
Lie algebra g of simply-laced type whose Dynkin diagram is obtained by unfolding the
Dynkin diagram of g. In other words, we fix a pair (g,g) of simple Lie algebras whose
Dynkin types are either (B, A2,-1), (Cn,Dnt1), (Fa,Eg) or (Ga,Dy). To prove the
positivities (P1) and (P2) for non-simply-laced g, we establish the following.

Theorem 1.4 (= Theorem 10.6). There exists an isomorphism of Z[t*'/?]-algebras
(1.1) Ki(€r.g) ~ Ki(€zq)

which extends an isomorphism (1.3) explained below and which induces a bijection
between the (q,t)-characters of simple modules.

Once we establish an isomorphism (1.1), it propagates the known positivity in
Ki(€z,) to the desired positivity in Ki(4z4). We note that such an isomorphism
is not unique. In fact, we construct a collection of such isomorphisms (1.1) labeled by
certain combinatorial objects called @-data, which we explain later in 1.6 (they lead
to the same positivity results). The isomorphisms (1.3) concern subcategories and al-
ready depend on the choice of Q-data (see Theorem 1.5 below). Also we note that our
isomorphisms are not deduced from the results in [48, 44].

The specialization at ¢ = 1 of the isomorphism (1.1) yields an isomorphism between
the usual Grothendieck rings

K(%Z,g) ~ K(%ng)'

We note that it is still non-trivial. For example, it does not respect the classes of fun-
damental modules nor of standard modules. We conjecture that it induces a bijection
between the classes of simple modules. In this paper, we prove this conjecture when g

n the main body of this paper, we only consider the quantum Grothendieck ring of the subcategory
67,4 C €y from the beginning.
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is of type B with a specific choice of Q-data. Then Conjecture 1.1 for type B is obtained
as a corollary. See 1.10.

1.5, Our main step to construct an isomorphism (1.1) is to compare a presentation of
the localized quantum Grothendieck ring?

’Ct((gZ,g)loc = Kt((gZ,g) ®Z[ti1/2] Q(tl/z)

of 67,4 with that of ¢7.

A presentation of KC¢(%67,g)i0c for simply-laced g was previously obtained by B. Leclerc
and the second named author in [24], which revealed that Kt(%7¢)ioc is isomorphic to
the derived Hall algebra of the category Rep @ of representations of a Dynkin quiver
@ of the same type as g. Under this isomorphism, the cohomological degree shift [1]
in the derived category D’(Rep Q) corresponds to the left dual functor D in the rigid
monoidal category ¢7z,¢. If we restrict it to the subalgebras corresponding to the heart
Rep Q of the standard t-structure in D?(Rep Q), we get an isomorphism

(12) Kt((gQ) ~ At[N_],

where A;[N_] is the quantum unipotent coordinate algebra associated with g, and %
is a certain monoidal subcategory of €7 ¢ defined by using the Auslander-Reiten (AR)
quiver I'g of Rep Q). Moreover, the isomorphism (1.2) sends the basis of K;(%g) formed
by the simple (g, t)-characters to the dual canonical basis of A;[N_].

Roughly speaking, the proof in [24] consists of the following two steps:

(i) establish the isomorphism (1.2),
(ii) investigate the relations among the subalgebras K;(D¥6g) C Ki(67) for k € Z.

Note that the subcategory D*%y C %75 corresponds to the shifted heart (Rep Q)[X]
in D’(Rep Q) and in particular we have K;(D*%g) ~ Ki(€g) as Z[t*'/?]-algebras. As
a result, we find two kinds of relations: the quantum Serre relations from (i) and the
quantum Boson relations from (ii), which yields the desired presentation of Kt(%7z.g)ioc-

In this paper, we generalize the above story in a unified way including non-simply-
laced cases. As a result, we find that the localized Grothendieck rings C;(¢7.q)i0c
and KCt(6z¢)i10c share the same presentation, which is finally enhanced to the desired
isomorphism (1.1). Our proof also consists of two steps analogous to (i) and (ii) above.

1.6. To generalize the step (i), we need to extend the definition of the subcategory €¢
to the general case. Such a generalization was considered by the third named author
and his collaborators in [38, 53, 51] using the twisted AR quiver I'g associated with a
Q-datum Q for g, instead of the AR quiver I'g associated with a Dynkin quiver @ in
the last paragraph. The twisted AR quiver is a quiver encoding some combinatorial
information of a certain commutation class in the Weyl group of g (not g) called a
twisted adapted class. 1t was originally introduced by U. R. Suh and the third named
author in [53]. The notion of a Q-datum is a combinatorial generalization of a Dynkin
quiver (with a height function) introduced by the first and the third named authors in
[13] to give a unified description of these twisted AR quivers. With these notions, we

2In the main body of the paper, it is denoted by ICQ(tl/Z).
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can define the monoidal subcategory ¢o C €74 associated with each Q-datum Q for g
in a suitable way.
As a generalization of the isomorphism (1.2), we prove the following.

Theorem 1.5 (= Corollary 8.7). For each Q-datum Q for g, there exists an isomor-
phism of Z[t*'/2]-algebras

(1.3) Ki(€o) ~ A[N_],

which sends the basis of KCt(€q) formed by the simple (q,t)-characters to the dual canon-
ical basis of A[N_], and the basis formed by the standard (q,t)-characters to the nor-
malized dual PBW-type basis associated with a certain reduced word corresponding to

Q.

It is notable that the quantum unipotent coordinate algebra A;[N_] here is associated
with the simply-laced g (not g). When g is of type B, our isomorphism (1.3) coincides
with the isomorphism established in the previous work [26] of the second and the fourth
named authors. Hence we refer to the isomorphism (1.3) as the HLO isomorphism
in this paper. Our proof of Theorem 1.5 generalizes the arguments in [26] with new
ingredients, in particular the combinatorial theory of Q-data. The essence of the proof is
a comparison between the determinantal identities satisfied by the normalized quantum
unipotent minors in A;[N_] (which can be understood as a part of its quantum cluster
algebra structure) and the quantum T'-systems in K¢(€g), where the latter is a newly
obtained result in this paper except for types ABDE as explained in the next paragraph.

1.7.  Recall that the T-systems are certain functional relations appearing in solvable
lattice models (see [40] for instance). They were proved to be satisfied by the g-
characters of Kirillov-Reshetikhin modules (KR modules for short) by Nakajima [46]
for simply-laced g and by the second named author [20] for general g. For types
ADE and for type B, their natural t-analogs, which we call the quantum T-systems,
were established in [24] and [26] respectively, as the relations satisfied in the quantum
Grothendieck ring IC;(%€5). In this paper, we prove the quantum T-systems for all g in
a unified way. Strictly speaking, we establish them as a system of relations satisfied
by another kind of elements F;(m) of K;(%;) which contain m corresponding to KR
modules as their unique dominant monomials (see Section 6.3). Although it is not
clear in our formulation (as well as that of [26] for type B) that the quantum 7-
systems are satisfied by the simple (g, t)-characters corresponding to KR modules, we
conjecture that it is true (indeed Conjectures 1.1 and 1.2 imply L;(m) = F;(m) for any
m corresponding to KR modules).

1.8.  The HLO isomorphism (1.3) itself has important corollaries. Since it translates
the known positivities of the dual canonical basis of A;[N_] to the desired positivities in
K¢(%o), we find that (P1) and (P2) in Conjecture 1.2 hold when we restrict ourselves to
the category %o for some Q-datum Q. Moreover, we can check that the specialization
at t = 1 of the HLO isomorphism coincides with the isomorphism K(%g) ~ A;—1[N_]
induced from the generalized quantum affine Schur-Weyl duality functors studied in
[27, 30, 38, 51, 11, 49]. It is known that the latter isomorphism sends the basis of K (%)
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formed by the classes of simple modules to the specialization of the dual canonical basis
of A;—1[N_]. Thus it implies the following.

Theorem 1.6 (= Corollary 9.8). The analog of Kazhdan-Lusztig conjecture, i.e., Con-
jecture 1.1 holds for the category €g for any Q.

1.9. Next we consider the analog of step (ii) for general g. To prove that the desired
quantum Boson relations are satisfied in K (%7 4), we have to check several commuta-
tion relations between the (g, t)-characters of fundamental modules. For this purpose,
we need to know the singularities of the normalized R-matrices between the fundamen-
tal modules. Fortunately, the denominators of these R-matrices are already known due
to many works [1, 8, 12, 27, 50, 51]. Moreover, their relation to the structure con-
stants of the quantum torus ); was observed by the first and the third named authors
n [13]. Combining these ingredients with the positivities of K;(%g) (discussed in the
last paragraph), we can obtain the conclusion.

1.10. Finally, we specialize the situation to the case when (g, g) is of type (B;,, Agp—1).
In this case, we can check that the specialization at ¢ = 1 of our isomorphism (1.1)
with a specific choice of Q-data coincides with another isomorphism K (%7,4) ~ K(%7¢)
obtained by M. Kashiwara, M. Kim and the third named author in [34] through a
categorical relation arising from another example of the generalized quantum affine
Schur-Weyl duality functors. The computation we need in the proof has already been
done in the previous work [26, Section 12] by the second and the fourth named authors.
Since the latter isomorphism K (%7, 4) ~ K (%7.g) respects the classes of simple modules,
we immediately obtain the proof of Conjecture 1.1 for this case.

1.11. As mentioned above, in opposition to the case of simply-laced quantum affine
algebras, as far as the authors know, no geometric construction of (co)standard modules
involving non-simply-laced analog of quiver varieties is known or fully developed. Note
however that, in addition to the recent results of Nakajima-Weekes mentioned above,
geometric g-characters formulas of certain modules, including KR modules, have been
obtained in [25] for non-simply-laced types. Also an approach to certain analogs of non
simply-laced quiver varieties have been developed in [15]. This raises the question of a
geometric interpretation of the positivity results we establish in the present paper, in
terms of quiver varieties associated to non-simply-laced quantum affine algebras.

1.12. The authors plan to come back in the near future to the following related
questions. The approach in [26] was based on the study of quantum cluster alge-
bra structures. We will study the compatibility between the isomorphisms of quantum
Grothendieck rings that we establish and the various involved quantum cluster algebras
structures (see [54, 3]). We expect this will also provide new interesting information on
related g-characters and their ¢-analogs, in the spirit of [25, 3]. We will also investigate
the relation between on one hand the specialization of our isomorphisms to classical
Grothendieck ring isomorphisms, and on the other hand the various isomorphisms ob-
tained via the framework of the generalized quantum affine Schur-Weyl duality [28].
Eventually, we expect our approach and results to hold for integrable representations
of general quantum affinizations of Kac-Moody algebras and for representations in the
category O of a Borel subalgebra of a quantum affine algebra [22].
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Organization. This paper is organized as follows. In Section 2, we recall the definition
of quantum loop algebras and some important properties of their finite-dimensional
representations. In Section 3, we review the definition and some properties of the
quantum Grothendieck ring of the category %7 4. Section 4 is a recollection on the
combinatorial theory related to Q-data and their twisted AR quivers. In Section 5,
we see several applications of the theory of Q-data to the representation theory of
the quantum loop algebras. In particular, the definition of the monoidal subcategory
%o is recalled. In Section 6, after reviewing the classical T-systems in term of Q-
data, we establish the quantum T-systems for all g. Section 7 is a brief review of
the quantum unipotent coordinate algebra A;[N_] and its quantum cluster algebra
structure. In Section 8, we prove the HLO isomorphism (1.3) for each Q-datum and
obtain its corollaries. In Section 9, we deduce several commutation relations in the
quantum Grothendieck ring which play an important role in the proof of our main
theorem. In Section 10, we prove the desired presentation of the localized Grothendieck
ring and then construct a collection of isomorphisms among the quantum Grothendieck
rings. In particular, we obtain an isomorphism (1.1) and hence the desired positivities
(P1) and (P2) for all g. In the last Section 11, we focus on the case when g is of type
B to prove Conjecture 1.1 and also the remaining positivity (P3).
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Convention. Throughout this paper, we use the following general convention.

e For a statement P, we set §(P) to be 1 or 0 according that P is true or not. As
a special case, we use the notation d; ; := §(i = j) (Kronecker’s delta).
e For a totally ordered set J ={--- < j_1 < jo < j1 <Jjo <---}, write

— —
H Aj = ’quAjoAhAjz Tt ®Aj = 'Aj—l ® Ajo ® Ajl ® Ajz T

Jje€J Jj€J

e For an abelian category %', we denote its Grothendieck group by K(%). The

class of an object X € % is denoted by [X] € K(%). Write the subset of K(%)
formed by the classes of simple objects as Irr . If moreover the category %
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is monoidal with a bi-exact tensor product ®, K(%) is endowed with a ring
structure by [X] - [Y] = [X ® Y], which we call the Grothendieck ring of %

e Let k be a field. For a polynomial f(z) € k[z], we denote its degree by deg(f).
For a rational function f(z) € k(z), we denote by [f(2)]T its formal Laurent
expansion at z*! = 0, which are elements in k((z)) and k((z~1)), respectively.

2. QUANTUM LOOP ALGEBRAS AND THEIR FINITE-DIMENSIONAL REPRESENTATIONS

In this section, we recall the definition of quantum loop algebras and important
properties of their finite-dimensional representations.

2.1. Notation. Let g be a complex finite-dimensional simple Lie algebra of rank n. As
is well-known, it is classified by the Dynkin diagrams of types A,,B,, -, Gs. Denote
by r the lacing number of g, that is

1 if g is of type Ay, Dy, or Eg 73,
ri=4 2 if gis of type B,,,C,, or Fy,
3 if g is of type Ga.
We say that g is simply-laced (resp. non-simply-laced) if » = 1 (resp. r > 1). Let
I ={1,2,...,n} be the set of Dynkin indices and C = (¢;;); jer the Cartan matrix of

g. We write i ~ j for 4,5 € I if ¢;;; < 0. Let D = diag(d; | i € I) denote the unique
diagonal matrix such that d; € {1,r} for each i € I and DC = (d;c;j)i jer is symmetric.

2.2. Quantum loop algebras. In what follows, for an invertible element x # +1 in
an integral domain and an integer k, we write the standard quantum number
k —k
¥ —x

(2.1) (k] =

For integers k > 1 > 0, we set

u k [K],!
o= Ik [i] = e

Let ¢ be an indeterminate (quantum parameter) and k the algebraic closure of the
rational function field Q(q). For each i € I, we define ¢; := ¢% € k.

z—ax Ll

Definition 2.1. The quantum loop algebra U,(Lg) is the k-algebra given by the set of
generators

(k7 eIy u{a, lie ke ZyUhy|icI,leZ\{0}}
satisfying the following relations:
o kik ' =k ki = 1,kikj = k;k; for i,j € I,
k‘,a;fkkl_l = qiicijxfk fori,5 € I and k € Z,
(ki hjg] = [hig, hjm] =0 for i,j € I and I,m € Z\ {0},
|27 (2), 25 (w)] = % (8(z/w)¢; (w) — 8(w/2)¢; (2)) for i, j € 1,

¢ 7

(qiﬂ”z - w)a:fc(z)a;j[(w) =(z— qiicijw)a:f(w)xfc(z) fori,jel,
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+c;j +c;; ..
o (q; 2z —w)pi(2)x jE( ):(z—qicjw):njc(w)qbf(z) fori,j €l and e € {+,—},

b
> D (-1 [ ] 77 (2g0) - 7 (Zg(a)) 7y (W) (Zg(rs)) - - 7 (2(v)) = 0, where
ge6y, k=0 qi
b:=1—c;, fori,j € I with i ~ j,

where 8(2), z3(2), ¢ (2) are the formal power series defined by

= Z 2ot Z a:fckzk ¢F(2) =k exp <j:(q,~ —q ) Zhi¢lzﬂ> .
=1

l=—0 l=—

The quantum loop algebra U, (Lg) is a sub-quotient of the corresponding (untwisted)
quantum affine algebra and hence has a Hopf algebra structure, which is defined via
another realization of U,(Lg) (called the Drinfeld-Jimbo presentation).

2.3. Finite-dimensional representations. A finite-dimensional U,(Lg)-module is
said to be of type 1 if the element k; acts as a diagonal k-linear operator whose eigen-
values belong to the set {¢* | k € Z} for each i € I. It is well-known that the study of
finite-dimensional representations of U, (Lg) reduces essentially to the study of the cat-
egory € of type 1 finite-dimensional U,(Lg)-modules. This is a k-linear rigid monoidal
tensor category. As a monoidal category, the category % is not braided. Indeed, V@ W
is not isomorphic to W ® V for general V,W € €. We say that V and W commute if
VeoW=WaeV as Uy(Lg)-modules.

Let V € €. Since the elements {k*', h;; | i € I,1 € Z\ {0}} mutually commute, we
have a decomposition

V= [y v,

vEk[]xk[=~1])T
where, for each v = (v;"(2),7; (2))ier, we define V; as the subspace of V on which each
coefficient of the series gbgt(z) - ﬁc(z) acts nilpotently for any i € I. If V, # 0, it is
called an f-weight space and -y is called the corresponding ¢-weight.

For a simple module L in ¢, there uniquely exists an /-weight space L., such that
a::kLVO =0 for all i € I and k € Z. The isomorphism class of a simple U,(Lg)-module
in ¢ is determined by such 7 (called the ¢-highest weight of L). Moreover we have the
following.

Theorem 2.2 ([6, Theorem 3.3], [5, Theorem 12.2.6]). If v = (v;(2),7; (2))ier is an
(-highest weight of a simple Uy(Lg)-module in €, for each i € I there exists a unique
polynomial P;(z) € k[z] with P;(0) =1 for i € I such that

() = gdeEP) Pi(zq )]
(22) VE(2) = g {—P (Zqi)}

Conversely, for any (Pi(2))ier € (1 + zk[z])!, we have a simple U,(Lg)-module in €
whose L-highest weight v is given by (2.2).

This I-tuple of polynomials (P;(z));cr corresponding to a simple module L is called
the Drinfeld polynomials of L. A non-zero vector in the /-highest weight space L is
called an ¢-highest weight vector of L. Since dimy L~ = 1, it is unique up to a scalar.
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2.4. g-characters. Frenkel and Reshetikhin [10, Proposition 1] proved that any ¢-
weight v of a U,(Lg)-module in € is of the form

'Vi( ) = qdeg(Q —deg(R [Qz(z% ) (z_qll) *

' ' Qi(2qi) Ri(zq; )
for some (Q;(2))ier, (Ri(2))ier € (1 + zk[2])!. For this v, define a monomial m., in the
Laurent polynomial ring Z[Y; YVE i e I,a € kK¥] by

My = H Yi?;’a_”v“,
i€l,ack>
where QZ(Z) = l_IaE]k>< (1 - az)qi'(L’Ri(Z) = HaEkX (1 - az)m’a'
Theorem 2.3 ([10, Theorem 3]). The assignment

V] =) dimg(V:)m
ol

defines an injective algebra homomorphism xq: K(€) — Z[Yiiﬁll |iel,aeckX].

This implies that the Grothendieck ring K (C) is commutative, although the category
C is not braided. The map x, is called the g-character homomorphism. A monomial
which is a product of only positive powers of Y; ,’s is said to be dominant. Write the
simple Uy(Lg)-module in € with ¢-highest weight v as L(m.). Then, by Theorem 2.2,
m. is dominant, and the set of dominant monomials are in bijection with Irr %" via
m — [L(m)].

Following [10], for i € I,a € k*, we set

— - -1 - -1y —
Ao = }/;,GQZli/;vaqi H YJ}CL H 7, aq Y, 3, flq YJ aq*ZYJ a YJ aq?
j:cji=—1 J:cji=—2 J:cji=—3
As these monomials are algebraically independent, one can define the Nakajima partial
ordering < on the set of monomials in Z[Y;:! | i € I,a € k*] as follows:

m < m’ if and only if m~'m/ is a product of elements of {A;, |i € I,a € k*}.

Theorem 2.4 ([10, 9]). Let m be a dominant monomial. Then all the monomials
occurring in xq(L(m)) —m are strictly less than m with respect to the ordering <.

2.5. Twists and duality. For each a € k*, we consider the k-algebra automorphism
7, of the quantum loop algebra U,(Lg) given by

Ta(ki) = ki, Ta(xii,k) = akxii,k, Ta(hig) = a'hyy,

fori e I,k € Z,1 € Z\ {0}. This automorphism 7, is a g-analog of the loop rotation
2+ az for the loop algebra Lg = g ®c C[z*]. For a finite-dimensional representation
V in ¢, the twisted representation 7,V by 7, again belongs to ¥. Thus the assignment
V — 72V defines a monoidal auto-equivalence T, of ¥. The functors {T,},cix define
an action of the group k* on the monoidal category ¢ as they satisfy T, o T}, ~ Ty, and
T, = idg. If we denote by y — y, the Z-algebra automorphism of Z[Yi’ibl |iel,bekX]
given by Y, — Y 45, we have T, (L(m)) = L(m,) for any simple module L(m) € €.
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Recall that the monoidal category % is rigid, i.e. every object V € ¥ has its left dual
D(V) and right dual D~1(V) in €.% Since Do D! ~ D~ 0 D ~ idy, we can naturally
extend DF! to a collection of functors {D*}rcz so that we have DF o D! ~ DFF for
k,l € Z. Then we have D? ~ qumv as endo-functors on ¥4, where h" is the dual
Coxeter number of g. See Table 1 in Section 4 below for its explicit value.

Now we consider the Z-algebra automorphism ® of Z[Yiil |i€I,a€k] given by

(2.3) D(Yia) =Y. ypnv foreachie I, a€k”,

)

where i — ¢* denotes the involution of the set I induced from the longest element of
the Weyl group of g. See Section 4.1 for its precise definition when g is simply-laced,
while it is trivial when g is non-simply-laced.

Theorem 2.5 (cf. [7, Proposition 5.1(b)], [1, Appendix A], [9, Corollary 6.10]). For
any simple object L(m) € € and k € Z, there exists an isomorphism

D*(L(m)) = L(D"(m))

of Uy(Lg)-modules. In particular, we have

Xq(D(L(m))) = D(xq(L(m))) = xq(L(D(m))).

Finally, we recall the involution w of the quantum loop algebra U,(Lg) as in [4]: it

is defined by

w(a:fck) =~ Whig) = —hi 1, w(k;) = kit
fori € I,k € Z,l € Z\ {0}. Then, for a representation V' € &, the g-character of
the twisted representation w*V by w is obtained from x,(V') by replacing each variable
Yia by w(Yiq) = Yz_al,1 In particular, the assignment x,(V') = xq(w*V) = w(xq(V))
defines a ring automorphism of x,(K(%)). Moreover, if V is a simple module L(m),
then we have

(2.4) w*L(m) = L(w*m),
where w*m is the dominant monomial obtained from m by replacing each variables Y; ,
with Y. -1 —mv (see [21]).
2.6. The category %7. In this subsection, we introduce a certain monoidal subcate-
gory ¢z of €, which is of our main interest in this paper. For i,j € I, write

d;j = min(d;, d;).
A function e: I — {0,1} is called a parity function for g if it satisfies the condition
(2.5) ¢ =¢+di; (mod?2) foranyi,jel within~ j.
In what follows, we choose and fix a parity function € for g. Then we define
(2.6) T:={(i,p) €eIXZ|p—e¢ 2L}
Let ) be the subalgebra of Z[Yiil (i,a) € I xk*] consisting of Laurent polynomials in
the variables Y; 4» for (i,p) € 1. Note that we have A; ey € Y if and only if (4, p) € T.

3By convention, we choose the coproduct of U, (Lg) opposite to that of [1, 33], that is why left and
right duals are interchanged in comparison to these papers.
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We denote by M the set of all the dominant monomials in ). Following [23, Section
3.7], we consider the following category.

Definition 2.6. We define the category %7 as the Serre subcategory of ¥ which satisfies
Irr 67 = {[L(m)] | m € M}.

Proposition 2.7. The category 67, is closed under taking tensor products and applying
the duality functors D', Moreover, the q-character homomorphism restricts to the
injective algebra homomorphism xq: K(6z) — Y.

The subcategory %7 can be regarded as a skeleton of the entire rigid monoidal
category %. Indeed, the description of simple modules in ¥ and hence that of the
Grothendieck K (%) are essentially reduced to the description of the simple modules in
¢z and that of the Grothendieck ring K (%7) thanks to the following fact.

Proposition 2.8. Any simple representation V in € can be factorized into a commu-
tative tensor product of the form

VeET,(V)@T,(V2)®- - T, (Va)
with Vi, € €7 and ay, € k* for 1 <k < d such that ar/a; & % for all k # 1.

In this paper, we always work in the subcategory 67 C 4. From now on, we put
Yip =Y and A;, = A; o for (i,p) € I x Z for the sake of simplicity. For example,
the algebra automorphism ©: ) — ) defined in (2.3) is given by D (Y;p) = Yix prrnv
in this notation. For a monomial m in Y = Z[Yiil (i,p) € T ], we write

(2.7) m= [ vurt™

(i,p)ef

with u; ,(m) € Z.
The Grothendieck ring K (%) is a polynomial ring in the classes of the fundamental
modules L(Y; q), see [10]. This implies the following.

Proposition 2.9. The Z-algebra K(%67z) is isomorphic to the polynomial ring with
I-many variables Z|x; p, | (i,p) € 1] via [L(Y;p)] — @i p.

The U, (Lg)-modules of the form L(Y;,) are exactly the fundamental modules which
are in %7.

3. QUANTUM GROTHENDIECK RINGS

In this section, we recall the definition and the first properties of the quantum
Grothendieck ring of the monoidal category %7. We also discuss some additional sym-
metry properties of quantum Grothendieck rings with respect to the dualities D and
w. We keep the notations introduced in the previous section.
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3.1. Inverse of quantum Cartan matrix. Let z be an indeterminate. The quantum
Cartan matrix of g is the Z[z*!]-valued I x I-matrix C(z) = (Cy;(2)): jer whose (i, )-

entry is given by
d; —d; . . .
2% 4 z7% if =4,
Cij(2) = ey
[cis]: if i # j,
where we used the notation (2.1). As the Cartan matrix C' = C(1) is invertible, so is
C(z). Denote its inverse by C(z) = (C;j(2))ijer- Note that the entries of C(z) are
rational functions in z. Then we define a collection of integers {¢;;(u) | 4,5 € I,u € Z}
as the coeflicients of the Laurent expansions

> Gyu)zt = [(Zj(z)} i
UEZ

The 2hV-periodicity of these integers for simply-laced types was established in [24].
Here we list several important properties obtained in [13] for general types.

Lemma 3.1 ([13, Section 4]). The integers {¢;j(u) | i, € I,u € Z} satisfy the following
properties:

(1) Ew(u) =0 qu < d;, and Ezy(dz) = 5i,j;

(2) Ew(u + dz) - Ew(u - dl) = E]Z(u + d]) - E]Z(u — dj) fO’/“ all u S Z,

(3) for any u € Z,

E]Z(u) Zf dz = dj,
EZ](U) = @i(u+1)+5ji(u— 1) ’if (di,dj) = (1,2),

(4) Gij(u+rhY) = —¢j«(u) for u>0,

(5) Cij(rhY —u) = ¢« (u) for all 0 <u <rhV,

(6) Cij(u) >0 for all 0 <u <rh.

3.2. The quantum torus );. Let ¢ be an indeterminate. We consider the Laurent
polynomial ring Z[t*'/?], introducing a square root t'/2 of t.

Definition 3.2 ([17]). We define the quantum torus )} associated with g as the
Z[t*1/2]-algebra presented by the set of generators {Yﬁ)1 (i,p) € I } and the fol-
lowing relations:

° }jp}:i;l = Yi;l}/;m = 1~for each (i,p) € I,

o Vip¥i = 7623V, ¥, , for each (i,p), (j.s) € I,
where A: (I x Z)? — Z is defined by
(3.1) A (i,p;3j,s) =Cij(p—s—di) = Cij(p — s+ di) = Cij(s —p—di) + Cij(s —p+ di).
Remark 3.3. (i) This is a remark on the convention. Our parameter ¢ here is same as
t in [24], which coincides with ¢~ in [26].

(ii) The definition of the quantum torus in [17] is based on the analysis of vertex

operators occurring in the theory of Frenkel-Reshetikhin deformed W-algebras which
are related to transfer-matrices of corresponding quantum integrable systems. The
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construction of t-deformed Grothendieck rings for simply-laced quantum loop algebras
in [55] and [47] is based on a slightly different quantum torus obtained from convolution
products on Nakajima quiver varieties.

Remark 3.4. By Lemma 3.1, we have

(3.2) N (i,p;J,8) = N (G,pii,s) = =N (i,8:,p) = —A(J,8;1,p)
for any (i,p), (j,s) € I x Z, and

(3.3) N (i,p;jys) =Cij(p—s—di) —¢ij(p—s+di) ifp—s>0d
Moreover, we have

(3.4) z,p?jm = %,pg,p

for (i,p), (j,p) € I as A (i,p; j,p) = 0.

There exists a Z-algebra homomorphism evy—;: )y — Y given by

251, Vi, e Y,

This map is called the specialization att = 1. N

An element m € ), is called a monomial if it is a product of the generators Y;,
for (i,p) € I and t*/2. For a monomial m € Y, we set u; (M) = wu;p(evizy(M))
(recall the notation (2.7)). A monomial m in )} is said to be dominant if ev,—;(m) is
dominant, i.e., u;,(m) > 0 for all (¢,p) € I. Moreover, for monomials m,m’ in ), set

m < m/' if and only if ev;—1(m) < evi—1(m).

Following [17, Section 6.3], we define the Z-algebra anti-involution () on ); by

2 s 72 Y, et
It is easy to show that, for any monomial m in )y, there uniquely exists a € Z such
that t%/2m is (-)-invariant, and this element is denoted by m. Note that t*/2m = m for
any k € Z. Hence m depends only on evy—1(m). Therefore, for every monomial m in Y,
the element m is well-defined as an element of ). I‘he elements of this form are called
commutative monomials. For example, Y; , = 1/ 2}/;4). Note that, for every monomial

m in ), we have (m~!) = (m)~'(=: m~!). The commutative monomials forms a free

basis of the Z[til/ 2]-module Y;. For any two monomials m,m’ in ), we have

! = = 2 )20
where A4 (m,m’) € Z is defined as
(3.5) N (mm!) = > wip(m)uy(m')A (i, p; j,5).

(i,p),(45:s) €l

Remark 3.5. In [17], the quantum torus ); is a Z[t!]-algebra. However, to guarantee
the existence of commutative monomials, we need the square root of t*1. This is the
reason why we add t+1/2,

For (i,p) € ]A', we set
Aiptd, = Aiprd, € V-
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3.3. Quantum Grothendieck ring of ¢7. For each i € I, denote by K; ; the Z[t+1/?)-
subalgebra of the quantum torus ) generated by
{}72'710(1 +t IAZ_p—‘,-d )Ip—e& €22} U {}N/Jil (J,s) € Ij+# i}.
Following [47, 55, 17], the quantum Grothendieck ring of €7 is defined as
ICt ICt %Z m ’Cz t-

el
By construction, the quantum Grothendieck is stable by the m—involution.

Theorem 3.6 ([17, Theorem 5.11]). For every dominant monomial m in )y, there
uniquely exists an element Fy(m) of ICt such that m is the unique dominant monomial
occurring in Fy(m). The monomials m' occurring in Fy(m) — m satisfy m’ < m. In
particular, the set {Fy(m) | m € M} forms a Z[t*/?]-basis of K;.

Note that Fj(m) is (-)-invariant for any m € M. It is constructed by an algorithm
which is a t-deformation of the Frenkel-Mukhin algorithm [9].
For a dominant monomial m in ), we set
~1

— _ — _ _
Emy=m ([ [ ¥u™ Il I B
PEL \iel:(i,p)el PEZ \iel:(i,p)el
here HZYZ;”(m) is well-defined by (3.4), and Hiﬂ(ffi,p)“ivp(ﬁ) is well-defined by [17,
Lemma 5.12].

Note that E;(m) contains m as its maximal monomial. In particular, by Theorem 3.6,

(3.6) Ei(m + Y Cow m')
m/<m
with Cp, . (t) € Z[tF1/?] (in fact, Z[t*!]). Note that the set {E;(m) | m € M} also
forms a Z[t*1/?]-basis of K; since #{m’ € M | m’ < m} < oo for any m € M (cf. [17,
Section 3.4]). For a dominant monomial m in }; with evy—;(m) = m, we have
evi=1(Ei(m)) = xqo(M(m)),  evi=1(K¢) = xq(K(%2))
[17, Theorem 6.2], here we set

o =@ @ L),
PEL \jel:(i,p)el
called a standard module. Note that, for any fixed p € Z, the isomorphism class of
the tensor product ), L(ip)el L(Yi’p)®“i7p(m) does not depend on the ordering of the
factors, and it is in fact simple [9, Proposition 6.15]. Moreover, the module M (m) has
a simple head isomorphic to L(m).* The element E;(m) is called the (g, t)-character of
the standard module M (m).

4By convention, we choose the coproduct of U,(Lg) opposite to that of [1, 33] so that the module
M (m) is cyclic from the tensor product of ¢-highest weight vectors.
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We consider another kind of elements L;(m) in K; which is conjecturally a t-quantum
version of the g-character of simple modules.

Theorem 3.7 ([47, Theorem 8.1], [17, Theorem 6.9]). For a dominant monomial m €
M, there exists a unique element Li(m) in K such that

(S1) Li(m) = Li(m), and

(S2) Li(m) = Ee(m) + 3_,0ep @ (1) Ee(m) with Quy (t) € LZ1].
Moreover, we have Qp,my(t) = 0 unless m' < m. In particular, the set {Li(m) | m €
M} forms a Z[tF'/?]-basis of K;.

The element Li(m) is called the (q,t)-character of the simple module L(m). For
example, if m =Y;,, we have

Ey(Yip) = Fi(Yip) = Li(Yip).

But these elements differ for a general m.
In what follows, for a dominant monomial m € M, we will write

Fy(m) = F(m),  E(m):=E(m),  Li(m):=L(m)
for simplicity.
Conjecture 3.8 ([17, Conjecture 7.3]). For all m € M, we have
evi1 (Li(m)) = xg(L(m)).

In fact, a fundamental theorem of Nakajima [47, Theorem 8.1] states that this holds
true when g is simply-laced. The proof used the geometry of quiver varieties (whose
theory is fully developed only for simply-laced types at the moment). This was the
main motivation for this conjecture.

Thanks to the unitriangular property (S2), we can write

(3.7) Ey(m) =Li(m)+ > Ppaw(t)L(m)

m/eM: m/'<m

with some P, ,,(t) € tZ[t] for each m € M. The polynomials P,, ,,(t) are analogs of
Kazhdan-Lusztig polynomials for finite-dimensional representations of quantum loop
algebras. It is also expected in [17] that these polynomials have positive coefficients.
By the results of Nakajima [47], it was already known for simply-laced types.

As for the fundamental modules, we have a nice result for general g as follows. Here
we say that a monomial m € ) is anti-dominant if m™! is dominant.

Theorem 3.9 (]9, 19]). For each (i,p) € I, the followings hold.
(1) Every monomial in Li(Y; ) has a positive coefficient.
(2) IN/VC have evi—1(Li(Yip)) = xq(L(Yip))-
(3) Y; s appearing in Ly(Y;,) satisfies p < s < p+rh". Moreover, when s = p
(resp. s = p +rh"), the monomials containing Y is Yip (resp. YZ.:;H}LV),
which is the unique dominant (resp. anti-dominant) monomial in Li(Y; ).
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Remark 3.10. The unitriangular property of the (g, t)-characters of standard modules

with respect to (-) is included in Theorem 3.7. That is, we have

Ey(m) — Ey(m) € Y Z{tF'E(m).
m/<m
3.4. The automorphisms ©; and w;. Recall the automorphism ® of ) defined in
Section 2.5 (see (2.3)). As its t-analog, we consider the Z[t*1/2]-algebra automorphism
9, of )y given by

(3.8) D:(Y;,) = }7,-*7p+rhv for (i,p) € 1.

Clearly, we have evy—10D; = Doevy—1. Note also that ®,0(:) = (-)oD; holds, and hence
we have ©4(m) = ©(m) for any m € M. In particular, the set of the commutative
monomials is stable under ;. As a t-analog of Theorem 2.5, we have the following.

Lemma 3.11. The automorphism D of V; restricts to an automorphism on K, for
which we will use the same symbol. Moreover, we have

(3.9) Di(Li(m)) = Li(D(m))
for any m € M.

Proof. Obviously we have ”Dt(gi,pﬂli) = gi*,p+di+rhv for each (i,p) € I. Thus the
automorphism @, respects the subring K; C );. Since ©;(F;(m)) is an element in K;
which contains the unique dominant monomial D;(m) = ©(m), we have D;(F(m)) =

F(D(m)), and hence D¢(Et(m)) = E¢(D(m)) for all m € M. Taking the fact Do (-) =

(*) o D¢ into account, we obtain D¢(Li(m)) = Ly(D(m)) for each m € M from the
characterization in Theorem 3.7. O

Next we define the Z-algebra involution w; on the quantum torus ) given by
wi(tF2) = T2, (V) = Y

for (i,p) € I. Thisis a t-analog of the involution w considered in Section 2.5. Note that
it is well-defined because A (i, —p; j, —s) = —A (i, p; 7, s) holds by the definition (3.1).
Now we prove the following assertion as a t-analog of (2.4).

Lemma 3.12. The involution w; on Yy restricts to an involution on Ky, for which we
will use the same symbol. Moreover, we have

(3.10) wi(Li(m)) = Li(w™m)

for any m € M. Here w*m is the dominant monomial defined as in Section 2.5.

Proof. Note that we have w;o(+) = (+)ow; and hence w; stabilizes the set of commutative
monomials. For each 7 € I, the subalgebra K;; C ) is stable under w; because we have

we(Tip(L+ ¢ 1A

2,p+di)) = YVZ,_—lp(l + tAiv_P—di) =M- Y;,—p—Qdi(l + t_lA‘_l )7

7‘7_p_di

where M = tZL_p_diZ’__lp}N/{_lp_Qdi is a product of g,s with j ~ ¢ and a power of t.

Therefore, the quantum Grothendieck ring K; is also stable under wy.
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To prove the equality (3.10), let us consider the anti-algebra automorphism w; =

wi o (1) = (-) owy of Vy. Note that it is Z[t*/?]-linear and satisfies @; o () = (-) o @.
Therefore, from Theorem 3.6 and Theorem 3.9 (3), it follows that

wi(F1(Yip)) = @i(Fy(Yip)) = Fy(Yie—prnv)

for each (i,p) € 1. Since N (i*,—p — rhY;j*, —s — rhY) = A(j,s;i,p) holds by
Lemma 3.1, we obtain w:(E¢(m)) = Ey(w*m) for any m € M. Then, by Theorem 3.7,
we obtain w;(Li(m)) = Li(w*m) and hence the equality (3.10) for any m € M. O

Remark 3.13. In contrast to (3.10), the equality
(3.11) we(Fi(m)) = Fy(w*m)

does not hold in general. In fact, the classical analog of (3.11) already fails. Consider
F(m) = evi—1(Fi(m)), the element in the image of the g-character homomorphism with
m as a unique dominant monomial. For g = sls, we have for p € Z :

F(Y,) =Y, + Y35 = Xq(L(Y}))

and
F(%Yp+2) =Y, Ypio + Y;Jij-lzl + p:-12ijrl4 = Xq(L(}/;JYp+2))-
This implies
F(YoY3) = F(YoY2)F(Ys) = YoV + 2Yo Yo Y, L+ YV 4 VoY, 2 + Y Y 2

This element has a unique dominant monomial (in fact, it is equal to x,(L(YoYZ))).
But its image by w has 2 dominant monomials, Y_24Y_2 and Y_4. So, it is not equal to

F(Y2)Y_5) = F(Y_4Y_9)F(Y_4) — F(Y_y)

which has a monomial Y__21 with coefficient —1.
Later in the proof of Proposition 6.10, we will see that (3.11) holds when m corre-
sponds to a Kirillov-Reshetikhin module.

4. COMBINATORICS OF (Q-DATA

In this section, we introduce some combinatorial gadgets arising from what we call
Q-data following [13]. Our exposition is slightly different from the original one in [13]:
we start with the simple Lie algebra g and then introduce its unfolding (A, o) as follows.

4.1. Unfoldings. For each complex finite-dimensional simple Lie algebra g, we asso-
ciate a unique pair (A, o), which we call the unfolding of g, consisting of a simply-laced
Dynkin diagram A and a graph automorphism o of A as given in the Table 1, where
id: Ag — Ay is the identity map and the automorphisms V and V are given by the
blue arrows in Figure 1 below.

Let Ay denote the set of vertices of the graph A. Under the above assignment
g — (A, 0), we identify the lacing number r of g with the order of the automorphism
o, and also identify the set I of Dynkin indices of g with the set Ag/(o) of o-orbits in
Ay as suggested by the dotted lines in Figure 1. Then the positive integer d; € {1,r}
coincides with the cardinality of the o-orbit corresponding to ¢ € I.
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r| g |Afrg)|o hY o

A, A, id| n+1 |nn+1)/2
1| D, D, id| 2n—2 n(n—1)
Eors| Fers |id|12,18,30 | 36,63,120
V| 2n—1 | n(2n—1)
2| C, D11 Vv n+1 n(n+1)
\% 9 36
4 12

<

3| Go Dy

TABLE 1. Unfoldings and associated numerical data

1 2 n—2 n—1 n 1 2 3 4
B, o—o0 +++ 0————0—>—0 Fy O——O0—>—0——0

n-=-2 n-=-1 I 6 5

DY n 4 2
SR S B B = BV g g S

n+2 n+1 1 3

n+1 4
F1cURrRE 1. Unfoldings for non-simply-laced g

In what follows, we use the symbols ¢,7,... to denote the elements of Ayg. We
write ¢ ~  if they are adjacent in the graph A. We denote the natural quotient map
Ay — I = Ag/{c) by @ — 7. By definition, for » € Ay and i € I, we have ¢ = 7 if and
only if + € 4. Note that we have i ~ j for 4,5 € I (i.e. ¢;; < 0) if and only if there exist
1 €4 and 7 € j satisfying ¢ ~ 7.

4.2. Notation for simply-laced root systems. Let (A, o) be the unfolding of g.
Hereafter, we always denote by g the simply-laced Lie algebra associated with the
Dynkin diagram A. In the following paragraphs, we prepare the notation around the
root system of g (not g).

Let P = @,cp, Zw, denote the weight lattice of g, where {w@, },ea, are the funda-

mental weights. For each 1 € Ay, let o, == 20, — g @y € P denote the corresponding
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simple root. We set Q := @zer Za, and QT = Zzer Z>opay. Let (-,-): PxP = Q
denote the symmetric bilinear form defined by (w,, ;) = 6, , for 2,3 € Ag. The Weyl
group W of g is defined as the subgroup of Aut(P) generated by the simple reflections
{s.}eny, which are given by s,(A) = A — (A, ,)a, for A € P. The set of roots is defined
by R :=W-{a, },ea,. We have the decomposition R = Rt U(—R™), where R := RNQ™
is the set of positive roots. In the sequel, we often identify o with the automorphism
o € Aut(P) given by 0 - @, = w,(, for 1 € Ag. Then the pairing (-,-) on P is invariant
under the action of the extended group W x (o) C Aut(P).

For an element w € W, a sequence ¢ = (11,...,1) of elements of A is called a
reduced word for w if it satisfies w = s, ---s, and [ is the smallest among all the
sequences with this property. The length of a reduced word of w is called the length of
w, denoted by ¢(w) € Z>q. It is well-known that there exists a unique element wy € W
with the largest length £(wg) = £y := #R*. From Table 1, we can easily check the
equality nrhY = 2/, holds for each g. Here we recall that n and hY denote the rank
and the dual Coxeter number of g (not g) respectively.

We define the involution ¢ — ¢* on Ay by the relation wg(e,) = —au+. Under the
assumption o # id, we have x = id if h" is even, and * = ¢ if h" is odd. In particular,
the involution * on Ay induces an involution on the set I, which is trivial for non-
simply-laced g. This latter involution on I coincides with the involution ¢ — ¢* that
appeared in the definition of D (see (2.3)). In other words, we have (7)* = * for » € A.

4.3. Q-data and generalized Coxeter elements. Let g be a finite-dimensional com-
plex simple Lie algebra of rank n and (A, o) the unfolding of g.

Definition 4.1. A height function on (A,0) is a function £: Ag — Z satisfying the
following conditions (here we put &, := £(2)):
(1) Let 2,7 € Ag with 2 ~ j and d; = d;. Then we have |, — &)| = d; = d;.
(2) Let 4,5 € I with i~ j and d; =1 < d; = r. Then there is a unique j € j such
that [§, — & =1 and {or(y = §; — 2k for any 1 <k <7, where i = {1}.
Such a triple @ = (A, 0,§) is called a Q-datum for g.

Remark 4.2. When g is simply-laced, o is the identity and a height function £ on
(A,id) is simply a function §: Ay — Z satisfying |{, — &,| = 1 for each adjacent pair
(2,7), namely a height function on a Dynkin quiver. In this sense, the notion of Q-datum
is a generalization of the notion of a Dynkin quiver with a height function.

Definition 4.3. Let Q = (A,0,¢) be a Q-datum for g. A vertex 1 € Ag is called a
source of Q if we have &, > ¢, for any y € Ag with j ~ 2. When 1 is a source of Q, we
define a new Q-datum s,Q = (A, 0, 5,§) by setting

(8:8), =& —2d;6,, for y € Ay.
We say that a sequence @ = (11, ...,1;) of elements of Ay is adapted to Q if 1, is a source
of the Q-datum s,, |, ---8;,5,,Q forall k =1,2,...,1.
Given a Q-datum (A, 0,&), for each i € I, denote by i° the unique vertex in the
o-orbit i satisfying ;o = max{¢, | + € i}. We consider the following condition on Q:
(4.1) for each ¢ € I and 1 < k < d;, we have k(o) = &0 — 2k
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Proposition 4.4 ([13, Section 3.6]). There is a unique collection {Tg}o C W x (o)
labelled by Q-data for g and characterized by the following conditions:

(1) If Q satisfies (4.1), we define Tg = ;o -+ sig0, where (i1,...,iy) is any total
ordering of I satisfying & > -+ > &o. (In this case, the sequence (i1, ... i)
is a reduced word adapted to Q.)

(2) If 1€ Ag is a source of Q, we have Ts,0 = $,TQS,-

Remark 4.5. When g is simply-laced, a Q-datum Q for g can be seen as a Dynkin
quiver ) with a height function (see Remark 4.2) and the condition (4.1) is trivially
satisfied in this case. Then the element 7¢ is nothing but the unique Coxeter element
adapted to the quiver @ (in the usual sense).

Definition 4.6. We refer to the unique element 7¢ in Proposition 4.4 as the generalized
Cozeter element associated with Q.

Proposition 4.7 ([13, Proposition 3.34]). Let Q be a Q-datum for g. Then the order

. \Vi . . ’f‘hv/2
of Tg is rh*. If g is not simply-laced, we have T4 = —1.

4.4. Repetition quivers and their Q-coordinates. Fix a simple Lie algebra g and
its unfolding (A, o) as above. Recall the notation d;; := min(d;,d;) for i,j € I.

Definition 4.8. Let £ be a height function on (A, o). The repetition quiver associated
with (A, o) is the quiver A? whose vertex set AJ and arrow set A{ are given by

No
A0
No
AT

{(2,p) € Ag X Z | p— &, € 2d;Z},
{(Z7p) — (37 S) ’ (Z7p)7 (]7 3) € Agaj ~1S—p= dij}-

Remark 4.9. Although the repetition quiver A° depends on the choice of height
function &, it is not essential because any two repetition quivers defined with different
choices of height functions are identical to each other after shifting uniformly by an
integer. Thus we suppress the dependence on £ in the notation A,

Example 4.10. We exhibit some examples of the repetition quivers. Here the labeling
of Ay is as in Figure 1.

(1) When g is of type As, its unfolding is (A,id) with A of type As and the
repetition quiver A’ is depicted as:
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(2) When g is of type Ds, its unfolding is (A,id) with A of type D5 and the
repetition quiver A? is depicted as:

(l\p) -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 0 11 12 13 14 15 16
; NN N N N N N N TN TN TN TN
3 ./ \ / \ / \ / \ / \ e \ e \ e \./ \./ \./ \./ \.

N AN AN A NN AN NN AN NN A
A A A A A A A A A A
(3) When g is of type Bs, its unfolding is (A, V) with A of type A5 and the repetition

quiver A is depicted as:

(’L\p) -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 0 11 12 13 14 15 16
1 . . ° . .

, ./ \ / \./ \./ \./ \./ \.
RN P AR AN AN AN o

quiver A° is depicted as:

(l\p) -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 8 9 0 11 12 13 14 15 16

1 ° . ° ° ° ° . ° Y .

) \./ \./ \./ \./ \./ \./ \./ \ / \./ \ e \./ \./

3 ./ \./ \./ \./ \./ \./ \./ \ / \ e \ / \./ \./ \.

TN N N N, N, N,

4 . . .

5 N NS NS \/ \/ N/
A of type D4 and the repetition

(5) When g is of type G, its unfolding is (A, V) with
quiver A7 is depicted as:

(t\p) -8 -7 -6 -5 —4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

.\./.\././ \.\./.\././ \.\./.\././ \.\./.\././ \.

Recall we have fixed a parity function e: I — {0,1} for g and defined the set T
n (2.6). In what follows, we always assume that a height function £ on (A, o) always

\
1
2
3
4

satisfies the condition

(4.2) & =¢€ (mod 2) for any 2 € Ay.

Note that this assumption is not a loss of generality. Then we can define the bijection

I 38 NS given by (z,p) — (z,p),

which we call the folding map.

Next we shall attach a bijection ¢o: 38 — RT x Z to each Q-datum Q = (A, 0,§)

for g, which we call the Q-coordinate of A, Using the generalized Coxeter element mo
associated with Q, we define a positive root 42 € R for each 2 € A by

(4.3) 2= (115w,
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Then the bijection ¢g: 88 — RT x Z is defined recursively by the following rules:

(1) ¢o(2,&) = (%Q,O) for each 7 € Ag.
(2) If po(z,p) = (0, k), we have

(TJQFdioz, k) if TJQFdioz € RT,
(—r3%ok£1) if 73%a e —RT.

¢Q(va + 2di) = {

Composing with the bijection f~!: I— 38, we get another bijection
o =¢oo(f): I +R" xZ,
which we call the Q-coordinate of 1.

Remark 4.11. When g is simply-laced (or equivalently, o = id), we regard a Q-datum
as a Dynkin quiver ) with a height function as in Remark 4.2. Then the corresponding
coordinate map ¢¢ can be interpreted as an isomorphism between the repetitive quiver

Aid and the Auslander-Reiten quiver of the bounded derived category of representations
of the quiver @ due to Happel [16]. See [24, Section 2] or [13, Section 3] for more details.

Finally, we recall a connection between the coordinate map ¢g and the inverse of
quantum Cartan matrices. Let us consider the map

m:RT X Z - Q given by 7(a, k) = (—1)*a.
Lemma 4.12 ([13, (3.18)]). For a Q-datum Q and (i,p) € I, we have

m(¢o(i,p)) = T(Q&_p)/zmg for any 1 € i.

Theorem 4.13 (cf. [13, Theorem 4.8]). Let Q = (A,0,¢) be a Q-datum for g. For
1,7 € I and any u € Z, we have

(o, T(Q“Jrgj_&_di)p’ng) if u+ € + € +d; € 27,
0 otherwise,

(44)  Eylu) —y(—w) = {

where 1,7 € Ag are any vertices such that1 € i, € j.

Proof. Note that the RHS of (4.4) does not depend on the choice of vertices + € i, € j
(cf. [13, Lemma 4.6]). When u > 0, Lemma 3.1 (1) tells that the LHS of (4.4) is just
¢ij(u) and then the assertion has been proved in [13, Theorem 4.8]. Letting c(u) denote
the LHS of (4.4), we see that c(u) is 2rhY-periodic as a function in u € Z, namely we
have c(u + 2rhY) = c(u) for all u € Z. Indeed, it is clear unless —2rh" < u < 0 from
Lemma 3.1 (4). Even if —2rh"Y < u < 0, we have

c(u+2rh”) =Gj(u+2rhY) = —¢;j(—u) = c(u)

thanks to Lemma 3.1 (4) & (5). On the other hand, the RHS of (4.4) is also 2rh"-
periodic as Tg‘v = 1 by Proposition 4.7. Therefore the desired equality (4.4) holds for
all u € Z. O



ISOMORPHISMS AMONG QUANTUM GROTHENDIECK RINGS 25

4.5. Twisted Auslander-Reiten quivers. Keep the setting from the last subsection.

Definition 4.14. Let Q = (A, 0,§) be a Q-datum for g. The twisted Auslander-Reiten
(AR) quiver of Q is the full subquiver I'g C A whose vertex set (I'g)o is given by
(To)o = dg' (RT x {0}).

Proposition 4.15 ([13, Section 3.7]). Let Q = (A, 0,€) be a Q-datum.

(1) We have (I'g)g = {(z,p) € ﬁg | & —rhY <p <&}

(2) For (1,p) € Af with ¢pg(1,p) = (o, k), we have po(v*,p £rhY) = (a, k F1).

The twisted Auslander-Reiten quiver I'g has a remarkable combinatorial meaning in

the theory of commutation classes in the Weyl group W, which will be explained later

in subsection 7.2.
Now we put

(1.5 To = F(To)) = {(mp) € T| (up) € (Do}
The following is an immediate consequence of Proposition 4.15.
Corollary 4.16. Let Q = (A, 0,€) be a Q-datum for g.
(1) If the condition (4.1) is satisfied, we have
Io ={(i,p) €T | &4y —Th" <p < &}
(2) For (i,p) € I with o(i,p) = (o, k), we have ¢po(i*,p £ rh") = (a,k F 1).
The following observation will be useful in the sequel.
Lemma 4.17. Given an integer b € Z, there is a Q-datum Q for g such that
Io={(i,p)eT|b—rh" <p<b}.

Proof. In view of Corollary 4.16, it suffices to show that there is a Q-datum Q =
(A,0,€) for g satisfying the condition (4.1) and that & € {b,b— 1} for all i € I. We
can choose £ explicitly case-by-case as follows. Here e denotes a fixed parity function
for g and we will use the labeling in Figure 1 for non-simply-laced g.

e For g simply-laced: for each i € Ag =1, we set
¢ = b—¢; if b € 27,
T lb-1+¢ ifbe2Z+1.

This & corresponds to a sink-source orientation of A.
e For g of type B,,: if b € 27Z, we set

¢ = b— ¢ ife—ne (QZS()—l)Ll(ZZZO),
)b —2—¢ if1—n€(2Z-) U (2Z>0 +1).
Ifbe2Z+1, we set

¢ = b—1+¢ ifZ—’I’LG(QZSo—l)U(ZZZO),
Tl b=3+46 if1—ne(2Z-)U(2Zs0 +1).
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e For g of type C,,: if b € 27Z, we set

£ = b— ¢ if 1 <2< n,
Tlb—2—¢ ifi=n+1.

If be2Z + 1, we set
5._{b—1+67 if 1 <12<n,
T lb-3+e ifi=n+l.
e For g of type Fy: we set

(5 f)_ (b,b,b—Q,b—l,b,b—Z) ibeq (mod2),
1---586) = (b—1,b—1,0—3,b,b—1,b—3) ifb#£e (mod 2).

e For g of type Ga: we set

(617”.754)::{(b,b—l,b—Q,b_zl) ifb=¢ (mod2)7 -

(b—-1,0,b—3,b—5) ifbZe (mod2).

Example 4.18. We exhibit explicit examples of the twisted Auslander-Reiten quivers

in types A5 and Bj associated with some Q-data satisfying the condition in Lemma 4.17.

Here the labeling of Ag = {1,2,3,4,5} is as in Figure 1. Via the map ¢g, the vertices

of I'g are labeled by positive roots of type Ajs, for which we use the abbreviation

(k0] = ag + agy1 + -+ o and [k] == .

(1) Let @ = (A,id, §) be the Q-datum of type As given by (£1,...,&5) = (0,—1,0,—1,0).

Then the quiver I'g is depicted as:

(+\'p) -5 —4 -3 -2 -1 0
1 (4,5] [2,3] (1]
7~ 7 N T
2 [4] 2,5 [1,3]
N 4 ~ 7 N
3 2,4] 1,5 3]
RN SN
4 2] “ (1,4] (3,5]
= ¢
5 1.2 3.4 "

(2) Let @ = (A, V, ) be the Q-datum of type Bs given by (&1,...,&) = (—2,0,—1,—2,0).
Then the quiver I'g is depicted as:

G\p) -9 -8 -7 -6 -5 -4 -3 -2 -1 0
1 [3.5] 1,2
3.4) — T [1,5) — T~ 2
3 37 My w3’ s 23
~ Ed ~ Ed
4 [1, 4] [2, 5]
5 ] — T [2,4] — T~ /5

5. MONOIDAL SUBCATEGORIES ASSOCIATED WITH Q-DATA

In this section, we see some applications of the theory of Q-data to the representation
theory of quantum loop algebras. Although most of the topics have already appeared
in [13], we shall give some detailed explanations for completeness. In Section 5.1, we
briefly review the notion of Q-weights. In Section 5.2, we define a subcategory ¥x C %7
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supported (in a sense) on an arbitrary subset X C T and give a sufficient condition for
it to become a monoidal subcategory. We apply this result to the case X = I o to define
the subcategory %o in Section 5.3. It generalizes the categories ¢ introduced in [24]
for simply-laced g associated with a Dynkin quiver Q). In Section 5.4, we introduce the
truncation of g-characters and that of (g, t)-characters with respect to a general height
function &.

5.1. Q-weights. First, we recall the notion of Q-weights from [13, Section 5].

Definition 5.1. Let Q be a Q-datum for g. For a monomial m in ), we define its
Q-weight wtg(m) as the element of Q given by

wo(m) = Y u;p(m)m($ali,p)).
(i,p)ef

For a monomial m € )y, we set wtg(m) = wtg(evi=1(m)).
By the Q-weight, the quantum torus ) is equipped with a Q-grading.
Proposition 5.2 (cf. [13, Section 5]). For any (i,p) € I, we have wto(Aipta,) = 0.

In particular, all the elements Fy(m), Ex(m) and Li(m) for m € M are homogeneous
with respect to the Q-weight so that

who(Fi(m)) = wto(Ei(m)) = wig(Li(m)) = wtg(m).
Hence the quantum Grothendieck ring IC; inherits the Q-grading.

The next fact is a consequence of Corollary 4.16 (2).

Lemma 5.3. Let Q be a Q-datum for g. For any k € Z and a homogeneous element
y €Y (resp. Vi) with respect to wtg, we have

wto(D*(y)) = (~1)*wta(y).  (resp. wto(Df(y)) = (~1)"wto(y))-

The following assertion relates the Q-weights with the integers 47 (4, p; 7, s) (see (3.1))
in the defining relation of the quantum torus )%. It is an immediate consequence of
Lemma 4.12 and Theorem 4.13.

Proposition 5.4 ([13, Proposition 5.21]). Let Q be a Q-datum for g. For any two
distinct elements (i,p), (4,s) € I with p < s, we have

N (i,p;,8) = (Wta(Yip), wto(Yj,s))-
5.2. Subcategories supported on twisted-convex sets. Let X C T be a subset.

Consider the Z-subalgebra Yx C Y (resp. Z[t*?/1]-subalgebra Y, x C ;) generated by

the variables Yi;l (resp. 575)1) with (¢,p) € X, and denote by M x the set of dominant

monomials in Vx. Then we define the category €x as the Serre subcategory of 47
satisfying Irr x = {[L(m)] | m € Mx} and the Z[t*'/?]-module K; x as the Z[t*1/?]-
submodule of Ky given by

Kix = @ ZIt*'*|Li(m).

meMx
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In what follows, we shall give a sufficient condition for the subcategory %x to be
monoidal (i.e. closed under taking tensor products) and at the same time for the
Z[t*'/?]-submodule K; x to be a Z[t*!/?]-subalgebra. Our discussion here is a straight-
forward generalization of [26, Lemmas 3.26 and 7.9].

Definition 5.5. Let (A, o) be the unfolding of g.

(1) A subset X C ﬁg is said to be convez if it satisfies the following condition: for
any oriented path (z; — x9 — -+ — ) in the repetition quiver 3", we have
{z1,29,...,21} C X if and only if {z1,2;} C X.

(2) We say that a subset X C I is twisted-convez if f~1(X) C ﬁg is convex.

Lemma 5.6. If X C Iis twisted-convez, the set Mx is an ideal of the partially ordered
set (M, <), i.e., it is closed under taking smaller elements in M with respect to the
Nakagima ordering <.

Proof. Suppose m € Mx and mM € M with M being a monomial in the variables
A;;}’s. Let Ai_’; be a factor of M and let (2,p +d;) = f~1(i,p £ d;). Since the product
mM is dominant, we have either (a) Y; ,1q, is a factor of m, or (b) there is a factor AZ._,ED,
of M which contains Y; 14, as a factor. In the case (a), we have (1,p+d;) € f~1(X) by
the assumption m € Mx. In the case (b), we find that there is an oriented path in the
repetition quiver A% from (1,p+d;) to (',p +dy) == f~1(i',p’ +dyr). Then, we repeat
the same argument replacing Ai_’; with AZ._,ED,, to find either (¢/,p' +dy) € f~1(X), or
there is yet another factor AZ._,,%p,, of M with an oriented path in A from (. p' +dy)
to f~1(i", p" + dy). Repeating it finitely many times, we finally find an oriented path
(possibly of length zero) in A from (1,p+d;) to a vertex in f~1(X). In the similar way,
we find an oriented path (possibly of length zero) from a vertex in f “1(X) to (1,p—d;).

As a result, we obtain an oriented path in A’ whose end points belong to f~'(X) and
which factors through both (2, p+d;) and (2, p—d;). Then, by the convexity of f~(X),
we have A;; € Vx. Therefore, M € Yx and hence mM € Yx N M = Mx hold. O

Proposition 5.7. Assume that X C T is twisted-conver. Then
(1) the category €x is a monoidal subcategory of €z, and
(2) the Z[t*/?)-module Kix is a Z[t+/?]-subalgebra of Ky (hence we call it the
quantum Grothendieck ring of €x).

Moreover, under the same assumption, we have

Kix= € ziF2Em)= € ZIt*'/*|F(m)

meMx meMx
and hence evi=1 (K¢ x) = xq(K(€x)).

Proof. Let my,my € Mx. Suppose that a simple module L(m) with m € M ap-
pears as a composition factor of the tensor product module L(m;) ® L(mg). Then the
dominant monomial m occurs in x,4(L(m1))xq(L(mz)). It implies that m < mymg by
Theorem 2.4. From the twisted convexity of X, we have m € M x by Lemma 5.6. This
proves that L(my)® L(msg) € €x and hence the assertion (1). The other assertions can
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be proved in a similar way using Lemma 5.6 together with Theorem 3.6, the property
(3.6) and (S2) in Theorem 3.7. O

5.3. The category %go. Let Q = (A,0,§) be a Q-datum for g. Recall the finite
subset Ig = f((Tg)o) C I defined in Section 4.5. Since the set (I'g)o is convex by
Proposition 4.15 (1), the set I, o is twisted-convex in the sense of Definition 5.5. Let
us apply the construction in the previous subsection to the case X = 1. o. We use the
notation (Yo, Vr.0, Mo, €0, o) for simplicity to denote (Vx,Vix, Mx,€x, Kt x)
in this case. Thanks to Proposition 5.7, ¥9 C %7 is a monoidal subcategory and
Kio C K is a Z[t*!/?]-subalgebra. For clarity, we shall state the definition of the
category %o in a direct way.

Definition 5.8. We define the category éo as the Serre subcategory of the category é7
satisfying Irr g = {[L(m)] | m € Mg}, where Mg is the set of dominant monomials
in the variables Y; , with (i,p) € Io.

Example 5.9. If we consider the Q-datum Q of type A5 in Example 4.18 (1), the corre-
sponding category %o is monoidally generated by the fundamental modules associated
with the variables {Y; _op | 7 € {1,3,5},0 <k <2} U{Y; o951 |7 € {2,4},0 < k <2}
Similarly, if we consider the Q-datum Q of type Bs in Example 4.18 (2), the corre-
sponding category g is monoidally generated by the fundamental modules associated
with the variables {Y; o5 | i € {1,2},0 <k <4} U{Y5 951 | 0 < k <4}

For a positive root o € R, we set
L9(a) = L(Y;p), L2(a) = Ly(Y;p) where (i,p) = ¢g'(c,0).
Note that we have wto(L£(a)) = a by Proposition 5.2 and ev,—1 (L2 (a)) = x4(L2(a))

by Theorem 3.9 (2). The set {L9(a) | a € R*} gives a complete and irredundant
collection of fundamental modules in g up to isomorphisms.

Lemma 5.10. The followings hold.

(1) The Z-algebra K(%g) is isomorphic to the polynomial ring Zlz, | o € RY] in
lo-many variables via [L2(a)] — xq.

(2) The set {L2(a) | @ € Rt} generates the Z[t*'/?)-algebra Ky o.

(3) For each o € RT and k € Z, we have

DML2(@)) = L(Yiyp), where (i,p) = dg' (o, k).

Thus, the set {DF(L2(c)) | (a, k) € RT x Z} gives a complete and irredundant
collection of fundamental modules in the category €z up to isomorphisms.

Proof. (1) and (2) are immediate from Proposition 2.9 and Proposition 5.7 respectively.
(3) follows from Theorem 2.5 and Corollary 4.16 (2). O

5.4. Truncation. Let Q = (A, 0,&) be a Q-datum for g. In this subsection, we apply
the construction given in Section 5.2 above to the case X = I<§ C I where

Ie=f({e.p) € A5 Ip<&}).
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We use the notation (V<¢, Vi <¢, M<¢, €<¢, Kt <¢) to denote (Vx, Vi x, Mx,€x, Kt x)
in this case. Since the set fgg is obviously twisted-convex, ¢<¢ C %7 is a monoidal
subcategory and Ky <¢ C K is a Z[t*/?)-subalgebra by Proposition 5.7.

For a (non-commutative) Laurent polynomial y € ), we denote by y<¢ the element

of Vi <¢ obtained from y by discarding all the monomials containing the factors 375;1
with (4,p) € f\fgg. This assignment y — y<¢ defines a Z[t*/?]-linear map (-)<¢: V) —
Vi,<¢, which is not an algebra homomorphism. By an abuse of notation, we denote the
similar Z-linear homomorphism defined for ) by the same symbol (')ng Y = V<.

Then we have ev;—; o (-)<¢ = (-)<¢ © €vi—1.

Proposition 5.11. The above linear maps (-)<¢ restrict to the injective homomor-
phisms of algebras

Ki<e = Vi<e  and  xq(K(C<e)) = V<.

Proof. A proof can be similar to the discussions in [23, Section 6.2] and [25, Proposition
3.10], which treated special cases. In principle, the assertions follow from Theorem 3.6
and [9, Lemma 6.17] respectively, with the help of Lemma 5.6. O

We refer to the elements x,(V)<¢ with V' € €<¢ as the truncated q-characters, and
refer to the elements L;(m)<¢ and Ey(m)<¢ with m € Mc¢ as the truncated (q,t)-
characters.

Corollary 5.12. The above linear maps (-)<¢ restrict to the injective homomorphisms
of algebras
Kio = Yo and xq(K(€0)) — Yo.

Proof. We have to prove (K g)<¢ C Vi, and x4(K(€g))<¢ C Vo. In view of Lemma 5.10
(1) (resp. (2)), it is enough to show that the g-characters (resp. the (g, t)-characters)
of fundamental modules do not involve the variables Y; ,, (resp. }7,-4)) with (i,p) € . <¢r,
where ¢’ is another height function on (A, o) given by & = &+ — rh" for 2 € Ag. For
g-characters, we can check this property from the twisted-convexity of the set 7 \ 1. <¢r
and the fact that the g-characters of fundamental modules are computed by Frenkel-
Mukhin’s algorithm, see [9, Theorem 5.9]. For (g, t)-characters, it follows from the case
of g-characters via Theorem 3.9. O

Remark 5.13. By the injectivity of (-)<¢, its compatibility with (-) and Theorem 3.7,
the truncation of a (g, t)-character L;(m)<¢ for each m € Mg can be characterized in
the image of truncation (K g)<¢ C Vi by the following properties:

(tr-S1) Ly(m)<¢ = Li(m)<¢, and
(tr-S2) Li(m)<¢ — Er(m)<e € 3o e mq tLIEE(M ) <.
When the height function & satisfies the condition in Lemma 4.17 for a given integer
b € Z, we obtain R R R
[S§ = [Sb =1N (I X Zgb).
Thus we will denote the corresponding truncation by (-)<p instead of (-)<¢ for this case.

This notation is compatible with the notation in [23] where truncated g-characters for
certain categories C; of simply-laced quantum loop algebras are introduced.
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6. QUANTUM T-SYSTEMS

In this section, we review the classical T-system identities satisfied by the ¢g-characters
of Kirillov-Reshetikhin modules and we establish a quantum analog of the T-system
identities for all simple Lie algebra g in a unified way. As far as the authors know,
these relations are new for non simply-laced types (except in type B). We also prove
some commutation relations among the Kirillov-Reshetikhin modules involved in the
T-systems and some t-commutation relations among related (gq,t)-characters, which
will be useful for us in the following.

6.1. Kirillov-Reshetikhin modules. For each (i,p) € Tand k € Z>, set

k
WISI)J = L(m](;’)p), mi(ffn = H Yipro(s—1)a;
s=1

These simple modules are called Kirillov-Reshetikhin modules (or KR modules for

short). Note that Wé?) is the trivial U,(Lg)-module and Wl(?, = L(Y;,) is a funda-
mental module.

Theorem 6.1 (cf. [46, Theorem 3.2, [20, Theorem 4.1, Lemma 4.4]). For (i,p) € T
and k € Z>, the q-character of the corresponding KR module W,gll)) s of the form

(6.1) Xa(Wih) =mh(1+ ATt o 0 X)
where x is a polynomial in the variables A] st+d;” (4, 8) € 1.

In this paper, it will be useful to introduce yet another notation for KR modules.
For two integers a,b € Z, we set

[a,b] ={x €Z|a <z <b}, (a,b) ={x €Z|a <z <b},
[a,0) ={x €Z|a < x < b}, (a,b) ={x €Z|a <z <b}.
We refer to subsets of these forms as intervals. Let (A, o) be the unfolding of g and

A its repetitive quiver (see Section 4). For an interval [a,b] C Z and a vertex 1 € Ay,
we define a dominant monomial m®[a,b] € M by

mW|a,b] = H Yip-
(1.p) €A pEla,b]
Note that the corresponding simple module W®[a, b] := L( ®)1a, b]) is a KR module.
Similarly, we define the dominant monomials m (a,b], m®[a,b), m® (a,b) and denote
b

the corresponding KR modules by W® (a, b], W®[a,b), W (a, b) respectively.
In this notation, Theorem 6.1 implies the following.

Lemma 6.2. For any 1 € Ag and integers a < b, we have

(®) — @ ©) —m®
Xq (W [a, b]) o= m[a,b], Xq (W (a, b]) o= m' (a,b),

@) — @ @ —m®
Xq (W [a, b))<b =m']a,b), Xq (W (a, b)) o =m\(a,b),

where (-)<p denotes the truncation defined in Section 5.4.
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6.2. Classical T-systems. The g-characters of KR modules satisfy a system of iden-
tities called the T'-systems.

Theorem 6.3 ([46, Theorem 1.1], [20, Theorem 3.4]). For each (z,p), (1,3) € ﬁg with
p < s, we have the following equality in K(%7):

62 [ WOps)| [WO@.s)] = WOl WO+ T [WOps)],
I€A0;™

where the two terms on right hand side are simple tensor products of Kirillov-Reshetikhin
modules.

The second term in the right hand side, there is a change of notations in comparison
to [46, 20] as the indices for the product are not picked from I but from Ag. This allows
to have a uniform formulation of the T-systems, including non simply-laced types.

Let us consider the following two sets of dominant monomials:

63) M @ps) = {mOp.sl.mO (p,s),mO(p,s] f U {mO ) [ 5~
64) M @ps) = (M @ps)\ {mOp.sl}) U {mOp.s)}

Note that the KR modules corresponding to the dominant monomials in M™(z;p, s) U
MT(2;p, s) are exactly the ones involved in the T-system identity (6.2).

Proposition 6.4. Let (1,p), (z,8) € 38 with p < s as in Theorem 6.3. For e € {+,—}
and any m,m’ € M(y;p, s), the tensor product L(m)® L(m') is simple. In particular,
the set {L(m) | m € M®(y;p,s)} forms a mutually commuting family of KR modules.

Proof. We only consider the case € = 4, as a proof of the other case ¢ = — is similar.
Our basic tool is the truncation defined in Section 5.4. We divide the situation into
the following four cases:

(6.5) fm,m'} < {mOp, 5], m O (p, 5]} U {mOp,s) | 5~}
(6.6) {m,m'y € {mO(p.s)} u{mO(p,s) | g~ 1},
(6.7) fm,m'} = {m(p, 5),m® (v, 5]} .
(6.8) {m,m'} = {mOp, 5], m (p,s) }
For the case (6.5), noting m\(p, s) = mU(p, s] for 5 ~ 2, we have x,(L(m))<s = m
and x4(L(m’))<s = m’' by Lemma 6.2. Therefore we obtain
Xq(L(m) ® L(m'))<s = Xq(L(m))<s - Xq(L(m")) <5 = mm’.
By Proposition 5.11, this shows that L(m) ® L(m’) = L(mm') as desired. For the
case (6.6), we apply the same argument with the truncation (-)<s replaced by (-)<s_1.

To deal with the case (6.7), we recall the involution w defined in the last paragraph
of Section 2.5. In our case, it yields

W (p,s) 2 W) (—s—rhY, —p—rhY), WO (p,s] =W [—s—rhY, —p—rhY).

Thus we can apply the same argument as in the case (6.6) to obtain the conclusion.

6
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The last case (6.8) was treated in [20, Theorem 6.1 (2)]. O

6.3. Quantum T-systems. For a general dominant monomial m € M, the element
F;(m) is given by an algorithm [17, Section 5.7.1]. As a result, we obtain the following
t-analog of Theorem 6.1.

Theorem 6.5. For (i,p) € I and k € Z>o, the element Ft(ml(;;) is of the form

7 % T—1
(6.9) Et(m;(g,)p) = m;i,l,(l + A k-4, X)
where x is a (non-commutative) polynomial in the g;;+dj’ (J,s) € 1.

Note that Et(m,(j)p) is (+)-invariant as a unique dominant monomials occurs, and this
monomial is (-)-invariant. Although it is known that at ¢ = 1, the g-character of L(m,(;)p)
has a unique dominant monomial, it is not clear a priori that Lt(m,(j)p) = Et(m,(;)p) But
we conjecture that they are equal.

Conjecture 6.6. For any (i,p) € Tandk ¢ Z>¢, we have
Le(my)) = Fy(m{)).

It is known for ADE types by the results of Nakajima. In general it is clear for k = 1
by definition of Lt(mgg). Also one can check it for k = 2 by a direct computation. We
will establish this result in several other situation below. '

In this subsection, we establish the quantum T'-systems in K; satisfied by the Ft(mgé).

For an interval [a,b] C Z and @+ € Ag, we set E(Z) [a,b] == Fy(m®[a,b]). We define

Ft(z) (a, b),ﬂ(l)(a, b] and Ft(z) [a,b) in the similar way. With this notation, the next as-
sertion follows immediately from Theorem 6.5.

Lemma 6.7. For any 1 € Ay and integers a < b, we have
F;t(l) [av b]Sb = m(l) [av b]’ F;t(l) (av b]Sb = m(l) (av b]’

Fa,b)<p-1 = m®[a,b), F(a,b)<p1 = m(a,b).
Theorem 6.8 (Quantum T-systems). For (z,p), (z,8) € ﬁg with p < s, there holds the
following equality in ICy;:
(6.10) Fp ) (p, 5] =t p, s F" (b, ) + /B (M (15, 5))
for some x,y € %Z, where the dominant monomial M (2;p,s) € M is given by

M(z;p,s) = [ [m(p, ).
I~

Note that the quantum T-system is already known for ADE types [24, Propsition
5.6] and for type B [26, Theorem 9.6].
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Proof. Let i :==7 and k := (s — p)/d; € Z>;. Note that

Fp,s) = F(m)), F(p,s] = Fu(ml) o0),
Fp,s) = F(m) | 00), F(p,s) = Fy(m{, ).

Using the algorithm [17, Section 5.7.1], we get a more precise result than formula
(6.9), that is the analog of the statement of [20, Lemma 5.5]. Then the same proof
as in [20] gives the complete list of dominant monomials occurring in the terms of
the quantum 7-system: F}(m,(;)p)ﬂ(m,(;ij 19q,) has exactly k + 1 dominant monomi-
als M, My,..., M, where M, Mi, . ,M;;_l are the dominant monomials occurring in
Ft(mglmwdi)ﬂ(mg_LP) and My = M (1;p,s). But an element in K; is characterized
by the multiplicities of its dominant monomials [20, Theorem 5.11], so it suffices to
check that the multiplicities on the monomials match. Here these multiplicities are
just certain powers of ¢, so we can conclude as in [26, Section 9]. O

Remark 6.9. The exponents x,y € %Z in (6.10) can be computed from the t-commutation
relations in the quantum torus ); as in [24, Proposition 5.6]. In fact, we have
Gi(2(s —p) + d;) +¢ii(2(s — p) — ;)

5 .

r+l=y=
However we do not use this fact in this paper.
The following is the t-analog of Proposition 6.4
Proposition 6.10. Let (z,p), (1, ) € ﬁg with p < s as in Theorem 6.3. Fore € {+,—}
and any m,m' € M®(1;p, s), we have
Fy(m)Fy(m') =t ™) Fy(m') Fy(m)
in the quantum Grothendieck ring K¢, where A (m,m') € Z is as in (3.5). In other

words, the elements in {F;(m) | m € M=(s;p, s)} mutually commute up to powers of t.

Proof. We prove the assertions similarly as in the proof of Proposition 6.4 by using the
truncation. Again we consider only the case ¢ = 4+ and divide the situation into four
cases (6.5)—(6.8). For the first two cases (6.5) and (6.6), we simply apply Lemma 6.7
to obtain the conclusion.

To deal with the third case (6.7), we recall the Z-algebra involution w; of K; from
Section 3.4. Temporarily, let us assume the following equality

(6.11) wy (E(Z) [p, s]> = E(Z*)[—s —rhY, —p—rh’]
holds for all (2,p), (2,5) € 36’ with p < s. Then, as special cases, we obtain
wi (FO0,9)) = B (ms=rh¥, —p=rh¥), i (FVlp,s)) = B [=s=rh, —p—rhY).

Combining with the same argument as in the case (6.6), we get the conclusion. We
postpone the proof of (6.11) to the last paragraph.

For the remaining case (6.8), we apply an sly-reduction argument as in [26, Re-
mark 9.10]: the multiplicities of commutative dominant monomials in the polynomials

Ft(l) [p, S]E(Z) (p,s) and Ft(l) (p, S)E(Z)[p, s] are the same as those for the corresponding
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polynomial for the sly-case up to overall power of ¢*/2. This follows from the fact that,
in the quantum torus, the t-commutation relations between A;Sl, Ai_sl, and between
E,S,Ai_sl, (with the same index i € I) are the same as in the sly-case (¢ being replaced
by ¢;). Consequently, as the corresponding polynomial in the sly-case commute up to
a power of ¢, we obtain the result.

Finally, we prove the above equality (6.11) by induction on s —p > 0. For the
case s = p, it follows immediately from the fact Ft(l)[p,p] = F(Ysp) = Li(Y;p) and

Lemma 3.12. For the induction step, we apply the anti-automophism w; = w; o (+)
to the quantum 7-system identity (6.10). Using the induction hypothesis and the

t-commutativity between Ft(l) [p, s] and Ft(l) (p, s) proved in the last paragraph, we have

Ft(l*)[3/,])/)1*—;5(2*)(3/,])/] _ twl@t <Et(2) b, S]) E(Z*)(S/,p/) Y F (M (2 s/,p/))

for some 2’ € 37, where s’ := —s—rh",p/ :== —p—rh". Comparing it with the quantum
T-system identity (6.10) for (+*,s’) and (+*,p’), we find @, (Ft(l)[p, s]) = t“"/’”Ft(Z*)[S’,p’]
for some z” € 1Z. The bar-invariance forces 2" = 0, which completes the proof. O

Remark 6.11. The above argument implies that an ordered product of {Ft@ (P, 8)} )~
with respect to any total ordering of the set {y € Ag | y ~ 1} is equal to Fy(M (s;p, s))
up to a power of t. Therefore, the quantum 7-system (6.10) can be expressed as

R
FVp, )Y (p, 5] = t“F [, s|F (p,5) + £ [ 7 (v, 9)

I~

for some a,b € %Z.

7. QUANTIZED COORDINATE ALGEBRAS

Let g be a complex simple Lie algebra of type ADE and A denote its Dynkin diagram.
In this section, we collect some preliminaries on the quantum coordinate algebra of the
maximal unipotent subgroup N_ associated with g and its quantum cluster algebra
structure. We will freely use the notation in Section 4.2.

7.1. Quantized coordinate algebra A,[N_]. Let v be an indeterminate with a for-
mal square root v'/2. Let Uy,(n_) be the Q(v'/?)-algebra presented by the set of gener-
ators {f, | » € Ao} satisfying the quantum Serre relations:

flf]_f]flzo if v £ g,
fz2fj_ (U+U_1)f2f]fl+fjfz2 =0 ifs ~J-

This is regarded as a quantized enveloping algebra of the nilpotent Lie subalgebra n_
of g corresponding to the negative part. For each » € A, we write wt(f,) = —a,, which
endows the algebra U,(n_) with a natural (—Q™)-grading.

The quantized coordinate algebra A,[N_] is a Z[v*'/2]-subalgebra of Uy,(n_) which
is dual to the canonical integral form of U,(n_) generated by the divided powers

(7.1)
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{fl"/Im],!| v € Ag,m € Z>o} with respect to a suitable pairing. See Appendix A.1 for
its precise definition. Here we recall that it satisfies the following properties:

Q) @gpparsa AN = Up(n), € @pgppayay A[N-] = C[N],

where C is regarded as a Z[v*'/?]-algebra via v'/2 + 1, and C[N_] is the coordinate
algebra of the complex unipotent algebraic group N_ = exp(n_). Note that C[N_] is
commutative. We have an obvious algebra homomorphism

eVy—1: .AU[N_] —C ®Z[vi1/2} AU[N_] ~ (C[N_]

called the specialization at v = 1.
For each A € PT = Zzer Z>ow, and Weyl group elements w,w’ € W, we can

define a specific homogeneous element l~?w aw'x of Ay[N_] called a normalized quantum
unipotent minor, as in [39, Section 6], [14, Section 5. Its precise definition is recalled
in Appendix A.2. From the construction, we have Wt(ﬁw)\,w/)\) = wA\ — w'\ when
Ew)\,w’)\ 75 0, and
b 1wk =w',
ATV i wh — w'A ¢ —Q

7.2. Commutation classes. Before describing the quantum cluster algebra structure
of the quantized coordinate algebra A,[N_], we have to recall the generalities on the
commutation classes in the Weyl group W.

Two sequences 4 and 4’ of elements of A are said to be commutation equivalent if 4’
is obtained from % by applying a sequence of operations which transform some adjacent
components (2, ) such that 2 % 7 into (7,2). This defines an equivalence relation.

For w € W, let Z(w) C Ag(w) denote the set of all reduced words for w. We refer
to the equivalent class containing ¢ as the commutation class of 4 and denote it by [¢].
Note that the set Z(w) is divided into a disjoint union of commutation classes. In this
paper, we only consider the case w = wy.

For a reduced word i = (1,...,%,) € Z(wg), we have R* = {8} | 1 < k < fo},
where ﬂ}; =8, -+ Sy, (0y, ). Thus the reduced word ¢ defines a total order <; on RT,
namely we write B,i <3 ﬂli if £ < [. Note that the ordering <; is convex in the sense
that if o, 3,0 + 8 € RT, we have either o <; a+ 3 <; B or B <; o+ 8 <; a. For
a commutation class [i] in Z(wp), we define the convex partial ordering <j; on R* so
that

o < B if and only if v <;» § for all 3’ € [4].

For a commutation class [¢] in Z(wp) and a positive root o € R*, we define the [¢]-
residue of o, denoted by resl¥(a), to be 1, € Ag if we have o = ﬁfz with ¢ = (21,...,12,).
Note that this is well-defined, i.e. if o = ﬁlil for another ¢ = (4, ... ;7y,) € [4], then we
have 1 = 1.

In [52], the combinatorial Auslander-Reiten quiver Y; was introduced for each re-
duced word ¢ = (11,...,2,) € Z(wp). By definition, it is a quiver whose vertex set is
RT and we have an arrow in T; from 6}; to B; if and only if 1 < j < k < ¥y, 1; ~ 1, and
there is no index j' between j and k such that ¢;s € {2j,2;}. The quiver T; satisfies
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the following nice properties. We say that a total ordering RT™ = {31, 82,..., 8¢} is a
compatible reading of Y; if we have k < [ whenever there is an arrow 8, — B in T;.

Theorem 7.1 ([52]). For a commutation class [t] in Z(wq), we have the followings:

(1) If &' € [3], then Y3 = Y. Hence Yy is well-defined.

(2) For a, B € RT, we have a =g B if and only if there exists an oriented path from
B to ain Y. In other words, the quiver Yy is identical to the Hasse quiver
of the partial ordering <.

(3) A sequence i = (1, ... 1 7,) € Aé‘) belongs to the commutation class [i] if and
only if there is a compatible reading R* = {f1,...,Be,} of Tpy such that v, =
resl(8y,) for all 1 < k < 4.

For a reduced word @ = (11,19, ... ,14,) € Z(wp), we have &' = (12,...,14,,2}) € Z(wp)
and [¢] # [¢']. This operation is referred to as a combinatorial reflection functor and we
write ¢ = r,;2. We have the induced operation on commutation classes (i.e., 7, [#] ==
[r,,4] is well-defined). The relations [i] ~ [r,i] for various « € Ay generate an equivalence
relation, called the reflection equivalent relation ~, on the set of commutation classes
in Z(wg). For a given reduced word ¢ € Z(wy), the family of commutation classes
[4] = {[&'] | [¢'] ~ [4]} is called an r-cluster point.

Theorem 7.2 ([53, 13]). For each Q-datum Q for g, there exists a unique commutation
class [Q] in the set Z(wp) of reduced words for wgy such that

(1) [Q] consists of all the reduced words adapted to Q in the sense of Definition /.3,
(2) there is an isomorphism Y (g — I'g of quivers whose underlying bijection RT —

('g)o between the vertex sets coincides with the bijection gbél(',O),
(3) for each a € R, we have res!<(a) =1 if qﬁél(a,O) = (2,p).
Moreover, the set {[Q] | Q is a Q-datum for g} forms a single r-cluster point.

7.3. Quantum cluster algebra structure. In this subsection, we briefly describe the
quantum cluster algebra structure on the quantum coordinate algebra A,[N_] based on
[14]. Here we do not recall the general definition of a quantum cluster algebra, which
is reviewed in Appendix B.

We fix a reduced word ¢ = (21, ...,1,) € Z(wp) and use the following notation:

W<k = 84184y *** Sqpy W< = 1,
kT =min({k+1< 5 < |1 =u}U{l+1}),
Emi=max({0}U{l1 <j<k—1]vy =u}),
k™(1) = max({0} U{1 < j <k —1]2 =1})
for k=1,2,...,4y and » € Ag with 2 ~ 1.

Proposition 7.3 ([14, Proposition 10.1, Lemma 11.3]). For a fized reduced word i =
(11,...,2,) € Z(wy), we set

J=1{1,2,..., 4}, Jp={jeJ|jt =4 +1}, Je = J\ Jy.
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Define the Z-valued J x J.-matriz Bt = (bst)segtes. as
1 dfeither (i) t=sT, or (il) t < s <tT < st and 15 ~ 1,
bse = —1 if either () s =1, or (ii) s <t < st <t and 15 ~ 1,
0 otherwise.
Define the Z-valued J x J-skew-symmetric matriz A* = (Ast)ser as
Ast = (@, — w<sm,,, @, + w<w,,) for s <t.

Then (A, E’) forms a compatible pair, which satisfies

Z bksAkt = 253,15
keJ

forallse J, andt € J.

Recall the notation ﬁfz = W<p—10y, for 1 < k <y from Section 7.2. For each a € RT,
there exists a unique k such that o = ;. Then we define

o {ﬁ,@ if B+ < 0o, o {/3; if k= > 0,

0 if kT =0o+1, 0 itk— =0,
a (1) = {512(2) %f k(1) >0, Aa = W<k Ty, s
0 if k= (2) =0, -
where 1 € A is an element such that 2 ~ 4. Since s,w, = w, — 9, ;o,, we have
(7.2) Aa- = Ao +
for each a € RT. Here we understand A\~ = w,, if = =0 (i.e. if k= =0).

Recall that 7, = res¥(a) depends only on the commutation class [i]. It is easy to
see that the assignments a — o™, a™,a™ (1), \q also depend only on the commutation
class [#]. Thus Proposition 7.3 can be rephrased as follows.

Proposition 7.4. For a fized commutation class [i] in Z(wy), we set
J =R, Jr={a €R"|at =0}, Je:=J\ Jy.
Define the Z-valued J x J.-matriz Bl = (bap)acsper. as
1 if either (i) B =at, or (ii) B <y a < BT <p of and v~ ,
bap = —1 if either (i) a = B, or (il) a <5 B < aF < BT and v~ y,
0 otherwise.

Here 1 = resl(a),) = resll(B). Define the Z-valued J x J-skew-symmetric matric
AM = (Aaﬁ)a’ﬁej as

Aap = (@ — Ao,y +Ag)  for B A o
where 1 = restd (), ) = resld(B). Then (A, B forms a compatible pair, which satis-

fies
> bralys = 2005

veJ
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foralla e J, and B € J.

Let us fix a commutation class [¢] in Z(wg). Associated with the Z-valued RT x
R*-skew-symmetric matrix Al in Proposition 7.4, we define the quantum torus Toj4)
(denoted by T(Al) in Appendix B.1) as the Z[v*'/?]-algebra presented by the set of
generators { X! | a € RT} and the following relations:

o X, X '=X'X,=1for a € RT,

(6%
o X, X5 =vMsXgX, for a, 8 € RY.
Let A(AW,E [ﬂ) denote the quantum cluster algebra associated with the compatible
pair (A, Bl in Proposition 7.4. This is the Z[v*!/2]-subalgebra of the quantum
torus 7, ;) generated by the union of the elements called the quantum cluster variables,
which are obtained from all possible sequences of mutations (see Appendix B.2).
For a, f € Rt with resl¥ (a) = resl(3) = 1, we write

E[Z](a,ﬁ) = 15)‘&7)‘6’ 15[2](01, 0) = 5)\&7122.
Note that DIé(a, 8) = 0 unless 3 = @ We set DU(0,0) := 1 by convention.

Theorem 7.5 ([14, Theorem 12.3], [31, Corollary 11.2.8]). For a commutation class

[4] in T(wo), there exists a Z[v*='/?]-algebra isomorphism

CL: A(A By =5 A, [N_]
given by
X4 — Dl(a,0)

for all « € RT. Moreover, the normalized quantum unipotent minors Dlil (o, B) and
Dl (r,0) correspond to some quantum cluster variables.

In what follows, we regard A,[N_] as a subalgebra of T, |; through CL.

The following system of equalities are regarded as a quantum analog of determinantal
identities, which are also obtained as specific exchange relations of quantum clusters
when we consider the quantum cluster algebra structure given in Theorem 7.5.

Proposition 7.6 ([14, Proposition 5.5]). Let [i] be a commutation class in I(wq). For
any a, € RT with resl? (o) = resl(8) =1 and B <[ @, there exist a,b € %Z such that

_>
(7.3)  Dla,3)Dl(a", 57) = v*Dl(a, 57)DE(a™, B) + o* T] DFl(a™ (1), 8~ (1))
I~
in Ay[N_]. Here the factors in the second term of the RHS mutually commute up to
powers of v'/2 and thus we can take any total ordering on the set {9€Ag | g~}

7.4. Dual canonical basis. We fix a commutation class [¢] in Z(wp) as before. For
a € RT, we set

F(a, [i]) = D¥(a, 7).
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Note that deg F(a, [i]) = —a. This is an analog of the dual function of a root vector
corresponding to —a. For ¢ = (¢o)acr+ € (Z0)R', we set
1
v(e) = 3 Z cacg(a, B) + Z & €7
a,BeERT a€RT

and define

~ ﬁ ~

F(e, [i]) = "9 T] Fla, ).

a€ERT

Here we take any total ordering on RT™ = {1, ..., B¢, } such that we have k > [ whenever

Br <[ B (i-e. the opposite of <; for some i’ € [t]) for the ordered product. Since
F(a,[i]) and F(B, [i]) mutually commute if @ and 3 are not comparable with respect

to <[z, the element F(c, [¢]) is well-defined.

Proposition 7.7 (see, for instance, [43, Chapter 40, 41]). The set {ﬁ(c, [1]) | e €
(Z>0)R"} forms a Z[v*Y/?)-basis of A,[N_].

We refer to the basis {F(c,[i]) | ¢ € (Z=0)R'} as a normalized dual Poincaré-
Birkhoff- Witt type basis (henceforth, a normalized dual PB W-type basis). In particular,
A,[N_] is generated by the set {F(a,[i]) | @ € RT} = {Dl(a,a™) | &« € R*}.

There exists a natural Z-algebra anti-involution U on the quantum torus 7, ; given
by

vEV2 oy T2 XF o xH

for o € RT. This involution (-) preserves the quantum cluster algebra A(Al E[i]) o~
A,[N_] and fixes each quantum cluster variable.

Lusztig [41, 42, 43] and Kashiwara [32] have constructed a specific Z[v*'/2]-basis
B* of A,[N_], which is called the dual canonical basis. Moreover, we can consider
the normalized dual canonical basis B*. We do not recall its precise definition here.

Instead, we refer the following characterization of B* by using the normalized dual
PBW-type basis.

Theorem 7.8 ([39, Theorem 4.29]). For each commutation class [i] in Z(wy), we have
B = {Gle[i]) | e € (Z20)%'},

where, for each ¢ € (Zzo)w, G(c,[4]) is the unique element of A,[N_] characterized
by the following conditions:

(NDCB1) Gle, [i]) = G(c, [i]), and N
(NDCB2) G(e,[t]) — F(e, [3]) € ZC/<WC’L)Z[U]F(C,, [2]).

Here the condition ¢’ = (ca)aert <[i] € = (Ca)acrt means that there exists § € RT
such that ¢y < cg and ci, = co for all B Ay a.
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Remark 7.9. The unitriangular property of the normalized dual PBW-type basis with

respect to (-) is also included in Theorem 7.8. That is, we have

Fle[i]) - Fle, i) € Y Z[™'F(, [3)).

c’<[i]c

8. THE HLO ISOMORPHISMS

Throughout this section, we fix a Q-datum Q = (A, o, ¢) for g.

The aim of this section is to establish an isomorphism ®¢o for each Q-datum Q
between the quantum Grothendieck ring K; o of the category 4o and the quantized
coordinate algebra A,[N_] associated with the simply-laced Lie algebra g unfolding g.
This is a generalization of the results due to Hernandez-Leclerc [24] and Hernandez-
Oya [26], and hence we call ®¢ the HLO isomorphism.

In Section 8.1, we prove an isomorphism @5 between the quantum tori ); o and
Tv,0 from properties of the inverse of the quantum Cartan matrix. Then in Section 8.2,
we verify that CI% induces the desired isomorphism ®¢o by comparing of the quantum
T-system identities in K¢ g (Theorem 6.8) and the quantum determinantal identities in
Proposition 7.6. In Section 8.3, as corollaries, we obtain the affirmative answer to the
analog of Kazhdan-Lusztig conjecture in [17] for simple modules in the subcategory %o
(see Conjecture 3.8) and various positivities for its quantum Grothendieck ring Kt o.
As far as the authors know, these are the first results in this direction beyond types
ABDE. Moreover, our approach is uniform for all non simply-laced types.

Henceforth, we often write Q instead of [Q] to simplify the notation. For example, we
apply it to write 7y, o, D2 («, B) and F(w, Q) instead of To,[9]5 D9(a, B) and F(a,[Q))
respectively.

8.1. An isomorphism between the quantum tori. Recall the notation for KR
modules from Section 6.1. Note that, for each (z,p) € (I'g)o, the dominant monomial
(§&e—p)/2dx

m(l) [p, Sz] - Y%,p+2kdz
k=0

belongs to Mg.
The goal of this subsection is to prove the following theorem, which is a generalization
of [26, Theorem 6.3].

Theorem 8.1. For each Q-datum Q for g, there is the algebra isomorphism
®5: Too = Vio
given by
'U:tl/z = t:l:l/2’ KXo = m(l) [p7 gz]

for all « € RY, where (1,p) = qbél(oz,O). Moreover, we have <I>5 o()=()o <I>5.

The last assertion (135 o()=()o (135 is obvious from the definition of CI%. To prove
the existence of ®L, we notice that the quantum torus Vi,0 defined in Section 5.3 has
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another presentation given by the set of generators {m(l)[p,&]il | (z,p) € (Tg)o} and
the following two relations:

Olp,&] - mO[p,&] =mOp,&] ™ - mO[p,&] =1 for (1,p) € Ta)o,
Olp,&] - mW[s,¢,] = 50r2m0 (s, €1 mOp, &] for (1,p), (3,) € (Ta)o,

where
R0,:g.5) = A (MOp, &L mO[s,€]) = N (@p+ 2kdz: 3, 5 + 2d3).

Therefore, it is enough to show that, for any (z,p), (3,s) € (I'g)o, we have the equality
(8.1) K(1,0;7,5) = Nag,

where a, 3 € RT are given by (,0) = ¢g(2,p) and (3,0) = ¢o(3,5). A proof of (8.1)
will be given in the end of this subsection after some preparation.

Recall the notation o~ and A, for each o € RT from Section 7.3, which is associated
with the adapted class [Q] in the present situation.

Lemma 8.2. Let a € RT and set 1 := res9(a).
(1) We have o = Tga_ provided that o~ # 0. In other words, we have
05 (a7,0) = (1p+2dr) if ¢g' (e, 0) = (1.p) with p < &.
(2) If a= =0, we have a = Y2 = w, — Téfwz.
(3) We have A\ = T(Q )/2+dlw2, where p is such that (a,0) = ¢o(1,p).

Proof. The assertions (1) and (2) follow from Theorem 7.2. The assertion (3) is proved
inductively by the relation (7.2) along with (1) and (2). O

Given 4,5 € I, we set
(8.2) Eij = max{{) — & € Z | & is a height function on (A, 0),2 €4, € j}.
We can easily check that 0 < =;; < rh" holds for any i,j € I.

Lemma 8.3. Leti,j € I. For anyl € Z>q, we have

(8.3) Gij(Eij —d; — 2ld;j) =0
In particular, for any Q-datum Q = (A,0,€) for g, 1€ 4,7 € j and | € Z>o, we have
(8.4) Eij (fj — fz —d; — 2ldij) =0.

Proof. For any height function £ on (A,0), © € i and ) € j, there is | € Z>( such that
& — & = Eij — ld;j. Thus (8.4) follows from (8.3). Since ¢;j(u) = 0 for u < 0, it is
enough to prove (8.3) for any integer [ with 0 < 2ld;; < Z;; — d;. First we consider
the case d; > dj, or equivalently d;; = d;j. We choose a height function & together with
v € i and j € j so that we have Z;; = §, — § and §, > {,~. Applying the formula (4.4)
in Theorem 4.13 with u = —(5;; — d; — 2ld;), we have

- - ld;
Gij(u) — Gj(—u) = (w,,TQ]’yJQ).
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By the assumption 0 < —u < Z;; —d; < rhY, we have ¢;;(u) = 0 and hence the
LHS is equal to —¢;;(—u), which is non-positive by Lemma 3.1 (6). On the other
hand, the RHS is non-negative because Tglj %Q is a positive root thanks to the fact
ldj < Eij <& — &+ + rhY and Proposition 4.15. Thus we get ¢;;(—u) = 0, which
proves (8.3) for the case d; > d;. For the other case d; < d;, we necessarily have
(di,dj) = (1,7) and hence d;; = 1. Moreover, we observe that =;; = Z;; — 2(r — 1), or
equivalently =;; — d; = Zj; — d; — r + 1 holds by Definition 4.1. Then we get

r—1
Gj(Eij — di = 2dyj) =Y Ti(Eji — dj — 2(1+ k) =0
k=0
as desired, where the first equality follows from Lemma 3.1 (3). d

Proposition 8.4. Let Q = (A, 0,€) be a Q-datum for g. Let (1,p), (1,9'),(3,5),(3,8") €
Af with p <p' and s < s'. Assuming p — s < Z5 and s’ —p' < s, we have

Y% (m(Z) p, 9], mVs, S/]) _ <ng—p)/2+d —_— T(Q& p')/2 wZ’T(Q&—S)/?erij _ T(QEJ—S’)/2wJ> .

Proof. Set i :=1,j := J € I. By the definition of 4 (i,p; 7, s) in (3.1), we have

(¢’ —p)/2d; (s'—5)/2d;
W (m(z)[ ,p/],m(j)[S,S/D — Z Z W(i,p+2kdi;j,8+21dj)

k=0 =0
—-p)/ s)/2d
= Z Z i(p+ 2kd;) — (s 4 21dj) — d;) — € ((p + 2kd;) — (s + 21d;) + d)
k=0 =0

- cw((s + 2ldj) - (p + Qkidz) - dz) + Eij((S + QZdj) - (p + dez) + dl)}
(s'—s)/2d;
= Z (G0 — (s + 21d;) — di) — G (p) — (s' — 20d;) + dy)

- Cij((S — QZdj) —p/ - dz) + Eij((S + 2ldj) —p+ dz)}
(s'—s)/2d,
= Y {-G;Qdj— 5 +p +di) +E;(2d; + s —p+di)},
1=0
where the last equality follows from Lemma 8.3. On the other hand, we compute

(r§m/2ig, 4 52 wm(@@—s)/wﬂ-wﬂ_T(Qfg—s'vzwj)
(s'—s)/2d; ) )
LY (P gl 2 62, 0)
=0
(s"—s)/2d;

_ Z <w“ 7_(Q(2lclj—s +p—di)+fj—§1—di)/2/ng + T(Q(2ldj_8 +p +di)+£3—§1—di)/2rng)
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(s'—s)/2d,
= — Z {’@](2ldj — S/+p—di) _aj(_2ldj —i—s'—p—i—di)
1=0
+ aj(QZdj — S/ + p' + dz) - aj(—Qldj + S/ — p/ — dz)}
(s'—s)/2d,
=— > {e(d; - &' +p' +di) —(—2d; + ' —p+di)}
=0
(s'—s)/2d;
=— Y {G(2d; -5 +p +di) —G;(2d; + s —p+di)}
=0
where the second equality follows from (4.3), the fourth equality follows by Theo-

rem 4.13, and we again used Lemma 8.3 for the fifth equality. From the above two
computations, we obtain the conclusion. O

Remark 8.5.

(1) In [36], a Z-valued invariant A(V,W) was defined for any rationally renor-
malizable pair (V,W) of non-zero U,(Lg)-modules. It plays a quite impor-
tant role in the theory of monoidal categorification of cluster algebras. If
(V,W) is a commuting pair of simple modules, say (L(m),L(m’)), we have
A(L(m),L(m")) = A (m,m’) (see [13, Section 6]). From this point of view,
Proposition 8.4 gives a computation of the invariants A(V, W) for a larger class
of commuting pairs of KR modules.

(2) When m®[p, p'], m[s, s'] in Proposition 8.4 are contained in some Mg, the Z-
integer value A (m®[p,p'], mW[s, s']) coincides also with the Z-integer value in
[31, Proposition 10.2.3 (ii)] by [37, Theorem 4.12] (see also [35, Theorem 4.12]),
since there are certain two simple commuting modules over symmetric quiver
Hecke algebra of type g corresponding to L(m® [p, p']) and L(m©[s, s']) via the
generalized quantum affine Schur-Weyl duality functor Fg (see Subsection 9.2
below).

End of the proof of Theorem 8.1. To prove the equality (8.1), we apply Proposition 8.4
to the case (1,p) = qﬁél(a,O), (5,8) = (bél(B,O), p' =¢ and ¢’ = §,. Since both sides of
(8.1) are skew-symmetric, we may assume that p < s. Then we have « 75 B and the
conditions p — s < Hy; and s’ — p’ < Zy; trivially hold. Applying Proposition 8.4 and
Lemma 8.2 (3), we obtain

N (mOp, €] mD1s,6,]) = o+ 20, Mg = ) = ~Aga
which proves (8.1). O

8.2. The HLO isomorphisms. In this subsection, we prove the following result which
generalizes [24, Theorem 6.1] (for simply-laced g) and [26, Theorem 10.1] (for g of type
B) to any simple Lie algebra g. Our proof is similar to that of [26]. Let ICE o C Mo
denote the image of the truncation map (-)<¢: K¢ g < V0 (see Corollary 5.12).
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Theorem 8.6. For any Q-datum Q for g, the isomorphism <I>5: To,0 = Vi,0 in The-
orem 8.1 restricts to an isomorphism

A,[N_] — ICZQ,
which sends the normalized dual canonical basis B* in Ay[N_] to the basis formed
by the truncated (q,t)-characters of simple modules in ICEQ. More precisely, for each
¢ = (Ca)acr+ € (Zso)R', we have (I%(é(c, Q)) = Li(m(c))<e, where m(c) € Mg is
given by
(8.5) wip(n(e)) = ca  when dali,p) = (a,0)
for each (i,p) € Io.

Proof. We prepare some notation. Recall (I'g)g = {(2,p) € ﬁg | & —rhY < p < &}
from Proposition 4.15. Let
So = {(1p,5) € Do X Z°| (1,p), (1,5) € AF, & —rhY <p <5 <&+ 245}
and choose a total ordering < on Sg satisfying
(1;p,8) < (59, 8') if either s > &', or s =8 and p > p'.

For each (;p,s) € So, we set

D9a,B) if s <&,

D(1;p,s) = { D2(a,0) if s =&, + 2d;,

1 if p=s,
where «,3 € R* correspond to (1,p),(1,58) € (I'g)g respectively via the bijection
qSél(', 0). Note that the equality (7.3) can be rewritten as

(86)  D(;p,s)D(i;pT,s7) = v"D(;p,sT) D p*,8) + o' [[ DspT (2), 57 (0)

I~

where p™ := p+2d; and pT(y) == min{p’ € Z | (3,p’) € ﬁg,p < p'} (see Theorem 7.1 and
Lemma 8.2). Proposition 7.6 tells that the equality (8.6) holds for each (¢;p,s) € So
with p < s < & if we choose suitable a,b € 37 (with an ordering of {7 € Ag | 7 ~ 1}
fixed).

To prove ®5(A,[N_]) = ICE o» we only have to show

(87) @5 (Dlip.s)) = Flp.s)<c
for each (1;p,s) € Sg in view of Proposition 7.7. We proceed by induction with respect
to the ordering <. In the case when s = &, 4+ 2d;, we have

o5 (Dp,5)) = 05 (D%(a,0)) = 85(Xa) = mO[p, &) = FV[p, &)< = F" p, )<

thanks to Theorem 6.5, where (a,0) = ¢g(2,p). In the case p = s, it is trivial. In what
follows, we focus on the other case p < s <¢,.
We denote by F(7y,0) (resp. F(V,0)) be the skew-field of fractions of 7,,g (resp. Vi, 0)-

We can extend the Z-algebra anti-involution (-) on 7, o (resp. V¢ o) to the Q-algebra
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anti-involution on F(7, o) (resp. F();.g)), denoted again by (-), and extend the Z-
algebra isomorphism (135 to the Q-algebra isomorphism <I>T F(Ty,0) = F(V:,0). They
still satisfy (135 o()=()o @5.

It is shown in [14, Section 13] that the equality (8.6) (more generally (7.3)) cor-
responds to a specific exchange relation of quantum clusters in the quantum cluster
algebra structure given in Theorem 7.5. In particular, the (non-trivial) normalized
quantum unipotent minors corresponding to the following elements of Sg

(8.8) (1;p7,sT), (1;p,57), (5;p",s), (507 (2),57(2)

simultaneously belong to a certain quantum cluster. Therefore the element l~?(z; p,s) is
characterized as the (-)-invariant element of the form

<v“5(i;p, sHDp*,s) + " [[ DGipt (), 3+(]))> D(u;p*,s™)™!

for some a,b € %Z in F(7,,0). Since all the elements listed in (8.8) are smaller than
(2;p,8) with respect to <, we can apply the induction hypothesis to find that the
element <I>5(D(z; p,s)) is characterized as the (-)-invariant element of the form

(#fé“@ws><g FOp*,s)<e +t IIP‘ <»<g>f¢”@+,§W;%

I~

for some a,b € %Z in F()%0). On the other hand, by Theorem 6.8 (see also Re-
mark 6.11), Ft(l) s,p)<¢ is the (+)-invariant element of the form

_)
@ﬁmﬂgﬁ%mgﬂﬂﬁﬁm%aﬁ%mé
g~

for some d’, b € %Z in F();,0). Therefore, taking the following equalities into the
account

FOpt, sT) = F" (p, 5], FOp,s7) = FVp, 5],
FORT,s) = F(p, s), FOWp (), 57 () = F(p, ),

where 7 ~ 12, we conclude <I>T(13(z p,Ss)) = F g [p,s)<¢ as desired.
Next, we show the leeCtIOIl between the dlstlngulshed bases. It follows from (NDCB1)
in Theorem 7.8 and the 1dent1ty of o o(h=0"o @}, that the element <I>T( (c,Q)) is

()-invariant for any ¢ € (Zsq)R" Hence by Theorem 3.7 (see also Remark 5.13) and
Theorem 7.8, it remains to show that

(8.9) 4 (File, Q) = Eum())<e
for every ¢ € (ZZO)R+. As a special case of (8.7), we have already proved

(I)g <ﬁt(04, Q)) — <I>5 <59(a,0z_)) = F(Yip)<e
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for each @ € RT, where (i,p) = q_Sél(oz,O). Moreover, the ordering of the product

in the definition of F(c, Q) matches the one in the definition of E¢(m(c)) in view of
Theorem 7.1. Therefore, we find

g (F < (c, Q)) =t Ey(m(c))<¢

for some a(c) € $Z. It suffices to show that a(c) = 0 for every ¢ € (ZZO)R+. By
Remark 3.10 and Remark 7.9, we have

Ei(m) € By(m)+ > Z[t*'|E
m<m

F(e,Q) € F(c,Q)+ > Z*'|F(<, Q).
c'<gc

Therefore, we obtain

o5 (Fle, ) = 05 (Fle, Q) € OB (m(e))<e + Y. ZIFEy(m')<e,

m/#m(c)
o5 (Fle,Q)) = @ Eym(e))<e € OB (m(e))c + Y. LI Ey(m)<e.
m/#m(c)
Hence, a(c) = —a(c), which implies a(c) = 0. O

Corollary 8.7 (The HLO isomorphism). For each Q-datum Q for g, there exists a
Z-algebra isomorphism

(I)QZ AU[N_] — ]Ct7Q

such that (-)<¢o®g = @5. This isomorphism induces a bijection between the bases B*
and {Ly(m) | m € Mg}.

8.3. Corollaries of the HLO isomorphism. Fix a Q-datum Q = (A, 0,§) for g. We
have the following corollaries of the HLO isomorphism ®g. Since the proofs can be
completely same as those in [26, Section 11.1], we omit them.

Corollary 8.8 (Positivity of the analog of Kazhdan-Lusztig polynomials). Recall the
notation in Theorem 8.6 and Corollary 8.7. We have the following:

(1) ®o (ﬁ(c, Q)) = Ey(m(c)) for all ¢ € (Zso)R" .
(2) For ¢ € (Zs0)R" and m € Mg, write

Q) = qucz(v)é(cl, Q), Ey(m) = Z P (8) Le(m)

with pe,e (v) € Zv] and P,y (t) € Z[t]. Then we have

pc,c’(t) = Pm(c),m(c’)(t)'
Moreover, Py (c)m(e)(t) € Zxo[t].
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Corollary 8.9 (Positivity of structure constants). For my, mo € Mg, write
Li(m) Li(mz) = Z Cony o () Lt ().
meMg
(t) € Zzo[tilm].

Corollary 8.10 (Positivity of the coefficients of the truncated (g, t)-characters). For
m € Mg, write

m
Then we have ¢y, .,

Liy(m)<e = > alm; m/Jm’

m/ : monomial in Y<g¢
with a[m;m’] € Z[t*/?]. Then we have a[m;m’] € Zso[t*1/?].

The next corollary gives the affirmative answer to Conjecture 6.6 in ¢g.
Corollary 8.11 (The (g, t)-characters of Kirillov-Reshetikhin modules). For a Kirillov-
Reshetikhin module W,gll)) = L(m,(;’)p) belonging to the subcategory 6o for some Q-datum
Q for g, we have
(8.10) Li(my)) = Fu(m)).

In particular, (8.10) holds true whenever 2kd; < rh".
Proof. Recall Lemma 4.17 for the last assertion. O

9. R-MATRICES AND COMMUTATION RELATIONS

In this section, we first review some properties of the normalized R-matrices Ry, (2)
for V,W € Irr ¢ and the Z-valued invariants d(V, W) measuring the singularities of
Ry w(z) introduced in [36]. Then we check that the specialization of the HLO isomor-
phism ®¢ for an arbitrary Q coincides with the isomorphism between the Grothendieck
rings induced from the generalized quantum affine Schur-Weyl duality functor Fg stud-
ied in [27, 30, 38, 51, 11, 49]. From these results, we deduce several commutation
relations in the quantum Grothendieck ring K¢, which will be important in the sequel.

9.1. R-matrices and related invariants. Let z be an indeterminate. For any U,(Lg)-
module V € ¥, we can consider its affinization V,. This is the k[z*]-module V, =
V @k k[z*!] endowed with a structure of left U,(Lg)-module by
kilv ® @) = (kiv) @ ¢, 770 © @) = (2;30) @ 250, hig(v ® @) = (hiv) ® 2,
for v € V and ¢ € k[zT!]. For a € kX, we have
T.(V) =V, /(z—a)V,
as Uy(Lg)-modules (recall the definition of T}, from Section 2.5).

Let V,W € % be simple modules. We fix their /-highest weight vectorsv € V,w € W.
It is known that there exists a unique isomorphism of U,(Lg) ®k k(z)-modules

Ryw(z): (V. @ W) Ok[2£1) k(z) = (WeV,) Ok[z£1) k(z)

satisfying Ry w(2)(v: ® w) = w ® v,, where v, :=v® 1 € V, (see [1, Corollary 2.5]).
We call this isomorphism Ry (2) the normalized R-matriz between V and W. Let



ISOMORPHISMS AMONG QUANTUM GROTHENDIECK RINGS 49

dy.w(z) € k[z| denote the monic polynomial of the smallest degree such that the image
of dy,w (2)Rv,w(z) is contained in W ®@ V, C (W ® V) ®[,+1) k(2). This polynomial
dy,w () is called the denominator of Ry (z). Note that dyw (z) does not depend on
the choice of £-highest weight vectors v and w. Moreover, we have

(9.1) dr,(vym,w)(2) = dv,w ((a/b)2)

for a,b € k*.
For the case of fundamental modules, we simply write

dij(2) = dL(Yi,O)vL(Yj,O)(Z)
for any i, j € I. It follows that d; j(2) = d;i(2) by [1, (A.7)] (see also [13, Lemma 6.4]).
The denominators d; j(z) were computed in [1, 8, 12, 27, 50, 51].°

Proposition 9.1 ([13, Section 6.2]). Leti,j € I with d; > d;. Unless dy =d; =1 <,

we have
rhY

di,j(z) = dj,i(z) = H(Z _ qu"l'di)gij(u)‘

u=0
Even if di = dj = 1 <r, the denominator d; j(z)(= d;i(z)) divides the RHS.
Definition 9.2 (cf. [36, Section 3]). For each pair (V, W) of simple modules in &, we
define the Z>-valued invariant ?(V, W) by
o(V, W) = zero,—1(dyv,w(2)) + zero,—1 (dw,v (2)),
where zero,—,(f(z)) denotes the order of zeros of f(z) at z = a for f(z) € k[z] and
a € k. By definition, we have d(V, W) = o(W, V).

Remark 9.3. In [36], an invariant d(V, W) was defined for any rationally renormalizable
pair (V,W) of non-zero modules of 4. When both V' and W are simple, it coincides
with the one in Definition 9.2 thanks to [36, Proposition 3.16].

A simple Uy(Lg)-module V € ¥ is said to be real if its tensor square V ® V is
also simple. For instance, every KR module is known to be real (see e.g. the proof of
Proposition 6.4 above).

Theorem 9.4 ([29, Section 3.2]). Let V,W be two simple modules in € such that at
least one of them is real. Then the following three conditions are mutually equivalent:
o 3(V,W)=0.
o V and W commute.
e The tensor product V@ W is simple.

In particular, we have d(V, V') = 0 whenever V is a real simple module.
Lemma 9.5. For (i,p), (j,s) € f, we have
Gii(lp—s|—d;) if|p—s| <rhV,
D(L(Yi,p),L(Yj,s)) < ) (|p | Z) f |p | =
0 otherwise.
The equality holds unless d; = d; =1 <.

SAs we specified in the footnote in Section 3.3, our coproduct of U,(Lg) is opposite to the one in
these references.
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Proof. When d; > dj, this is a direct consequence of Proposition 9.1 along with (9.1).
For the other case d; < dj, we use Lemma 3.1 (3) & (6). O

Proposition 9.6. For any my, ms € M, we have

(who(m1), who(ms)) = 3 (=1)" v (L(m1), D1 L(ms))
kEZ

Proof. This is a combination of [36, Proposition 3.22] and [13, Theorem 6.16]. O

9.2. Generalized quantum affine Schur-Weyl dualities. Let J = {V*},¢c; be a
collection of real simple modules in 4" indexed by an arbitrary set J. We consider the
graph I' 7 whose vertex set is J and such that the number of edges between x and y
is equal to ?(V*, VY) for any x,y € J. Note that the graph I' 7 has no edge loops by
Theorem 9.4.

Given such a collection J, Kang-Kashiwara-Kim [28] constructed a monoidal functor

FJZJZ{(FJ)—)%

called the generalized quantum affine Schur- Weyl duality functor, with some good prop-
erties. Here o/ (I"7) denotes the category of finite-dimensional modules over the (com-
pleted) symmetric quiver Hecke algebras (defined over k) associated with the graph
I'7. This is a k-linear abelian monoidal category and it gives a categorification of the
coordinate algebra of the maximal (pro)unipotent group for the symmetric Kac-Moody
algebra associated with I' ;. Moreover, the Z-basis formed by the simple objects in
</ (I 7) coincides with the specialization of the dual canonical basis.

Now we fix a Q-datum Q for g. As an important example of the above construction,
we consider the following collection of simple U, (Lg)-modules indexed by J = Ag:

(9.2) Jo = {L%() heno,

where L2(a) for a € R* is the fundamental module defined in Section 5.3.
Theorem 9.7 ([27, 30, 38, 51, 11, 49]). Let Q be a Q-datum for g. Then we have
(9.3) o(L2(a,), LO(ay)) = (2 ~ )

for any 1,7 € Ao, and hence ' 7, = A. The corresponding functor Fg, gives an equiv-
alence of monoidal categories Fo: o/ (A) — €g. The induced Z-algebra isomorphism

[Fol: evo=1(As[N_]) = K(«/(A)) — K(%g),
s given by

evimt (F(e. Q) = [L9()]

for a € RY, which maps the dual canonical basis ev,—1(B*) specialized at v =1 to the
basis Irr 6o formed by the simple isomorphism classes in 6g.

Recall that evi—1(L¢(Yip)) = xq(L(Y;p)) holds for any (i,p) € T by Theorem 3.9 (2).
Therefore, as a corollary of Theorem 8.6 and Theorem 9.7, we obtain the following.
Corollary 9.8 (cf. [26, Corollary 11.8]). The followings hold.

(1) Let ®gly=t=1 denote the Z-algebra isomorphism ev,=1(A,[N_]) = evi=1(Kt,0) =~
K (%g) induced from ®g. Then we have ®g|y==1 = [Fo].
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(2) xq(L(m)) = evi=1(Li(m)) for allm € Mg.
Corollary 9.8 (2) gives the affirmative answer to Conjecture 3.8 for %g.

9.3. Some commutation relations. In this subsection, we deduce several useful com-
mutation relations in K; from the results we have obtained in the previous subsections.

Lemma 9.9. Let Q be a Q-datum for g and my1,mg € Mg. Assume that at least one
of the simple modules L(mq) and L(msz) is real. If o(L(mq), L(mgy)) = 0, we have the
t-commutation relation

Li(m1)Ly(mg) = 7 (Mum2) [ (mg) Ly (my)
in the quantum Grothendieck ring Ki(€o).
Proof. By Corollary 8.9 we have

Lt(ml Lt TTLQ Z Cm1,m2 Lt )
meMg

in Ky with ' . (t) € Zzo[tilﬂ]. Applying ev;—1 to the both sides yields

Xq(L(m1))xq(L = Y cmme(Dxa(L(m)
meMo

by Corollary 9.8 (2). On the other hand, we have L(ml) ® L(mg) = L(mimg) from our
assumption and Theorem 9.4. Therefore we obtain ¢jr . (1) = §(m = mims), which

mi,m2

™mi,msa
implies ¢, ., (t) = 6(m = mymy) - t* for some a € 1Z Similarly, we can prove that
Cingmy (t) = 0(m = myma) - t¥ for some b € 3Z. Thus the (g,t)-characters Ly(mq) and
L;(ms) commute up to a power of t¥1/2 i.e. Ly(my)Li(my) = t°Ly(my)Li(my) for some

cE %Z. Comparing the leading terms, we find ¢ = A" (mq, m2). O

Lemma 9.10. Let (i,p), (j,s) € I. We have the following relations in ICy:
(1) Lo(Yip)Le(Yjs) =t P39 L(Y; ) Lo(Yip) if D(L(Yip), L(Ys)) =0,
(2) Lt(Y;',p)Lt(YVi*,p:I:rhV) = t$1Lt(Y;',pYVi*,p:|:rhV) + 1.

Proof. We may assume p < s. First we consider the case p + rhY < s. In this case,
Theorem 3.9 (3) implies that the element L.(Y;,)L:(Yjs) — 0((*,p + rhY) = (4, 5))
contains no dominant monomials other than ¢ (2::s)/ 2}/;4)}/},5. Hence it is equal to

' (2i39)/2,(Y; ,Yj.s) by Theorem 3.7. This shows (1) for p +rhY < s and (2) as well
(note that A" (i, p;i* £ rhY) = F2 by Lemma 3.1). For the other case p < s < p+rh",
we choose a suitable Q-datum Q for g so that both Y; , and Yj s belong to Mg (recall
Lemma 4.17). Under the assumption d(L(Y; ), L(Yjs)) = 0, we obtain the relation (1)
by applying Lemma 9.9. O

Lemma 9.11. Let Q = (A, 0,&) be a Q-datum for g. Let (2,p),(y,5) € 38 be two ele-
ments satisfying the condition § > p > s > ;. Then we have the following equalities:
(1) o(L(V) L) =0,
(2) (wta(Yip), wto(Yjs)) = —A(i,p;J,5) =0,
(3) Fe(Yip)Fy(Ys) = Fi(Yjs) Fy(Yip),
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where 1 :=1,j = 7.

Proof. Choose a € Z>g and b € Z~q so that p = & — 2ad; and s = &, + 2bd;. By
Lemma 9.5, we have
(L(Yip), L(Yjs)) = 2(L(Ys), L(Yip)) < Cji(p— s — dj) = ¢5i(& — & — dj — 2(ad; + bdy)).

The RHS is zero thanks to Lemma 8.3. This proves (1).
The first equality in (2) is due to Proposition 5.4. For the second equality, we have

N (i,p; 4, 8) = Gi(p — s — dj) — ¢ji(p — s+ dj)
= fcvﬂ(& — fj — 2ad,~ — (2b + 1)dj) — Eji(fz - 6] - 2ad,~ - (2[) — 1)dj)

by (3.3). The RHS is zero again by Lemma 8.3.
The last equality (3) is a consequence of (1), (2) and Lemma 9.10 (1). O

Lemma 9.12 (see also [37]). Let Q be a Q-datum for g.
(1) For any simple roots a, f € RT with o # 3, we have

b (L2(@), DL2(B)) = 0.
(2) For any positive roots «, 3 € RT and k € Z>2, we have
b (LQ(a),DkLQ(ﬁ)) = 0.

Proof. Let o, 8 € RT be distinct simple roots and put (1, p) := qﬁél(a,O) and (y,s) ==
qﬁél(ﬂ, 1). Then we have L9(a) = L(Y;,) and DL2(B) = L(Y;s) by Lemma 5.10 (3).
Note that we have & > p and s > §; by construction. If p > s, Lemma 9.11 (1) proves
the assertion (1). If p < s—rh", we have |[p—s| > rh" and hence Lemma 9.5 proves the
assertion. Thus we only have to consider the case s —rh" < p < 5. Recall that we have
DFL(Y;s) L(Y 5y s krnv) for each k € Z from Theorem 2.5. Under the assumption
s —rhY < p < s, we have o(L2(a), D*1L2(B)) = 0 unless k € {—1,0} by Lemma 9.5.
Combining this fact with Proposition 9.6, we find

(0, 8) = 3 (=1)F 2 (£9(a), DF1LO(B) ) = b (L), L(B)) + (L9(a), DLE(B)) .
keZ
On the other hand, the equality (9.3) tells that d»(L2(c), L2(B3)) = —(a, ) for two
distinct simple roots a, 8. Therefore we have ?(L2(a), DL2(3)) = 0, which proves (1).
Next we shall prove (2). Let o, 8 € RT be two positive roots and k € Z>o. Putting

(i,p) = gz_bél(oz, 0),(j,s) = q@él(ﬁ, k), we have L2(a) = L(Y;,) and D*L2(B) = L(Y; )
by Lemma 5.10 (3). Note that we always have p < s. If s —p > rh", we have
2(L2(a),D*L2(B)) = 0 by Lemma 9.5 as desired. In particular, it covers the case
when k& > 2. Thus we only have to consider the case k = 2 with s —rhY < p < s. In
this case, we have

e 2(L%(a), D1 Le(B)) = 0 unless I € {0,1} by Lemma 9.5,

e 2(L9(a),DLE(B)) = 2(L(Y;p), L(Yj* s—rnv)) = 0 by Lemma 9.11 (1),

o (a,B) = —=A(i,p;j*,s — rh¥) = 0 by Lemma 5.3 and Lemma 9.11 (2).
Combining these facts with Proposition 9.6, we have ?(L%(a), D2L2(3)) = 0. This
completes the proof of (2). O
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10. ISOMORPHISMS AMONG QUANTUM GROTHENDIECK RINGS

In this section, we prove the main theorem of this paper. In Section 10.1, we observe
that, for each Q-datum Q, every standard (¢, t)-character F¢(m) can be factorized into a
product of smaller standard (g, t)-characters E;(my,) belonging to K;(D¥%g) for k € Z.
In Section 10.2, we give a presentation of the localized quantum Grothendieck ring
KCe Qgpt1/2] Q(tl/ 2). This is a generalization of the presentation obtained in [24, Section
7] for simply-laced cases. Based on this presentation, we construct in Section 10.3
a collection of isomorphisms W among the quantum Grothendieck rings labeled by Q-
data and prove that they respect the bases formed by the simple (g, t)-characters. For a
suitable choice of Q-data, the isomorphism W relates the quantum Grothendieck ring of
simply-laced g with that of non-simply-laced g, which propagates the known positivity
for g to the desired positivity for g. Therefore we establish the positivities (P1) and
(P2) for non-simply-laced cases. This gives an affirmative answer to a long-standing
expectation in [18].

10.1. A factorization of standard (¢, t)-character. Let Q = (A, 0,¢) be a Q-datum
for g. By Corollary 4.16 (2), the commutative monoid M is naturally isomorphic to
the coproduct of the submonoids :DkMQ with k& running over Z. In other words, each
dominant monomial m € M has a unique factorization

(10.1) m =[] D"(m)
keZ

such that my € Mg for all £ € Z. Here we have my = 1 for all but finitely many
k. Thanks to Lemma 9.11 (1), L(Y;,) and L(Yj,) commute when Y;, € ®*Mg and
Ys € D! Mg with k < 1 and p > s. Therefore, we have

(10.2) M(m) = @Q) D" (M (m4))
kEZ

as Uy(Lg)-modules.
Here we have an analogous factorization result for its (g, ¢)-character Ey(m).

Proposition 10.1. For each dominant weight m € M, there holds

(10.3) Ey(m) = t"(m9) ﬁ OF (Bi(my))
keZ

in the quantum Grothendieck ring Ky, where

_ 1 et
v(m, Q) = —3 D (=DM (wig(my), who(my)).
k<l
Proof. Thanks to Lemma 9.11 (3), we know that F;(Y; ;) and F;(Yj) commute when
Yip € D*Mg and Vs € D' Mg with k < [ and p > s. It implies that the desired
equality (10.3) holds up to some power of t£1/2. On the other hand, we have

(10.4) Y pYjs = t(wtg(%,p),wtg(i’j,s))g’syw
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whenever Y;, € D*Mg and Yj; € D'Mg with k < [. This is a consequence of
Proposition 5.4 and Lemma 9.11 (2). It implies

—
keZ
which shows that the equality (10.3) exactly holds. O

Remark 10.2. If we choose a Q-datum Q as in Lemma 4.17, the above factorization
results (10.2) and (10.3) are obtained immediately from the definitions and Proposi-
tion 5.4.

10.2. A presentation of quantum Grothendieck ring. In this subsection, we es-
tablish a presentation of the localized quantum Grothendieck ring

’CQ(tl/Z) = ’Ct ®Z[ti1/2} Q(tl/z).

We naturally regard K; as a Z[til/ %]-subalgebra of ]CQ(tl /2y- The anti-involution U and
the automorphism ® on K; are naturally extended to ICQM /2)-
Hereafter, we fix a Q-datum Q for g. We put

JEZ%Q = Lt(Y;,p) with (’i,p) = ¢é1 (Oéz, k)
for each » € Ay and k € Z. Note that we have
3 =9 (L (o) = Df(a%)
by Lemma 3.11 and Lemma 5.10 (3).
The HLO isomorphism ®¢o: A,[N_] = K¢ o in Theorem 8.6 induces the isomorphism
Up(n-) =2 Ay[N_] ®p,51/2) Q'?) & Ky o @12 Q(E?)

which sends the dual Chevalley generator F(a,, Q) = (1 —v2)f, to the element x% for
each 1+ € Ag. Thus, we obtain the quantum Serre relations satisfied for each 1,7 € Ay
and k € Z (recall (7.1)):

(10.5) ZQkaQJf -~ xjgkxz r=0 if 1 £ 9,
(z%c) v, — (t+t szx]Qk$sz+$]k( )2 =0 ifi~y.

In addition, we can prove the quantum Boson relations hold
—(au, -2
(10.6) a:ZQkaQkH =t (@ a;)kangk +(1—=t77)6,,,
1 k41 -
(10.7) ZQk:EQl = ¢t (aney) ]Ql:EZQk

for every 12,7 € Ag and k,l € Z with [ > k + 1. They are deduced from Lemma 9.10,
Lemma 9.12 and the relation (10.4).

Definition 10.3. Let A be the Dynkin diagram of the simple Lie algebra g of type
ADE as before. We consider the Q(t!/?)-algebra AQ(tl/Z (A) presented by the set of
generators

{yz,k | (S Ao,k‘ € Z}

satisfying the following relations
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(R1) for 2,5 € Ag and k € Z,

Yo kYyk — Yy kYs,k = 0 if 2 74 7,
yikym — (t+ ) Yok Yy kY + yj,kyik =0 ifz~y,

(R2) for 1,5 € Ag and k € Z,

Yo, kY, k+1 = t_(al-aj)yj,k—i-lyz,k + 57,,](1 - t_2)7
(R3) for e,y € Ag and k,l € Z with | > k + 1,

(=1)** (ou,0)

Yo kYyl =t Yo,1Ya k-

Theorem 10.4. For each Q-datum Q = (A, 0,&) for g, there exists an isomorphism
Uo: j@(t1/2)(A) — ’CQ(tuz)
of Q(t/?)-algebras given by Yok ZEZQk forie Ag and k € Z.

Proof. We have already checked the existence of the Q(t'/?)-homomorphism ¥g given
by the required assignment. Indeed, the relation (10.5) (resp. (10.6), (10.7)) in Kg /2,
corresponds to the defining relation (R1) (resp. (R2), (R3)) in j@(tl/Z)(A). It remains
to show that W is bijective.
N As an abuse of notation, we denote by ®; the automorphism of the Q(tl/ 2)-algebra
AQ(tl/Q)(A) given by D¢(y, k) = Yy k+1 for 1+ € Ao,k € Z. From the definition, we have
@tO\I’Q:\I’QOQt.

Note that the Q(t'/?)-subalgebra Ag()tl/g) of Ag(/2y(A) generated by {y,0hen, is

naturally isomorphic to Ay[N_] ®,+1/2 Q(v'/?), and the homomorphism ¥g restricts
to (the localized version of) the HLO isomorphism ®g. Therefore, for each m € Mo,
there is a unique element Pi(m) € Ag()f,l/?) such that Uo(P;(m)) = Ey(m).

Now let m € M be an arbitrary dominant monomial. Using the notation in (10.1),

we define an element P;(m) € ./Z(Q(tl/Q)(A) by

_>
Py(m) = "™ T DF (Py(ma)) -
kEZ

Under the homomorphism W, the set P := {P;(m) | m € M} bijectively corresponds
to the basis {Ey(m)}mem of Kg1/2) by Proposition 10.1. In particular, the set P is

linearly independent over Q(t'/?).
On the other hand, using the relations (R2) and (R3), we can rewrite every monomial
M in the elements of {y, x }ea, kez as a linear combination of the elements of the form

My, My, - - - My, with My, € @f“jg()tl/z) and k1 < ko < --- < kg. Therefore, P forms

a spanning set, and hence a basis of the Q(t'/?)-vector space ./Z(Q(tl/Q)(A). Since Ug
induces a bijection between the bases P and {E¢(m)}menm, it is an isomorphism. [
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10.3. Isomorphisms among quantum Grothendieck rings. For s = 1,2, let
o) = (A(s), o(s) 5(5)) be a Q-datum for a complex simple Lie algebra g(*). We assume
that their underlying Dynkin diagrams are the same, i.e., A() = A®)_ In what follows,
we use the notation X for a mathematical object X to suggest that it is associated
with g(®). For example, we apply it to write %(8), ICES), M) ete.

From the presentation of the quantum Grothendieck ring ICQ(tl/Q) established in
Theorem 10.4, we obtain the following.

Corollary 10.5. There exists a unique Q(tl/2)-algebm isomorphism

_ 2 Dy, (D) 2)
v = \I’(Q( )7 Q( ))- ICQ(t1/2) - ICQ(tl/Q)

satisfying the following properties:
1

(1) The restriction of ¥ to ICtQ(l) - IC((@()tl/Z)

-1
Q)Q(z) o ((I)Q(U) : ,Ct,Q(l) — ’Ct’Q(z).

coincides with the isomorphism

(2) We have Vo ()= (-)o¥ and P oDy =D;0 V.

In particular, it satisfies
(10.8) v (m?,i”) = xZQ,f) for any 1€ Ag and k € Z.

Proof. We define ¥ := W5 o (\I/Q(l))_l, which satisfies the required properties. O

In what follows, we prove that the above isomorphism ¥ induces a bijection be-
tween the bases formed by the simple (q,t)-characters. First, we define the bijection
o Mga) = Mg between the dominant monomials by the property

(10.9) v (LS’(m)) = LP(o(m))  for all m € Mgq).
We extend this bijection 1 to the bijection ¢: MM — M@ by setting
P(m) = H DFapo (my,)

keZ
for each m € M where we factorized m as in (10.1) with respect to the Q-datum
QM. One can easily check from the property (10.8) that wtoa) = wtge) ot holds.

Theorem 10.6. The isomorphism ¥ = \I!(Q(z), Q(l)) in Corollary 10.5 induces a bi-
jection between the simple (q,t)-characters. In particular, it gives the isomorphism

vk k)

between the quantum Grothendieck ring of %Z(l) and that of ‘52(2).

Proof. 1t follows from the property ¥ o () = (-) o U that the element \I/(L,El)(m)) is
(-)-invariant for each m € M®. Hence, in view of Theorem 3.7, it suffices to show

(10.10) v (BN m) - EPwm) e Y ZEP )
m/eM?2)
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for each m € MM, By Proposition 10.1, we have
—

(10.11) w (B (m)) = 02 T ok (v (B (ma))
keZ

On the other hand, for any m’ € Mgy, the property (S2) in Theorem 3.7 implies that

1 1 1
ENm) =L+ Y a ()L (m"),
m”EMQ(l)

LY o(m) = B Wo(m) + 3 byomnmr (DES (m")

m”EMQ(g)

hold with some @, 1 (t), by (m?y,m» (t) € tZ[t]. Then, by the property (10.9), we have

(10.12) w (B me) = B Wotmi) + S ey (VB (1)
m’GMQ(z)

for each k € Z, where

Cmy,,m/ (t) = amk,wgl(m’)(t) + bwo(mk),m’(t) + Z Ay, m”’ (t)bwo(m”),m’(t) € tZ[t]'
m”GMQ(l)

Note that wtge) (m') = Wtge (o(ms)) holds whenever E,@ (m’) contributes non-
trivially to the sum in (10.12) by Proposition 5.2. Thus, the desired property (10.10)
follows from (10.11) and (10.12) by using Proposition 10.1 again. O

As a consequence, we obtain the main result of this paper.

Corollary 10.7. For any finite-dimensional complex simple Lie algebra g, the quantum
Grothendieck ring Ky has non-negative structure constants with respect to the simple
(g, t)-characters {Liy(m)}mesm . More precisely, if we write

Li(mq1)Li(ma) = Z C%mm (t)L¢(m)
meM
for my,mg € M, we have
o (t) S Zzo[til/2].

mi,m2

In particular, the analogs of Kazhdan-Lusztig polynomials are positive, i.e.,
P (t) € tZ[t]
for any m,m' € M with m" < m (cf. (3.7)).

Proof. When g is simply-laced, the desired positivity has been established in [47] and
[55] based on the geometry of quiver varieties (see also [24, Section 5.9]). Now let
g be of non-simply-laced type and (A, o) denote its unfolding (o # id). We choose
two arbitrary Q-data of the forms QM) = (A,id,éM) and Q? = (A, 0,6P) so that
we have g) =g (simply-laced) and g®® = g. Since the corresponding isomorphism
U =90 oy: ICEI) — ICEz) respects the simple (g, t)-characters (Theorem 10.6), it

transforms the known positivity in ICEI) to the desired positivity in ng)‘ O
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11. FURTHER RESULTS IN TYPE B

In this section, we focus on the case when g is of type B,, and hence g is of type Ag,,_1.
We show that the specialization at ¢ = 1 of the isomorphism ¥ for a specific choice
of Q-data coincides with the Grothendieck ring isomorphism arising from a categorical
relation studied in [34]. As a consequence, we verify the analog of Kazhdan-Lusztig
conjecture (Conjecture 3.8) and the desired positivity of the coefficients of simple (g, t)-
characters for any simple U,(Lg)-modules in ¢7 of type B,,. Hence, we have solved
the long-standing problem of determining from their highest ¢-weight the character of
simple finite-dimensional modules of type B quantum loop algebras, with a Kazhdan-
Lusztig algorithm which is uniform relatively to simply-laced types (see the Introduction
for more comments and references).

11.1. A comparison between type A and B. Let A be the Dynkin diagram of
type Ag,_1 for a fixed n € Z>o. We will use the labeling Ag = {1,2,...,2n — 1} as in
Figure 1. In this subsection, as a special case of the previous subsection, we consider the
following two Q-data Q1) = (A,id,f(l)) for gM of type Ag,_1 and Q3 = (A, v,§(2>)
for g of type B,, where

- if 1 <1< n,
5(2) =4q1-2n if1=n,
2—2r ifn<i1<2n-1
forv € Ag=1{1,2,...,2n — 1}. Note that we have
fg(l) =Tom)o={(1,—2—2k) €AgxZ|0<k<2n—1—1}
by Proposition 4.15.

Example 11.1. When n = 3, the twisted Auslander-Reiten quivers I'gu) and I'g)
are depicted respectively as follows:

(t\p) -9 -8 -7 -6 -5 -4 -3 -2 -1 (x\p)—14 -13 =12 -11 -10 -9 -8 -7 -6 -5 —-4 -3 -2
1 . . ° . . 1 hd hd d hd
L NN TN TN , T T~ T
3 \o/ \n/ \o/ 3 ./ \.\ /./ \.\ /./

N 7N S 4 . .
4 . .
5 \./ 5 \./

By Theorem 10.6, we have the corresponding isomorphism
v =1w(0®, oWy kM - kP

between the quantum Grothendieck ring of type As,_1 and that of type B,,. By the
construction, the restriction of ¥ to the subcategory ¢ is P o (@Q(l))_l, which
has been computed in [26]. Thus we have the following.

Theorem 11.2 ([26, Theorem 12.9]). For any dominant monomial m € MW | we have
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where 1: M1 — M3 s a bijection satisfying © o1 =1 oD and

Yi —oi—ak ifi<n—1landk<n—1-—1,

Y —6n+4i+1 ift<n and k=n—1,

Yo onti—ar—akYn,—ont3—ar f2<1<nandn—1+1<k<n-—1,
w(K,—2—2k) = .

Yo, —ont3—a ifir<n—1and k =n,

Yo a—2,—ak ifi<n—2andn+1<k,

Y2204k ift>n+1

for each (1,—1 — 2k) € ]A'Q(l).

On the other hand, based on the generalized Schur-Weyl duality, Kashiwara-Kim-
Oh [34] have obtained the following result.

Theorem 11.3 ([34, Corollary 3.2.2]). There is an isomorphism, 1) : K(%Z(l)) — K(%Z(Z))
such that we have

G ([Em)]) = [2@@wm))]
for every m € MW | where 1 is the bijection in Theorem 11.2.

Proof. In [34, Section 3.2], an isomorphism ¢ : K(%Z(l)) — K(‘KZ@)) is defined. It in-
duces an bijection Irr %Z(l) — Irr %2(2) between isomorphism classes of simple modules.
From the explicit computation of ¢; given in [34, Corollary 3.2.2], we see that it sat-
isfies [D] o ¢1 = ¢1 o [D] and its restriction to the subcategory ¢5u) coincides with
the homomorphism [L(Y, )] — [L(¢(Y,p))] after a suitable parameter shift (see [26,
Remark 12.10]). Therefore the desired isomorphism ) is obtained as a parameter shift
of ¢1. ]

Recall that an algebra homomorphism K (‘KZQ)) - K (%Z(Z)) is determined by the
images of the classes [L()(Y;,)] of fundamental modules (Proposition 2.9) and we
know evtzl(Lgs)(Y;;p)) = xq(L(Y;p)) for all (i,p) € I) and s = 1,2. Therefore, as a
corollary of Theorems 11.2 and 11.3, we obtain the following.

Corollary 11.4. The followings hold.
1) Let V|,—:—1 denote the Z-algebra isomorphism K ¢y & K€Y induced
( z Z

from U =0 (Q® QW) above. Then we have V|, = 1).
(2) We have x4(L® (m)) = evtzl(L?) (m)) for allm € M®.

Corollary 11.4 (2) gives the affirmative answer to Conjecture 3.8 for every simple
module L(m) in %7 when g is of type B,.

11.2. Positivity of (¢,t)-characters in type B. In this subsection, we assume that
g is the simple Lie algebra of type B,,. Now we obtain the following result by the same
argument as Lemma 9.9 using Corollaries 10.7 and 11.4 (2).
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Lemma 11.5. Let g be of type B,, and mi,ms € M any dominant monomials. As-
sume that at least one of the simple modules L(my) and L(msg) is real. If we have
o(L(m1), L(mz)) = 0, there holds the t-commutation relation

Li(mymg) = t=Vmm2)2 L (m Y Ly(mg) = ¢ Mm2)2 1, (mg) Ly (my)
in the quantum Grothendieck ring ICy.

Using this lemma, we obtain the affirmative answer to Conjecture 6.6 in type B in
the following way. For an interval [a,b] we set Ly) [a,b] = Li(m®[a,b]), and similarly,
we define ng)(a, b], LEZ) [a,b) and ng)(a, b).

Theorem 11.6. Let g be of type B,. For any KR module W®[p,s] in €y with
(2,p), (2,8) € ﬁg and p < s, its (q,t)-character Lgl) [p, s] coincides with Ft(l)[p, s].
Proof. Set i := 7. We prove the assertion by induction on s —p € 2d;Z>9. When s = p,

the KR module W®[p,p] is the fundamental module L(Y;,) and hence L;(Y;,) =
Fy(Y; p) by Theorem 3.9.

Now we assume that s —p > 0 and the equality LEJ) [, 8] = Ft(J) [p', s'] holds for any
1€ Ag and p/, s’ € Z with s’ — p/ < s — p. If we write
(11.1) Ly)[ ,s)ng) (p,s] = Z em () Ly(m),

meM

we have ¢, (t) € Zso[t*'/2] by Corollary 10.7. Using Corollary 11.4 (2) and the classical
T-system identity (6.2), we specialize (11.1) at t = 1 to find
1 it m = mOp, sJm® (p, 5) or M(5p,5),
0 otherwise,

(11.2) em(1) = {

where M (v;p,s) =[], mU(p, s) as in Theorem 6.8. Note that ¢,,(1) = 0 implies that
em(t) = 0, and ¢, (1) = 1 implies that c,,(t) = ¢© for some z € 3Z. Recall the set
M (1;p, s) of dominant monomials defined in (6.3). Since the members of the family
{L(m) | m € M*(1;p, s)} mutually commute (see Proposition 6.4), the members of the
family {L;(m) | m € M*(2;p, s)} mutually t-commute and we have

L (mOp,sjm® (p,5)) = L[, 5L (0,5), LM (1, 5) —wnﬁu%
I~

for some x,y € %Z by Lemma 11.5. Here we fix an arbitrary total ordering of the set
{7 € Ag | 3~ 1} to define the ordered product. Combining with (11.2), we obtain

—
(11.3) LV[p, )L (p, 8] = L [p, ILY (p, s) + T LY (v, )
I~

where the exponents a,b € %Z are determined uniquely from the fact that Lgl)[p, s) is
the (-)-invariant element of the form

<M$WL<n #HLp,)’m]l

J~
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in the fraction field of the quantum torus ). In other words, we have obtained a
quantum T-system identity satisfied by the (g, t)-characters of KR modules.

On the other hands, we also know the quantum 7-system identity (6.10) satisfied by
the corresponding Fy(m)’s (Theorem 6.8). The exponents a,b € %Z appearing there
are exactly the same as in (11.3) because the family {F;(m) | m € M™(1;s,p)} satisfies
the same t-commutation relations as the family {L;(m) | m € M™(s;p,s)} does (see
Proposition 6.10).

Now, applying the induction hypothesis to (11.3), we get

_>
Fp, ) E (p, 5] = t°L [, s|F (pos) + T EY (0, 9)

iad3
with the same a,b € %Z as above. Comparing this equality with (6.10), we obtain the

desired conclusion Lgl) [s,p] = Ft(l) (s, p]. O

Theorem 11.7 (Positivity of coefficients of simple (g, t)-characters in type B). Let g
be of type B,,. For each dominant monomial m € M, write

L= Y afmm)nd
m’ : monomial in Y
with a[m;m'] € Z[t*Y?]. Then we have
alm;m'] € Zso[tT'/?].

Proof. Given m € M, we choose integers ¢ < b so that the (g, t)-character L;(m) is a
(non-commutative) Laurent polynomial in the variables Y; , with i € I and ¢ < p <b.

Set ﬁg[c, b = ﬁg N (A x [¢,b]). By Lemma 6.7 and Theorem 11.6, we have
L p.b<y = FVp. bl = m©p.b)

for each (1,p) € ﬁg[c, b]. Thus, choosing an arbitrary total ordering of the finite set

~

Af e, b], we have

- /
Li(m)<p = Li(m) = Ztm(m/)a[m;m’] H <L§2)[ 7b]§b) v (M)

for some x(m/) € 37, where v, ,(m’) = Uz (M) — Uz pi2a,(M’) € Z. Let | € Zsg large

enough so that v, ,(m’) + 1 > 0 holds for all (2,p) € 38 [a,b] and for all monomials m’
—

with a[m;m/] # 0, and put £ = H(Z N b](LEZ)[ ,b])!. Taking the injectivity of ()<

into account, we obtain the following equality in KC;:

Liy(m)- L = th/(m,)a[m; m/] Ly H m®[p, p]vir () H
m (1.0)€AG [c,b]

for some 2/(m') € %Z. By the positivity of structure constants of K, (Corollary 10.7),
we obtain ¢ (™)afm;m/] € Zxo[t*/?] and hence a[m;m'] € Zxo[t!/?]. O
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For general g, once one proves Conjecture 6.6, the positivity of any simple (q,t)-
characters (the analog of Theorem 11.7) follows by the same argument as above. We
plan to pursue this direction in a future work.

11.3. Thin representations. A finite-dimensional U,(Lg)-module V' is said to be
thin if all {-weight spaces are of dimension 1. As a corollary of Corollary 11.4 (2) and
Theorem 11.7, we can conclude that the (g,t)-characters of simple thin modules are
the canonical lifts of their g-characters:

Corollary 11.8. Let g be of type B,,, and m € M be a dominant monomial such that
L(m) is a thin Uy(Lg)-module. Let P(m) be a subset set of Y consisting of Laurent
monomials satisfying

Xq(L(m)) = Z m'.
m/€P(m)

Then we have

Proof. By Theorem 11.7, we have

Lim)= Y amim)(t)m!

m’ : monomial in )

for some a[m;m’](t) € Zso[t*'/?]. Moreover, by Corollary 11.4 (2), we have

Z alm;m'](1)m’ = Z m/

m’ : monomial in Y m/eP(m)
Therefore,

gemm’) - for some c(m;m’) € %Z if m" € P(m),

alm; m](t) = {

0 otherwise.

Moreover, since Li(m) is (-)-invariant, we have ¢(m;m’) = 0 for all m’ € P(m), which
completes the proof. O

The minimal affinizations were defined by Chari [4] as generalizations of type A
evaluation representations and of Kirillov-Reshetikhin modules. By [21, Theorem 3.10],
all minimal affinizations are thin when g is of type B,,. Therefore Corollary 11.8 is a
vast generalization of [26, Corollary 11.5].

APPENDIX A. QUANTUM UNIPOTENT MINORS

In this section, we briefly review the definitions of the quantum coordinate algebra
A,[N_] and the normalized quantum unipotent minors associated with a simply-laced
Lie algebra g. We will use the notation in Section 4.2.
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A.l. Quantum coordinate algebra A,[N_]|. Let v be an indeterminate with a for-
mal square root v'/2. The quantized enveloping algebra U, (g) of g (over Q(v'/?)) is
the unital associative Q(vl/ 2)-algebra presented by the set of generators

{627f27KZ:t1 ’ 1€ AO}

and the following relations:
o KK, '= K, 'K,=1and K,K, = KK, for 1,7 € Ao,
o K= U(O‘“O‘J)e]KZ, K, f,= 1)_(‘”“‘”J)t)‘"]l(Z for 2,7 € Ao,
o (v—vYe, f)] = 0,,(K, — K; 1) for 1,7 € Ao,
® €Z2€J —(v+ U_l)elejel - 6]612 = fz2fj —(v+ U_l)fzfjfz - f]f7,2 =0ife~y,
o [e, e =[fi, f)] =0if 2447

For each generator, we set
wt(e,) = o, wt(f)) = —an, wt(K) =0,

which endows U, (g) with a structure of Q-graded Q(v'/?)-algebra.

We denote by U,(n_) the Q(v'/?)-subalgebra of U, (g) generated by {f,}ea,. This
is regarded as a quantized enveloping algebra of the nilpotent Lie subalgebra n_ C g
corresponding to the negative roots. As a Q(v'/?)-algebra, U,(n_) is presented by the
set of generators {f,},ca, and the quantum Serre relations (7.1).

For 2 € Ay, we define the Q(v'/?)-linear maps ¢, and ,e’: Uy,(n_) — Uy(n_) by

oot zel (y), &,(f;) = 0y,
ze/($y) = U(a“Wt(y))ze,(l‘)y +z ze/(y)v zel(fj) = 5@,]

e)(zy) = e)(z)y + '

for homogeneous elements z,y € U,(n_). There exists a unique symmetric Q(vl/ -
bilinear form (-, )z on U,(n_) such that
/

el (@)=

= )

(LDL=1,  (fix,y)L = 1—

Then (-,-)r, is non-degenerate.

Let Uy(n_)z be the Z[v*/?]-subalgebra of U, (n_) generated by the divided powers
{fi ™ 7 /Imly! |2 € Ag,m € Z>o}. Then the quantized coordinate algebra A,[N_]
is defined as

AJN_] = {z e Uy(n_) | (z,Uy(n_)z)1 C Z[vT/?]}.

A.2. Quantum unipotent minors. Let V be a U,(g)-module. For p € P, we set
Vi={ueV|Ku= v @My for all © € Ag}.

This is called the weight space of V' of weight p. A U,(g)-module with weight space
decomposition V = € ,.p V, is said to be integrable if e, and f, act locally nilpotently
on V for all 2 € Ay.

For each A € P* = Y _\ Z>ow,, we denote by V()) the (finite-dimensional)
irreducible highest weight U, (g)-module generated by a highest weight vector uy €

nepP
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V(A)a. The module V()) is integrable. There exists a unique Q(v'/?)-bilinear form
()5 V) xV(A) = Q(v'/?) such that

(up, up)¥ =1, (zur,u2)¥ = (u1, p(x)uz)}

for up,uy € V()\) and = € U,(g), where ¢ is the Q(v'/?)-algebra anti-involution on
U, (g) defined by

ple) = fi, o(f.) = e, p(K,) =K,

for » € Ag. The form (-,-)¥ is non-degenerate and symmetric.
For w € W, we define the element u,,) € V() by

Uy = fl(lml) o fl(l’fifl)fl(lmz) Uy,

for (21,...,u) € T(w), where my, == (v, Sy, -+ - Soy_, 5y A) € Z>o. 1t is known that this
element does not depend on the choice of (¢1,...,4) € Z(w) and w € W (depends only
on w). See, for example, [43, Proposition 39.3.7]. Then (uyx, uywy)} = 1.

For A € PT and w,w' € W, we define an element Dy, ) € Uy(n_) by the following
property:

(Duwrwr» )1, = (Wi, TUyr)§

for x € U,(n_). By the nondegeneracy of the bilinear form (-,-), this element is
uniquely determined. An element of this form is called a quantum unipotent minor.
Moreover, we set

_ —aw! /! o/
Dw)\,w’)\ P (wA=w' A, wA—w’'A) /44+(wA w)\’p)/2Dw)\,w

Ay

where p == Ay 1 € PT. This element is called a normalized quantum unipotent
minor.

APPENDIX B. QUANTUM CLUSTER ALGEBRAS

In this subsection, we briefly review the definition of a quantum cluster algebra
following [2].

B.1. Quantum seed. Let v be an indeterminate with its formal square root v'/2.

Let J be a finite set. For a Z-valued J x J-skew-symmetric matrix A = (Asj); jes, we
define the quantum torus T (A) as the Z[v*!/2]-algebra presented by the set of generators
{X;El | € J} and the relations:

o« X;X; ' =X'X;=1forjeJ,

° XZX] = ’UAinin for 1,] € J.

For a = (aj)jes € Z7, we write

N
a .__ —lzi saja;Ng aj
D G R || P e
jeJ
where we fixed an arbitrary total ordering < of the set J. Note that the resulting

element X% € T (A) is independent from the choice of the total ordering <. Since 7 (A)
is an Ore domain, it is embedded in its skew field of fractions F(7 (A)).
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Let J; C J be a subset and set J, := J \ Je. Let B = (bij)ictjes. be a Z-valued
J x Je-matrix whose principal part (bij)ije. is skew-symmetric. Such a matrix B is
called an exchange matriz.

We say that a pair (A, E) is compatible if we have

> bpilgy=db;; (i€ Je,jE€J)
keJ
for some positive integer d. B
If (A, B) is a compatible pair, the datum ¥ = ((Xj);cs, A, B) is called a quantum
seed. Then the set {X;}je; C F(T(A)) is called the quantum cluster of ¥ and each
element X; is called a quantum cluster variable.

B.2. Mutations. Given a quantum seed ¥ = ((Xj);cJ, A, B) and an element k € J,,
we can associate a new quantum seed py(X) as follows.
Define the J x J-matrix E = (e;)i jes and the Jo x Je-matrix F = (fi;)ijes. by

i if j £k, ij if i £k,
€ij = -1 le:]:k‘, fij =1 —1 le:j:k’,
max (0, —by) if i #j =k, max (0, —b;) ifi=k#j.

In addition, define @’ = (a’;);es and @’ = (a});es by

e =k, [ if i =k,
T | max(0,by,) if i # k, 77 | max(0, —bi) if i # k,
Then the new datum () = ((X})jes, A, B') is given by

X 4 X" if j =k,

A':=ETAE, B =EBF, X|:= -7
X if j # k.

One can show that the datum (X)) actually defines a quantum seed, which is called the
mutation of ¥ in direction k. This operation is involutive, i.e., we have py(ux (X)) = X.

Definition B.1. Let (A, B) be a compatible pair and ¥ = ((Xj)jeJ,A,é) the associ-

ated quantum seed. The quantum cluster algebra .AU(A,E) is the Z[v*!/?]-subalgebra
of the skew field F(7 (A)) generated by all the quantum cluster variables in the quantum
seeds obtained from ¥ by any sequence of mutations.

Theorem B.2 (The quantum Laurent phenomenon [2, Corollary 5.2]). The quantum
cluster algebra A, (A, B) is contained in the quantum torus T (A).
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