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A central limit and Berry-Esseen theorem for

continuous-time Markov processes conditioned not to be
absorbed

William Ocafrain*
31st March 2022

Abstract

This paper aims to establish a central limit and Berry-Esseen-like theorem for Markov
processes conditioned not to be absorbed. First, we prove that a central limit theorem
holds true for the Q-process, under general criteria on its exponential ergodicity. Then, we
prove that the Kolmogorov distance between the conditional distribution of the renormalized
centered empirical mean for the absorbed process and the one for the Q-process decays as
1/Vt.

Key words: Quasi-stationary distribution; Quasi-stationarity; Quasi-ergodic distribution;
Central limit theorem; Berry-Esseen theorem; QQ-process.

Notation

e M;(E): Set of the probability measures defined on E.
e For any p1 € M;(FE) and measurable function f such that fE f(x)p(dx) is well-defined,

u(f) = / F@)n(da).

e For a given positive function ¢, L°°(¢)) is the set of functions f such that f/¢ is
bounded, endowed with the norm

[flleoo ) := 1 /9]l oo-

e For any positive measurable function v, for any u,v € M1(E),

lpw—=vly = sup  [u(f) —v(f)l
[IfllLoo () <1

e For any nonnegative measurable function f and p € M (E) such that p(f) € (0, +00),

f(@)p(dr)

fou(de) = .
(de) u(f)
e Kolmogorov distance: For any u,v € M;(R),

diotm (1, V) := Sup |p((—o00, 2]) — v((—o0, z])|.
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1 Introduction

1.1 Introduction to quasi-stationarity

Let (X¢):>0 be a continuous-time Markov process living on a state space (FU{9},E), where
0 ¢ E is an absorbing state for the process X, which means that X; = 0 conditioned to
{Xs = 90} for all s < ¢, and £ is a o-field associated to the state space E. Denote by
Tp the hitting time of 0 by the process X. We associate to the process X a family of
probability measure (Ps).cpuqo} such that P,[Xo = ] = 1 for any 2 € E U {9}. For any
probability measure u € My (E U {0}), define P, := fEU{B} u(dz)P,, and denote E, and
E, the associated expectations. Moreover, denote by (F:):>0 the natural filtration of the
process X.

In this paper, we assume that the process X admits a quasi-stationary distribution,
defined as a probability measure oo € M7 (E) such that, for all ¢t > 0,

Po[X: € |19 > t] = . (1)

Such a probability measure is also a quasi-limiting distribution, defined as a probability
measure such that there exists a subset D(a) C M1(E), called domain of attraction of o,
such that, for all 4 € D(a) and A € &,
P,[X: € A|lto > ] o a(A).
—00

In particular, if a is a quasi-stationary distribution, o € D(«) by (1). Conversely, we can
show that any quasi-limiting distributions for X satisfy (1) for all ¢ > 0 (see [25, Proposition
1]). In other terms, quasi-stationary and quasi-limiting distributions are equivalent notions.

Denote by Ag := —log(Pa[re > 1]). Then, it is well-known (see [25, Proposition 2] for
example) that, for all ¢ > 0,

Pu[ro > t] = e, V> 0.
A consequence of this property coupled with (1) is that, for all ¢ > 0,
Po[X: € ,19 > t] = e_ADta(~). (2)

Conversely, if a probability measure « satisfies (2) for a given Ao > 0, then « is a quasi-
stationary distribution for the process X. In that respect, the quasi-stationary distributions
for X are exactly the probability left eigenmeasures for the semigroup (P:):>0 defined by

Pif(z) == Ea(f(Xe)Lrp>t),

for all ¢ > 0, f belonging to a Banach space and € E. In what follows, we will use the
notation
uP =P, (Xt € -,79 > t).

Also, we assume that the process X admits a nonnegative function 7 defined on F,
vanishing at 9 and satisfying a(n) = 1, such that, for all z € E and ¢t > 0,

Eo[n(Xt)1rpse] = € 'n(2).

7 is therefore a right eigenfunction for the semigroup (P:)+>0, associated to the eigenvalues
(e7*")ex0.



1.2 The main assumption and the ()-process
The main assumption on this process is the following.

Assumption 1. There exists a function 1 : E — [1,400), such that a(i1) < 400 and
n € L*°(¢1), as well as two constants C,vy > 0 such that, for any p € M1(E) and t > 0,

|2 uP, — p(n)allp, < Cu(ypr)e ™. (3)

This assumption is satisfied under the general criteria Assumption (F) of [8] or Assump-
tion (G) of [10]. In particular, it is shown in [8] that Assumption 1 is satisfied for a lot of
processes such as multidimensional elliptic diffusion processes or processes defined in dis-
crete state space. In particular, we refer the reader to [8, Sections 4 and 5] for examples for
which Assumption 1 holds true. Assumption 1 is also satisfied for general strongly Feller
processes, as shown in [15], and for some degenerate diffusion processes, as studied in [3, 22].
We refer the reader to [7, 14, 29, 2, 27] for alternative criteria ensuring Assumption 1.

We can show that Assumption 1 is equivalent to the following one.

Assumption 2. Denoting E' := {x € E : n(z) > 0}, the family of probability measures
(Qu)ecr defined by

Qu(I) = lim Po(Plro > T), V> 0,YT € F,

is well-defined. Moreover, for allz € E', t >0 and T € F3,

_ erot n(Xy)
@115 (120

Under (Qu)zerr, X is a Markov process on E' admitting B(dx) := n(z)a(dzr) as an invariant
probability measure and, for allt >0 and x € E',

IQ:(X €)= Blly, < CHE e (1)

where C,v > 0 are the same constants as in (3). Moreover, for allx € E', t >0, T >t and
I'e -Ft;

Qu(T) — Pu(Tlro > T)| < c%mw. (5)

Moreover, S(¢1/n) < 4o0.

Since the process X under (Qy),e g’ is a Markov process, the family of operators (Q:):>0
defined by
Quf(x) :=EJ(f(X0)), Vt>0Vaoe E.VfeL>@/n)

where E? is the expectation associated to Q, is a semigroup. In the literature (see for
example [8, Theorem 2.7]), the Markov process associated to this semigroup is called the
Q-process.
One has more precisely that Assumption 1 implies Assumption 2 and that the property
(4) implies Assumption 1. In particular, Assumption 1 (equivalently Assumption 2) is sat-
isfied when the Q-process satisfies the assumptions 1 and 2 in [17]. Moreover, the inequality
(4) implies, since n € L>°(z)1), the existence of a constant C > 0 such that, for all z € E’
and t > 0,
16.Q0 ~ Bllzv < 02 (©)
n(x)
where || - ||rv denotes the total variation norm.



1.3 The main result

A consequence of (5) (see for example [9] for a proof of this statement) is that

E, [1 / F(x)ds

for all bounded measurable function f and p € M (FE) satisfying p(1)1) < +oo and p(n) > 0.
A probability measure 3 satisfying (7) is called a quasi-ergodic distribution.

The aim of this paper is to prove a central limit and Berry-Esseen-like theorem for
processes satisfying Assumption 1, conditioned not to be absorbed up to the time ¢. Existing
results stating a conditional central limit theorem for absorbing discrete-time Markov chains
can be found in [11, 24, 1, 28, 4, 18]. In particular, in [11, Section 3.6], it is stated that, for
any Markov chain (X,)nez, defined on a finite state space £ U {0} (absorbed at 9) whose
the matrix (P;(X1 = j))s,jeE is irreducible and aperiodic, one has that, for all function f
such that B(f) = 0, the limit

Ty > n)

n 2
2 _ .o 1
6% := lim ~E, ((Z f(Xk)>
k=0
‘| /y : :
To>n| = e 202 dzx,
oo V2162

is well-defined. If moreover 6% # 0, one obtains
for all y € R. Up to my knowledge, there does not exist any results on a Berry-Esseen-like
theorem associated to these conditional central limit theorems.

The main result of this paper is then the following.

1] 600 )

. 1
lim P, [\/ﬁ ;;‘(Xk) <y

Theorem 1. Assume that the process (Xi)i>o satisfies Assumption 1 (or equivalently As-
sumption 2).
Then,
e for all f € L™(1g) such that 07 > 0 and p € My (E) such that (1) < 400 and
w(m) >0,

1 t
P. <\/Z [t / f(Xs)dsﬁ(f)] c.

To >t) AN /\/(0,0%),
t—+oo :

where w refers to the weak convergence of measures, where ./\/'(O,UJ%) refers to the
centered Gaussian variable of variance

of =2 / Cov(f(Xo) f(X.))ds, (8)

where Cov(g refers to the covariance with respect to the probability measure Qg :=
fE’ ﬂ(dx)(@z

e Moreover, there exists C > 0 (different from the constant stated in Assumptions 1 and
2) such that, for all f € L=°(1g) such that B(f) =0, t >0 and p € M1(E) such that

p(th1) < 400 and p(n) > 0,
L[ L[ Cu()/n(n)
dKolm <]Pp, (\/Z/O f(XS)dS € - |Ts > t) ;Qno,u, (\/E/(; f(Xs)ds>) S T()
9




In particular, (4) implies that a? < 400 for any f bounded by 1, since, assuming without
loss of generality that 8(f) =0, for all k > 0,

[ES(f(Xo)f(Xi)| = [EZ(f (X0)EX, (f (Xk))| < CB(/m)e™ " (10)
Hence, by (9), there exists a Berry-Esseen theorem for the conditional probability meas-
ure P, (% fot f(Xs)ds € ~"Ta > t) if and only if a Berry-Esseen theorem holds true for the

Q-process. However, the technique of the moments, which is used in this paper, does not
allow to prove a Berry-Esseen theorem for the Q-process satisfying Assumption 2. We refer
then the reader to [23, 19, 5, 26] for Berry-Esseen-like theorems on discrete or continuous-
time Markov processes. In particular, Theorem 1 and [23, Theorem 1.5] imply the following
corollary.

Corollary 1. Assume that the process (Xi)i>o0 satisfies Assumption 1 (or equivalently As-
sumption 2) and that the Q-process is reversible and admits a spectral gap.
Then there exists C > 0 such that, for all f € L°°(1g) such that 8(f) =0 and O’? > 0,

t >0 and p < « such that p(yr) < 400, pu(n) > 0 and fE (Z—Z(w))Z n(z)a(dr) < +oo,

dKotm (Pu (\i{/ f(Xs)dS (S
0

2
< Sy Ly [ (@) nwani=]).
Vi \ um)  opm)\ Jp \do o5

This paper is only interested in processes conditioned not to be absorbed by absorbing
states. Nevertheless, the following proofs can be adapted to general non-conservative semig-
roups satisfying Assumption 1. Some examples of such semigroups have been studied in
[14, 2, 10, 30].

Theorem 1 will be proved at the last section. To prove it, we first need to show a central
limit theorem for the @Q-process satisfying (4). In particular, up to my knowledge, the papers
dealing with central limit theorems for Markov processes require stronger hypotheses than
(4). This central limit theorem allows then to conclude to a useful lemma, stated and proved
in Section 3.

To > t) ,N(O,a?))

2 Central limit theorem for the ()-process

This first section aims to establish a central limit theorem for the Q-process. In the literature,
central limit theorems for continuous-time Markov processes have been established in [20,
6, 23]. In particular, the papers [20, 6] made use of central limit theorems for martingales;
the paper [23] used the Kato’s theory applied to analytically perturbed operators.

In this paper, a central limit theorem will be proved for the @Q-process studying the
convergence of the moments of % f(f f(Xs)ds, for bounded functions f such that S(f) =0

and 012« > 0. Up to my knowledge, this method to establish a central limit theorem for
Markov processes is new and allows to weaken the needed assumptions on the ergodicity
of the Q-process. In particular, we will show that the only hypothesis (4) allows to obtain
a central limit theorem for the @-process. However, this method is difficult to apply for
discrete-time processes; we refer to [13, 12, 21, 16] for central limit theorems for discrete-
time Markov chains.
In all what follows, for simplicity, we denote By (F) the set of the bounded by 1 measurable
functions defined over E, and we define for all z € E’
P(z) = L(x)
n(x)

In this section, the following theorem will be proved.



Theorem~2. Under Assumption 1 (or equivalenty Assumption 2), there exists two positive
constants C and C1 such that, for allk € Z4+, u € M1 (E") such that u(y)) < +oo, f € Bi(E")
such that B(f) =0 and t > 0,

E2 <tlk (/tf(Xs)dS) )- (25)!‘;—26 <o,k __pW) (11)
0 !

S I TR
+ 2k+1
Jlim E2 (tkl\/i (/ f(XS)ds> ) =0.

In particular, for all p € M1(E') such that p()) < +oo and f € Bi(E') such that B3(f) =0

and O’? >0,
1/ w
Qu <\/E./o f(Xs)ds € ) T N(0,0).

Before proving Theorem 2, we need to prove the following lemmata.

and

Lemma 1. Denoting
~ 2C 2C
¢ 1= 220 Koy v 1+ o),
where C and v are the constants implied in (4), for all f € B1(E') such that B8(f) =0 and

JJ% >0, forallk e N, p € M1(E’) and 52 < ... < so,

E; <[/ : f(XSI)dsl] f(Xsy) .o U 2k f(Xml)dS%_ll f(XsZk)> - ‘%

k—1

< CHu() Y (saqern) — sai + Ve 200, (12)

=0

where so = 0 by convention.

Proof. We prove it by induction on k. We begin by showing the case & = 1. For all
w€ Mi(E") and f € Bi(E') and ¢t > 0,

ES ([ / (Xu)ds

f(Xt)> _ / ES(F(X.)(X))ds

=/ Epo, , (f(Xo0)f(X.))ds, (13)

where we recall that (Q¢):>0 is the semigroup for the Q-process. By (6), for all z € E’ and
f € Bi(E") such that B3(f) =0,
ES(f(X0) £(X:))] < EZ(IES, (f(X:))]) < Cop(x)e .

Hence, by (13), (4) and this last inequality, for all ¢ > 0, u € M1 (E’) such that p(y)) < +oo
and f € Bi(E') such that 8(f) =0,

Eg <|:/ f(Xs)dS:| f(Xt)> 7/ ]Eg(f(X())f(Xs))dS < Cu(d;)/ ei’Y(tiS)HEQ(f(XO)f(Xs))HLOO(w)dS

t
SCu(z/))/ e T Ce s
0

< C?u(y)te " (14)



Moreover, since B(f) = 0, by (10), for all ¢ > 0,

/ EZ(f(Xo)f(X.))ds

< / " epeds < %(w)e*“. (15)

Hence, by the definition of C' > 0 in the statement of the lemma,

5 (| [ v o) - 7

This concludes the base case.

Let £ —1 € N be such that the hypothesis of induction is satisfied. Then, by the Markov
property,

< Cu(W)(t+1)e ",

]E(S (/ 2 f(Xs1)d81f(X52).../ 2k f(XSle)dSQk_lf(stk)>
0 52k —2

= E% (/ (X )dslf(XSQ)Egsz (/ f(Xsz—s)dsaf(Xey—ss) - - / f(XSleSz)ds?k—lf(XSMS?)))
0 s2 S2k—2

= E2 ( | i, ( [ sy [T f(Xmst%_lf(Xm_@)))
0 0 S2k—2—S2

(16)
By hypothesis, for all so < s4... < s,
o S4—52 So) —S2 U;k_Q
IEXSZ / F(Xsz—sy)ds3f(Xsy—sz) - / f(Xsgoy)dsan—1f(Xsgy—s2) | — ok—1
0 S2k—2—52
k—1
< CFh(X,) 252(52(i+1) — s2i 4+ 1)e 12407520 - (17)
i=1
Moreover, since 8(f) = 0, for all up € M1(E’), for all s > 0,
of [ ¢
Ey </ f(Xs)de(st)dJ(st)) < ;(1 + BY))u(¥), (18)
0

where C is the constant implied in (4). As a matter of fact, for all t > 0, u € M1(E’) and
fr9 € L=(9),

/ EQ [£(X.)g(Xe)] ds — / E2 [£(X.)Ex. (g(Xo_1)] ds.

Thus, by (4), for all t > 0, up € M1(E’), f € Bi(E’') and g € L*=(¢),

/ ES [£(X.)g(X,)]ds — / ES [£(X.)] B(g)ds

t
< Cllgllimo) / p()e " ds
0

C
< 5 lgllee oy ():

Moreover, again by (4), for all ¢ > 0, u € M1 (E’) and f € B1(E') such that 8(f) =0,

/ Ep [f(Xs)] ds

K C
< Culw) / e s < S )
o v



These two last inequalities applied to g = f x 9 imply (18).
Hence, by (16), (17) and (18),

82 Sok 2(k—1)
ES (/ F(Xsy)ds1 f(Xs,) - / f(szl)dSlef(XSQk)> - 02k 1 EQ (/ f(Xsy)ds1f( 52))‘
0 Sok—2
k
<c*

1 s2
k1 2(82(i+1) — Soi + 1)6*"/(32(1'4»1)*321)1}29 (/ f(XS)dsf(st)l/)(X52)>
0

k—1
~u_1C i (Sri i\ — 0
<C* 1;(1 + B(Y)) () Z(SZ(H-I) — s + 1)e 726+ 7020,
=1
This and the case k = 1 conclude the induction. O

We need also the following lemma.
Lemma 2. For all k € N, there exists Cy, € (0,400) such that, for t > 1,
k-1
/ Z(Sz<i+1> — S2; + 1)677(52“*1)7521‘)(182 Loodsop < thkil. (19)
0<s2...<spp, <t ;o
Proof. We prove (19) by induction on k. The case k = 1 can easily be obtained by the

reader for a given constant C; > 0. Now, assume that (19) holds true for £k — 1 € N. For all
t>0,

k—1
E / (S2i41) — S2i + 1)6_7(S2<i+1>_52")d52 ...dsog
i—0 Y 0<s2<...<spp <t
k—2
= / E (82(i+1) — 8S2; + 1)677(82“*1)7827")6182 . dSQk;
0<s2<...<so <t ;_

+ / (s2k — S2k—1 + 1)67’”82’“732]“71)(152 ...dsok
0<s2<... <59 <t
t k—2
= / [/ Z(sg(i+1) — S2; + 1)677(52”*1)752")(152 .. d82(i—1)‘| dssk
0 0<s2<...<so(p—1)SS2k =0

+/ (s2 — Sa(k_1) + 1)e Y257520-0) dgy . dsay,.  (20)
0<52<... <89 <t

By hypothesis, for all ¢ > 0,

t k—2 t k—1
(8o s —80s _ t
/ [/ E (52(i+1) — sa)e v(s23i41) 21>d52 . ,,dSQ(i_l)‘| dsop < / Ck—w;“k QdSQk = Ck_lm.
0 0 0

<825 SSo(k—1) 82k =0

For all ¢ > 0, the second term of (20) is equal to

/ (826 — S2(k—1) + 1)e 7 (s2k=%20-1) / dsa...dsy_2) | dsarp—1ds2k
0<sg(p—1)<s2p<t 0<s2<...<sgp_1

_ rk
= (s—r+1)e 7™ drds
/0<7’<s<t (k )




where C1 < 400 is exactly the same constant as for the case kK = 1. Hence, (19) is proved

% + ﬁ By induction, for all k& > 2,

Gy C1
R T ST (s

with Cy satisfying the relation Cy =

We can now prove Theorem 2.

Proof of Theorem 2. We begin by the convergence of the even moment. For all u € My (E’),
t>0, fe€Bi(E) and k € N,

E] (( / t f(Xs)dS) )

:(%)g/ /// EQ(f (X )f (Xen) oo+ f(Xage ) (Xai))dsi ... dsap.
0<s2<...<s9, <t JO 52 Sok—2
(21)

Then, assuming moreover that 3(f) = 0, by (21),(12) and (19),

t 2k 2k
EQ <</ f(Xs)ds) ) -G

which implies (11). Now, for all u € M(E’), t > 0, k € Z+ and f € Bi(E’) such that
B(f) =0,

ES ((/Ot f(XS)ds) 2k+1>
= (2k + 1)!/; ES (f(Xs)]E%S VMS%“KS%HQJ(XSQ) o F(X gy )dsa . ..ds%HD ds
= (2k + 1)/; E2 (f(XS)EgS ((/Ot f(Xu)du> %)) N
= (2k + 1)/; E2 (f(Xt_s)E?;t_s ((/0 f(Xu)du) 2k>> ds.

By (22) and using that EZ[p(X,—)] < (B(6)nlluee(w) + C)(®) for all i € My (E') and
s <t (this is a consequence of (4)), there exists C' > 0 such that

< O (W) x Cut* ™, (22)

¢ 2kt 2% + 1) o2k [t k(2K + 1 tk
ES (( | o) ) - BEEDE [ B iy a < croRB D )
(23)

Since B(f) = 0, by (4), for all p € M1(E’) and s < t,
IEZ[f(Xe—o)]| < Cu(p)e 7. (24)

Forallt > 0and k€ Z4,

1 /t k_—~(t—s) e /t k e /t 1
s'e ds=——~ [ s€’ds< e’¥ds < ——. (25)
thr% 0 tk+1/2 0 \/z 0 ’Y\/Z’




We deduce from (23), (24) and (25) that there exists C' > 0 (different, from the previous one)
such that, for all 4 € M1 (E’) such that u(¢)) < +oo and f € Bi(E’) such that B(f) =

o (([ o))

The central limit theorem for the Q-process is deduced from Lévy’s continuity theorem. [J

A1) W+ 1] (o)
PR T Vi

<Ckxé[( (26)

3 A useful lemma for Theorem 1

The aim of this section is to prove the following result, which can be seen as an improved
central limit theorem for the Q-process.

Lemma 3. Assume Assumption 1 (or equivalently Assumption 2). Then, for all p €
My (E'") such that p(y1/n) < oo, f € Bi(E') such that B(f) =0 and o7 > 0 (as defined in
(8)), and w € R,

=0, (27)

lim sup
£=00 el ():[|gllro0 (1) <1

EJ [ef e ”“g(Xtﬂ—ﬁ(g)e— g

where we recall that, for all v € E’,

Proof of Lemma 3. For all u € M1(E’), f € B(E') such that 8(f) =0,t >0, k € Z; and
g € L=(¥),

t s k—1
=k / EQQ f(xu>du} f(XgE?é,q(g(xu))) ds.

Hence, for all p € My(E"), t >0, f € B1(E’) such that 8(f) =0, k € Z+ and g € L (%),

@<( / f(Xs)dS) g(Xt)> —B(g)E9<( / f(Xs)ds> )
t s k—1
—k / EQ <( / f(Xu)du> FX)ES (9(Xo_s)) - mg)]) ds.

iw [t
Thus, using that eVt fo FiXe)ds _ k o tk/z f f(X k for all t > 0, w € R, and
f € Bi(E') such that B(f) = 0, then, using the above equahty, for all p € M1(E") and

10



g € L= (),

EO (6:.72 I f(Xs)dsg(Xt)) ~ B(g)E2 (ef}% fotf(Xs)dS>
= w1 ¢ k t k
= w1 Jge 5 ) - 0 .
_g (ﬁ) k! {IEM <(/0 f(X)d ) g(X )) B(9)E;: ((/0 f(X.)d ) >}
= iw\" 1 ¢ k t k
_ E%(Q(Xt))—ﬁ(g)-F; <t> o {ES ((/ f(Xs)ds> g(Xt)> — B(g)EZ ((/0 f(XS)ds> >}

W

il

y (4) one has, for all 4 € M;(E"), Q,-almost surely and for all s <t and g € L> (),

E%. (9(X:—s)) — Blg)] < CIIQHLMW%&W*S),

= E2(g(X1)) - Blg) + —= EQ (eff Jixds ¢ (X»[E?;S(g(th))—ﬂ(g)]) ds.

Thus, for all p € M1 (E'), t >0, w € R, g € L=(¢)) and f € B1(E') such that B(f) =0,

o [t i [t )
E‘S <eﬁ fo f(Xs)dsg(Xt)) f,B(g)]E(S (eﬂfo F(Xo)d >‘

e Cllglliew [* s
< Cu)lgllue e + == | OB (X.))ds.
0

This inequality and Theorem 2 implies (27) and concludes the proof. O

4 Proof of Theorem 1

We can now prove Theorem 1. The first result presented in the statement of this theorem is
a natural consequence of (9) and Theorem 2. We focus therefore on proving the inequality

(9).
For all u € My(E), t > 0and f € B1(E), g € L(¢1) and k € N,

([ o

Ty > t) = k!/ Eu(f(Xe)f(Xss) - f(Xsp)g(Xe) o > t)dsy ... dsg
= k!/ E, <[/ F(Xsy) oo f(Xsp_y)dst. ..dsk1] F(X)g(Xe)|Te > t) ds
o -
= k/ E. <|:/ f(Xu)du:| f(Xs)g(Xe) |10 > t) ds
=k / ROSTR ([ / F(x ] f(Xs)Exs(g(Xts)ﬂfa>ts)176>s> ds.

For all s <t, € Mi(E), g € L>(¢1) and = € E, denote

Chg(s,t,z) = 1) e s>{E(9§Pth)L@>ts) €>‘°5?7(:E)oz(g)}.

Aos -

w(T0 > t) w(n)

11



By triangular inequality, for all s <t and =z € F,

1) e—s) [ |Balg(Xis)lrpysis] e U n(x)a(g)
[Cungls, )] < e {‘ Po(ro > 1) P (o > )

e In(@)alg)  en(@)alg)
+ — . (28)
Pu(ro > 1) ()
By (3),
() (o) | Belg(Xes)Lrymims] e 2" In(a)alg) | _ e !
ros Pu(1o > t) Pu(1a > t) < Cllglhsony i @nl) Pu(ro > 1)
Again by (3),
e 'Po(ro > 1) > u(n) — Cu(yr)e ™
Hence, for all t > % log (M),
v w(m)
) _ 1
AR, (r5 > 1) © 1 R
<1+ 20“(%) <o,
p(n)
For the second part of the right-hand side of the inequality (28),
—Xo(t—s) Aos
H(U) e'y(tfs) € 77(35)01(9) _ € 77(35)04(9) _ n(x)a(g)e'y(tfs) M(U) 1
eros P, (7'8 > t) /J,(n) eAOtP#(Ta > t)

< Cn(x)a(g)e_w%

(1)
<Cn C
AT
Hence, these inequalities and (28) imply the existence of a constant C’ > 0 such that, for
all s <t such that ¢ > %log (%ﬁ;l)) and x € F,

1Crug (5,1, 2)] < C gl cony [ww) + ‘L(gf;))nm] . (20)

Thus, for all p € M1 (E), f € B1(E) such that 8(f) =0, g € L>(¢1), k € Nand ¢t > 0,

M({/Otf(Xs)ds}kg(Xt)Ta>t>— W([/f ] )
=k x e*vt/ eTEY,, ((/ FX ) B f(XS)i?}?Ej’t’XS)) ds.

By an inequality presented in [23, Section 3], for all 4 € M1 (E), t > 0, f € B1(E) such that
B(f) =0and z € R, and for W > 0,

1/ 1 [
— f(Xs)ds < z|19 > t) — Quo (/ f(Xs)ds < x)‘
I3 <\/i_/0 nop \ﬂ o
iw t . dw ¢ S
1 W R, (¥ IR f(xsmélm > 1) _ng(eﬂfo F(Xa)d )‘d 01 “
< w + - (30)
T ) w |w] m/TW

12



Similarly to the proof of Lemma 3, for all ¢ > %log (%), w€ER, p€ Mi(F)and f
such that 5(f) =0

iw t
E, (ef x| t) KO, [eﬁ N f(Xs)ds:|

:kio‘:(f;‘%)k;!{]EM<[/Otf(Xs)dsrTa>t> W([/f D}

_ S kak 1 —t vsmpQ 1f(XS)C 11E(S7t7XS)
=S wr e / E((/ 7(x ) et >ds

t
_ u XS)C 1 (S th)
—e 'yt/ Vs Z“JEQO ( f f(Xu)d f( M LB\ ™ )ds 31

o VET" n(Xs) 31

By (29), the family of functions (f(-)Cu,1(s,t, 1 (2cu(¢1)) < is uniformly
5 w(n)

upper-bounded in L*°(%)), as soon as u(y1) < +oo and u( ) > 0. Under these conditions,

Theorem 3 implies that

| \/

Uzwz

) —alf X Cty(s,t,))e” "2

E;Q;o‘u, (e\l;% fO f(Xu)du f(XS)CH,]lE(57t7 XS)
n(Xs)

s—00,t>s

Moreover, by (29), one has for all s > 0,

limsup [a(f x Cp 1y (5,1, )] < C'a(wn) + ¢ B

Thus, by triangular inequality,

¢
dw ° U Xs ata XS
lim sup ef“’t/ VSESW evs fo 1xwdu f(Xs)Cu1g (5 ) ds
t—o00 0 n(XS)
t o2w? 1 ( ) a?wz
< lim sup 67“/ e’ la(f X Cuag(s,t,))e "2 |ds < = (C'a(wl) +c'k V1 > e "7 .
t— o0 0 'Y #(77)

(32)

Thus, using (30), (31) and (32),

1 [ 1 [*
P, — fXSds<xTa>t>—Qo </fXSds<m)‘
(s [ o (25 [ 10
<! /W Craln) + Oy f?;zd T
—_— e w —_—.
I C N Vi m/TW

This proves Theorem 1.
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