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Exact boundary controllability of 1D semilinear wave equations

through a constructive approach

Kuntal Bhandari * Jérome Lemoine T Arnaud Miinch *

March 6, 2022

Dedicated to the memory of Roland Glowinski

Abstract

The exact boundary controllability of the semilinear wave equation Yyt — Yoz + f(y) = 0,
z € (0,1) assuming that f is locally Lipschitz continuous and satisfies the growth condition
limsupy,_ o [f(7)]/(Ir[In” |r|) < B for some B small enough and p = 2 has been obtained by
Zuazua in 1993. The proof based on a non constructive fixed point arguments makes use of precise
estimates of the observability constant for a linearized wave equation. Under the above asymptotic
assumption with p = 3/2, by introducing a different fixed point application, we present a simpler
proof of the exact boundary controllability which is not based on the cost of observability of the
wave equation with respect to potentials. Then, assuming that f is locally Lipschitz continuous
and satisfies the growth condition limsupy, . lf'(r)]/In®/? |r| < B for some B small enough,
we show that the above fixed point application is contracting yielding a constructive method to
approximate the controls for the semilinear equation. Numerical experiments illustrate the results.
The results can be extended to the multi-dimensional case and for nonlinearities involving the
gradient of the solution.

AMS Classifications: 35L71, 93B05.
Keywords: Semilinear wave equation, Exact boundary controllability, Carleman estimates, Fixed
point.

1 Introduction and main results

Let © := (0,1) and let T > 0. We set Qp := Q2 x (0,T). We consider the semilinear 1D wave equation

Yit — Yoo + f(y) =0 in Qr,
y(0> ) =0, y(L )=v in (0,7), (1)
(y('vo)vyt('vo)) = (anul) in Q,

where (ug,u1) € V := H}(Q) x L?() is a given initial state, v € H}(0,7) is a control function and
f € C°(R) is a nonlinear function such that |f(r)| < C(1 + |r|)In*(2 + |r|) for every r € R and some
C > 0. Then, (1) admits a unique weak solution in C°([0, T]; H(Q)) x C*([0, T]; L?(2)) (see [CHS0]).

The system is said to be ezactly controllable at time T > 0 if for any initial state (ug,u1) € V
and target data (29,21) € V, there exists a control function v € H{(0,T) such that the associated
solution to satisfies (y(-,T),y:(-,T)) = (z0,21). The controllability time T > 0 needs to be large
enough in view of the finite speed of propagation of the solutions.
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Literature - The exact controllability for the linear wave equations is by now well-understood, see
for instance the pioneer works by D. L. Russell, [Rus78|, J.-L. Lions, [Lio88al [Lio88b], J. Lagnese &
J.-L. Lions [LL8§]; we also refer [BLR92].

The first work concerning the controllability of finite dimensional nonlinear wave equations has been
done by Markus [Mar65] by the way of an implicit function theorem. Later on, this approach has been
adapted for the local exact controllability of nonlinear wave equations by Chewning [Che76], Fattorini
[Fat75]. Global exact distributed controllability for the semilinear wave equations in any space dimen-
sion has first been obtained by E. Zuazua [Zua88bl [Zua88al, [Zua90] assuming that the nonlinear func-
tions are globally Lipschitz and asymptotically linear, i.e. assuming that limsup),|_,. |f(r)[/|r| < oco.
For the boundary controllability case, this asymptotic assumption has been removed in [Zua91] in the
framework of the HUM method introduced by Lions coupled with a fixed point argument.

Theorem 1. [Zua91, Theorem 2.1] Assume that T > 2. Then, for every globally Lipschitz continuous
function f such that f' € L(R) and v € (0,1), v # %, the system is exactly controllable in
HJ(0,1) x H'=1(0,1) with a control v € H(0,T).

Later on, this result (actually proved in a multidimensional situation) was recovered by I. Lasiecka
and R. Triggiani, [LT91], using a global inversion theorem. The authors improved some regularity of
their boundary control still assuming globally Lipschitz nonlinearity.

Then, in the framework of the distributed controllability with a control support w C (0, 1), the
assumption f’ € L*°(R) has been relaxed by Zuazua.

Theorem 2. [Zua93, Theorem 1] Letw = (I1,l2) with0 < l; < ly < 1. Assume thatT > 2max{l;,1—
o}, that f is locally Lipschitz continuous and satisfies

(H1) thUp\T\_)oo M <B

7] InZ |r|
for some B small enough depending only on w and T. Then, for any (ug,u1), (20,21) € V, the system

yttfyacx“i’f():vlw in Qr,
y(0,-) =y(1,-)=0 in (0,7), (2)
(y(0,-),4(0,-)) = (uo, u1) in Q,

is exactly controllable with control in L*(w x (0,T)): there exists v € L*(w x (0,T)) such that
(y('7T)’yt("T)) - (ZO,ZI)'

Here and in the sequel, we note

o 0if r| < 1
ng |r| =
- In|r| else.

Moreover, it is proved in [Zua93l Theorem 2] that, if f behaves like —sIn(|s|) with p > 2 as
|s] = 400, then the system is not exactly controllable in any time T > 0, due to an uncontrollable
blow-up phenomenon. Theorem (1| has been slightly improved in [CKL02|, weakening the condition

into

-2
lim sup ‘/ fir'ydr’ |r|H]nk] er + 17 ) < +00

|r| =400

where In/" denotes the k" iterate of In and e, > 0 is such that In*(¢;) = 1. This growth condition
is optimal since the solution of may blow up whenever f grows faster at infinity and has the
bad sign. The multi-dimensional case in which Q is a bounded domain of R%, d > 1, with a C'!
boundary has been addressed in [LZ00]; assuming that the support w of the control function is a
neighborhood of 90 and that T' > diam(Q\w), the exact controllability of is proved under the




growth condition limsupy,|_, 4 ‘ ‘lf(r)l < f for some [ small enough. For control domains w
T

n'/? |r
satisfying the classical multiplier asstlp‘lion (see [Lio88b]), exact controllability has been proved in
[Zha00] assuming that f is globally Lipschitz continuous. We also mention [CT06] where a positive
boundary controllability result is proved for steady-state initial and final data and for T large enough
by a quasi-static deformation approach. We also mention the work [DLZ03] by B. Dehman, G. Lebeau
and E. Zuazua which is concerned with the controllability and stabilizability of some subcritical
semilinear wave equations in ' C R3. Assuming that the nonlinearity f € C3(R) satisfies

F0)=0, rf(r)=0, [fOr)<CA+|r)P7, j=1,2,3 1<p<5

the exact internal controllability of the semilinear wave equations at time 7' := T'(ug,u1) > 0 that
depends on the size of the initial data (ug,u;) € HE (') x L?(€Y'). See also [DL09] achieving the same
result in a uniform time under smallness assumption on the initial data. The sign condition has been
weakened in [JI.14] to an asymptotic sign assumption leading to a semi-global internal controllability
result in the sense that the target data is prescribed in a precise subset of Hg(Q') x L2(Q) .

The above results devoted to internal controllability, notably Theorem 2} can be employed together
with the domain extension method to get indirectly boundary controllability results for system of
interest in the present work.

The proof of Theorem [2]is based on a Leray Schauder fixed point argument applies to the operator
A L®(Qr) — L>®(Qr), where y := A(z) is a controlled solution with the control function v of the
linear boundary value problem

~

Yt — Yox + f(2)y = —f(0) + vl in Qr, ~ f(r) = £(0) 0
y(oa ) = y(la ) =0 in (O7T)> f(?“) = , r ) (3)
(- 0),4:(-,0)) = (ug, ur) in Q, £ ifr=0

satisfying (y(-,T), y:(-,T)) = (20, 21). The stability of the operator A in L*°(Qr) is based on a precise
estimate of the cost of the control v in term of the potential f and data (ug,u1), (20, 21).

Objective - The general goal addressed in this work is the approximation of the controllability
problem associated with , that is to construct an explicit sequence (yg, vk )ken converging strongly
toward a control-state pair solution (y,v) for . Although almost sharp with respect to the nonlin-
earity, Theorem [2| is not constructive as it does not provide any convergent sequences (y)ren t0 a
fixed point of A, i.e. to a controlled solution y of . This is due to the fact that the operator A is
not contracting in general.

Assuming slightly stronger assumptions on f, a constructive convergent sequence has been pro-
posed by the third author and E. Trélat in [MT22] using a least-squares approach coupled with a
Newton type linearization.

Theorem 3. [MT22, Theorem 2.8] Let w = (l1,l3) with 0 < I3 < la < 1. Assume that T >
2max{l1,1 —la} and that f € C1(R) satisfies

(HY) 3a>0, st |f'(r)] <a+Blni|r|, ¥reR
or some 3 > 0 small enough depending only on w and T and
g g Y

/ o
(Hp) 3p € (0,1] such that sup [f(a) = £ )]
a(;z;im |a - b|p

< 400

Then, for any (ug,u1), (20,21) € V, one can construct a sequence (yx,Vr)ken converging strongly to
a controlled pair for satisfying (y(-,T),y:(-,T)) = (20,21). Moreover, after a finite number of
iterations, the convergence is of order at least 1 + p.




The hypothesis on f are stronger here than in Theorem it should be noted however that the

function f(r) = a+br+prin(1+|r)%, a,b € R which is somehow the limit case in satisfies
and (H;). On the other hand, Theorem (3 is constructive, contrary to Theorem |1} The construction

makes appear the operator Aq : L>®(Qr) — L (Qr) where y := A;(2) is a controlled solution with
the control function v of the linear boundary value problem

Yt — Yoo + [ (2)y = vl + f(2)2 = f(2)  inQr,
y(ov ) = y(L ) =0 in (O7T)a (4)
(y(+0),9:(-,0)) = (

Theorem (3| is extended to a multidimensional case, i.e. @ C R? with d < 3 in [BLM21] under the
same condition on f except that the exponent 2 in is replaced by an exponent 1/2.

Ug, U1 ) in Q.

Main result of the present work - In this paper, we prove the following result, directly in the
framework of the boundary controllability.

Theorem 4. Assume T > 2. Let s > 0 large enough.
o There exists B* > 0 such that if f € C°(R) satisfies
(Hz) Jou,as >0, st [f(r)] <ay +|r] (a2 + B3/ |r|) , VreR
then system is exactly controllable at time T for initial data in V with controls in H}(0,T).
o There exists B* > 0 such that if f € C1(R) satisfies
(Hy) 3a>0, st [f/(r)| <a+p |, vreR

then, for any initial state (uo,u1) and final state (20,21) i V, one can construct a se-
quence (yr,vk)ken+ that converges strongly to a controlled pair (y,v) in (C°([0,T]; H*(€2)) N
CH([0,T); L*(2))) x H{(0,T) for the system (I]). Moreover, the convergence of (yx,vi) holds at
least with a linear rate for the norm ||p(s) - || L2(@r) + lP1(8) - [|z2(0,1) where p, p1 are defined in
and s is chosen sufficiently large depending on ||(uo,u1)||v and ||(z0,21)||v -

To our knowledge, this result is the first proposing a constructive approximation of boundary controls
for the semilinear wave equation without the assumption that f is globally Lipschitz. Under smallness
assumptions on the data, we mention the recent works [CCCR21] and [NZWEFT9).

Concerning the first part of the theorem, if we compare with Theorem [2| (leading indirectly to
boundary controllability result by the extension method), the assumption on the asymptotic behavior
of f is slightly stronger with an exponent % instead of 2. This is due to the fact the method in [Zua93]
based on explicit computation (using the d’Alembert formula) is genuinely one dimensional, while the
present work is based on Carleman estimates valid in any space dimension. On the other hand, this
first part relaxed the regularity assumption to f € C°(R) instead of f locally Lipschitz continuous.
Moreover, this first part of Theorem [ differs from Theorem [2] on the functional spaces as it is based
on a different fixed point application leading to a simpler proof. In particular, it is not based on the
analysis of the cost of observability of the wave equation with potential. Concerning the second part of
the theorem, it relaxes the Hélder assumption (Hp) on f/ but still leads to a constructive method. As
we shall see, this is related to an appropriate choice of the parameter s related to the norm of the initial
condition. Again, to our knowledge, this is the first result leading to a convergent approximation of
boundary controls for superlinear nonlinearities without smallness assumption notably on the initial
condition and target (contrary to the recent works [CCCR21] and [NZWF19]).

Theorem is obtained by adapting the recent work [ELM21] devoted to a semilinear heat equation.
We introduce the following linearized controllability problem: for 7 in a suitable class Cr(s) depending




on a free parameter s > 1, find the control v such that the solution y of

Ytt — Yz = 7f(§) in QT7
y(o, ) =0, y(L ) =v in (O’T)v (5)
(y('70>7yt(" 0)) = (UO’ ul) in 0,

satisfies (y(-,T),y:(-,T)) = (20,21) in Q, and (y,v) corresponds to the minimizer of a functional J,
depending on s and involving Carleman weight functions (see Remark .

This will define an operator As : § — y from some suitable class Cg(s) into itself, on which
we can use fixed point theorems for s sufficiently large depending on [|ugl| 1 (q), namely Schauder
fixed point theorem for the first item of Theorem [ and Banach-Picard fixed point theorem for the
second item, allowing to exhibit a simple sequence of convergent approximations of the control and
controlled trajectory. The analysis of the fixed point operator is based on Carleman estimates as they
allow to get precise estimates on the control and controlled trajectories in term of the parameter s.
Choosing the Carleman parameter large allows to limit the influence of lowers order terms and get
suitable contracting properties. Such tricks have already been used in the context of inverse problems
reformulated through a least-squares functional in [BDBE13] and [KKNS17].

With respect to the heat equation considered in [ELM21l [LM22], the Carleman weights are not
singular with respect to the time variable, avoiding technicalities. On the other hand, the regularity
issue is more delicate for the hyperbolic case which does not enjoys regularizing property. This is a
fortiori true for boundary control : precisely, in order to get L> estimate for the controlled trajectories
solution of , the boundary control v needs to be more regular than L2(0,T). Hopefully, it turns
out that the optimal state-control pair for the functional Js (see Remark involving L? norms enjoys
suitable regularity property as soon as the initial and final data belongs to V' and satisfy compatibility
condition at x = 0 and z = 1. This point is crucial in our analysis.

Outline - The paper is organized as follows. In Section [2] we derive a controllability result for the
linear wave equation with precise estimates in term of the right hand side, the initial data and the
Carleman parameter s large enough. In particular, we prove that the optimal control for the L%(0,7)
norm belongs actually to H'(0,T): this result stated in Theorem |7]is proven in Appendix [Al Then,
in Section |3 we prove, for any time 71" > 2 the uniform null controllability of assuming that f is
continuous and satisfies the condition Then in Section assuming that f’ is continuous and
satisfies the condition we show that the operator Ay is contracting, yielding the convergence of
the Picard iterates yr4+1 = As(yg). Section [5| illustrates the result with some numerical experiments
while Section [0 concludes with some remarks.

Notations. In this article, C' denote generic constants depending on 2 and 7', which may change
from line to line, but are independent of the Carleman parameter s.

2 Controllability results for the linear wave equation

This section is devoted to a controllability result for a linear wave equation with a right hand side
B € L*(Qr) and initial data (ug,u;) € V. Precisely, for any (zg,21) € V and T > 0 large enough,
we are interested by the existence of a control function v € Hg(0,7T) such that the solution y of

Ytt — Yzz = B in QT7
y(0,-) =0, y(1,") =v in (0,7), (6)
(y('vo)vyt('vo)) = (anul) in Q,

satisfies (y(-,T),y:(-,T)) = (20,21). Though this linear control is by now standard, we aim to get
precise weighted estimate of a state-control pair in a given functional space in the data, which will



crucial to handle the nonlinear system . We employ Carleman estimates as fundamental tool (see
[BY17)).

2.1 A global Carleman estimate

For any 8 € (0,1) and xg < 0, we define the auxiliary function

2
w(fci)ZIx—onQ—B(t—g) + My inQr, (7)

where My > 0 is chosen in such a way that v is strictly positive. Then, for any A > 0, we define
é(z,t) = M@ For all s > s¢, let us now define the following weight functions

p(s;a,t) == e~ @) p1(s;t) = p(s;1,t), V(x,t) € Qr. (8)
Remark that
e K p(siat) <e ™, e < pi(sit) <e”t inQr

with ¢ := [|¢[| (@), that p~t, p € C®(Qr) and that p1,p;*t € €°°([0,T]). In short, we shall write
p(s) and p1(s) to denote the above weight functions.

Then, for any 6 > 0 such that T'— 26 > 2supg |z — 2|, we introduce a cut-off function n € C2°(R)
satisfying the following properties:

0<n(t) <1 in (0, —6),
1 in [20,T — 26], (9)
=0 in (—o0,d]U [T — §,400).
Let
P:={weC’[0,T]; H} (Q)) NC ([0, T]; L*(Q)), ws — wae € L*(Qr)}.

Recall that w,(1,-) € L*(0,T) for every w € P (see [Lio88a, Theorem 4.1]).
The controllability property for the linear system @ is based on the following Carleman estimate
with boundary observation at x = 1.

Theorem 5. Assume T > 2. There exists so > 0, A > 0 and C > 0, such that for any s > sg, we
have the following Carleman inequality

S —2(s wtz wgg2 s “2(s)|w|?
[ e ) 45t [ @l

Qr

S ~2(s;- we (-, 2 Wy (s 2 3 723;-, w(-, 2
n /Qp (51, 0) (e (- O)? + (-, 0)2) + /Qp (51, 0)[w(-,0)
i / p72(5; - T) (e (-, TP + o, T)2) e + ° / p2(s; Tl (-, T) 2
Q Q
T
<C [ -l + Cs [ PO IP (10)
Qr 0

for every w € P.

Proof. We refer to [CECMI13| Lemma 2.3] using [BDBE13, Remark 2.9 and Theorem 2.5]. Remark
that the occurence of the terms at t = T on the left hand side are due to the fact that p(-,t) = p(-, T—1t)

and the reversibility of the wave operator.
O




2.2 Application to controllability

In a standard way, Theorem [5| allows to deduce some controllability results for the system @ For
any s > sg, we define the bilinear form

(w,2)ps ::/Q p_Q(s)Lsz—l—s/O n2(t)pf2(s)wm(1,t)zw(l,t), (11)

for any w,z € P. Here and in what follows, we use the notation Lw := wy — wy,. It is easily seen
that defines a scalar product in P and if P, denotes P endowed with this scalar product, then
P, is an Hilbert space.

We can state the main result of this section, devoted without loss of generality to the null control-
lability case, for which (zg,21) = (0,0) in Q.

Theorem 6. Assume that T > 2 and let n € C*(R) be a cut-off function satisfying @D For s > s,
B € L?(Qr) and (ug,u1) € V, there exists unique w, € Py, depending only on B, ug,u; such that

(ws, 2)ps = / up 2(+,0)dx — / ug z¢(+,0) do + Bz, VYze P, (12)
Q Q Qr
Then v,(t) = sn?(t)py >(s)(ws)x(1,t) is a control function for (6) where ys = p=2(s)Lw, is the asso-
ciated controlled trajectory, that is ys(z,T) = (ys)t(z,T) = 0 for all € Q and the operator defined
by
Ag : (Bvu()rul) = Ys (13)

is linear, continuous from L*(Qr) x HE(Q) x L?(Q2) to L*(Qr).
Moreover, we have the following estimates for ys and vs for some constant C' > 0 independent of

—1/2 pi(s) v

lo(8)ysl2(@r) + 5

S

L2(5,T—5) (14)
<C (S_B/QHP(S)BHLZ‘(QT) +57 126 uo L2 () + 3_3/26_s”u1”L2(Q)) :

Before going to the proof, we make the following remarks.

Remark 1. [t is well-known that the boundary controllability of @ with L2(0,T) controls holds true
with initial data (ug,u1) only in L*() x H=Y(Q). We start directly with (ug,u;) € V since the
application of some fixed point theorem to deal with the semilinear case shall require reqularity on the
state-control pair (see Section .

Remark 2. In the framework of exact controllability with no vanishing target (z0,21) € V', the right
hand side of estimate contains the extra quantities

sTH2e% |20 2y + 572|210 L2 (@)

The point here to be noted is that the coefficients (powers of s or exponentials associated with s) in
front of the norms of ug, w1 and 2y, z1 are the same, and this would hold for any subsequent estimates.

This is why, there is no loss of generality to choose (zp,z1) = (0,0) which will make the computa-
tions shorter and simpler.

Proof. We first ensure the solvability of the variational equation (12). Since (-, )p,s is a scalar product
on P,, we only need to check that the right hand side of is a linear continuous form on P;.




e For all 2z € Ps: since p(s)B € L?(Qr), we have

IRANIVA wos) (f Tlpl(s>z|2)1/2.

Now, since z enjoys the Carleman inequality (10), one has [[p~'(s)z||12(Qs) < Cs=3/2||]|p,
(recall the definition of the inner product on Py). Thus, we have

‘/ Bz
T

< Cs™2|p(s)Bll2on) 121 .-

e Next, we observe that

‘ / wozt(-0) da| < [lp(s: - O)uoll om0~ (51 -+ 0)2e(- 0) 2
Q

< CS_1/2€_SHUO||L2(Q)||Z|

P>

using the Carleman inequality and that |p(s;z,0)| = [e*?@0)| < e (since ¢ > 1).

‘/Qulz(~,0) da

Combining the above three items, the right hand side of corresponds to a linear functional on P;.
The Riesz representation theorem, implies the existence of a unique w; € Py satisfying the formulation
(12) which additionally satisfies

e Similar, we get

< lp(s; - 0)urll L2y llo™ (s5+,0)2(+ 0) | L2 (e

< 0873/2678HU1”L2(Q)”Z|

P+

[[ws|

p,<C (573/2||P(5)BHL2(QT) + 571/2675”“0“L2(Q) + 573/2675”151”L2(Q)) ) (15)

where the constant C' > 0 is independent of s > sg.
Then, set y, = p~2(s)Lw,s and vs = sn?p~2(s)(ws)(1,-). From the equality , the pair (ys, vs)
satisfies

T
/ ySdexdtJr/ vszm(1,~)dt:/ulz(~,0)d:ﬂf/uozt(~,0)dx+/ Bz, Vze Ps,
T 0 Q Q T

meaning that ys € L?(Qr) is a solution to the linear system @ associated with the function v, €
L?(0,T) in the sense of transposition. By uniqueness, 3, indeed solves @ in a weak sense. Eventually,
using the estimate for ws, we get that p(s)ys = p~'(s)Lws € L*(Qr) and s~/2pi(s)vs, =
sY202p1 (s)(ws)x (1, -) € L2(0,T) and deduce the weighted estimate (T4). O

Remark 3. The functions ys and v, introduced by Theorem [6 can be characterized as the unique
minimizer of the following functional

T
Js(y,v) = S/ p2(8)y2+/0 n2p3(s)v? (16)

over the set {(y,v) € L*(Qr) x L*(0,T) solution of (6) with y(-,T) = w(-,T) = 0 in Q} We refer
to [CFCM13, Section 2] for the details.




Remark 4. The controlled state ys = p~2Lw, satisfies

Lys =B in QTv
ys(0,-) =0, ys(1,-) = sn°p7 *(s)(ws)x(1,-) in (0,T), (17)
(ys('a 0)7 (ys)t(70)) = (u07u1)7 mn Qa

implying (by standard regularity results for the wave equation) that ys € C°([0,T]; L3(R2)) N
CY([0,T); H-1(£2)). On the other hand, the function w, uniquely satisfies the equation

{st = p?ys in Qr,

18
ws(0,:) = ws(1,-) =0 in (0,7), (18)

implying that (ws(-,0),0ws(-,0)) € V (see estimate (10)) and w, € C°([0,T]; Hi()) N
¢ ([0, T]; L*(92)).-

2.3 Estimate for the state-control pair in C°([0,7]; H'(Q)) x H'(0,T)

In this section, we prove that the state-control pair (ys,vs) given by Theorem @ enjoys additional
regularity property, under the assumption (ug,u1) € V and the introduction of the cut-off function
n with respect to the time variable. In particular, we obtain that vy € H}(0,T) and ys € L>(Q7).
This gain is crucial for the analysis of the semilinear case.

Theorem 7. Let any (ug,u1) € V and B € L*(Qr) be given. Then, the solution (ys,vs) of (6) defined
in Theorem [d satisfies v, € H(0,T), ys € C°((0,T]; H(Q)) N C ([0, T]; L*()) and the following
estimate :

1o(8) (Ws)ellz2(@ry + 5712 llp1(8) (W)l 2o,y < © (s‘l/gllp(S)BlleT) + 57267 lur || L2y

+512e7%||uo|| 2(q) + 871/2@75||(“0)m||L2(Q)) :
(19)

We refer to [EZ10, Theorem 5.4] where a similar gain of regularity is proved in the slightly simpler
case of control of minimal L?(0,T)-norm, i.e. Jy in is replaced by J(y,v) = ||U||2L2(0,T)- We also
refer to [DL0OY] for internal control by introducing a cut-off function in space. The proof of Theorem
[7)is long and requires several steps. It is done in Appendix [A]

Let us prescribe the following regularity estimate for the controlled trajectory ys.

Lemma 1. Let us recall the controlled trajectory ys and the control vs for the linear system @,
defined by Theorem[6 Then, y, satisfies the following bound

lyslleo o, 7311 (@)) + I|(¥s)tlleo (o, 17:L2(0))
< C<||B||L2(QT) +€°[|p(s) Bl L2(@r) + €[l (w0)z | L2(0)

4L 86(671)8”UO”L2(Q) + 81/26(071)8”11,1”[/2(9)), (20)

where C > 0 is a constant that does not depend on s > so, and ¢ = ||¢| L~ (@)

Proof. Tt is well-known that for given data (ug,u1) € V and B € L?(Qr), we have

lysllcoo, ;0 ()) + 1(Ws)elleo o, ;22 )
< C (IIBllp2(@qr) + 1 (ws)ell 2o,y + 1 (wo)ellL2) + llurllzz)) - (21)

Then, using the estimate from Theorem [7] it is not difficult to obtain ([20). O




3 Controllability result for the semilinear problem with f € C°(R):
a Schauder fixed point argument

For any s > sp and R > 0, we introduce the class Cg(s), defined as the closed convex subset of
L>=(Qr)
Ca(s) = {7 € L°@Qr) : |7llr=@r <R lo()llz2r) < R'?} (22)

and assume that that the nonlinear function f € C°(R) in satisfies the growth assumption
for some B* positive precisely chosen later.

Then, for T > 2, s > sg (to be fixed later) and for all ¥ € Cg(s), we first solve the linearized
boundary control problem, given by

Yet — You = —f(Y) in Qr,
y(0,:) =0, y(1,)=v in (0,7), (23)
(- 0),9:(+,0)) = (0, u1) in Q

with v such that (y(-,T),y:(,T)) = (0,0) in Q. The existence of a controlled trajectory y € L (Qr)
is guaranteed by Theorem [7| with the source term —f(7) € L*(Qr). Now, our aim is to prove that
there exists a fixed point of the following operator

Ag: L¥(Qr) = L=(Qr),  Asy) =y (24)

Note that, As(7) = A2(—f(¥),uo, u1), as per the definition (L3).

Claim: We are going to show that

1. for f* > 0 small enough, there exist R > 0 large enough and s > sg such that Cgr(s) is stable
under the map Ag; see Section (3.2}

2. A,(Cr(s)) is relatively compact subset of Cr(s) for the norm || - || (q,); see Section

3. A, is a continuous map in Cgr(s) for the topology induced by the norm || - ||z (q,); see Section

B4

Accordingly, by the Schauder fixed point theorem, there will exist a fixed point of Ay, denote by y,
which will be the controlled trajectory for our semilinear problem .

3.1 Estimate of ||A (9)|z=(0y)

We begin with the following lemma.

Lemma 2. Assume T > 2 and f € C°(R) satisfies [(Hz)l For any s > so and j € L>®(Qr), the
quantity f(y) satisfies the following estimates:

P 3/2 |~ ~
If@)lz2@r) < aaT + (az +6*InY ||y||L°°(QT)) e“llp(8)¥llL2(@r)
10(8)f @)l z2(@r < rTe™ + (a3 + 8 Y G|~ @r) ) 1o() 22(@r)»

&5 * 3/2 ||~ ~|
1@~ @) < aaT + (a2 + 813/ |7l 2(@r) ) 17l 2(@):

with ¢ = |||l L (@r)-

10



Proof. The proof of above lemma follows from the growth assumption on f. Observe that

([ 1r@®) " car+ 1o @l [ 1065 e+ 5wl @)%)

T Qr

3/2 ||~ cs ~
< T + (az + B0 |Gl oo 0r)) € 10(5)T1| 12

where we have used that |[p™(s)|| o (gr) = l€°?|| L (@r) < €. The other estimates are obtained in
a similar way. O

Proposition 1. Under the assumptions of Lemma@ for s = sg and for ally € L>°(Qr), the solution
y = As(y) to the linearized system satisfies the following estimates:

_ _ 3/2 (|~ %
Io(8)yllz2 (@) + 572 llp1(s)vll L20,7) < Cs™3/2 (az +4* ¥/ ||y||L°o(QT)) 1o(s)YlL2(Qr)
+Cs 320, Te™® + CS_l/ze_SHUOHLZ(Q) 4 03_3/26_S||u1||L2(Q), (25)

_ _ 1.3/2 1~ 5
Io(8)yellL2@ry + s 2llp1(s)vell 2o,y < Cs™/2 (042 + 4+ Y Hy||Loo(QT)) p()¥llL2(@r)
+Cs Y20, Te™® + Cs_l/Qe_SH(uo)zHLz(Q) + 081/26_s||uo||L2(Q) + Ce™*|lutlz2(). (26)

Moreover, y € CO([0,T]; HY()) N C*([0, T); L2(Q)) and
lyllLoe (@) < CanT + CayTele=Vs

+ C(az + B %2 ||37||L°°(QT))€CS||P(S)§||L2(QT) + Cel™ V9| (o)l 22 (0
+ Csel™V%||ug || L2y + O/ 2D |us|| 2y (27)

Proof. Put B = —f(y) in the linear model @ Then, the proof is followed as a consequence of
Theorem [6] Theorem [7] Lemma [I] and Lemma [2} O

3.2 Stability of the class Cg(s) for suitable choices of parameters

We express the result in term of the following lemma. We hereby recall the set Cr(s) defined in .

Lemma 3. Under the assumptions of Lemma@ if B* in s small enough, there exists an s and
R > 0 large enough, such that we have

As (CR(S)) C CR(S) (28)

where Cg(s) is the class given in ([22).

~

Proof. We start with any gy € Cg(s) for s > so > 1 and we look for the bounds of the solution y = A4(9)
(to (23)) with respect to the associated norms. Since § € Cg(s), one has |p(s)7lr2(q,) < R'/? and
19| L (@r) < R. Therefore, the estimate yields

l0(s)yllL2(Qqp) < Cs™%/2 (a2 + 8’/ R) RY? 4 €530 Te™*
+Cs7 V275 lug || 2y + Cs ™2™ Jur || 2y (29)
Similarly, estimate implies
lyll Lo (@r) < CanT + CayTele™ Vs 4 C(a2 + 5* lni/2 R) e R1/?
+ C’e(c’l)s||(u0)mHLz(Q) + Cse(c’1)8||uo||L2(Q) + Csl/2e(cfl)s||u1||L2(Q). (30)
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We now fix the parameter s in term of R as follows :

1 :
S = @hl_}r R, with ¢ = ||¢||LOO(QT) > 1, (31)
where R > 0 is chosen large enough to ensure s > so > 1. With this choice of s, the solution y = A4(y)

satisfies, in view of and the fact that § belongs to Cg(s),

0(326)3/2 3/2 Lo CalT(32c)3/2
$ <7 (o4 B I PR)RY?2 4 0
lo)llzzian lni/QR ( 2+ 57 oy ) R1/32clni/2R
Cv/32c C(32¢)3/2
e 12 Sl + ——||u 32
Rl/chlni/2RH OHL2(Q) Rl/SQClni/QRH 1||L2(Q) ( )

Thus, if 8* > 0 is small enough such that
C(32¢)%%3* < 1/4, (33)

it can be guaranteed for large enough R > 0 that

C(32¢)3/? . CayT(32¢)%% 1
(3/2) (ag +8 lnzj_/2 R)R1/2 + A 3)2 < le/Q,
%’ R RV32e%? R 3
Cv32c 1,
. TvesE < ZR1/2
R1/32¢ 1ni/2R”uo”L2(Q) = SR ’ (34)
C(32¢)3/? 1
&HMHLQ(Q) < —RY?
R1/32¢ lni/z R 3

involving, in view of that ||p(s)yllr2(qr) < RY2
Similarly, in view of and the fact that § belongs to Cg(s),we infer that

Iyl =(@r) < CanT + Car TR(35755) 4 C(ay + B In®/? R) RY32 R+
C C 1 1
(35)

Taking 8* > 0 as before and R large enough, we infer that (recall that ¢ = ||¢[/f~(g,) > 1 so that

1 1
0< 35— 35 <1)

C(as + 8 ¥? R)RY*RY/2 < R/,
C
@(hhr R)R(éiﬁ)HuOHLZ(Q) < R/5,

CR(5 =) || (uo)a 120y < R/5, (36)
C
Vv 32c¢

CanT + CoanTR(Z=-3%) < R/5

(In}/? R)R(32~5%¢)

lut|z2) < R/5,

implying from that ||yl =(g;) < R. It follows that y = As(y) € Cgr(s). This concludes the
proof. O

Remark 5. The smallness condition on 5* is explicit:

1

P < 1@

where C' is the constant appearing in Proposition [1

12



Remark 6. Provided we impose the relation , the above proof shows that Cr(s) is stable for A
for any R > Ry (equivalently s > so) for a suitably large Ry (equivalently so). With the above choices,
in view of (34)-(36), the lower bound Ry depends on ||(ug,u1)||v as a power of ||(uo,u1)|lv, so that
the lower bound so can be chosen as depending logarithmically on ||(uo,u1)||v. Note also that there is
no upper bound for R so that the parameter s (appearing notably in the definition of the weights) can
be taken arbitrarily large.

3.3 Relative compactness of the set A (Cr(s))

Proposition 2. Under the assumptions of Lemmal[3, As(Cr(s)) is a relatively compact subset of Cr(s)
for the L™ (Qr) norm.

Proof. Let (yn)nen be a bounded sequence in A;(Cgr(s)). We proof that there exists a subsequence
(Yn, Jken of (Yn)nen that converges strongly to some y € Cr(s) with respect to the L*°(Qr) norm.

Thanks to Lemma (3} (y,)nen is a bounded sequence in Cr(s) and so, there exists a subsequence
Yn, € Cr(s) and y € Cgr(s) such that

Yn, —"y weakly” in L*°(Qr), as k — +oo. (38)

Now, since (yYn, )ken C As(Cr(8)), there is a sequence (Un, )ren C Cr(s) such that y,, = As(Un,),
Vk € N. More precisely, there exists a sequence (v, )xen € HE(0,T) such that, for all k € N, y,,,
satisfies

(ynk)tt - (ynk)m = _f(i/\nk) in Qr,
Yny, (0,t) =0, ynk(Lt) = Un, (t) in (0,7,
(ynk('ao)v(ynk)t(',o)) = (Uo,’u1) in Q.

Moreover, for some C7 > 0, we have

[Ynilleo o, ) < C1Ry [[(Yny)ellcoo, 1) L2 () < C1R,

thanks to their estimates in for B = — f(yn, ) and the analysis in Lemma Since the embedding
{y € L>=(0,T; H}(Q)) |y, € L>(0,T; L*(2))} — €°([0,T];C°()) is compact (see [Sim&7, Corollary
8 p. 90 and Lemma 12 p. 91]), this ensures the strong convergence of (y,, Jren in CO(Qr) as k —
—+o00. O

3.4 Continuity of the map A, in Cg(s)

We prove the following result.

Proposition 3. Under the assumptions and result of Lemma [3, the map Ay : Cr(s) — Cg(s) is
continuous with respect to the L>(Qr) norm.

Proof. Let (Yn)nen be a sequence in Cr(s) such that g, — § as n — +oo w.r.t. the L°°(Qr) norm
for some y € Cr(s).

Let y, = As(yn) and prove that y, — y := A4 (y) as n — 400 w.r.t. the same norm. Since
f € C°(R), f is uniformly continuous in [~ R, R] implying that

f@n) — f(y) in L™(Qr), as n — +oo. (39)

and thus f(7,) — f(¥) in L*(Qr) as n — +oo0.
Now (as mentioned in Theorem @, As(Tn) = A%—f (@), uo,u1) is linear continuous map from
L3(Qr) x H} () x L*(Q) to L?(Qr). Consequently, y,, — y as n — +00. O
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3.5 Proof of the first item of Theorem [

Taking £* small enough (see ) so that Lemma [3| applies, with s and R given by , we can
apply Schauder fixed point theorem to As on Cr(s): there exists ys € Cr(s) C L>®(Qr) such that
ys = As(ys). By construction of A, there exists a function v € Hg (0,7 such that ys is the solution
of the null controllability problem with § = ys: it follows that this element ys is a controlled
solution of the semilinear wave equation .

4 Construction of control by Banach fixed point approach
with f € C!(R): proof of the second item of Theorem

In this section, we assume that f is locally Lipschitz continuous and that f’ satisfies with £*
small as before. Remark that condition implies the condition used in the previous section.
We endow the convex set Cr(s) with the distance d defined by d(y, z) = ||p(s)(y — 2)|| L2(Q.)- We
easily check that (Cg(s),d) is a complete space. In the next proposition, we prove that the operator
As : Cr(s) — Cr(s) is a contracting mapping leading to constructive method to find its fixed point.

Proposition 4. Assume that f satisfies|(H5)| with 8* satisfying (37), R and s as chosen in Lemmal3

Then, for any Y1,y € Cr(s),
1

A A1) < 34(E2, ). (10)

In particular, Ag is a contraction mapping from Cr(s) into itself.

Proof. Let §1,9> € Cr(s). From (14), we get that
lo(s) (s (@2) = As (1)) z2r) < O 22 ]p(s)(£ (52) = f G| z2 (@r)-
Then, we can use to deduce

Io5)(Aa(2) = As() (@) < C1320)"" (7 Tt BV e @~ Pllz@n, (@)

since s is given by . Since C(32¢)%/?8* < 1/4, the result follows as soon as R is large enough. [

Theorem 8. Let (ug,u1) € V. Assume that f is locally Lipschitz continuous and satisfies |(Hy)|
with B* satisfying , s and R as chosen in Lemma @ Then, for any yo € Cgr(s), the sequence
(Yk)wen+ C Cr(s) given by

Yk+1 = Ns(yr), k20,
(where A is defined by (24))) together with the associated sequence of controls (vi)gen+ C Hy(0,T)
strongly converges strongly in L?(Qr) x L?(0,T) to a controlled solution for . Moreover, the
convergence is at least linear with respect to the distance d.

Proof. The convergence of the sequence (yx)ren toward y = As(y) € Cr(s) with linear rate follows
from the contraction property of A,:

() (Y = yr)llz2(@r) = () (As(y) = As(yr—1))lL2(@r)
1 1 .
< gElle()(y = vo)llez@r < 27:(31/2 + e llvoll2(@r))-
Let now v € H{(0,T) be associated with y so that y — yj, satisfies, for every k € N*
W=yr)ee — Y= Ur)ox = —(f(y) = F(ye-1)) in Qr,

(y yk)( > ) =0, (Z/ - yk)(la ) = (U - Uk) in (O’T)7 (42)
((y = wr)(+,0), (y — y)e(+,0)) = (0,0) in €2,
(( yk‘)( 7T)v(y_yk)t('7T)) = (070) in Q.
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Estimate then implies (recall s = z3-Iny R)

llp1(8) (0 = vr)ll 20,1y < Cs™Hlp(s) (f () = f(Wr—1)) I L2(@r)
<C

32¢ 3/2
@ 8 Y B le(9)(y — i) lrcan.

and therefore the convergence is at a linear rate of the sequence (vy)ren+ toward an exact control for

(). 0

Remark 7. It can be observed from that the constant appearing in front of ||p(s)(H2 — ¥1)ll 12 (Qr)
is getting smaller as R (consequently s) getting larger. In particular, if f satisfies

()]

Ir=+eo In?/? |

=0, (43)

then, for any given € > 0 (however small), the map As is e-contractive for large enough s > sg. In
other words, the speed of convergence of the sequence (yx)r>1 introduced by Theorem@ increases with
S.

As as corollary of the previous result and the classical Banach-Picard’s fixed point theorem, the
contraction property of the operator A, for 5* small enough given in and s and R given by
allows to define a convergent sequence (y, vx)ren to a controlled pair for and prove the following
precise version of the second item of Theorem [4]

5 Numerical illustrations

We present some numerical illustrations of the convergence result given by Theorem [§] and empha-
size the influence of the parameter s. More precisely, for s large enough, we compute the sequence
(Yk, V) ken solution to

Ykt — Ykax = —f(Yr-1) in Qr,
yk(ov') =0, yk(lv') = Uk in ((.)7T)7 (44)
(yk('vo)v (yk)t(70)) = (UOaul) in €,
(i (T, (yr)e (- T)) = (0,0) in Q,

obtained through the variational formulation with the source term B = — f(yx—1). We first sketch
the algorithm and then discuss some numerical experiments obtained with the software FreeFem++
(see [Hecl2]).

5.1 Construction of the sequence (Y, vk )r>1

Starting with some suitable initial guess yo € Cg(s), we can obtain the solution y; to with
a control vy, based on Theorem [6] Assume that the value of the Carleman parameter s satisfies
Lemma (3] Then, for each k > 1, we define the unique solution wy, € Ps (see Theorem @ of

(wk,z)p7sz/u12(-,0)dx—/uozt(-,O)da:— f(yp—1)zdzdt Vz € P, (45)
Q Q Qr

then we set y, = p~2(s)Lwy, in Qr and vy, = s1?p; % (s)(wi)=(1,-) in (0,7).

The numerical approximation of the variational formulation has been addressed in [CMT5|
CECM13| and more recently in [BFMO2I]. A conformal finite dimensional approximations, say Ps j,
of Py, leads to a strong convergent approximation wyp of wy for the P, norm as the discretiza-
tion parameter h goes to 0. Then, from wy p, we can define the approximated controlled solution
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Yk.h = p2(s)Lwyp and vy p = 3n2p1_2(s)(wk,h)w(1, -). In our semilinear setting, we shall employ
an equivalent but different formulation, more appropriate for numerical purposes. First, in order
to avoid the possible numerical blow up of the weights for s large, we introduce a change of vari-
able. Second, in order to avoid second differentiation in order to compute yi from the definition
Y = p‘g(s)(wk’tt — W 4z ), We incorporate directly the controlled state solution in the formulation.
Therefore, we introduce the variables

my = py (s)we, pr=p '(s)Lwp n Qr (46)

so that pr = p~1(s)L(p1(s)mk) and yr = p~1(s)pr and then replace the formulation by the
equivalent and well-posed following mixed formulation: find (mg,pr, A\x) € p~(s)Ps x L?(Qr) X
L?(Q7) solution of

T
| ppdade+s / PO 1 0m (1L 0d 4 [ (5= 7 (6)Llpa(s)m)) dade

:/ u1p1(s,0)m(-,0) dz —/ uo () [p1(0; 8)m (0, 2) + (Orp1)(0; 8)m(0, x)] dz
° ’ (47)
_/ o™ (8)pe—1)p1(s)m dadt,

T

/ X (pr — p~ 1 (8)L(p1(s)my)) dzdt =0,

T

for all (m,p,\) € p~(s)Ps x L*(Qr) x L?>(Qr). The variable )\; stands as a Lagrange multiplier for
the constraint py, — p~1(s)L*(p1(s)ms) = 0 in Q7. We check the following inequality

p~ ()L™ (pr(s)mi) = p~(8)pr(s) Lomy, + p~ " (8)Bsep1 (s)mi + 2p~ 1 (8)Drpr () ()
= A1 Lmy, + Aamy, + Az(my)e,

with

Oep1(sit) = sAB(2t — T)p(1,t)pr(s;),
Brep1(s;t) = 2sAB(1,t)pr(s51) — sA’B2(2t = T)2d(1,8)pr(s;1) + s*A252 (2t — T)?¢*(1, 1) pa (s; 1),
Av=p " ($)p1(s), A2 =p 1 (s)Oupi(s), Az =2p""(s)0pr(s)

and we observe that the functions A; do not contains exponential with positive arguments. For
instance, we get
p~H(s)p1(s) = e s(¢Lt)=(z.1))

and recall that ¢(1,t) — ¢(x,t) > 0 in Qr. Eventually, from the solution (my, pg, Ax), the controlled
pair (yx,vx) can be retrieved using the formula

ye =" (ks e = s0?p1 ! (5)(m)a (1), (48)

The sequence (Y, vg)k>1 is initialized with (yo,ve) = (0,0) so that the iteration (yi,v1) is the
solution to the linear system with the right hand side B = —f(yo) = —f(0). We perform the
iterations until the following criterion is fulfilled

[p(8)yk+1 — p(s)yk||L2(QT)

<1076, (49)
1o(8)ykllL2(Qr)

We denote by k* the smallest integer k such that holds.
Eventually, concerning the approximation of the formulation , we use a conformal space-
time finite element method (as addressed in [CM15]). We introduce a regular triangulation 7, of
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Q7 such that Qp = UKeTh K. We assume that {7p,}n>0 is a regular family, where the index h
is such that h = max diam (K). We then approximate of the variables py and A; in the space
€Tn

P, = {pn € C°(Qr) : prlx € P1(K),VK € Ti} C L*(Qr), where P;(K) denotes the space of
affine functions both in x and ¢. On the other hand, the variable my, is approximated with the space
Vi i= {on € CY(Qp) : vn|x € P(K), VK € T} C py'(s)Ps, where P(K) denotes the composite
Hsieh-Clough-Tocher C! element defined for triangles. We refer to [Cia02, page 356] and [BHSI]
where the implementation has been discussed. We refer to [BEMO2I] for the numerical analysis of
the formulation (47).

5.2 Experiments

In what follows, we take T' = 2.5 and (ug(z), u1(z)) = ¢y, (sin(mz),0) with € Q = (0, 1) parametrized
by the real ¢,,. Then we define the various weight functions appearing in the Carleman inequality
(10) in Section as follows: we take

bz, t) = (240022 =09t —T/2)°+2, ¢z, t)=ez?@D  inQp,

so that ¢ > 0.5 in Q7. The weights p and p; are then defined by . The cut-off function 7 is chosen
as follows:

n(t)=e T |y (0,7).

Eventually, we employ a regular space-time mesh composed of 25600 triangles and 13041 vertices
corresponding to the discretization parameter h ~ 1.25 x 1072,

5.2.1 Nonlinear functions with growth r1n*?(2 + |r|)

In the mixed formulation , let us first consider the semilinear function
f(r) = csrlag + B 2 (2 4+ |r])), VreR (50)

with ae = f* =1 and some ¢; € R*, so that f(0) = 0. We check that f satisfies and In
this case, the source term in can be rigorously written as

p1(8) (7 (5)pk-1) = espr(s)p™ (e (a2 + B Y22 + [y ])). (51)

I. Experiments for fixed (cy,c,,) w.r.t. the parameter s. Let us make the following experi-
ments given by Table for some fixed parameters ¢y (associated with the nonlinear function) and
cu, (associated with the initial data). For some large parameters ¢; = 5 and ¢,, = 20, it has been
checked that the value s = 1 is not large enough to imply the Banach contraction property (ensuring
the convergence of the algorithm w.r.t. the criterion ) Then, by choosing s > 2, we recover the

required convergence criterion . We provide the results in Table

lp($)yrt1—=p()ykll L2 (g 1y
Hl’(s)yk ||L2(QT)

number k for s € {1,2,3,4,5}. In agreement with Remark [7] we observe that the decay of the error

is amplified with larger values of s.

w.r.t. to the iteration

Figure |1 depicts the evolution of the relative error

Table |2| reports experiments is the unfavorable situation for which ¢y < 0. We checked that for
¢ = =5 (cy, = 20 as previous), the convergence is observed from s = 3. It is noticeable that the L?
norms of the solutions and the associated controls are relatively larger compare to the case of positive
¢y given by Table
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s | Nyesllz2@@r) | lP(8)yn 2@ | e llzzor) | llo1(s)vell20r) | o llm oy | vk lo=om | K
2 59.756 1.996 x 10~1 215.164 2.801 x 102 798.404 313.009 20
3 58.542 3.922 x 102 210.267 3.725 x 1074 781.826 306.162 16
4 50.894 8.256 x 1073 179.039 1.06 x 1075 675.977 262.196 13
5 43.345 1.796 x 1073 148.817 5.624 x 1077 575.226 219.946 12
6 37.920 3.991 x 104 130.515 3.096 x 108 523.09 196.314 11
7 37.669 9.014 x 105 144.458 1.709 x 1072 610.474 224.476 10
8 49.551 2.063 x 107 207.905 9.607 x 10~ 11 874.74 318.437 9
Table 1: ¢,y =20 ; ¢f =5; f(r) = cpr(1 + In*/2(2 + |r])); Norms of (ygs, vgs) W.r.b. .

102

10°

1072

107

1076

10°8 : : : ‘

0 10 20 30 40 50
Figure 1: Evolution of the relative error Hp(s)ﬁ;?;;:ﬁ?i’i';;(QT) w.r.t. iterations k for (cy, ¢u,) = (5, 20).

s | lyellzz@n) | P(8)yr+llL2@r) | I0r+llz20m) | o1 (s)ors 2oy | Non+llmgo,ry | lves oy | B
3 3846.94 6.768 x 101 3905.78 1.298 x 1071 57298.8 4576.07 32
4 2621.55 3.154 x 1072 2888.41 4.064 x 1073 35910.6 2919.18 23
5 2120.91 2.711 x 1073 2393.94 1.851 x 1074 29619.4 2373.23 20
6 1842.65 4.677 x 107* 2088.93 9.851 x 106 26358.5 2093.53 17
7 1666.94 9.993 x 10~° 1910.54 5.657 x 1077 24108.5 1902.18 15
8 1539.51 2.231 x 1075 1680.7 3.396 x 108 22176.5 1815.9 14

Table 2: ¢,y =20 ; ¢y = =5; f(r) =cpr(1+ In*/2(2 + |r])); Norms of (ygs, vgs) W.r.b. s.

II. Experiments for fixed (s,c,,) w.r.t. cy.

Hereafter, for fixed Carleman parameter s = 3,

we consider several values of ¢y to look the number of iterations for which the pair the solution yy-

satisfies the criterion ; see Table

We observed that for these parameters, i.e., s = 3, ¢y, = 20, the algorithm fails to converge when

cy is large, which indeed verifies our theoretical results, since the constant c; should be small enough
to apply the fixed point arguments. In fact, for large absolute values of c¢, the algorithm still may
converge provided we start with larger values of the Carleman parameter s, which is in accordance
with Lemma [3| and Theorem For instance, if ¢y = 8, then s = 3 does not give the convergence
result whereas by choosing s = 4, we recover the required convergence criterion .
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cr | Nyellzr | le(8)yr-llzz@r) | lvkellzo,r) | llp1(8)verll2o,r) | llvkellLo o,y | B
-5 3846.94 6.768 x 101 3905.78 1.298 x 101 4576.07 32
—4 600.956 1.243 x 101 558.073 2.074 x 1072 662.127 21
-3 107.61 5.635 x 1072 81.8475 4.419 x 1073 132.963 14
-2 21.07 4.807 x 1072 19.084 6.158 x 10~ 20.4579 10
-1 9.876 4.528 x 1072 7.147 1.246 x 10~* 8.432 7
0 11.804 4.352 x 1072 11.331 1.945 x 10~* 13.791 1
1 15.491 4.223 x 1072 24.214 1.457 x 10~* 30.46 7
2 16.79 4.123 x 1072 32.562 2.003 x 10~* 43.481 9
3 16.529 4.042 x 1072 31.947 2.880 x 10~* 38.572 10
4 28.201 3.977 x 1072 80.496 3.114 x 10~ 115.364 13
5 58.542 3.922 x 1072 210.267 3.725 x 104 306.162 16
6 94.037 3.875 x 1072 376.436 6.475 x 104 564.801 19
7 113.327 3.835 x 1072 482.024 1.037 x 1073 753.926 25

Table 3: ¢,y =20 ; s = 3; f(r) = ¢;r(1 + In*?(2 4 |r])); Norms of (yp+, vg+) w.r.t. ;.

ITI. Experiments for fixed (s,cy) w.r.t. the parameter c,,. We now fix the parameters s and
cs and then vary the size of the initial data u in terms of the parameter c,,. We give some results
in Table (4 and Table |5|for (s, cs) = (3, —2) and (s, cy) = (3, 2) respectively. One can observe that for

large ¢y, also, the algorithm converges. The quantity C(y,v) defined by (following the estimates in
@ or Proposition

Cly,v) = _3“5 ($)yll2@r) + 3—1/2\\61(5)3\1@(01) (52)
573/ Ip(s)fWllL2(Qqr) + 5 /2e lluoll L2 ()
is uniform with respect to the quantity c,, in agreement with our theoretical results.
| ez | 16w lzz@n | 1oellzzor) | 11 (8)ve iz | 1ow o= o) | Ol o) | 7
10 6.303 2.326 x 1072 2.667 5.574 x 10~° 3.0515 955 x 1072 | 8
50 168.803 1.317 x 107! 173.604 6.733 x 1073 199.033 9.19 x 1072 | 12
100 780.659 3.143 x 107! 607.61 3.152 x 1072 957.58 9.0l x 1072 | 14
200 3588.67 9.19 x 10! 4084.4 1.352 x 107! 4256.47 847 x 1072 | 16
500 26475.4 5.158 26106.3 8.975 x 10~* 29134.9 7.33x1072 | 19
1000 113305 20.98 92618.1 3.7697 123829 6.39 x 1072 | 21
2000 477431 86.6439 494352 15.881 513495 5.54 x 1072 | 23
5000 | 3.188 x 10° 563.405 3.493 x 106 106.615 3.606 x 105 | 4.62 x 1072 | 28
10000 | 1.31 x 107 2306.73 1.19 x 107 450.263 1.719 x 107 | 4.08 x 1072 | 31
15000 | 2.973 x 107 5256.44 2.531 x 107 1048.23 4.124 x 107 | 3.81 x 1072 | 33
20000 | 5.305 x 107 9424.13 4.619 x 107 1910.76 7.554 x 107 | 3.64 x 1072 | 35

Table 4: (s,cf) = (3,-2); f(r) =csr(1+ In%2(2 + |r])); Norms of (y+, v+ ) W.I.b. Cyp-

IV. Evolution of the controlled solutions.

In this paragraph, we present some figures of the

controlled solutions and the associated controls for our semilinear system. We fix ¢; = —3 and
¢y, = 10. Figures [2] provides the controlled solutions yi- for s = 1, 5 and 9 respectively. The
corresponding optimal control is given in Figure Left for s € {1,3,5,9}. The evolution of the L?(Q)
norm w.r.t. ¢ € (0,7 is depicted in fig. Right. Figures [4] and [5| are concerned with the case ¢y = 3,
leading to control-state pairs with lower norms.
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Figure 2: Controlled solution yx- for ¢; = —3, ¢y, = 10 and f(r) = cfr(1+ln3/2(2+|r|)); se€{1,5,9}.
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Figure 3: ¢y = =3, ¢y, = 10 and f(r) = ¢yr(1 + In*2(2 + |r|)); Left: Control vp- w.r.t. s; Right:
Evolution of [|yg= (-, 1) £2() w.r.t. time ¢.
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Figure 5: ¢y = 3, ¢y, = 10 and f(r) = ¢yr(1 + In%/2(2 + |r])); Left: Control vg- w.r.t. ¢; Right:
Evolution of [|yg=(-,t)||r2(q) w.r.t. t.
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cuy | Nk lle2@@r) | 1P(8)yr-llL2(@r) | Ve llzo,ry | llpr(8)ve= 2oy | lloesllL~.r) | Cyr=,vi-) | K
10 8.302 2.084 x 1072 15.062 7.91 x 107° 19.481 8.75x 1072 | 8
50 40.582 1.015 x 10! 77.126 6.83 x 1074 100.52 7.66 x 1072 | 10
100 99.183 2.005 x 107! 223.618 1.517 x 1073 302.591 718 x 1072 | 11
200 331.403 3.963 x 1071 974.631 3.04 x 1073 1367.74 6.72 x 1072 | 13
500 1476.63 9.765 x 101 5043.43 9.201 x 1073 7091.56 6.16 x 1072 | 14
1000 3667.51 1.933 13216 2.736 x 1072 18969.3 5.79 x 1072 | 16
2000 7261.36 3.830 26737.1 7.799 x 1072 39969.8 5.45 x 1072 | 17
5000 17146.3 9.467 62553.3 2.722 x 1071 80179.7 5.05 x 1072 | 19
10000 76904.8 18.79 314884 7.301 x 1071 481311 4.78 x 1072 | 21
15000 182361 28.073 775890 1.378 1.1725 x 10° | 4.65 x 1072 | 22
20000 317709 37.334 1.379 x 108 2.197 2.0743 x 106 | 4.56 x 1072 | 23
Table 5: (s,cp) = (3,2); f(r) = ¢pr(1 4+ In*2(2 4 |r|)); Norms of (g, vg+) Wt €.
5.3 Nonlinear functions with growth r|cos(r?)|In*?(2 + |r|)
Let us consider the following nonlinear function
f(r) =cyr| cos(r2)|(a2 + B* 1n3/2(2 +1r])), vreR (53)
with some ¢y € R* and g = B8* = 1. It satisfies the assumption but not We check
that for small values of cy, the algorithm converges for s = 1. For instance, in Table [6] we give some
experiments for ¢y = —1, ¢,, = 20 and s € {1,2,3,4,5}. On the other hand, with ¢; = —2, the
method fails to converge for s € {1,2,3,4,5}, meaning that the contraction property is lost. The
convergence for s larger than 6, see Table Moreover, we see that the number of iterations £* to
fulfill the convergence criterion is very high compare to the case of ¢y = —1.
s | v llzz@ry | 1P(9)ye l2(@r) | Ivellzzor) | llp1($)ves 20,y | 1ok llma o) | el 1) | K
1 10.415 1.311 7.893 1.635 x 107! 33.08 7.976 24
2 10.212 2.2974 x 1071 7.929 4.541 x 1073 33.398 8.195 20
3 9.987 4.457 x 1072 8.002 1.759 x 1074 34.3 8.627 18
4 9.799 9.128 x 1073 8.085 8.968 x 1076 35.616 8.975 14
5 9.657 1.94 x 1073 8.196 4.972 x 1077 37.011 9.326 14
Table 6: c,, = 20 ; ¢; = —1; Norms of (yg+, v+ ) w.r.t. s; when f = cpr|cos(r?)|(1+ 322+ |r)).
s | Ny llzz@r) | 1P(8)ye lz@r) | Ivellzzor) | llp1($)ves Iz, | ok llzom) | i =,y | K
6 10.657 4.275 x 1074 6.459 1.014 x 1078 24.197 7.473 87
7 10.494 9.516 x 1075 6.464 6.434 x 10710 25.258 7.641 118
8 10.519 2.155 x 107® 6.466 4.577 x 10711 26.736 7.465 90
9 10.641 4.946 x 10~ 6.548 3.664 x 10712 29.271 7.774 45

Table 7: ¢y, = 20 ; ¢y = —2; Norms of (y+, vg+) w.r.t. s; when f = csr|cos(r?)|(1+ In®/2(2 + |r])).

5.4 Nonlinear functions with growth rIn”(2 + |r|) for p > 2

In this section, we first consider the following form of the nonlinear function:

f(r) =csr(as + 5~ 1112(2 +|r])) vreR
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which satisfies but not nor For ¢y = 4 and ¢,, = 10, we have checked that the

algorithm does not converge for the Carleman parameters s = 1,2. For the experiments, we need at

least s > 2 to fulfill the convergence criterion . We present some results in Table

But, as soon as we increase the L2-norm of the initial data ug, the result is getting worse, even if
we keep the value of ¢y = 4. For instance, considering c,, = 20 is giving the convergence for s > 4, see
Table [0 In other words, the algorithm does not really fit w.r.t. large values of norms for the initial

data.
s | Ny llz2@ry | lP(8)un 2@ | vk llzzo,ry | llp1(8)vell20r) | om0y | vkl | K
3 18.16 1.981 x 102 61.872 1.687 x 10~* 247.795 93.918 17
4 14.998 4.168 x 1073 47.839 5.926 x 1076 196.934 72.472 14
5 12.562 9.055 x 1074 37.038 2.862 x 1077 158.616 55.242 13
6 11.791 2.0098 x 10~ 38.389 1.472 x 108 176.911 59.853 11
7 12.7496 4.535 x 107° 46.642 7.7768 x 1010 221.245 75.804 10

Table 8: ¢y =105 ¢; = 4; f(r) = cgr(1 + In?(2 + |r|)); Norms of (yp+, vg+) w.r.t. s.
s | Nyesllzz@@r) | lP(8)un 2@ | vk llzzo,r | llpr(s)vell20r) | o llmp oy | vk lo=om | K
5 131.602 1.774 x 1073 616.056 4.783 x 10~ 7 2668.36 1004.82 36
6 119.542 3.95 x 1074 559.19 2.594 x 1078 2470.46 933.931 25
Table 9: ¢,y =20 5 ¢; = 4; f(r) = cpr(1 +In*(2 + |r|)); Norms of (yp«, vg+) w.r.t. s.
We also perform some experiments for s = 3, ¢,, = 10 to see how the algorithm behaves with

respect to different values of cy. In Table @, we see that the algorithm converges for the values of

¢ € [-3,4]. On the other hand, for the same quantities (s, c,,) = (3,10), we have the divergence of

our method when the nonlinear parameter cy < —4 or ¢y > 5.
cr | Nyrllzzor) | le(S)yr-ll2@ry | lvrsllzzory | llp1(8)veellz20m) | lorsllzecory | Clyrs,vr=) | k*
-3 433.899 8.057 x 1072 473.795 1.517 x 1072 503.043 4122 x 1072 | 36
-2 16.512 2.446 x 1072 19.926 6.372 x 10~* 20.044 9.318 x 1072 | 12
-1 5.0298 2.271 x 1072 3.587 5.838 x 107° 4.268 9.85x 1072 | 7
0 5.902 2.176 x 1072 5.6657 9.726 x 10~° 6.895 1.073 x 1071 | 1
1 7.819 2.108 x 1072 12.589 7.245 x 1075 15.975 9.249 x 1072 | 7
2 8.536 2.056 x 1072 17.4798 1.067 x 10~* 23.876 8.187x 1072 | 9
3 8.425 2.014 x 1072 17.138 1.519 x 104 20.768 7.375 x 1072 | 11
4 18.16 1.981 x 1072 61.872 1.687 x 10~4 93.918 6.724 x 1072 | 17

Table 10: ¢, =10 ; s =3; f(r) = csr(l + 1n2(2 + |r])); Norms of (Y, v+ ) w.r.t. cy.

Next, we make some experiments for the nonlinearities f that behave like r In? |r| at infinity when
p > 2 and therefore does not satisfy Below, we consider the nonlinear function

We refer to Table [I1] for some results.

Fo(r) = cyr (14 P (2+ |r[),

for p > 2,

Vr € R.

(55)

We have observed that by choosing p > 2.4, the algorithm does not converge anymore. More
precisely, the norms of the solutions and controls are blowing up as number of iterations are increasing,

which is in accordance with the result in Theorem 2
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lyesll2@ry | Nlo(S)yrr 220y | llvrrllz20,m) | llo1(8)v=llz20,m) | 1ok llneo,y | Cyr=,vn=) | k*

p=2 16.512 2.446 x 1072 19.926 6.372 x 10~4 20.044 9.318 x 1072 | 12
p=2.05 20.581 2.472 x 1072 23.047 8.334 x 10~* 25.093 9.293 x 1072 | 12
p=21 26.176 2.508 x 1072 24.076 1.099 x 1073 32.173 9.237 x 1072 | 13
p=2.15 34.134 2.564 x 1072 26.570 1.468 x 1073 44.653 9.077 x 1072 | 15
p=2.2 47.681 2.662 x 1072 49.532 2.011 x 1073 63.213 8.617 x 1072 | 17
p=2.25 76.081 2.883 x 1072 84.956 2.938 x 1073 95.777 7.511 x 1072 | 20
p=23 136.668 3.542 x 1072 121.539 5.045 x 1073 156.929 5.612 x 1072 | 26

Table 11: ¢y = —2, s = 3, ¢y, = 10; Norms of (yg«, vg+) w.r.t. fp; fp given by .

6 Concluding remarks

By introducing a functional in the Carleman setting different than in the seminal paper of Zuazua
in 1993, we have derived, under similar assumptions, a somehow simpler proof of the boundary
controllability of a semilinear wave equation of the form y; — y.. + f(y) = 0. Moreover, assuming an
additional growth assumption on f/, we have constructed a sequence of state-control pairs, solution of
a linear boundary controllability problem, converging pointwise and with a linear rate to a solution of
the semilinear equation. As in the recent work [ELM21] devoted to the distributed controllability for
a semilinear heat equation, the analysis emphasizes the role of the Carleman weights parameterized
by the real s. Numerical experiments illustrates that the speed of convergence of the sequence is
amplified as the Carleman parameter s is larger.

Our analysis is based on a simple fixed point strategy which consists to see the nonlinear term as
a source term. It would be interesting to analyze whether or not the fixed point operator introduced
by Zuazua in 1993, involving a potential, is, after reformulation in a functional Carleman setting,
contracting for s large enough.

The fixed point argument employed here requires uniform bounds of the controlled trajectories
for a linear wave equation: this is achieved by assuming the initial data in H}(Q) x L?(Q) and by
imposing that the control satisfies at the initial and final time some compatibility conditions with the
solution: this leads to boundary controls in HJ(0,7) and then, in our one dimensional situation, to
trajectories in L (Qr). Assuming more regularity on the initial conditions, we may extend our results
for multi-dimensional situations and for nonlinearities depending on the gradient of the solution. This
will be addressed in future works.

Acknowledgment. The authors thank the funding by the French government research program
“Investissements d’Avenir” through the IDEX-ISITE initiative 16-IDEX-0001 (CAP 20-25).

A Appendix: Proof of Theorem [7]

In what follows, in order to simplify the notations, we shall just write p = p(t) and p; = p1(t) instead
of p = p(s;x,t) and py = pa1(s;?).

Preliminary to the proof and following [EZ10], for all f € C°(R; E)) (where E is a Banach space)
and any 7 > 0, we define 6. f := f (t+ %) — f (t — %) and

1 (6Tf) _ S+ =2f() + ft—T)

T

7;'f = ;67 2 .

Let now w, € Py and the solution y, € L?(Qr) be given by Theorem @ Then, z defined by
z = Trws belongs to Py, where w, as well as ys can be extended uniquely on (—o0,0) and (T, +00).
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Indeed, in the interval (—oo,0) the solution y; satisfies the following set of equations

Ly, =0 in Q x (—o0,0),
ys(0,8) = ys(1,t) =0 for t € (—00,0), (56)
(ys('70)7 atys('vo)) = (uO’ul) in Qv

where the source term B € L?(Qr) is assumed to be extendable by 0 outside (0,7). Recall that
the boundary condition ys(1,¢) = 0 holds outside (0,T") since n = 0 (appearing in the formula of v;)
vanishes outside (4,7 — 9).

Similarly, in (T, 400) we can define the solution ys uniquely, and ys(¢) = 0 for all t > T'. It follows
that the solution y, satisfies ys € C°(R; L?(Q)) N CY(R; H1(Q)) and y, € C((—o0,d]; HL(Q)) N
CH((—00,68]; LA(2)) and ys € CO([T — 6,+00); HY(Q)) N CY([T — §,+00); L2(2)) (see [LLTRE]). We
extend as well the weights p and p; in 2 X R so that it preserves smoothness and positivity properties.

This ensures the extension of the solution w, which satisfies the following set of equations in R

{st = p2ys in Q x R, (57)

ws(0,t) = ws(1,t) =0, inR.
Moreover, it can be seen that Lws = 0 in [T, +00), since ys is a controlled solution to .

We now proceed to the proof of Theorem [7] done in three steps.

Step 1 : We suppose first that ug € H}(Q) N H?(Q), u; € H}(Q) and B € D(0,T; L*(Q)) and
prove that vs € H1(0,7T) and (ys): € L*(Qr).

We start by considering the variational formulation by choosing z = T,w; as test function.
Since wy € CO(R; H(2)) N CH(R; L*(Q)) solves (57)), it is clear that Trws € C°([0,T7; H3 () N
CY([0,T); L3(2)), (Trws)z € L*(0,T). With this z, the formulation reads

T
[t T dsdt 4 s [P 0pr w0 (10T (w)a (L 0k
Qr 0

z/Q up(x)Trws(z, 0) dx—/uo(x)ﬂ(ws)t(x,O) dz + BT, wsdzdt. (58)

Q Qr
Sub-step 1. Let us start with the first integral in the left hand side of . We have
/ p 2 (t) Lw, (t) LTrws (t) dadt
T

_ % / =2t Ly (t) 2 EE T = L) gy

- % / 2t Lo (1) 22 = fws(t =) gt
- % / p~2(t) Lws(t) Loyt + TT) —Lw® o

7l/ T/ t+Tng(t+'r)st(t+T7)_ Lws®) gy
:/ ( (st()—pT(t-i-Tst )(stt+T st<t)> dedt

_f/_T/ 247 st(t+r)<st(t+7)_st()> dzdt

T
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since Lws = p?ys = 0 on [T, +00). Now, observe that

/ (p‘Q(t)st(t) — p~2(t + ) Lwy(t + T)) (st(f +7) - st(t)> dadt

T T

T T

_ / 2(1) <p2(t)st(t) — p72(t+ 7)Lws(t + r)> 52(0) (st(t +7)— st(t)> deds

2
dadt

_ _/Q () ‘p‘ () Lws(t) — p~2(t + 7) Lws(t + 7)

T

+/Q A1) (p‘Q(t)st(t)—p‘g(t+T)st(t+T)> (p‘2(t)—p‘2(t+7)>LwS(HT) deds.

T T 50
The equality then reads

/ p 2 Lw,(t) LT w,(t) dadt

Qr
_ / (1) ‘pQ(t)st(t) — p’:(t + 7)Lws(t +7) dedt
+ / (1) (Pz(t)st(t) - p’:(t + )L (t + T)) (pQ(t) - /;’Q(t + 7)> Luw,(t + ) dadt
1 0 9 Vow . Lwg(t + 7) — Lws(t) .
T/J/Qp (t+7)Lw,(t + )( . )ddt. (60)

Next, we shall look into the second term in the left hand side of . First, recall the smooth
function 7 given by (9 satisfies n = 0 in (—o0, 8] U [T — 6, +00) (with § > 0 given in (9))). Then, in a
similar way that have lead to , we have assuming 7 < 9 :

T

/O 72 (1)1 2 () (we)a (1, £) T (w2 (1, £)d

/T (n%t)pf(t)(ws)z(Lw R+ )P+ ) () (Lt T>)
0

T

% ((ws)m(l,t +7) — (ws)2(1,7)

T

) de. (61)
Then, using the identity

a—c)(b+d)—(a+c)(b—d)

adfbc:( ,
2

Y(a,b,c,d) € R* (62)

with a = n?(t)p72(t), b = (ws).(1,t +7), c = n>(t +7)py 2(t +7) and d = (w,).(1,t), we obtain from
(61)

T
/0 72 (0072 () (w2 (1, £) T (w2 ) (1, £)d

_ /T (PP *(8) = 0Pt 4+ 1)py 2(t+ 7)) (ws)a(1,8) + (ws)o (L.t + 7))
0 2T

(ws)a (Lt +7) = (ws)a(1,1)
X ( ) dt

T

at.  (63)

~ /T (P(0)p1 (1) + n*(t+7)p1 >t + 7)) ’<ws>m<1,t+r> — (w)o (1, 8)|”
0 2 T
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Now, using and in the formulation , we have

/ (1) ‘p_2(t)Lw5(t) — p72(t+ 1) Lws(t + 1) |? dad

T

o [ OO+ i) [BRLEEERLE C
0 2 T
[ o (S0 = ) (270 =0T

_7/_7/ (t +7) L, (t + )(LwS(tJFT)_LwS(t)) dadt

T

+8/T (0o () = (¢ + 7)1 *(t + 7)) (ws)a(1,8) + (ws)o (1, + 7))
0

QTX <(ws)m(1’t 1) = (ws)m(l’t)) «

T

—/ Bﬂwsdxdt—/ul’ﬁws(-,O) dx+/uo7;(ws)t(~70)dx
Qr Q Q

Z:Il+12+13+14+15+16. (64)

Sub-step 2. In this step, we obtain precise estimates for the terms I; and I3 and then an estimate
of the left hand side of .

(i) Estimate of I;. Young’s inequality leads to

daxdt

T

w5 [ oo|(FOEED) i)

“2(1) Lw- () — 0=2(t + 7 Law 12
|]1|<1/ p2(t)‘p (t)Lws(t) — p~2(t + 7)Lws(t + 7)

2
dxdt. (65)

(i) Estimate of Is. We have

/T (@®)p1 " (1) = n(t +7)pr ' (¢ + 7)) (we)a(L,1) + (ws)a (L, + 7))
0

I =
s =5 2T

y (n(®)py @) +n(t +7)p7 H(t+ 7)) ()2 (1,E+7) — (ws)o(1,1)) "

(@7 (E) = n(t + 7)oyt + 7)) (we)a(1,8) + (ws)o (1,6 + 7)) |
2T

dt

T
<2s/
0

s T
+§/0 In() o (t) + 0t +7)py (¢ +7)

T
§23/
0

S/T (7 ()p1>() + 1°(t + 7)1 *(t + 7)) ‘(ws)x(l,t+r)—(ws)x(1,t) ’
0

T

(ws)z(1,t +7) — (ws)(1,1) 2

2
| ;

dt

(BT (E) — n(t + )pr (t+ 7)) (ws)e(1,8) + (w,)e (1, +7))|”
21

dt

at.  (66)
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(iil) A first estimate of the left hand side of . The previous estimates and give

! / ) ‘p%t)ms(t) =4 bt +7) " dodt
L2 /OT (n2<t>p;2<>+n2§f+7> 2(t+1) ‘<ws>z<17t>— iws»(l,tw) iy
< 1/ pQ(t)‘<p2( )= ’T) 2(t+7)) Lw,(t+7) "t
3 2(t + 7) Lwy(t + 7) (ng(t i TT) — st(t)) dxdt‘ (67)
o / (00 {7 (@alelh ) (alelh 4 o

+ ‘ BT, ws dxdt' +

/ uoTr (ws)e(+,0) dz| +
Qr Q

=i+ o+ J3+ Js+ J5+ Jg.

/ uy Trws (-, 0) do
Q

Sub-step 3 : We prove that the left hand side of is bounded uniformly with respect to
T €10,4].
(i) Ji is bounded. Since p=2 € C*=(Qr), (p~ 1) = —2sAB(t — T)dp~! and Lw, € CO(R; L*(Q)):

/T;F(t)’(”_% ‘j’_z(””) Lu(t 4+ 7)

as 7 — 0 and thus J; is bounded.

(i) Jy is bounded. Since p~2Lws; = ys € CO(R;L*(Q)), p=2 € C>®(Qr) and Lws = p*ys €
C((—o0,d]; LQ(Q)) we have, as 7 — 0

s — Lws(t
T

2 T

) (00 (1) dadt

2

dzdt — 482/\262/ (t —

ys(0)(p*ys)¢(0)
J |

and thus J, is bounded.
(iii) J3 is bounded. Since (wy).(1,-) € L*(0,T) and np; ' € C'(R) we have

T
25/
0

s / (197 Ve (t) (wa) (1, 8) 2 dt

()P (1) =t + )pr (t+ 7)) (ws)e(1,8) + (w,)e (1, + 7)) |
21

dt

as 7 — 0 and thus J3 is bounded.
(iv) Jy is bounded. For 7 small enough, since B € D(R; L*(2)) and ws € C*(R; L?(2)), we have

BT, wsdxdt| = ‘ / ~Bwgdzdt| —

Qr Qr

as 7 — 0 and thus J4 is bounded.

(v) Js is bounded. We have Lw, = p?ys € CO(R; L?(R2)) and ws € C°(R; H}(Q)), thus (ws)y =
Lw, + (ws)ze € C(R; H71(Q)). We then have, for all t € R:

(wa)e(t) — (w)s(0) = / Lua(€) dé + / (w3) o (€) dé.
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This yields

Tr(ws):(0) =

S( [ rw©acs [ ru©as [(wn©act [ o)

B 72-/07§<st(§) —szws(_g)> ae+ 72—/07 f—((ws)m(f) ;gws)mx(_£)> de.

Now, since Lws = p?ys € C1((—o0,d]; L?(2)), we write that

/Q“‘é /0 ; <st(£> 2§st(£)> 4 da

— / uo(p?ys)e(0) dz = —25)\,6’T/ $(0)p*(0)ug dz + / 0*(0)uouy dz as 7 — 0. (69)
Q Q Q

On the other hand, since uy € H?(Q) N H(Q) and w, € CO(R; HE (2)):

i/OT <§<(ws)m(§) 2£ws>zz(£)>’“°>H_l,Hﬂl d¢

2 (7€ (ws) (&) — (ws)(=§)
/o ;/Q(uo)m % dx d¢

T

— Q(uo)m(ws)t(O)da: asT — 0 (70)

since moreover ws € C!(R; L2(£2)). Thus

/uoﬁ(ws)t(-,()) dr — —QSA,BT/ (;S(O)pQ(O)ug—i-/ p*(0)ugus —I—/(uo)m(ws)t(O) dz (71)
Q Q Q Q
as 7 — 0 and thus J5 is bounded.

(vi) Jg is bounded. We have Lw, = p?ys € C°(R; L3(Q2)) and ws € C'(R; H}(£2)), thus (ws) =
P*ys + (Ws)zx € CO(R; H1(2)). Therefore

w(7) — 2w(0) + w(—7)
-2

Trw(0) = = (ws)et(0) = (ws)2w(0) + p*(0)ug in H™H(Q)

as 7 — 0 and thus
/QulTTw(-,O) dz —((ws)e¢(0), w1) g1 () m2 ()
= (Ws)ax(0), u1) r-1(0)x 3 (2 +/QPZ(0)U1U0 dx (72)
= [ @O de+ [ PO da

as T — 0. Jg = UQ w1 Trw(-, 0) dx| is therefore bounded.
(vii) Then we can conclude, from (67)), that the terms

2
dzdt

[ et |00 =g e i )

and
2

dt

/T (P ®)p2(@t) + n*(t+7)py 2 (t + 7)) ‘(ws)za,t) — (wy)a(1,t+7)
0 T
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are bounded. Remark that this implies that the two terms fQT p_Q(t)|L(6*%)\2 dzdt and

T772( £)p 2 (t)|(Sms o), (1,t)|?d¢ are bounded; indeed,

| OO 0.0 P
2/T (*(®)pr* (&) + 0Pt + 7)p1 *(t + 7)) ’(ws)x(l,t) — (w)a (1,1 +7) |
0

2 T

<

X

dt.

We also have

P we () — =2 L P
/ 2 (e) D ws)l2dwdt<2/ pQ(t)’p (#)Lws (£) = p~2(t + 7) Lws (t + 7)

dzdt

T

2
dadt

+ 2/ P(1) ‘p%) - iﬂ(t ) L (¢ 4 7)

and each term of the right hand side is bounded.

Sub-step 4. In this step, we prove that vs € H'(0,T) and ys € C°([0, T]; H'(2))NC ([0, T]; L%(R)).
Since 6;& € CY([0,T); HE(Q)) N CL([0,T]; L3(2)) and satisfies (‘5*7“’5)55(1,-) € L?(0,T) then the
Carleman estimates gives

s [ o210 102 ) drdr 5 [ 520 P vt
[, o(es =
s [ p-2<o>(|<‘”f’8>t<x,o>|2+ )0 ot s [ o201 @0 as

)e(1,8)[2dt.  (73)

_ (STU}S T — 6Tw5
Sl R e R ARGl
T 0

Therefore, since the right hand side is bounded, (‘”Tw)t and (577““) are bounded in L?(Qr) and
thus (ws)y € L2(Qr) and (ws); € L%(0,T; H} (). Moreover, 5T;”S (-,0) is bounded in Hg(Q) thus
(ws)e(-,0) € HY(Q). We also have L(ETT“’S) bounded in L?(Qr) so L(ws); € L*(Qr). Thus (ws):
satisfies

L(ws): € L*(Qr),

(ws)e(0,2) = (ws)e(1,1) =0, te€(0,T)

((ws)e(0), (ws)u(0)) € Hg () x L*()
and thus (w,); € C°([0,T); HA()) N CH([0,T]; L*(Q)) and (ws)ix(1,-) € L?(0,T). Therefore from
the definition of vs, v, € H'(0,7) while from the equation satisfied by (ys,vs) (see (I7)), ys €

([0, 7]; H () nCH([0, T); L*(92)).
1

Remark 8. We then have wy € C1([0,T]; H3(2)) N C2([0,T]; L?()) and from the equation satisfied
by ws, since Lws € CH([0,T); L2()) we deduce that (ws)ze = (ws)e — Lws € C°([0,T); L3(R)) and
thus that (ws)z.(-,0) € L*(Q).

Step 2 : In this step, we give estimates on (vs); and (ys)¢-
First of all, since (ws); € CO([0; T); HE(Q)) N CH([0,T]; L*(Q)), L(ws); € L*(Qr) and (ws) e (1,-) €
L?(0,T), we can write the Carleman estimate for (ws); leading to

s / o 20w + ()1 ) drdt + 5° / §2(0)] (1), ?

+SAp_2(0)(|(ws)tt(w70)l2+(ws)tz($,0)|2)dw+83/90_2(0)|(ws)t($70)|2d$

T
<C [ ol Lw dadt+Cs [ ROREOl )i OP (74
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Sub-step 1 : In this step, we pass to the limit when 7 — 0 in equation . We have, since
ys = p~2Lw, € CH(R; L*(Q)) :

dzdt — [ p>(t)|(ys):]? dzdt

T Qr

—2 w —p2 T)Lw T 2
/ pg(t)‘p (1) Zuws (t) = p~(t + 7) L (t + 7)

as 7 — 0 and since (ws)z(1,-) € L*(=6,T 4 6) and np;* € C(R) :

dt

/T (P (O)p*(8) + 1>t + 7)pi *(t + 7)) ‘(ws)w(1’t+7) — (wy)a(1,1)
0 2 T

- /oT 7 (#)pr % () | (ws)ea (1, 1) dt

as 7 — 0. Since y, = p~2Lw, € C}(R; L*(Q)), Lw, € C*(R; L*(Q)) and (p~')¢ = —2sAB(t — T)pp~?
in Qr, we infer that

[ ot (R e e DR 1)) (O S0 ) o

T

w [ %)(b(t)pQ(t)(ys)tys dzdt

and

L[ Lo n (PO g [ 000

T

as 7 — 0.
Similarly, since w, € C?(R; L?(Q)) and (ws)(1,-) € L?(—6,T + 6),

/T ()P (8) = 1Pt + 7)oy *(t+ 7)) (ws)a(1,8) + (ws)a (1,1 + 7))
0 2T

o (Lt = )00,

T

/T_‘S ()1 2(t) — Pt +7)py 2t + 7)) (ws)a (1, 1) + (we)a (1, 4 7))
0 2T
(et )= 00)

T

T
- / (27 2)e(we) (1, 1) (w1 (1, 1),
0
and

BT, w, dzdt — B(ws ) dzdt.
Qr Qr

as T — 0. Since (wg)4u(+,0) € L*(Q), the convergence reads
/ul’TTws(',O) dz —)/(ws)tt(',())ul dz.
Q Q
Similarly, since (ws):(+,0) € H}(Q), reads

/Quoﬁ(ws)t(y())dxﬁ—23/\6T/Q¢(0)pz(0)u(2)dx+/Qp2(0)uou1 dx—/ﬂ(uo)z(ws)m(~,0) dz.
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We conclude that the limit with respect to 7 — 0 in ([64)) leads to the following equality
2 r 2
/ p° (1) |(ys)e]” dadt + 5/0 ()1 % (1) |(ws) e (1,8)|” dt
T

= —2s)\f (t—§)¢(t)p2(t)(ys>tys dadt — / ys(0)(p*ys):(0)
Qr Q

+ 8/0 (nzpf2)t(t)(ws)z(l,t)(ws)m(l,t)dt — B(wg)¢ dedt — /Q(ws)tt(-,O)ul do

QT
=250 [ 00O o+ [ pOuuode [ (wo)s(we)ea(-0) do
Q Q Q

::Kl+K2+K3+K4+K5+K6+K7+K8

Sub-step 2 : In this step, we estimate each term K;,i=1,---,8.
(i) We get that, there exists C' > 0 only depending on T such that
1
Kl <5 [ POl dede+ 05 [ g0l dudt
T T

(ii) Similarly, recalling that y,(-,0) = up and (ys):(-,0) = uy, there exists C' > 0 such that
|Ks| < Csllp(0)uoll72q) + 2(0)uoll L2y lp(0)ual| L2 (o)

(iii) Using that (p; '), = —2sAB(t — L)¢pi ", we obtain

T
K| = s / (1207 2)o(we)a (1, 1) (wa) e (1, D)

T 1/2 T
<2 <S/O (npl1)t|2|(ws)z<1’t)|2dt> (S/O 772(t),012(t)|(ws)tx(1at)|2dt>

T

1/2

T 1/2
<c<s3 / (0972 (0)|(w)a(1, 1) 2dt + s / p;2<t>|<ws>x<1,t>|2dt> x
T 1/2
<s / ﬂg(t)/hz(t)(ws)tz(lvt)|2dt>

ERHOR T 2 s YR 2
<C<s | Aetares [ or0lw)a.n dt>+8 | oo w0 P

(75)

We now estimate the term fOT p1 2| (wy)z(1,t)[2dt appearing in the previous inequality: proceeding as
in [Lio88al, Lemma 3.7] with ¢(x,t) = xp~2(x,t) such that ¢(0,t) = 0 and ¢(1,t) = p; *(t), we get the

equality
1
T Q
Writing that |[p~!p; | < Csp~2 and [p~'p; | < Csp~2, we obtain (since s > 1)
1" -
5 [ erOlw).oP <cs [ pPudiut)ios |
0 T Q
leading, using the Carleman estimate (L0), to
g P1
2 —
8/0 P12 (ws)2(1,8)dt < Cs (Ipyslliwﬂ +s 1nvs||%z<5,T5)>-
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T
3| ol P =2 Tmplptlwzwﬁ; | 0722w w2+ [ oo,
(7200 +u2)0)+ 2 () +u2)(T))

(76)



Thus,
T
S _
K| < (”pyS|L2(QT) +112 vslle 57— 5>) + g/o 17 (t)p1 2 (ws) e (1,1)dt.

(iv) Using the Carleman estimate we have

1/2 1/2
|Ky4| = ’/ B(ws)ttdxdt’ < (s_l/ p2B2) (s/ p_z(ws)tt|2>

T T T
1/2 T

<c(s-1 / p232> ( | ottt asar+s | 772(’5)/)12|(ws)tz(1at)|2dt>
T T 0
1/2 T

<c(s-1 / pr2> £ AP antes [ PPt es [ p@p )P
T T Qr 0

1 T
<C <51/ p2B2+52/Q p2|y82dl‘dt) + S/Q 02| (ys)e|? dzdt + %/O 02 (t)p1 2| (ws ) (1, ) 2dt.
T T T

(v) Similarly, using again the Carleman estimate we have

1/2

1/2

[K5| = ’/Q(ws)u(-,o)m dar| < [lp(0)u|z2() o™ (0)(ws)ee (-, 0) [ 2o

T 1/2
< Cs7 V2| p(0)ur ]| p2(oy (/ p‘Z(t)I(p2ys)tl2dxdt+8/O n2(t)p12|(ws)m(1»t)2dt>

Qr
1/2

T
< Cs 2 p(0)ur 120 ( [l dsars [ s | ﬁQ(t)PIQ(ws)tm(Lt)|2dt>
T T 0

_ 1 s [T -
<0 (s ol +2 [ P asat) + g [ Pasar s § [P w0
Qr Qr 0

(vi) Simpler, we get
| K| < Csllp(0)uoll2(q)
(vil) and
|K7] < [lp(0)uol[ 2 ()l p(0)ur || L2 ().
(viii) Eventually, leads to

K| = \ / (UO)w(ws)tw(vO)’ < 10(0) (o)l 10~ (0) (w5 (- O (e
1/2

< O] p(0) (o) | 2 ) (/Q p2(0)|(pye) |2 dadt + C's / ’72(t)012(75)|(ws)tx(1at)|2dt>

T

< 5200l ([ O s+ [0l

Qr

T 1/2
+ 8/0 n2(t)p12(t)l(ws)m(1,t)2df>

_ 1
< 0(8 H1p(0) (o) 1720 +82/Q pQ(t)IySIdedt> +8/Q P ()] (ys)e|* ddt

T

T
4 / 72 (0072 ()] (ws)ea (1, D)L,

| w
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Sub-step 3 : In this step, we give estimates on (vs): and (ys):. Collecting the previous estimates,

we get from ([75))
T
/ () ()i dadt + s / P (0)p(8) (ws)ea (L, 1) dt
T
P1 _
<C (32||pys||2L2(QT) + 8||;UH%2(5,T75) +s 1/@ p*B? (77)
T

+5]lp(0)uoll72 (0 + 7 1P(0) (uo)a 172 () + 8’1||p(0)U1H%2(Q)> :

We have

T
—1 2 2
s / P (8) [(0s): 2 di
T—6 2()

T 2 2 pilt
C (S/O 0 ()p1 () [(ws)x(1,2)] +S/5

N

n*(t)

thus using the estimates and , implies for s > so > 1 that

v2 S ! -2 w 2
2(6)dt + / RN s>x<1,t>|>

T
[ A1 dodt s s [ g0 (0
T 0 (78)

<C (3_1”/0BH%2(QT) + 56”2 lugl| Fa(qy + 57 [ (u0)z 2 () + 3_16_25||U1||2L2(Q))

which gives the announced estimate in the case of regular data.

Step 3 : Case where B € L?*(Qr) and (ug,u1) € HE(Q) x L*(2). We proceed by density: there
exist (uf)nen € H2(2) N HY(Q), (u])nen € HH(Q) and (B™),en € D(0,T; L2(£2)) such that ufl — ug
in H}(Q), ut — vy in L*(Q) and B® — B in L?(Qr) as n — oo.

Let (y,v") be the solution of () given in Theorem|[6|associated to (uf,u}, B"). Then, by linearity,
we have for all (n,m) € N2, from

$1/2

(v = vz @r) + lp1 (v = vl L2 0.m)

< o(ye =y r2@r + 52 Vg

P1
—(vy —v")
n

L2(5,T—35)

<C (S_B/QHP(B" — B2 (gr) + 572 lug — ugllp2i) + 57 e uf — uTlle(Q)) :

while from

lp(ys — ys)ellLz(qqr) + 5 [p1(vs — v")ellz20,1)
< (871/2”/)(3” = B™)lL2 () + 572" ug — ug || 2o

—1/2

+871/2€78H(u67‘ _ ug%)z”m(m + 5*1/2675Hu? - UTHL2(Q)>

and from .

(e =y el omr2@) + 1w = y5")ell0,m020)) <O (I1B™ = B™ [ 12(@qr) + lug — ug'llz2(0)
FI @t —ut)ell L2 + lo5 = v a1 0,1)) -
Therefore v — v, in HY(0,T) and y? — ys € C°([0,T]; HX(Q))NCL([0,T]); L*(2)) and, passing to
the limit in the equation @ satisfied by (y™,v™), we obtain that (ys,vs) solves @ Moreover, passing
to the limit in the estimate satisfied by (y7,vY), we deduce that (ys,vs) also satisfies (19)). Using
, we easily check that (ys,vs) satisfies vy = sn2pf2(ws)x(1, -) and ys = p~2Lws where w, € P; is
the unique solution of . The proof of Theorem [7|is complete.
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