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Abstract

In this work we investigate from a broad perspective the reduction of degrees of freedom through
serendipity techniques for polytopal methods compatible with Hilbert complexes. We first establish
an abstract framework that, given two complexes connected by graded maps, identifies a set of
properties enabling the transfer of the homological and analytical properties from one complex to
the other. This abstract framework is designed having in mind discrete complexes, with one of
them being a reduced version of the other, such as occurring when applying serendipity techniques
numerical methods. We then use this framework as an overarching blueprint to design a serendipity
DDR complex. Thanks to the combined use of higher-order reconstructions and serendipity, this
complex compares favorably in terms of DOF count to all the other polytopal methods previously
introduced and also to finite elements on certain element geometries. The gain resulting from
such a reduction in the number of DOFs is numerically evaluated on a model problem inspired by
magnetostatics.

Key words. discrete de Rham method, Virtual Element method, compatible discretisations, poly-
hedral methods, serendipity
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1 Introduction

The development of approximation methods for partial differential equations supporting general poly-
topal meshes and arbitrary order has been an extremely active field of research since the early 2010s; a
representative but by far non exhaustive list of references includes [1, 3, 8, 12, 16, 18-20]. Recent efforts
have focused on the compatibility of polytopal methods with Hilbert complexes; see, in particular, [4, 7]
and [14, 17] concerning, respectively, Virtual Element (VEM) and Discrete de Rham (DDR) methods, as
well as [10], where bridges between these technologies have been built. Compatible polytopal methods
are based on discrete versions of the relevant Hilbert complex involving finite-dimensional (discrete)
spaces connected by differential operators or discrete counterparts thereof. This sequence of discrete
spaces and operators is built so as to preserve the homological properties of the original Hilbert complex.

Vanilla versions of polytopal methods often display more degrees of freedom (DOFs) than the
corresponding finite element counterparts. A remedy to this drawback has been proposed in [6], where
a version of the nodal (H'-conforming) VEM space with fewer face DOFs has been introduced. The
idea, inspired by serendipity finite elements, consists in selecting a subset of the DOFs sufficient to
identify uniquely polynomials of the desired degree, and in using them to fix the values of the remaining
DOFs. A similar path had been previously followed in [13] to reduce the number of element DOFs in
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the framework of discontinuous Galerkin methods. In the context of low-order methods, this approach
is also called barycentric elimination [22], and has been used to eliminate cell unknowns in hybrid
methods [23].

Serendipity techniques for DOFs reduction are appealing for several reasons: they make it possible
to interface finite element and polytopal methods on standard geometries, as argued in [6]; they lead
to smaller algebraic systems by reducing the number of face DOFs (which cannot be, in general,
eliminated by static condensation); in the context of nonlinear problems, they provide a means to
eliminate (a portion of the) element DOFs that is potentially more efficient than static condensation,
as the serendipity reduction operators need not be recomputed at each iteration of the nonlinear solver,
unlike the static condensation operators.

In the context of compatible polytopal methods, serendipity techniques have to be applied in a
compatible manner in order to preserve the homological and analytical properties of the discrete complex.
Concerning VEM methods, the issue of face DOFs reduction through compatible serendipity techniques
has been considered in [5, 9], where the authors build a virtual serendipity de Rham complex for which
they provide a direct proof of local exactness properties; see, in particular, [5, Propositions 3.2, 3.6, and
3.8]. A variation of the VEM complex in the previous reference has been recently proposed in [10],
where links with DDR have also been established.

Inspired by these recent results, we tackle in this paper the issue of compatible serendipity polytopal
complexes from a broader perspective. Specifically, we start by constructing an abstract framework
that, given two complexes connected by graded maps, identifies a set of requirements on the serendipity
operators that enable the transfer of all the relevant homological and analytical results from one complex
to the other. In particular, the properties we identify ensure that the original and serendipity complexes
have the same cohomologies, even in the case of non-exact complexes due to non-trivial topologies of the
domain. Moreover, the identification of sufficient conditions for the preservation of analysis results such
as Poincaré inequalities, primal and adjoint consistency, etc. in a general nonconforming setting seems
to be an entirely new result (in a conforming setting, the preservation of such properties is significantly
easier). This general framework is specifically adapted to the situation where one complex is a reduced
version of the other, and the graded connecting maps are extensions/reductions which transfer properties
from the full complex to the reduced one. This framework then enables us to derive a serendipity version
(hereafter referred to as “SDDR”) of the DDR complex of [14]. The SDDR complex hinges on novel
serendipity operators that rely on the same construction for both the discrete H' and H(curl) spaces,
and that enable the reduction of both faces and element DOFs. The fulfillment of the requirements
identified in the abstract framework ensures that the full panel of homological and analytical results
derived in [14] transfers to the serendipity DDR complex. The new DDR complex is extremely efficient
as it combines the use of higher-order reconstructions, typical of DDR, with serendipity on both faces
and elements. The DOFs count therefore compares favorably to existing polytopal de Rham complexes
[5, 7, 10, 15, 17], but also to finite elements on hexahedra (while being very close, although slightly
higher, on tetrahedra); see Table 2 below. Serendipity versions of finite elements on cubical meshes have
been recently explored with a DOF count comparable to the present construction (see, e.g., [24] and
references therein), but an analysis and shape functions only presented for the lowest-order degree. The
method discussed here is more general as it applies to general polyhedral elements, and is additionally
designed so as to preserve the commutation properties between the interpolator and discrete differential
operators discussed in [14, Section 3.5]. Having clarified the requirements for compatible serendipity
techniques through an abstract framework also enables us to provide an answer to an open question
left in [9], namely whether it is possible to perform DOF reduction on the H(div) discrete spaces in a
compatible manner. Specifically, we prove in this paper that such a reduction is not possible as it would
violate crucial requirements of the discrete complex.

The rest of the paper is organised as follows. In Section 2 we develop an abstract framework for the



preservation of the homological and analytical properties in reduced complexes. Section 3 contains a
description of the setting (mesh, polynomial spaces), while the original DDR complex of [14] is briefly
recalled in Section 4. The construction of the novel serendipity DDR complex is detailed in Section 5
and its properties are proved in Section 6, which also contains numerical tests to assess the performance
gain resulting from the reduction of DOFs. Finally, Appendix A contains the proofs of estimates of
polynomials from boundary values that are at the origin of the design of the serendipity operators.

2 Blueprint for homological and analytical properties preservation in reduced complexes

Consider a sequence (Xj, d;); of spaces and operators defining a complex, each space being associated
to a (possibly vector-valued) polynomial space P dictating the degree of polynomial consistency
expected from the space and the discrete operator, and an interpolator I; : PX — X;.

Ppki Pkist
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> X > Xiv1 > e 2.1
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Assume that we have a second sequence of spaces (X;);, and connecting linear graded maps E and
R (the former being called extensions, the latter reductions) as in Diagram (2.1), and set, for all index i,

d; == R diE;. (2.2)

Having this diagram in mind, we will refer to (X;, d;); as the top sequence and to (X;, d;); as the bottom
sequence. We now list properties that ensure that the two sequences have the same cohomology.

Assumption 1 (Homological properties). (C1) R; is aleft-inverse of E; on ker a,-+1 ,thatis: (Ié,-Ei) kerds,, =
Idkera- 1°

(C2) (EiRisi —1dx,,,) (kerdi) € Imd;,

(C3) Both the reduction and extension are cochain maps, i.e., Rid; = cAll-I?l- and Ei+1al- = d;E;.
Equivalently, recalling the definition (2.2) of d;, R;+1d; = Ris1d;E;R; and E;y R d; E; = d;E;.

Proposition 2 (Isomorphic cohomologies). Under Assumption 1, the sequence (X;,d;); is a complex
and the cohomologies of (X;,d;); and (X;,d;); are isomorphic. In particular, if one complex is exact
then so is the other.

Proof. The fact that (X;,d;); is a complex follows from (C2). Denoting now the cohomology groups
by H; = kerd;/Imd;_; and H; = ker d; /Imd;_,, by (C3) we can project E; and R; on these groups,
defining [E;] : H; — H; and [R;] : H; — H;. By (C1), we have [R/][E;] = 1dy, and, by (C2) for
i—1,[E;R;—1dy,] = 0, so that [E;][R;] = Idg,. This proves that [E;] : H; — H; and [R;] : H; — H;
are isomorphisms. O

Our goal now is to deduce analytical properties of the bottom sequence based on corresponding
properties of the top sequence. To do so, we assume that each X; is equipped with an inner product



(*»*)x.,i» with norm ||-|[x,;. The inner product (-, -)x ; and associated norm ||-
that E; is an isometry, that is:

% on X; are defined so

(£ 9)x, = (E& E9)x;  and  |Rllg,; = IEfllx; V(£,9) € X x X (2.3)

Of importance when considering discrete complexes is the degree of polynomial consistency they

preserve, which is measured through the interpolators /; in (2.1). Oftentimes, some properties involving

interpolators on larger spaces are also useful. We will therefore consider that, for each X;, there is a

Hilbert space H; D Pki such that the interpolator I; can be extended as I; : H; — X;. The norm on H;
is denoted by ||-||4(,;, and we define interpolator for the bottom sequence by:

I =RiI; : H; = X;. (2.4)

To properly define the interpolator, the norm on #; is typically quite “strong” (this space corresponds to
a Sobolev space). Some estimates and consistency properties will require an “L2-like” space £; (with
inner product (-, -) £ ; and norm ||-|| £;) in which H; is continuously embedded. We denote by cq,; the
embedding constant such that

Ivllzi < crilvlla: Vv eH,. (2.5)

We now cite three assumptions that are involved in deducing analytical properties of the bottom
sequence from properties of the top sequence.
Assumption 3 (Analytical properties).

(A1) Continuity of reductions: R; : X; — X; is continuous, with norm denoted by ||R;||.

(A2) Polynomial consistency: R; is a right-inverse of E; on the subspace I;(P%); recalling (2.4), this
translate into: Eifixp =I;x, forall x),, € Ppki,

(A3) Continuity of interpolator: I; : H; — X; is continuous for the norms ||-||4r; and ||-||x ;, with
norm denoted by ||I;]|.

Proposition 4 (Poincaré inequality). Assume (C3) and (Al). If (X;,d;) satisfies a Poincaré inequality,
then so does (X;,d;). More specifically, if there is cp > 0 such that

llxllx,; < cplldix|lx i+t Vx € (kerd;)™, (2.6)

then
I%llx.; < cpllRilllldifll% ;4 V% € (kerd;)".

Proof. The proof is inspired by that done for conforming discrete complexes in [2, Theorem 5.3]. Let
£ € (kerd;)*. Since d; : (kerd;)* — Imd; is an isomorphism, there is x € (kerd;)* such that
d;x = d;E;X. Using the cochain map property (C3) for the reduction, we infer that (Ail-léix = Rjp1dix =
Rin1d;E;% = d;&, and thus that R;x — £ € kerd;. Hence, £L (£ — R;x), which gives

I#1% , = B8 = B Rix) g < IRllg IRixl g < IRlg IRl el
where the last inequality follows from (A1). Simplifying by [|£||% ; and applying (2.6), we obtain

x,i+1 = PRl Eir1dif|lx,i+1,

I%ll%; < cpllRillIdixllx,iv1 = cplIR:Ill|d; Eif]

where we have used the cochain map property of the extensions in the last equality. The proof is
completed by recalling that E;,; is an isometry. O



Proposition 5 (Primal consistency of inner products). Assume (A2), (A3), and suppose that the top
sequence satisfies the polynomial consistency property

Ivp. Iiwp)x.i = Vp.wp)ri  Vvp,w, € PN
Then, the bottom sequence satisfies the following properties:
1. Polynomial consistency:
(fivp,fiwp)g,i = (Vp, Wp) i Yvp,wp € pki, 2.7

2. Consistency in H;.: Assuming (A1), for all v,w € H;,

7 T 5112 2 2
|Giv, fw)g = (vow) il < (1RGP + 3,
X (w2 i MWl + wgp i (WYl + wgp i (Vg p (W) s

where wq( p ; measures the best polynomial approximation error in the norm of H;, i.e.,

wupi(§) = inf |I&-Epllpi V& €H;.

&pePki

Proof. For the polynomial consistency we simply write, for v,,,w,, € Pki,

~ ~ (2.3) A o (A2)
(Iivp,liwp)y(,i = (EilivpsEiIin)X,i = (Iivpsliwp)X,i=(Vpawp)£,i-

We now turn to the consistency on H;. Let v,w € H;, and take arbitrary v,,w, € Pk, Introducing
ifivp and ifiwp we have

(iiv’ iiW)X’i = (fl(v - Vp)’ fiW)X,i + (iivp, iz(w - Wp))X,i + (fivpa IAin)X,i- (28)
Invoking the polynomial consistency (2.7), we can write, for the last term in (2.8),
(IAivp,IAiwp)X’i =psWplri=p=viwp)ri+(V,wp—=w)ei+(V,w)g.

Plugging this into (2.8) and using ||IA,-v||X,,i < IR Il V|4 for all v € H; (which results from (A1)

and the continuity assumption on /;) along with (2.5), we obtain

P f 51217112
|(Giv. fiw)g ;= uw) | < WRAPIEN (1 = vp llacillwllge + w = wpllgillvpll o)

2
+ 50 (v = viigillwpllgi + lwp = wllgeilly

H.i) -

The proof is completed by writing |[v,|[#,; < ||vp — Vll#,i + ||V||#,; and similarly for w,, and taking
the infimum over v,,,w,, € Pk, O

As the sequences we consider in the following sections are “fully discrete” (that is, the discrete
spaces are those of the degrees of freedom of the method), they are not naturally related to any
polynomial functions on the computational domain. Instead, such functions are obtained through
potential reconstructions. We therefore assume, for all index i, the existence of a linear map P; : X; —
Pk the norm of which (when P is endowed with the £;-norm) is denoted by ||P;||. We then set

ﬁi = P;E;: Xi - Pki.

The proof of the following primal consistency result is done as the proof of Proposition 5 and is therefore
omitted.



Proposition 6 (Primal consistency of potential reconstructions). Assume (A2), (A3), and that P; is
polynomially consistent, in the sense that Pi1;v, = v, forall v, € Pk Then, P; is also polynomially
consistent, in the sense that P;I;v p=vpforallv, € Pkiand we moreover have

1Bifv = vilzs < (PRI + 1) wppi (), Vv € H.

Commutation properties for discrete differential operators are an essential tools to design schemes
that are robust with respect to physical parameters [10, 21]. They also naturally lead to optimal
consistency properties. Both properties are tackled in the next proposition.

Proposition 7 (Commutation and consistency of differential operators). Assume (C3) and that, for some
unbounded operator D; : H; — H;y1 with domain dom(D;), the commutation property Iim1D; = d;1;
holds on dom(D;) for the top sequence. Then, it also for the bottom sequence: I;.1D; =d;f; o
dom(D;).

As a consequence, if (A2) and (A3) hold, and if the potential reconstruction P;.; is polynomially
consistent, then

1Piv1difiv = Divl i < (IPeri IRt i1 ]l + 1) e piv1 (D) Vv € dom(D;). (2.9

Proof. We simply write

@24 5 5 (€3

(24)
d;iR:I; =" Rinidil; = Ris1 11 D;

d I I l+1D i»
where the third equality comes from the commutation property for the top sequence. The consistency

property (2.9) then directly follows from Proposition 6. O

Remark 8 (Consistency in non-Hilbert spaces). The primal consistency of the potential reconstruction
and the discrete differential operator do not rely on the inner product of the spaces H, and could therefore
also be stated with non-Hilbert spaces.

Adjoint consistency error bounds are crucial to establish error estimates for numerical schemes
based on non-conforming complexes. The following proposition shows that, if the top sequence satisfies
an adjoint consistency estimate, then so does the bottom sequence.

Proposition 9 (Adjoint consistency). Assume that (A2), (A3) and (C3) hold, and consider an unbounded
operator D7 : Liyy — L; with domain dom(D7). Let u € H;iyy N dom(D}) and define the consistency
error of the top and bottom sequences, respectively, by

(Liv1u,dix)x iv1 + (Diu, Pix) g ;i

&Ei(u) = sup ,
l xeX;\{0} [Ixlx,i + ldix|lx,i+1
A (Fiviu, dif)g 14y + (Dfu, PX)J:l
Ei(u) = max
xeX;\{0} [I% || it ”d x”xl+1

Then, the following estimate holds:
Ei(u) < &) + (Rl + 1) (i1 lwpt,p. 41 (w).

Proof. We first notice that, for all u, € Pk E ,+1f,+1up — Iiziup = 0 by (A2). Hence, inserting
this quantity into the left-hand side norm below, using a triangle inequality, noticing that, since E;1 :
Xis1 = X1 is anisometry, ||Eperfir-llx,ie1 = IRisiLivill g o1 < IRt 1| Zi1 1], 741, and taking the
infimum over u,, we have

”Ei+1fi+lu - Ii+1u||X,i+1 < ”Ei+1ii+1(” - ”p)”X,iH + |[1i1 (Mp - ”)“X,i+1

R (2.10)
< (IRt ll + 1) Mini lwas, p i ().

6



Recalling (2.3), we then write, for X € )?i,

(fi+1u,di)3);2,,-+1 = (Eis1lin1u, Eip1di®)x iv1

= (lisu, diEiR)x w1 + (Eipi Lipiu = Tiiu, i EiR) x g1

where the second line is obtained inserting +/;.ju and using the cochain map property (C3) of the
extension to write E;;1d;X = d;E;X. Invoking then (2.10), the definition of &;(«) with x = E;X, and
P;x = P;E;% = P;%, we infer

(i, di%)g oy + (Dfu, Pi%) i < Ei(u) (IIEikllxi + | Eifllx,i41)
+ (IRt Il + 1) i lwgt, o st I Eif | x 41

The proof is completed by noticing that, by isometry and cochain map property (C3) of the extensions,
IEifllx,i + diEifllx,ier = (IRl ; + (1 difllg 41 O

3 Setting
3.1 Domain and mesh

Let Q ¢ R? denote a connected polyhedral domain. We consider, as in [14], a polyhedral mesh
My =T, U Fp U EL UV, where 7, gathers the elements, ¥, the faces, &, the edges, and YV}, the
vertices. For all P € M}, we denote by /p its diameter and set & := maxr cq; hr. For each face F € %,
we fix a unit normal ng to F and, for each edge E € &, a unit tangent tr. For T € 7y, Fr gathers the
faces on the boundary 0T of T and Er the edges in 0T; if F € ¥, EF is the set of edges contained in
the boundary 0 F of F. For F € Fr, wrr € {—1,+1} is such that wy prF is the outer normal on F to T.

Each face F € ¥} is oriented counter-clockwise with respect to ny and, for E € Ep, we let
wrEg € {—1,+1} be such that wpg = +1 if g points along the boundary 0 F of F in the clockwise sense,
and wrpg = —1 otherwise; we also denote by npg the unit normal vector to E, in the plane spanned
by F, such that (g, npg, np) is a right-handed system of coordinate (so that, in particular, wrpRFE
points outside F'). We denote by grad, and divp the tangent gradient and divergence operators acting
on smooth enough functions. Moreover, for any  : F — R and z : F — R? smooth enough, we let
roty r := (grady r)* and rotr z = divg(z*), with L denoting the rotation of angle —% in the oriented
tangent space to F.

We further assume that (7, F1,) belongs to a regular mesh sequence as per [16, Definition 1.9], with
mesh regularity parameter o > 0. This assumption ensures the existence, for each P € 7, U 7, U &,
of a point xp € P such that the ball centered at xp and of radius p/p is contained in P.

3.2 Polynomial spaces and L’-orthogonal projectors

For any P € M), and an integer £ > 0, we denote by ¢ (P) the space spanned by the restriction to P of
polynomial functions of the space variables. Letting P¢(P) = P{(P)" forP € 7, andn =3 orP € 7,
and n = 2, it holds: For all F € 7,

PL(F) = G'(F) & G~ (F) with G (F) = grad, P! (F) and G/ (F) := (x = xp)* P’ (F)
= R(F) & R (F) with R’ (F) = roty P*! (F) and R (F) := (x - xp)P'" (F)

and, forall T € 73,

PHUT) = GY(T) ® G“(T) with GX(T) = grad P*1(T) and G4 (T) = (x —x7) x PN(T) (3.1)
=RUT) @ REU(T) with RU(T) = curl P7*Y(T) and REU(T) = (x —x0)PTUT). (3.2)

We extend the above notations to negative exponents ¢ by setting all the spaces appearing in the
decompositions equal to the trivial vector space {0}. Given a polynomial (sub)space X!(P) on P € My,



the corresponding L?-orthogonal projector is denoted by nﬁ(’P. Boldface font will be used when the

elements of X¢(P) are vector-valued. The spaces in the above decompositions are hierarchical, i.e., for
all X € {G,R} and all P € T, U F,, X 71(P) ¢ X“(P). In what follows, we will frequently use this
property to write, for all integers £ < k — 1 and P € 7, U 77,

c,l+1 _c,k _ _c,f+1
XP Txp=Txp - (3.3)

4 DDR complex

In this section we briefly recall the DDR complex and refer to [14, Section 3] for further details. From
this point on, we fix an integer k > 0 corresponding to the polynomial degree of the complex.

4.1 Spaces and component norms
The DDR counterparts of H' (Q), H(curl; Q), H(div; Q) and L?(Q) are respectively defined as follows:

Xl;rad,h = {Zh = ((gr)res,» (GF)Fem - qe,)
gr € P*UT) forall T € T, qr € P*1(F) for all F € 3, and qe, € Pf”((‘}h)},

with P¥+1(&;,) denoting the space of functions that are continuous on the mesh edge skeleton and the
restriction of which to each E € &, belongs to P**!(E),

X(Ifurl,h = {Kh = ((VR,T’ v(q:Q’T)T €Tn> (VR,F’ v;z’F)FEﬁ’ (VE)EES;,) .
vrr € R¥1(T) and v‘;{T € REK(T) forall T € Ty,
vr.r € REI(F) and Ve € RSk (F) forall F € %,

and vy € PK(E) forall E € Sh},

Xgiv,h = {Eh =((wg.r.wg r)res, Wr)Fes,) 4.1)
Wg.T € G*(T) and ng’T € GSX(T) forall T € T,

and wy € PK(F) forall F e ﬂ}

and
PX(Tp) = {qh € L*(Q) : (gn)r € PK(T) forall T € ‘E} .
The corresponding interpolators are denoted by /. érad e L’fuﬂ e Lgiv 5 and n';, ,,- The interpolator on

X ’g‘ra 4.5, 1s defined by (4.9) below, while the remaining interpolators correspond to the L?-projections on

the polynomial spaces appearing in the definitions of gurl’ P Xgiv’ 5 and P*(Tp), respectively; see [14]
for details. The restriction of each of these spaces to a mesh entity P € M, that appears in its definition
gathers the polynomial components on P and the geometric entities on its boundary, and is denoted
replacing the subscript 4 by P. A similar convention is used for the elements of such restrictions as well
as for the interpolators.

From this point on, to alleviate the notation, for all P € {Q} U 7, U ¥, U &, we denote by ||-||p
the standard L?(P)-norm. The same notation is used for the norm of L?(P)" (with n denoting the
dimension of P), any ambiguity being removed by the scalar or vector nature of the argument. In the

analysis, we will additionally make use of the following local component L>-norms |- flle.p : X ’f p =R,



for e € {grad, curl,div} and P € 7, U 7, (only P € F, if @ = div):

1/2
. 2 2
g, Mgraa.r = llgrllF+ > hEannE) VF € Fi, ¥4, € Xgraa ro
EGSF
1/2
. 2 2
g, Ngraa.r = (llarllF + > hF|||gF|||gmd,F) VT € T, V4, € Xpraa 1
FeFr
1/2
. 2 2 2
1y llewrt, 2= (VR p N7 + V5 pllF + hEnvEnE) VE €T, Ve e X r  (42)
EESF
1/2
. 2 2 k
Iy pllewns 7 = (v I + 15 7113+ > hF|||vF|||m.F) VT € Fi, Vv € X5
FeFr
1/2
. 2 2 2 k
lwy laiv.r = (Iwg.rIF +lwg o7+ > thanF) VT € T, YWy € X, 7
FeFr

1
For e € {grad, curl, div}, a global component L?-norm is obtained setting |||-||le.5 := (ZT e, I |||f T) .

4.2 Discrete vector calculus operators and potentials
4.2.1 Gradient

For any £ € &, the edge gradient Gk gradE — PX(E) is such that, for all g € XgradE,

Gk E4E = q, where g denotes the restriction to E of gg, and the derivative is taken is the direction

te.
For any F' € ¥}, the face gradient Gk Xk — PX(F) and the scalar trace yk” Xk

“—grad,F “—grad, F
k+1 xk
P+ (F) are such that, for all 4p € Xgraa F

/GIFTCIF “VF = —/ gr dive vp + Z a)FE/CIE (vF -nFE) Vwr € PH(F), (4.3)
Fo- F E

EESF

/’n’é“q divp v =—/ Ghg ve+ Y wFE/VZ“qE (r-mrg)  Wr e R,
F = E N

EGSF

Similarly, for all T € 7, the element gradient G5 : X* — PK(T) and the scalar potential

—grad, T

pktl . xk — PK+1(T) are defined such that, for all q, € Xk

grad, 7 * —grad,T —grad, T’

/quT -vT=—/qT diver + wTF/yi—“q (vr-np)  Vvr e PHT), 44)
T - T

Fefr
/Pf;r*;d 74, dvvr = —/T G?gT VT + Z wTF'/I;V;C:HgF (vr -np)  Vvr € REF2(T).
Fefr

For future use, we notice that, using discrete inverse and trace inequalities and, for mesh elements, the
continuity of y’}“ stated in [14, Proposition 6], it holds, for all P € 75, U ¥,

”G qp llp < hp 1|||C] ”lgradP Vq € Xgradp 4.5)



4.2.2 Curl

For all F € Fy, the face curl CK : X — Pk(F) and the corresponding vector potential (which can
F ° Zcurl,F p g p

be interpreted as a tangential component) ytk F Xfurl F P*(F) are such that, for all vip €X i‘uﬂ Fo

/C;(TKF rF:/VR,F'rOtFrF_ Z (UFE/VE rr Vrr EPk(F) (46)
F F Ee&Er E
and, for all (rp, wr) € POK(F) x RO¥(F),
k _ k c
/‘.},t’FKF ~(rotprp +wp) —/CFKF re + Z a)FE/vE rF+/ Vep WF-
F F Feer E F

For all T € 7y, the element curl CX : X* — Pk (T) and the vector potential P*¥ - Xk —

T ™ Zcurl,T curl, 7 * Zcurl, T

P*(T) are defined such that, for all v €X k

Zcurl, T’

/CI;KT W = / VRT * curl wr + Z WTF / 'yéFKF . (WT X nF) VYwr € ?k(T) 4.7
T T Fefr F

and, for all (wr,zr) € G*(T) x REK(T),

k _ k k c
/TPcurl,TgT - (curlwr +z7) = /T Cry,-wr — Z CUTF/F'}’LFKF - (wr Xnp) +/TVR’T 2T

FeFr
4.2.3 Divergence
For all T € 73, the element divergence D; X giv’T — P*(T) and vector potential P’giv’T . giv’T —
P (T) are defined by: For all W, € Xﬁiv,p

/Diﬁr qr = —/ wg.r - gradgr + Z WTF / WF qT Var € PX(T) (4.8)
T T e F

and, for all (rr,zr) € PO*1(T) x GSX(T),

/TP'&V,T&T-(gradrT +zr)=—/TD§mT rr o+ Z wTF/

WFE T +/WCg’T < 2T
Ferr F T
4.3 DDR complex

The DDR complex reads:

Lkrad, QI; Qk Dl; 0
R = X'érad,h " gurl,h ) Xgiv,h > P*(Th) > {0},

k

where the interpolator on X grad.h is such that, for all g : Q — R smooth enough,

!grad,hq = ((”I;)_,;QH)T 67;,’ (”];_,;:QIF)F.E%, q(‘);,), Wlth q(‘)h € P(ZC-'-I (81’1) SuCh that (4 9)
qe,(xv) =q(xy) forall V € V, and n];;,ng = n];)_’}gq forall E € &,. .
and the global discrete gradient, curl, and divergence operators are such that, for all (gh, v,.W,) €

k k k
Xgrad,h X Xcurl,h x Xdiv,h’

k . k-1 ~k ko Ak k-1 ~k ko Ak k

thh = ((ﬂ.R’TGTzT’ ﬂ(;{’TGTgT)TEIEI’ (ﬂ-R’FGFgF’ ﬂ(;g’FGFzF)FEﬁ,’ (GEqE)EESh)’
k . k-1 ~k k Ak k

thh = ((WQ’TCTKT,WCQ’TCTKT)TE‘E, (CFKF)FEﬁ)a

(Dyw,)ir =Dsw; VT €Ty,

10



4.4 Discrete L>-products and norms

For e € {grad, curl, div}, we define a discrete L2-product on X ’f , setting, for all x, , y, € X ’f n

()—Ch’zh)%h = Z ()—CT’XT)°’T’
T<T,

with local contribution such that, denoting by Pf + the potential on X ’: r (withl = k + 1 if e = grad,
[ = k otherwise),

— [ [
()—CT’XT)‘,T’ = L P, rxr 'P.,TXT + So,T()_CT,)_’T)~

Above, se1 1 X ’_‘ T X X’f r+ — Ris alocal stabilisation bilinear form, the precise expression of which
can be found in [14, Section 4.4]. We will also need, in what follows, the discrete global and local
L?-norms induced by the above L2-products, that will be denoted by |-|.., and ||-||s.7, respectively.

5 Serendipity DDR complex

As demonstrated by the example of the DDR complex, polytopal discrete complexes have degrees of
freedom (DOFs) attached to mesh entities of various dimensions: elements, faces, edges, vertices. Their
specific choice is related to the degree of their polynomial consistency. The principle for constructing
a serendipity version is to notice that, on a polygonal face (resp. polyhedral element), the knowledge of
a polynomial on the boundary alone can often provide sufficient information to reconstruct it inside the
face (resp. element).

Following the notations of Section 2, this principle guides the construction of the serendipity spaces
X;, in which face or element internal DOFs that are not required to reconstruct polynomials of the desired
degree are removed. The reduction map R consists in removing these DOFs, while the extension map
E re-creates these DOFs by fixing them to those of the polynomial reconstructed from the boundary
and remaining internal DOFs; this way, DOFs representing in X; (through I;) polynomials in P% are
exactly recovered, ensuring the polynomial consistency expressed by (A2), which is a driving property
in the process.

This design, however, has a caveat, as the DOFs removed on a lower-dimensional entity (e.g., a
face) can impact some components of the discrete differential operators on higher-dimensional entities
(e.g., an element); in particular, to ensure the cochain map property (C3), the values of the reduction
operator attached to higher-dimensional entities might have to be adjusted to account for the removal of
DOFs on lower-dimensional entities. The design of the reduction operator is thus initially inspired by
the consistency property, but must then be tuned to fulfill Assumption 1, which relates to the choice of
serendipity spaces in each vertical section of Diagram (2.1).

The rest of this section shows how to apply these principles to the DDR sequence presented in
[10, 14]. In this context, focusing on the local sequence on an element 7 of the mesh, Diagram (2.1)
becomes Diagram (5.1) below. The operators that appear in the construction of the SDDR complex are
summarized in Table 1.

11



Notation Name Definition

S Ig‘md’ F Gradient serendipity operator on faces Problem (5.5) with L given by (5.14)

S furl’ F Curl serendipity operator on faces Problem (5.5) with L given by (5.16)
Egaar Gradient extension on faces Eq. (5.18)
Ecurl, F Curl extension on faces Eq. (5.19)
Egrad’ F Gradient restriction on faces Eq. (5.23)
R curl, F Curl restriction on faces Eq. (5.24)

S Ig‘rad’T Gradient serendipity operator on elements Problem (5.26) with L given by (5.28)
Curl serendipity operator on elements Problem (5.26) with L7 given by (5.30)

curl,T
Egaar Gradient extension on elements Eq. (5.32)
Ecuﬂj Curl extension on elements Eq. (5.33)
Bgrad’T Gradient restriction on elements Eq. (5.35)
Rnr Curl restriction on elements Eq. (5.36)

Table 1: Synoptic table of the operators appearing in the construction of the SDDR complex.

PET) PH(T) PH(T) P(T)
k k k
Lgrad,T !curl,T Ldiv,T Id
” Gk Ck Y Dk Y
—grad,T, k Sr k Cr k T k
R : Xgrad,T ) Xcurl,T ) Xdiv,T > P (T) > 0 (5.1
\ \ A~ ™
\ \
\ A \ A
Id Egrad,T II Bgmdj Leurl,T II Ecurlj 1d 1d
/ /
ak - Ak V- k g

Lgrad,T 5

Gy ok QT k D; kv
R ) Xgrad,T ) Xcurl,T —_— Xdiv,T — P (T) — 0.

Remark 10 (No serendipity for Xé‘iv + spaces). Notice that no serendipity is performed on the space

Xé‘iv +- The strong objection to reducing the DOFs in that space is discussed in Section 6.5.

The global complexes are obtained collecting the local components of the spaces and operators and
enforcing their single-valuedness on vertices, edges, and faces internal to the domain. For the global
complex, the polynomial consistency property is not relevant. A comparison in terms of DOFs count
for tetrahedral and hexahedral elements among SDDR, DDR, and (non-serendipity) finite elements is

provided in Table 2.
5.1 Boundary selection and notation for inequalities

As discussed above, designing serendipity versions of the DDR spaces requires to reconstruct polyno-
mials inside elements/faces from boundary values on selected faces/edges. To ensure a stable recon-
struction, the selection of these faces/edges must be done in such a way that they are not close to being
aligned. This is stated more precisely in the following assumption.

Assumption 11 (Boundaries selection for serendipity spaces). For each P element (resp. face) of the
mesh, we select a set B; p of 7p > 2 faces (resp. edges) that are not pairwise aligned and such that P

12



Tetrahedron Hexahedron

Discrete space k=0 k=1 k=2 k=0 k=1 k=2

HY\(T) 40404 15010010 32020020 80808 27020027 54032064
H(curl;T) 60606 28023020 65053045 | 12012012 46039054 9906770 144
H(div;T) 40404 18018015 44044436 60606 240624036 5690560108

L*(T) lolol 4od04 100 10¢ 10 lolol 40408 100 10 ¢ 27

Table 2: Dimension of the local spaces in the DDR ¢ SDDR o Raviart—-Thomas—Nédélec FEM discrete
Hilbert complexes of comparable degree k € {0, 1,2} on a tetrahedron (7 = 4 and nr = 3 for all
F € ¥7) and hexahedron (n7 = 6 and np = 4 for all F € F7).

lies entirely on one side of the hyperplane H}, spanned by each b € B p. The scaled distance function
to Hy, is defined by distpp(x) = h,;l (x — xp) - npp, with npy outer normal to P on b. Finally, we define a
boundaries selection regularity parameter 6 > 0 such that distpy(xy) > 6 for allb # b’ in B p.

From this pointon, a < b (resp., a 2 b) means a < Cb (resp. a > Cb) with C only depending on €2,
k, the mesh regularity parameter o (cf. Section 3.1), and the boundaries selection regularity parameter
6. We also write a =~ b as a shorthand for “a < band b < a”.

Remark 12 (Trivial boundaries selection). We can always select two faces (resp. edges) in each element
(resp. face) such that 8 > o. This minimal selection corresponds to the absence of serendipity, as can
be easily verified by noticing that, in this case, (5.4) and (5.25) below give {p = k — 1 for P € 7, U 77,.

5.2 Estimates of polynomials from boundary values

We state in this section some bounds of polynomial functions on polytopes in terms of boundary values
and, possibly, reduced projections in the interior of the polytope. Similar estimates have been established
in the recent preprint [11], but only for 2D convex polygons and with a proof by contradiction that,
contrary to the one developed in Appendix A, does not allow for a direct estimate of the constants.

Lemma 13 (Estimate of scalar polynomials from boundary values). Let k > 0 and let Assumption 11
hold. Let P € T, U F, be a mesh element or face. Then, it holds

k+1— 5
lglle < ll7y s ®alle+ha D" llgplle Vg € PE(P). (5.2)
bGBs,p

Proof. See Section A.1. O

Lemma 14 (Estimate of vector polynomials from tangential boundary values). Let k > 0 and let
Assumption 11 hold. Let P € T;, U F, be a mesh element or face. Then, denoting by Bp the set of faces
(if P is an element) or edges (if P is a face) of P, it holds

1/2

- 42—

vl < llmhe pvlle + I s Tvlle + ( Z hP”Vt,b”kz)) vy € P (P), (5.3)
beBp

where vy, is the tangential component of v on b (that is, vip = v|g - tg if b = E is an edge, vip =
ng X (vip Xnp) ifb=Fisa face).

Proof. See Section A.2. O
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5.3 Serendipity, extension, and reduction operators on faces
5.3.1 Serendipity problem

For a face F € ¥}, recalling that r is defined in Assumption 11, we let
p=k+1-np <k-1. (5.4)

Given a linear form Lr : PX(F) x R&F*1(F) — R, we consider the following problem: Find
(0, A) € PK(F) x R&FHL(F) such that

Ar((0, ), (1, 0)) = Lr(T,p)  Y(r,p) € PH(F) x REFH(F), (5.5)

with bilinear form Ay : [P (F) x R&F+ (F)]2 — R such that
Ar((v,v), (T, p)) = hp /(v tg) (1-tg) + h? /rotp v rotFT+/ URNTE / T-v. (5.6)
E€&p F F F

Proposition 15 (Well-posedness of the serendipity problem on faces). The serendipity problem (5.5)
admits a unique solution which satisfies

(o, DllF = llollr +11Alr < ILFlIF (5.7
where || Lr||F is the norm of the linear form L induced by the L*-norm on P (F) x R&FH (F).

Proof. The estimate (5.7) classically follows from the following inf-sup condition on Ag: For all
(v,v) € PX(F) x ROFH(F),
Ar((v,v), (7, 1))
v )F < sup
(.41) €PX (F)XREEFFL(F)\{(0,0)} I(z, )l F

= 3. (5.8)

Let us prove this condition. Taking (7, u) = (v, v) in the definition (5.6) of A, we obtain

hr Z v - £l + kg | rotr vl|7 = Ar (v, ), (v, 7)) < $ll(, )|lF. (5.9
EESF

We next notice that, for all ¢ € PO*~1(F),

/rotpvq:/n";“z,v roty g — a)FE/(v tg) q.
F F s

E

Taking ¢ such that rotg g = n’;e‘lzpv (which is possible since rotz : PU*1(F) — R¥2(F) is an
isomorphism) and using Cauchy—Schwarz, discrete inverse, and trace inequalities along with ||g||r <
hr|lrotr gllFp = hr ||7r’;{12pv|| r this gives, after simplifying and raising to the square,

Iz rolly < he - v - telly + b llrotr vl < 8l @, v)|lr, (5.10)
EESF

the conclusion being a consequence of (5.9). On the other hand, taking (7, u) = (0, 7rc lr +1v) in the
definition (5.6) of Ap and recalling the definition (5.8) of $, we obtain

C €F+l

In s vy = Ar (0, v), (0,755 v) < $llag s vl < Sllvllr < $ll@,v)|lF, (5.11)
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where the second inequality follows from the L?-boundedness of 7r° KF +l . Summing (5.9), (5.10) and
(5.11) and recalling (5.3) along with (5.4), we obtain

7 < Sll(w, )llr. (5.12)

To estimate the L2-norm of v, we notice that v € P*(F) owing to (5.4), and we write

IVI2 = Ar (0 ), (=9, 0) e S / (W-tg) (v - tg) + I / oty v ot v
EESF
1

2
1
2 2
S $lvlle +hj, ( PR tEnE) Vlle + hr [l votr vl [1VI1F.
EcEF
where we have used Cauchy—Schwarz, discrete trace, and inverse inequalities to pass to the second line.
Combining this estimate with (5.9), simplifying, and raising to the square, we conclude that
2 2
IvllE < 87+ Sl vlF. (5.13)

Summing (5.12) and (5.13), using Young’s inequality and taking the square root gives (5.8). |

5.3.2 Serendipity spaces and operators

The serendipity gradient and curl spaces on a face F' € ¥, are respectively defined as
~k “ “ N N ”
Xorad,r = {gF = (gr,qer) : Gr € PF(F) and g, € PZ.‘*](SF)},

Ak N N R R
Xewnr = {KF = (Pr.F. Vg > VE)ECES,)

R € REU(F), 95 o € REFHU(F), and 95 € P*(E) forall E € 8F}.

We note that since these serendipity spaces are subspaces of XX and X* the components

—grad,F —curl,F>

L*-norms defined by (4.2) can be applied to their elements.
The gradient serendipity operator on faces S]g‘md, Fo Xlg(rad’ F Pk(F ), the role of which is to

reconstruct a consistent gradient (see Proposition 17 below), is defined, for all § . € x* Xorad. as the
component o of the unique solution to problem (5.5) with right-hand side linear form L = = Lgrad,F
given by

Loraa, 7 (37, 1) = hr Z /6?15 (T'tE)—/é?FdiVFﬂ+ Z wFE/@E (u-npg). (5.14)
= F E

EESF E EESF

Combining the estimate (5.7) with Cauchy—Schwarz and discrete trace and inverse inequalities, we infer

k A 1y A
”Sgrad,Fg lF < hF ”lg |||grad,F Vq € XgradF (5.15)
sk . .
The curl serendipity operator on faces S curl.F Xcuﬂ F P*(F), which reconstructs a consistent

" sk
vector potential (as shown by Proposition 17 below), is defined for all ¥ . € X, ; - as the component

o of the unique solution to problem (5.5) with right-hand side linear form Lr = Leun, F given by

Lewt,rPp37, ) = hr Z /VE (t-tg)

EcEF

+h%(/ﬁR,F-rotFrotFr— > wFEfﬁE rotFT)+/f!;€,F-u. (5.16)
F E F

Ec&Efp

The estimate (5.7) along with Cauchy—Schwarz and discrete trace and inverse inequalities yields

”Scurl F_FHF pS “lﬁpl”curl,F V G Xcurl F- (5-17)
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5.3.3 Extensions and reductions
k Ak

The extensions on faces E Eopradr: X Xorad,r = Xk Xorad.F and Ey p o Xy p — &url - are such that

Egrad,Fﬁ = (E;(’_ll?q,\ ’ quF) Vq € Xgrad F (5'18)
.k
Ecurl F F =(Pr,F, 7 R, sturl FYp» (VE)Ecsr) N4 F € Xcurl Fo (5.19)
with Es’,‘;lF : X]g(rad’F — P*=1(F) such that, for all wp € R (F),
EK-Lg di — | Sk i pd - j - 5.20
prd, dVFWF = grad,F4, " WF + wre | 4e (WF - nFg). (5.20)
F F Ecer E

Using discrete trace inequalities, (5.15), (5.17), and the isomorphism property of divg : REK(F) —
P =1(F) stated in [14, Lemma 9], we get the following continuity properties:

lE, rad, FC] |||grad F S |||C[ ”lgrad F Vq € X rad,F> (5.21)
=g g
|||£cur|,FKF”|curl,F < |||KF|”curl,F VVF € Xcurl F- (5.22)
The reductions on faces, which also define the interpolators / I rad,F Ol x* grad 7 and i Ly, on X" Xeurl.F
through (2 4) are Rgrad F* Xérad,F - X “grad,F and R curl L. * Xfurl F Xcurl,F such that
5 ¢
Egrad’FgF = (ﬂpF,FqF’ qSF) vq € Xgrad F» (5'23)
R p2r = VR p AR 5 Ve o VE)EeEr)  Vp € Kby - (5.24)
5.4 Serendipity, extension, and reduction operators on elements
5.4.1 Serendipity problem
For a fixed element T € 7y, recalling that 7 is given by Assumption 11, we let
br =k+1-nr <k-1 (5.25)

and, given a linear form L7 : PX(T) x R&T*(T) — R, consider the following problem: Find
(o, A) € PK(T) x R&TH1(T) such that

Ar (o, D), (1, 0) = Lr(t.p) V(7. p) € PYT) x RETH(T), (5.26)
with bilinear form Ay : [P*(T) x R&T*1(T)]* — R such that
Ar ((v,v), (v, ) = hr Z /vtF ToF + I3 /curlv curl~r+/ y—/r-v,
Fe¥r r r

We remind the reader that, foranyv : T — R3 smooth enoughandany F € Fr, v r = np X(v|p XnFp)
denotes the tangential component of v on F. Proceeding as in the proof of Proposition 15, we can prove
the following result.

Proposition 16 (Well-posedness of the serendipity problem on elements). The serendipity problem
(5.26) admits a unique solution which satisfies

lollz + Nz < [ L7l (5.27)

where || Lt || is the norm of the linear form Ly induced by the L*-norm on P*(T) x RST(T).
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5.4.2 Serendipity spaces and operators
The serendipity spaces on an element 7 € 7, are defined as

A

Reaar = {4, = @r- @r)rerode,) © dr € P(T), 4 € P (F) forall F € Fi,

and g, € Pf”(aT)},

Rz = {0 = Or7.5% 1 Op ¥ prerr, Op)peey) |
brr € R¥N(T) and $5 ;. € RETH(T),
bg r € RI(F) and 95, . € REFI(F) forall F € Fr,

and P € PX(E) forall E € 87}.

The component norms defined by (4.2) naturally apply to these spaces.
The gradient serendipity operator on elements S’gcmd’T : Xlgrad,T — pk (T) is defined, for all
c} e X"

Xorad,T> 3 the component o~ of the unique solution to problem (5.26) with L7 = Lgraq,7, Where

Lgrad,T(iT;Tsﬂ):hT Z ‘/FGl;Egrad,FQF

Fe¥fr

- [ardvas Y ore [ A Egard, (nene). 629
T FeFr F

Combining the a priori estimate (5.27) with Cauchy—Schwarz and discrete trace and inverse inequalities,
observing that ||Gk E,raa, Fq |lF < hy 1|||q llgraa,7 by (4.5) for (P, 4 )=(F,E grad, Fq ) followed by

(5.21), and that ||yk+1Egrad Fq lF < |||q lgraa,7 (consequence of [14 Proposition 6] followed by
(5.21)),

||Slg<rad,T§A llr < hj_"l I”ﬁ ”lgrad,T Vq € Xgrad T (5.29)
Ak k
The curl serendipity operator on elements S* D Pk (T) is defined, for all § Vr € Xeuno

as the component o of the unique solution to problem (5.26) with L1 = Ly 1 defined by

AL _ k A
Leur, T (KT’T’ M) = hr Z ‘/FYLFEcurLFKF "TLF

Fe¥fr
2 5 k a AC
+ hy /vR,T-curlcurl‘r+ Z wTF/‘thgcuﬂFgF-(curl‘rxnp) +/vRT-p. (5.30)
r Ferr Fo | T

Using the a priori estimate (5.27), Cauchy—Schwarz and discrete trace and inverse inequalities, as well
as estimates of 7:‘ FE cunt p¥ p following from [14, Proposition 6] and (5.22), we have

k A A " Ak
”Scurl,TKT”T < ”lKT”lcurl,T VKT € Xcurl,T‘ (5.31)
5.4.3 Extensions and reductions
. . pk k . pk k
The extensions on elements are E grad T * Xgraar — X, grad.T and E .y 7 Xy — Xeun r such that
Egrad,Tﬁ = (Ep Tq (Ego FCI )Fe‘FT,qAST) Vq € Xgrad T> (5.32)
~k

A ¢,k k A c,k k A A
Ecurl,TKT = (VR,T, nR,TScurl,TKT’ (VR’F’ ”R,Fscurl,FKF)FGTT’ (VE)EGST) VKT € Xcurl,T’ (5'33)
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k

with Ek ] defined by (5.20) and E : Xgradj — Pk=1(T) such that, for all wy € R%¥(T),

k=1 » . _ k ~ k+1 N
/ ESD,TQT div wr = —/ Sgrad,TzT swr + Z WTF / YF Egrad,FgF (WT . nTE).
T T FeFr F

Proceeding in a similar way as for the face extensions, (5.29) and (5.31) yield

”lEgrad Tq ”lgradT S |||q ”lgradT VQ € Xgrad T (5.34)
ME 787 lleanir < Wyl Vo7 € Riyn -
The reductions on elements are Egrad’T X ]grad,r - X]g(radj and Ecurl T ﬁurl T Xfurlj such
that
Ryaard, = RE 1a . (1 par)rem» qer) Vg € XEoar. (539

k=1 ST+l e c,lr+l ¢
Rcur]T T_(RRTVT7 R; VtRT’(V‘R,Faﬂ'(R; vR F)FE’}}?(VE)EEST) V E&uﬂ]‘s (536)

where R;T,TQT € P (T) is such that, for all wy € RET+(T),

AL . A
/ Ry ra, divwr = - / Glq, - wr+ ), wrr / V5" Egrad i Rgraa 4, Wr -np)  (5.37)
T T FeFr F

while IA(];{}KT e R*1(T) is such that, for all w € G*(T),

A k-1 k k A
[ Riere -curtwr = [ Chvpowr = 3 wre [ B Ry - o xup). 538)
T T FeFr F

6 Properties of the SDDR complex
6.1 Preliminary results

Proposition 17 (Polynomial consistency of the serendipity operators and extensions). The serendipity
operators and extensions enjoy the following polynomial consistency properties: For all P € T, U ¥y,

Ak
Syradplgraapd = gradeg Vg € PH(P), 6.1)
pk k k+1
Egrad Plgrad,Pq = lgrad,Pq Vq eP * (P)’ (62)
k
Scurl P=curl, py =" Vv € Pk(P)’ (6-3)

~k

0 | = Ik vy € PE(P). (6.4)

—curl,P—curl,Pv - —curl,Pv

Proof. Let us first consider the case P = F € 7. Let g € P**!(F). By uniqueness of the solution
to (5.5), (6.1) follows from proving that (grady g, 0) solves this problem with Lr = Lgraa,r defined
by (5.14) with QF = flg(rad’Fq. Recalling the definition (5.6) of A, it holds, for all (1, u) € Pr(F) x
RC,€F+1 (F)

Ar((gradg q,0), (7, 1)) = hr /(graqu tg) (1 tE)+/graqu U
Ec&EF
:]’lF Z /Q|,E (T'tE)_/ﬂ;lin diVFﬂ'l‘ Z CUFE/TFI;D_’IEQ (ﬂnFE)
Ecgr VE F Eeér E

= Lgrad F(Igrad FO T, M),
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where we have used rotr grad; = 0 in the first line, an integration by parts along with the fact that
divp pu € PUF (F) and, forall E € Ep, u-npg € P (E) c P*1(E) (see [14, Proposition 8]) to insert

if r and 71'90 E in the second line, and the definition of z]gcrad’ r (based on (2.4) with full interpolator
and reduction respectively given by (4.9) and (5.23)) together with (5.14) to conclude. This proves
(6.1) for P = F. From this result, using an integration by parts in (5. 20) together with the fact that
divp : RE*(F) - P*1(F) is an isomorphism, we infer that Ek ! Igrad Fd =

(6.2).

) We procefed 1similarly to prove (6.3) for P = F. Specifically, let v € PX(F). For all (t,p) €
PE(F) x REFT(F), it holds

Ty },q, which gives

Ar((v,0), (T, 1)) = hr /(V tg) (t- tE)+h2 /FrOth rotFT+/Fv H

EcEfp
k
e [ b0 te) (o)
EGSF E
+h%p(‘/7r’7‘z Izpv rotp rotp T — Z wFE‘/ﬂ];E(v-tE) rotp‘r)+/7r;éf;+lv-y
F Eety E F

Ak
= -Lcurl,F(!curl,FV; (T, ),

where we have used an integration by parts along with the definitions of the L>-orthogonal projectors to
pass to the second line, and (5.16) together with the definition of !A furl’ - (obtained, according to (2.4),
composing (5.24) and the L?-projectors on the components of g‘ud ) to conclude. This proves that
(v, 0) solves (5.5) with Lr = Leun,F given by (5.16) with § . = _Afurl,Fv. This establishes (6.3), from
which (6.4) immediately follows.

We now briefly discuss the case P = T € 7;,. Let ¢ € P*!(T). Using Egrad,olk =i

grad,Q ~grad,Q

for Q € 7, U ¥, (by definition (2.4)), (6.2) for P = F, and the polynomial consistencies of G; and
k“ (see [14, Lemma 3]), the definition (5.37) shows that the element component of fgraqu is

ngT I* grad, 74 = 7r7, +9q- We can then proceed as above, using the polynomial consistency of Gk and
k“ together with (6.2) for P = F to see that (6.1) and (6.2) hold for P =T.

The proof of (6.3) and (6.4) for P = T is similar, noticing that the polynomial consistencies of ytk F

and C% (see [14, Egs. (3.25) and (3.29)]) and (6.4) for P = F yield Ii’;ﬁ;!ﬁuﬂjv = ’1‘3 }v m|

Lemma 18 (Projections of extension, serendipity and gradient operators). For all P € T, U Fp, it holds:

k=1 A N
# pEp pd, = dp Vg, € Xgmd P (6.5)
c k A~k c,k k N
POPLgraapdp = Mg pSgraa pdp V4, € Xgrad P (6.6)
tp+1 A sk
”;z ;? Scurl Pv - v’R,P VKP € Xcurl,P‘ (6‘7)

Proof. We focus, for the sake of brevity, on the case P = F € ¥, the case P = T € 7}, being similar.
Taking a generic w € RSF*(F) and plugging (1, u) = (0, w ) into the variational problem defining
S’g‘rad’Fcip (i.e., (5.5) with Lr = Lgrad,F given by (5.14)), we infer that

‘/FSlgcrad,FgAF “WF = —/FC?F dive wp + Z wFELéE (WF - nFpE). (6.8)

Ec&Er
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Writing the definition (5.20) of Eg k= 1 with this choice of wg (which is possible since R® LF +1(F ) C
Rk (F) by (5.4)) and subtracting (6.8) from the resulting expression yields

k=1~ 1 A
./I;EP’FngIVFWFZ-/I;QFdIVFWF,

which proves (6.5) since divg : ROFH(F) — P (F) is an isomorphism. To establish (6.6), we take
wr € R (F) and write the definition (4.3) of Gﬁ"Egrad,F‘?F to get

k=1 » .
/G Egraqu Fz_‘/FEP,FngIVFWF-F Z CUFE/

~ k N
ge (Wr -nrg) = / Sgrad,rd; " WF>
EcEfp E F

where the second equality follows from the definition (5.20) of E¢, K ‘1 . Finally, to prove (6.7), it suffices
to take test functions of the form (0, x), with g spanning R ‘! (F ) in the problem defining S*

curlF F
(i.e., (5.5) with right-hand side Lr = Ly, F given by (5.16)). O
Lemma 19 (Equivalence of norms on % Xorad,T and X _curl r)- For e € {grad, curl}, it holds ||-||e 5,7 =
I-llle.7 on XfT where, in accordance with (2.3), ||-le,s,7 = ||E, 7-|le,r with ||-|le,7 defined in Section

44,

Proof. We only consider the case e = grad, the proof for e = curl being similar. For all § 4, € %
we have

—grad,T°

“q ”gradsT = HEgrad Tq ”gradT < IE Lograd, Tq ”lgradT S ”lq ”lgrad T

where the first inequality comes from the equivalence of norms on X* Xorad,T> 5€€ [14, Lemma 5], and the
second inequality is (5.34). To prove the converse inequality, we use (6.5) to write

~ 2 k k 2 2
G, Wraar = I8 ES 1 a7+ > hellrg nESpa I+ > he > hellgely
FeFr FeFr Ec&Ep

A 2
< |||Egrad,TzT |||grad,T ’

where the last bound follows from the L2-boundedness of the L2- projectors and the definition (5.32)
of £ Egraa, Tq We then invoke the equivalence of norms in XX Xoraa T (see [14, Lemma 5]) to get

|||Egrad Tq ”lgradT ~ ||Egrad TqTngadT Hq ”gradsT O

6.2 Commutation property for the serendipity operators

The property in the following lemma justifies the choice of serendipity operators made in Sections 5.3.2
and 5.4.2 and will play a crucial role in the proof of Lemma 23 below (cochain property for the extension
map).

Lemma 20 (Commutation property for the serendipity operators). Forall P € T, Uy, it holds, recalling
that G GKE by (2.2),

—curl P=P grad P

A

— Qk A
Scurl PGPqP - Sgrad,ng Vq € Xgrad P> (69)

which expresses the fact that the following diagram commutes:

grdd P

grad P — Pk(P)

\ Tscurl P

b

curl,P
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. N Ak A " ~
Proof. Let us consider P = F, and set, for the sake of brevity, ¥ . := G Fdp Then, Vg = %’E and

AC C€F+1GkE

C €F+1
VR 71'R F sk

—grad, Fq fR F grad, Fq (610)

by (6.6) for P = F recalling (3.3) along with £ + 1 < k (cf. (5.4)). Moreover, for all zr € Pk(F),

/ VR.F -TOLR ZF — Z WFE / VEZF = / ¥ Gk E graq, FCI “rotp zp — Z WFE / 4EiF
F Ec&Ep E F Ec&Ep E
= L Cégéggrad,F zr =0,

(6.11)
where, to pass to the second line, we have invoked the definition (4.6) of C1’§ together with the fact
that the edge components of Q; Egraa r QF are (¢ )Ecey» and we have concluded thanks to the local
complex property stated in [14, Proposition 2]. We next notice that, recalling (6.10) and (6.8), for all
pe RC,€F+1(F),

/Fﬁ%f~u=/FSgkmd,F@F-u:—/FqAFdiva > wFE/EciE (u-npp).  (6.12)

Ec&Efp

Recalling that vg = g} for all E € &, plugging (6.11) and (6.12) into the expression (5.16) of
the linear form Leur, 7 (P;-,-), and recalling the expression (5.14) of the linear form Lgrag,r, we
conclude that Leurt,r (P37, 1) = Lgraa,r (4,7, p) for all (t,p) € Pr(F) x REFHL(F). Letting
Ap /lq € R&F*1(F) be the second components in the serendipity problems (5.5) defining S¥ curl.FU
and Sk grad, F gF, respectively, this implies

ﬂF((Sgurl,FﬁF - S,gcrad,FgAF’ AﬁF - /lQF)v (T’ ﬂ)) =0 V(T, /J) € Pk X RC!FH (F)a

showing that Si‘url, PPp=8 Ig‘rad, #4 - The proof in the case P = T' € 7, is similar. The details are left
to the reader. |

6.3 Homological and analytical properties for the gradient

Lemma 21 (Properties of the serendipity gradient space). The serendipity construction for the gradi-
ent space satisfies both the homological properties of Assumption 1 and the analytical properties of
Assumption 3, with continuity constants in (A1) and (A3) that do not depend on h.

Proof. (i) Proof of (C1). LetT € 7}, and QT € X]gcrad,T and let, for the sake of brevity, - =F Egraa, Tq
Owing to (6.5), for all F' € #1 we have Egrad’FgF = QF. Plugging this relation into the definition (5.37)
of Iég rd, we find, for all wp € RST+(T),

/RfTTq dlva_—/GTq Wt + Z wTF/)’F 4, (wr -np) = /ng)_}chdiva,
. .

FeFr

where the conclusion comes from the definitions (4.4) of G% and (5.32) of E grad,T - Recalling that
div : R&T*(T) — P (T) is an isomorphism and applying (6.5) for P = T yields IéngT = gr. This

proves that R Egaan = = 1d on the whole of X"

—grad,h grad,T "

(ii) Proof of (A2). The polynomial consistency is only meaningful for the local complex on a mesh
element T € 7}, for which it is simply (6.2) with P = T.
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(iii) Proof of (C2). Take q, € ker Gk We claim that Egrad TRgmld 14y = 4; for all T € 73, which
Egraa, hRgrad’h Id = 0 on ker Ql;l). The condition
Q’,‘lq = 0 implies qu = 0 for all T € 7, and thus, by exactness of the DDR sequence on 7,

establishes a stronger version of (C2) (namely, E

4, = Ik Loraa, ;M for some M € R. The property (A2) then yields E Eqraq, TRgrad 79y =4 3 claimed.

(iv) Proof of (C3). For this slice of the complex between R and X we have E; = R; = Idg and the

—grad,h’

operators in the sequences are I h and [* The fact that the reductions are cochain maps then

grad, —grad,h’

follows from the definition (2.4) of i Loraa s while the cochain map property of the extension is simply
(A2), proved above, applied to constant polynomials.

(iv) Proof of (Al). For all T € 7y, the continuity ongrad’T : X’g‘md’T - X!
and X*

Xorad,T is a direct consequence

of the norm equivalences in X k r (see [14, Lemma 5] and Lemma 19), the boundedness

grad,T grad

of the Lz—prOJector né;, > and, to estimate RP 795> [14, Lemma 9] and the continuities (4.5) of G% and
[14, Eq. (4.22)] of y&*1.
(iv) Proof of (A3). This property on the original DDR complex is proved in [14, Lemma 6]. O

6.4 Homological and analytical properties for the curl

The goal of this section is to prove homological and analytical properties for the curl. We remind the
reader that, according to (2.2),

o kg Ak p k
Q Rcurl hG —grad,h and gh o Ediv,hghgcurl,h'

We start by addressing the cochain property for the reduction and extension maps.

. . . k
Lemma 22 (Cochain property of the reduction). For the slice of the complex between X grad.h and
Xk property (C3) holds for the reduction, i.e.,

—curl,»’
Ak A N k
Qhﬁgrad,hgh = Ecurl,hghgh VC] € Xgrad h* (6'13)

Proof. Let q, € Xk ,, and set, for the sake of brevity, Qh = Egrad’ nd,

—grad,

(i) Gradient components on Re-(pl (P). We start by proving the following result: For all P € 7, U F,,

fp+1 fp+1
m o GSE =ma " Grg, Vg, € Xp (6.14)

—grad, PEgrad Pq “grad,P"

We detail the proof for the case P = T € 7, the case P = F € ¥}, being similar. Owing to (6.6) and

(3.3) with ¢ = {r, we only have to prove that 7r° ET“S grad, Tq n;frle . This relation can be

established taking (7, u) = (0, wr) with wr € RC Lr+1(T) as a test function in the problem defining
S'g‘radj QT (i.e., (5.26) with L1 = Lgraq,7 given by (5.28)) to write

k ~ _ 1% (37 k
‘/ngrad’TzT-WT—_/RTTq leWT+Z wTF/yF —graqu (wr-np) ‘/TGTQT-WT.

Fefr

(ii) Cochain property of the reduction. The components of E Egraa, hq and g, on the mesh edge skeleton
coincide, and thus so do their edge gradient as well as the components of their discrete gradients on
R*=1(F), F € ¥, (depending only on the skeletal components). By definition of R this shows

—curl,n’
that the equality in (6.13) holds for these components. The equality of the components on RE‘F*!(F),
F € 73, is an immediate consequence of (6.14) for P = F.
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15], we have Ck Gk = 0. Hence, the definition (5.38) of IA{];{} applied to v, = Gk Egraq, T(j and
= Gk 4, shows that the components of each side of (6.13) on R*~!(T) coincide. The equality of

Letnow T € 7;,. We have just proved that, for all F € Fr, QAI;ciF = Ecurl,FQ];?qF. By [14, Remark

the components on R® LT+ (T T € T, is an immediate consequence of (6.14). O

. . . k
Lemma 23 (Cochain property of the extension). For the slice of the complex between X grad, T and
Xk property (C3) holds for the extensions, i.e.,

Zcurl, T’

(6.15)

—curl, 2

k
E th G Egrad hq Vq € Xgrad h*
Proof. GiventhatE and R K. .., leave the components on PK(E),E € &, and R*1(F), F € 74,
unchanged, the equahty of these components on each side of (6.15) is trivial. For F' € ¥, we have,
owing to (6.9) and (6.6) for P = F,

k k Ak A — C,k k A _ Ck k A
FScurlFGFzF - ﬂR,FSgrad,FZ ﬂ'R FG Egrad,FgF’

which proves that the components on Rk (F) of each side of (6.15) also coincide, so that

Ak
EonrGrd, =E GiEgaardy = GrEgaard,  VF€TT. (6.16)

—curl, F - =curLlF —curl F=F

With the same approach, using (6.9) and (6.6) for P = T € 75, we show that the components on

RS*(T) also coincide. It remains to analyse, for T € 7y, the components on R*™!(T). Setting
vy = G E gdeq this component for the left-hand side of (6.15) is IA'\’I;Q_;VT given by (5.38).
Pluggmg into this express10n Cck 7Yy = 0 (consequence of [14, Remark 15]), using (6. 16) to write
Ecurl,FEcurl,F_F = G Egmd Fq , using [14, Eq. (3.26)] to write y G Egmld FqF G E grad, Fq
and recalling the link between element and face gradients expressed by [14, Eq. (3.17)], we mfer that

S k-1
/R'R,TKT -eurlwy = / G?Egrach}T -curlwrp Ywr € GSK(T),
T T T

which proves the equality of the components on R*=1(T) of each side of (6.15). O

The following intermediate result will be used to establish (C2), as well as (C3) for the last part of

the complex involving Xé‘w e

Lemma 24 (Relation among C k and Ecurl’ n)e 1t holds

’ —curl h’
kg 3 k
C —curl, hgcurl h=h — ghKh Vvh € Xcurl he (6.17)
Proof. Lety, € X ’c‘url’ ,, and set, for the sake of brevity, §, = Ecuﬂ’ #Yy,- The components of v, and

E nnP), on PK(E), E € &, and on R*"1(F), F € ¥, coincide. Since the face curls only depend
on these components, we infer that C EnrPr=C 1’§ vy for all F € #3. The link between full curl
and face curls given in [14, Proposition 4] then shows that 7rk IC§ECMI P = n’é‘}C?zT for all
T € 9,. We have therefore proved that the components on the faces and on GX"\(T), T € Ty, of
both sides of (6.17) coincide. Let now 7" € 7, and consider the components of the discrete curls on

GSK(T). By definition (5.33) of E the component of E v, on R*=1(T) is that of ¥, which

—curl, 7" curl, T

23



is IA{];{}KT given by (5.38). The definitions (4.7) of C;Ecurl 7P and (5.38) of IA'\’I;{}KT then give, for
all wp € G&K(T),

/TC EcurlTvT “Wr

k=1 k - k
= / R'R,TKT -curlwr + Z WTF / 7t,F£curl,F£F . (wT X nF) = / CTKT “WT.
T F T

Fefr

This implies that 7r° K C? E arbr = 7r Ck + and concludes the proof. O

Lemma 25 (Properties of the serendipity curl space). The serendipity construction for the curl space
satisfies both the homological properties of Assumption 1 and the analytical properties of Assumption
3, with continuity constants in (A1) and (A3) that do not depend on h.

Proof. (i) Proofof (CI). Let F € Fand 9, € Xy . By (6.7) withP = F,wehave z5y 5 8%, 15, =
‘A’;z, -~ Combined with the definition (5.24) of R LF withy, = E E . nr? ¥ and (3.3), this gives

VFeFn, R E.,.b.=0, Vi, eX (6.18)

—curl, F =curl,F =F F —F curl,F°

the equality of the components on PX(E), E € Ep, and R*~!(F) being trivial as these are not affected
by the restriction/extension operators.

A 5k
Take now 9, € Xcurl » and set, for the sake of brevity, v, = E 4 ,9,. Forall T € 7y, invoking

(6.18) and using again (6.7) and (3.3) gives

N k-1
Ronr¥r = (Ry 17 V% s ORF V% p)Fers (VE)Ecsr)-

According to its definition (5.38), IAQI;{}KT e R*1(T) satisfies, for all wr € G*(T),

k-1 k k N
‘/TRR,TKT -curlwr =/TCTKT -Wwr — Z U)TF‘/I;’}’LFKF ~(wr Xnp) = / Ve -curlwr,

FeFr T

where we have used (6.18) to write yfFE R vV, = 7’thE R E Vv, = 7{‘FE

curl, F —=curl, F =F —curl, F —=curl, F =curl, F = F curl,F KF -

'yf Y and concluded using the definition (4.7) of Céﬂ together with the fact that the component

of v = E P on R*U(T) is V. Since curl : GSX(T) — R*UT) is onto, this gives
IAGI;Q ;vT =Pg T, concluding the proof of a stronger property than (C1), namely R R hEcun, =1don
the whole of &uﬂ n

(ii) Proof of (C2). Lety,, € kergz and set ¥, = R v,. By (6.17), the vector

—curl,h=h

n ~k—1 c.k gk 5 c
Ecurl,hzh Yy ((R’R YT = VR,T> ﬂR,TScurl,TKT - vR’T)TG‘ﬁp
k
(0, ﬂc Scurl FY F v;?,F)FETh’ (6.19)
(O)Eeé‘h)

belongs to ker Ck By local exactness, for all T € 7), we therefore have E  , 79, — v, = Q; q, for
some ¢_ € Xk Xorad,T that is constant on the edge skeleton of T (since its derivative there vanishes by
(6.19)). We can therefore assume, possibly after translation, that gg, = 0. Moreover, for all F € Fn, by

definition (4.3) of G, g € P*~1(F) is entirely and uniquely fixed by the component 7r Gk Fp of
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Gﬁq on R® k(F) (and the zero edge value of - ), which is 71' Scurl g = VR £ by (6.19); hence,
qF matches between neighbouring elements. Th1s enables us to tr1V1ally glue together all the 4q; in each

that satisfies E

element into a vector q, € Xk Xorad.n E b

(C2).
(iii) Proof of (C3). This property is established in Lemmas 22 and 23.

-y, = = Gk nd, which concludes the proof of

(iv) Proof of (A1). The continuity of R R 17 1s proved in a similar way as that of R using Lemma

—grad, T’
19, the norm equivalence in X k T stated in [14, Lemma 5], and the continuity of C stated in [15,

Proposition 13].

(v) Proof of (A2). This property is only meaningful for the local complex on a mesh element 7' € 7,
for which it is simply (6.4) for P =T.

(iv) Proof of (A3). This property is proved in [14, Lemma 6]. |

6.5 Divergence space

As mentioned in Remark 10, no serendipity reduction of DOFs is performed on ng ,- Hence,
Edw T Edlv T = Ika o and (C1), (C2), (A1), and (A2) are trivially satisfied. Regarding (C3), the
co-chain property of the reduction follows from (6.17), while that of the extension is simply due to the
definition 2.2 of g - The property (A3) is proved in [14, Lemma 6]

Reducing the number of DOFs in discrete spaces associated with the divergence operator is actually
technically quite challenging, as already noticed in [9]. However, we argue here that such a reduction
is simply not possible if one wants to preserve even only two (important) properties of the discrete
complex, namely the commutation property of Proposition 7 and the local exactness property.

Let T € 7;,. The definition (4. 8) of D% shows that this operator depends on the components on
PK(F), F € Fr, and G (T) of X _dw +- To preserve the commutation property, only the component
G© ok (T') can therefore be reduced (as already noticed in [9] in the context of VEM spaces). A candidate
for the local serendipity space would therefore be: For some mr < k — 1,

A~k
Xovr = {WT (wg.r.w gT’(WF)Fe‘Fh) :

Wg.T € G5 (T) and Wg,T e GS"N(T), and wp € PX(F) forall F € TT},

K ok
with reduction operator R Ry 7+ X4, — Xy 1 defined by

) _ c mr+1 k
Ryrwr=wgr, gTT Wg s (WP)Fer) YWp € X7

However, such a choice would lead to a defect of the exactness property of the complex, specifically:
Ak Ak
kerC, ¢ ImG,. (6.20)

Let us clearly demonstrate this. Since mr < k—1, we can find g 1 € Rk (T) such that g 7 # 0 and
P is orthogonal to R™7 (T) for the L-inner product. Set Vr = (0r7,0,(0,0)rcr, (O)pes,) €

Xk T andleth =F

curl,

¥, We prove (6.20) by showing that

curl, T

Ak

Croyp =Ry 7 Chvy =0 and 9, ¢ImGy. (6.21)

We first notice that C I’§ vy =0forall F € 7, since all face and edge components of y,. are equal zero.
The link between element and face discrete curls of [14, Proposition 4] then shows that JZ'kg_% C; vy =0.
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It remains to prove that the component of R Ry, 7Cr k v, on G+ (T) vanishes. Since my +1 < k, this

component is JngmTTHCk v,. Since v = 0 for all F € Fr, the definition (4.7) of Ck yields

/‘C%KT T = / i;R,T . Cl.ll‘lzT =0 VZT c gC,mT+1(T)’
T T

where we have used in the first equality vg 7 = V.1 (see (5.33)) and, to conclude, the orthogonality of
v and R™ (T). This proves the first relation in (6.21).

We prove the second relatlon by contradiction. Assume that p,. = G q for some q e Xt Xorad 7"

This gives, for all F € F7, G —F_F = v = 0 and thus, by the cochain property (C3), QFEgrad,FgF
E ;G rd, = 0. Using the definition (5.38) of Ry together with C5 G = 0 (see [14, Remark 15]),

—curl, F

. Ak " . T .
we deduce that RR TGT Egrad, Tq = 0. Since QTET = ¥, this condition implies Pg r = 0, which
contradicts our choice of g .

6.6 Homological and analytical properties of the SDDR complex and numerical tests

Lemmas 21 and 25 show that the SDDR complex at the bottom of Diagram (5.1) as well as its global
counterpart fulfil Assumptions 1 and 3. The results in Section 2 thus show that all the relevant properties
of the original DDR complex proved in [14, Sections 5 and 6] transfer to its serendipity counterpart.

A consequence of the above remark is that the numerical scheme for magnetostatics obtained replac-

ing the space XC 1. With its serendipity version Lurl , in [14, Section 7] has analogous convergence
properties as the orlginal one (see [14, Theorem 12] for a precise statement of an error estimate). To
assess the possible difference in practical accuracy and the gain resulting from the use of the serendipity
space, we therefore compare the original DDR and the SDDR schemes on the numerical example of
[14, Section 7.3], for polynomial degrees k = 1,2, 3 (no DOF reduction is achieved for the lowest order
degree k = 0, which is therefore removed from our comparison). Both schemes are implemented within
the open-source HArDCore3D C++ framework (see https://github.com/jdroniou/HArDCore),
using standard C++ multi-threading routines and linear algebra facilities from the Eigen3 library (see
http://eigen.tuxfamily.org). All tests were performed on a Dell Precision 5820 desktop with a
14-core Intel Xeon processor (W-2275) clocked at 3.3GHz and equipped with 128Gb of DDR4 RAM,
running Ubuntu 20.04.4 LTS.

A comparison of the corresponding discrete errors as functions of the mesh size for the “Tetgen-Cube-
0” (matching simplicial) and “Voro-small-0” (Voronoi) mesh families available in the HArDCore3D
repository is provided in Fig. 1, showing that the accuracies of DDR and SSDR are almost identical
and that both methods achieve optimal rates of convergence, irrespectively of the considered mesh and
polynomial degree.

The (processor and wall) CPU times for the resolution the linear systems (after static condensation of
the remaining element unknowns) through the MKL PARDISO solver (see https://software.intel.
com/en-us/mkl) are depicted in Fig. 2. The observed gain is significant: for k& = 3 on the finest ‘““Voro-
small-0” mesh, e.g., a 40% reduction of the solution processor time is observed for the SDDR scheme,
translating into a 45% reduction of the wall time (626s vs. 1145s). A comparison of the assembly
wall and processor times, not reported here for the sake of conciseness, also confirms that, being an
embarrassingly parallel step, assembly can fully benefit from shared-memory parallelism and that the
additional calculations required for the serendipity spaces form a negligible portion of that assembly
time.
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Figure 1: Relative errors in the discrete H(curl; Q) X H(div;Q) norm vs. A, for the standard DDR
scheme (continuous lines), and the SDDR scheme (dashed lines).
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Figure 2: Wall and processor times (in seconds) for the resolution of the linear system for the DDR and
SDDR methods. Times correspond to the finest mesh of each sequence.
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A Estimates of polynomials from boundary values
A.1 Proof of Lemma 13

Let g € P+l (P) and let us list the elements of B p as by,...,b,,. We will construct by induction
polynomials (g;)i=1,....p and (g;)i=1,.... e such that, foralli =1,...,7p,

qg=q+ diStpblcn 4+ 4+ (distpbl cee diStpbi_l)qi + (diSthl T diStpbi)ch,
_(i— — _ 1
gi € PHENP), G e PREPR), lgille < hp/2(||Q|b1||b1 +- o+ g lb,)-

Let us first consider i = 1. We can easily extend g, (e.g. by making it independent of the

(A.1)

normal coordinate to b;) as a polynomial ¢; € P**!(P) such that ||g]lp < th{2||q|bl||bl. Then,
g — q1 € P**1(P) vanishes on by, and can thus be factorised by distp,, € P'(P): there is g; € P*(P)
such that ¢ — g = distpp, ¢1. This concludes the proof of (A.1) fori = 1.
Let us now take j < np — 1 and show that this relation holds fori = j + 1 ifitholds fori = 1,..., .
Since
|diStpbr| <1 Vr=1,...,1p, (A2)

we have, by triangle inequality and the equality in (A.1) fori = j,

Il (distpp, - - - disteo; )b, (1) o1 Iojs1 < NG b0 by + 1(G1) b0 by + -+ ()00 b
S g o0 lloje + gy lloy + -+ lqb; o, (A.3)
where the second line is obtained using discrete trace inequalities and the estimates in (A.1) for i =
1,...,j. Assumption 11 ensures that 0 < (distpp, ---distpbj)|bj+l < 1, and that (distpp, ---distpb_,.)|bj+1 >
1 on aball in bj of radius 2 hb,~+1- The arguments in the proof of [16, Lemma 1.25] then show that

the norms ||-|lp,,, and ||(distpp, - ';diSth_i)|b.].+l “|lb;,, are equivalent on Pr+l=i(p j+1), and we infer from
(A.3) that

1CZ ) b1l S gy llby + -+ llgip; llb; + 1G04 1o -

We then extend () p;,, into g1 € Pk+1-j (P) such that

1 ~ 1
g 1lle < 1@ byl < 20 (g, lloy + -+ 1o, llbje)

and we note that, since g; — gj+1 € P*+1-J (P) vanishes on b j+1, we can factorise this polynomial into
qj — qj+1 =distpp,, g1 With gy € Pk+1-j=1(P), which concludes the proof of (A.1) fori = j + 1.

To conclude the proof of the lemma, we consider (A.1) with i = np. A triangle inequality and the
estimate stated in this relation, together with (A.2), give

lglle < he (I giollo, ++ -+ + g, llo,) + 1Ty - (A4
Multiplying the equality in (A.1) by g,,, and integrating over P yields

/P(diSthl -+ distpy, ) qp = ‘/annp - /PQIZIVHP - /P(diSthl <+ - distpy,, ) g G ne

ktl—7p ~~ - . . _
= \/P(ﬂ-y::p ) qne —/Péhqnp —"'—/P(dISthl"'dlSthnP_l)qnpqnp,

where the second line follows from ¢, € pk+l-np (P). Since distpy, - - - diSth”P is nonnegative and, by
mesh regularity assumption, > 1 on a ball in P of radius > /p, we can use the arguments in the proof of
[16, Lemma 1.25], (A.2) and Cauchy—Schwarz inequalities to get

np

—~ 2 . . -~ k+1- ~ — —_
dnellp < /(dlSthl---dISthnp)qnp S lmp e " allellgyelle +llgillellgpelle +- -+ + gy e g lle.
P

Simplifying by ||, [lp gives an upper bound on this quantity which, plugged into (A.4) together with
the estimates on ||g;||p stated in (A.1) fori = 1, ..., np, concludes the proof of (5.2).
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A.2 Proof of Lemma 14

We focus on the case P = T' € 75, the case P = F € ¥, being similar. Let v € P*(T). We first prove
that

1/2
hr || curlv||r < ||7TI;3_,%V||T +( Z hT”Vt,F”%:) : (A.5)
Fefr

For all wy € PX~1(T), integrating by parts and introducing n’;{} (owing to curl wr € R*72(T)) gives

/curlv-wT :/n’;{%v-curlwr+ Z Q)TF/vt,F'(wT XnFp).
T T ’ F

FeFr

Making wr = hy curlv, using Cauchy—Schwarz and discrete inverse and trace inequalities, and simpli-
fying leads to (A.5).

We now turn to the estimate on v, which we decompose as v = grad g + z with (¢, z) € P*¥*1(T) x
Qc’k (T) (see (3.1)). Since curl grad = 0, we have curlv = curl z and, using the isomorphism estimate
of curl : ng"(T) - ’Rk_l(T) (see [14, Lemma 9]), (A.5) gives

1/2
Izllr < hrlleurlzlir < iz 7ol +( > thlvt,FH%) : (A.6)
Fefr

Upon adding a constant to g, we can assume that g has a zero average on 97, and a Poincaré inequality
along this boundary thus gives ||gllor < ht X e |l(grad g) r|lF. But (grad ¢) r = v F — z¢,F» SO
(A.6) and discrete trace inequalities lead to

1/2
1 -2 L 2
lgllor < hr > WWerlle +hr ). lzrlle sh#nn’,;jvnﬂhf( > hTuvt,FnF) . (AT

Fefr FeFr FeFr

We now estimate n’;)HT_"Tq. For all wy € REK*27 (T)), recalling that grad g = v — z we have
/qdiVWT :_/(V_Z)’WT+ Z wTF/CI(WT'nF)
T T Ferr F
k42—
:—/(ﬂCR; UTV—Z) wWr + Z wTF/q (WT -nF).
T ’ F ey F
T

We now use Cauchy—Schwarz inequalities, discrete trace inequalities, (A.7), and (A.6) to deduce

1/2

. Jk+2— _
/ gdivwr < |75 vllrllwr [l + ||7r;;}v||T+( D hrlveely| | Iwrlr.
T

Fe¥fr

This estimate and the isomorphism bound of div : RS**2=77 (T) — @k+1=1r (T stated in [14, Lemma
9] yield

1/2
k+1- Jk+2— - .
7 ™ qllr < hrllxlyy "Tv||T+hT||n§,%v||T+hT(Z thvt,Fn%) = hr N (v).
FeFr

Used together with (A.7) in (5.2), this estimate yields ||¢||7 < hr N (v) and thus, via a discrete inverse
inequality, || grad g||7 < N (v). Since v = grad q + z, this bound and (A.6) conclude the proof of (5.3).
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