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Rectification of a deep water model for surface gravity waves

Vincent Duchéne* Benjamin Melinand'

December 8, 2023

Abstract

In this work we discuss an approximate model for the propagation of deep irrotational water
waves, specifically the model obtained by keeping only quadratic nonlinearities in the water
waves system under the Zakharov/Craig—Sulem formulation. We argue that the initial-value
problem associated with this system is most likely ill-posed in finite regularity spaces, and that
it explains the observation of spurious amplification of high-wavenumber modes in numerical
simulations that were reported in the literature. This hypothesis has already been proposed by
Ambrose, Bona, and Nicholls [4] but we identify a different instability mechanism. On the basis
of this analysis, we show that the system can be “rectified”. Indeed, by introducing appropriate
regularizing operators, we can restore the well-posedness without sacrificing other desirable
features such as a canonical Hamiltonian structure, cubic accuracy as an asymptotic model,
and efficient numerical integration. This provides a first rigorous justification for the common
practice of applying filters in high-order spectral methods for the numerical approximation of
surface gravity waves. While our study is restricted to a quadratic model, we believe it can be
generalized to any order and paves the way towards the rigorous justification of a robust and
efficient strategy to approximate water waves with arbitrary accuracy. Our study is supported
by detailed and reproducible numerical simulations.

1 Introduction

1.1 Motivation

It is well known [35] [12] that the propagation of surface gravity waves —that is the motion of
inviscid, incompressible, homogeneous and potential flows with a free surface under the influence
of gravity— can be described through two scalar evolution equations for unknowns describing the
surface deformation and the trace of the velocity potential at the surface; see in Appendix A.
These equations involve the so-called Dirichlet-to-Neumann operator, which consists of solving the
Laplace problem for the velocity potential in the fluid domain with Dirichlet condition at the
surface and Neumann condition at the bottom, and returning the (rescaled) normal component of
the velocity at the surface. The Dirichlet-to-Neumann operator turns out to be shape-analytic (see
ref. [19] and references therein), so that it enjoys a converging expansion with respect to sufficiently
small and regular surface deformation variables. Since each term of the expansion can be computed
efficiently by Fourier pseudo-spectral methods, this provides an attractive strategy for the numerical
integration of the equations, which roughly speaking consists in replacing the Dirichlet-to-Neumann
operator by the expansion truncated at a sufficiently large order to obtain the desired accuracy, and
then using Fourier spectral methods for the discretization in space and a high-order time integrator
(typically fourth-order Runge-Kutta). This strategy was proposed independently by several authors
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in [13} 33} [I1] and successfully applied in various situations (see e.g. [22] [29] 34] 25] for a detailed
account and comparisons).

However, it was noted for example in [I3] [I7] that, in situations where a large number of Fourier
modes are numerically computed, the highest wavenumber modes suffer from a rapid amplification
of computational errors. These high-frequency instabilities are typically presented as numerical
artifacts and are often dealt with by applying low-pass filters, or wavenumber-dependent damping
terms such as parabolic regularization. In [4], Ambrose, Bona, and Nicholls suggest that these
instabilities are not spurious results of the numerical discretization but rather take roots in insta-
bilities at the level of the continuous evolution equations. They support their hypothesis through
tailored numerical simulations and the analysis of toy models associated with the quadratic-order
and cubic-order Dirichlet-to-Neumann expansion.

In this work, we support the general statement of Ambrose, Bona, and Nicholls while diagnosing
a different instability mechanism. The difference between the two proposed instability mechanisms
is easily seen when comparing the toy model introduced in [4, (2.3)] and our toy model ,
introduced and studied in Appendix They however share common aspects: in particular the
proposed instability mechanism is nonlinear and triggered by low-high frequency interactions, in the
sense that it is the presence of a substantial low-frequency component of the flow which causes the
rapid amplification of the high-frequency component. The main difference between the two proposed
instability mechanisms is that ours emanates from cubic contributions, while the one of in [4} (2.3)]
is of quadratic nature. The cubic nature of our diagnosed instability mechanism concerning a
system of equations which contains only quadratic nonlinearities is one of our key observations and
is essential for the “rectification” procedure that we expound below. By the terminology “rectification”
we mean that it is possible to consider a slightly modified system that does not suffer from unwanted
instabilities while maintaining the accuracy of the original system as a model for water waves.

1.2 The equations and their rectification

Let us now introduce the systems of equations we consider in this work. Starting from the
Zakharov/Craig-Sulem formulation of the water waves system and discarding all cubic and
higher order contributions stemming from the Dirichlet-to-Neumann expansion, we obtain, after
suitable rescaling and borrowing notations from [19, §8], the following system

(WW2) { O¢ — Ghtp + G (CGhY) + €V - ((Vh) =0,

op + ¢+ 5 (VY2 — (Ghy)?) = 0.

Here, ¢ (resp. 1) represents the surface deformation (resp. the trace of the velocity potential at the
surface) at time ¢ € R and horizontal location = € R? (with d € {1,2}), and G§ = |D| tanh(\/zz| D|)
is the Dirichlet-to-Neumann operator linearized about the rest state, i.e. the Fourier multiplier
defined by (see forthcoming Section 3| for the definition of functional spaces)

vfe HYRY),  Ghf(€) = [¢] tanh(VEIE) F(€) € LARY).

The dimensionless parameter u, defined as the square of the ratio of the depth of the layer at rest
to a characteristic horizontal length, is the shallowness parameter. It can take arbitrarily large
values greater than one in this work. The dimensionless parameter ¢, defined as the ratio of the
amplitude of the wave to the characteristic horizontal length, represents the steepness of the waves.
It is typically small. Indeed, the quadratic system can be justified as an approximation to
the fully nonlinear water waves system with precision O(e?); see details in Appendix
One asset of the quadratic system with respect to other models for the propagation
of deep water waves (see e.g. [31L [B], 23, @, 30, [T, 2], 2, 28], |]) is that it retains the canonical
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Hamiltonian structure of the fully nonlinear equations. Indeed (WW2) reads

0C — S, H" =0,
(1.1) =0y
Oyt + 6 HM = 0,

with the functional
(12) ) 5 [ uGy < (TOR - (G50)?) do.

As already mentioned, we strongly believe that (WW2)) suffers from strong high-frequency in-
stabilities which in particular prevent the well-posedness of the initial-value problem in spaces of
finite regularity. We propose to consider the following modified system

0,C — GH 4+ eGH (S OGEY) + €V - ((J°C)VY) =0,

R (€ = Gl + GG + o7 - (FOTY)
oY +C+5J (|V1/)| - (Gpv) ) =0,

where we have introduced the Fourier multiplier J° = J(6D) which can be freely chosen in a space

of “admissible rectifiers” and where § > 0 is a scaling parameter measuring the “strength” of the

rectifier and can be adjusted according to needs (see below for a detailed discussion).

Definition 1.1 ( Admissible rectifiers ). Let J° = J(§D) with J € L>=(R?), real-valued and even.
o We say that J° is regularizing of order m < 0 if (-)=™J € L®(RY), with (-) < (14 - |?)1/2.
o We say that J° is regular if )% is reqularizing of order —1 and, additionally, (-YV.J € L>®(R%).
e We say that J° is near-identity of order £ >0 if | - |7¢(1 — J) € L= (R9).

Admissible rectifiers J° are regular and near-identity of order £ > 0.

We do not see any physical motivation that would dictate a specific choice for the symbol profile,
J. In fact, the strength § is the main object of interest. Examples of admissible rectifiers, which
we use in our numerical simulations, are
(1.3) > =min({1,[6D|™}), m< -1
They are regularizing of order m and near-identity of order ¢ for any ¢ > 0.

Notice that introducing Fourier multipliers J? is essentially costless from the point of view of the
numerical integration through Fourier pseudo-spectral methods. Moreover, since admissible recti-
fiers J° are symmetric for the L2(R?) inner product, (RWW2)) preserves the canonical Hamiltonian
structure (1.1)) with the modified functional

def 1
(14) ) S 5 [ v+ ) (VU - (Gh)?) de.
R
In particular by Noether’s theorem or direct inspection, conserved quantities (invariants) of (RWW2))

include the Hamiltonian (representing the total energy) ’Hj‘a (¢, ), the excess of mass, fRd (dx, and
the horizontal impulse, [, (Vi) de.

1.3 Description of the results and recommendations

Let us now describe and quantify gains and losses associated with the introduction of rectifiers.
First of all, let us acknowledge that it is obvious that embedding regularizing operators in
system (WW2) allows to provide the local-in-time well-posedness of the initial-value problem in
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suitable finite regularity spaces, by means of the Picard-Lindel6f (or Cauchy—Lipschitz) theorem in
Banach spaces. In fact it is fairly easy to check —as we do in this work— that is indeed of
semilinear nature. However, the time of existence of solutions is expected to vanish as § \, 0, since
then J® approaches the identity. Following the approach described above, we obtain a lower bound
on the existence time scaling as §/e. Our first main result provides a large time existence, i.e. an
existence time scaling as 1/e under the assumption that 6 2 e. In order to reach this timescale, we
use delicate energy estimates, relying in particular on the equivalent of Alinhac’s good unknowns
which are crucial in the analysis of the water waves systems; see [19, §4]. This allows to pinpoint
contributions which crucially require regularization in order to avoid high-frequency instabilities.
The fact that these contributions scale as cubic terms is, as already mentioned, one of the key
observations of our analysis. Indeed, after applying rectifiers, these terms will lead to a restriction
on the time of existence scaling as §/€2, thus motivating the aforementioned restriction § > e.
Incidentally, our analysis also uncovers a stability criterion for of Rayleigh-Taylor type,
which is automatically satisfied provided that ¢ and §~!e? are sufficiently small.

The second effect of introducing rectifiers is that it may deteriorates the accuracy of the produced
solutions with respect to solutions of the water waves system. In fact, we prove that introducing
rectifiers near-identity of order ¢ will induce a loss of precision of order O(ed?), associated with a
loss of £ + p derivatives (with p some constant) between the control of the data and the control of
the error. Recalling that the quadratic model already generates errors of size O(€?), one
immediately realizes that the errors induced by rectifiers can be made asymptotically negligible by
imposing an upper bound on § depending on e.

As clarified in the above discussion, we observe that taking advantage of the regularizing effect of
rectifiers in one hand, and accommodating their cost in terms of precision on the other hand, drive
competing demands on the scaling parameter §. Yet the aftermath is that it is possible to choose
J9 and especially § as a function of € so that considering rather than does not
deteriorate the precision of the system as an asymptotic model for the water waves system as € \ 0,
while allowing to control solutions on a relevant time interval and eventually fully justify .

Specifically, we recommend the use of J° defined by (1.3) with m = —1, and the scalings
expressed in our theoretical results argue for a choice of § which is proportional to €. Yet in practice
one can simply set § by trial and error, choosing § sufficiently large so that the numerically computed
high-wavenumber modes do not suffer from spurious amplification, yet sufficiently small so that the
outcome of the numerical simulation does not depend on ¢ up to the desired accuracy.

1.4 Discussion and prospects

The instability mechanism Our diagnosis of the instability mechanism and the motivation for
introducing rectifiers in (RWW2)) stems from the forthcoming Proposition where we extract a
“quasilinear structure” of the system, of the form

0:C — G + €V - (Vip(J°¢)) = lower order terms,
o) + als[eC, )¢ +e)d (Vo - Vw) = lower order terms,

where the “Rayleigh-Taylor” (see forthcoming Remark operator is defined as

asleC, el f — e(GhIOL f - 8 ((Gh0)IDI{(GEv) 1))

In the absence of rectifiers (that is setting J° = Id), this quasilinear structure is of elliptic type (with
the same nature as Cauchy—Riemann equations) because (af,[eC, eVe]f, f)r2 can take arbitrarily
large negative values for some smooth f with HfHL2 = 1, as soon as eG{1Y # 0. As such, the
instability mechanism we exhibit is strikingly similar to the well-studied Kelvin—-Helmholtz insta-
bilities (see e.g. [20, §4] and references therein). Notice however that in our case the instability
mechanism does not relate to any physically relevant phenomenon, and that it is fully nonlinear in
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the sense that it cannot be revealed through linearization about equilibria. Our strategy for taming
these instabilities also differs from the works we are aware of on Kelvin—Helmholtz instabilities,
and in particular [20]: while we could (artificially) add surface tension contributions, it appears less
invasive and closer to standard numerical approaches to incorporate rectifiers J° as we do. In both
approaches, the goal is to turn the nature of the quasilinear system from elliptic to hyperbolic (at
least for sufficiently regular and small data) by ensuring the Rayleigh—Taylor condition:

30k >0, Vf e L2RY, (f.ableC,evlf),. = ab|f] 7.

As mentioned previously, for sufficiently regular and bounded functions ¢ and v, the above holds
provided that J° is regularizing of order m = —1/2 and that ¢ and 6 '€ are sufficiently small.

A toy model We investigate our proposed instability mechanism in more details through a toy
model in Appendix [B] There we prove local well-posedness results when rectifiers are sufficiently
regularizing, as well as a strong ill-posedness result when rectifiers are not sufficiently regularizing.
The proof of ill-posedness exhibits three successive stages in the instability mechanism:

i. first the amplification of the high-frequency component is triggered by the presence of a
substantial low-frequency component;

ii. then the high-frequency component reaches a threshold so that it is able to fuel its own
amplification;

iii. finally nonlinear effects come into play and achieve the finite-time blowup by means of a
Riccati inequality.

Numerical experiments confirm that, despite its simplicity, our toy model is able to describe at least
the first stage of the instability mechanism for not only qualitatively, but also correctly
predicts the different scales involved and in particular blowup times. While we do not present
all these numerical experiments in this manuscript for the sake of brevity, a detailed report is
available in the preliminary version [I4]. A discussion comparing our results on the toy model and

corresponding results for (WW2) is presented in Remark [B.6]

Other models with quadratic precision A key ingredient in our analysis is the observation that the
instability mechanism stems from cubic terms while is a quadratic model. This is consistent
with the fact that the fully nonlinear system is well-posed, from which one can expect that
any system based on truncated expansions should be in some sense “stable up to higher order terms”,
and thus likely to be amenable to our rectification procedure. However it is natural to ask whether it
is possible to exhibit models —either using different sets of unknowns or adding additional terms—
for which the initial-value problem is well-posed, without relying on artificial regularizing operators.
This was in fact the main motive that triggered this work. As discussed in the introduction, several
quadratic models for deep water waves have been proposed in the literature, but only the one
studied in [28] has been shown to be well-posed in finite regularity spaces. Note, however, that
the latter model uses a change of variables for the unknown describing the surface deformation,
which can be considered undesirable. In Appendix C of the preliminary version of this manuscript
[14] (again withdrawn for the sake of brevity), we propose another model with a relatable set of
unknowns which has the same precision as , and which we argue is well-posed in finite
regularity spaces. However, we acknowledge that this system involves fully nonlinear operators,
and is therefore less suitable than for numerical simulations. Moreover, it appears that
the algebra used to produce this model cannot be extended to cubic or higher order models, while
we do hope that the “rectification” method introduced in this work can be extended to a general
framework; see below.
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The infinite-depth situation =~ We restrict our study to the deep-water framework, in the sense that
our theoretical results are shown to hold uniformly with respect to p € [1,+00), finite. A difficulty
arises in the infinite-depth case (i.e. setting p = oo, G§° = |D|) due to the fact that the operator
(GI)Y2 . H%(RY) — H*1/2(R?) is not bounded uniformly with respect to > 1 (see Lemma,
and hence Beppo Levi spaces are no longer suitable as functional spaces for the unknown describing
the trace of the velocity potential, 1. A first remark is that our results continue to hold and extend
straightforwardly to the infinite-depth case if we restrict the framework to ¢ € H* (R?) instead of
Y € H*(R?) since in that case (G§)'/2 : H*(R?) — H*~'/2(R%) is bounded uniformly with respect
to p > 1. This was the choice made in [I9] (see Remark 2.50 therein), but it can be considered
as too restrictive as it imposes some decay at infinity through the assumption @ € L?(R%). A
bigger space would consist in using instead ¢ € H*(R?) = HY/2(R?) N H*(RY) (with s > 1/2)
which is the natural energy space defined by the Hamiltonian when p = oo. Here, the
homogeneous Sobolev space H'/2(R%) is defined as H'/2(R) = {f € BMO(R) , |D|2f € L?(R)}
when d = 1 and by HY2(R?) = {f € L*R?), |D|zf € L2(R?)} when d = 2. Therein, we
define |D|2 f for any tempered distribution f though the Littlewood—Paley decomposition, namely
as > icy |D|2 (¢(27971D|) — ¢(279|D|))f where ¢ is a given real-valued smooth even function
supported in the ball [-2,2] and that is equal to 1 on [—1,1], realizing a dyadic partition of
unity. Note that H'/2(R)/R and H'/2(R?) are complete and can be identified to the completion of
Schwartz class functions for the norm ||| D]z - || 12; see [24] [7].

The shallow-water situation In the opposite direction, let us discuss the shallow-water situation,
namely g € (0,1]. Firstly, a rescaling must be performed so that (WW2|) remains non-trivial as
1\ 0 (see |2 Appendix A] for the water waves system). This amounts in replacing (WW2)) with

0:C — =GB 4+ eGH(CGHY) + eV - (CVY) = 0,
o+ ¢+ 5 (VY2 — (GEv)?) =0,
where the dimensionless parameter e def €//It represents the ratio of the amplitude of the wave

to the depth of the layer at rest. One of the key ingredients in our analysis is the forthcoming
Lemma exhibiting “commutator” estimates on the operator ¥ — G§((GHY) + V - ((V).
These estimates do not hold uniformly with respect to p € (0, 1], since we have (for smooth data)
GH(CGHY) = O(u) as p N\, 0. However, one should notice that formally setting p = 0 in (WW2)
yields

D¢+ V- ((14+e0)Vy) =0,

o+ ¢+ 5 (IVy]?) =o0.

Taking the gradient of the second equation, we obtain as expected the shallow-water system, which
is a well-known example of symmetrizable hyperbolic systems. As such, its initial-value problem
is well-posed for (¢, V) € H*(RY)'*4 for any s > 1 + d/2 under the non-cavitation condition
infra(1l 4+ €¢) > 0; see e.g. [19]. Hence we believe that our results can be adapted to the shallow-
water situation, although such a study should take into account the aforementioned commutator
estimate in combination with the symmetric structure appearing in the shallow-water equation.

Higher order spectral method The climax of our analysis, displayed in forthcoming Theorem [3.4]
is that the “rectified” model, , is able to approximate solutions to the water waves sys-
tem, , with the desired accuracy for well-chosen choices of rectifiers, and suitable values for
the strength 6. Introducing rectifiers is essentially costless from the point of view of numerical
integration when pseudo-spectral schemes are employed. Our rectification strategy is in some sense
related to standard numerical strategies which consist in applying appropriate low-pass filters. The
difference (in addition to provide a rigorous justification) is that we are able to point out precisely
where regularization should be introduced, and to assess (i) its order as a regularizing operator, and
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(ii) its strength in order to provide sufficient regularization while at the same time not deteriorate
the accuracy of the computed solution.

We believe that our strategy can be adapted to the whole hierarchy of systems with arbitrary
order put forward by Craig and Sulem in [I2]. Specifically, if we denote G, the truncated expansion
at order N of the Dirichlet-to-Neuman operator,

GleCly = G [eCly + O(eN T,

and consider the system obtained by Hamilton’s equations

0:¢ — dypHY, 5 =0,
(1.5) ¢ P gJa
O+ 6 HY, 15 =0,

associated with the functional

of 1
(16) My (C0) 5 [ ¢t wGRIS e

then we conjecture that for any fixed N € N, the initial-value problem for system f is well-
posed on a time interval of size 1/¢ and produces approximate solutions with precision O(eV+1), as
soon as rectifiers J® are admissible and 6 ~ €.

Moreover, we also conjecture the stronger result that fixing e sufficiently small and (say) 6 = ¥,
then denoting (¢, n) the solutions to 7 emerging from sufficiently regular initial data
and (¢, ) the corresponding solution the water waves system , we have ((nv,¥n) — (¢, ¥) as
N — oo on a time interval determined by ({, ) and hence independent of N, with a convergence
rate of order O((Ce)N*+1) with Ce < 1.

Such a result would rigorously justify a robust and efficient strategy to approximate solutions
to the water waves system with arbitrary accuracy. We leave this topic for a future study.

1.5 Outline

Let us now describe the remaining content of this paper.

In Section [2] we report on an in-depth numerical study in view of validating the proposed
instability mechanism as well as our rectifying strategy.

In Section [3] we collect notations used in this work and state our main analytical results, that is

i. Theorem on the large-time well-posedness of the initial-value problem for (RWW2));

ii. Theorem on the consistency of (RWW2)) with respect to the water-waves system (W W));

ili. Theorem measuring the difference between solutions to (WW]|) and solutions to (RWW2))
emerging from the same initial data.

In Section [4] we introduce some important technical tools: product and commutator estimates
and key results on the operator Gfj and its infinite-depth counterpart G§° = |D|.

In Section [5| we prove Theorems and that provide the full justification of as a
deep-water model for the water wave system (W W]|).

In Section [6] we prove Theorem as the consequence of two results:

e an unconditional “short-time” well-posedness result, Proposition [6.1] proved in Section
e a conditional “large-time” well-posedness result, Proposition[6.2] which is proved in Section[6.2]

The latter may be considered as the main and most technical result of this work. Finally, we prove
a global-in-time well-posedness result for sufficiently small data, Proposition in Section [6.3
We recall some information on the water waves system and the Dirichlet-to-Neumann expansion
in Appendix [A]
A toy model for the proposed instability mechanism is introduced and studied in details in
Appendix [B]
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2 Numerical study

In this section we perform numerical experiments in views of illustrating our results and evaluating
their sharpness. In order to do that, we shall numerically investigate different parameters at stake
in our rectification procedure. First we examine how, in the absence of any regularization, the nu-
merical discretization of system generates dramatic high-wavenumber amplification. Then
we validate that theses instabilities are absent when using the proposed rectified system (RWW2),
provided that the rectifier, J?, is regularizing of sufficiently negative order and its strength, ¢, is suf-
ficiently large. In both aspects, the observed threshold on the order of the rectifier and its strength
is shown to fully comply with our diagnosis of the instability mechanism. Finally, we examine the
loss of accuracy caused by introducing the rectifiers. Once again we find that the numerical results
reproduce the different features of our consistency and convergence estimates. Finally we confirm
that, at least for the initial data and values of dimensionless parameters we considered, it is possible
to choose appropriately rectifiers and their strength so as to suppress undesirable high-frequency
instabilities while being harmless from the point view of the accuracy of the model.

Let us first describe the numerical method we employ in order to produce approximate solutions
to systems (WW2)) and (RWW?2) (restricted here to horizontal dimension d = 1). The figures are
obtained using a code written in the Julia programming language [6], and specifically the package
written by the first author and P. Navaro [15]. They are fully reproducible using the scripts available
at WaterWaves1D. j1/examples/StudyRectifiedWW2. j1.

Numerical scheme We use Fourier (pseudo-)spectral methods for the spatial discretization. We
shortly describe the principles thereafter, and let the reader refer to e.g. [32] for more details. A
periodi(ﬂ function with period P = 2L is approximated as the superposition of an even number,
N, of monochromatic waves:

where we refer to (ﬁ)k:_N/27.‘_,N/2_1 as the discrete Fourier coefficients. In practice, we can effi-
ciently compute the discrete Fourier coefficients from the values of the function at regularly spaced
collocation points, (f(xn))n=o,..., N—1 Where x, = —L 4 2% L through the Fast Fourier Transform
(FFT), and conversely recover values at collocation points from discrete Fourier coefficients through
the inverse Fast Fourier Transform (IFFT). This allows to perform efficiently (and without intro-
ducing approximations except for rounding errors) the action of Fourier multiplication operators
through pointwise multiplication on discrete Fourier coefficients, and the action of multiplication in
the physical space at collocation point. However the latter operation cannot be performed exactly
due to aliasing effects, stemming from the fact that z — 1 and x — e'ZV? are indistinguishable
in our collocation grid. Aliasing effects are known to possibly generate spurious numerical insta-
bilities. In this case one customarily compute a Galerkin approximation (since the error of the
approximation is orthogonal all considered monochromatic waves) of products by setting first a
sufficient number (since our problem includes only quadratic nonlinearities, we use Orszag’s 3/2
rule [26]) of discrete Fourier coefficients to zero. Hence in practice we solve, unless otherwise stated,

(2.1) { O — Gl + NG (P Q)G + €NV - (V) =0,

Orp + ¢+ 5N (|VY]? = (GhY)?) =0,

where MM is the “dealiasing” projection operator onto (2L)-periodic functions with all but the first
|2N/3] discrete Fourier coefficients equal to zero, initial data (o = (¢t =0, ), o = ¢(t =0, ) such

1In the foregoing numerical experiments we use rapidly decaying initial data and L large, so that the periodic
problem, xz € LT, provides a close approximation of the real-line problem, x € R, at least for sufficiently small times.
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that M¢y = ¢ and My = 1py and where either J° = Id or
(2.2) ) =J(6D) with J(k) = min({1, |k|™}),

for some m < 0. As for the time integration, we use the standard explicit fourth order Runge-Kutta
method. Because our problem is stiff (since it involves unbounded operators before discretization),
a stability condition on the time step must be secured to avoid spurious numerical instabilities. By
Dahlquist’s stability theory (see [32, Chapter 10]), and given the nature and order of the operators
at stake, we expect that it is sufficient to enforce At < CAz'/? with At the time step, v = L/N,
and C a sufficiently small constant. In practice we validate that the time-discretization induces
no spurious result by checking that the observations are unchanged when varying the time step.
Unless otherwise noted, we use /At = 0.001 in reported numerical experiments. Let us report that
in the experiments corresponding to Figure the total energy (that is H*) is relatively preserved
up to 1.56 1076 if At = 0.1, 1.9310~ ! if A+ = 0.01, and 9.13107 ! if At = 0.001; consistently with
the expected accumulated error of order O(A¢t*). This gives us a good confidence in the validity of
the results of the following numerical experiments.

Instabilities without rectification First we exhibit the high-wavenumber amplification developed
by numerical solutions when the equations are not regularized, that is considering with J0 = Id,
either with or without the dealiasing operator, 1. The upshot of these numerical experiments is
that instabilities arise as soon as a sufficient number of Fourier modes are included, with or without
dealiasing. We use for initial data

(23)  Cola) =C(t=0,0) =exp(—[a]?) and  h(z) =¥/t =0,0)=0 (v € (~L,L)),

and set p =1, ¢ = 0.1, and L = 20.
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(a) N = 2° modes, at time t = 10. (b) N = 2" modes, at time ¢t = 1.2.

Figure 1: Time evolution of smooth initial data (2.3]), without dealiasing and rectifiers.

In Figure (1| (without dealiasing) and Figure [2| (with dealiasing) we plot the surface deforma-
tion, (((¢,xn))n=0,...N—1 at the final time of computation and at collocation points in the top
panels, as well as the associated semi-log graph of the (modulus of) discrete Fourier coefficients,
(Ek(t))k=_N/27“_7N/2_1 in the bottom panels. In the left panels we report situations where the
number of Fourier modes is too small to notice the rise of discrete Fourier coefficients with large
wavenumbers, despite an inflection about extreme values, at least up to the final computation time
t = 10. In the right panel, we add more modes (with all other parameters kept identical) and
observe that the large-wavenumbers component quickly grows to plotting accuracy and, as a con-
sequence, is clearly visible on the top-right panel. The solution breaks down after just a few more
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(a) N = 2'? modes, at time ¢ = 10. (b) N = 2'* modes, at time ¢ = 1.3.

Figure 2: Time evolution of smooth initial data (2.3)), with dealiasing and without regularization.

time steps. The instability occurs more rapidly as more modes are added and does not depend on
sufficiently small values of the time step. The presence of the dealiasing operator, 1, only augments
the threshold on the number of modes above which the amplification of the high-wavenumber com-
ponent of the numerical solution becomes visible. These observations are consistent with the ones
already reported in [I3] [I7] for instance, and with the conjecture that the initial-value problem as-
sociated with the continous (i.e. before discretization) system is ill-posed in finite-regularity spaces.
Incidentally, let us clarify that the initial-value problem associated with the continuous problem is
well-posed in the analytic framework (see [§] in the infinite-layer case) covering our initial data, and
that what we observe in Figure [I] and Figure [2] is the growth of the spurious large-wavenumbers
component generated by machine-precision rounding errors.

Stabilization through rectifiers Next we experiment the effect of introducing the operator J°
in . We set J° as in with § = 0.01 for now, and m is a parameter which will vary.
Through the parameter m we want to study the properties that rectifiers should satisfy in order to
suppress instabilities. Following the terminology introduced in Definition J9 is a regularizing
operator of order m and is regular when m € (—oo, —1]. Hence our well-posedness analysis is valid
for all m € (—oo, —1], although we expect that setting to m € (—oo, —1/2] is sufficient to secure a
well-posedness analogous to Theorem [3.2 (see Remark. As a matter of fact, we observe no sign
of instabilities in our numerical experiments as long as m < —1/2, while high-wavenumber ampli-
fication is clearly visible when m = —1/4. Let us comment also that we have not witnessed any
undesirable high-wavenumber amplification when setting J° as an ideal low-pass filter, i.e. setting
m = —o0, despite the lack of regularity of the corresponding symbol (the results of these numerical
experiments are not shown).

In Figures [3] and [4] we reproduce the experiment of Figure [2] —that is setting initial data as
in 7 p =1, € = 0.1, and half-length L = 20— but this time with J° as in , 6 = 0.01,
and m € {—1,-1/2,—1/4}. We have seen in Figure [2| that setting m = 0, the time-evolution
amplifies large-wavenumbers rounding errors. In Figure [3] we plot the surface deformation in the
top panels and the semi-log graph of the modulus of discrete Fourier coefficients in the bottom
panel at time ¢ = 10, with m = —1 (left) and m = —1/2 (right), and using N = 2'® modes (since
the experiments are computationally more demanding, we use the time step ¢ = 0.01). There is
no sign of instability. In Figure [4| we show the same results for m = —1/4. On the right panel we
show the result with N = 2'® modes, and clear signs of large-wavenumber amplification is visible at
time ¢ = 0.6 (the solutions breaks after a few more time steps). We use only N = 216 modes on the
left panel and instabilities are tamed (yet still present and more easily witnessed at time ¢ = 1, not
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Figure 3: Time evolution of smooth initial data (2.3)), with a rectifier of order m € {—1,—-1/2} .
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Figure 4: Time evolution of smooth initial data (2.3), with a rectifier of order m = —1/4.

shown). This shows that the phenomenon strongly depends on the number of computed modes, N,
and suggests that suffers from high-frequency instabilities when J° is regularizing operator of
order m = —1/4. Hence these numerical experiments fully support our analysis as far as the order
of the rectifier J® as a regularizing operator is concerned.

The role of the strength of rectifiers Now we shall study the effect of the strength of rectifiers,
by considering J° as in with m = —1 and varying the parameter § > 0. We observe a
threshold value for §, above which the solution appears stable for all times, and below which the
high-wavenumber amplification occurs rapidly. We later elucidate this threshold value in views of
our theoretical results, and find that the latter are not only qualitatively but also quantitatively
consistent with the numerical experiments.

In Figurewe use again the initial data and set 4 = 1 and € = 0.1, half-length L = 20 and
N = 2'* modes. We plot again the surface deformation in the top panels and the semi-log graph of
the modulus of discrete Fourier coefficients in the bottom panel, at times ¢t = 2 and ¢ = 10. The left
panel corresponds to the case § = 0.01 and the right panel to § = 0.002. The former shows no sign
of instability, despite a minor amplification of machine epsilon rounding errors. Adding more modes
does not change the picture. In the latter we see a clear amplification of large-wavenumber modes,
with a maximum about the wavenumber g—zk ~ 1/5. Yet the amplification arises at early times,



12 V. Duchéne & B. Melinand December 8, 2023

surface deformation surface deformation

10

! L i i i L L L I
—1000 -500 0 500 1000 —1000 -500 [ 500 1000

(a) N = 2 modes, § = 0.01. (b) N = 2'* modes, § = 0.002.

Figure 5: Time evolution of smooth initial data varying the strength of an admissible rectifier.

and apparently remains stable for all times. Notice the amplification of intermediate wavenumbers
is very sensitive to the parameter 0: for 6 = 0.0025 the amplification is barely noticeable (not
shown). It is, however, stable with respect to parameters of the numerical scheme: augmenting the
number of modes up to at least N = 229 does not generate additional instabilities. For values below
0 = 0.001, the amplification does not reach a stable regime, and the solution breaks before ¢t = 2.
We reproduced the phenomenon using other values of x4, namely p = 10 and g = oo as well as with
less regular initial data, specifically with p = 1 and p = 3. We do not display the results as
they are very similar.

The outcome of these numerical experiments is again consistent with our analysis, and especially
Proposition[6.2] It can be elucidated as follows: for sufficiently small values of 8, the solution quickly
violates the Rayleigh—Taylor condition and enters a regime where its large-wavenumbers com-
ponent is amplified. We study further on the threshold value for § and its dependence with respect
to € in the following paragraph.

Critical strength of rectifiers In the foregoing numerical experiments, we observed mainly two
scenarios depending on values of the strength § > 0 when the rectifier J° is chosen to be sufficiently
regularizing. For large values of § the numerical solution seems to exist and remain regular for
all times, while for small values the numerical solution rapidly breaks. We now investigate the
transition between these two scenarios, conjecturing that for fixed initial data and time T > 0,
there exists a unique “critical value” §.(T") > 0 such that for any § > . (resp. 0 < d.), the maximal
time of existence of the solution is greater than T' (resp. smaller than 7'). Computing numerical
blowup times as the last computed time for which the produced solution does not involve NaN (as
Not a Number) values, and using the dichotomy method, one may provide a range for this critical
value, dc.

The result of such experiments for 7' = 10 and T = 2, using different values of € (while p = 1)
is reproduced in Figure [f] We used N = 220 modes and At = 0.005. We observe that the
transition zone is extremely narrow, in particular for small values of €, and that the critical value
behaves asymptotically proportionally to €2. This behavior is fully consistent with our result in
Proposition and the instability mechanism described by our toy model in Appendix [B] noticing
that the Rayleigh—Taylor condition is satisfied for sufficiently regular data when both € and
20" are sufficiently small; see (6.4). In our opinion, the behavior §. ~ €? for small values of €
displayed in Figure [6] strongly supports our diagnosis of the instability mechanism.
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The cost of rectifiers Lastly we turn to the study of the accuracy of our rectified model, depending
on the strength of the involved rectifier, §. To this aim, we compare the solutions to (2.1)) with the
solution to the water waves system, for initial data chosen as

(24)  Go(x) =¢(t =0,2) = exp(—|a|’) and ¢o(z) =9(t=0,2) =0 (x€(=L,L)),

with p € {1,2,3}, and rectifier J° set as (2.2) with m = —1 and varying § € (0.01,1) as well as € €
{0.05,0.1,0.2}. We set u = 1. As discussed below, the outcome of these numerical experiments fully
agree with our convergence result, Theorem both in terms of convergence rate and regularity
aspects.
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Figure 7: Error of the model as a function of § for smooth initial data, (2.3).
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Figure 8: Error of the model as a function of ¢ for non-smooth initial data, (2.4).

In Figure [7| (concerning the situation p = 2) and Figure [§] (concerning the situations p = 1 and
p = 3) we plot the “error” defined as the ¢*° norm of the difference between the produced solution
(more precisely the surface elevation) to the model and the corresponding numerical solution to the
water-waves system, at time ¢ = 10. The solution to the water waves system is computed following
the strategy based on conformal mapping described in [I6, 0] among others, and implemented in
the aforementioned Julia package. We use N = 2!2 modes, so that the numerical scheme for
would converge (when p = 2) even without regularizing. However, augmenting the number of modes
modifies the error only after several significant digits, showing that the error originates from the
model, and not from the spatial discretization. Similarly, diminishing the time step (which is set
to 2 = 0.01) does not modify the first significant digits.

We observe that for ¢ sufficiently small, and in fact way above the “critical value” determined
in the preceding paragraph, the error stagnates at a value which scales proportionally to €2. This
means that the source of the error, as predicted in Theorem and Theorem originates mostly
from the consistency of the original model (without rectification) with respect to the water-
waves system. On the contrary, for larger values of §, the main error originates from the presence
of the rectifier J°. Consistently, for fixed value of § in this regime, the error scales proportionally
to e.

It is interesting to notice that the behavior with respect to § depends strongly on the regularity
of the initial data (and hence of the solutions): one can observe that for smooth data (p = 2) the
threshold above which the contribution of the rectifier J* becomes dominant is almost independent of
€, while it strongly depends on € for less regular data, when p = 1. This is again consistent with our
results: since J° set as (2.2) is near-identity of arbitrarily large order £ > 0 (recall the terminology
in Definition , the smallness of the remainder terms in Theorem (and consequently the error
terms in Theorem caused by the rectifier J® is driven by the regularity of the data, compared
with the regularity involved when measuring the error.

As a general conclusion for this section let us observe that in all these numerical experiments,
and even in situations where non-regular data are involved, it is possible to choose § > 0 sufficiently
large so that provides a stable solution for all computed times and at the same time sufficiently
small so that the presence of J® does not induce any noticeable additional errors. In other words,
our rectification strategy is fully validated in that introducing appropriate rectifiers is able to suitably
reqularize the system while being harmless from the point view of the accuracy of the model.
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3 Main results

Before stating our main results, let us introduce a few notations used throughout this work.

e We denote C(A1,...,A\n) a positive “constant” depending non-decreasingly on its variables.
We write a < b and sometimes a = O(b) if a < Cb where C' > 0 is a universal constant or its
dependencies are obvious from the context. We write a =~ b when a < b and b < a.

e We denote the ceiling function as [z] and the floor function as [z | for any = € R.

e The space L>(R?) consists of all real-valued, essentially bounded, Lebesgue-measurable func-
tions. We denote

def
|f| L = esssupgegalf()].

e L?(R%) denotes the real-valued square-integrable functions, endowed with the topology asso-
ciated with the inner product

Vioe PR, (£9), " [ foda

e For any s € R, the Sobolev space H*(R?) is the space of tempered distributions such that

def

|f’HS = <'>sﬂL2 < 0

where (£) of (1+ |€)2)Y/2 and f is the Fourier transform of f. Of course H*(R¢) is endowed
with the norm |- |gs. We use without clarification that when s =n € N,

FIPE D D o

a€NY, |a|<n
C d
where for multi-indices & = (a1, ..., aq) € N%, we denote || = 37, a; and 0% = 921 --- 924,

e For any s € R, the Beppo Levi space H $(R%) denotes the tempered distributions such that

Vf e H"HR%)?, endowed with the semi-norm |f‘HS def ‘Vf‘Hsfl.

e We use the notation G(D) with D = %81 for the Fourier multiplier operator defined by

—

G(D)f(§) = G(&)f(&)

e For any p > 0, we denote Gy = |D|tanh(,/zz| D).

Let us recall the terminology concerning the operators J° in considered in this work.
Definition 3.1 ( Rectifiers ). Let J9 = J(6D) with J € L=(R?), real-valued and even, and & > 0.

e We say that ) is regularizing of order m < 0 if (-Y~™.J € L=(R?), recalling (-) ef (1+]-%)/2.

o We say that J° is regular if )% is reqularizing of order —1 and, additionally, (-YV.J € L>®(R%).

e We say that J° is near-identity of order £ >0 if | - |7%(1 — J) € L=(R9).

We can now state our main results. Our first main result is the local-in-time well-posedness on
a relevant timescale for the regularized system (RWW2), under the assumption that rectifiers J°
are sufficiently regularizing and their strength § sufficiently large.
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Theorem 3.2 (Well-posedness). Letd € {1,2}, to > 4, N € N with N > tg+2, C > 1 and M > 0.
Set J € L>=(R?) such that it defines reqular rectifiers. There exists Ty > 0 such that for any p > 1
and € > 0, for any (Co, o) € HN (RY) x HN+2(R%) such that

0 < Mo = €(|Gol yrigsa + (G20 yregrs2) < M,

and for any § > eMy, the following holds. )
There exists a unique (¢, V) € C([0, To/(eMo)]; HN (R?) x HN*2(R%)) solution to (RWW?2) with
J° = J(6D) and initial data (C,v)|,_, = (o,%0), and it satisfies

sup (’C(t, )‘ip\l + ’(Gg)l/Qw(t7 )’iIN) <C (’CO}?{N + ‘(Gg)l/sz‘i(N) .
t€[0,To/(eMo)]

Theorem is the corollary of two more precise and complementary results, namely

e Proposition [6.1} an unconditional well-posedness result on “small times”, i.e. up to a maximal
time T' ~ min(1/e, §/€), which we use for large values of ¢;

e Proposition a conditional (fulfilled when € is sufficiently small) result on “large times”,
i.e. up to a maximal time T ~ min(1/e, §/€?).

Additionally, we prove in this work that if the rectifier J° is regularizing of order m with
m < —(% + g), then the energy preservation provides the global-in-time well-posedness for suffi-
ciently small initial; see the precise statement in Proposition [6.14]

Our second main result describes the precision in the sense of consistency of (RWW2)) as an
asymptotic model for the fully nonlinear water waves system, that is (WW)|) displayed in Ap-

pendix [A]

Theorem 3.3 (Consistency). Let d € {1,2}, to > d/2, s >0, h, >0 and M > 0. There exists C > 0
such that for any € >0, > 1, § > 0 and any J° = J(5D) near-identity rectifier of order £ > 0 and
for any (¢,v) € C([0, T); Hmax(sHH1s+2,t042) (Rd) 5 frmax(s+€+3.t0+1) (RA)) solution to
with the property that for all t € [0,T)

L+ 20t ) > hey €My Ce(|C( ) fyrorn + [(GHY205(¢, W yrors) <M,

one has

0, — GM[eClh = e6'Ry + €2 Ry,

Hle eV¢- 2 =
O+ + 5|V — § RS = 0 Ry + € 1,

with G* the Dirichlet-to-Neumann operator defined and discussed in Appendiz[4], and

‘Rl‘HS T ‘R2‘Hs+% < C Mo ||'|_e(1 - J)’Loo (|C|H5+‘3+1 + ’vw’H6+e+%)v
|Ri| .+ |Ra| ey < CMG (I gova + |G i)

This result distinguishes two contributions: the remainders caused by introducing the rectifiers
J%in are of magnitude e5?, while the remainders originating from the truncation of the
expansion of the Dirichlet-to-Neumann operator are of magnitude ¢2. Only the latter remain if
we consider solutions to instead of , or equivalently set 6 = 0 or J° = Id. The
main observation is that the remainders due to rectifiers can be made asymptotically negligible in
front of the remainders associated with the original system by choosing § sufficiently small
(depending on ¢). Moreover, if J° is near-identity of order £ > 1, such smallness assumption on & is
compatible with the constraint § 2 € in Theorem
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Combining the above well-posedness and consistency results and making use of the well-posedness
and stability results on the water waves system obtained in [2], we infer the full justification

of (RWW2]). Specifically, a consequence of the result below is that the regularized system (RWW2))
produces O(e?) approximations to exact solutions of the water waves system (WW]) in the relevant
timescale, provided that the rectifiers J° and in particular their strength ¢ are appropriately chosen.

Theorem 3.4 (Convergence). There exists p € N such that the following holds.

Letd € {1,2}, tg > d/2, s >0, hy >0, M >0, and J € L>=(R?) be such that it defines regular
rectifiers near-identity of order £ > 0. There exists C' > 0 and T > 0 such that for any ¢ > 0 and
> 1, any (Co, o) € HSTAP(RY) x {54243 (RY) such that

€ def
1 + ﬁc Z h*a €M0 = E(’CO|H5+Z+ZJ + |(G6L)1/21p0|Hs+l+p) S M7
and for any § > eMy, there exists

o aunique (C, ) € C([0,T/(eMy)]; HLsHHPI (R) x HLs++p1+3 (RD)) solution to (RWW2) where
J° = J(6D) with initial data (¢,v) |,y = (Cos%0),

o a unique (Conys Pww) € C([0,T/(eMo)]; H5(RY) x H*+z (R%)) solution to the water waves sys-
tem (WW)) with initial data (Cww, Yww) Lo = (Cos¥0);

and moreover one has

sup (|(< — Gww) (2, )|Hs + |((G5)1/2¢ - (Gg)l/waw)(ta )|Hs) <CMyt (5Z(€MO) + (6M0)2) .
te[0,7/(eMp)]

The proof of Theorems [3.3] and assuming that Theorem [3.2] holds, is provided in Section
The proof of Theorem [3.2]is postponed to Section [} The upcoming Section [ collects some impor-
tant tools used in the latter.

4 Technical ingredients

Recall the notation Gf e |D| tanh(,/z| D]).
Lemma 4.1. Let s € R. For any p > 1 and any functions f € ﬁIs+1/2(Rd),
|Vf|Hs—1/2 S |(G6L)1/2f|Hs

Conversely, (G2 : Hst1/2(RY) — H*(RY) is well-defined and bounded, yet not uniformly with
respect to p > 1:
1
|(G(l)t)1/2f|H? S (2/’L)4 |vf|Hs—1/2'

Moreover, for any f € H*TY/2(R4), one has the uniform bound
|(Gg)1/2f|H> < ’f‘Hs+1/2‘

For any f € H*+1(R%)
|G6f e <1V S0

The operators (G)'/2 and G are symmetric for the L*(R%) inner product, in particular for any
feH'?RY), g € H'(RY),

(Gha, f),» = (G529, (GEV2]) L.
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Proof. Results follow from Parseval’s theorem and the fact that for any £ > 0 and p > 1

&/+/1+ &2 <tanh(§) < tanh(y/pf) < min(1, \/uf).

Only the first inequality requires explanation. It follows from tanh(&) = %, sinh(&) > ¢

and the fact that £ — £/4/1 + £2 is increasing,.
The following product estimate is proved for instance in [I8, Th. 8.3.1].

Lemma 4.2. Let d € N*. Let s,51,52 € R such that s < s1, s < 89, 51+ 82 >0 and s1+ 2 > s+ %.
Then, there exists a constant C' > 0 such that for all f € H**(R?) and for all g € H**(R?), we have
fg € H*(R?) andf]

’fg|HS < C|f|H51 9|HSz'

In particular, for any to > d/2, and s € [~tg,to], there exists C > 0 such that for all f € H*(R?)
and g € H*(RY), fg € H*(R?) and

‘fg‘HS < C|f|H5

We infer the following useful “tame” product estimates.

g’HtO'

Lemma 4.3. Let d € N*. Let s, s1, 82, 1, 85 € R be such that
S1+82=8]+8h,>s5+d/2, s1+82>0, s<s1, s<s5.

Then there exists a constant C > 0 such that for all f € H* (RY)NH* (R?), g € H*(RY)NH®2 (R?),
we have fg € H*(R?) and

’fg’HS SC(‘f’Hﬂ g’Hsé)'

In particular, for anyto > d/2, s > —to, there exists C > 0 such that for all f,g € H*(RY)NH (R?),
fg € H*(R?) and

g‘H52 + ’f‘Hsll

[F9lire < CUS g9l oo + 1L rolgl o)

Proof. We consider several cases. If s < sg, then Lemma [£.2] yields immediately

|fg’H5 < ‘f‘Hﬁ

9’H82'

Symmetrically, if s < s}, then

£l e < [Fliet
Otherwise s] < s < s1 and s3 < s < s5. Assume moreover that s < d/2. Then denoting s7 = s and
5 =81+ 82— s =8} + 5, —s, we have s] < s7 = s < s1, hence s3 < 55 < s, and s5 > d/2 > s.
Lemma [£.2] yields

g|Hs/2.

9l e S 1 Fl et 9] gos -
We conclude by the Sobolev interpolation
et 1903 < e | £t 19l Lo

2When s < 0 the product fg is well-defined as a tempered distribution as soon as s1 + sz > 0. Indeed, we have

Vo e SRY),  (wiug, @) = (ur,u2), and  [(urug, ) S |u1] e (U2 ey 0],

for H1(R4) = H—*1(R%) > H*2(R%) and |u2<p|H52 < |'U,2|H52 cﬁwhere the norm on ¢ involves a finite number
(depending on s2) of semi-norms. Another statement of Lemma is that the pointwise multiplication, which is
well-defined from L?(R%) x L2(R%) to L*(R%) (say), extends as a continuous bilinear map from H51(R%) x H*2(R%)
to H*(R4). Henceforth, we will use without mention the standard identification between functions and (tempered)
distributions.
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with § = Z;:S} — %27%  and then by Young’s inequality. The first statement is proved when
1—s] sl —so

s <d/2. When s > d2/2, we set n € N such that —d/2 < s —n < d/2, and use that

fol e Sl e+ DL 10°U )] gen-

a€NY, |a|=n

From the previously proved estimate we have

|f9|L2 < ‘f|H81 |9’H52 + |f|HS'1 9|HS’2

and for any 3, € N¢ such that 8+ v = a,
|(8ﬁf)(87g)‘Hkn S ’aﬁf‘Hsrlﬂl ’879|H527|w\ + ‘aﬂf’mi*‘ﬁ‘ ‘a’yg’HSE*‘”l'

The first statement then follows by Leibniz rule and triangular inequality. The second one is a
particular case with s; = s, = s and sy = s} = to. O

We now turn to commutator estimates involving operators of order 1.

Lemma 4.4. Let d € N*, t5 > % and —tg < s < ty. There exists a constant C' > 0 such that for any
o € L° (RY) such that Vo € L®(R), then for any f € HotY(R?) and g € H*(R%), one has

loc
‘[U<D)’f]g‘Hs < C|VU‘L°C‘Vf‘Ht0 MH&'

Proof. We have

[[o(D). FJaly. | [ 071) = amF = m)| G dn .
The result follows immediately from the inequality
(&) —o(n)] < |Vol, . [€ —nl
valid for all £,1 € R%, and an application of Lemma [4.2] with s, = t; and s, = s. O

We now consider commutator estimates involving operators of order 0.

Lemma 4.5. Let d € N*, tg > g and —tg < s < tg+ 1. There exists a constant C > 0 such that the
following holds. For any o € L>(R?) such that

Co ' max ({|U|L°°’ ||'|VG|LOC}) <0

and for any f € H"TH(R?) and g € H*~'(R?), one has [o(D), f]g € H*(R?) and
[[o(D), £19] ;1. < CColf] o |9] goms-

If moreover Vo € L™(R%) then
[[o(D), fl9] o < CCLIVF oo 9] e

with €, < max ({|o] .| ()Vo|, . })-

Proof. We have

|[o(D), flg] . < |<~>5/ (Mo () = o IIF (= n)(m) " [g(n)| dn] ..

Rd
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o If |n| > 2|&| and |n| > 2, then (n) < 2|n| < 4|€ — n| and hence

(Mo (&) —o(n)| < 8o|,.1&€ —nl

e If |€] > |n|/2 and |n| > 2, suitably selecting an integration path v (with endpoints € and n)
taking values in {¢ € R?, |¢| > |n|/2} we find that

/Vcr~dr
y

e Finally, if |n| < 2, then we have immediately (almost everywhere)

(Mo (§) —a(n)| = (n)

< (m)|y|esssup [Vo(()| < 27|€ — ] esssup [([|[Va(()]-
ey [¢|>1

(m)o(€) — a(n)| < 2v5]o|,

in the first case and
(m)|o(€) — a(n)| < V5|Vol|, . 1€ —n|

in the second case.

The desired result when —ty < s < ¢ follows from an application of Lemma with s; =ty and
s2 = 8. Moreover, by symmetry considerations, we have (almost everywhere)

(©)lo(&) — a(n)] < min((§ — n)Co, [§ —nlC;)

which yields the desired result when —ty < s—1 < t¢, using Lemma[{.2| with s; = ¢, and sy = s—1.
Since to > 1/2, the proof is complete. O

The following Lemma is a direct application of Lemmas and

Lemma 4.6. Let d € N* and tq > %. There exists a constant C > 0 such that for any p > 1, any
g€ H Y2(RY) and any f € Hot1(RY),
|[|D|’f]g|H*1/2 < C‘Vf’Hto ’9|H71/27
HTuv f}g}Hl/Q é C‘f|Ht0+1 |g|H—1/27

where we denote TH def —%V.

We now provide improved commutator estimates for specific operators.

Lemma 4.7. Let d € {1,2} and to > d/2. If d = 1, there exists C > 0 such that for any s > 0 and
any r > s —to,

[IDI(f|D|g) + 0:(f029)| o < C|0uf] ye0r
Ifd=2, forany0<s<tg+1 and s —tg <r <1, there exists C > 0 such that

a$g|Hs—r'

IDI(fIDlg) + V- (fV9)| yo < CIV I 105

Vg|Hs—r'

Moreover, for any s > 0 and r < 1, there exists C' > 0 such that

IDI(fID1g) +V - (fV)| . < CIV S| ioen |Vl oo + CIV .

vg’H‘o'

All the constants C' above are independent of f,g such that the right-hand side is finite.
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Proof. The case d = 1 follows from [28, Lemma 3.1] and the identity
|D|(f|Dlg) + 0x(f0z9) = [M.0x f1(|Dlg) + [H, f](9=|Dlg),

where # % —‘%”‘ is the Hilbert transform. We however provide a short proof for the sake of
completeness. Let us denote a = |D|(f|D|g) + 0:(f0zg). One has for almost any £ > 0,

~

a(e) = / (el — nl — (¢ — n) Fmae — n) dn
o / £ — &) Fate - m)dn,
3
and hence, using |£| < |n| and |n — &| < ||, one has for any ' > 0

(©°lae)l < 2 /R )* " [l F )€ — m) ™" |€ — nllG(€ — m)| dn.

We conclude by Young’s inequality and the fact that (-)~f € L*(R), setting 7’ = r +tog — s.

When d = 2, [28, Lemma 3.3] is not sufficient to our purpose due to the restriction r + s < 1.
However its proof may be adapted as follows. Let us denote a = |D|(f|D]|g) + V - (fVg), and set
s> 0. One has (almost everywhere)

o~

€)= [ (€lle =l — €€~ m) Fnale —man
= [ (lelle i~ & (€~ m) Fempate ~ mam
Inl=1€1/2

o~

+ / (€1l ] — & - (€ —m) Fm)5(€ —m) dn
In|<|&]/2
— I, + L.

For I, using |€] < 2|n|, there exists C' > 0 depending uniquely on s > 0 such that

(€)°1NL] < C/R<2<77>S|77||f|(77)|£ —nl|g[(€ —n) dn.
and it follows by Young’s inequality, and the fact that (-)~% € L2, that

(&) N, <C|Vf],.

We consider now ;. We use that |£||€ —n| —&- (& —n) = |€||€ — n|(1 — cosa) with o — 0 as
[nl/1€] — 0. In fact, |tana| < %\n\/m so there exists ¢ > 0 such that (1 — cosa) < c|n|?/|€|? as

long as |n|/|€| < 1/2. Hence

vg|Ht0'

o~

2
CNIAT » 'f?g.' FImIE - nl[3l(€ — m)dn.
n|<[§]/2

When [€] < 1 we have (since [n[2/|¢[* < 3[nl/I€])

— 2

@IS [l Flmle - allgle - m an
Inl<|€l/2
and we have the same estimate as for I;. When |€] > 1, 1/]&] < 2/(€), and we have
@ Ll S@ [ mPIfm)e - nlal€ - mdn

Inl<|€l/2
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Since s —1 > —tp (d = 2 and s > 0), and using the first estimate of Lemma with s1 = s — 1,
so = to, s} =tg— 1+, sh =s—r, we have, for any r <1,

|<£>812’L2 ,S |vf|He

vg|Hto + |Vf|Hto+r v-g|HS—7"

We have proved the last estimate. When 0 < s < ¢ty + 1, we use that by the above analysis we have
(almost everywhere)

(©)°fal€) < € /R<77>|77||f|(77)|£ —nl[gl(§ —n)dn.

The result follows by Lemma since s1 ;= tg+r—12>s—1, 89 :==s—1r > s—1, and
s1+ 82 =ty +s—1>0 (recall tg > d/2 =1). This concludes the proof. O

Remark 4.8. The result of Lemma [{.7 exhibits a regularizing effect of order 2, and in particular
improves the naive result obtained when using Lemmas[{.4 and [{.4] on the identity

IDI(f|Dlg) +V - (fVg) =D, flIDlg + (Vf) - (Vg).
This turns out to be crucial in our analysis.
We deduce the following “finite-depth” version of Lemma [4.7]

Lemma 4.9. Let d € {1,2} and ty > %. Let s,7 € R such that 0 < s <tg+1ands—tyg <r <1.
There exists C > 0 such that for any p > 1,

GE(FGE9) +V - (IV9)| . < C(F e + [V eosr)

vg’Hsfr *
Moreover, for any s > 0 and r < 1, there exists a constant C > 0 such that

GE(FGE9) +V - (1Y) o < CIV S| g VOl e + C (1 + [V 40)

Vg|Ht0 :
All the constants C' above are independent of f,g such that the right-hand side is finite.

Proof. We start with the first estimate. We first note that

[D| tanh(y/72| D)(/|D] tanh(y/j| D))g) =|D|(tanh(y/EID]) ~ 1)(f D] tanh(y| D])g)
+ |D|(f|D|(tanh(y/7| D)) - 1)g) + [D|(fIDlg).

We have for any ' > 0 and p € [1,400)

|/l D (tanh(y/z| D) — 1)(f| D] tanh(y/u| D)g)| ;. < Crrs|FID] tanh (/i D1)g] yminceg .0
< Cwl"/,s|f|Hr’ vg|t07r”

where we used Lemma and Cy g, C/

T

has for any p € [1,400) and any ' € R

|ViID|(f (tanh(/u|D|) = 1)|Dg)| ;. < Cro.sv/B|Vf| . |(tanh(y/1 D)) = 1) DIg] ymasco.o
+ Ciy | f| ;7. |1l Dl (tanh(\/u|D|) — 1)|Dlg
S Ot0780;$7s(|f|Hs + \/ﬁ’vf|Hs) vg|Ht0—7"
where we used Lemma and Cy, s, C;//75 depend uniquely on tg, ' and s. The desired estimates

now follow from the triangular inequality, the fact that for any 6 € R, ff|H9 < |ffL2 + |Vf|Hg,17
the above estimates and Lemma .71 O

‘s depend uniquely on tg, ' > 0 and s. Furthermore, one

Hmax(tg,s)
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By a similar compensation mechanism as in Lemma [4.7] we infer the following result that allows
us to define a quantity at low regularity that could not be defined if one only use the product
estimate of Lemma [£2]

Lemma 4.10. Let d € {1,2} and to > d/2. Set o € [L,1]. The bilinear map
B:(f,9) € H'(R") x H'(R?) = (IDIf)(IDlg) — (V) - (Vg) € L'(R?) € H"(R?)
extends as a continuous bilinear map from H°(R?) x H(R%) to H2o~2~to(R4),

Proof. The fact that B is defined follows from Lemma We assume below that f,g € H HRY),
and the result follows by a density argument from the desired estimate. One has (almost everywhere)

B0/ = [ (e =nl+n- (€ =m) Fn)ate —m)dn
= [ mlle =l +n- (€~ ) Finjate — m)am

~

+ [ (mlie =l + n- (€~ m) Flnyate — man
RI\Q

=1 + Is.

where we define Q % (&,m) € R4 xRY, |n| < 2(£)}. Using that on Q, (£)~% < 3% (n)~* for any
50 > 0, we have by Lemma [£.2] (with s = —t¢)

|<£>7807t0]1|L2 < C|vf|H51_SO

as soon as 1 + s > 0 and s1, 89 > —tg. We choose s1 = —s2 = s50/2 with so = 2(1 — o) € [0, 2to].
On R%\ Q, we have |n| > 2(¢) > 2max(1, |€]). Proceeding as in the proof of Lemma [4.7, we
infer that there exists ¢ > 0 such that for any sg € [0,2] when d = 2 (and for any so > 0 when

d=1)
(&)
(m)so

\ZI

|Inll€ —nl —&- (& —n)| < Inll€ —n]
Lemma [£.2] yields once again

|<£>_So_t011|L2 < C|vf|H*50/2’v9‘H*50/2
when sg € [0, 2t] (and sq € [0,2] when d = 2). Setting one again sy = 2(1—0) proves the result. [

We deduce the following “finite-depth” version of Lemma which allows (among other things)
to define the second equations in (WW2) and (RWW?2)) when 1) € H'/? (R%), corresponding to the
natural energy space defined by the corresponding Hamiltonians, (1.2)) and (L.4]).

Lemma 4.11. Let d € {1,2} and to > d/2. Set o € [1/2,1]. For any u > 1, the bilinear map
B": (f.g) € H'[RY) x H'(R") = (G f)(Gg) — (V) - (Vg) € L'(RT) € H™*(RY)

extends as a continuous bilinear map from H(RY) x H(RY) to H20—2~t (Rod). Moreover there
exists a constant C > 0, depending only on ty and o, such that for any f,g € H?(R?),

‘B'u(fa g)|H2072—t0 < C’vf’Hafl ’Vg‘Hafl'
Proof. By Lemma we need to prove the corresponding result on

B* — B: (f,9) € H'(RY) x H*(R?) s (GLf)(Ghg) — (ID|f)(|D]g).
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We rewrite
(B" = B)(f.9) = (ID|(tanh(y/u|D| — 1) f)(Ggg) + (ID|f)(| Dl (tanh(y/u| D] — 1)g)
Yet since for any s € R there exists C' > 0 such that
|(ID](tanh(y/u| D| = 1) f)| ;. < [(|D|(tanh(|D| = 1)f)|,. < CV ],
and |G6Lg’Ha_l < ’Vg|Hr,_1 by Lemma we infer immediately from Lemma that

|(ID|(tanh(y/a D] = DFNGEI)| 20210 S CIVF | o—1 [V o

By similar considerations on the second term and triangular inequality, we obtain the desired
estimate, and the proof is complete. O

5 Full justification; proof of Theorems [3.3] and

In this section we complete the full justification of (RWW2)) as an asymptotic model for water waves
by proving Theorems [3.3] and [3-4]

Proof of Theorem[3.3 The remainder terms Ry, R, Ry and R» in the statement may be explicitly
defined as

5" Ry = €GY((¢ — S Q)GEY) + €V - (¢ — 1) V),
8 Ry = 5(1d—1°) (IVo ] — (G5)).
and

ERy = — Gl + Gl — eGL(CGEY) — eV - (CV),

NG
e (e revevy)
€ R2:*§ 1+€2|VC|2 +§(G01/J)
e (ﬁG"[eC]w +eV(- Vi — Ge‘w) (#G#[ecw +eVE VY + Gg¢)
o2 1+ e[V
e V(A (Go)*
PR

We now estimate each of these terms.
By the second estimate of Lemma [E.9 with r = 0, we find

SR e S 1C =3¢ o [V g 1€ = I7C g [V e

Now, by Parseval’s theorem, we have for any 0 € R, / > 0 and § > 0,

|C - J(SC’HU < 6€H'|_[(1 o J)‘Loo‘dHoH'

S—to

sralon € (0,1) and infer by interpolation and

For any s > tg, since £ > 0, we can put 0 =
Young’s inequalities,

[P T P QSR T4 Y | 2T IR | v et

5 ‘C‘Ht(ﬁ% |V1/}

Hs+z+% + ‘C‘Hs+l+l |V1/)|Ht0 .
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This provides the desired estimate for ‘Rl thanks to Lemma H Then, we have as above

e
1
56‘R2|Hs+% < i‘se“'l_é(l - J)|Lw||vw|2 - (Gg¢)2’Hs+e+%v
and tame product estimates (Lemma as well as Lemma yield
||V'l/)\2 - (Gg )2|H5+“% S |V1/)|Ht0 |VT,ZJ|H5+4+%.

This provides the desired estimate for ‘RQ‘HS i1
By Proposition [A:1] we have immediately

|E1|H5 < C(h%’ |€C|Hto+2)|C|Hto+1 <|<|Hto+1|(Gg>1/21’[}|Hs+2 + |C|H5+3 | (Go) 1/2¢|Hfo) '

This provides the desired estimate for }ﬁl ‘ Iy
Prop. B.4]) we have for any F € H5"2(R%),

Then, by Moser tame estimates (see for instance [19]

| et laennrs < C (V€ o) (1F oy +€Fl o V€ ery)

and, using both Proposition and Lemma (with » = 0), and the triangular inequality, we get
for any ¢ > 0

| GG eli—Gl] o < G e grga) [€groen (1 oo [(GEY 20 iy + (¢l osg [ (G20 ey )
+ 6’£’HU+1|V’¢|H"0 + 6|<|Hfo+1 |vw|Hv'

The desired estimate for |I§2|H5+% follows from the above with o € {s + %,%0}, Lemma the
triangular inequality and tame product estimates, Lemma [4.3]

Theorem [3.4] is a direct consequence of Theorem [3.3] Theorem [3.2) and the well-posedness and
stability of the water waves system provided in [2]. The proof is almost identical to [2, Theorem 6.5]
(in fact arises explicitly in (6.9) therein). Specifically, one infers the existence and unique-
ness of a solution to (WW]|) on the appropriate time interval from Theorem 5.1 and Proposition 5.1
in [2], solutions to (]FVVED on the same timescale are provided by Theorem and the control
of the difference stems from Theorem [3.3] and stability estimates on the water waves system which
again are provided in [2| Remark 5.4], referring to [3, Corollary 3.13].

6 Well-posedness results and proof of Theorem [3.2|

In this section we prove several well-posedness results on the initial-value problem for (RWW2)),
which we rewrite below for the sake of readability :

ey 14 § o . 5 _
(RWW2) { ¢ Gowé+6eGo<<J2<>Gozf>+2 v_ (J°O)Ve) =0,
O + ¢+ 590 (VY] = (GEv)?) =

We prove in particular Theorem as a consequence of the following two results.
We start with the “small-time” existence and uniqueness of solutions expressing the semilinear
nature of the system (for sufficiently regular data) as soon as J is regularizing of order at least —1.

Proposition 6.1. Let d € N*, ¢ty > d/2, s > 0, and C > 1. There exists a constant Ty > 0 such
that for any p > 1, any 6 > 0 and J € L= (R?) such that (ymax(Lio+5—2) J ¢ [>(RY), and for any
(Co,%0) € H¥(RY) x H5FY2(RY) the following holds. There exists T*, T, € (0,+0c] and a unique
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(¢, 1) € C((=T, T*); H*(RY) x HSTY/2(RY)) mazimal solution to (RWW?2) with J° = J(6D) and
indtial data (¢, ) |,_, = (Co,%0). Moreover, (0:C, ) € C((—=Ty, T*); H*~V/2(RY) x H*(RY)) and
one has min(T,,T*) > Ty with

def To min (1, gmax(Lto+5-s))

T, = -
1 6(‘CO|H“““(S”'0+%) + ‘V’(ﬂo‘Hmin(Si%JO)) |<,>max(1,to+%—s)J|Lw

and

et (160t g, (G620t ) ip.) < € (Goliy. + 1(GEY vl ),

where we recall that (Gg)l/2 def (|D| tanh(\/mDD)l/Q'

Then, we give a “large-time” result under some hyperbolic-type condition. First, we define the
Rayleigh—Taylor operator aj‘é as

def

(6.1) s leC, eVl f = e(GEIOL - 8 ((Gh0)IDI{(GEv)I )

Then, we introduce the energy, for N € N*,

62 &NGw = Y (jovcl 1) o))

a€Nd |a|<N-1

+ Z (Cay> a5 [€C, €VPIC(ay) 12 + (R |iz

a€N? |a|=N

def

= 0% — e(Gy1)(JO*().

Proposition 6.2. Let d € {1,2}, to > d/2 and N € N with N > tg+2. Let My >0, My >0, af >0
and C > 1. There exists Ty > 0 such that for any e >0, p > 1, § € (0,1] and any regular rectifier
1% (see Deﬁnitz’on satisfying max ({|J|L0¢, |<'>VJ|LOO}) < My, the following holds. For any
(Co, o) € HN(R) x HN*2 (R?) satisfying

. def
with C(a) = 8aC and w(a)

0 < My = €y/E0142(Co, ) < My

and the Rayleigh—Taylor condition

(6.3) Vi€ LARY , (f,a%[cCo, eVl f) 0 = a¥|f]7,,

the mazimal solution to (RWW2)) with initial data ({,¥)|,_, = (Co,%0) satisfies min(T,, T*) > Ty

where

def Ty
Ty = T2
eMo + 267 ME||[2 ]|,

and for any 0 < |t| < Ty and any N, € {[to] +2, N},

ENC(C(L, ), 0(t, ) < CEN*(Co, o).

As 6 \( 0, the lower bound on the time of existence guaranteed by Proposition is of mag-
nitude Ty ~ de~! (when s is sufficiently large), while it is of magnitude T» ~ min(e~!,e=24) in
Proposition hence the “small-time” vs “large-time” terminology. Specifically, Proposition [6.1
provides the unconditional small-time existence (and control) of solutions while Proposition [6.2] pro-
vides a conditional large-time existence (and control) of solutions in the small steepness framework
(e < 1) and for weak rectification (6 < 1).
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The proof of Proposition [6.1] is provided on Section It follows from standard techniques
on semilinear dispersive equations. Incidentally, the analysis is completed by a blow-up criterion
in Corollary and the well-posedness of the initial-value problem in the sense of Hadamard is
discussed in Remark

An additional global-in-time well-posedness (for small initial data) result is stated and proved
in Section based on the low-regularity well-posedness result provided in Proposition [6.1] and
the fact that the Hamiltonian function, , is an invariant quantity.

The difficult and technical part consists in proving Proposition The proof relies on careful a
priori energy estimates satisfied by smooth solutions, and is provided on Section[6.2]. We divide the
proof in several parts: first in Section [6.2.1] we extract simple sets of equations satisfied by smooth
solutions and their derivatives. Based on these equations, and assuming that a certain hyperbolicity
criterion holds, we obtain in Section energy estimates, that is a differential inequality satisfied
by the functional £V. The completion of the proof of Proposition is provided in Section

We conclude this introduction with several remarks, followed by the completion of the proof of
Theorem as a consequence of Propositions [6.1] and

Remark 6.3. The operator ajﬁ; defined in (6.1)) is a key ingredient of our analysis. Notice that the

function
pu def

Ay = 1 —€(GHO)
is a O(e?) approximation of the Rayleigh—Taylor coefficient appearing for instance in [19, (4.20), see
also (4.27) and discussion in §4.3.5]. We claim that the last term in , which has no counterpart
in the fully nonlinear water waves system, is responsible for the observed spurious oscillations in
numerical simulations, as the consequence of the ill-posedness of the initial-value problem. Indeed,
without any reqularization (that is setting J° = 1d), the Rayleigh-Taylor condition can never
be satisfied unless eVipg = 0.

Another key ingredient of our “large-time” analysis is the use of () instead of 0% when
defining the energy functional EN (¢, ). Setting J° = 1d, we recognize in P(a) @ O(€?) approximation
of Alinhac’s good unknowns for the water waves system; see discussion in [19, §4.1]. Notice that
if the rectifier operator J° is regularizing of order —1/2, we infer (in contrast with the water waves
situation) that under the Rayleigh—Taylor condition,

EN(C ) ~ [Cn +[(GE) 20 -

However the equivalence between the energy functional and the standard Sobolev norms is not uni-
form with respect to § € (0,1]; see Lemma|6.11]

Remark 6.4. We claim Proposition holds assuming only that rectifiers J° are regularizing of
order —1/2 (and not —1). Yet in that case (RWW2)) is of quasilinear nature and the well-posedness
theory requires additional arguments which we decided to avoid for simplicity.

Remark 6.5. With a small adaptation of this work, one can consider non integer reqularities, that
is N =s5€R with s > g + 2. Then we need to replace the functional (6.2) with

ew= > (!8°‘<|i2 + |(G6‘)1/23“¢|iz)

aeNd |a|<[s]—-1
S S 2
+ (|D| Ca ajLé [€<a fvw]‘D| C)L2 + |(G8)1/2¢(s) |L2
with (s < |D|*e — e(GEY) (J|D]*C).

Let us now show how Theorem [3.2] which we rewrite below for the convenience of the reader,
follows from Proposition [6.1| and Proposition (6.2
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Theorem 6.6. Let d € {1,2}, tg > 2, N € N with N > tg+2, C > 1 and M > 0. Set J € L>=(R?)
such that it defines regular rectifiers. There exists Ty > 0 such that for any p > 1 and € > 0, for
any (Co, o) € HY(RY) x HN*+2(RY) such that

0 < eMo = €(|Gol yrigsa + (G20 yrigrs2) < M,

and for any § > eMy, the following holds.

There exists a unique (C, ) € C([0, Ty/(eMp)]; HN (RY) x HN*2(R)) solution to (RWW2)) with
J° = J(6D) and initial data (¢,v)|,_, = (Co,%0), and it satisfies

sup ¢ ~ + (G 1/2¢ o) <C(Gln + (G 1/2¢
tE[O,TO/(eMO)](| (& |H | |H ) (| O}H | 0|H )

Proof of Theorem 6.6, For any 6 > 0, let(¢%,4%) € C([0,T7); HN(R?) x HN*2(R%)) be the
maximal solution for positive times (the result for negative times following from time-reversibility

of the equations) to with J° = J(§D), with initial data (¢°,%°) |,_, = (Co,%0), as provided
by Proposition

We start with some preliminary estimates, restricting to the case 6 € (0, 1]. First by Lemma
the continuous Sobolev embedding H'*(RY) C L*°(R?) and Lemma there exists Cp > 0,
depending only on tq > d/2 such that, for all ¢ € H'*1(R%) and f € L?(R%),

(GEIO )] e < CulT ]| C oo [ ] s
and, for all ¢ € H'o+t1(R?) and f € L2(R%),
7 ((GEWIDIGERITY) ] < 672003, [(GH0) DI (GEI 1]y
< C16 2|00 ] L |G o [ (G )
< CP6 ()2 [ |Gy ] 1

Dlensa

From the above we infer that there exists M; > 0 depending only on ¢ty > d/2 and ‘(-)éJ | 1 such
that for any (¢, 1) € HoT (RY) x H'o+t1(R?) satisfying

(6.4) €[¢] yross + €25 GhY 2y < M,

the operator af;[e(, V] satisfies the Rayleigh-Taylor condition (6.3)) with a) = 1/2. This holds
in particular, using that 6 > eMy and Lemma if

0<eMy= 6(|<0|H[t0"\+2 + |(GM)1/21/)0|HH()1+2) < M.

Then, using as above Lemmas and . we define Cy > 0, depending only on tg > d/2, such
that for all ¥ € HT1(R?) and f € Lz(Rd)

(@YD) e < Co8 22| LG >0 g ] o

Using this estimate on the second term of (4 ef 9% — e(GH1)(JO*¢), Lemma as well as the

above analysis on a JJ[eC ,eVY], we infer that for any C’ > 1, there exists M’ > 0 depending only
on ty > d/2, |<->%J|LOo and C' such that for any (¢,1) € HN(RY) x HN+1/2(R%) satisfying

(6.5) e|§|HtOJrl <M and 62(5_1‘(G'g)1/2w|§{t0+1/2 <M,

then for any N, € {[to] +2, N}, we have

(6.6) SEY(C0) < i, + (G0, < CEN(C0)
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We can now prove the proposition. We define ¢/ = C'3 > 1 and we introduce M’ > 0
accordingly so that (6.5)) yields (6.6). We consider two cases. Firstly, if eMy > min(My, %) or

d > 1, then § > min(M;, %/, 1) def do where &g depends only on ¢y > d/2, ’<~>%J}Lm, and C' > 1.
Therefore we can simply use Proposition with s = N, using that

min(1, g (Llot3=N)y > 5,

Secondly, we assume that eMy < min(M, M?,) and 0 € (0,1]. Thanks to the preliminary estimates
we can apply Propositionwith My = VC'M, af = 1/2 and amplification factor C” € (1, ﬁ)

Hence there exists To, depending only on tg, N, max ({|J|Lm, |<-)VJ’LOO }), M and C such that
T > T, where (using again that § > eM, and (6.6))

def TO TO
Ty = >
2= to]+2 25-10[to]+2 102 = 7 1E 712 Y]
ENol+2((y, 1hg) + 26— 1ETtol+ (§0,1/10)||-|2J’L00 eMy(vC'+ C ||-|2J|LM)

and for any 0 <t < T, and any N, € {[tg] +2,N},

(6.7) EN (L), 0 (1)) < C"EN (Go, o)

The above estimate provides the desired control provided that (6.5) and hence holds. Using
that C”(C")? < C, eMoC < M’ and § > €My, we infer from (6.7) with N, = [to] + 2 and the
continuity of (¢°(t,-), (G4)/2¢0(t,-)) in H*1+2(R%)? that

T e 0,15]  [C N s+ G207 ) rren < O rgren+ |G b0 yi11) )

is an open subset of [0, T3]. Since it is also closed and non-empty, we have I = [0, T»]. In particular
we have that holds on [0, T3], and hence with IV, = N provides the desired control, which
concludes the proof. O

6.1 Short-time well-posedness. Proof of Proposition

In this section we prove Proposition Let us first notice that we can specialize the study to
the case 6 = 1. Indeed, if Proposition [6.1] holds when § = 1, then we can apply this result with
J° = J°(D) where J° = J(§-) and & > 0 is arbitrary. Noticing that for any § > 0,

1 mm(l 59)
| 9J5

T

we infer that Proposition [6.1] holds for arbitrary § > 0. Consequently in the following we fix § = 1.
We write (RWW2) as

(6.8) oU+LU+NU) = 0
where U = (¢, )T,

ar (0 —Gf _ (<Go(U 1C)GH¢)+€V (J1OVY)
L= <1 OO>’ and N(U)-( (V2 — (Gl)2) )

Let X % Is(RY) x (H*+1/2(R%)/R) be the Hilbert space (see [I9, Proposition 2.3] concerning
the quotient space H5+1/2(R%)/R) endowed with the inner product

((Cvn) s (Catin) ), = /R G)AG) + (A(GH) 00 (A(GE) 2 0) da
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We denote | - |xs the norm associated with the inner product (-,-)xs. Using Lemma one easily
checks that the (unbounded) operator iL with domain X s+1/2 is self-adjoint on X*®. Hence by
Stone’s theorem (see e.g. [27, Theorem 10.8]) L generates a strongly continuous group of unitary
operators on (X*,|-|.), which we denote e'"

By Lemma Lemma 1{(when 0 < s < ) and Lemmau we have that there exists C; > 0
and Cy > 0 depending only on s and ty > d/2 such that for any U € H*(R%) x H5T1/2(R4),

eCy|(Yori=sg|, LU,

if0<s<ty+1,
|N(U)|H5><Hs+1/2 < {Ecl‘ J’LOO|U‘

if s >t + 3,

x Hs+1/2

to+%xgt0+1|U’HS><IfI5+1/2
and for any U,V € H*(R?) x FISH/Q(RU{)

IN(U) - N(V < Co| (Yot =g | (U V] e DU = Ve oo

)|HS><HS+1/2

Recall (see Lemma that (X*,|-|x) is equivalent to H*(R%) x H*T1/2(R%)/R and that for any
p>1and any (f,g) € H*(RY) x H*T/2(R?),

5+ (Ve e < () = £ + 1G22 < |f] + 9] s

We shall then apply Banach fixed-point theorem on the Duhamel formula

t
(6.9) U=GuoU), Gu,:U w— (tme 'y —/ e IEN(U(r, ) dr).
0

To this aim, we define for any M > 0 and any T' > 0 (determined later on) the set

X7 = {UEC([—T,T];XS) © max }U

2 < M}.
te[~T,T)

x
From the above, we find that for any U € X, and Uy € X*, Gy, (U) € C([-T,T]; X*) and
‘/ ~ILN(U(r, ) dr| . < €lt|CL Cy M,

where we denote here and thereafter C; = |<->max(1vt0+%*5)J’Lw; and for any U,V € X}, one has
(by the triangular inequality)

t
[ eI @) = NV drl s < 261G o VI = V(7)o
0

Hence, choosing M and M’ such that 0 < M’ < M and defining T as
— in [ YM=VM' 1
(6.10) T_mm(ecchM ) 3€C2CJ\/M),
we find that Gy, defines a contraction mapping in Xr s for any Uy satisfying |U0|§{S <M.

This proves the existence and uniqueness of a solution in X s to with U(0) = ({o,%0) "
We deduce the uniqueness in Xr e ([-T,T]; X*) from a standard continuity argument, and one
easily checks the equivalence between U € Xr satisfying and U € Xp satibfying . Up to
now the second component of the solution as well as the second equation of | are deﬁned up to
an additive constant. Requiring additionally that (6.8) holds in C([—T,T]; HS 1/2 (RY) x H*(RY))
uniquely determines these constants —and hence U € C([—T,T]; H*(R%) x H**2(R%))— and we
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have 9,U € C([-T,T); H*~*/?(R%) x H*(R%)) by the above estimates for N(-) and straightforward
bounds on L.

There remains to prove the lower bound on the maximal time of existence. We focus first on
the case s > to + % From the above (and in particular uniqueness) we can define a maximal time
of existence and maximal solutions U = (¢, ) € C((—=T, T*); H*(R?) x H*+2(R%)). On (=T,,T*),
we have by the above estimates

(61]‘) |U(t? )|X* S }U(()’ )|X€ + |t| (6 Cl CJ) |U(t7 )|Hto+% XIfItoJr% |U(t’ )|X<
with C; = |<-)1J‘Lw, and (augmenting C; > 0 if necessary) the same estimate replacing s with

to + % Hence defining 77 > 0 such that
1+ C Ty (eCLCNIU(0,)] rpry = C2,

and

1, {t € [-T, TN (T, T*) : Vre 04, [U(r)|% < Clu(o, -)|§(5},
we infer (since C?/3 < C) that I, N I}, 11 is an open subset of [T, T1] N (=T%,T™). Since it is also
closed and non-empty, I; N It0+% = [-T1,T1) N (=T%,T™), and hence (arguing as in Corollary
min(T,,T*) > Ty. If now s < tg + %, taking M = C’|U0|§(S and M’ = }UO|§(S (if Uy # (0,0) in
which case the result is trivial) in (6.10) provides immediately the corresponding lower bound for

T, and T™*. Gathering the two previous results, we find that there exists Ty > 0 depending only on
C and C{, such that

Ty

min (7T, T) > ‘ . .
6(|C0|Hmin(svto+%) + |(G6‘)1/2¢0 |Hmin(s,t0+%)) |<,>de(1,t0+%—s)J’Lw

A subtlety arises as ’V¢0’ o1 does not control |(G5)1/2w0’H8 with a uniform bound with

respect to p > 1 (see Lemma [4.1)). Yet the desired result follows from the following additional

ingredient. Applying m(DYU 2 to both equations in (RWW2) and following the above

arguments but with a careful use of Lemma we infer that there exists C; > 0 depending only
on s and s, % min(s, o + 3) such that for any ¢t € [0,7*)

Ut )] . < |U(0,~)}XS +t| (eCy Cy) Ut ){g U(t, )| e
Ut .. < U)o + 101 (CoC) [U(E) ...

def | |D]

where we define |U}X-€* tanh(yaD)

D>’1/2U‘XS*, and notice that

1 2 2 2 2 2 2
7|C|H5**% + |VC{HS*—1 + |v1/)}HS**% /S |(C7w)|5€s* E, }C‘HS* + |v¢|H5*—% .
Vi
Hence proceeding as previously we infer first the control of ‘U(t7 ) ‘)}* , then the control of ’U(t7 ) |Xs
(with the amplification factor C' > 1), for ¢ € [=Ty,Ty] with Tj = Tvo/(a‘szs* <~>t0+%_S*J’Lw)
where ZN“O depends only on C and Ci. The proof of Proposition is now complete.

Corollary 6.7. Under the assumptions of Proposition [6.1], denote T*(Co, %05 8) € (0, +00] the mawi-
mal time of existence associated with initial data (Co,1b0) € H*(RY) x H*+H1/2(RY) and index s > 0,
defined as the supremum of T > 0 such that there exists (C,10) € C([0,T]; H*(R?) x H*+/2(R%))

solution to (RWW2|) with initial data (¢,9)|,_, = (Co,%0)-
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If (Co. o) € H*(RY) x HHV2(RY) with s > 2+ 5. then T*(Co, vo; 8) = T*(Co,vbo; 8) for any
s e (% + %7 s] and one has the blowup criterion
* d 1 *
T (Co,?/fo;s) <oo = Vse (2 + 275:| ’ |C(t7')|H-‘9'+|(G5)1/2¢(t3 ')|HS'—1/2 —o0 ast ST

The corresponding result also holds for the (negative) minimal time of existence.

Proof. Let s and s’ such that s > s > % + 1 and ((o,%0) € H*(R?) x Hst1/2(R4). Let denote
for simplicity 77 & T*(Co, %o; $«) for s, € {s,s'}. From Proposition and Lemma [4.1| we have
(reasoning by contradiction and using a suitable sequence of times approaching T7)

Ts* <0 = ’C(ta )|Hs + |(G8)1/2w(ta .)|H5*1/2 — 00 ast /‘ Ts* :

From the uniqueness in Proposition we have obviously T < T7 and there remains to prove

that Tr > T7,. We argue by contradiction and assume Ty < 77 (and in particular TF < c0). Thus
(Cw) € C([0, Ty HY (RY) x HY#1/2(R)). Set M S maxicpo ) ([C(t )] s + (G520 (8 )] ).
We use once again the tame estimates (6.11)) obtained in the proof of Proposition and Lemmal4. 1}

there exists C' > 0, depending on ¢, s’, s and J° such that for any ¢ € [0,77%),
(GG POV E ) gesemre <G00, )| gy e + [H1C M (G2 ) ()] e e

Gronwall’s inequality provides the desired contradiction. O

Remark 6.8. In order to certify that the initial-value problem for (RWW2) is (unconditionally and
locally-in-time) well-posed in H*(R%) x H*FY/2(RY) in the sense of Hadamard, one should discuss
the reqularity of the solution map

® : (Go, o) € HA(RY) x HTV2(RY) i (¢, ) € C([=T, T); H*(RY) x H*F/?(RY)).
The proof of Proposition |0.1] readily shows that the solution map is Lipschitz from any ball of
H*(RY) x H**Y2(RY) to C([-T,T); H*(RY) x H**/2(RY)) (with T sufficiently small), and the
estimates therein allow to prove that the solution map ® is in fact analytic (and hence infinitely

differentiable), in the sense that for any Uy Lef (Co,%0) € H*(RY) x ]EISH/Q(Rd) in a given ball and
restricting to T > 0 sufficiently small we can write

D(Uy) = Z@k(Uo,"' :Uo)
k=1

where the operators @y : (H*(RY) x ﬁ5+1/2(Rd))k — C([=T,T); H*(RY) x HsY/2(R%)) are contin-
uwous k-multilinear and the series is normally convergent.

6.2 Large-time well-posedness; proof of Proposition

In this section we provide the proof of Proposition [6.2] It follows from suitable energy estimates on
smooth solutions to (RWW2). Here and henceforth, we refer to (¢, %) as a smooth (local-in-time)
solution to (RWW2)) when there exists an interval I C R such that

YN eN, (¢4)eci(I; HY(RY) x AN*3(RY))

and (RWW2) holds for any ¢ € I. The existence of smooth solutions (for smooth initial data) follows
from Proposition and Corollary In Section we extract a “quasilinear structureﬁ of the

3As mentioned in the introduction and proved in Proposition the nature of (RWW2]) is in fact semilinear.
We refer to the structure of - as quasilinear in the sense that we will refuse to make use of the full
regularization effects of J% but will rather obtain improved energy estimates using the skew-symmetry of the leading-
order contributions of the system. The system is genuinely quasilinear if J? is regularizing of order —m with m € [%, 1)
but not regularizing of order —1.
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system, which is then used in Section to infer the control of suitable energy functionals. The
completion of the proof is postponed to Section [6.2.3

As in the previous section, let us notice that we can specialize the study to the case 6 = 1.
Indeed, assume that Proposition holds with 6 = 1. Then for any § € (O7 1] we can apply the
result with J® = J9(D) where J° = J(8:). Since My < M; and ||-|2 J‘S}Loo = 5_1’|'|%J‘iw we
find that Propomtlonmholdb with arbitrary § € (0,1]. Consequently we fiz 6 = 1 in the following,
and denote for simplicity J def g,

6.2.1 Quasilinearization

Proposition 6.9. Let d € {1,2}, to > 4, N € N with N >t + 2. There emsts C > 0 such that for
any € > 0, u > 1, J reqular rectifier, and (¢, ¢) smooth solution to , the following holds.
Let o € Nd a multi—index. If la] < N — 1, we have

(6.12) 8,0°C — Glo*y = eR\™,
(6.13) 0,00 + 0°C = RS,
with

RV 2 < O (V9o [l + € [V -
Lo PP el o N | L P v

whereas if |a| = N

(6.14) OeClay — GHtb(ay + €V - (J(a)) V) = R\,
(6.15) 8,51/1(@ + aj‘ [eC, EV'IZ)K(Q) +eJ (Vz/) . V¢(a)) = eﬁéa) + ezﬁga)’

def

with C(a) = 8‘1{ and Yoy = 0 — e(GH)(J0°Q), af defined in and

B2 < O oo (V9 o Sl + [ 02 [V an),
RS y3 < C (1] 1 [V gy [0 vy max ({[ ] s [IVT] 1) [V g [ 1)
|R(a) ui =C ’<'>%J‘Lw max ({"”Lw’ ||'|V‘]|Loo}) ‘V¢|Hto (‘Vw}HtoH‘C‘HN + |C|Hf0+2’vw’HN*1)'

Proof. We first focus on the first equation. By the second estimate in Lemma (with r = 0) and
the fact that HJHH_>H = ‘J|LW and (see Lemma |‘Gg|‘1—°15+1—>Hs =1 for any s € R and u > 0,
we get

1G5 ((IOGEY) + V- (UOVE s S 1T Sl preo s [V s + 1T [l [V o

This provides the estimate for Rga) for |a] < N — 1. We consider now the case |a] = N. We
differentiate « times the first equation of (RWWZ2|). We get

0t80<§ — Ggao‘w —+ EGS((Jao‘C)Ggw) 1 eV ((Jaag)vw) — ¢ Z A(ﬁ " def R(a
S

where
Ay = C(8,7) (GH((JO°OGEO™ ) +V - (JO7()VI™)) .
If |3| = 0 or |B| =1 using the first estimate in Lemma [£.9] (with s = 0 and r = 1 — |3]), we get

|A(ﬂ,fy)|Lz S |JaB<|HtO+2—|ﬂ| |87vw|Hw_1 5 |J|LM|C|HtO+2|V¢|HN—1'
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If 2 <|B| < N — 1, we obtain by the triangular inequality and the product estimate in Lemma
with sy =N — |8, sa=to+1—|y], 1 =to+2—|8], sh=N—-1—v],

| A2 < |(0PO(GE )| 0 + |(J0PO) (VY] 0
S I n (1G8% ] o + 1V gregsn) + 3¢ oo (|GO¥ s + [V i)

S [V greora [Clin + 17 e € prio o[V v
This concludes the estimate for Ega).

We now focus on the second equation of . First we notice that, by Lemma
B AVEPE = (GEE) | s S 1] [V gy [V gy

This provides the estimate for Rga) for |a] < N — 1. Now we consider the case |a| = N. Differenti-

ating « times the second equation of (RWW2)), we get

010 +0°C+e)Bay=¢ Y IBgp,) = Ry

VAN
with
Bay & Vi - (V™)) — (Ghop) (GhO™)
and
Bsy) & C(B,7) (VOPp) - (VO9) — (GHOPH) (GLOY)) .
def

Then, using the unknown () = 0% — e(G1))(JO“C), we can rewrite the previous equation as

0t(a) + Ca) + €(GhOW) () + €(Gh) (J0il(w)) + €JBay = €RYY

and using (6.14)) and reorganizing terms,

ey + A[eIC, eVY](a) + (V) - (Vo) — (GH1) (GhY(a)))
+ e(GhY) (I () = eRYY) — E(Ghy)(JRY™)

where

aleJC, ¥)¢(a) =C(a) + €(GHO) (I () — E(GEY) IV - ((J(a)) V)
+ (V) - VI(GEY) (K))}) — I((GE)GE(GE¥) () })
=a[e¢, Y]y + €(Gh () + () (I (o)) — E(GEY) IV - (J{(a)) V)
+ (V) - VG5 (I}
— EJ((GoY) ((Gh — IDN{(GEY)I¢a))}))-

Let us estimate each of the contributions.

e We get from the second product estimates of Lemma (with s = %, s1 = N — % — 18,
sa=to+1—|],si=to+1—[B]sh=N—-1—|]) andLemma

RS s <1le D0 1Bt S 1710wl Vel e [V ey

Bty=a
I<|BI<N -1
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e Denoting
(o) def

Ry S —J((Gh9)(Ghta)) + (Gh) JG a))
and by the commutator estimate in Lemma with s = 1/2 and Lemma we have

’R2 u|H1/2 5 max {’J|L°°’ ||'|VJ|L°°})|V,¢|HN)+1 |vw(a)|H*1/2'

e We have by Lemma [£.2] and Lemma
[(GEWY IR 172 S1GEY ro VB g2 < V9 g DB 11
and by the previously obtained estimate on Ega), and that HJ||L2—>H1/2 = }<.>%J|Lm7

DR e S 1O (1] e IV g [ e+ 1] 1€ g2 [V )

e Rewriting

RS (V) - (VI(GED) () ])) — (GE9) IV - (J(a)) V)
= [J,GHv] (V¥) - JV¢(a))
+ (V) - () (VGED))) = (GH) (H{(I () (A},

we find using as above Lemma [£.5] for the first contribution and Lemma [£:2] for the other ones

RS s S masx ({7] o (19T o D V8] [V 0 IV -1
e [V o2 |V o [ 960 1112

e Then, we easily find, since for any ¢ € R, |tanh(\/m|¢|) — 1| < |tanh(|¢]) — 1| < (€)~%/2, that

RWZ J((G )(GEH(GEY) ) D) + (G (IDH(GEY) I })

= —J((GH¥)(ID|(tanh(v/ul DI) = D{(GE¥)(I(a))}))

can be estimated as
’RZ’» u|H1/2 ~ "]|Loc|vw|Hto‘JC(a |L2

e Finally, we set

R, (G0 + ) ()
= —g(GgJ (IVY]? = (GE¥)?) ) (J(a)

(where we used the first equation of (RWW2))) and by Lemma

L PPV P P A P oS e
We conclude combining the above estimates and the fact that ‘J(j(a) }H1/2 < ’<~>%J|LDo K’HN O
Remark 6.10. Several contributions in Eéa) (but also in ﬁéa) via the control of |V1/)}HN,%) require

the regularizing properties of J to be controlled. A more careful analysis shows that most —but
not all— contributions could be tackled through additional terms on the Rayleigh—Taylor operator.
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Shortly put, if we set J = 1d, then Proposition holds with suitable estimates on the remain-
ders (by which we mean controlled by the energy functional) if we replace aj,leC, eVi]() with

aﬁi [€<’ va]C(a) + ba (C, w) where

(616) afy[eC.eVUIC = (1+ e(GhAY) + (Vo) - (VGEY) — E(Gh)(Av)) G
— 2 ((GwID{(GEY)¢w })

and

B

011 e =S (5) (G006t n) + dGh (Gt nE* ).
[B|=1, B<a

The contribution b, (C, ) is “bad” in the sense that it cannot be estimated as an order-zero term
and has no particular skew-symmetric structure (when tested against Ggw(a)). It can be seen as the

genuine source of instability for the system (RWW2)).
6.2.2 Energy estimates

This section is devoted to the proof of energy estimates on smooth solutions to (RWW2)). We start
with some elementary results which provide useful tools for the comparison of the energy functional,
EN(¢,1), defined in (6.2)), and suitable norms of (¢, ).

Lemma 6.11. Let d € {1,2}, tg > g and N € N with N > tq + % There exists C > 0 such that for
any € >0, p>1, ¢ € HN(RY) and ¢ € HN*2(RY), and a € N* with |o| = N,

VO] o < G20 ginse < (GO0 yn s

|VT/)|HN71 S C (|(GILOL)1/21/)}HN—1 + |BsripN|(Gg)1/2w(ﬁ)|L2 + 6|‘]|Loo |vrl/}|H10 |C|HN)7

ol < CUGH 0l s+ 500 1G]+ ]2 9]

0201 3 < C(|(G6) 2@ o + €l )2 T| o [ V0 g € ).
where we recall that 1y 4t gy — e(GH)(JO*C).

Proof. The first inequality has been proved in Lemma Then the following holds for any 3 € N¢
with || = N:

0%, < |SHP (G Y2080 L < | (i + o) (GE)Y20%0) L,
< (G2 P| s + (G2 )
and, since 971 = ) + €(GH)(JO°(),
(GE) 2070 e < IB(a)| oo + €| (GEUIIOTC| 1 S [Bebia)| o + €T ] e [V 10 |07€] 2

where we use Lemma and the continuous Sobolev embedding H (R?) C L>(R%). The control
of ‘3'3 w| 12> and hence Vw‘ -1 using the first inequality, immediately follows. We infer the same

control on ’¢(a)|L2 which, combined with |V¢(a)|H,1/2 < (GH) () |L2 (see Lemma, yields
the third inequality. Finally,

IVOp|,,1yn < |(GE)V20%| 0 < [(GE)* ()| o + € (GEY)IOC] 111
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and, by the product estimate in Lemma

1
(GG yase S [V o [ 3¢ pranse < 1002 T [V o [ € v
and the fourth inequality follows. O
Now we are ready to prove the following key estimates.

Proposition 6.12. Let d € {1,2}, to > 4, N € N with N > to +2, af > 0, M;,My > 0.
There exists C > 0 such that for any € > 0, u > 1, reqular rectifier J (see Definition with

max ({|J|L°°7 |<->VJ|Loo }) < My, and any (¢,v) smooth solution to (RWW2)) on the time interval
I C R and satisfying for anyt € T

def

GM (K |Ht04r2 + ‘Vd)(t, ')’Htoﬂ) < My

and the Rayleigh-Taylor condition (with o defined in )

Ve LARY) , (f,af[eC(t,), eVe(t, )] f) e = ol f]2s

one has for any t € I,

SENC), 91 ) < (M) + I M) £¥(C( ), it ),

where the functional EV is defined in (6.2)).

Proof. In this proof, we denote by C' a constant which depends uniquely on N and ¢y, and by Cjy
a constant which depends additionally and non-decreasingly on My and M ;. They vary from line
to line. Let o € N¢ and consider Proposition

When |a| < N —1, we sum the L?(R¢) inner product of against 9% and the L?(R¢) inner
product of in with G§0%1. It follows, using Cauchy-Schwarz inequality and Lemma

d
(6.18) —(|0¢[7. +0°(G8) v}
< O (98] <l + o <l [V gros [V gegor [0 )

When || = N, we sum the L?(R?) inner product of (6.14)) against aﬁe(,eVz{;}C(a) and the

L?(R9) inner product of (6.15} - ) with G{4(a), where we recall the notations C(a) = 8“( and ¥ (q) Lt

0*1h — e(GGY)(I(a))- This yields

1d

5& ((C(a)7 Cl [€<7 GVZﬁ]C O‘)>L2 + |(GH)1/2w(a) ’iz)
(619&) = %(C(a) ata uJ 6(.-7 evw]] C(a))Lg + 5 ( [J GSJC} 825{(&), C(O&))Lz
(6.19b) = e(V - (W) V), 5 [6C, €V G(ay) o — €(J (VO Vi) s Gitiiey) 1o
(6.19¢) + e(RY‘), aif[eC, eVYICay) L2 + e(Ré‘J‘) + 61?3:(3(1)7 G5¢<a))L2.

We now estimate each term on the right-hand side of (6.19)).
Contributions in (6.19a). By direct inspection, we find

[0, & [eC, e VY]] ((a) = €(G§I0:C) IC(a)
— (G50 IDI{(GE¥) UG} = EACEDIDH (G i)} )
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and hence, using triangular inequality and product estimates in Lemma
Hatv ajt[eC7 fvwﬂ C(Oé) |L2 ~ |J|Loo |at<|Hf0+1 |§(Oz |L2 + 62 H | J|Lo<> |atv¢|Hf0 |Vw|Hf0 |C Oc) |L2 *
Using the equations (RWW?2)), the first inequality in Lemma [£.9] (with s =t + 1, 7 = 1) we have
|8deto+1 S ’V¢’Ht0+1 +€C|J‘Loo‘dmo+2 ‘vw‘H*O ’
and by the product estimate in Lemma we infer
’atvmmo = |<|Hf0+1 + 6C|J’Loo !VWM |v¢|Ht0+1 :

By Cauchy-Schwarz inequality and collecting the above, we find

(6'20) ‘ (C () [8757 a; [€C7 GV’(/JH a))Lz | < GCM‘Vw|Ht0+1 ‘C (a) ’Lz
2 2
+& C [ (1l pars + V9 o) e 12
For the second term in , we have by Lemma with s =0,
H‘LGSJC] atc(°‘)|L2 < C'max ({|J|L°°’ <.>VJ{L°°})|VJ<|H"0+1|atc(0¢)|H*1
which yields, proceeding as above but with the second inequality in Lemma (with s =N —1)
(6.21) |§( [J, GSJC] 8tc(a)v C(ﬂ))p‘ < ECM|C|H"0+2 (|C|HN + ’vw{HN—l) |<(a) |L2 :
Contributions in (6.19b). Using integration by parts and that J is self-adjoint, we find
( ((JC )v¢) a; [667 €V¢]C(a )L2

= (V (JC(@)) V), Gy — €(GHI0) I (a) —€2J((G5¢)|D|{(G5¢)(JC(a))})>L2

1

2

((JC(a))Aw C(a )Lz - 5([ vd}}vC(a C )Lz
- %((JC a))A¢7 (GSJC)JC(Q))Lz 2 ((JC a))v¢7 (JC(a))V(GSJC))Lz

S () A, J((GH) D (G ) D)) 1

2

+ 5 (06 Ve J{V(GEEDI (G5 ¥) (e 1)) 1o

+ 5 (6 V. J(GED)DI{V(GED)}(Ia) 1)) 1o

5 (G AP ((GE)DI{(Ghv) o }), V] - VIC(a)) 12

The first two contributions are easily estimated, using Lemma with s =0, as

[ x| < Cmax ({1] s [0V o DIV g € 2

The next two are straightforward by the continuous embedding H' (R%) C L>(R?):

[+ | < € C ] 199 e ez Gl 12

For the next three, we use the regularizing effect of J and obtain by a repeated use of the product
estimates in Lemma

[ <@ C L] [T 1V i S [
Finally, for the last term, we decompose

IB(GEIDH(GEw) @ ), V] V) = P((GEW D], VU {(GE¥) VI })
+ [, VY] ((GEw) I DI{ (GG ) V(o) }) -
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We estimate the right-hand side in L2(R?) thanks the regularizing effect of J, and the commutator
estimates in Lemma (see also Lemma and Lemma with s = —1/2, and again product
estimates in Lemma which yields by Cauchy-Schwarz inequality

|+ | < €2 max ({[J] s [(OVI] L DO T [V i [ 72

Collecting the above, we find
(6.22)

(V- (J¢(a)) V), ' [€C, €VY]C(0)) 12| < €CM|VY| fugia (1 + 62\<'>%J\im\v¢\2to+l) ’C(a)‘iz :
Next, we have

(J (VY- Vi), Ghb(a)) 12 = 5 ([, VU] - Viay, Gotay) 12 — 5 ([TH VY] - IV (), V() Lo

where we denote T+ % —%V. Using Lemma and the commutator estimates in

Lemma [£.5] with s = 1/2 (see also Lemma [4.6) we find
(6.23)

|€( (VY- Vi), G5 ¥(a) 2| < e Cmax ({|] ..
Contributions in . We have by Lemma

| [eC, V1) | 2 < (€| o (Ut €[] €L ppioss + €]V 2T [V 10, )

V] DIV o [ (GE) 20y [ .-

and hence by the estimate for REQ) € L?(R?) displayed in Proposition
(6.24)  |e(R™, af[eC, eVI¢iay)ra] < €Cur|C) yyn (V%] eoin [l ign + ¢ geosn | V] ynes)-

Finally, using Lemma [4.1| and the estimates for Eg‘”, Eéa) € H'/2(R%) in Proposition

(6.25) |(eBS” + R, Give) ol < €Ont (1€l e + V¥ preos) (V9] vy + [ 1)
el VT [T (€ g + 190 o) (T s+ [l ) ) X [ (G200
Finally we note that by Lemma[6.11]
VO s + l;;ngIH% S C (Lt elI] [V ) E ()12 < CuEN (G 0)2,

3 SO+ (V2T oV 0 ) EN (G 00)H2,

|vw|HN—
and by
(G5 2y 1 < ENUIY2, |Gl < (ZENWNYZ [¢] gn < (max(1, Z)EN(U))
The result is now a direct consequence and with 7 and since
}<.>%J‘L°° = “'lé‘]‘Lw + |J|L°°'
The proof is complete. O

We conclude this section with the following result showing that the Rayleigh—Taylor condi-
tion, (6.3]), propagates in time.
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Lemma 6.13. Let d € {1,2}, to > §, N € N with N > tog + 2, My, My > 0. There exists C > 0
such that for any € > 0, u > 1 rectzﬁer J regularizing of order —1/2 with |J’Lm < My, and any

(¢, %) smooth solution to on the time interval I C R and satisfying
def
eM = sullo (e‘(( |Ht0+2+eva ‘H,OH) < My
te
one has for any f € L>(R?) and any t,t' € I,

‘ (f’ aJH[EC(ta ')7 €Vw(t’ )]f)L2 - (f’ aJM[EC(t/, ')’ va(t/7 )]f)Lz

with K = Cx (eM + ||-|2.J|? _(eM)?2).

Proof. We have
(6.26)

t
(f7 ajL [EC(ta ')a €V¢(t7 )]f)LZ = (fa Cle[CC(tl, ')a €v¢(t/7 )]f)L2 + [] (f7 [ata aﬁt[ECa €V¢]]f)L2 dr
and the result readily follows from the estimate , and ‘<->%J|Loc < H-|%J|Loc + |J’Lw. O

6.2.3 Proof of Proposition

We shall now complete the proof of Proposition [6.2] By Proposition [6.1]and Corollary 6.7, we have
the ex1stence and uniqueness of (¢,v) € C((=T.,T*); HN(R?) x HNT1/2(R%)) maximal solution
to with initial data (¢, ) ’t 0 = (Co, %) € HN(RY) x HNFL/2(R?), thus we only need to
show that the solution is estimated as in the proposition on the prescribed time interval.

To this aim, we first consider xy : R? — R* a smooth cut-off function (radial, infinitely dif-
ferentiable, with compact support, and such that x(&) = 1 for |£] < 1), and define for n € N,

(¢o'»vg) o (X(3%)G0, X(3)%0)- By comstruction, (¢§,45) € Nyen(H*(RY) x H*+3(R?)) and

(€ um) — (Cos o) in HN(RY) x HNFTL/2(R) as n — oo. By Proposition and the blowup
alternative in Corollary we have for any n € N the existence and uniqueness of 7', T> > 0

and (C", ") € Maen C((=T7, T%); H(RY) x H+1/%(R%)) maximal solution to (RWW2) with initial
data (C",z/)”)|t:0 = (¢, ¥y). Let us first remark that for any f € L?,

(6'27) ‘ (f7 ajt [6(8, vag]f) L2 (f, aT [6C07 €V'(/)O]f) L2 ’
< Co (717216 = Gl gigen + [T [V + Vb 1y [V = Tl ) ¢ |12
where we used Lemma and product estimates in Lemma and Cj depends uniquely on tg.

Hence by restricting to n > n, with n, sufficiently large, we have that (¢}, ) satisfy (6.3) with
coercivity factor a} /2 (say). Similarly, augmenting n, if necessary, we have for any n > n,

’C(T”Ht(’*% = 2|<0|Hf0+%7 |(G§)1/21/J6’]Ht0+% < 2}(G3)1/Q¢O|Hto+%,
EN(C,wg) < VCEN (Co, o), EMoTH2(cn ymy < JOEMT2(¢y ahy),

where C' is prescribed in the assumptions of Proposition [6.2] In the rest of the proof, we assume
that n > n,. We introduce now C7 > 1 to be defined later, and the interval I™ C RT as the set of
T > 0 such that,

(6.28) vte [-T,7T], |¢"(t, |Hto+2 + | VYt < C1EMTH2(¢y,40) = CL ME.

Witass

We need some preliminary estimates. Assume that (", ") is defined on [T, T for some T > 0.
We claim the following.
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(a) Let t € [-T,T]. Assume that (f,a}[eC"(t,-),eVY™(t,-)]f) 2 > (a’*‘/3)|f|2LQ for any f € L2
There exists Ct, > 0, depending only on ty, such that

|V’¢ ’Hto < Ctog’—t0-|+2(cn(t7 )awn(t7 ))

Furthermore, if |V1/1”
that

‘Cn(ta )‘Hf0+2 + ’V¢ ’ )‘HtoJr1 < éto (1 + %) (1 T ‘J‘LWWMU)
< 5[to]+2(<~n(t’ .)’ d)n(t’ ))’

|H,O < Oy, CM¢Z, there exists éto > 0, depending only on %y, such

and, there exists Cy > 0, depending only on to, N, 3/a%, /C My and ||~|%J|Loo such that for
any ¢t € [-T,T] and any N, € {[to] +2,N},

égN*(Cn( ) wn |Cn |2N* _|_| GH 1/2<n |HN < ngN*(Cn(t,~),1/}n(t7-)).

(b) Assume that [¢"(t, |H,OJr2 + | Vyn(t, !H,OH < Cy Mg for any t € [-T,T]. Then there exists
J’Lm and +/C1 My such that, for any ¢t € [-T,T] and f € L?,

C3 > 0, depending only on tg,

K 1
(F L€ (1, ), VU (8 )1F) 1o = S| [7 = O x (VCreMo + |3 ] Caledo)?) [t 7

Furthermore, if (f,a}[eC"(t,-),eVe™(t,-)]f) . > (ai‘/S)‘f’QLz for any ¢ € [-T,T] and any
f € L2, there exists Cy > 0, depending only on to, N, a¥, max ({‘J‘Lw <~>VJ|LOO}) and
V/C1 My, such that, for any t € [-T,T] and any N, € {[to] + 2, N},

ENH(C™M(t, ), (¢, ) < exp (04(\/6161\40 + H'\%JFLO@Ol(GMO)Q)VD\/agN* (o, %0)-

Estimates (a) follow from Lemma and the definition of the energy in (6.2)). Estimates (b)
follow from Lemma and Proposition (using that (¢™, ™) is smooth). Using the previous
notations, we can now define Cy such that

. 3
¢y = 20C, <1 + a“) (14 7] o Vi CMy )

With such definition of C;, we have 0 € I"™ from Estimates (a). We now introduce T» as the largest
time such that
CL*

4(\/ 016M0+||'|%J|ioc01(€M0)2)T2 <lIn (01/2) and 03(\/ 016M0+’|'|%J‘ioc01(6M0) >T2 < F

We claim that 7" < max(I™) > T,. We argue by contradiction and assume that T > T™. Notice

that 7" > 0 and is well-defined (that is sup(I™) € I"™ when sup(I™) < oo) using the continuity
in time of the solution with arbitrary smoothness in space, provided by Corollary [6.7] and the
prescribed bound on (¢™(t,-),¥™(t,-)) € H'02 x H'+2 Using Estimates (b) and then (a), we get
successively that for any ¢ € [0,7"] and any f € L2,

13
(F e (6 ), eV (6 ) o = S F e ETOT2(CM (1) 07 (1) < csﬁ““(co,wo),

(V" (1) < CC,ME,  and [ (1) Frosn + VO, o,

‘Hto ‘HtoJrl =9
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Using again Corollary [6.7] we obtain a time 7' > 7™ such that 7" € I", which is a contradiction.
It remains to pass to the limit. Thanks to Remark [6.8] there ex1sts T >0, dependlng uniquely
ontg, N, ¢, u, J‘LOC and a prescribed bound on the initial data, such that if (C}*, ¥5) — (Co,%0)

in HY(R?) x HN+1/2 (R), then the emerging solution is defined on the time interval [T, T] and
one has ®((C2,¥)) — ®((Co,v0)) in C([-T,T); HN(R?) x x HN+1/2(R4)). Notice that we have a
uniform bound for (¢", ") € C([-T%, T»); HN(]Rd) x HNF1/2(R9)), by (6.28) together with the last
inequality of Estimates (a). This provides a lower bound on 7" > 0 which allows to show after a
finite number of iterations (and thanks to the uniqueness of the solution to the Cauchy problem)
that (¢, 9") — (,9) in C([—Ts, To]; HY (R?) x HN+Y/2(R?)). In particular, (¢,v) satisfy the
desired energy control on [—T%, Ts] thanks to the second inequality of Estimates (b). The proof of
Proposition [6.2] is complete.

6.3 Global-in-time well-posedness

We conclude this section with the following result showing the global-in-time existence of solutions
for sufficiently small initial data.

Proposition 6.14. Let m < —(% + g) and C > 1. There exists €9 > 0 such that for any p > 1,

€>0, any 6 > 0 and 18 = J(0D) being reqularizing of order m (see Definition , and for any
(Costbo) € L*(RY) x HY2(RY) such that

(6.29) el (VT3] ([Go] 20 + [(GEY 200 [2.) 2 < e,

there exists a unique (C,) € C(R; L2(RY) x HY2(R%)) global-in-time solution to (RWW2) with
initial data (C,v)|,_, = (Co,%0). Moreover for any t € R one has
(6.30)

2 2
% (%|C( |L2+ | GH 1/2¢ |L2) < Hfé((@?)vw(ta)) :HT6(COawO) < C(%|<O|L2+%|(G6L)l/21/)0|L2)
where we recall that
of 1
LG 5 [ (G0 + 05 (VWP - (Ghu)) de
R
Remark 6.15. In the second equation of (RWW2), the meaning of quadratic terms for low-regularity
functions ¢ € H'/?(R%) is clarified by Lemma

Proof. First we recall that 7—[ 5(¢, ) is an invariant of (RWW2), in the sense that for any ({,)
smooth solutions to deﬁned on a time interval I C R, t — H';(((t,),1(t,-)) is constant
on I. This is readily checked by computing

d 1
s (€ ) () = (G 01€) 1o+ (GO0, 0(GE) 129) ot 5 ((1°01C) (IVF = (G)?) ) e
+ ((€°0) (V¢ - V) — (GE9)(GHO)) ) o
replacing time derivatives with the formula provided by (RWW2)) and using suitable integration by
i

parts or Parseval’s theorem (see Lemma [4.1)) to infer that §;H'5(((t,-),%(t,-)) = 0. The result for

(C,9) € C((=Ty, T*); LA(R?) x H'/2(R%)) maximal solutlon Wlth initial data (¢,v) |,_, = (Co,%0),
defined by Proposition follows by the density of the Schwartz space into Sobolev spaces, and
the continuity of the solution map (see Remark .

Then we remark that, by Lemma[4.11] and Cauchy-Schwarz inequality, and then Lemma [£.1] and
Young’s inequality, we have for any (C,v) € L2(R?) x H'/2(R%),

[5G ) = 3¢l = 51(GE) 20 o] < €Cm !dm(! "I e [Vl -1r2)
< €Ol ()7 T8 e (K17 + 1@ 20)7) ™,
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where C,,, depends only on m < —(1+ %) By choosing ¢y > 0 such that ¢,C,,, < % we infer that

for all initial data satisfying (6.29)), {¢ € [0,7™), holds} is an open subset of [0,7*). Since
it is also closed and non-empty, we obtain that (6.30) holds on [0,7*). If T* < oo, we may use
Proposition with an “initial” time sufficiently close to T and the control provided by (6.30) to
construct T* > T* and ((,4) € C([0,T*]; L2(R%) x H'Y/2(R%)) satisfying (C’¢)|[0,T*) = (C’MT*)

and (RWW2)) on the time interval [O,T*]. This brings the desired contradiction, and proves that
T* = 400. Symmetrically, =T, = —oo and the proof is complete. O

A The water waves system

Let us recall a few facts on the water waves system, describing the motion of inviscid, incompressible
and homogeneous fluids with a free surface. Under the assumption of potential flow, and assuming
that the bottom is flat, the evolution equations can be rewritten (with dimensionless variables set

accordingly to the deep water regime, following the convention of [2, Appendix A] with v = L) as

VE

(WW)

{ 0¢ — GH[eClyy =0

Hle € . 2
O+ ¢+ 5|V — 5 CIRIETET =0,

where ((,%) : (t,2) € R x R — R? (with d € {1,2}), ¢, > 0 and the Dirichlet-to-Neumann
operator, G, is defined for sufficiently nice functions as

G [l = (0:9)|__ ., — €V - (V)]

z=¢€(

with ® being the solution to the Laplace problem

Ag®+ 020 =0 on {(x,2) e R, — /u<z<e(x)},
(I>|z=eC =1, azq)\z=—\/ﬁ =0.

Basic properties about the Dirichlet-to-Neumann operator can be found in [I9] Chapter 3] or [2]
Section 3]. The only result that we use in this paper is the following asymptotic expansion adapted

from Proposition 3.9 and Proposition 3.3 in [2]. Recall that G def | D| tanh (/x| DI).

Proposition A.1. Let d € {1,2}, s >0, tg > % and hy > 0 and M > 0. There exists C > 0 such
that for any € >0, > 1 and ¢ € H™>(s+3:00+2) gych that

T+ 20> hey 6] pgra < M,
and for any ¢ € H'*#(RY), we have G*[e¢]y € H*(RY) and
GHlecly — Ghv — e (Gg (CGRw) + V- (CVY)) = €R

where

|R|H< S C|C|Ht0+1 (|C|Ht0+1 |(G5)1/2/¢|Hs+% + |C|H9+% |(GS)1/2/IZ}|HtO> .

The asymptotic expansion above provides the foundation for the rigorous justification of (WW2)
as an asymptotic model for (WW)) with precision O(€?), in the sense of consistency. The precise
statement is displayed in Theorem (see the discussion below).



44 V. Duchéne & B. Melinand December 8, 2023

B A toy model

In order to describe the high-frequency instability mechanism which we diagnose in this work, and
the features of the proposed regularization, we consider in this section the following toy model

{ o¢ — Gl =0,

B.1
(B-1) D+ € — 2] ()2|DI¢ = 0,

where we recall that G& % |D|tanh(,/f|D|) with g > 1, § > 0 and J* = J(6|D)) is a Fourier

multiplier associated with a real-valued symbol J. Finally, we set
def w2
aly] = [ (Ggy)* de.

System is inspired by Proposition and specifically 7. It mimics the (possible)
destabilization effect on the high-frequency component of solutions to stemming from the
lack of coercivity of the operator ajﬂ [eC, eV)] defined in 7 while disregarding other contributions
such as advection terms, bounded operators in ajﬂ;, and the choice of Alinhac’s good unknowns.

In the following discussion, we consider the (27Z)%periodic framework for convenience, although
our the results can be adapted to the Euclidean space framework, R?. We can hence rewrite ,
using the decomposition in Fourier series, as an infinite system of ordinary differential equations.

Specifically, we have for sufficiently regular real-valued solutions to (B.I)) defined on (27T)<,

d%fk — tanh(\/lk|)|[k[vr = 0,

B.2 Vk € 79, N N
2 Sobp + (1 - eQaW]J(éIkI)QIkI)Ck =0,

with

aly] = (2m)* Y (tanh(y/7lk]) Kl k).

keZd

Here, we set the convention

G = ! —ikx : — = ikex
Ce = (2 /(zﬂr)d ((z)e de ; ((x)= Z Geett.

keZ4

In the following, we denote
def [ def _ 2 def
25 = {a = (ak)kezd7 G = Ak, }a|€2,s = Zkezd(lJr |k‘2)8‘ak|2 < OO}

and H*((27rT)?) the space of (2nZ)%-periodic distributions such that ¢ € %%, endowed with the
norm ‘C - def |E | 420> and L?((27T)?) the (27Z)%-periodic real-valued square-integrable functions.

In (B.2), the coupling between each mode arises only through the coefficient «[t)]. This is of
course a simplistic model for nonlinear interactions, but we believe it captures the essence of the
instability mechanism at stake in . For the sake of the discussion, let us now simplify
even further the problem by fixing « as a constant. Then the system is explicitly solvable. We
observe that a plane wave solution with wave vector k is stable (that is its amplitude remains
bounded for all times) if and only if 1 — ae?J(5|k|)?|k| > 0. In the opposite situation, that is when
1 — ae?J(0|k|)?|k| < 0, the corresponding mode experiences an exponential growth with growth
rate c(|k|) = (tanh(\/z|k|)|k|(ce® J(5]K|)?| k| — 1))1/2 (whereas the growth is linear in the critical
situation, that is when ae?J(|k|)?|k| = 1). Notice that if « > 0 and J° = Id, then modes associated
with sufficiently large |k| are necessarily unstable, and that the growth rate is unbounded. As a
consequence, the initial-value problem for the dynamical system is strongly ill-posed in any
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polynomially weighted ¢ spaces in that case. On the contrary, if ae? limsup,_, . (kJ?(k)) < 1,
then the system is (globally) well-posed in £** x (253,

The following propositions show that this naive analysis describes fairly well the behavior of the
toy model with variable o = a[¢)].

Proposition B.1 (Local well-posedness in the sub-critical case). Let J : N — R be such that
(B.3) kJ*(k) =0 as k — oo.

Let M > 0 and § > 0. Then there exists Ts > 0 such that for any p > 1, any s > 3/4 and any
initial data (Co,1b0) € H*((2nT)4) x H5F2((2rT)%) such that

e[Co] 3 + €| Vibol,. < M,
there exists a unique (C,v) € C([~Tys, Ts); H*((2nT)%) x HsT2((27T)%) solution to (B.1) with
‘J5 = J(6|D|) and Sa’tlsfylng (Cﬂ/’) |t=0 = (C071/}0)7 where
T
5.
(el¢ol 3 +€[Veol 1)

Moreover, if we assume sup k3/2J2(k) < 00, then the above holds with s > 1/2 and
keN

Ty 5%/
(e[Go] ;3 + €| Vtho] 1)

where Ty depends uniquely on M and sup k3/2J2(k),
keN

Proof. Let us first consider the case where only a finite number of modes, Zk,o, Jk,o, are non-zero.
Then (B.2)) is a finite system of ordinary differential equations. Cauchy-Lipschitz theorem applies,
and defines uniquely a maximal local-in-time solution. On the maximal time of existence, we denote

ak(t) =1 —Ea(t)JOk])k],  a(t) = (2m)" Y (tanh(y/alk|)|k||x (1)),
kezd

and

Eu() 37 (k) (1Gul(t) + tanh (VKD 02(0) ~ |25 + [Bljzey

keZd

(we assume above and henceforth that Jk,o = 0, the general case follows after subtracting its
mean-value to ¥). In the following, we set T € (0, +00] the maximal value such that

Yt € (—T‘7 T), gl/g(t) < 451/2(0), (‘:3/4(t) < 283/4(0)

In particular, we have a(t) < 4(2m)?&,2(0) for t € (=T, T), and by (B.3) we can choose k, € N
such that

(B.4) Vk > ke, 4(2m)%€%E )2(0) kT2 (0k) < 1/2.
Hence we have

1/2 < ap(t) < 1 if k| > k,,
0 <1 —ap(t) < 4(2m)%€2E /2(0) maxpen kJ2(6k)  if |k| < k.
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We first estimate the low-frequency modes, |k| < k.. By (B.2)) and since tanh(,/z|k|) < 1 we infer

S (|l (t) + tanh(\/alk|) |kl 0rl (1)) < 2lklar(t) — 1]l (t)dw] ()

and hence, using Gronwall’s inequality, we find that there exists C; > 0 depending only on
maxgen kJ2(5k) such that for any |k| < ks, and t € (=T, T),

—~ ~ ~ ~ &2 1/2
|Ch | (¢) + tanh (y/7alk )|l [ (£) < (|Cr.0l® + tanh(y/plk]) | [¢hy,o|*) e €120 K,

In particular, restricting to ¢ € (—=T7,7}) with Ty = In(3)(C1 €2€; /2(0) ki/Q)_l if necessary, we find
that for any s € R,

S (k)" (1GeP + tanh (VRN G) (1) < 5 37 (k) (IGaol? + tanh(y kD) K90

k| <k, k| <k

We now consider the high-frequency modes, \li > k,. Testing the first equation in (B.2) with aka
and the second equation with tanh(\/ﬁ|k\)|k|1,/b\k, we find

& (onlGul(2) + tanh(RIRDIRIG[2(1) ) = e (BIGI(E) = — 20 (6)T(51K] 211 Gk (1),

with

o'(t) = —(2m)" 3 2(tanh(y/7lk]) k| 2ar (R (Gt (8).

keZd

Hence, since tanh(,/z|k|) < 1 and using Cauchy-Schwarz inequality, we have for all t € (=T, T')

@)1 < @) 3 lanOIIRP? (G (0) + tanh(VERDIKIGAI (1) < Cotsya(0)
kezd
where Co depends uniquely on €2&;5(0) maxyen kJ2(0k). In particular, since 1/2 < ag(t) < 1
when |k| > k, and restricting to ¢ € (=T, T5) with T = In(3)(Cs €2€3,4(0) 2 maxyen kJ?(6k)) 7 if
necessary, we have for any s € R,

> () (1Gl2@) + tanb(VEIRDIENIGR20) < 2 7 (k) (1Gkol? + tanh(y/7lk]) Kl [dx.o

k| >k, |k|>k.

Do | Ot

2).
Combining the above, we find that for any s € R, and ¢ € (=T}, T) with t, = min(7T, Ty, T5),
5
(B.5) Es(t) < 555(0).

The standard continuity argument shows 7" > min(7T},T3) and (Ek,{b\k) € C([-T,T); 02 x £25%2)

satisfies on [—T,T]. There remains to notice that T} o €2€3/4(0) min(7y, T>) depends only
on M, J and § (in particular through the value of k).

By using these uniform bounds one easily obtains the corresponding result for general initial
data (that is with an infinite number of non-zero modes, Cx 0, %k,0) by truncating Fourier modes
and taking the limit. This concludes the first part of the proof.

The second part is immediate recalling the inequality valid for any k € Z¢

i (1Cel? + tanh (vl k) [kl [ve|*) (1) < 20kl (t) — 11Ge|(8) ¢ (2)
and the fact that for any ¢ in the maximal time interval,

(K[ 2[ak (t) = 1] = €[a(t)] J (3[k])*[K[*/* = 4(2m)1073/2€2E, 12(0) max(k*/2.72 (k).

The proof is complete. O
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Proposition B.2 (Conditional well-posedness in the critical case). Let J : N — R be such that

(B.6) M; < im sup(kJ?(k)) < oo.
k—o0
There exists Co > 0 and Ty > 0 such for any s > 3/4, any p > 1 and any 6 > 0, and for any initial
data (Co, o) € H*((2rT)%) x H 2 ((27T)?) such that
_ 2 2
(B.7) 571 (2] ¢o| 2 + €| Vibol ) My < Co,
there exists a unique (C, ) € C([=T,T); H*((2xT)%) x H*z2 ((27T)%)) solution to (B.1)) with J* = J(6|D|)
and satisfying (¢, ¥)|,_, = (Co,%0), where
To o
5
(elGol ;3 + €[ Vol 1)

Proof. The proof of Proposition [B.2]is a direct adaptation of the proof of Proposition [B:I} noticing
that the restriction allows to set ky = 1 in if Cy is set sufficiently small. We can then
continue the proof and remark that T, = Cy (6 '€*E5/4(0) maxyen kJ?(k)) ™! where Co depends
only on 0~ 'e2€; /5(0) maxgen kJ?(k) < Co, which provides the desired control for T' = T5. O

Remark B.3 (Time of existence). A combination of Propositions and offers a lower bound
on the time of existence of solutions to (B.1)) as

T>6

ef
Z m, where My < ’CO‘H% + Wwo’

1
H43

in the situation where sup k>/2J? (k) < o0, and if we impose additionally the restriction 6 > eMy.
keN
Indeed, we can then apply Proposition[B.3 for sufficiently small values of My, while the last conclu-

sion ofPropositiOnpmvides T > 532 )(2M3) = (eMp)' /26 /(2 MZ) = §/(e2 M) when eMy > 1.
Proposition B.4 (Ill-posedness in the super-critical case). Let J : N — R be such that

(B.8) limsup(kJ2(k)) = oo.

k—oco

For all e > 0 and & > 0, there exists ((F', V8 )nen € C(2rT)HN and (T,)nen € (RT)Y such that

Vs € R, |<€|HS+|1/13|HS%O and T, 0 (n— c0),

and for any pi > 1 the solution (¢",4") to (BI) with 3 = J(8|D) and (¢", ™) |,y = (C0)
satisfies

Vs’ € R, [ (t, )] yor = 00 (t S T).
The same result holds backwards in time.

Proof. We use the initial data

(B.9) Cy(x)=0 ; Pi (x) = by, cos(ko - ) + ¢ cos(ky, - ),
with ko € Z? such that ko < |ko| satisfies koJ2(3ko) # 0, k,, € Z¢ such that |k,| = k, where
(kn)nen € NV is a sequence such that k,, — oo and k,, J?(6k,) — 0o as n — 0o, and by, ¢, > 0 will
be determined later on.

Since is a finite system of ordinary differential equations, the Cauchy-Lipschitz theorem
applies, and defines uniquely maximal local-in-time solutions, which we denote Z” = (Z;’éko, ng)
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and " = (@iko, @lkn), on the maximal (forward-in-time) interval I™ = [0,77). On the maximal
time of existence, we denote for k € {+ko, +k,}

ap(t) = 1= ™ ()T Ok ||, ap(t) = (2m)* (tanh(y/7lk|) k|57 (1)),
Notice that for any t € I", ag(t) > 0 and
a™(t) = 2ag, (1) + 2ag, (¢).
We define ag = %(2m)%(tanh(,/ftko)ko)?. Henceforth we assume that b, > 0 is such that

(B.10) 1b200€° I (0kn)’ky, > 1  and b

n

< %(QQGQJ((Sko)Qk‘o)_l.

Step 1: exponential growth.
We have the following controls.

21
Then (;; and 1y, are increasing on I" N [tg, +00) and for any ¢ € I" N [tg, +00),

(a) Assume there exists to € I™ such that o (fo) > b2 with Z}; (to) > 0 and Jz (to) > 0.

(B.11) G0 > a0

exp (y/tanh(y/1ky )kn(t — t0)),

_1
(b) Assume there exists to € I" N[0,k ] such that ayp (t) < 102 holds for any ¢ € [0,o].
Then, (i and ¢ are increasing on [0, o], and for any ¢ € [0, ?o],

(B.12) oE () > %exp( tanh(y/fikn ) knt).

First we prove controls (a). Since a™(to) > 2ag (to) > 120 and using the first assumption

in (B.10), we get that af (to) < —1. By continuity, for ¢ close enough to Zo, we have on [to, ]
d n n d n “n
&Ckn = tanh(\/ﬁkn)knwkn 5 &wkn > Ckn

from which we infer that E,gn and @Zﬂ (and hence a; ) are increasing and (considering the differential

inequalities for y/tanh(\/iky, )k, A,Zn + Z,?n)

Vg, (to)
2

Ui (t) > Up (to) cosh(y/tanh(ky )k, (t — to)) > exp(y/tanh(kn)kn (£ — to)).

Since aj is increasing, continuity arguments show that the above holds on 1™ N [to, +00).
We now prove controls (b). We note that, using the second assumption in (B.10)) and since
O‘ZTL (O) < %b%ao,

2a”(0)J (ko) ko = € (2b a0 + 20, (0))J (6ko)*ko < 1.
By continuity, we have ay € [0,1] on [0,] for ¢ close enough to 0, and hence

~

d An An d An n
aﬁko = tanh(y/pko) ko, ; 02> &1/%0 > —Cry-

Restricting to t <ty 1 2, we infer that E,’;O is increasing, 12,’;0 (and hence oy, ) is decreasing, and

~ by, - bn, ~ by by kot® _ b
b < — < (R (t) < thg— n > 222 >
P <3 0SG<th 0= 2 -2
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In particular, o (t) < b2ag so that, using the assumption aj, (t) < 1b2ap and (B:10), we infer
a”(t)J (0ko)*ko < Seapb? J (6ko)?ko < 1.

Hence by continuity we find that the above holds on [0,#o]. Notice now that since aj (t) > iozob2
we have for any ¢ € [0, to],

a”(t) = 205, (t) = 507 a0.

1
2
We can then use similar arguments than in the proof of control (a) to infer that Z{gﬂ and 1])\,’;” are
increasing and the desired lower bound on 12)\271 (t).
Gathering controls (a) and (b), and arguing on the sign of aj, (0) — ;b%ao, we find that under
1
the assumption (B.10)), there holds for any t € I" N [0, k, 2],

(B.13) op () > %" exp (y/tanh(y/7ikn)knt) |

and hence, using the identity d%zgn = tanh(\/ﬁkn)kn@,’;n,

(B.14) G () > é‘,/tanh(fk Ve, (exp (\/tanh(y/fiky knt) — 1) .

Step 2: blowup.
We set b, = (120 (0kn)?kn)~"/? so that Condition (B:I0) holds for n sufficiently large, and

we define ¢, = Sexp(—kn/ ). We also consider n sufficiently large so that /tanh(\/nk,) > 3

Then (B.13))-(B.14) yields, for any t € I" N[0, ko_%],
~, L 1/2 14y Pn Lo1/2 1/4 L1/
Di, (0) = exp(GRi/2t = ki), G () = Skl exp(—ki/ ) (exp(5k120) — 1))
Then, one has
ap (1) <1—ea™(t)J(6kn)?kn < 1— 26208 (1)J (k) ?kn < 1 — €2(2m) LT (6kn)2k2 [0 (1)]2.

1/4 1/4

it _ 1
Hence for n sufficiently large, we have 2k, '~ < k, 2 and for any t € I" N [2k, '", k, 2], there holds

12)\,’;” (t) > 1, Z,Zn (t) > %k}/Q and a (t) < *@Zﬂ ()2, from which we infer

~

d ~ ~
0k, 2 WG, 2 R OR,)

1/4 ~1/2

This yields the desired blowup in time 77" < 2k, "'~ + 4k,
The blowup for negative time follows from time- rever81b1hty: (t, Co,%0) < (—t,Co, —0), and
this completes the proof. O

Remark B.5. A direct inspection of the proof shows that our ill-posedness holds in fact for initial
data in the Gevrey-o~" class for any o € [0, 1) and for any o € [0,1) if J° =1d.

Remark B.6. Despite its simplistic nature, we believe that the toy model faithfully accounts for
the instability mechanism at stake in the full model (WW2|) and its reqularized analogue, .
Specifically, we observe in the proof of Proposztzm!(and also in Proposition a dichotomy
between the treatment of stable and unstable modes, and the fact that a suﬂ%zently reqularizing
operator J° allows for a stability criterion (see ) depending on both § and € parameters.
It follows a local-in-time well-posedness theory with controls over solutions on a time interval
that is
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e “small” in general, i.e. with poor lower bounds when delta tends towards 0;

e “large” (i.e. with improved lower bounds) provided the initial data are sufficiently small;

see Propositions and [B3

Note that the smallness condition on the initial data as well as the lower bounds for the mazximal
existence time of the solutions are not uniform with respect to §, consistently with the model being
ill-posed if § = 0, which corresponds to J° =1d. Useful results can be obtained by imposing a lower
bound on & as a function of €, as shown in Remark[B.3

This strategy faithfully reflects the procedure that leads to one of our main results, Theorem
on the well-posedness of , Indeed, its proof is based on (i) an unconditional well-posedness
theorem for small times, combined with (ii) an existence theorem for solutions over large times
under a condition of sufficient smallness on the initial data, the first result making stronger use of
the regularization induced by the operator J°.

We also constructed the toy model so as to reproduce scales and orders accurately. Specif-
ically, we see that the threshold on the order of J° as a regularization operator that distinguishes
between well-posedness and ill-posedness is m = —1/2. In our result concerning , we 1mpose
that J° is regularizing of order m = —1, but argue in Remark that m = —1/2 would suffice
for the large-time existence property, while m = —1 is only used to simplify the small-time well-
posedness. Finally, the time of existence and control of solutions to given in Remark
is roughly speaking of order T = §/€* under the assumption 6 > e. In Theorem we obtain
T ~ min(§/e?,1/€) under the assumption § 2 €, the additional contraint T < 1/€ being due to
standard quadratic interactions that we neglected in the toy model.
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