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FINITENESS AND DUALITY FOR THE COHOMOLOGY OF

PRISMATIC CRYSTALS

YICHAO TIAN

Abstract. Let (A, I) be a bounded prism, and X be a smooth p-adic formal scheme over
Spf(A/I). We consider the notion of crystals on Bhatt–Scholze’s prismatic site (X/A)

∆
of X

relative to A. We prove that if X is proper over Spf(A/I) of relative dimension n, then the
cohomology of a prismatic crystal is a perfect complex of A-modules with tor-amplitude in
degrees [0, 2n]. We also establish a Poincaré duality for the reduced prismatic crystals, i.e.
the crystals over the reduced structural sheaf of (X/A)∆. The key ingredient is an explicit
local description of reduced prismatic crystals in terms of Higgs modules.

0. Introduction

In a recent ground breaking work [6], Bhatt and Scholze introduced the prismatic site
for p-adic formal schemes (with p a fixed prime), and they studied the cohomology of the
natural structural sheaf on the prismatic site, called the prismatic cohomology. This new
cohomology theory seems to occupy a central role in the study of cohomological properties
of p-adic formal schemes, since it is naturally related to various previously known p-adic
cohomology theories, and thus provides new insight on the p-adic comparison theorems with
integral coefficients. For instance, it gives a natural site theoretic construction of the Ainf-
cohomology which was previously constructed by Bhatt–Morrow–Scholze [4] in an ad-hoc
way using the magical Lη-functor.

As analogues of classical crystalline crystals, there is a natural notion of crystals on pris-
matic site. Indeed, such objects have already been considered in some special cases by many
authors such as Anschütz–Le Bras [1], Gros–Le Strum–Quirós [8], Li [9] and Morrow–Tsuji
[10]. In this article, we will consider the cohomology of prismatic crystals on rather general
prismatic sites and prove some finiteness and duality theorems for such crystals.

Let us explain the main results of this article in more detail. Let (A, I) be a bounded prism,
and X be a smooth p-adic formal scheme over A/I. We denote by (X/A)∆ Bhatt–Scholze’s
prismatic site of X relative to A [6, Def. 4.1]. Roughly speaking, the category (X/A)∆
consists of bounded prisms (B, J) over (A, I) together with a structural map Spf(B/J)→ X ,
and coverings in (X/A)∆ are (p, I)-completely faithfully flat maps of such bounded prisms.

We have the structural sheaf O∆ (resp. the reduced structural sheaf O∆) which sends

each object (B, J) to B (resp. to B/J). An O∆-crystal (resp. an O∆-crystal) is a (p, I)-

completely flat and derived (p, I)-complete O∆-module (resp. O∆-module) that satisfies
similar properties as classical crystals on crystalline sites (cf. Def. 2.3). Here, we insist to
impose the flatness condition in order to avoid some technical difficulties in faithfully flat
descent for derived (I, p)-complete modules (cf. Prop. 1.8).

The first main result of this article is a finiteness theorem for O∆-crystals (Theorem 2.9),
which claims that, if X is proper and smooth of relative dimension n over A/I and F is an
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O∆-crystal locally free of finite rank, then RΓ((X/A)∆,F) is a perfect complex of A-modules
with tor-amplitude in degree [0, 2n]. Moreover, the formation of RΓ((X/A)∆,F) commutes
with arbitrary base change in A. This finiteness theorem for O∆-crystals is a consequence of

a similar result for O∆-crystals. Actually, if E is an O∆-crystal, we will show in Theorem 2.8
that the derived push-forward of E to the étale topos ofX is a perfect complex ofOX-modules
with tor-amplitude in [0, n].

We are thus reduced to the study of O∆-crystals. Since the problem is local for the étale
topology of X , we may assume that X = Spf(R) is affine such that R is p-completely étale
over the convergent power series ring A/I〈T1, . . . , Tn〉. In this case, we can give a rather
explicit description of O∆-crystals in terms of Higgs modules. More precisely, after choosing

a smooth lift R̃ over A of R together with a δ-structure on R̃ compatible with that on A,
we can show that there exists an equivalence between the category of O∆-crystals and that
of topologically quasi-nilpotent Higgs modules over R (cf. Theorem 4.10); furthermore, the
cohomology of an O∆-crystal is computed by the de Rham complex of its associated Higgs

module (cf. Theorem 4.12). From this description, our finiteness theorem for O∆-crystals
follows easily.

As another application of the local description of O∆-crystals, we establish also in The-

orem 5.3 a Poincaré duality for the cohomology of O∆-crystals. This can be viewed as
a combination of the duality for de Rham complexes of Higgs modules and the classical
Grothendieck–Serre duality. If one can construct a trace map for the prismatic cohomol-
ogy of proper and smooth formal schemes, our results imply also a Poincaré duality for
O∆-crystals as well (cf. Remark 5.4).

The organization of this article is as follows. In Section 1, we prove some preliminary
results in commutative algebra. The main result of this section is a descent result on derived
I-complete and I-completely flat modules (cf. Prop. 1.8). In Section 2, we discuss the notion
of prismatic crystals and state the main finiteness theorems. Section 3 is devoted to the local

study of prismatic crystals. When X = Spf(R) is affine equipped with a lifting R̃ over A
together with a δ-structure, we show that the category of prismatic crystals is equivalent to

that of modules over R̃ equipped with a certain stratification (cf. Prop. 3.7). In Section 4,
we work in the local situation of affine formal schemes equipped with étale local coordinates,
and we related O∆-crystals to Higgs modules as mentioned above. Then we finish the proof
of finiteness theorems at the end of Section 4. Finally, in Section 5, we prove a Poincaré
duality for O∆.

It should be pointed out that Frobenius structures and filtrations on prismatic crystals
are ignored in this article, even though these aspects should play important roles in many
applications.

The results of this article was announced in a conference in honor of Luc Illusie in June
2021. At this conference, I learned that similar results in this article were also obtained
independently by Ogus for crystalline prisms and Bhatt–Lurie for absolute prismatic crystals.

0.1. Notation. Let A be a commutative ring. We denote by Mod(A) the abelian category
of A-modules, and by D(A) the derived category of Mod(A). If M is an A-module and
f ∈ A is an element, we denote by M [f ] the kernel of the multiplication by f on M . We
put also M [f∞] =

⋃
n>1M [fn].
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Let J ⊂ A be a PD-ideal. For x ∈ J and an integer n > 1, we denote by x[n] the n-th
divided power of x.

0.2. Sign Conventions. We will use the following conventions on the signs of complexes:

• For a näıve double complex K•,•, its associated simplex s(K•,•) is defined by putting
the sign (−1)i on the differentials Ki,j → Ki,j+1.
• For a complex K and an integer n ∈ Z, the i-th differential of the shift K[n] is
obtained by multiplying (−1)n with the (i+ n)-th differential of K.
• For two complexes K and L, their tensor product K ⊗ L is the simplex complex
attached to the näıve double complex with (i, j)-component given by Ki⊗Lj (when-
ever such a tensor product is well defined). The hom-complex Hom(K,L) is the
simplex complex attached to the näıve double complex with (i, j)-component given
by Hom(K−j , Li) and with the sign (−1)j on the canonical map Hom(K−j, Li) →
Hom(K−j−1, Li).

1. Preliminaries in commutative algebra

We recall first some general facts on derived completion, for which the main reference is
[11, Tag 091N].

We consider a pair (A, J), where A is a commutative ring, and J ⊂ A is an ideal. A
complex K of A-modules is called derived J-complete, if RHom(Af , K) = 0 for all f ∈ J ,
where Af = A[ 1

f
]. Then K is derived J-complete if and only if so are Hq(K) for all q ∈ Z.

The derived J-complete A-modules form an abelian full subcategory of Mod(A) that is
stable under kernels, cokernels, images and extensions. Any classically J-adically complete
A-module is derived J-complete, but the converse is not necessarily true. Let Dcomp(A) be
the full subcategory consisting of D(A) consisting of derived J-complete objects.

Assume from now on that J is finitely generated. Then the natural inclusion functor

Dcomp(A) → D(A) admits a left adjoint K 7→ K̂, called the derived J-completion. An

explicit construction of K̂ is given as follows. Write J = (f1, . . . , fr). Let Kos(A; f1, . . . , fr)
be the homological Koszul complex sitting in degrees [−r, 0]:

∧rA⊕r → ∧r−1A⊕r → · · · → A⊕r (f1,...,fr)
−−−−−→ A.

For an integer n > 1, we have a transition map of complexes

Kos(A; fn+1
1 , . . . , fn+1

r )→ Kos(A; fn1 , . . . , f
n
r )

given by the multiplication by fi1 · · · fim on a basis element

ei1 ∧ · · · ∧ eim ∈ Kos−m(A; fn+1
1 , . . . , fn+1

r ) = ∧mA⊕r.

Then for an object K ∈ D(A), we have

(1.0.1) K̂ = R lim
n

(
K ⊗LA Kos(A; fn1 , . . . , f

n
r )
)
.

Note that, in general, the canonical map K̂ → R limn(K⊗
L
AA/J

n) is not an isomorphism in
D(A). However, we will see later (Prop. 1.4) that this indeed holds in an important special
case.

3
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Lemma 1.1. For an object K of D(A) and an integer n > 1, the canonical maps

K ⊗L Kos(A; fn1 , . . . , f
n
r )

∼
−→ K̂ ⊗L Kos(A; fn1 , . . . , f

n
r ),

K ⊗LA A/J
n ∼
−→ K̂ ⊗LA A/J

n

are isomorphisms.

Proof. Since the cohomology groups of Kos(A; fn1 , . . . , f
n
r ) are annihilated by (fn1 , · · · , f

n
r )

and hence by Jn, it follows from [11, Tag 091W] that K ⊗LA Kos(A; fn1 , . . . , f
n
r ) is already

derived J-complete. Hence, we have

K ⊗LA Kos(A; fn1 , . . . , f
n
r ) = (K ⊗LA Kos(A; fn1 , . . . , f

n
r ))

∧ ≃ K̂ ⊗LA Kos(A; fn1 , . . . , f
n
r ).

The Lemma follows by further base change via the canonical map Kos(A; fn1 , . . . , f
n
r ) →

A/Jn. �

A complex of A-modules K is called J-completely flat (resp. J-completely faithfully flat)
if K ⊗LA A/J is concentrated in degree 0 and is a flat (resp. faithfully flat) A/J-module. An
object K ∈ D(A) is called J-completely locally free if it is J-completely flat and H0(K ⊗LA
A/J) is a locally free A/J-module. It is clear that J-complete flatness (or J-complete locally
freeness) is stable under (derived) base change, and by Lemma 1.1 an object K ∈ D(A) is

J-completely flat if and only if so is K̂.

Lemma 1.2. Let A→ B be a J-completely faithfully flat map of rings.

(1) An object K of D(A) is J-completely flat (or J-completely locally free) if and only if
so is KB := (K ⊗LA B)∧.

(2) Let φ :M → N be a morphism in D(A) with M,N derived J-complete. Then φ is a
quasi-isomorphism if and only if so is φB :MB → NB.

Proof. (1) By Lemma 1.1, we have

(1.2.1) KB ⊗
L
B B/JB = K ⊗LA B/JB = (K ⊗LA A/J)⊗

L
A/J B/JB.

Statement (1) follows immediately from the usual fpqc-descent of modules via the faithfully
flat map A/J → B/JB.

(2) Pick a distinguished triangle M
φ
−→ N → K →M [1] in D(A), from which we deduce a

distinguished triangle in D(B): MB
φB
−→ NB → KB →MB[1]. We need to prove that K = 0

if and only if KB = 0. In view of (1.2.1) and the faithful flatness of B/JB over A/J , one has
K⊗LAA/J = 0 if and only if KB⊗

L
BB/JB = 0. Then we conclude by the derived Nakayama

Lemma [11, Tag 0G1U]. �

The following definition is motivated by the notion of bounded prism [6, Def. 3.2].

Definition 1.3. We say that a pair (A, J) is of reduced prismatic type if J = (f) for some
f ∈ A, A is derived J-complete and has bounded f∞-torsion, i.e. there exists an integer
c > 0 such that A[f c] = A[f∞].

We say that a pair (A, J) is of prismatic type if J = I + fA and A is derived J-complete,
where I ⊆ A is a finitely generated ideal which is locally generated by a nonzero divisor and
A/I has bounded f∞-torsion.

Proposition 1.4. Let (A, J) ba a pair of (reduced) prismatic type.
4
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(1) For an object K ∈ D(A), the canonical map

K̂
∼
−→ R lim

n
(K ⊗LA A/J

n)

deduced from the universal property of K̂ is an isomorphism.

(2) If M is J-completely (faithfully) flat complex of A-modules, then M̂ is concentrated

in degree 0 and a classically J-adically complete A-module such that M̂/JnM̂ is
(faithfully) flat over A/Jn.

(3) Conversely, if N is a classically J-adically complete A-module such that N/JnN is
(faithfully) flat over A/Jn, then N is an J-completely (faithfully) flat and derived
J-complete object in D(A).

Proof. For (1), we will treat only the case when (A, J) is a pair of prismatic type, the argu-
ments for the case of reduced prismatic type being similar and much simpler. By Lemma 1.2,
it suffices to show the Lemma after flat localization of A. Hence, we may assume that
J = (ξ, f) such that ξ ∈ A is a nonzero divisor and A/ξA has bounded f∞-torsion.

The arguments follows from the same lines as [6, Lemma 3.7(1)]. By (1.0.1) and a simple
cofinality argument, we have

K̂ = R lim
n
R lim

m
(K ⊗LA Kos(A; ξn, fm)).

Since ξ is a nonzero divisor, we have a quasi-isomorphism

Kos(A; ξn, fm) ≃ Kos(A/ξn; fm).

By dévissage, the assumption that A/ξA has bounded f∞-torsion implies that so does
A/ξnA, which in turn implies that the pro-object {Kos(A/ξnA; fm) : m > 1} is isomor-
phic to {A/(ξn, fm) : m > 1} by [11, Tag 091X]. Hence, we get

K̂ = R lim
n
R lim

m
(K ⊗LA Kos(A; ξn, fm))

≃ R lim
n
R lim

m
(K ⊗LA Kos(A/ξn; fm))

≃ R lim
n
R lim

m
(K ⊗LA A/(ξ

n, fm))

≃ R lim
n
(K ⊗LA A/J

n),

where the last step follows from a cofinality argument.
Statement (2) follows from the same argument as [6, Lemma 3.7(2)].
For (3), we consider first the case when (A, J) is a pair of reduced prismatic type. We

write thus J = (f) with f ∈ A such that A has bounded f∞-torsion. By the same proof as
[5, Lemma 4.7] (with p replaced by f), it suffices to show that N has bounded f∞-torsion.
By assumption, there exists an integer c > 1 such that A[f∞] = A[f c]. Put A′ = A/A[f c],
which is f -torsion free. Put N ′ = N ⊗A A

′. Then by the exact sequence

A[f c]⊗A N → N → N ′ → 0,

it is enough to show that N ′ is f -torsion free. For any integer n > 1, let A′
n = A′/fnA′ and

N ′
n = N ′/fnN ′. By the f -torsion freeness of A′, we have an exact sequence

0→ A′
n−1

×f
−→ A′

n → A′
1 → 0.

5
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Note that the flatness of N/fnN over A/fnA implies the flatness of N ′
n over A′

n. Tensoring
with N ′

n, we get

0→ N ′
n−1

×f
−→ N ′

n → N ′
1 → 0.

Now let x ∈ N ′ with fx = 0. Then the above exact sequence implies that x ∈ fn−1N ′ for
any integer n > 1. But N ′ is f -adically complete, we get thus x = 0. This finishes the proof
of (3) in the case of reduced prismatic type.

Assume now that (A, J) is of prismatic type. Up to flat localization, we may assume that
J = (ξ, f) such that A is ξ-torsion free and A/ξA has bounded f∞-torsion. We prove first
that N is ξ-torsion free. Let c > 0 be an integer such that (A/ξA)[f∞] = (A/ξA)[f c]. For
any integer n > 1, we put An = A/(fn, ξn) and Nn = N ⊗A An. Let x̄ ∈ An[ξ] with a
lift x ∈ A. Then one has ξx = ξny + fnz for some y, z ∈ A. By our choice of c, there
exists z1 ∈ A such that f cz = ξz1. Hence, if n > c, we get ξx = ξny + fn−cξz1 and hence
x = ξn−1y+fn−cz1 since ξ is a nonzero divisor. Therefore, we have An[ξ] ⊂ ξn−1An+f

n−cAn
for all n > c. By assumption, Nn is flat over An. It follows that

Nn[ξ] = An[ξ]⊗An Nn = An[ξ]⊗A N.

The previous discussion on An[ξ] then implies that Nn[ξ] ⊂ ξn−1Nn + fn−cNn and hence
N [ξ] ⊂ ξn−1N + fn−cN for all n > c. But as N is J-adically complete, it follows that

N [ξ] ⊂
⋂

n>c

(
ξn−1N + fn−cN

)
= 0.

This proves the claim.
Now we can finish the proof of (3). The claim implies that N ⊗LA A/ξA = N/ξN , and

hence that

N ⊗LA A/J = (N ⊗LA A/ξA)⊗
L
A/ξA A/J = (N/ξN)⊗LA/ξA A/J.

Then we conclude by applying the case of reduced prismatic type to N/ξN . �

Let Mod∧
J (A) denote the subcategory of Mod(A) consisting of derived J-complete A-

modules. Let M,N be objects of Mod∧
J (A). Then HomA(M,N) is also derived J-complete

by [11, Tag 0A6E]. We put

(1.4.1) M⊗̂AN := H0((M ⊗LA N)∧).

Note that the functor M 7→ M⊗̂AN is right exact (cf. [11, Tag 0AAJ]) and we have (cf.
[7, Appendix])

HomA(L⊗̂AM,N) = HomA(L,HomA(M,N))

for all objects L,M,N ∈Mod∧
J (A). There is a canonical surjection fromM⊗̂AN to the clas-

sical J-adic completion ofM⊗AN , which is in general not an isomorphism. Let FMod∧
J (A)

be the full subcategory of Mod∧
J (A) consisting of J-completely flat A-modules.

Let φ : A→ B be a derived J-complete A-algebra. We denote by

(1.4.2) φ∗ : Mod∧
J (A)→Mod∧

JB(B)

the base change functorM 7→ M⊗̂AB. Then φ∗ is the left adjoint of the functor of restriction
of scalars Mod∧

JB(B)→Mod∧
J (A).

6
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Lemma 1.5. Let φ : A→ B and ψ : B → C be morphisms of derived J-complete A-algebras.
Then for any M ∈Mod∧

J (A), there is a canonical isomorphism

ψ∗φ∗(M) ≃ (ψ ◦ φ)∗(M).

Proof. Consider the distinguished triangle

τ6−1(M⊗
L
AB)∧ → (M⊗LAB)∧ → φ∗(M) = H0((M⊗LAB)∧)→ .

Taking derived tensor with C and derived J-completion, one gets
(
τ6−1(M⊗

L
AB)∧ ⊗LB C

)∧
→

(
(M⊗LAB)∧ ⊗LB C

)∧
→ (φ∗(M)⊗LB C)

∧ → .

If we write J = (f1, . . . , fr), then one has
(
(M⊗LAB)∧ ⊗LB C

)∧
= R lim

n

(
(M ⊗LA B)∧ ⊗LB Kos(C; fn1 , · · · , f

n
r )
)

≃ R lim
n

(
(M⊗LAKos(B; fn1 , . . . , f

n
r )⊗

L
B C

)

≃ R lim
n

(
M⊗LAKos(C; fn1 , . . . , f

n
r )
)

= (M ⊗LA C)
∧,

where the second isomorphism uses Lemma 1.1. One deduces then

H0
(
τ6−1(M⊗

L
AB)∧ ⊗LB C

)∧
→ (ψ ◦ φ)∗(M)→ ψ∗φ∗(M)→ H1

(
τ6−1(M⊗

L
AB)∧

)

Since
(
τ6−1(M⊗

L
AB)∧⊗LBC

)∧
is concentrated in degree 6 −1 by [11, Tag 0AAJ], the Lemma

follows immediately. �

Lemma 1.6. Let (A, J) be a pair of prismatic type (resp. of reduced prismatic type), and
φ : A → B be an A-algebra such that (B, JB) is also of prismatic type (resp. of reduced
prismatic type).

(1) If M,N ∈ FMod∧
J (A), then M⊗̂AN is J-completely flat and it coincides with the

classical J-adic completion of M ⊗A N .
(2) The base change functor φ∗ sends FMod∧

J (A) to FMod∧
JB(B).

Proof. (1) By Proposition 1.4, we have

(M⊗LAN)∧ = R lim
n
(M ⊗LA N ⊗

L
A A/J

n) = lim
n
(M ⊗A N)/Jn(M ⊗A N),

where the last equality uses the J-complete flatness of M ⊗LAN . The Lemma follows imme-
diately.

(2) Let M be an object of FMod∧
J (A). Then (M ⊗LA B)∧ is JB-completely flat. By

Proposition 1.4(2), we have M⊗̂AB = (M ⊗LA B)∧. �

Let B⊗• be the Čech nerve of φ : A→ B in the category of J-completely flat A-algebras,
i.e. B⊗• is the cosimplicial object of J-completely flat A-algebras with its n-component for
n > 0 given by

B⊗n := B⊗̂A · · · ⊗̂AB︸ ︷︷ ︸
(n+ 1)-fold

.

In particular, for any integer i with 0 6 i 6 n, one has a map of A-algebras δni : B⊗(n−1) →
B⊗n given by

δni : b0 ⊗ · · · ⊗ bn−1 7→ b0 ⊗ · · · ⊗ bi−1 ⊗ 1⊗ bi ⊗ · · · ⊗ bn−1.
7
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We have thus a diagram of morphisms of derived I-complete A-algebras:

B B⊗̂AB B⊗̂AB⊗̂AB,
δ10

δ11

δ20

δ21

δ22

Definition 1.7. A descent pair relative to φ : A→ B consists of

• a derived JB-complete B-module M ,
• and an isomorphism of B⊗̂AB-modules

ε : δ1,∗0 (M) =M⊗̂AB
∼
−→ δ1,∗1 (M) = B⊗̂AM,

called a descent datum on M , such that the usual cocyle condition

δ2,∗1 (ε) = δ2,∗2 (ε) ◦ δ2,∗0 (ε)

is statisfied.

A morphism of descent pairs f : (M1, ε1)→ (M2, ε2) is a morphism of B-modules f :M1 →
M2 such that ε2 ◦ δ

1,∗
1 (f) = δ1,∗0 (f) ◦ ε1. We denote by Desc∧B/A the category of J-complete

descent pair relative to φ.

For an object N ∈Mod∧
J (A), there is a canonical isomorphism

εN : δ1,∗0 (N⊗̂AB) ≃ N⊗̂A(B⊗̂AB) ≃ δ1,∗1 (N⊗̂AB)

which clearly satisfies the axiom for a descent pair. Thus we get thus a functor

φ♮ : Mod∧
J (A)→ Desc∧B/A, N 7→ (N⊗̂AB, εN).

A descent pair relative to φ is called effective if it lies in the essential image of φ♮.

Proposition 1.8. Let (A, J) be a pair of (reduced) prismatic type, and φ : A → B be a
J-completely faithfully flat derived J-complete A-algebra.

(1) Let M ∈ FMod∧
J (A), and s(M⊗̂AB

⊗•) denote the complex associated to cosimplicial
object M⊗̂AB

⊗•. Then the canonical map

M
∼
−→ s(M⊗̂AB

⊗•)

is a quasi-isomorphism. In particular, one has an exact sequence of sets

M M⊗̂AB M⊗̂AB⊗̂AB.

(2) Let FDesc∧B/A be the subcategory of Desc∧B/A consisting of objects (M, θ) with M

an JB-completely flat B-module. Then the functor φ♮ induces an equivalence of
categories

FMod∧
J (A)

∼
−→ FDesc∧B/A.

Proof. As usual, we treat here only the case of prismatic type, and that of reduced prismatic
is similar and much simpler.

For (1), it suffices to prove the statement for M = A, the general case being obtained by
applying M ⊗LA and taking derived J-completion. By Lemma 1.2(2), it suffices to prove

that B
∼
−→

(
s(B⊗•)⊗LA B

)∧
is a quasi-isomorphism. But note that
(
s(B⊗•)⊗LA B

)∧
≃ s(B⊗•⊗̂AB),
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where B⊗•⊗̂AB is nothing but the Čech nerve of δ11 : B → B⊗̂AB, which admits a right
inverse given by the multiplication map B⊗̂AB → B. It follows from [11, Tag 019Z] that
B⊗•⊗̂AB is homotopy equivalent to the constant cosimplicial object B. Hence the canonical
map B

∼
−→ s(B⊗•⊗̂AB) is also a homotopy equivalence of complexes.

For (2), the full faithfulness of the restriction of φ♮ to FMod∧
J (A) follows easily from (1).

It remains to prove the essential surjectivity. Let (M, ε) be an object of FDesc∧B/A. For any
integer n > 1, let Mn :=M/JnB and

εn : δ1,∗0 (Mn) =Mn ⊗A/Jn B/JnB
∼
−→ δ1,∗1 (Mn) = B/JnB ⊗A/Jn Mn

be the reduction modulo Jn(B⊗̂AB) of ε. Then (Mn, εn) is a classical descent datum relative
to A/Jn → B/JnB. By the classical fpqc-descent, the descent datum (Mn, θn) comes from
a flat A/Jn-module Nn. It is clear that Nn+1 ⊗A/Jn+1 A/Jn ≃ Nn. We put N = lim

←−n
Nn.

By Proposition 1.4(3), N is J-completely flat over A, and hence (B⊗̂
L

AN)∧ is JB-completely
flat. By Proposition 1.4(2), we have

(N⊗̂AB)⊗B B/J
nB = (N⊗LAB)∧ ⊗LB B/J

nB ≃ Nn ⊗A/Jn B/JnB ≃Mn.

Passing to the limit, we get thus an isomorphism of descent data N⊗̂AB ≃ M , and θ
coincides with the canonical isomorphism εN .

�

2. Prismatic Crystals and Finiteness Theorems

In this section, we fix a prime number p. All the rings are supposed to be Z(p)-algebras.

2.1. Prismatic site. Let (A, I) be a bounded prism in the sense of [6, Def. 3.2], and X be
a p-adic formal scheme over Spf(A/I). We recall first the prismatic site of X relative to A,
denoted by (X/A)∆, introduced in [6, Def. 4.1]:

• The underlying category of (X/A)∆ is the opposite of bounded prisms (B, IB) over
(A, I) together with a map of p-adic formal schemes Spf(B/IB)→ X over A/I; the
notion of morphism in (X/A)∆ is the obvious one. We shall often denote such an
object by

(Spf(B)← Spf(B/IB)→ X);

or by (B → B/IB ← R) if X = Spf(R) is affine.
• A map

(Spf(C)← Spf(C/IC)→ X)→ (Spf(B)← Spf(B/IB)→ X)

in (X/A)∆ is a flat cover if the underlying map of δ-A-algebras B → C is (p, I)-
completely faithfully flat.

Following Grothendieck, we denote by (X/A)∼
∆
the associated topos, and there is a canon-

ical embedding (X/A)∆→ (X/A)∼
∆
.

Remark 2.2. Let f : V := (Spf(C)← Spf(C/IC)→ X)→ U := (Spf(B)← Spf(B/IB)→
X) and g : W := (Spf(D)← Spf(D/ID)→ X)→ U be two morphisms in (X/A)∆. Assume
that one of f and g, say g, is (p, I)-completely flat (i.e. the underlying map of δ-A-algebras
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B → D is (p, I)-completely flat). Then E := (C ⊗LB D)∧ concentrated in degree 0 and it is
a (p, I)-completely flat δ-C-algebra; moreover, there exists a canonical map

Spf(E/IE) = Spf(C/IC)×Spf(B/IB) Spf(D/ID)→ Spf(B/IB)→ X.

Then the object (Spf(E)← Spf(E/IE)→ X) gives the fibre product V ×U W .

We denote by O(X/A)
∆
(resp. O∆ = O(X/A)

∆
) the structural sheaf (resp. the reduced

structural sheaf) on (X/A)∆ which sends an object (B, J) in (X/A)∆ to B (resp. to B/J).

If no confusion arises, we will simply write O∆ for O(X/A)
∆
and O∆ for O(X/A)

∆
.

Definition 2.3. An O∆-crystal (resp. an O∆-crystal) on (X/A)∆ is a sheaf of O∆-modules
F on (X/A)∆ such that

• for each object (Spf(B)← Spf(B/IB)→ X) of (X/A)∆, the evaluation

FB := F(Spf(B)← Spf(B/IB)→ X)

is a derived (p, I)-complete and (p, I)-completely flat B-module (resp. a derived
p-complete and p-completely flat B/I-module),
• for any morphism

(Spf(C)← Spf(C/IC)→ X)
f
−→ (Spf(B)← Spf(B/IB)→ X),

in (X/A)∆ the canonical linearized transition map

cf(F) : f
∗(FB) := FB⊗̂BC → FC

(resp. cf̄(F) : f̄ ∗(FB) := FB⊗̂B/IBC/IC → FC) is an isomorphism, where ⊗̂ is
the completed tensor product for the ideal (p, I) (resp. for the ideal (p)) defined in
(1.4.1).
An O∆-crystal (resp. an O∆-crystal) F is called locally free of finite rank if FB is a

locally free B-module (resp. B/IB-module) of finite rank for each object (Spf(B)←
Spf(B/IB)→ X).

We denote by CR((X/A)∆,O∆) (resp. CR((X/A)∆,O∆)) the category of O∆-crystals

(resp. O∆-crystals).

Lemma 2.4. The functor F 7→ ({FB}, {cf(F)}) induces an equivalence of CR((X/A)∆,O∆)
and the category of the data ({MB}, {cf}), where

• {MB} is the collection of derived (p, I)-complete and I-completely flat B-modulesMB

corresponding to each object (Spf(B)← Spf(B/IB)→ X) of (X/A)∆;
• {cf} is the collection of isomorphisms of C-modules

cf : C⊗̂BMB
∼
−→ MC

for each morphism f : (Spf(C) ← Spf(C/IC) → X) → (Spf(B) ← Spf(B/IB) →
X) in (X/A)∆ such that

– cf is the identity map if f is the identity of an object of (X/A)∆;
– the cocycle condition

cf◦g = cg ◦ g
∗(cf )

is satsified for a composition of morphisms.
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Proof. It is sufficient to construct a quasi-inverse to the evaluation functor F 7→ ({FB}, {cf(F)}).
Given a datum ({MB}, {cf}) as above, the cocycle condition guarantees that

M : (Spf(B)← Spf(B/IB)→ X) 7→MB

together with transition map

Mf :MB → f ∗(MB) =MB⊗̂BC
cf
−→MC

for each morphism f : (Spf(C) ← Spf(C/IC) → X) → (Spf(B) ← Spf(B/IB) → X) in
(X/A)∆ indeed defines a presheaf on (X/A)∆. Then Proposition 1.8(1) implies that M is
indeed a sheaf. The fact thatM is an O∆-crystal follows immediately from the conditions
on {cf}. �

Remark 2.5. There is an obvious analogue of this Lemma for O∆-crystals by requiring

cf̄ : C/IC⊗̂B/IBMB →MC to be an isomorphism for each morphism f as above.

Example 2.6. Assume that (A, I) is a perfect prism, and X = Spf(R) with R semireg-
ular quasi-syntomic and A/I → R is surjective. Then the prismatic cohomology ∆R/A :=
RΓ((X/A)∆,O∆) is concentrated in degree 0 and (∆R/A, I∆R/A) becomes the final object in
(X/A)∆. Therefore, CR((X/A)∆,O∆) is equivalent to the category of derived I-complete
and completely I-flat ∆R/A-modules.

2.7. Functoriality. Let (A, I)→ (A′, I ′) be a morphism of bounded prisms. Let

Y
f //

��

X

��
Spf(A′/I ′) // Spf(A/I)

be a commutative diagram of p-adic formal schemes. Then f induces a morphism of sites

f♯ : (Y/A
′)∆ → (X/A)∆

given by

(Spf(B′)← Spf(B′/J ′)→ Y ) 7→ (Spf(B′)← Spf(B′/J ′)→ Y
f
−→ X).

It is easy to see that f♯ is cocontinuous, hence it induces a morphism of topoi:

f∆ = (f−1

∆
, f∆,∗) : (Y/A

′)∼
∆
→ (X/A)∼

∆
.

For a sheaf F on (X/A)∆, its inverse image is given by

(f−1

∆
F)(B′, J ′) = F(f♯(B

′, J ′))

For a sheaf E on (Y/A′)∆, its direct image f∆,∗(E) is described as follows. For an object

(B, J) in (X/A)∆, let YB = Y ×X Spf(B/J) and B′ = B⊗̂AA
′. Assume that (B′, IB′) is a

bounded prism (which is the case if either A′ or B is (p, I)-completely flat over A.) Then
the direct image of a sheaf E on (Y/A′)∆ is given by

f∆,∗(E)(B, J) = Γ((YB/B
′)∆, E|(YB/B′)∆

)

where E|(YB/B′)
∆
is the pullback of E to (YB/B

′)∆.
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For an O(X/A)∆
-module F , we put

f ∗

∆
F := f−1

∆
F⊗̂f−1

∆
O(X/A)

∆

O(Y/A′)
∆
.

Then the functor f ∗

∆
induces the pullback map for prismatic crystals:

f ∗

∆
: CR((X/A)∆,O(X/A)∆

)→ CR((Y/A′)∆,O(Y/A′)∆
).

Similarly, the formula
f̄ ∗

∆
: F 7→ f−1F ⊗f−1

∆
O(X/A)

∆

O(Y/A′)∆

defines a pullback functor

f̄ ∗

∆
: CR((X/A)∆,O(X/A)∆

)→ CR((Y/A′)∆,O(Y/A′)∆
).

We can now state the main results of this article. Let Xét be the big étale site of X
consisting of all p-adic formal schemes over X . Let νX/A : (X/A)∼

∆
→ X∼

ét be the canonical

projection. For any sheaf F on (X/A)∆ and any object U of Xét, we have

(νX/A,∗F)(U) = Γ((U/A)∆,FU),

where FU is the inverse image under the natural map of topos (U/A)∼
∆
→ (X/A)∼

∆
.

Theorem 2.8. Let X be a smooth p-adic formal scheme over A/I of relative dimension n.
Let E be an O∆-crystal locally free of finite rank. Then the following statements hold:

(1) RνX/A,∗(E) is a perfect complex of OX-modules with tor-amplitude in [0, n].
(2) Let (A, I) → (A′, I ′) be a morphism of p-torison free bounded prisms. Consider the

cartesian diagram

(2.8.1) X ′

��

f // X

��
Spf(A′/I ′) // Spf(A/I).

The canonical base change map

f−1RνX/A,∗ ∗ (E)⊗
L
f−1OX

OX′

∼
−→ RνX′/A′,∗(f̄

∗

∆
E)

is an isomorphism.

The proof of this Theorem will be given in Section 5 after some local preparations. For
the moment, one can deduce immediately from Theorem 2.8 the following finiteness result
on the cohomology of an O∆-crystal.

Theorem 2.9. Let X be a proper and smooth p-adic formal scheme over Spf(A/I) of rel-
ative dimension n. Let F be an O∆-crystal locally free of finite rank on (X/A)∆. Then
RΓ((X/A)∆,F) is a perfect complex of A-modules with tor-amplitude in [0, 2n]. Moreover,
if (A, I)→ (A′, I ′) is a morphism of p-torsion free bounded prisms that induces the cartesian
diagram (2.8.1), then the canonical base change map

RΓ((X/A)∆,F)⊗
L
A A

′ ∼
−→ RΓ((X ′/A′)∆, f

∗

∆
F)

is an isomorphism.
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Proof. Applying Theorem 2.8(1) to F := F/IF , we see that RνX/A,∗(F) is a perfect complex
ofOX -modules with perfect amplitude in [0, n]. SinceX is assumed to be proper and smooth,
it follows that

RΓ((X/A)∆,F)⊗
L
A A/I

∼
−→ RΓ((X/A)∆,F)

∼= RΓ(Xét, RνX/A,∗(F))

is a perfect complex of A/I-modules with perfect amplitude [0, 2n]. We then conclude by
[11, Tag 07LU] that RΓ((X/A)∆,F) is a perfect complex with tor-amplitude in [0, 2n].

For the second part of the Theorem, according to the derived Nakayama Lemma [11,
Tag 0G1U], it suffices to show that

RΓ((X/A)∆,F)⊗
L
A A

′/I ′
∼
−→ RΓ((X ′/A′)∆, f

∗

∆
F)⊗LA′ A′/I ′

is an isomorphism. But this follows from the following sequence of canonical isomorphisms:

RΓ((X/A)∆,F)⊗
L
A/I A

′/I ′ ∼= RΓ(Xét, RνX/A,∗(F))⊗
L
A/I A

′/I ′

∼= RΓ(X ′
ét, f

−1RνX/A,∗(F)⊗
L
f−1OX

OX′)

∼= RΓ(X ′
ét, RνX′/A′,∗(f̄

∗

∆
F))

∼= RΓ((X ′/A′)∆, f̄
∗

∆
F).

where the second isomorphism is the projection formula for coherent cohomology, and the
third one is Theorem 2.8(2). �

3. Local description of prismatic crystals

In this section, we fix a bounded prism (A, I). Let X = Spf(R) be an affine smooth
p-adic formal scheme over Spf(A/I) of relative dimension n > 0. We will make the following
assumption:

Assumption 3.1. The A/I-algebra R admits a lift to a derived (p, I)-complete δ-A-algebra

R̃ that is formally smooth over A.

We fix such a lift R̃, and let X̃ := (R̃ → R̃/IR̃ ∼= R) denote the corresponding object in
(X/A)∆.

Lemma 3.2. Under Assumption 3.1, for any object (B → B/IB ← R) in (X/A)∆, the

product of (B → B/IB ← R) and X̃ in (X/A)∆ exists. Moreover, if we denote this product

by (B̃ → B̃/IB̃ ← R), then B̃ is (p, I)-completely faithfully flat over B. In particular, X̃ is
a cover of the final object of (X/A)∼

∆
.

Proof. Let C := (B ⊗LA R̃)
∧ be the derived (p, I)-completion of B ⊗LA R̃. Then C is (p, I)-

completely faithfully flat over B. Hence by Prop. 1.4(2) it is concentrated in degree 0 and

coincides with the classical (p, I)-adic completion of B ⊗A R̃. By [6, Lemma 2.17], there

is a unique δ-structure on C compatible with the natural product δ-structure on B ⊗A R̃.
Consider the surjection C → B/IB ⊗A/I R → B/IB, and denote its kernel by J . As R is
formally smooth over A/I of relative dimension n, J is locally generated by I and a regular
sequence of length n relative to B. Applying [6, Lemma 3.13], we get the prismatic envelope

B̃ := C{J
I
}∧ which is (p, I)-completely faithfully flat over B, and commutes with base change
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in (B, IB). The fact that (B̃ ։ B̃/IB̃ ← R) is the product of (B ։ B/IB ← R) and X̃ in
(X/A)∆ follows easily from the universal property of the prismatic envelope.

The second part of the Lemma follows immediately from the following general fact: if C
is a topos, an object U ∈ C is a cover of the final object of C if and only if for any object
V ∈ C there exists a cover W → V such that W admits a morphism to U . �

3.3. Simplicial object. For each integer m > 0, let X̃(m) be the (m+ 1)-fold self-product

of the object X̃ in (X/A)∆. By the proof of Lemma 3.2, X̃(m) is explicitly given by as

follows. Let J̃(m) be the kernel of the canonical surjection

R̃⊗(m+1) := R̃⊗̂A . . . ⊗̂AR̃︸ ︷︷ ︸
(m+1) copies

→ R.

Then J̃(m) is generated by I together with a regular sequence since R is formally smooth
over A/I. We let

R̃(m) := R̃⊗(m+1){
J̃(m)

I
}∧

be the prismatic envelope by the construction of [6, Lemma 3.13], and putR(m) := R̃(m)/IR̃(m)

Then we have X̃(m) = (R̃(m)→ R̃(m)/IR̃← R). The R̃(m)’s form naturally a cosimplicial
δ-A-algebra. For an integer i with 0 6 i 6 m, let

(3.3.1) δmi : R̃(m− 1)→ R̃(m)

denote the map of δ-A-algebras corresponding to the strictly increasing map of simplices
[m−1] := {0, 1, . . . , m−1} → [m] that skips i, i.e. δmi is induced by the map R̃⊗m → R̃⊗(m+1)

given by
b0 ⊗ · · · ⊗ bm−1 7→ b0 ⊗ · · · ⊗ bi−1 ⊗ 1⊗ bi ⊗ · · · ⊗ bm−1.

In particular, we have a diagram of δ-A-algebras:

R̃ R̃(1) R̃(2).
δ10

δ11

δ20

δ21

δ22

Definition 3.4. Let M be a derived (p, I)-complete and (p, I)-completely flat R̃-module. A

stratification of M over R̃(1) is an isomorphism of R̃(1)-modules:

ǫ : δ1,∗0 (M)
∼
−→ δ1,∗1 (M)

where δ1,∗i is the base change functor (1.4.2), such that the cocyle condition is satisfied:

δ2,∗1 (ǫ) = δ2,∗2 (ǫ) ◦ δ2,∗0 (ǫ).

We denote by Strat(R̃, R̃(1)) the category of derived (p, I)-complete and (p, I)-completely

flat R̃-modules together with a stratification over R̃(1).

Remark 3.5. Let µ : R̃(1) → R̃ be the map induced by the multiplication R̃⊗̂AR̃ → R̃
given by a ⊗ b 7→ ab. The definition of stratification in [8, Def. 3.9] requires further that
µ∗(ǫ) = idM . In fact, this is automatic. Indeed, by applying the functor (id ⊗ µ)∗ to the
cocycle condition δ2,∗1 (ǫ) = δ2,∗2 (ǫ) ◦ δ2,∗0 (ǫ), one gets

ǫ = ǫ ◦ δ1,∗0 (µ∗(ǫ))
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and hence δ1,∗0 (µ∗(ǫ)) = idδ1,∗0 (M). As δ10 : R̃ → R̃(1) is (p, I)-completely faithfully flat, one

deduces from Prop. 1.8 that µ∗(ǫ) = idM .

We have also a variant of Def. 3.4 and Prop. 3.7 for O∆-crystals. In general, if f is
morphism of objects over A (e.g. A-modules, A-algebras or A-formal schemes, ...), we
denote by f̄ : B/IB → C/IC its reduction modulo I.

Definition 3.6. Let M be a derived p-complete and p-completely flat R-module. A strati-

fication of M over R(1) = R̃(1)/IR̃(1) is an isomorphism of R(1)-modules

ǫ : δ̄1,∗0 (M)
∼
−→ δ̄1,∗1 (M)

such that δ̄2,∗1 (ǫ) = δ̄2,∗2 (ǫ) ◦ δ̄2,∗0 (ǫ).
We denote by Strat(R,R(1)) the category of derived p-complete and p-completely flat

R-modules together with a stratification over R(1).

Let F be an O∆-crystal on (X/A)∆, and F(X̃) be its value on X̃ . The crystal condition
gives rise to a canonical isomorphism

ǫF : δ1,∗0 (F(X̃))
c
δ10

(F)

−−−−→ F(X̃(1))
c
δ11

(F)−1

−−−−−→ δ1,∗1 F(X̃)

which makes (F(X̃), ǫF ) an object of Strat(R̃(1)). We get thus an evaluation functor

evX̃ : CR((X/A)∆,O∆)→ Strat(R̃(1))

sending F to (F(X̃), ǫF). Similarly, we have also an evaluation functor

evX̃ : CR((X/A)∆,O∆)→ Strat(R̃(1)/IR̃(1))

for O∆-crystals.

Proposition 3.7. Under the notation above, the functors evX̃ and evX̃ are both equivalences
of categories.

Proof. We will prove only the statement for evX̃ , and the case for evX̃ is similar. We shall

construct a functor quasi-inverse to evX̃ . Let (M, ǫ) be an object of Strat(R̃(1)). We need
to associate an O∆-crystal M∆ to (M, ǫ).

Let (B → B/IB ← R) be an object in (X/A)∆, and (B̃ → B̃/IB̃ ← R) be the product

of (B → B/IB ← R) and X̃ given by Lemma 3.2. By the universal property of pris-

matic envelopes, the canonical map of bounded prisms pB : (R̃, IR̃) → (B̃, IB̃) induces a
commutative diagram of 2-truncated cosimplicial δ-A-algebras:

R̃ R̃(1) R̃(2)

B̃ B̃ ⊗B B̃ B̃ ⊗B B̃ ⊗B B̃.

pB pB(1) pB(2)

Applying the functor p∗B to (M, ǫ), one gets a descent pair (Def. 1.7) (p∗BM, p∗B(1)ǫ) relative

to the (p, I)-completely faithfully flat map B → B̃ such that p∗BM is (p, I)-completely flat

over B̃. By Prop. 1.8(2), there exists a derived (p, IB)-complete and (p, IB)-completely flat

B-module MB such that MB⊗̂BB̃ ≃ p∗B(M).
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Let f : (C → C/IC ← R) → (B → B/IB ← R) be a morphism in (X/A)∆, and

(C̃ → C̃/IC̃ ← R) be the product of (C → C/IC ← R) with X̃ . We need to check that
there exists a transition isomorphism

cf : f
∗(MB) =MB⊗̂BC

∼
−→MC

satisfying the natural cocyle condition for a composition of morphisms as in Lemma 2.4.

Denote by f̃ : (B̃, IB̃) → (C̃, IC̃) the map of bounded prisms induced by f . Then one has

pC = f̃ ◦ pB. By functoriality, one has a composition of isomorphisms

c̃f : MB⊗̂BC⊗̂CC̃ =MB⊗̂BB̃⊗̂B̃C̃ ≃ f̃ ∗p∗B(M) = p∗C(M) ≃MC⊗̂CC̃;

moreover, the pullbacks of c̃f via the two canonical maps C̃ ⇒ C̃⊗̂CC̃ coincide. Then the
desired transition isomorphism cf is obtained by descent. Given a composition of morphism

f ◦ g : (D → D/ID ← R)
g
−→ (C → C/IC ← R)

f
−→ (B → B/IB ← R)

in (X/A)∆, one has the cocycle condition cf◦g = cg ◦ g
∗(cf ). Indeed, this can be easily

checked after base change to D̃ by functoriality, and we conclude by faithfully flat descent
(Prop. 1.8).

Now by Lemma 2.4, the data ({MB}, {cf}) is equivalent to an O∆-crystalM∆ on (X/A)∆.
The construction (M, ǫ) 7→ M∆ is clearly functorial, which gives a functor that is easily
checked to be a quasi-inverse of evX̃ .

�

Remark 3.8. When (A, I) is a bounded prism over (Zq[[q − 1]], ([p]q)) (with δ(q) = 0 and

[p]q = qp−1
q−1

), Prop. 3.7 was obtained by [8, Cor. 6.7] and [10, Chap. 3]. An analogue for

q-crystalline crystals was proved in [7, Thm. 1.3.3].

We can use the simplicial object X̃(•) to compute the cohomology of an O∆-crystals or

an O∆-crystal.

Proposition 3.9 (Čech–Alexandre complex). Let F be an O∆-crystal or an O∆-crystal on

(X/A)∆. Then under Assumption 3.1, RΓ((X/A)∆,F) is computed by the Čech–Alexandre

complex Γ(X̃(•),F), which is in turn isomorphic to

(3.9.1) F(X̃)→ F(X̃)⊗̂R̃R̃(1)→ F(X̃)⊗̂R̃R̃(2)→ · · · .

Here, we consider R̃(m) as a R̃-algebra via the map corresponding to any morphism of
simplexes [0]→ [m].

Remark 3.10. Note that if F is an O∆-crystal, the Čech–Alexandre complex (3.9.1) is
isomorphic to

F(X̃)→ F(X̃)⊗̂R̃/IR̃R̃(1)/R̃(1)→ F(X̃)⊗̂R̃/IR̃R̃(2)/IR̃(2)→ · · ·

For the proof of this proposition, we need the following

Lemma 3.11. Let F be an O∆-crystal or O∆-crystal on (X/A)∆. Then for any object
U = (B → B/IB ← R) of (X/A)∆ and any integer q > 0, we have

Hq(U,F) = 0.
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Proof. We will only treat the case when F is an O∆-crystal, the case of O∆-crystal being
similar. Let V = (C → C/IC ← R) be a cover of U in (X/A)∆. Then by the crystal

property of F , the Čech complex of F for the cover V → U is identified with the complex
associated to the cosimplicial B-module F(U)⊗̂BC

⊗•. It follows from Prop. 1.8(1) that
its higher cohomology groups vanish. Then we conclude by [2, Exposé V, Cor. 4.3] that
Hq(U,F) = 0 for all q > 0. �

Proof of Prop. 3.9. Since X̃ is a cover of the final object of the topos (X/A)∼
∆
(Lemma 3.2),

we have a spectral sequence

Ei,j
1 = Hj(X̃(i),F) =⇒ H i+j((X/A)∆,F).

By Lemma 3.11, we have Hj(X̃(i),F) = 0 for j > 0. Hence RΓ((X/A)∆,F) is computed

by the Čech-Alexandre complex Γ(X̃(i),F), which is isomorphic to (3.9.1) by the crystal
property of F . �

Corollary 3.12 (weak base change). Let X be a smooth p-adic formal scheme over Spf(A/I)
(without assuming Assumption 3.1). Let F be an O∆-crystal (resp. an O∆-crystal) on
(X/A)∆. Let (A, I) → (A′, I ′) be a morphism of bounded prisms of finite tor-dimension,
X ′ = X ×Spf(A/I) Spf(A

′/I ′) and F ′ be the pullback of F to (X ′/A′)∆. Then the natural
completed base change map

(RνX/A,∗(F)⊗
L
A A

′)∧
∼
−→ RνX′/A′,∗((X

′/A′)∆,F
′)

(resp. (RνX/A,∗(F)⊗
L
A/I A

′/I ′)∧
∼
−→ RνX′/A′,∗(F

′))

is an isomorphism.

Proof. The problem is clearly local for the étale topology of X . Up to étale localization,
we may impose thus Assumption 3.1. In this case, the statement follows immediately from
Prop. 3.9 and the fact that the formation of Čech–Alexandre complex (3.9.1) commutes with
the base change A→ A′. �

Remark 3.13. After establishing Theorem 4.12, we will see that Corollary 3.12 holds with-
out the assumption that A→ A′ is of finite tor-dimension.

4. Prismatic Crystals and Higgs Fields

In this section, we keep the notation of Section 3. We will restrict ourselves to the following
special case of Assumption 3.1.

Situation 4.1. We assume that X = Spf(R) admits an (p, I)-completely étale map to
Spf(A/I〈T n〉), where A/I〈T n〉 := A/I〈T1, . . . , Tn〉 denotes the convergent power series ring
over A/I in n variables (for the p-adic topology). Then by deformation theory, there exists

a unique derived (p, I)-complete and (p, I)-completely étale A〈T n〉-algebra R̃ which makes
the following diagram cocartesian:

R̃ // R

A〈T n〉

OO

// A/I〈T n〉

OO

17



We choose a δ-structure on A〈T n〉 extending that on A. Then by [6, Lemma 2.18], it extends

uniquely to a δ-structure on R̃. In particular, Assumption 3.1 is satisfied. For technical
reasons, we suppose that one of the following assumptions is satisfied:

(1) (A, I) is a crystalline prism, i.e. I = (p);
(2) there exists a map of bounded prisms (A′, I ′)→ (A, I) such that

• the Frobenius map on A′/p is flat,
• A′/I ′ is p-torsion;
• the δ-structure on A〈T n〉 descends to a δ-structure on A′〈T n〉.

For instance, if I = (d) is principal and we take the δ-structure with δ(Ti) = 0, then
assumption (2) is satisfied with (A′, I ′) = (Zp{d, δ(d)

−1}∧, (d)), the (d, p)-completed universal
oriented prism.

We will give an explicit description of O∆-crystals on (X/A)∆ in terms of Higgs fields, and

compute the cohomology of O∆-crystals via the de Rham cohomology of its associated Higgs

field. Recall the cosimplicial object R̃(•) defined in §3.3. We give first a more transparent

description of R̃(1). Consider the canonical diagonal surjection

A〈T n〉⊗̂AA〈T n〉 → A/I〈T n〉,

and denote its kernel by Jn. Note that we have an isomorphism

A〈T n〉⊗̂AA〈T n〉 ≃ A〈T n〉〈ξ1, . . . , ξn〉,

given by Ti ⊗ 1 7→ Ti and 1⊗ Ti 7→ Ti + ξi for 1 6 i 6 n. Via this isomorphism, the ideal Jn
corresponds to (I, ξ1, . . . , ξn). Recall that we have chosen a δ-structure on A〈T n〉 compatible
with that on A. We equip A〈T n〉〈ξ1, . . . , ξn〉 with the δ-structure that corresponds to the
canonical induced tensor δ-structure on A〈T n〉⊗̂AA〈T n〉: explicitly, if δ(Ti) = fi(T ) ∈ A〈T n〉,
we have

δ(ξi) =

p−1∑

j=1

1

p

(
p

j

)
ξjiT

p−j
i + fi(T + ξ)− fi(T ) ∈ (ξ1, . . . , ξn)(4.1.1)

Applying the construction of [6, Lemma 3.13], we get the prismatic envelope

(
A〈T n〉⊗̂AA〈T n〉

)
{
Jn
I
}∧ ≃ A〈T n〉{

ξ1
I
, . . . ,

ξn
I
}∧,

which is (p, I)-completely faithfully flat over A〈T n〉. The formation of A〈T n〉{
ξ1
I
, . . . , ξn

I
}∧

commutes with base change in (A〈T n〉, IA〈T n〉) in the following sense: If (C, IC) is a
bounded prism over (A〈T n〉, IA〈T n〉) and we extend the δ-structure on C to C〈ξ1, . . . , ξn〉
with δ(ξi) given by the image of (4.1.1) in C〈ξ1, . . . , ξn〉, then

C{
ξ1
I
, . . . ,

ξn
I
}∧ := C⊗̂A〈Tn〉

A〈T n〉{
ξ1
I
, . . . ,

ξn
I
}∧

is nothing but the prismatic envelope of C〈ξ1, . . . , ξn〉 with respect to the ideal (I, ξ1, . . . , ξn).
Note that there exists a canonical map

C/IC → C{
ξ1
I
, . . . ,

ξn
I
}∧/IC{

ξ1
I
, . . . ,

ξn
I
}∧

obtained by extension of scalars from the corresponding map for C = A〈T n〉.
18



By the functoriality of prismatic envelope, there exists a canonical map of δ-A-algebras

A〈T n〉{
ξ1
I
, . . . ,

ξn
I
}∧ → R̃(1).

Together with δ11 : R̃→ R̃(1), it induces by pushout a map

η : R̃{
ξ1
I
, . . . ,

ξn
I
}∧ → R̃(1)

which induces a map of prisms over (A, I).

Lemma 4.2. The morphism η induces an isomorphisms of prisms

(R̃{
ξ1
I
, . . . ,

ξn
I
}∧, IR̃{

ξ1
I
, . . . ,

ξn
I
}∧)

∼
−→ (R̃(1), IR̃(1)).

Proof. We need to construct an inverse to η. Consider the following diagram

A〈T n〉 //

Ti 7→Ti+ξi
��

R̃

��

i2

tt✐ ✐
✐
✐
✐
✐
✐
✐
✐
✐
✐

R̃{ ξ1
I
, . . . , ξn

I
}∧ // R̃{ ξ1

I
, . . . , ξn

I
}∧/IR̃{ ξ1

I
, . . . , ξn

I
}∧,

where the right vertical map is the composed canonical map:

R̃→ R̃/IR̃→ R̃{
ξ1
I
, . . . ,

ξn
I
}∧/IR̃{

ξ1
I
, . . . ,

ξn
I
}∧.

It is clear that the square of the above diagram is commutative. Since A〈T n〉 → R̃ is

(p, I)-completely étale and R̃{ ξ1
I
, . . . , ξn

I
}∧ is I-adically complete, there exists a unique map

i2 : R̃→ R̃{ ξ1
I
, . . . , ξn

I
}∧ as the dotted arrow that makes all triangles in the diagram commute.

Moreover, since the left vertical arrow is a map of δ-A-algebras and the δ-structure on R̃ is
uniquely determined by its restriction to A〈T n〉 (cf. [6, Lemma 2.18]), it follows that i2 is a
map of δ-A-algebras. Consider the morphism

f : R̃⊗̂AR̃→ R̃{
ξ1
I
, . . . ,

ξn
I
}∧

given by the tensor product of the natural inclusion and i2. It is easy to see that f sends
the ideal J̃(1) ⊂ R̃⊗̂AR̃ to IR̃〈T n〉{

ξ1
I
, . . . , ξn

I
}∧. By the universal property of the prismatic

envelope, it induces a morphism of prisms over (A, I):

η′ : (R̃(1), IR̃(1))→ (R̃{
ξ1
I
, . . . ,

ξn
I
}∧, IR̃{

ξ1
I
, . . . ,

ξn
I
}∧).

Now it is routine to check that both η and η′ are inverse of each other. �

We now compare R̃(1)/IR̃(1) with some divided power polynomial algebra. Let BlJ(A
n
R̃
)

denote the blow-up of Spec(R̃[ξ1, . . . , ξn]) along the ideal J = (I, ξ1, . . . , ξn). Let U be the
affine open subset of BlJ(A

n
R̃
) where the inverse image of I generates the inverse image of

(I, ξ1, . . . , ξn). The coordinate ring of U is isomorphic to the twisted polynomial algebra
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SymR̃((I
−1R̃)⊕n), and we write R̃〈 ξ1

I
, . . . , ξn

I
〉 for its (p, I)-adic completion. If I = (d) is

generated by a distinguished element d ∈ A, then we have

R̃〈
ξ1
I
, . . . ,

ξn
I
〉 ∼= R̃〈ξ1, . . . , ξn, X1, . . . , Xn〉/(ξi = dXi : 1 6 i 6 n) ∼= R̃〈X1, . . . , Xn〉.

Let R〈 ξ1
I
, . . . , ξn

I
〉 be the reduction modulo I of R̃〈 ξ1

I
, . . . , ξn

I
〉, and R̃{ ξ1

I
, . . . , ξn

I
}PD,∧ denote

the (derived) (p, I)-completion of the PD-envelope of the canonical augmentation surjection

R̃〈
ξ1
I
, . . . ,

ξn
I
〉 → R̃.

If I = (d), then R̃{ ξ1
I
, . . . , ξn

I
}PD,∧ is nothing but the derived (p, I)-completion of the divided

power polynomial ring in n-variables over R. Let RPD(1) := R{ ξ1
I
, . . . , ξn

I
}PD,∧ denote the

reduction modulo I of R̃{ ξ1
I
, . . . , ξn

I
}PD,∧.

Proposition 4.3. Suppose that we are in Situation 4.1. Under the above notation, there
exists an isomorphism of derived p-complete A/I-algebras:

ψ : RPD(1)
∼
−→ R(1) = R̃(1)/IR̃(1).

Moreover, via this isomorphism, the two maps δ̄1i : R→ R(1) with i = 0, 1 are both identified
with the natural map R→ RPD(1).

Proof. We assume first that I = (d) is principal with d ∈ A a distinguished element. By
Lemma 4.2, we have an isomorphism of δ-A-algebras

R̃(1) ∼= R̃{
ξ1
d
, . . . ,

ξn
d
}∧.

Recall that the convergent power series ring R̃〈ξ1, . . . , ξn〉 is equipped with the δ-structure

compatible with that on R̃ and with δ(ξi) given by (4.1.1). By definition, we have

R̃{
ξ1
d
, . . . ,

ξn
d
}∧ =

(
R̃〈ξ1, . . . , ξn〉{X1, · · · , Xn}/(ξi − dXi : 1 6 i 6 n)δ

)∧

where R̃〈ξ1, . . . , ξn〉{X1, · · · , Xn} is the free δ-algebra over R̃〈ξ1, . . . , ξn〉 in n-variables, and
(ξi − dXi : 1 6 i 6 n)δ is the ideal generated by δr(ξi − dXi) for all r > 0 and 1 6 i 6 n.

We denote by xi the image of Xi in R̃(1) ∼= R̃{ ξ1
d
, . . . , ξn

d
}∧. We prove first the following

technical Lemma.

Lemma 4.4. Let φ denote the Frobenius structure on R̃(1). For an integer r > 0, let

Jr ⊆ R̃(1) denote the closed ideal generated by dp
j
δj(xk) with 0 6 j 6 r and 1 6 k 6 n.

Then for all r > 0 and 1 6 i 6 n, there exists a bi,r+1 ∈ R̃(1)
× such that

δr(φ(xi)) = δr(xi)
p + pδr+1(xi) ≡ bi,r+1d

pr+1

δr+1(xi) mod Jr.

Proof. We proceed by induction on r > 0. For 1 6 i 6 n, we have

δ(ξi) = δ(dxi) = dpδ(xi) + φ(xi)δ(d).

In view of (4.1.1) and ξj = dxj , we have δ(ξi) ∈ J0. As d is distinguished, we have δ(d) ∈ A
×

and

φ(xi) ≡ −
1

δ(d)
dpδ(xi) mod J0.
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This proves the statement for r = 0. Suppose now that the statement holds for all integers

6 r. Then there exist br,ki,j ∈ R̃(1) and bi,r+1 ∈ R̃(1)
× such that

δr(φ(xi)) =

r∑

j=0

n∑

k=1

br,ki,j d
pjδj(xk) + bi,r+1d

pr+1

δr+1(xi).

Applying δ, we get

δr+1(φ(xi)) = δ

( r∑

j=0

n∑

k=1

br,ki,j d
pjδj(xk) + bi,r+1d

pr+1

δr+1(xi)

)

≡
r∑

j=0

n∑

k=1

δ(br,ki,j d
pjδj(xk)) + δ(bi,r+1d

pr+1

δr+1(xi)) mod Jr+1.

Note that
δ(br,ki,j d

pjδj(xk)) = δ(br,ki,j d
pj)φ(δj(xk)) + (br,ki,j )

pdp
j+1

δj+1(xk),

and φ(δj(xk)) = δj(φ(xk)) ∈ Jj ⊂ Jr+1 by induction hypothesis. We have also

δ(bi,r+1d
pr+1

δr+1(xk)) = δ(bi,r+1d
pr+1

)φ(δr+1(xi)) + bpi,r+1d
pr+2

δr+2(xi).

It follows that

(1− δ(bi,r+1d
pr+1

))δr+1(φ(xi)) ≡ bpi,r+1d
pr+2

δr+2(xi) mod Jr+1.

Now by induction on n > 1, it is easy to see that δ(bdn) ∈ (dp, p)n−1 for any b ∈ R̃(1). It

follows that δ(bi,r+1d
pr+1

) is topologically nilpotent and 1−δ(bi,r+1d
pr+1

) is invertible as R̃(1)
is (p, d)-complete. We conclude that

δr+1(φ(xi)) ≡ bi,r+2d
pp+2

δr+2(xi) mod Jr+1

with bi,r+2 = (1− δ(bi,r+1d
pr+1

))−1bpi,r+1 ∈ R̃(1)
×. This finishes the proof of Lemma 4.4. �

We return to the proof of Proposition 4.3. Let K̃ ⊂ R̃(1) be the kernel of the canonical
augmentation map

R̃(1) = R̃{
ξ1
d
, . . . ,

ξn
d
}∧ → R̃,

i.e. K̃ is the closure of the ideal generated by δr(xi) with r > 0 and 1 6 i 6 n. For any

element x ∈ K, we put γp(x) := −
δ(x)

(p−1)!
∈ K. We claim that

(1) p!γp(x) ≡ xp mod IR̃(1) for x ∈ K̃;

(2) γp(ax) ≡ apγp(x) mod IR̃(1) for any a ∈ R̃(1) and x ∈ K̃;

(3) γp(x+ y) ≡ γp(x) + γp(y) +
∑p−1

i=1
1

i!(p−i)!
xiyp−i mod IR̃(1) for x, y ∈ K̃.

Property (3) is a direct consequence of the additive property of δ. To verify (1) and (2), we
first note that Lemma 4.4 implies

δr(φ(xi)) = φ(δr(xi)) = δr(xi)
p + pδr+1(xi) ∈ IR̃(1)

for all r > 0 and 1 6 i 6 n, and hence φ(x) ∈ IR̃(1) for all x ∈ K̃. Then (1) and (2) follow
by an easy computation.

Let K denote the image of K̃ in R̃(1)/IR̃(1). For x̄ ∈ K, we denote by γp(x̄) ∈ K the

image of γp(x) for an lift x ∈ K̃ of x̄. As K̃ ∩ IR̃(1) = IK̃, it is easy to see that γp(x̄) does
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not depend on the choice of x. By the properties of γp and [11, Tag 07GS], there exists a

unique PD-structure on the ideal K ⊆ R̃(1)/IR̃(1) such that the p-th divided power function
is given by γp : K → K . By the universal property of the divided power polynomial ring,
there exists a unique map of R-algebras

ψ : RPD(1) = R{
ξ1
d
, . . . ,

ξn
d
}PD,∧ → R(1)

sending ξi
d
to xi.

We have to show that ψ is an isomorphism. It is clear from the construction that ψ is
surjective since the reduction of δr(xi) with r > 0 and 1 6 i 6 n lies in the image of ψ. It
remains to see that ψ is injective.

We consider first the special case that (d) = (p), i.e. (A, I) = (A, (p)) is a crystalline

prism. In this case, one considers the following Frobenius structure on R̃〈 ξ1
p
, . . . , ξn

p
〉 given

by

φ(
ξi
p
) =

φ(ξi)

p
=
ξpi
p

+ δ(ξi) = pp−1
(ξi
p

)p
+ δ(ξi),

with δ(ξi) given by (4.1.1). Note that δ(ξi) is divisible by p in R̃〈 ξ1
p
, . . . , ξn

p
〉 so that φ( ξi

p
) ∈

pR̃〈 ξ1
p
, . . . , ξn

p
〉. It follows that such a lift of Frobenius, or equivalently such a δ-structure,

extends uniquely to R̃{ ξ1
p
, . . . , ξn

p
}PD,∧: Indeed, if φ( ξi

p
) = pyi, then we put

φ((
ξi
p
)[n]) =

pn

n!
yni ,

which determines a unique Frobenius structure on R̃{ ξ1
p
, . . . , ξn

p
}PD,∧. Here, ( ξi

p
)[n] denotes

the n-th divided power of ξi
p
. By the universal property of the prismatic envelope R̃(1) ∼=

R̃{ ξ1
p
, · · · , ξn

p
}∧, there exists a unique map of δ-R̃-algebras R̃(1) → R̃{ ξ1

p
, . . . , ξn

p
}PD,∧. Re-

ducing modulo p, one gets a map divided power R-algebras

R(1) = R̃(1)/pR̃(1)→ RPD(1) = R{
ξ1
d
, . . . ,

ξn
d
}PD,∧

which is easily seen to be the inverse of ψ.
We consider now the general case of d. First, we note that the formation of ψ commutes

with the étale localization in R. Therefore, one can reduce to the case R = A〈T n〉. By our
assumptions in Situation 4.1, there exists a map of bounded prisms (A′, I ′) → (A, I) such
that the δ-structure on A〈T n〉 descends to A

′〈T n〉 and

(a) the Frobenius map on A′/p is flat;
(b) A′/I ′ is p-torsion free.

Since the formation of ψ commutes with base change in (A, I), it suffices to prove the state-
ment for (A′, I ′). Up to changing notation, we may assume that (A, I) satisfies conditions
(a) and (b).

Consider the ring B = A{φ(d)
p
}∧, the p-completed δ-A-algebra obtained by freely adjoining

φ(d)
p

to A. By [6, Cor. 2.38], B is identified with the p-completed PD-envelope of A with

respect to (d). Let α : A→ B denote the composite of the canonical map A→ B with the
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Frobenius φ : A → A. Then α induces a map of bounded prisms (A, I) → (B, (p)) since
α(I) ⊂ (p). Modulo p, we get a factorization

ᾱ : A/p→ A/(p, I)
φ̄
−→ A/(p, Ip)

ι
−→ B/p.

where the first arrow is the canonical reduction, φ̄ is the Frobenius, and ι is induced by the
canonical map A → B. Note that the second and the third map are both faithfully flat.
Denote by β̄ : A/(p, I)→ B/p the composite of the second and third map above. Let ψ̄ the
reduction of ψ modulo p. Then one has a commutative diagram:

R/p{ ξ1
d
, . . . , ξn

d
}

ψ̄ //

��

R̃(1)/(p, I)R̃(1)

��

(R/p⊗A/(p,I),β̄ B/p){
ξ1
d
, . . . , ξn

d
}

ψ̄⊗1 //
(
R̃(1)/(p, I)R̃(1)

)
⊗A/(p,I),β̄B/p,

where the vertical maps are natural inclusions induced by β̄, and the bottom map ψ̄ ⊗ 1 is
reduction of the base change of ψ via α : A→ B, which we denote by ψB. As the formation
of ψ commutes with base change in (A, I), the previous discussion in the case of (d) = (p)
implies that ψB is injective (hence an isomorphism), it follows that ψ̄ is also injective. Let
M denote the kernel of ψ. Since both the source and the target of ψ are flat over A/I, it
follows that M/pM = ker(ψ̄) = (0). As M is separate for the p-adic topology, it follows
M = (0). This finishes the construction of the isomorphism ψ when I = (d) is principal.

To emphasize the dependence of ψ on the choice of d, we write it as ψd. If d′ = du with
u ∈ A× is another generator of I, then there exists a commutative diagram

R̃{ ξ1
d
, . . . , ξn

d
}PD,∧

cd,d′ //

ψd

≃

''❖❖
❖❖

❖❖
❖❖

❖❖
❖❖

R̃{ ξ1
d′
, . . . , ξn

d′
}PD,∧

ψd′

≃

ww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦

R(1),

where cd,d′ is the isomorphism sending ( ξi
d
)[n] to un( ξi

d′
)[n].

Consider now the general case where I is not necessarily principal. Then there exists a

(p, I)-completely flat δ-A-algebra A′ such that I ′ = IA′ is principal. Put R̃′ = R̃⊗̃AA
′,

and R′ = R̃′/IR̃′. After making a choice of a generator d′ of I ′, one has an isomorphism

ψd′ : R
′{ ξ1
d′
, . . . , ξn

d′
}PD,∧

∼
−→ R̃′(1)/IR̃′(1). Then the compatibility of the isomorphism ψd′ for

different choices of generators d′ allows us to see that ψd′ descends to an isomorphism

ψ : RPD(1) = R{
ξ1
I
, . . . ,

ξn
I
}PD,∧

∼
−→ R(1).

For the moreover part of Proposition 4.3, it is clear that δ̄11 : R→ R(1) is identified with
the canonical map R→ RPD(1). To finish the proof, it suffices to see that δ̄10 coincides with
δ̄11. In fact, via the isomorphism

R̃{
ξ1
I
, . . . ,

ξn
I
}∧

∼
−→ R̃(1)
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in Lemma 4.2, δ10 : R̃→ R̃(1) is identified with the unique map i2 : R̃→ R̃{ ξ1
I
, . . . , ξn

I
}∧ such

that Ti 7→ Ti + ξi. Since the image of ξi in R̃{
ξ1
I
, . . . , ξn

I
}∧ lies in IR̃{ ξ1

I
, . . . , ξn

I
}∧, it follows

that δ̄10 = δ̄11. This finishes the proof of Proposition 4.3.
�

Recall that one has a map of cosimplicial objects R̃⊗(•+1) → R̃(•) (Subsection 3.3). For
1 6 i 6 n and 0 6 j 6 m, let

Ti,j := 1⊗ · · · ⊗ 1⊗ Ti ⊗ 1⊗ · · · ⊗ 1 ∈ R̃⊗(n+1)

with Ti sitting at j-th place, and ξi,j be the image of Ti,j − Ti,j−1 in R̃(n) for j > 1.

Corollary 4.5. For any integer m > 1, if we view R(m) := R̃(m)/IR̃(m) as an R-algebra

via δ̄mm ◦ · · · ◦ δ̄
1
1 (which corresponds to the first projection X̃(m)→ X̃), then there exists an

isomorphism of R-algebras:

R(m) ∼= RPD(m) := R{
ξi,j
I

: 1 6 i 6 n, 1 6 j 6 m}PD,∧

such that for 0 6 k 6 m the map δ̄mi : R̃(m − 1)/IR̃(m − 1) → R̃(m)/IR̃(m) is compatible
with the PD-structure and determined by

δ̄mk :
ξi,j
d
7→





ξi,j+1

d
if k < j,

ξi,j
d

+
ξi,j+1

d
if k = j,

ξi,j
d

if k > j,

if d is a (local) generator I.

Proof. By Proposition 4.3 and Remark 2.2, one has an isomorphism

R̃(m) = R̃(1)⊗̂R̃ · · · ⊗̂R̃R̃(1)︸ ︷︷ ︸
m copies

.

The Proposition follows immediately from the definition of the variable ξi,j.
�

4.6. Higgs modules. Let K ⊂ RPD(1) ∼= R(1) denote the kernel of the canonical sujection

RPD(1)→ R.

Then K is equipped with a PD-structure. Let K[2] ⊂ K be the closed ideal generated by all
x[n] with x ∈ K and n > 2. Let Ω1

R be the module of continuous 1-differential form relative to
A/I. In general, for anA/I-moduleN and an integer i > 0, we putN{−i} = N⊗R(I/I

2)∨,⊗i.
Then we have a canonical isomorphism

K/K[2] ∼= Ω1
R{−1},

such that if d ∈ I is a generator then the class of ξi
d
in K/K[2] corresponds to dTi ⊗ d

−1.

Definition 4.7. A Higgs module over R is a p-completely flat and derived p-complete R-
module M together with a R-linear map

θ :M →M ⊗R Ω1
R{−1}

such that the induced map θ ∧ θ :M → M ⊗ Ω2
R{−2} vanishes.
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Let (M, θ) be a Higgs module over R. Consider first the case where I = (d) is principal.
Since Ω1

R{−1} = ⊕
n
i=1RdTi ⊗ d

−1, we can write θ =
∑n

i=1 θidTi ⊗ d
−1 with θi ∈ EndR(M).

Then the condition θ ∧ θ = 0 is equivalent to θiθj = θjθi for all i, j. For any n-tuple
m = (m1, · · · , mn) ∈ Nn, we put

θm =

n∏

i=1

θmi
i ∈ EndR(M).

We say that (M, θ) is topologically quasi-nilpotent, if θm(x) tends to 0 for all x ∈ M as
|m| :=

∑n
i=1mi tends to infinity. It is clear that such a definition does not depend on the

choice of the generator d ∈ I. In the general case when I is not necessarily principal, we say
that (M, θ) is topologically quasi-nilpotent, if for a (hence for all) (p, I)-completely faithfully
flat δ-A-algebra with I ′ := IA′ principal, the induced Higgs module (M⊗̂A/IA

′/I ′, θ′) over

R⊗̂A/IA
′/I ′ by base change is topologically quasi-nilpotent.

Let Higgs∧(R) denote the category of topologically quasi-nilpotent Higgs modules over
R.

4.8. Stratification and Higgs modules. Let (M, ǫ) be an object of Strat(R,R(1)) (Def-
inition 3.6). Note that we have an ismorphism:

HomR(1)(M⊗̂RR(1),M⊗̂RR(1)) ∼= HomR(M,M⊗̂RR(1))

∼= HomR(M,M⊗̂RR
PD(1))

where the last isomorphism is Prop. 4.3. When no confusions arise, we will still denote by ǫ
the image of ǫ in HomR(M,M⊗̂RR

PD(1)). Let

ι :M →M⊗̂RR
PD(1)

be the natural inclusion induced by the structural map R→ RPD(1). By the same argument
as Remark 3.5, we have (ǫ− ι)(M) ⊂M⊗̂RK. We denote by

θǫ :M → M⊗RK/K
[2] ∼= M⊗RΩ

1
R{−1}

the reduction of ǫ− ι modulo K[2].

Proposition 4.9. The functor (M, ǫ) 7→ (M, θǫ) establishes an equivalence of categories

Strat(R,R(1))
∼
−→ Higgs∧(R).

Proof. We prove first that, for any object (M, ǫ) of Strat(R(1)), the attached object (M, θǫ)
is indeed a topologically quasi-nilpotent Higgs module over R. Up to base change to a
(p, I)-completely faithfully flat δ-A-algebra, we may assume that I = (d) is principal for a
distinguished element d. We write as usual that

θǫ =
n∑

i=1

θǫ,i
dTi
d
.

By Prop. 4.3, we have

M⊗̂RR(1) ∼= M⊗̂RR
PD(1) =

{ ∑

m∈Nn

xm

(
ξ•
d

)[m]

: xm ∈M,xm → 0 as |m| → ∞

}
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where we put (
ξ•
d

)[m]

=

n∏

i=1

(
ξi
d

)[mi]

.

For x ∈M , we write

ǫ(x) =
∑

m∈Nn

Θm(x)

(
ξ•
d

)[m]

∈M⊗̂RR
PD(1)

for some Θm ∈ EndR(M) with Θm = idM if m = (0, . . . , 0). By the definition of θǫ, it is
clear that θǫ,i = Θei

with ei ∈ Nn the element with the i-th component equal to 1 and others
components equal to 0. To see that (M, θǫ) is an object of Higgs∧(R), it suffices to show
that

(4.9.1) θǫ,iθǫ,j = θǫ,jθǫ,i, Θm =
n∏

i=1

θmi
ǫ,i = θmǫ .

According to Corollary 4.5, we have R(2) ∼= RPD(2) = R{
ξi,j
d

: 1 6 i 6 n, 1 6 j 6 2} and

the maps δ̄2j : R(1)→ R(2) with j = 0, 1, 2 are given by

δ̄20(
ξi
d
) =

ξi,2
d
, δ̄21(

ξi
d
) =

ξi,1
d

+
ξi,2
d
, δ̄22(

ξi
d
) =

ξi,1
d
.

for all 1 6 i 6 n. Then for all x ∈M , we have

δ̄2,∗1 (ǫ(x)) =
∑

m∈Nn

Θm(x)

(
ξ•,1
d

+
ξ•,2
d

)[m]

(4.9.2)

=
∑

m1∈N
n

∑

m2∈N
n

Θm1+m2
(x)

(
ξ•,1
d

)[m1]
(
ξ•,2
d

)[m2]

;

δ̄2,∗2 (ǫ)
(
δ̄2,∗0 (ǫ(x))

)
=

∑

m1∈N
n

∑

m2∈N
n

Θm1
(Θm2

(x))

(
ξ•,1
d

)[m1]
(
ξ•,2
d

)[m2]

.

Then the cocycle condition δ̄2,∗1 (ǫ) = δ̄2,∗2 (ǫ) ◦ δ̄2,∗0 (ǫ) is equivalent to saying that

Θm1+m2
= Θm1

◦Θm2
,

for all m1, m2 ∈ Nn, from which (4.9.1) follows immediately.
To finish the proof of the Proposition, it suffices to construct a functor quasi-inverse

to (M, ǫ) 7→ (M, θǫ). Let (M, θ) be an object of Higgs∧(R). We need to construct a
stratification ǫ onM over R(1). By the usual descent argument, we may reduce the problem
to the case when I = (d) is principal. For any x ∈M , we put

(4.9.3) ǫ(x) :=
∑

m∈Nn

θm(x)

(
ξ•
d

)[m]

∈M⊗̂RR
PD(1) ∼=M⊗̂RR(1),

which is well defined by the topological quasi-nilpotence of (M, θ). This defines an element

ǫ ∈ HomR(M,M⊗̂RR(1)) ∼= EndR(1)
(
M⊗̂RR(1)

)
.
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We claim first that ǫ is an isomorphism of M⊗̂RR(1). Indeed, if ǫ′ is the endomorphism of
M⊗̂RR(1) defined by

ǫ′(x) =
∑

m∈Nn

(−1)|m|θm(x)

(
ξ•
d

)[m]

∀x ∈ M,

then one verifies easily that ǫ′ is the inverse of ǫ. It remains to check that ǫ verifies the cocycle
condition δ̄2,∗1 (ǫ) = δ̄2,∗2 (ǫ)◦ δ̄2,∗0 (ǫ). By the computation (4.9.2), this follows immediately from
the obvious fact that θm1+m2 = θm1 ◦ θm2. This construction gives a functor Higgs∧(R) →
Strat(R,R(1)), which is easily seen to be a quasi-inverse to (M, ǫ) 7→ (M, θǫ). �

Combining now Proposition 3.7 and 4.9, we obtain the following

Theorem 4.10. Suppose that we are in Situation 4.1. Then we have a sequence of equiva-
lence of categories

CR((X/A)∆,O∆)
ev

X̃−−→ Strat(R,R(1))
Prop. 4.9
−−−−−→ Higgs∧(R).

Remark 4.11. (1) It is natural to expect that there still exists an equivalence of categories
between CR((X/A)∆,O∆) and Higgs∧(R) under the more general assumption 3.1.

(2) Gros–Le Strum–Quirós [8, Cor. 6.6] and Morrow–Tsuji [10, Thm. 3.2] give similar
descriptions of O∆-crystals when (A, I) is a bounded prism over (Zp[[q − 1]], ([p]q)) with

[p]q = qp−1
q−1

. In these special cases, Theorem 4.10 is compatible with their results after

modulo I.

We now describe the cohomology of an O∆-crystal in terms of the de Rham complex of
its associated Higgs module.

Theorem 4.12. Suppose that we are in Situation 4.1. Let E be an O∆-crystal, and (EX̃ , θ)
be its associated object of Higgs∧(R) via Theorem 4.10. Then RνX/A,∗(E) is computed by
the de Rham complex of (EX̃ , θ):

DR•(EX̃ , θ) := EX̃
θ
−→ EX̃ ⊗R Ω1

R{−1}
θ
−→ · · ·

θ
−→ EX̃ ⊗R ΩnR{−n}

We prove Theorem 4.12 by following the strategy of [3]. By Corollary 3.12, up to replacing
A by a (p, I)-completely faithfully flat δ-A-algebra, we may assume that I = (d) is principal.

For m > 0, we will always regard R(m) = R̃(m)/IR̃(m) as an R-algebra via δ̄mm ◦ · · · ◦ δ̄
1
1 :

R → R(m). By Corollary 4.5, R(m) is isomorphic to the free divided power polynomial

algebra over R in variables
ξk,l
d

with 1 6 k 6 n and 1 6 l 6 m. For j > 0, let ΩjR(m)/R denote

the module of continuous differential j-forms relative to R compatible with the divided power
structure, i.e.

d
(ξk,l
d

)[r]
=

(ξk,l
d

)[r−1]dξk,l
d
, r > 1.

Then Ω1
R(m)/R is a free R(m)-module with basis {

dξk,l
d

: 1 6 k 6 n, 1 6 l 6 m}. We put

Ω1
R(m) : = Ω1

R{−1} ⊗R R(m)
⊕

Ω1
R(m)/R

which is noncanonically isomorphic to the module of continuous differential 1-forms with
respect to A/I compatible with the divided power structure. By the discussion preceding
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Corollary 4.5, ξk,l is the image of Tk,l − Tk,l−1 ∈ R̃
⊗(n+1) and Tk ∈ R is identified the image

of Tk,0 in R(m). Therefore, one has

dTk,l
d

=
dTk
d

+
l∑

s=1

dξk,s
d

for l > 1,

and Ω1
R(m) is a free R(m)-module with basis

{
dTk,l
d

: 1 6 k 6 n, 0 6 l 6 m}.

For each map of simplices f : [m]→ [m′], we have a map

f∗ : Ω
1
R(m) → Ω1

R(m′) :
dTk,l
d
7→

dTk,f(l)
d

.

This defines a cosimplicial module Ω1
R(•) over the cosimplicial ring R(•). Taking wedges, we

get a cosimplicial R(•)-module ΩjR(•) for each integer j > 1.

Lemma 4.13. For each integer j > 1, the cosimplicial object ΩjR(•) is homotopic to zero.

Proof. For j = 1, the proof is the same as [3, Lemma 2.15]. Indeed, the cosimplicial object
Ω1
R(•) is a direct sum of n copies of cosimplicial objects in [3, Example 2.16]. Therefore, it

is homotopic to zero. The general case follows since being homotopic to zero is stable under
the application of the functor ∧j termwise. �

Note that

ΩjR(m) =

j⊕

k=0

ΩkR{−k} ⊗R Ωj−kR(m)/R.

Let dR : ΩjR(m) → Ωj+1
R(m) be the R-linear map given by

dR(

j∑

k=0

ωk ⊗ ηj−k) =

j∑

k=0

(−1)kωk ⊗ dηj−k

for ωk ∈ ΩkR{−k} and ηj−k ∈ Ωj−kR(i)/R. In other words, (Ω•
R(m), dR) is the simple complex

attached to the tensor product of

R
0
−→ Ω1

R{−1}
0
−→ · · ·

0
−→ ΩnR{−n}

with the de Rham complex (Ω•
R(m)/R, d). One checks easily that dR : ΩjR(•) → Ωj+1

R(•) is a

map of cosimplicial objects, i.e. for any map of simplices f : [m]→ [m′], dR commutes with
f∗ : Ω

j
R(m) → ΩjR(m′).

Let X̃(•) be the simiplicial object in (X/A)∆ defined in §3.3. For an integer i > 0, let

EX̃(i) be the evaluation of E at X̃(i). As E is an O∆-crystal, we have an isomorphism

(4.13.1) cpr0(E) : EX̃(i)

∼
−→ EX̃ ⊗R R(i)

induced by the 0-th projection pr0 : X̃(i)→ X̃ . In the sequels, we will always use cpr0(E) to
identity these two modules. For integers i, j > 0, we put

C
i,j = EX̃(i) ⊗R(i) Ω

j
R(i)
∼= EX̃ ⊗R ΩjR(i).
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Then for each integer j > 0, C •,j = EX̃(•) ⊗R(•) Ω
j
R(•)has a natural structure of cosimplicial

R(•)-modules. Let (C •,j, d•,j1 ) is the chain complex associated to the simplicial object C
•,j ,

i.e. if δi+1
k,∗ is the unique injective order preserving map δi+1

k : [i] := {0, 1, . . . , i} → [i + 1]
that skips k, we have

di,j1 =
i+1∑

k=0

δi+1
k,∗ : C

i,j → C
i+1,j .

We also define di,j2 : C i,j → C i,j+1 by

di,j2 (x⊗ ω) = θ(x) ∧ ω + x⊗ dRω

for x ∈ EX̃ and ω ∈ Ω1
R(i). It is easy to see that (C i,•, di,•2 ) is a complex for each i > 0.

Lemma 4.14. For an integer j > 0, d•,j2 : C •,j → C •,j+1 is morphism of cosimplicial objects.
In particular, (C •,•, d•,•1 , d•,•2 ) is a näıve double complex.

Proof. For integers i, k > 0 with k 6 i, let σi+1
k : [i+1]→ [i] be the surjective order preserving

map of simplices with (σi+1
k )−1(k) = {k, k + 1}. It suffices to prove that σik,∗d

i+1,j
2 = di,j2 σ

i
k,∗

and di+1,j
2 δi+1

k,∗ = δi+1
k,∗ d

i,j
2 .

For y ⊗ η ∈ EX̃ ⊗R ΩjR(i+1) = C i+1,j, we have

σik,∗(y ⊗ η) = y ⊗ σik,∗(η).

Then the commutation of d2 with σik,∗ follows from the fact that dR : ΩjR(•) → Ωj+1
R(•) is a

morphism of cosimplicial objects.
It remains to check di+1,j

2 δi+1
k,∗ = δi+1

k,∗ d
i,j
2 . For x⊗ ω ∈ EX̃ ⊗R ΩjR(i), which is identified with

EX̃(i) ⊗R(i) Ω
j
R(i) via (4.13.1), we have

δi+1
k,∗ (x⊗ ω) =

{
x⊗ δi+1

k,∗ (ω), if k > 1;

pr0,1,∗(ǫ)(x)⊗ δ
i+1
0,∗ (ω), if k = 0.

Here, pr0,1,∗ : R(1) → R(i + 1) is the map induced by the natural inclusion of simplices
[1]→ [i+ 1]. By (4.9.3), we have

pr0,1,∗(ǫ)(x) =
∑

m∈Nn

θm(x)⊗

(
ξ•,1
d

)[m]
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Assume first that k > 1. Then di+1,j
2 δi+1

k,∗ = δi+1
k,∗ d

i,j
2 amounts to the commutation of dR with

δi+1
k,∗ . Consider now the case k = 0. Then for x⊗ ω ∈ EX̃ ⊗R ΩjR(i), we have

di+1,j
2 (δi+1

0,∗ (x⊗ ω)) =
∑

m∈Nn

di+1,j
2

(
θm(x)⊗

(
ξ•,1
d

)[m]

δi+1
0,∗ (ω)

)

=
∑

m∈Nn

n∑

l=1

θl(θ
m(x))⊗

(
ξ•,1
d

)[m]
dTl
d
∧ δi+1

0,∗ (ω)

+
∑

m∈Nn,|m|>1

n∑

l=1

θm(x)⊗

(
ξ•,1
d

)[m−el]dξl,1
d
∧ δi+1

0,∗ (ω) + pr0,1,∗(ǫ)(x)⊗ dR(δ
i+1
0,∗ ω)

=
∑

m∈Nn

n∑

l=1

θl(θ
m(x))⊗

(
ξ•,1
d

)[m](
dTl
d

+
dξl,1
d

)
∧ δi+1

0,∗ (ω) + pr0,1,∗(ǫ)(x)⊗ dR(δ
i+1
0,∗ ω).

Here, el ∈ Nn is the element with 1 at l-th component and 0 at other components. On the
other hand, we have

δi+1
0,∗ (d

i,j
2 (x⊗ ω)) = δi+1

0,∗

( n∑

l=1

θl(x)⊗
dTl
d
∧ ω + x⊗ dR(ω)

)

=
∑

m∈Nn

n∑

l=1

θm(θl(x))⊗ δ
i+1
0,∗ (

dTl
d

) ∧ δi+1
0,∗ (ω) + pr0,1,∗(ǫ)(x)⊗ δ

i+1
0,∗ (dRω).

Now (δi+1
0,∗ (x ⊗ ω)) = δi+1

0,∗ (d
i,j
2 (x ⊗ ω)) follows from the fact that δi+1

0,∗ (
dTl
d
) = dTl

d
+

dξl,1
d

and

that δi+1
0,∗ commutes with dR. �

Lemma 4.15. For an integer i > 0, any morphism of objects X̃(i)→ X̃ in (X/A)∆ induces
a quasi-isomorphism of complexes

DR•(EX̃ , θ)
∼
−→ (C i,•, di,•2 ).

Proof. Indeed, by definition, the complex (C i,•, di,•2 ) with i > 0 is nothing but the simple
complex attached to the tensor product of DR•(EX̃ , θ) with the relative de Rham complex
(Ω•

R(i)/R, d). Since R(i) is a free divided power polynomial ring over R by Corollary 4.5, it

follows that R
∼
−→ Ω•

R(i)/R is a quasi-isomorphism. Hence, the contraction ΩjR(i) → ΩjR{−j}

sending all
ξk,l
d
s and all their differentials to 0 induce an quasi-isomorphism

(C i,•, di,•2 )
∼
−→ DR•(EX̃ , θ).

We note that for any morphism of objects X̃(i) → X̃, the composition of the induced map
DR•(EX̃ , θ)→ (C i,•, di,•2 ) with the above contraction map is the identity. The Lemma follows
immediately.

�

End of the proof of Theorem 4.12. Note that C •,0 is the Čech–Alexandre complex of the
sheaf E as in Prop. 3.9, and C 0,• = DR•(EX̃ , θ). By Prop. 3.9, RνX/A,∗(E) is computed by
C •,0. Therefore, to finish the proof, it suffices to show that both C •,0 and C 0,• are both
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quasi-isomorphic to s(C •,•), the simple complex associated to C •,•. By definition, the map

of complexes di,•1 : C
i,• → C

i+1,• is given by
∑i+1

k=0(−1)
kδi+1
k,∗ , where δ

i+1
k,∗ is induced by the

i-th face map δi+1
k : [i]→ [i+1]. By Lemma 4.15, C i,• and C i+1,• are both quasi-isomorphic

to DR•(EX̃ , θ) and each δi+1
k,∗ corresponds to the identity map of DR•(EX̃ , θ). Therefore, via

these quasi-isomorphisms, di,•1 corresponds to the identity map of DR•(EX̃ , θ) and to the zero
map if i is even. It follows that s(C •,•) is quasi-isomorphic to

s
(
DR•(EX̃ , θ)

0
−→ DR•(EX̃ , θ)

id
−→ DR•(EX̃ , θ)

0
−→ · · ·

)
∼= DR•(EX̃, θ) = C

0,•.

On the other hand, by Lemma 4.13, the complex C •,j = EX̃(•) ⊗R(•) Ω
j
R(•) is homotopic

to zero for all integers j > 1 since being homotopic to zero is stable under tensoring with
another cosimplicial module. Hence, the natural map

C
•,0 ∼
−→ s(C •,•)

is a quasi-isomorphism. This finishes the proof of Theorem 4.12.
�

Remark 4.16. It is clear that the trivial O∆-crystal E = O∆ corresponds to the trivial
Higgs module (OX , 0). Thus Theorem 4.12 implies that

RνX/A,∗(O∆) =

n⊕

i=0

Ω1
R{−i}.

From this, it is easy to deduce Bhatt–Scholze’s Hodge–Tate comparison theorem [6, Theo-
rem 4.11] for general smooth p-adic formal scheme over Spf(A/I).

We can now finish the proof of Theorem 2.8.

4.17. End of the proof of 2.8. By Corollary 3.12 and Lemma 1.2, the statements are
local for the flat topology in A. Therefore, up to replacing A by a faithfully flat cover,
we may assume that I is pricipal. Moreover, the statements are also local for the étale
topology of X . Up to étale localization, we may assume that X = Spf(R) is affine and
satisfies the assumptions in Situation 4.1. Then statement 4.12(1) follows immediately from
Theorem 4.12. Let (A, I) → (A′, I ′) be a morphism of p-torsion free bounded prisms. Put

R̃′ = R̃⊗̂AA
′, R′ = R̃′/I ′R̃′ and X ′ = Spf(R′). If E corresponds to the Higgs module (EX̃ , θ),

then f̄ ∗

∆
E corresponds to (EX̃ ⊗R R

′, θ′) with θ′ obtained by θ by extension of scalars. By

Theorem 4.12, the canonical base change map f−1RνX/A,∗(E)⊗
L
f−1OX

OX′ → RνX′/A′,∗(f̄
∗

∆
E)

is identified in the derived category of R′-modules with the base change map

DR•(EX̃ , θ)⊗R R
′ ∼
−→ DR•(EX̃ ⊗R R

′, θ′)

which is clearly an isomorphism of complexes.

5. Poincaré Duality

We fix a bounded prism (A, I), and a smooth p-adic formal scheme of relative dimension
n over Spf(A/I).
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5.1. Let CR((X/A)∆,O∆)
fr be the category of O∆-crystals locally free of finite rank. We

have the natural notions of tensor product and internal hom in CR((X/A)∆,O∆)
fr: If E1, E2

are two objects of CR((X/A)∆,O∆)
fr, their tensor product E1 ⊗ E2 is the O∆-crystal such

that

(E1 ⊗ E2)(U) = E1(U)⊗B E2(U)

for every object U = (Spf(B) ← Spf(B/IB) → X) of (X/A)∆, and hom(E1, E2) is the

O∆-crystal such that

hom(E1, E2)(U) = HomB(E1(U), E2(U)).

Assume that X = Spf(R) satisfies the assumptions in Situation 4.1. Let (Mi, θi) with
i = 1, 2 be the object of Higgs∧(R) corresponding to Ei via the equivalence of categories in
Theorem. 4.10. Then E1⊗ E2 corresponds to the Higgs module (M1 ⊗RM2, θ1 ⊗ 1 + 1⊗ θ2),
and hom(E1, E2) corresponds to (HomR(M1,M2), θ) such that

θ(f)(x) = θ2(f(x))− (f ⊗ 1)(θ1(x)) ∈M2 ⊗R Ω1
R{−1}

for all x ∈M1.

5.2. Duality pairing. Let E be an object ofCR((X/A)∆,O∆)
fr. We put E∨ := hom(E ,O∆)

and

E{i} := E ⊗A/I (I/I
2)⊗i

for all integers i. Then the cup product induces a pairing

RνX/A,∗(E
∨{n})⊗LOX

RνX/A,∗(E)→ RνX/A,∗(E ⊗ E
∨{n})(5.2.1)

→ RνX/A,∗(O∆{n})→ ΩnX [−n],

where the last map is induced by the Hodge–Tate comparison isomorphism [6, Theorem 4.11]

RnνX/A,∗(O∆)
∼= ΩnX{−n}.

If moreover X is proper over Spf(A/I), then one has similarly a pairing of perfect complexes
of A/I-modules:

(5.2.2) RΓ((X/A)∆, E
∨{n})⊗LA/I RΓ((X/A)∆, E)→ RΓ((X/A)∆O∆{n})→ A/I[−2n],

where the last map is induced by the isomorphism

(5.2.3) H2n((X/A)∆,O∆{n})
∼= Hn(Xét, R

nνX/A,∗(O∆{n})) = Hn(Xét,Ω
n
X)
∼= A/I.

Theorem 5.3. Under the notation above, the following statements hold:

(1) The pairing (5.2.1) induces an isomorphism of perfect complexes of OX-modules:

RνX/A,∗(E
∨{n})

∼
−→ RHomOX

(RνX/A,∗(E),Ω
n
X)[−n].

(2) If moreover X is proper over Spf(A/I), the pairing (5.2.2) induces an isomorphism
of perfect complexes of (A/I)-modules

RΓ((X/A)∆, E
∨{n}) ∼= RHomA/I(RΓ((X/A)∆, E), A/I)[−2n]
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Proof. It is clear that statement (2) is an immediate consequence of (1) and the clas-
sical Grothendieck–Serre duality. Since statement (1) is local for the étale topology of
X , up to étale localization we may assume thus that X = Spf(R) satisfies the assump-
tions in Situation 4.1. Let (M, θ) be the object of Higgs∧(R) corresponding to E by
Theorem 4.10, and (M∨{n}, θ∨) be the object corresponding to E∨{n}. Then we have
M∨{n} = HomR(M,R{n}) and θ∨ is given by

θ∨(f)(x) = −(f ⊗ 1)(θ(x)) ∈ Ω1
R{n− 1},

for all x ∈ M and f ∈ M∨{n}. By Theorem 4.12, the pairing (5.2.1) is represented by the
pairing of complexes

DR•(M∨{n}, θ∨)⊗R DR•(M, θ)→ ΩnR[−n]

given by

〈f ⊗ ωi, x⊗ ηj〉 =

{
0 if i+ j 6= n,

f(x)ωi ∧ ηj if i+ j = n,

for x ∈M , f ∈M∨{n}, ωi ∈ ΩiR{−i} and ηj ∈ ΩjR{−j}. Now, it is straightforward to verify
that, with the sign convention §0.2 , such a pairing induces an isomorphism of complexes

DR•(M∨{n}, θ∨) ∼= Hom(DR•(M, θ),ΩnR)[−n].

This finishes the proof of (1). �

Remark 5.4. Assume that X is proper and smooth of relative dimension n over Spf(A/I).
If one can construct a trace map

TrX : H2n((X/A)∆,O∆{n})→ A

which reduces to the isomorphism (5.2.3) when modulo I (so that TrX itself is an isomor-
phism), then Theorem 5.3 implies a similar duality for O∆-crystals.
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