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1. Introduction 

ABSTRACT 

The goal of this study is to investigate the mechanical and elastic characteristics of the Mn1sSi2s compound 
via experimental nanoindentation measurements and ab-initio calculations. The mechanical properties 
such as Young's modulus (E) and nanohardness are important inputs for improving the design and me
chanical reliability of thermoelectric modules. The high-energy X-ray diffraction pattern of Mn15Si26 bas 
been indexed with the Miller indices of a tetragonal crystalline structure whose cell parameters are the 
following: a• b • 5.535(3) A and c • 65.552(4) A. Nanoindentation measurements, with a Berkovich in
denter tip have been performed on higher manganese silicide (HMS) compound mainly composed of 
Mn1sSi2s grains. For the first time ever, it bas been evidenced that both elastic modulus and nanohardness 
of the latter varied significantly depending on their crystallographic orientations provided by electron 
backscatter diffraction. Nanohardness and Young's modulus along the< 001 > orientations are higher than 
the< 100 > ones. The nanohardness value of Mn15Si26 ranges from 16 GPa to 20 GPa and the Young's 
modulus measured varies between 234 GPa and 300 GPa. The stiffness tensor (Sij • (C;iT1) of Mn15Si26 bas 
been deduced from these experimental measurements as well as calculated usingAb-initio calculations. The 
macroscopic elastic modulus (E, G, B) and Poisson's coefficient have been examined and discussed and their 
30-representation bas been plotted. The mechanical anisotropy hereby evidenced as the existence of ani 
sotropy of the thermoelectric properties could be a significant factor for the mechanical reliability of 
thermoelectric modules which consisted of Mn15Si26 legs with a possible preferred crystallographic or
ientation induced during their fabrication. 

A thermoelectric module (TEM) is an electrical device which 
converts the thermal gradient into electricaJ energy through the 
Seebeck effect. It is an environmentaJiy friendly energy conversion 
technology, which has drawn the attention of industries such as the 
automotive and aerospace ones. especially for waste-heat recovery 
applications.(1-3). The performance of thermoelectric materials is 
determined from the dimensionJess figure of merit, defined as 
zr = s

2

r (S: Seebeck coefficient. T: absolute temperature, ic: 

the highest figure of merit, a material with a large Seebeck coeffi
cient, low thermal conductivity and high electricaJ conductivity is 
required (4,5). On the other hand, these materiaJs have to withstand 
the mechanical stresses they may be subject to during the manu
facturing process as well as in service in order to ensure the long
term durability and reliability of the lEMs [6,7). Consequently, the 
best mechanicaJ properties are sought so as to prevent failures such 
as cracks and delamination within the materiaJs ensuring the con
nections inside the TEM that may be subject to thermomechanical 
stresses resulting from the imposed thermal gradients [8,9). For 
example, knowledge of the stiffness (elasticity) tensor is required as 
input data for the thermomechanicaJ modeling of the behavior of 
TEMs. This same tensor is also needed in order to determine the 
radiocrystallographic elastic constants, which allow us to quantify 
the residuaJ stresses of the constituent materiaJs of the TEMs, which 

thermal conductivity, and p: electrical resistivity). In order to obtain 
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might be responsible for the failure of the modules in seivice in the 
more or Jess long term. 

MnSiy (y= 1.71 - 1.75) compounds are a unique family of higher 
manganese silicide (HMS) materials with the highest silicon-rich 
intermediate phase in the Mn-Si binary phase diagram. Over the past 
30 years, HMSs have undergone extensive studies due to their large 
Seebeck coefficient, Jow thermal conductivity and high electrical 
conductivity [5,10-18). HMSs are suitable for medium temperature 
(500-800 K) heat sources such as automotive exhaust gases and 
industrial waste heat systems. HMSs present a ZT value of 0.3-0.4 at 
800 K. They are classified among the materials which are eco
friendly, cheap p-type thermoelectric semiconductors with a high 
thermal stability thanks to their high melting point and good me
chanical properties [7.19]. 

HMS phases crystallize in the tetragonal Nowotny chimney 
Jadder structure, which is composed of the Mn and Si sub-Jattices 
with similar Jengths of the a-axes and rational c-axis sizes (see 
Supplementary Material) [20). For 1.71 �Y� 1.75, several structural 
formulas of HMSs with different Jattice parameters, such as M114Sb, 
Mn11Sî,9, Mn1sSiis, and Mn21Si47 are known [10,21,22). This differ
ence between a and c-axis ((Mn�b. c/a -3.16) [23), (Mn1sSiis, c/a 
-12) [241) results a strong anisotropy in the thermoelectric and 
magnetic properties of HMSs [25-27). It was found that thermo
electric properties of HMSs in the [001) and [100) directions show 
anisotropy [28,29).

The microstructural properties and electrical performance of 
HMSs have been widely studied, but data on their mechanical 
properties are missing. Severa( studies have confirmed the impact of 
crystal orientation on the mechanical properties, especially in tet
ragonal systems, including Young's modulus and nanohardness, such 
as KSr2Nb5015 [30), TiAI [31) and Zirconia (32). As a consequence, the 
investigation of these properties is essential in expanding the field of 
applications for this material and in particular in order to increase 
the reliability of the TEMs. 

Over the fast three decades, nanoindentation has become an 
advanced technique used to investigate the plasticity, Young's 
modulus and nanohardness of several materials,  such as ceramics, 
metals and thin films. The Joad and depth of the indenter are con
tinuously recorded during a Ioading and unloading cycle. Analysis of 
the Joading-unloading cuive permits to calculate the Young's mod
ulus of the samples by measuring the slope of the initial portion of 
the unloading cuive and nanohardness by integrating the area under 
the cuive [33). 

In the present study, we investigate the elastic properties of 
Mn15Sii6 by performing experimental nanoindentation measure
ments. A study of this nature, to our knowledge have never been 
reported in the current literature for this type of material. In addi
tion, we envisaged the coupling of such an analysis to the crystal
lographic orientation of the grains of the material determined by 
means of characterizations by electron backscattering diffraction 
(EBSD). This type of approach has not been reported yet. This should 
allow us to determine the stiffness tensor of Mn1sShs, which crys
tallizes in a tetragonal system. Consequently, mechanical properties 
such as Young's modulus, bulk modulus, shear modulus and 
Poisson's ratio will be determined and compared to Ab-initio cal
culations. The reported mechanical properties cou Id be of particular 
interest in the field of thermoelectric packaging applications. 

2. Materials and methods 

2.1. Sintering and sample preparation 

A sample of MnSi
y 

(y= 1.77) powder with 99.99% purity and 
20-50 µm mean size was used. Dense cylindrical pellets, 60 mm in
diameter and 5 mm thick, were fabricated using the spark plasma
sintering (SPS) process by HotBlock Onboard. The SPS was

performed at 1130 •c with 5 min holding time and an a pp lied uni
axial pressure of 50 MPa. These conditions have been optimized in 
previous studies [3,7). For the EBSD and nanoindentation measure
ments, a smooth surface is required. After sintering, the density of 
the samples is measured using Archimedes' principle by means of a 
hydrostatic balance (Sartorius MSE22S-YDK03). 

After mechanical polishing, the sample was then polished with a 
¼ µm diamond polycrystalline suspension. In order to avoid a re
sidual work-hardened surface, a 0.02 µm colloidal silica suspension 
(OP-S) polishing was performed during one hour on a vibratory 
polishing machine, VibroMet 2 (Buehler). This final step is re
commended to ensure a smoother and cleaner surface. 

22. Structural and microstructurol characterizations

The structures of the raw powder and the sintered samples were 
analyzed in transmission using a high-energy X-ray diffraction 
(HEXRD) on the P07 beamline at the Deutsches Elektronen 
Synchrotron (DESY, Hamburg, Germany). These measurements, 
performed with a 103 keV (0.119987 A) monochromatic beam, allow 
for the analysis of the sample in its volume. 

After metallographic preparation, EBSD analysis was conducted 
on a FEG-SEM QEOL JSM-7100 F) equipped with an EBSD (Nordlys 
Nana). EBSD maps were acquired at an acceleration voltage of 20 kV, 
a beam current of about 10 nA and a working distance of 15 mm. 
Tango and Mambo softwares (HKL Channe15, Oxford Instruments) 
were used to determine phase distribution, grain orientation and 
pole figures. Large regions ( 400 x400 µm2) were studied with a fine 
step size (0.4 µm) in order to provide bath local (grain orientation) 
and global (texture) information. 

2.3. Nanoindentation 

Following the EBSD analysis, nanoindentation tests were per
formed on selected grains with a CSM• Instruments UNHT na
noindenter equipped with a Berkovich tip and an optical microscope. 
Prior to the measurements, the cleaning and calibration of the in
denter tip was performed on a silicon specimen. In this study, the 
maximum test force was set at 50 mN. The Ioad was linearly a pp lied 
with 60 s holding time of the full test Ioad. In order to ensure the 
repeatability of the nanoindentation results, each grain was in
dented several times (more than 15 indents for the large grains). The 
nanoindentation tests were performed parallel to the normal surface 
of the selected grains and in the central part of the grains. The depth 
of the imprints ranged from 400 to 450 nm. The standard re
commends a spacing of 20 times the indentation depth of the im
prints [34). The distance between imprints has been kept constant to 
10 µm (Jikewise from the grain boundary). This standard distance 
allowed us to rule out any interaction between the indentation
generated stress field and the elastic incompatibility stress field 
associated with the presence of the grain boundaries. The Ioad and 
depth of the indenter were continuously monitored. Nanohardness 
and Young's modulus values were calculated according to the Oliver
Pharr method [33). Nanohardness (Eq. (1 )) is defined as a measure of 
the Ioad-bearing capacity of the contact. 

H
= Pmax 

A (1) 

With Pmax being the maximum Ioad a pp lied to the indenter and A 
the projected contact area. 

The elastic contact stiffness, S, defined as the slope of the upper 
portion of the Ioading cuive, is obtained directly from the load
displacement cuive using Eq. (2). 

dP 2 
S=-=- E,./A 

dh .Jïf (2) 



With S being the slope of the discharge cmve and Er the reduced 
module. 

The reduced module is defined by Eq. (3). 

1 (1 - v2) (1 - v?) 
-=---+ 

Er E Ei (3) 

Where E and v are respectively Young's modulus and the Poisson 
coefficient of the material. Ei and 11; are respectively Young's modulus 
and the Poisson coefficient of the diamond indenter (Ei = 1141 GPa 
and 11; = 0.07). 

2.4. Density Functional Theo,y calculations 

The Mn,sSii6 crystal structure has been built based on experi
mental crystallographic data Density functional theory (DFf) cal
culations were performed using the Vienna Ab-initio calculations 
Package, VASP (35). Calculations were carried out within the 
Perdew-Burke-Ernzerhof generalized gradient approximation of the 
exchange and correlation functional (PBE) (36) to the DIT (37,38). 
Projector augmented wave (PAW) pseudo-potentials [39,40) were 
used, and a kinetic energy eut-off of 400 eV for the plane-wave basis 
set was adopted to compute energies. The k-mesh grids were sam
pled with r-centered 8x8x1 (41). Magnetism was taken into ac
count. 

The elastic constants were computed using a stress-strain ap
proach. In the case of the Mn15Si26 system, two types of structure 
were considered: the primitive cell with 82 atoms and the conven
tional cell with 2 primitive cells. Details are provided in the 
Supplemental Material. 

3. Results and discussion

3.1. Structure and microstructure characterization 

The HEXRD pattern of MnSiy compound is shown in Fig. 1. The 
diffraction pattern was indexed using Mn15Si26 (142d #122) OCPDS 
No. 01-089-2413) and Si (Fm3m #225) QCPDS No. 00-027-1402) 
[42). The HEXRD pattern shows fine and intense peaks, which in
dicate a good crystallization of the sintered material with large 
crystallite sizes. After Rietveld refinement [43), the calculated Iattice 
parameters of the Mn15Si26 phase are a = b = 5.535(3) A and c 
= 65.552( 4) A (Rwp - 7.3). The calculated Iattice parameters are in 
good agreement with the reported standard XRD pattern of Mn1sSh6 

OCPDS No. 01-089-2413). Si fraction is 2 ± 1%. The relative density of 
the MnSiy compound measured by Archimedes' principle was 96%. 
The relative density was calculated using 5.1 g/cm3 as density for full 
dense material [3]. 

Fig. 2.a shows the band contrast, which reflects the quality of the 
EBSD patterns in gray levels (black= no or poor diffraction and white 
for very good diffraction) acquired on a polished surface of the MnSi

y 

sample. Si grains are presented in blue and grain boundaries with 
black fines (critical angle of 10°). The Mn1sSii6 grain size diameter 
ranges from 2 to 67 µm. Non-indexed pixels related to the presence 
of voids or polishing defects are in black. The 3D surface fraction of 
these voids, after considering the 2D corrective factor, was evaluated 
at 3.6% (2.6x 1.5 [44)) by EBSD analysis. This value is slightly dif
ferent from that expected from density measurements (i.e. 4%), 
probably due to image sampling effects. 

Fig. 2.b (same area as Fig. 2.a), shows the inverse pole figure map 
(IPF Z) along the normal direction of the sample (Z-axis) with the 
selected grains of Mn1sSh6 phases on which the nanoindentation 
tests were carried out (Gl to G11, Gl for Grainl ). Fig. 2.d shows the 
orientation of selected grains on the IPF. It covers various grain or
ientations, providing a suitable map for orientation dependence 
analysis of the mechanical properties. The 11 grains chosen with 

1000 (2 1 15) Mn1sSi26 
Si 

,.. 

� (228) 

·î 500 (J O 15) (3 0 15) 
= 
=
...

(200) 0 10) 

{111) 
0 

1.5 2 2.5 3 3.5 4 4.5 

29 (0) 

Fig. 1. The HEXRD pattern of MnSL, after sintering. 

different crystallographic orientations also have the advantage of 
having dimensions 10-15 times Iarger than the diagonal Iengths of 
indentation (- 2 µm). 

Fig. 3 presents the tetragonal pole figures in< 100 > , < 110 > , 

and< 001 > directions for the studied area on which the na
noindentation tests were performed. The color code corresponding 
to the multiple random orientations (mrd) i.e, for each specific or
ientation, the relative proportion between the numbers of grain 
analysed versus number of grains considering an isotropie dis
tribution. With a maximum mrd close to 1 for the 2601 Mn1sSh6 
grains analysed on the map, we can consider there is no crystal
lographic texture in the HMS after sintering [45). 

32. Nanoindentation measurement analysis

The influence of the grains' crystallographic orientation on the 
response of the Mn1sSh6 compound to nanoindentation testing was 
explored. Fig. 4 shows the arrangement of indents applied on grain 1 
indexed in Fig. 2. These indents are typical and are selected to cal
culate the nanohardness and Young's modulus of differently or
iented Mn,sSii6 grains after nanoindentation. To avoid any impact of 
the grain boundary on the mechanical properties measured, only the 
indents which were far enough from the grain boundary (-10 µm) 
were considered for the analysis [34). 

Fig. 5 shows the typical Ioading-unloading curves, as observed 
during the nanoindentation test of Mn,sSh6. with a normal in
dentation direction close to [001), [110) and [010) directions corre
sponding to grains 2, 3 and 7 respectively. Unloading is characterized 
by a slight shape recovery and significant residual deformation. It is 
to be noted that the response of the Mn1sSh6 material to na
noindentation with a Berkovich indenter depends on the crystal
lographic orientations of the grain. The Ioad-displacement curve of 
grain 2 displays a higher unloading slope and the Iowest indentation 
depths averaging 400 nm. On the other hand, the curve for grain 2 is 
more resistant (H - 20 GPa) to the nanoindentation Ioad than those 
of grains 3 and 7 (H - 16 GPa). The maximum penetration (hmax) in 
grains 3 and 7 (depth - 435 nm) is larger than grain 2 (depth -
400nm). 

The average values of Young's modulus and nanohardness of the 
different Mn1sSii6 grains selected and their crystallographic or
ientations (i.e. Euler angles) are summarized in Table 1. The number 
of indents per grain indicated in the fast column is proportional to 
the surface of the grains. The higher average value of Young's 
modulus, 300 ± 16 GPa, is obtained for grain 2 situated in the vici
nity of the [001) crystallographic direction. The lowest value, 
234 ± 10 GPa, is obtained for grain 11 near the [12 12 1) direction. As 
Table 1 shows, the Young's modulus of the grains having a crystal
lographic orientation close to the [010) directions (244 ± 7 GPa) is 
Iower than that of the grains having an orientation close to the [001) 
direction (290 ± 9 GPa), indicating that the elastic properties of 
Mn1sSh6 are anisotropie. 



On the other hand, grain 2 presents the highest nanohardness value 
with a 20.6  ±  0.4 GPa. Grain 3 presents the lowest nanohardness value 
with a 16.3  ±  0.4 GPa. Just as for Young’s modulus, anisotropy is ob-
served in the case of nanohardness. The average nanohardness value for 
the 11 grains (18.5  ±  0.5 GPa) obtained by nanoindentation is higher 
than the Vickers nanohardness measured (16  ±  1.1 GPa, load of 0.1 kg for 
10 s) that we have already reported [7]. This can be explained by the use 
of heavy loads (Vickers indentation) for indentation which favors the 

generation of cracks (dissipated energy) which in turn reduce the na-
nohardness measured in the materials [7]. 

The anisotropy of the mechanical properties (E, H) according to 
the crystallographic orientation of the grains is confirmed. Thus, 
knowledge of the values of Young's modulus for various values of 
Euler angles should enable us to establish the stiffness tensor which, 
to the best of our knowledge, has never been reported in the lit-
erature so far. 

Fig. 2. (a) Band contrast map obtained on MnSiγ as sintered (Mn15Si26). Si grains are presented in blue and grain boundaries as black lines. (b) EBSD Orientations map: inverse pole 
figure along the Z axis (IPF Z) which corresponds to the normal direction of the scanned area of Mn15Si26 (without Si) with the numbering of grains measured by nanoindentation; 
(c) Corresponding IPF color code (standard triangle).(d) Position of the selected grains on IPF. 

Fig. 3. Pole figures ([100]; [110]; [001]) of Mn15Si26 for 2601 grains.  
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Fig. S. Indentation loading-unloading curves for the Mn15Sh6 for grain 2. ( close to
(0011). 3 (close to (1101) and 7 (close to (010D at 50 mN of maximum Joad. 

Table 1 
The measured values (with standard deviation) ofYoung's modulus and nanohardness
of Mn15Si,6 in different crystallographic orientations.

Grain Euler Angles E ,.,., H ,.,., Nb of 

4>1 'I' <02 (GPa) <02 (GPa) indents

1 167.9 168.3 1.6 290 :!: 9 20.0 :!: 0.7 16 
2 108.5 17.3 2.8 300 :!: 16 20.6 :!: 0.4 6
3 8.7 85.4 5.4 243 :!: 14 16.3 :!: 0.4 9 
4 85.6 104.9 14.4 251 :!: 7 16.8 :!: 0.8 13 

5 8.4 93.9 5.4 244 :!: 12 16.5 :!: 0.6 9 
6 1.0 72.6 18.5 266 :!: 10 18.8 :!: 0.1 4 
7 18.6 87.l 2.6 244 :!: 7 16.4 :!: 0.1 3
8 90.0 46.l 27.3 282 :!: 15 19.3 :!: 0.6 17 
9 7.0 105.8 15.6 267 :!: 4 17.5 :!: 0.4 16 

10 141.0 52.l 90.0 236 :!: 11 17.6 :!: 0.1 5 
11 70.0 129.8 27.7 234 :!: 10 18.5 :!: 0.7 15 

3.3. Stiffness tensor determination of Mn1sSi26 

The stiffness ( elastic constants) tensor of the tetragonal structure 
has 6 independent components, and is represented by the square 
matrix (6 x 6) described in Eq. (4). lt is described via the elastic 
constants expressed in Voigt notation as Cij,

(j 1 C12 Cn 0 0 0 
Ci2 (j 1 Cn 0 0 0 

è= Cn Cn C33 0 0 0 
0 0 0 C 44 0 0 
0 0 0 0 (44 0 
0 0 0 0 0 c66 (4) 

The mechanical stability criteria of a tetragonal structure are 
defined by expressions (5), (6), (7) and (8) (46). 

{Cu>0 i=l,3,4,6} (5) 

{Cit - Ci2 > 0} 

{Ci 1 + C33 - 2Cn > 0} 

{2(C1 1 + 2C12) + C33 + 4Cn > 0}

(6) 

(7) 

(8) 

Considering the experimental values reported in the previous 
part, the stiffness tensor of Mn15Si26 is calculated by correlating 
crystal orientations with the Young's modulus values obtained via 
nanoindentation measurements. lndeed, Young's modulus values for 
tetragonal structures can be calculated as the reciprocal of the 
compliance constants tensor (Sij) according to the expression (9) 
(30). Bath a and � correspond to the tilt angle from the (001) di
rection and the rotation angle from (100) to (010) around the c-axis 
of the crystal, respectively. 

--1- = [S1 1(sin4j3 + cos4j3) + (2S12 + S66) sin2j3 cos2j3]sin4a
E<t>t "'<t>2 

+ (2S13 + S44)sin2 a cos2 cc + S33 cos4 cc (9) 

S1 1 S12 Sn 0 0 0 
S12 S1 1 Sn 0 0 0 

r = c�i-1 = Sn Sn S33 0 0 0 
0 0 0 S44 0 0 
0 0 0 0 S44 0 
0 0 0 0 0 Sss (10) 

A Matlab code has been developed to estimate the stiffness 
tensor ë from the model (Eqs. (9) and (10)) and the Young's 
modulus measurements (Table 1 ). This code compiles ail the data of 
the grains selected. The calculation is done by minimizing a least
square criterion on the Young's modulus values (squared error be
tween the calculated (Eq. (9)) and nanoindentation measurements), 
with optimization variables set to the compliance constants tensor 
(Sij), These variables are constrained by nonlinear constraints (5), (6), 
(7). (8) and (10). Fig. 6.a and Fig. 6.b present the "parity graphs" 
between calculated and experimental Young's modulus. A quadratic 



standard deviation between the calculated and measured Young's 
modulus (for the 11 grains) is of the order of 20 GPa. Taking into 
account the measurement uncertainties for the Young’s modulus 
measurement (error bar in Fig. 6), the model confirmed the available 
experimental data. The 'Bootstrap' method, which is a statistical 
inference method based on multiple data replication (1000 re-
plications in our case) from the dataset studied, was used to de-
termine the standard deviations of the Cij. 

Table 2 lists the elastic constants values and their standard de-
viations after calculation. An important difference of 21.5% (81 GPa) 
between C11 and C33 is noticed. This difference shows that the 
Mn15Si26 phase presents a significant anisotropy in the mechanical 
properties. This is similar to the anisotropy of the thermoelectric 
properties of HMSs reported by Levinson et al. [28]. 

The elastic constants of Mn15Si26 derived from ab-initio calcula-
tions were also listed in Table 2 (see details in the Supplemental 
Material). The latter clearly shows that the elastic constants derived 
from DFT calculations are in good agreement with the na-
noindentation results. In terms of relative value, the Sij values vary 
only by a maximum of 3% and the differences between Cij (experi-
mental and ab-initio calculations) range from 9% to 39%. Several 
factors may explain this difference. Firstly, the ab-initio calculations 
were performed on a perfect (i.e., defect-free) crystal structure, but 
(in reality) defects exist in the MnSiγ system. Secondly, since the 
MnSiγ material characterized is polycrystalline, the presence of grain 
boundaries may have an influence on the experimental results, yet 
they are not taken into account in the calculations. Thirdly, the po-
sition of the Mn and Si atoms (ordered/disordered structure) may 
have an influence on the calculated elastic constants [30]. 

The bulk modulus (B) represents the resistance to shape de-
formations under hydrostatic pressure. The shear modulus (G) de-
scribes the resistance to shear stress. Young’s modulus (E) measures 
the uniaxial stress resistance. The bulk modulus (B) and the shear 
modulus (G) for a tetragonal structure can be calculated from the 
following expressions [47]: 

For Reuss’s theory (Eqs. 11–14), 

G
B

C C C C
15

18
C

6 6 3
R

R
2

11 12 44 66

1

= + + +
(11)  

B
C
M

R

2
= (12)  

C C C C C( ) 22
11 12 33 13

2= + (13)  

M C C C C2 411 12 33 13= + + (14)  

For Voigt’s theory (Eqs. 15 and 16), 

B C C C C
1
9

[2( ) 4 ]V 11 12 33 13= + + + (15)  

G M C C C C
1

30
[ 3( ) 6(2 ) ]V 11 12 44 66= + + + (16)  

For Hill’s approximation (Eqs. 17 and 18), 

B
B B

2H
V R= +

(17)  

G
G G

2H
V R= +

(18)  

Young’s modulus (E) and Poisson’s ratio (ν) can thus be obtained 
from the bulk modulus and the shear modulus (Eqs. 19 and 20): 

E
B G

B G
9. .

3.
=

+ (19)  

B G
B G

3. 2
2(3 )

=
+ (20)  

Table 3 shows the obtained bulk modulus (B), Young’s modulus 
(E), shear modulus (G) and Poisson’s ratio (ν) of the tetragonal 
Mn15Si26. The macroscopic Young's modulus of Mn15Si26 obtained 
with the Hill model is 265  ±  43 GPa. The standard deviation on the 
Young's modulus value obtained by the Hill model was calculated by 
propagation from the standard deviations on the Cij. The value is 
lower than the value measured by the frequency resonance method 
at 25 °C which was equal to 281  ±  2 GPa [7]. The ductility and 
brittleness of the material depend on the value of Poisson's coeffi-
cient (ν) and the B/G ratio. High B/G values correlate with ductility 
and low values correlate with brittleness of the material. It was 
observed that the critical value of the transition from ductile to 
brittle behavior was about 1.75 [48]. The B/G ratios obtained (~ 1.6) 
are lower than 1.75, indicating the brittle nature of Mn15Si26. 

Fig. 6. Parity graph between calculated and experimental data, (a) inverse of Young's modulus and (b) Young's modulus.  

Table 2 
Experimental and calculated elastic constants of Mn15Si26.          

Method Indices ij 11 33 44 66 12 13  

Experimental Sij [10−3 GPa−1]  3.9  3.1  10.3  8.5  -0.9 -0.8 
Cij [GPa]  296  377  97  117  88  102 

DFT values Sij [10−3 GPa−1]  3.3  3.2  7.4  12.5  -0.8 0.6 
Cij [GPa]  337  344  135  107  96  80 

Table 3 
Calculated elastic properties of Mn15Si26 via Voigt, Reuss and Hill models.       

Model Β [GPa] E [GPa] G [GPa] ν  

Voigt  172.6  266.7  107.3  0.242 
Reuss  169.8  263.4  106.1  0.241 
Hill  171.2  265  106.7  0.242 



The Elate software was used to quantify anisotropic elastic 
properties, [49]. Table 4 shows the minimum, maximum and ani-
sotropy factor values of Young's modulus (E), linear compressibility 
(β), shear modulus (G) and Poisson's coefficient (ν). Table 4 displays a 
significant difference between the maximum and minimum values 
of each elastic property. Shear modulus has the lowest anisotropy 
value while Poisson's coefficient exhibits the highest value. 

Proprieties E [GPa] β [TPa–1] G [GPa] ν 

Emin Emax βmin βmax Gmin Gmax νmin νmax

Value  248.4  322.8  1.45  2.22  97  119  0.168  0.339 
Anisotropy 

factor  
1.3  1.53  1.23  2 

Fig. 7. The 3D and planer direction dependent on (a) Young’s modulus (GPa), (b) shear modulus (GPa), (c) linear compressibility (GPa), and (d) Poisson’s ratio of Mn15Si26. 
Maximum values displayed in blue and minimum values in green (shapes or curves). 

Table 4 
Minimum, maximum and anisotropy factor values of elastic properties Mn15Si26.           



The overall surface contours of Young’s modulus, shear modulus, 
linear compressibility and Poisson’s coefficient of Mn15Si26 are re-
ported in Fig. 7. The 3D-representation of elastic properties were 
plotted with the Elate software [49] which computed the experi-
mental elastic constants. The planar projections in the [001] (xy- 
plane), [100] or (xz-plane) and [010] ((yz)-plane) crystallographic 
directions are also illustrated in Fig. 7. The spherical (or circular) 
shapes (or curves) indicate elastic isotropy. However, the distorted 
shapes (or curves) evidence elastic anisotropy. The green shapes (or 
curves) show the minimum values for the elastic properties and the 
blue ones show the maximum values. As detailed in Fig. 7, no 
spherical shapes are found for the different elastic properties 
plotted. For Young’s modulus, shear modulus and Poisson’s ratio, for 
the Mn15Si26 compound, the x-axis (or y-axis) is more compressible 
than the z-axis. On the other hand, linear compressibility shows the 
opposite behavior. 

4. Conclusions

The structural, microstructural and mechanical properties of 
Mn15Si26 have been examined by employing EBSD-nanoindentation 
coupling. EBSD analysis was used to provide a mapping of the 
crystallographic orientations of different grains of the MnSiγ com-
pound. Subsequently, nanoindentation was deployed to explore the 
mechanical properties of several grains selected on the orientation 
maps. The experimental results reveal an average elastic modulus of 
245 GPa and 295 GPa and an average nanohardness of 16 GPa and 
20 GPa along the [010], [001] directions respectively. Nanohardness 
and Young’s modulus of <  001  >  orientations are higher than the <  
100  >  ones. Young’s modulus of Mn15Si26 in different crystal-
lographic orientations revealed mechanical anisotropy. 

The correlation of crystallographic orientations with the Young’s 
modulus measured allowed for the calculation of the stiffness tensor 
of Mn15Si26 using an appropriate model for a tetragonal system. The 
elastic constants of Mn15Si26 fulfill the criteria for mechanical sta-
bility. Polycrystalline elastic properties (Young’s modulus, shear 
modulus, bulk modulus) and anisotropy factors have been calculated 
via different models. For Hill calculations, the values of Young’s 
modulus, shear modulus and bulk modulus are 265 GPa, 106.7 GPa 
and 171.2 GPa respectively. The anisotropy factor values of Young’s 
modulus, shear modulus, linear compressibility and Poisson’s ratio 
of Mn15Si26 are 1.3, 1.23, 1.53 and 2 respectively. According to ani-
sotropy factors and 3D surface construction, the elastic moduli of 
Mn15Si26 are anisotropic. 

On the other hand, elastic constants, derived from first-principles 
calculations, match with the experimental constants. Macroscopic 
Young’s modulus (265 GPa) calculated from the stiffness tensor 
(extracted from nanoindentation measurements) is fairly consistent 
with the measured modulus values obtained via the frequency re-
sonance method (281 GPa). 

The stiffness tensor is required as input data for the mechanical 
modeling but also to determine the residual stresses of the different 
materials/interfaces constitutive of the TEMs based on the XRD 
patterns,. This has been the subject of a separate study, which will be 
developed in a future article in order not to overload the present 
publication. These properties are essential in understanding the 
thermomechanical response of this material, and hence, in fabri-
cating devices like thermometric modules that could provide pre-
dictable and long-term service. It is possible to manufacture a 
textured material and to promote orientation with high mechanical 
properties to ensure the reliability of the thermoelectric module. 
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In this supplemental material, some results on three HSM systems, Mn4Si7, Mn11Si19, and Mn15Si26,  were 

presented: lattice parameters, magnetism and elastic properties of two of them for comparison. 

 

Methodology: 

DFT calculations were performed using the Vienna Ab initio Simulation Package, VASP [1]. Simulations 

were carried out within the Perdew-Burke-Ernzerhof generalized gradient approximation of the exchange 

and correlation functional (PBE) [2] to the density functional theory [3,4]. Projector augmented wave 

(PAW) pseudo-potentials [5] were used, and a kinetic energy cut-off of 400 eV for the plane-wave basis 

set was adopted to compute energies. The k-meshes grids were sampled with Γ-centered 8x8x1. 

Magnetism was taking into account. 

Elastic constants were computed using a stress-strain approach. In the case of the Mn15Si26 system, two 

types of systems were used: either the primitive cell with 82 atoms or the conventional cell with 2 

primitive cells. 

 



Table 1: Lattice parameters (ao and co, in Å), magnetism (in Bohr’s magneton), space group and 

number of atoms per system. 

Structure 
Symmetry 

(space group) 
Nb atom ao [Å] co [Å] µB 

Mn4Si7 
P4c2 

(116) 
44 5.472/5.526 [6] 17.346/17.516 [6] 0 

Mn11Si19 
P4n2 

(118) 
120 5.486/5.518 [7] 47.681/48.136 [7] 2.0 

Mn15Si26 
I42d 

(122) 
164 5.488/5.528 [8]/5.5351 65.020/65.504 [8] 65.5521 4.0 

  82 5.496 64.866 2.0 

 

Results: 

DFT results, see Table 1, show that the three HSM structures were well reproduced: lattice parameters 

are slightly smaller than experimental data, about 1% for ao and co. Atomic positions are also in excellent 

agreement with measurements, as we can see in Table 2-3. 

Mn4Si7 is found semiconductor with a gap equal to 0.78eV, as found by Caprara et al.[9]. It is found to 

have any magnetism, in agreement with experimental findings  [10]. Its dielectric tensor, calculated using 

the DFTP (cut-off energy equal to 500eV and with a 8x8x2 k-mesh), is slightly anisotropic: ε11=ε22=25.4 

and ε33=31.4. 

Mn11Si19 and Mn15Si26 are found both metallic with a moment magnetic (about 2µB for the whole unit-

cell), which is localized onto Mn atoms: for the Mn11Si19 system present work is in agreement with 

Hammura et al. [10] for the Mn15Si26 system see Ref. [11]. 

Table 1: Theoretical and experimental (in brackets) atomic positions in the Mn4Si7 system [6]. 

atom position x y z 

Mn 2a 0 0 ¼ 

Mn 2c 0 0 0 

Mn 4i 0 0.5 0.0651 (0.0625) 

Mn 4i 0 0.5 0. 3082 (0.3125) 

Mn 4h 0.5 0.5 0.1300 (0.125) 

Si 8j 0.1589 (0.1627) 0.6788 (0.6791) 0.1825 (0.1815) 

Si 8j 0.1993 (0.1933) 0.1554 (0.1507) 0.1128 (0.1129) 

Si 8j 0.3461 (0.3436) 0.2302 (0.2279) 0.5388 (0.5409) 

Si 4e 1/3 1/3 ¼ 

Table 2: Theoretical and experimental (in brackets) atomic positions in the Mn11Si19 system [7]. 

atom position x y z 

Mn 2a 0 0 0 

Mn 4h 0 0.5 0.5236 (23/44=0.5227) 

Mn 4e 0 0 0.4525 (20/44=0.4545) 



Mn 4h 0 0.5 0.0697 (3/44=0.0682) 

Mn 4e 0 0 0.0899 (4/44=0.0909) 

Mn 4h 0 0.5 0.6114 (27/44=0.6136) 

Mn 4e 0 0 0.3649 (16/44=0.3636) 

Mn 4h 0 0.5 0.1588 (7/44=0.1590) 

Mn 4e 0 0 0.1824 (8/44=0.1818) 

Mn 4h 0 0.5 0.7062 (31/44=0.7045) 

Mn 4e 0 0 0.2707 (12/44=0.2727) 

Mn 2d 0 0.5 0.2501 (11/44=0.25) 

Si 8i1 0.229 (0.237) 0.346 (0.340) 0.0142 (0.0132) 

Si 8i2 0.845 (0.838) 0.195 (0.188) 0.0414 (0.0423) 

Si 8i3 0.326 (0.331) 0.159 (0.171) 0.0666 (0.0673) 

Si 8i4 0.669 (0.673) 0.338 (0.337) 0.0918 (0.0909) 

Si 8i5 0.155 (0.168) 0.311 (0.315) 0.1168 (0.1173) 

Si 8i6 0.782 (0.778) 0.153 (0.158) 0.1432 (0.1442) 

Si 8i7 0.347 (0.342) 0.257 (0.268) 0.1716 (0.1710) 

Si 8i8 0.795 (0.788) 0.346 (0.337) 0.1994 (0.1978) 

Si 8i9 0.157 (0.161) 0.179 (0.183) 0.2250 (0.2262) 

Si 4g 0.665 (0.671) 0.165 (0.171) ¼ 

Table 3: Theoretical and experimental atomic positions in the Mn15Si26 system [12]. 

atom position x y z 

Mn 4a 0 0 0 

Mn 8c 0 0 0.0662 (0.0653) 

Mn 8c 0 0 0.1336 (0.1330) 

Mn 8c 0 0 0.1988 (0.1996) 

Mn 8c 0 0 0.2673 (0.2669) 

Mn 8c 0 0 0.331 (0.3326) 

Mn 8c 0 0 0.4011 (0.4013) 

Mn 8c 0 0 0.4652 (0.4644) 

Si 16e 0.2295 (0.2161) 0.3467 (0.3445) 0.0104 (0.0119) 

Si 16e 0.8455 (0.8515) 0.1966 (0.1811) 0.030 (0.0311) 

Si 16e 0.3249 (0.3167) 0.1590 (0.1642) 0.0488 (0.0480) 

Si 16e 0.6680 (0.6657) 0.3373 (0.3434) 0.0670 (0.0680) 

Si 16e 0.1563 (0.1591) 0.3152 (0.3122) 0.0853 (0.0848) 

Si 16e 0.7883 (0.7744) 0.1534 (0.1523) 0.1044 (0.1063) 

Si 8d 0.3464 (0.3479) ¼ 1/8 



Elastic properties: 

As explained, one approach was used to compute elastic constants, Cij: a strain-strain approach. In Table 

5-6, results are summarized for the Mn4Si7 and Mn15Si26 systems, respectively. 

Table 4: Cij (in GPa) for the Mn4Si7 system: bulk modulus:195 GPa. Accuracy tested on this system 

with higher energy cut-off (500eV) and k-mesh grids (8x8x2) without significant differences (<2GPa). 

375 114 99 0 0 0 

114 375 99 0 0 0 

99 99 373 0 0 0 

0 0 0 143 0 0 

0 0 0 0 143 0 

0 0 0 0 0 114 

Table 5: Cij (in GPa) for the Mn15Si26 system, bulk modulus 192GPa with the conventional structure 

(162 atoms) 

363 122 98 0 0 0 

122 363 98 0 0 0 

98 98 376 0 0 0 

0 0 0 138 0 0 

0 0 0 0 138 0 

0 0 0 0 0 80 

Table 6: Cij (in GPa) for all structures. S-S= strain-stress method, S-E strain-energy method. 

 Sym  C11 C33 C44 C66 C12 C13 Bv C11+C12 

Mn4Si7 tetraI  375 373 143 114 114 99 195 489 

Mn15Si26 tetraI atheo 371/365 368 149 121 115 98 191 496 

  aexp 337 344 135 107 96 80 170 433 

Two results were obtained: either using the theoretical lattice parameters (labeled atheo) or the 

experimental lattice parameters (aexp). The results show a slight decrease in Cij when the experimental 

lattice parameters are used. This can be explained by the increase in bonds length and thus a softening of 

the interatomic links. 

 

For both other system, i.e. Mn4Si7 and Mn15Si26 systems, results are strongly similar. 

Bv = (2C11+C33+2C12+4C13)/9 
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