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a b s t r a c t 

Effect of density variations on mass conservation properties is widely recognized in the lattice Boltzmann 

method (LBM), thus non-conservative form of scalar transport equation was commonly adopted within 

the framework of hybrid LBM. Focusing on the compressible hybrid LBM, mass conservation and its effect 

on energy conservation equation are studied in this paper. Starting from the analysis on mass conserva- 

tion law recovered by LBM, the consistency between conservative and non-conservative formulations of 

energy conservation equation based on various thermodynamic variables and lattice Boltzmann equation 

is addressed. Driven by the theoretical analysis, a set of modified consistent energy equations in entropy 

and internal energy form is derived to reduce the error terms and improve the consistency. The theoreti- 

cal analysis and modified energy equations are intensively evaluated by several numerical test cases, e.g., 

the isentropic vortex convection, three-dimensional compressible Taylor-Green vortex and shock-vortex 

interaction. 

1. Introduction 

The lattice Boltzmann method (LBM) has been proven to be 

a promising solver for the Navier-Stokes equations. Accounting 

for the numerical efficiency, hybrid LB methods were developed 

in multi-physics application as well as fully coupled compress- 

ible flows where mass and momentum conservation equation in 

the conservative forms are recovered and solved by the simple 
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treatment, 2) discretization of forcing terms and 3) higher-order 

contributions arising in Chapman-Enskog expansion. The error on 

mass conservation due to the treatment of boundary by using 

some physical assumptions or numerical approximation. The ef- 

fect of implementation and discretization of forcing terms in lat- 

tice Boltzmann model was investigated by theoretical analysis and 

numerical experiments in several works [18–23] . The truncation 

error analysis based on the higher-order Chapman-Enskog expan- 
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ollision-streaming type LB method while the scalar transport or 

nergy conservation equation is solved by using a finite volume 

ethod (FVM) or finite difference method (FDM). As summarized 

n Table 1 , the non-conservative form of scalar transport equations 

r energy conservation equation are commonly used in the LB 

odels for thermal flows, phase transition and multi-component 

ransport applications. One explanation for that is that most of 

hese models were derived for nearly-constant density flows, at 

east in each phase. On the other hand, the non-conservative form 

f additional conservation equations can decouple the numerical 

scillation of density (or pressure, p = ρc 2 s ) and deviation of the 

ass conservation in the lattice Boltzmann solver. 

The mass conservation is widely recognized as a key issue of 

he lattice Boltzmann method. The flaw of mass conservation can 

riginate in several sources, for instance: 1) boundary condition 
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ion and Taylor series expansion was performed to present non- 

ydrodynamic terms in lattice Boltzmann method in several stud- 

es, where the different extra terms were derived thanks to indi- 

idual interpretation of connection between the Boltzmann equa- 

ion and the LB method [24] . 

Focusing on the compressible lattice Boltzmann models, the 

ass conservation flaw induced by the above mentioned factors 

nd associated effects on the energy conservation law can sig- 

ificantly affect the numerical robustness and accuracy, account- 

ng for the fully coupled thermodynamic closure. Recently, a set 

f hybrid LB model for the subsonic and supersonic compress- 

ble flows [4,5,25] has been developed on low-symmetry lattices 

ith only 19+1 or 39+1 degrees of freedom per-node in three- 

imensional flows. In this type of hybrid approach, the density and 

elocity are computed using the LB method with non-uniform forc- 

ng terms while the energy equation is solved using a finite vol- 

me/difference method. 

Although the hybrid compressible lattice Boltzmann models 

ave been used in a number of academic and industrial appli- 
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Table 1 

Brief overview on formulation of additional scalar equations in hybrid LB methods. 

In column application, � denotes the LB model with a non-uniform forcing term. CF: 

conservative form, NCF: non-conservative form, I: intensity of radiation, P: phase of 

fluid, S: entropy, T: temperature, Y: mass component. 

Refs. form scalars application compressi. 

Lallemand & Luo [1] NCF T convective flow Ma < 0 . 3 

Tölke & Latt [2] NCF T thermal flow Ma < 0 . 3 

Gupta et al . [3] NCF � Y multicomponent Ma < 0 . 3 

Nie et al . [4] NCF � S aerodynamic flow Ma < 1 . 8 

Feng et al . [5] NCF � S aerodynamic flow Ma < 1 . 0 

Mezrhab et al . [6] NCF T natural convection Ma < 0 . 3 

Sun et al . [7] NCF T & I thermal flow Ma < 0 . 3 

Marenduzzo et al . [8] NCF P liquid crystal Ma < 0 . 3 

Li et al . [9] NCF � T multiphase flow Ma < 0 . 3 

Nee [10] NCF � T natural convection Ma < 0 . 3 

Bettaibi et al . [11] NCF T &Y convective flow Ma < 0 . 3 

Qin et al. [12] NCF � T liquid evaporation Ma < 0 . 3 

Wang et al . [13] NCF � T & P natural convection Ma < 0 . 3 

Hosseini et al . [14] NCF � T & Y combustion Ma < 0 . 3 

Yu et al . [15] NCF Y mass transfer Ma < 0 . 3 

Filippova et al. [16] NCF � T & Y combustion Ma < 0 . 3 

Chakraborty et al . [17] CF � T phase transition Ma < 0 . 3 
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ations [26,27] , selecting a formulation for the energy conserva- 

ion law and associated numerical properties is still an open is- 

ue. In the present study, a high-order Chapman-Enskog expansion 

s performed to analyze the mass conservation flaw in the com- 

ressible LB method, the consistency between conservative and 

on-conservative energy conservation equations based on various 

hermodynamics variables and lattice Boltzmann equation is ad- 

ressed. Theoretical analysis is supplemented by numerical exper- 

ments in a second step. 

This paper is organized as follows. The key elements of hybrid 

ompressible LBM are reminded in Section 2 . A revised Chapman- 

nskog expansion is also presented by considering the truncation 

rror of forcing terms. Section 3 addresses the consistency between 

onservative and non-conservative energy conservation equations 

n the form of various thermodynamics variables and lattice Boltz- 

ann equation. A set of consistent energy equations in entropy 

nd internal energy form is also proposed in Section 3 to re- 

uce the error terms and improve the consistency. The theoretical 

nalysis and revised energy equations are intensively evaluated in 

ection 4 by several numerical test cases, e.g., the isentropic vor- 

ex convection, three-dimensional compressible Taylor-Green vor- 

ex and shock-vortex interaction. Finally, Section 5 draws conclu- 

ion and perspectives. 

. Hybrid lattice Boltzmann method 

.1. Lattice Boltzmann kernel for mass and momentum conservation 

The lattice Boltzmann method describes the behavior of fluid 

ows in terms of density distribution functions f i (x , t) on discrete 

ime t, space x and velocities c i . The distribution functions evolve 

ccording to the lattice Boltzmann equation. The most common 

orm of the LB equation, which uses the Bhatnagar-Gross-Krook 

BGK) model [28,29] : 

f i (x + δx , t + δt ) = f i (x , t) − 1 

τ
( f i (x , t) − f eq 

α (x , t)) + ψ i (1)

here ψ i is a generic force term. and the τ is the dimensionless 

elaxation time which is linked with fluid dynamic viscosity by 

= p(τ − 0 . 5) δt with p being pressure. 

In the present study of hybrid compressible LB model, a third- 

rder expansion of the equilibrium distribution function f 
eq 
i 

on the 

earest-neighbour type lattices (D2Q9, D3Q19 and D3Q27) is used, 
2 
hich is expressed as 

f eq 
i 

= w i 

[
ρ + 

c i 

c 2 s 

ρu + 

H 

(2) 
i 

2 c 4 s 

A 

(2) + 

H 

(3) 
i 

6 c 6 s 

A 

(3) 

]
. (2) 

here w i is the i th weight coefficient associated to discrete veloc- 

ty c i , c s is lattice sound speed and the discrete Hermite polynomi- 

ls are given as H 

(2) 
i 

= c i c i − c 2 s δ, H 

(3) 
i 

= c i c i c i − c 2 s [ c i δ] and A 

(2) ,

 

(3) are respectively the second and third-order term coefficients 

f Hermite polynomials [5] . It is worth noting that the equilibrium 

istribution function f eq can be accordingly improved on D3Q19 

attice [25] . 

The macroscopic quantities such as density ρ and momentum 

u at the time step t + δt are updated by distribution functions in 

heir velocity moments, 

= 

∑ 

i 

f i (3a) 

u = 

∑ 

i 

c i f i + 

δt 

2 

∑ 

i 

c i ψ i (3b) 

The correction term ψ i = − w i 

2 c 4 s 
H 

(2) 
i 

∇�(3) is introduced in the 

orcing term to compensate symmetry-breaking errors �(3) , which 

s due to the topology of the nearest-neighbour lattice [5,25] . On 

3Q27 lattice, �(3) = 0 except for �(3) 
ααα = ρu α(θ − 1 + u 2 α) , ( α

epresents component of Cartesian coordinate without summation 

ver repeated index). The simplified correction terms according to 

he revised equilibrium distribution function on D3Q19 lattice can 

efer to [25] . 

.2. Revised Chapman-Enskog expansion 

In order to analyze macroscopic equations taking into account 

igher-order truncation errors of correction forcing terms, the 

hapman-Enskog analysis is revised in this section. 

The semi-discrete Boltzmann equation used in Chapman- 

nskog expansion can be derived from fully discrete lattice Boltz- 

ann equation by three approaches: Taylor expansion approach, 

haracteristics integration approach of He et al . [30] and Strang 

plitting operator of Dellar [24] . As a more common approach, 

he Taylor expansion is used to recast discrete Boltzmann equation 

rom the Boltzmann equation in this study. Performing the third- 

rder Taylor series expansion of lattice Boltzmann equation, the 

ollowing discrete Boltzmann equation with truncation error terms 

an be obtained 

 i f i + 

δt 

2 

D 

2 
i f i + 

δ2 
t 

6 

D 

3 
i f i = − 1 

τδt 
( f i − f eq 

i 
) + ψ i + O(δ3 

t ) (4)

here D i = ∂ t + c i ∇ . The density distribution function f i is ex- 

anded around the f 
eq 
i 

distributions as follows: 

f i = f (0) 
i 

+ ε f (1) 
i 

+ ε2 f (2) 
i 

+ ε3 f (3) 
i 

+ · · · (5) 

∂ 

∂t 
= ε

∂ 

∂t 1 
+ ε2 ∂ 

∂t 2 
, 

∂ 

∂x 
= ε

∂ 

∂x 1 
, φi = εψ 

(0) (6) 

ith 

 

i 

f (n ) 
i 

= 0 , 
∑ 

i 

c i f 
(n ) 
i 

= 0 , n > 0 (7) 

By matching the scales of ε0 , ε1 , ε2 and ε3 , and introducing 

 1 i = ∂ t 1 + c i ∇, we have 

0 : f (0) 
i 

= f eq 
i 

, (8) 

1 : D 1 i f 
(0) 
i 

+ 

f (1) 
i 

τδ
= ψ 

(0) 
i 

(9) 
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∂t ∂t 
2 : ∂ t 2 f 
(0) 
i 

+ D 1 i f 
(1) 
i 

+ 

δt 

2 

D 

2 
1 i f 

(0) 
i 

+ 

f (2) 
i 

τδt 
= 0 (10) 

3 : ∂ t 3 f 
(0) 
i 

+ ∂ t 2 f 
(1) 
i 

+ D 1 i f 
(2) 
i 

+ 

δt 

2 

D 

2 
1 i f 

(1) 
i 

+ 

δ2 
t 

6 

D 

3 
1 i f 

(0) 
i 

+ 

f (3) 
i 

τδt 
= 0 

(11) 

After some tedious algebra, the t 3 order of the continuity equa- 

ion can be derived as 

∂ρ

∂t 3 
+ δ2 

t (τ − 1 / 3) ∇ 

2 (pS (2) ) + 

δ2 
t 

6 

∇ 

3 �(3) = 0 (12) 

here S (2) = (∇u + ∇ 

T u − 2 / 3 ∇ · uI ) / 2 and 

∑ 

i c i c i f 
(1) 
i 

≈
2 δt τ pS (2) . The continuity equation with the truncation errors 

an be finally obtained as follows 

∂ρ

∂t 
+ ∇ · (ρu ) = −δ2 

t (τ − 1 / 3) ∇ 

2 (pS (2) ) − δ2 
t 

6 

∇ 

3 �(3) (13) 

t shows that the common error term of order O(δ2 
t ) done in 

olving lattice Boltzmann equation may induce an associated error 

erm on the continuity equation. The mass conservation law is not 

trictly satisfied by the lattice Boltzmann method, especially with 

on-uniform forcing terms. By adopting different expansion tech- 

iques, truncated errors of the continuity equation may have dif- 

erent expressions [23,31–35] . However, it does not affect the fol- 

owing analysis on effect of mass conservation in the hybrid lattice 

oltzmann methods. The corresponding effect of the deviation of 

ass conservation on energy conservation within the framework 

f hybrid lattice Boltzmann method is studied in the following sec- 

ions. 

. Evaluation of energy conservation equations in hybrid 

ompressible LBM 

In the hybrid lattice Boltzmann method, the density is obtained 

rom LBM. According to above analysis, the mass equation derived 

rom LBM is not strictly identical to the usual macroscopic equa- 

ion used in the Euler-Navier–Stokes framework. It can be written 

s: 

∂ρLB 

∂t 
+ ∇ · (ρu ) LB = ερ (14) 

here the subscript LB denotes macroscopic quantities computed 

rom the LBM kernel. On the contrary, the energy conservation 

quation which is solved by the FVM or FDM is the same as in

avier-Stokes equations, at least at the continuous level. In this 

ind of hybrid equation system, different solvers are used to solve 

ifferent equations with different conservation properties. Thus, 

he consistency between these different equations should be as- 

essed. The different forms of energy conservation equation asso- 

iated to the various possible macroscopic quantities (e.g, entropy, 

nternal energy and total energy) should also be addressed. In the 

ollowing, we will consider the conservative form of entropy, in- 

ernal energy and total energy equations within the framework of 

ybrid compressible LBM. Without loss of generality, the viscous 

erms of these equations are neglected to simplify the analysis. 

.1. Entropy equation 

In numerical simulation, the solution should obey the second 

aw of thermodynamic for entropy evolution. That is why there 

re lots of algorithms [36–42] based on controlling the entropy 

n a natural way to enforce both numerical stability and physical 

volution of the entropy at the same time. Thus, the conservative 
3 
ntropy equation is considered first. At this point, it is worth not- 

ng that we are referring here to the physical entropy derived from 

he thermodynamic theory, not to a mathematical pseudo-entropy 

unction, as done in many work devoted to the derivation of stabi- 

ized numerical methods. 

When using the conservative form in the hybrid method, the 

overning equations for density and entropy can be written as fol- 

ows: 

∂ρLB 

∂t 
+ ∇ · (ρu ) LB = ερ (15a) 

∂(ρs ) FV 

∂t 
+ ∇ · (s (ρu ) LB ) = 0 (15b) 

here the subscript FV is related to quantities computed using the 

inite Volume/Finite Difference method. The entropy of the sys- 

em can be calculated as s = (ρs ) FV /ρLB . Combining Eq. (15a) and

q. (15b) , the equivalent non-conservative entropy equation of this 

ystem is 

∂s 

∂t 
+ u · ∇s = −s 

ερ

ρ
. (16) 

In the above equation, the appearance of the spurious source 

erm −sερ/ρ between non-conservative form and conservative 

orm indicates that this hybrid equation system may generate spu- 

ious entropy source/sink. Thus, the entropy equation in the con- 

ervative form is not compatible with the mass and momentum 

quations obtained from the LBM kernel. 

It is clear that to recover a non-conservative entropy equation 

ithout error source term one needs a conservative entropy equa- 

ion and a strictly conserved mass equation. To this end, an ap- 

ropriate way to update the entropy could be to compute it as 

 = (ρs ) FV /ρFV , where ρFV denotes density obtained by solving the 

ass conservation equation by a classical conservative Finite Vol- 

me method. Following this approach, an additional mass conser- 

ation equation should be solved by FVM to get the ρFV , leading 

o the following consistent equation set 

∂ρLB 

∂t 
+ ∇ · (ρu ) LB = ερ (17a) 

∂(ρs ) FV 

∂t 
+ ∇ · (s (ρu ) LB ) = 0 (17b) 

∂ρFV 

∂t 
+ ∇ · ((ρu ) LB ) = 0 (17c) 

Here, the density obtained from the FVM, ρFV , is only used to 

pdate the entropy s . The momentum ρu is computed using the 

BM kernel, i.e. ρu = (ρu ) LB in all equations. 

Due to the fact that the mass equation in the hybrid method 

s not strictly conserved, the classical conservative entropy equa- 

ion is not fully consistent in this hybrid system, since a error term 

rises from the convection term. 

A new form of entropy equation is needed to get a consistent 

ybrid equation system. The conservative entropy equation taking 

nto account the consistency error source term is: 

∂(ρs ) FV 

∂t 
+ ∇ · (s (ρu ) LB ) = ερs (18) 

ith ερs = sερ for the sake of consistency. According to Eq. (15a) , 

ne has 

∂(ρs ) FV 

∂t 
+ ∇ · (s (ρu ) LB ) = s 

[
∂ρLB 

∂t 
+ ∇ · (ρu ) LB 

]
(19) 

Simplifying the above equation, the following form of the con- 

istent entropy equation can be written as 

∂(ρs ) FV + (ρu ) LB · ∇s = s 
∂ρLB 

(20) 
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In this hybrid method, before solving Eq. (20) , 
∂ρLB 
∂t 

has already 

een obtained from LBM. Thus, the only problem would be how to 

eal with s in the right hand side of the above equation. Using the 

rst-order Euler scheme in temporal integral, the above equation 

an be written as 

(ρs ) (n ) 
FV 

− (ρs ) (n −1) 
FV 

�t 
+ (ρu ) (n ) 

LB 
· ∇s = s ∗

∂ρLB 

∂t 
(21) 

It can be proved that the above equation is identical to the one 

btained when discretizing the non-conservative entropy equation 

ith the first-order Euler scheme when taking s ∗ = s (n ) , leading to 

n implicit problem. The non-conservative entropy equation has 

een observed to be very robust and accurate [4,5,25] . In order 

o further validate the idea of adding a source term in the con- 

ervative entropy equation while keeping a fully explicit method, 

 

∗ = s (n −1) will be used in the following. 

.2. Internal energy equation 

Hybridizing the conservative internal energy equation with the 

BM kernel for mass and momentum conservation, the following 

et of equations is obtained for perfect gas : 

∂ρLB 

∂t 
+ ∇ · (ρu ) LB = ερ (22a) 

∂(ρe ) FV 

∂t 
+ ∇ · (e (ρu ) LB ) + p∇ · (u ) LB = 0 (22b) 

here the internal energy is computed as e = (ρe ) FV /ρLB , and the

ressure p is computed using the perfect gas equation of state, 

.e. p = ρLB e (γ − 1) = (ρe ) FV (γ − 1) . As shown in [43] , the entropy

volution equation can be recast using the Gibbs equation as 

∂ρs 

∂t 
+ ∇ · (ρu s ) 

= 

1 

T 

[
(sT − e − p 

ρ
)( 

∂ρ

∂t 
+ ∇ · (ρu ))+ 

∂ρe 

∂t 
+∇ · (ρu e )+p∇ · u 

]

(23) 

Therefore, the equivalent entropy equation associated with the 

bove system based on the internal energy is 

∂(ρs ) FV 

∂t 
+ ∇ · (s (ρu ) LB ) = ερs = sερ − 1 

T 
(e + 

p 

ρ
) ερ � = sερ (24)

As mentioned above, the source term ερs should be equal to 

ερ . Otherwise, spurious entropy source/sink terms may arise in 

his system. Thus, the conservative internal energy equation is not 

onsistent with LBM. 

In order to meet the condition ερs = sερ, a correction source 

erm should be added to conservative internal energy equation, 

ielding 

∂(ρe ) FV 

∂t 
+ ∇ · (e (ρu ) LB ) + p∇ · (u ) LB = ερe = (e + 

p 

ρ
) ερ (25)

To simplify the above equation, the divergence term ∇ · u can 

e reconstructed as ∇ · u = [ ∇ · (ρu ) − u · ∇ρ] /ρ . Combining the

q. (15a) and Eq. (25) , a new form of internal energy equation 

hich is consistent with the LBM can be derived as 

∂(ρe ) FV 

∂t 
+ ργ −1 

LB 
(ρu ) LB · ∇(e/ργ −1 

LB 
) = γ e 

∂ρLB 

∂t 
(26) 

For solving the above equation, the internal energy e appear- 

ng in the right-hand-side will be treated explicitly e = e n −1 in the 

ollowing. 

Eq. (26) can also be written in a non-conservative form as: 

∂e 

∂t 
+ ργ −1 u · ∇(e/ργ −1 ) = (γ − 1) 

e 

ρ

∂ρLB 

∂t 
(27) 
4 
By adding an additional mass conservation equation to the 

bove equation, a consistent set of equations which is similar to 

q. (17) can be obtained: 

∂ρLB 

∂t 
+ ∇ · (ρu ) LB = ερ (28a) 

∂(ρe ) FV 

∂t 
+ ργ −1 

LB 
∇ · ((ρu ) LB e/ργ −1 ) = (γ − 1) e 

∂ρLB 

∂t 
(28b) 

∂ρFV 

∂t 
+ ∇ · ((ρu ) LB ) = 0 (28c) 

In the above system, the density obtained from the FVM is only 

sed to update the internal energy e = (ρe ) FV /ρFV . The momentum 

u is computed by using the LBM kernel in all terms, i.e. ρu = 

ρu ) LB . 

.3. Total energy equation 

In the hybrid method, the goal of solving the energy conserva- 

ion equation is to compute the temperature. If the energy equa- 

ion is written in terms of entropy or internal energy, the temper- 

ture can be calculated by using density and entropy or by density 

nd internal energy. However, the situation is different when solv- 

ng the total energy equation. In this case, the temperature should 

e updated as T = [(ρE) FV − 1 
2 (ρk ) LB ] / (c v ρLB ) , where k = ‖ u ‖ 2 / 2 .

t can be observed that the temperature is directly related to the 

ensity, velocity and total energy at the same time step. Thus, this 

ase is much more complicated than one using and discretizing 

ntropy or internal energy equation. The kinetic energy equation 

hich has been determined by the LBM is also involved in the to- 

al energy equation. As mentioned above, the mass equation recov- 

red by the LBM is not strictly conserved. In a similar way, it can 

e very straightforwardly seen that the momentum equation ob- 

ained from the LBM is also not strictly conserved. Thus, the hybrid 

quation system including a conservative total energy equation can 

e written as follows 

∂ρLB 

∂t 
+ ∇ · (ρu ) LB = ερ (29a) 

∂(ρu ) LB 

∂t 
+ ∇ · (ρuu ) LB + (∇p) LB = ερu (29b) 

∂(ρE) FV 

∂t 
+ ∇ · ((ρu ) LB H) = 0 (29c) 

here E = e + k and H = E + p/ρ . As in the previous cases, the mo-

entum is computed using the LBM kernel, i.e. ρu = (ρu ) LB and 

ρuu ) LB = (ρu ) LB (ρu ) LB /ρLB . 

As the mass and momentum equations are not strictly con- 

erved, the associated evolution equation for kinetic energy with 

n error source term is 

∂ρk 

∂t 
+ ∇ · (ρu k ) + u · ∇p = ερk = u · ερu − kερ (30) 

Following Eq. (23) , the equivalent entropy equation of this sys- 

em can be recast as 

∂ρs 

∂t 
+ ∇ · (ρu s ) = 

1 

T 

[ 
(sT − H + k )( 

∂ρ

∂t 
+ ∇ · (ρu )) 

+ 

∂ρE 

∂t 
+ ∇ · (ρu H) − ∂ρk 

∂t 

−∇ · (ρu k ) − u · ∇p 

] 
(31) 

The source term of this entropy equation is 

ρs = sερ − 1 

T 

[ 
(H − k ) ερ + ερk 

] 
� = sερ (32) 
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Therefore, the conservative total energy equation is also not 

onsistent with the LBM kernel for mass and momentum conser- 

ation. In order to remove the additional source term in the equiv- 

lent entropy equation, the consistent total energy equation should 

e rewritten in the following form 

∂(ρE) FV 

∂t 
+ ∇ · ((ρu ) LB H) = ερE = Hερ + ερk − kερ (33) 

It can be found that the source term of total energy equation 

ρE is not only related to the error term of mass equation ερ but 

lso to the error terms arising in the kinetic energy equation ερk . 

s a consequence, it’s very difficult to establish a consistent system 

or total energy. This issue can be simplified by neglecting the er- 

or terms ερk : doing that, the source term ερE can be evaluated 

ith the help of additional mass conservation equation, leading 

o 

∂ρFV 

∂t 
+ ∇ · ((ρu ) LB ) = 0 

∂(ρE) FV 

∂t 
+ ∇ · ((ρu ) LB H) = γ e (ρLB − ρFV ) (34) 

Comparing this simplified total energy equation with the 

q. (29) , it is seen that the error term of mass equation is taken

nto account in the above equation. Therefore, it is better than the 

riginal conservative total energy equation, since it is partially cor- 

ected. 

Since Eq. (34) is not fully consistent with the LBM, the error 

erm ερk needs to be expressed to recover a fully consistent to- 

al energy equation. Following the above idea of solving additional 

quation, the additional mass and momentum conservation equa- 

ions solved by the FVM are both required here to recover the er- 

or terms ερ and ερu . However, there is no interest for using the 

ybrid method since the density, velocity and temperature can be 

ll obtained from the FVM. For the sole sake of theoretical inves- 

igation of the consistency errors, when using the mass and mo- 

entum equations given in Eq. (29) to recover the error terms, 

ne can get the following equation by substituting ερ and ερu into 

q. (33) : 

∂(ρE) FV 

∂t 
+ ργ −1 

LB 
(ρu ) LB · ∇(e/ργ −1 ) 

= γ e 
∂ρLB 

∂t 
+ u · ∂(ρu ) LB 

∂t 
− k 

∂ρLB 

∂t 
(35) 

s ∂ρk 
∂t 

= u 

∂ρu 
∂t 

− k ∂ρ
∂t 

, It can be proved that the above equation is

dentically equal to the consistent internal energy Eq. (26) . 

. Numerical experiments: results and discussion 

In the above section, the consistency between the energy con- 

ervation equations and the LBM has been addressed. It can be 

ound theoretically that the conservative forms of entropy, inter- 

al energy and total energy equation could induce spurious en- 

ropy sink/source terms. In order to reduce these erroneous en- 

ropy terms, some correction terms have been proposed to recover 

onsistent energy equations based on entropy and internal energy. 

In the following, these theoretical analyses and corrected equa- 

ions will be assessed in several numerical simulations by using 

he hybrid recursive regularized lattice Boltzmann method (HRR- 

BM). In the HRR-LBM, the second-order off-equilibrium moment 

an be calculated as A 

(1 , HRR ) 
αβ

= σA 

(1) 
αβ

+ (1 − σ ) A 

(1 , FD ) 
αβ

. σ ∈ [ 0 , 1 ]

s an arbitrary weighting coefficient. A 

(1 , FD ) 
αβ

is estimated by its 

hapman-Enskog solution which is approximated by a second- 

rder finite-difference scheme. The details of the HRR-LBM can be 

ound in [5,25,44] . In the simulations, the inviscid flows are treated 

s flows with vanishing viscosity, i.e. taking μ = 10 −15 . 
5 
The results obtained using the consistent equation sets 

q. (17) and Eq. (28) will be denoted by (ρs ) c and (ρe ) c , respec-

ively. The notations (ρs ) ∗ and (ρe ) ∗ are related to results ob- 

ained using the corrected consistent energy equations given in 

q. (20) and Eq. (26) . The original conservative, uncorrected and 

nconsistent forms of entropy, internal energy and total energy 

quations will be displayed as (ρs ) o , (ρe ) o and (ρE) o . The results

btained using the partially corrected Eq. (34) will be plotted as 

ρE) nc . The summary of these equations is presented in Table 2 . 

.1. Isentropic vortex convection 

The problem of inviscid isentropic vortex convection is investi- 

ated using the different ener gy conservation equations discussed 

bove. The size of the computational domain is [0 , 10] × [0 , 10] .

he free-stream parameters are ρ∞ 

= 1 , v ∞ 

= 0 , p ∞ 

= 1 , u ∞ 

=
a ∞ 

√ 

γ p ∞ 

/ρ∞ 

. Here, two cases are considered with Ma ∞ 

= 0 

stationary vortex) and Ma ∞ 

= 0 . 845 (vortex advected by a uni- 

orm base flow), respectively. Initially, the following disturbance is 

dded to the above free-stream: 

= 

[
1 − ( γ − 1 ) b 2 

8 γπ2 
e 1 −r 2 

] 1 
γ −1 

, p = ργ , (36) 

 = u ∞ 

− b 

2 π
e 

1 
2 ( 1 −r 2 ) ( y − y c ) , (37) 

 = v ∞ 

+ 

b 

2 π
e 

1 
2 ( 1 −r 2 ) ( x − x c ) . (38) 

here b = 0 . 5 , x c = 5 , y c = 5 and r = 

[
(x − x c ) 

2 + (y − y c ) 
2 
]1 / 2 

. The

RR weighting parameter is set to σ = 0 . 5 . In all simulations, the

rid size is δx = 0 . 05 and time step is δt = 0 . 01 . In all directions,

eriodic boundary conditions are implemented. Thus, this test case 

s a very appropriate one to check if the energy conservation equa- 

ion which is hybridized with LBM can induce spurious entropy 

ources/sinks. 

Fig. 1 shows the density fields obtained using the different en- 

rgy equations at Ma ∞ 

= 0 . It can be observed that the conserva-

ive forms of total energy and internal energy are quite unstable 

e.g., total energy is displayed). The result in Fig. 1 (b) is totally pol- 

uted at time t = 5 . For the conservative entropy equation, we can 

et the stable result at time t = 500 ( Fig. 1 (f)). However, this re-

ult is not correct compared with the analytical solution. By using 

he consistent and corrected energy equations, stable and satisfac- 

ory results are obtained in Fig. 1 (d)(e)(g)(h) at t = 500 . For the

artially corrected total energy Eq. (34) , as mentioned above, the 

rror terms of kinetic energy equation ερk is not balanced. From 

q. (30) , it can be found that the value of ερk is related to u . In

his test case, since Ma ∞ 

= 0 , ερk is very small. Thus, we still get

he stable and reliable results at t = 500 for Ma ∞ 

= 0 . 

For the sake of a quantitative measure of the quality of the so- 

utions, the time evolution of L 2 errors are plotted in Fig. 2 . The L 2 
rror is defined as 

 2 = 

√ ∫ 
A (φ − φexact ) 2 dxdy 

A 

(39) 

here A is the area of the computational domain. It is observed 

hat the L 2 errors of non-corrected conservative forms of total en- 

rgy and internal energy are out of control after a very short time. 

or the conservative entropy equation, the L 2 errors are stable and 

ounded, but the observed values are quite large. For the corrected 

nd consistent energy equations, following the theoretical analy- 

is, the L 2 errors are very small. The L 2 errors of the partially cor- 

ected total energy equation are much smaller than those by origi- 

al conservative total energy equation. However, as ερk is not equal 



Table 2 

Summarizing of formulation of energy equation. 

notation mass momentum energy 

formulation of energy 

equation 

entropy original (ρs ) o LB LB FV (15b) 

consistent (ρs ) c LB LB FV (17) 

corrected (ρs ) ∗ LB LB FV (20) 

internal 

energy 

original (ρe ) o LB LB FV (22b) 

consistent (ρe ) c LB LB FV (28) 

corrected (ρe ) ∗ LB LB FV (26) 

total 

energy 

original (ρE) o LB LB FV (29c) 

corrected (ρE) nc LB LB FV (34) 

Fig. 1. Density fields. The contours are from 0.993 to 0.999 with 30 levels. 

Fig. 2. The L 2 error of Ma ∞ = 0 . 
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t

o zero, the entropy L 2 error in this case is larger than those of

he corrected and consistent energy equations. For further compar- 

sons, the distributions of density and velocity on the mid-line at 

ime t = 500 are shown in Fig. 3 . It can be found that the den-

ity distribution of conservative entropy equation is totally wrong 

ompared with the exact solution. 

For the case with Ma ∞ 

= 0 . 845 , the L 2 errors are displayed in

ig. 4 . It can be observed that L 2 errors obtained by the conserva-

ive form of entropy and internal energy equation grow very fast. 

owever, the errors of the corrected and consistent equations are 

uite small even after 50 T . It should be noticed that the results

o

6 
f partially corrected total energy equation are not stable anymore 

s the error term ερk is not negligible at Ma ∞ 

= 0 . 845 . At t = 50 T ,

he distributions of density and velocity obtained by the corrected 

quations are plotted in Fig. 5 . It is found that these results are

uite close to the exact solutions. These results are in a very good 

greement with the theoretical analysis. 

.2. Taylor-Green vortex 

The inviscid compressible Taylor-Green vortex is widely used 

o test the robustness and accuracy of the various discretizations 

f convective terms in Navier–Stokes equations [39,40,45] . In this 



Fig. 3. The distributions of density and velocity on the mid-line at t = 500 ( Ma ∞ = 0 ). 

Fig. 4. The L 2 error of Ma ∞ = 0 . 845 . 

Fig. 5. The distributions of density and velocity on the mid-line at t = 50 T ( Ma ∞ = 0 . 845 ). 

t

z  

m

t

w

W

s

i

a

g

d

t

g

〈

o

v

r

est case, the computational domain is x ∈ [0 , 2 π ] × y ∈ [0 , 2 π ] ×
 ∈ [0 , 2 π ] . On the x, y and z directions of the computational do-

ain, the periodic boundary conditions are implemented. The ini- 

ial conditions are as follows: 

p 0 = p b + [( cos 2 x + cos 2 y )( cos 2 z + 2) − 2] / 16 

ρ0 = ρb , T 0 = p 0 /ρ0 , U b = Ma b 
√ 

γ p b /ρb 

u 0 = U b sin x cos y cos z, v 0 = −U b cos x sin y cos z 

 0 = 0 , p b = 100 , ρb = 1 , Ma b = 0 . 0845 (40) 

e use 32 3 grids to discretize the computational domain. The time 

tep δt is equal to 0.01. The final time is t = 50 . The parameter σ
n the HRR collision model is taken equal to 0.95. 
7 
The conservation properties of the formulations discussed 

bove are investigated by checking the conservation of physical 

lobal invariant quantities. In the limit of vanishing viscosity and 

iffusivity and in the absence of volumic source terms, the con- 

inuous equations are known to admit both linear and non linear 

lobal invariants in fully periodic domains [36,38,39,46] . 

Therefore, defining the integrated value 〈 φ〉 as 

 φ〉 = 

∫ 
V 

φ dxdydz , (41) 

ne can see that both 〈 ρφ〉 and 〈 ρφ2 〉 are time-independent in- 

ariant quantities, referred to as linear and quadratic invariants, 

espectively. The instantaneous spatial fluctuations around the in- 



Fig. 6. Time evolution of linear global inviscid invariants. 
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tantaneous spatially averaged mean value are measured consider- 

ng the r.m.s. estimator: 

 φ〉 r = (〈 φ〉 − 〈 φ0 〉 ) / 〈 φ0 〉 (42) 

The results of the linear and quadratic invariants obtained by 

ifferent hybrid equation systems are plotted in Fig. 6 and Fig. 7 , 

espectively. The summary of these results is shown in Table 3 . 

For the terms of numerical stability or instability, at least within 

he time integration interval. It can be found that among the vari- 

us forms of energy equations, only the original conservative equa- 

ions (ρe ) o and (ρE) o are unstable ( Fig. 6 (e)(f), Fig. 7 (a)(b)). 

For the conservative entropy equation, the total entropy ρs is 

onserved globally (see in Fig. 6 (e)). However, as mentioned above, 

n uncontrollable source term exists in the equivalent entropy 

quation ( Eq. (16) ) for the conservative entropy equation. Thus, in 
8 
ig. 6 (f), 〈 s 〉 r of conservative entropy is very large and unreason- 

ble. This situation can also be found in the results of 〈 ρs 2 〉 r and

 ρE 2 〉 r in Fig. 7 . These erroneous entropy productions/reductions 

lso induce erroneous results of 〈 ρE〉 r , 〈 ρk 〉 r and 〈 ρu 〉 . For the

on-fully consistent total energy equation, as Mach number of this 

roblem is small ( Ma b = 0 . 0845 ), it is consistent with the LBM. The

esults of (ρE) nc are stable and associated values kept in the small 

alues. 

For the consistent and corrected energy equations, all the re- 

ults are stable. It is worth to mention that the results of (ρs ) c 
nd (ρe ) c are better than those of (ρs ) ∗ and (ρe ) ∗. The reason

s that the convection part in (ρs ) c and (ρe ) c are written in the

onservative forms. Fig. 8 and 9 are the results of Q-criterion ob- 

ained using the different ener gy equations at time t = 4 and 8, 

espectively. It can be observed that the result of conservative en- 



Fig. 7. Time evolution of quadratic global inviscid invariants. 

Fig. 8. The isosurface of Q-criterion = 1 coloured with the kinetic energy at time t = 4 . 

Table 3 

Summarizing of the results obtained using different formulations of energy equation for inviscid Taylor-Green flow numerical simulations. 
⊙ 

numerically stable, conserved 

globally, conserved with less than 0.1% error; � numerically stable, bounded, with variations more than 0.1%; X numerically unstable. Refer to Table 2 for the definition 

of the various forms of the energy equations. 

Conserved variable 

ρ ρu ρs ρE s ρk ρs 2 ρE 2 

Formulation of energy 

equation 

(ρs ) o 
⊙ ⊙ ⊙ 

� � � 

⊙ 

� 

(ρe ) o X X X X X X X X 

(ρE) o X X X X X X X X 

(ρs ) c 
⊙ ⊙ ⊙ ⊙ ⊙ 

� 

⊙ ⊙ 

(ρe ) c 
⊙ ⊙ ⊙ ⊙ ⊙ 

� 

⊙ ⊙ 

(ρs ) ∗
⊙ ⊙ ⊙ 

� 

⊙ 

� 

⊙ 

� 

(ρe ) ∗
⊙ ⊙ ⊙ 

� 

⊙ 

� 

⊙ 

� 

(ρE) nc 

⊙ ⊙ ⊙ ⊙ ⊙ 

� 

⊙ ⊙ 

9 



Fig. 9. The isosurface of Q-criterion = 1 coloured with the kinetic energy at time t = 8 . 

Fig. 10. Radial and circumferential distributions of the sound pressure. 
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ropy equation is normal and similar with other results at t = 4 . 

owever, due to the erroneous entropy source term, this result is 

olluted and unreasonable at t = 8 . 

.3. Shock-vortex interaction 

As validated above, the inconsistency between mass, momen- 

um equations by the LBM and energy equations by the FVM could 

nduce erroneous entropy productions/reductions. Thus, we pro- 

osed the consistent and corrected energy equations (ρs ) c , (ρe ) c , 

ρs ) ∗ and (ρe ) ∗. Here, the shock-vortex interaction problem is 

sed to test the robustness and accuracy of these consistent energy 

quations on simulating both shock wave and vortex. In this test 

ase, the upstream Mach number of the stationary normal shock 

ave is M s = 1 . 2 . The Mach number of the vortex is M v = 0 . 25 .
10 
he initial density, pressure, tangential and radial velocities of the 

ortex are given as 

θ (r) = [1 − γ − 1 

2 

M 

2 
v r exp (1 − r 2 ) ] 

1 
γ −1 p(r ) = 

1 

γ
ργ (r ) . (43) 

 θ (r) = M v r exp [(1 − r 2 ) / 2] u r (r) = 0 . (44) 

here the distance from the vortex core r is non-dimensionalized 

y the vortex radius R = 1 , γ = 1 . 4 . The Reynolds number is Re =
00 which is defined as Re = ρR a R /μ. Here, the subscript R denotes 

he upstream of the shock wave. 

The computational domain is [-20, 8] ×[-12, 12]. Initially, the lo- 

ation of the vortex is (x, y ) v = (2 , 0) . The stationary normal shock

s specified at x = 0 . 1120 × 960 grids are used in this simulation

ith the time step δt = 0 . 00833 . 
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Fig. 10 shows the radial and circumferential distributions of 

he sound pressure �p. Here, the sound pressure is defined as 

p = (p − p L ) /p L . The subscript L denotes the downstream of the

hock wave. From the figure, it can be observed that all the results 

f the consistent energy equations are matched very well with the 

eference results [47] . These results indicate that the consistent en- 

rgy equations derived from above are robust and accurate. 

. Conclusions 

Based on the hybrid compressible lattice Boltzmann method, 

he consistency between energy conservation equations based on 

arious thermodynamics variables and lattice Boltzmann equation 

as been investigated. It is found from the theoretical analysis that 

he conservative forms of entropy, internal energy and total energy 

quations in the hybrid LBM-FVM for compressible flows could in- 

uce erroneous entropy productions/reductions. By applying the 

heoretical analysis, a set of corrected consistent energy equations 

n entropy and internal energy form is proposed to reduce the er- 

or terms and improve the consistency. The theoretical analysis and 

evised energy equations are evaluated by the numerical test cases. 

he numerical results show that the corrected and consistent en- 

rgy equations proposed in this paper have very good property in 

erms of robustness and accuracy in the framework of the hybrid 

attice Boltzmann method. From a more fundamental point of view, 

t is shown that the choice of the thermodynamic variable has a 

trong influence of the conservation of linear and nonlinear invari- 

nts in the inviscid limit. The results obtained on the compressible 

aylor-Green vortex show that hybrid LBM has very good preserva- 

ion properties when correction terms are used to recover consis- 

ency between the LBM kernel and the energy equation. 
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