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Abstract. The time-ordered exponential of a time-dependent matrix A(t) is defined as the
function of A(t) that solves the first-order system of coupled linear differential equations with
non-constant coefficients encoded in A(t). The authors recently proposed the first Lanczos-
like algorithm capable of evaluating this function. This algorithm relies on inverses of time-
dependent functions with respect to a non-commutative convolution-like product, denoted
*. Yet, the existence of such inverses, crucial to avoid algorithmic breakdowns, still needed
to be proved. Here we constructively prove that x-inverses exist for all non-identically null,
smooth, separable functions of two variables. As a corollary, we partially solve the Green’s
function inverse problem which, given a distribution G, asks for the differential operator
whose fundamental solution is G. Our results are abundantly illustrated by examples.
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1. INTRODUCTION: TIME-ORDERED EXPONENTIAL AND %-LANCZOS ALGORITHM

1.1. Context. Consider the N x N matrix A(t') depending on the real-time variable
t' € I C R. The time-ordered exponential of A(t') is defined as the unique solution
U(t',t) of the system of coupled linear differential equations with non-constant coef-
ficients

(1.1) AU t) = %U(t’,t), U(t,t) =1Id, for all t € I,

with ¢ < ¢/ € I and Id the identity matrix. Under the assumption that A com-
mutes with itself at all times, i.e., A(m1)A(72) — A(m2)A(m1) = O for all 7,75 €
I, then the time-ordered exponential is an ordinary matrix exponential U(¢',t) =
exp ( j;t/ A(T) dT). In general, however, U has no known explicit form in terms of A.

Applications can be found in a wide variety of fields, in particular, in open quantum
system problems (e.g., [20]) and in quantum chemistry via magnetic resonance meth-
ods (e.g., [16]). Further applications come from the solution of differential Lyapunov
and Riccati matrix equations, which appear in control theory, filter design, and model
reduction problems [19] 13} [} 2 []. In spite of its widespread applications through-
out physics, mathematics, and engineering, the time-ordered exponential function
is still very challenging to calculate. Recently P.-L. G. and S. P. proposed the first
Lanczos-like algorithm [§] capable of evaluating w” U(#', t)v for any two vectors w, v
with wv = 1, where w” is the Hermitian transpose of w. The algorithm inherently
relies on a non-commutative convolution-like product, denoted by *, between time-
dependent functions and necessitates the calculation of inverses with respect to this
product. The purpose of the present contribution is to constructively establish the
existence of these inverses. More generally, these results answer the Green’s function
inverse problem: namely, given a function G of two variables, what is the differential
operator whose fundamental solution is G7 Here, our results are valid even when
the function G is a smooth and separable function of two variables G(¢',t) rather
than depending solely on ¢’ — ¢; a simpler case for which the *-product reduces to a
convolution and the solution is obtained from standard Fourier analysis.

Before these results can be presented, we recall the definition and properties of
the product utilized.

1.2. *-Product. Let t and ¢’ be time variables in an interval I C R. We define D(T)
as the class of the distributions (generalized functions) which are linear superpositions
of Dirac delta derivatives and Heaviside theta functions with smooth coefficients over
an interval I2. That is, d € D(I) if and only if d is a distribution that can be written



as

N

(1.2) d(t',t) = d(t', )0t —t) + > di(t',t)6D (' — 1),

=0

where N € N is finite, O(-) stands for the Heaviside theta function (with the con-
vention ©(0) = 1), and §()(-) is the ith derivative of the Dirac delta distribution
§ = 6. Here and from now on, a tilde over a function (e.g., d(#,t)) indicates that
it is an ordinary function smooth in both ¢’ € I and ¢ € I.

We can endow the class D(I) with a non-commutative algebraic structure upon
defining a product between its elements. Let f1(¢',t), fo(¢',t) € D(I) . We define the
convolution-like * product between f1(¢',t) and fo(t',t) as

(1.3) (f2 * fl)(t',t) = /:’0 fo(t',7) fi(r,t)dr

From this definition, we find the identity element with respect to the *-product to
be the Dirac delta distribution, 1, := §(¢ — t). Observe that the x-product is not,
in general, a convolution but may be so when both f1(¢,t) and f2(t',t) depend only
on the difference t' — t.

As a case of special interest for the x-Lanczos algorithm, consider the situation
where f1(t',t) := fi(t,1)Ot —t) and fo(t',t) := fo(t',t)O(t' —t), where O(-) stands
for the Heaviside theta function (with the convention ©(0) = 1). Then the *-product
between f1, fo simplifies to

(fox fi)(t 1) = /jo F(t' 1) fi(r )0t = 7)O(r — t)dr,

=0 —t) / fo (8, 7) fr (7, t) dr,

which makes calculations involving such functions easier to carry out.

The *-product extends directly to time-dependent matrices in the following way.
Consider N x N time-dependent matrices A(t',t), B(¢',t) whose components are el-
ements in D(I), then

N oo
(B*A Z Bik * Ax;)(t',t) :/ (B(t’,T)A('r,t))ide.

k=1 >

For any integer k£ > 1, we can also define recursively the kth *-power of A as

A 1) = AW ) F D s A 1) = A, 1) « At £)*F—D)



where we use the convention A(t',¢)*® := Id 1,,, with Id the standard identity matrix.
The *-product is also well defined for functions that depend on less than two-time
variables. Indeed, consider a distribution f3(¢') € D, then

+oo
(fs*f1)(tl7f):f3(t/)/_ fi(r,t)dr,
+o0 -
(f1 * f3)(t',t) = /_ [, 7) f3(7)dr.

with f1(¢',t) € D(I). Hence the time variable of f5(¢') is treated as the left time
variable of a doubly time-dependent distribution. This observation extends straight-
forwardly to constant functions.

1.3. *-Lanczos algorithm. As shown in [7], if A(#') is a time-dependent matrix
with bounded entries for every t' € I, then the related time-ordered exponential
U(#',t) can be expressed as

t/

(1.4) Ui, t) =0 —t)/ R«(A)(7,t) dr.
t

Here R, is the x-resolvent, defined as

R.(A) := (Id1, —A)""",

=ld1, + > A,

k>0

which converges provided every entry of A is bounded for all t/,¢ € I (see [7]).

Now we can recall the results [§] pertaining to the time-ordered-exponential. Let
A(t',t) := A(t")O(t' —t) with A(#) a N x N time-dependent matrix. The %-Lanczos
algorithm of Table [1| is a *-biorthogonalization process of time-dependent Krylov
subspaces. In this time-dependent framework, it represents a counterpart of the
(classical) non-Hermitian Lanczos algorithm, refer to [2I] 1T, 14]. The x-Lanczos
algorithm produces a sequence of tridiagonal matrices T,, 1 <n < N, of the form

(7)) 1*
(1.5) T, = | @
L.
Brn-1 Qn_1

and such that the matching moment property is achieved:



Input: A complex time-dependent matrix A, and complex vectors v, w such
that wfv = 1.
Output: Coefficients g, -+, an—1 and By, - - - , Bn—1 defining the matrix T,

of Eq. (1.5) which satisfies Eq. (1.6]).

Initialize: v_1 =w_1 =0, vg = v 14, wéq =wh1

.
ap = wiAv,
wi = wHA - apw?,
'/U\l =Av—w Qo,
Bl _ ’U)HA*Z’U _ a82’
If B is not *-invertible, then stop, otherwise,

= *—1
V1 =0, *51 )

Forn=2,...
Qp_1 = wfil * Axv,_1,
wl =wl  xA—a, 15wl | -6, 1 xwl
,En =Ax Un—-1—Upn-1*Qp_1 — Up_2,
ﬂn = wnH * A x Un-1,
If 3,, is not *-invertible, then stop, otherwise,
Up = ,En * ﬂ:;_lv

end.

TABLE 1. The *Lanczos Algorithm of [g].
Theorem 1.1 ([8]). Let A,w,v and T,, be as described above, then
(1.6) wl (A v =ell (TH) ey, for j=0,....2n—1.

Note that Theorem and its application to the approximation of the time-ordered
exponential are analogous to the results and techniques for (time-independent) ma-
trix function approximation in [10, [11].

In particular, for n = N, we have the exact expression

tl
wiU(t  t)v = 0t — t)/ Ro(Tn)11(7,t)dr,
t



while for n < N, the right-hand side yields an approximation to the time-ordered
exponential. The method of path-sum [7] then gives explicitly

*—1 *—1
(17) R*(Tn)171(t/7t) = (1* — Qo — (1* — Q1] — (1* — ...)*_1 * 62) * ﬂl)

The «; and 8; appearing in the T,, matrices are produced by the *-Lanczos procedure
through recurrence relations. A crucial step in the algorithm is the *-inversion of the
Bj, i.e, the calculation of a distribution ﬂ;_l such that ,B;-‘_l * B = B * B;_l = 1,.
The paper [8] assumed the existence of such *-inverses. However, if a ﬂ;_l fails to
exist, then the algorithm suffers a breakdown.

Here we show that the s-inverse f*~! of a function f(t',t) = f(t/,t)©(t' —t) can
be obtained when f is smooth, not identically null, and separable (see definition in
. Note that here and later, the existence of a x-inverse means that it exists almost
everywhere in I X I. These results are further developed in [9], where, under the
assumption that 3; is not identically null for j = 1,...,n, we proved that if all the
entries of A(t') are smooth functions of ¢/, then

ot 1) =a; (', )0t —t), Bi(t',t) =5t )0 —t), j=1,...,n.

Hence a breakdown is only possible when f; is identically null for some j.

The rest of this article is organized as follows: in §2| we begin by recalling necessary
definitions and properties of separable functions and distributions. In we give
the x-inverses of functions of a single variable. We then proceed in §2.2| with the
x-inverses of all functions that are polynomials in at least one variable. Encouraged
by the method underlying these results, in we generalize it to construct the
s-inverse of any piecewise smooth separable function and of any distribution in a
particular class.

Finally, in §3] we present the relation between our results and the Green’s function
inverse problem.

2. EXISTENCE AND MATHEMATICAL EXPRESSION OF *-INVERSES

The calculation of *-inverses of functions f(¢',t) carries the gist of the difficulty
inherent in obtaining explicit expressions for time-ordered exponentials. In general,
given an arbitrary ordinary function f(#,¢) and barring any further assumption, the
s-inverse of f(t',t) = f(',t)O(t' — t) cannot be given explicitly In this section, we
show that the *-inverse f*~! is indeed accessible from the solution of an ordinary

IPractical numerical questions pertaining to the behavior of *-inverses under time discretization

will be discussed in detail elsewhere. As observed in [§], a time-discretized #-inverse is always
computable using an ordinary matrix inverse.



linear differential equation provided that f(#',t) is a separable function that is smooth
in t,t' and not identically null. A function f(¢,t) is separable if and only if there
exist ordinary functions a; and Bz with

We begin by recalling important properties of the Dirac delta distribution and
its derivatives 6¢). The Dirac delta derivatives are characterized by the relation
expounded by Schwartz [22], [~ 6 (q)f(q)dg = (—1)7 f9)(0). From this we get
that s-multiplication by 6() acts as a derivative operator

(5(3') *f)(tlvt) :/ 5(j)(t'77)f(7'at) dr,

— 00

:_/’5@mWW—%w@,
i
= (*UJ@JCW - Q7t)|q:07

= f(j’O) (t/7 t)a

while we have f * §0) = (=1)7 (9, The notation fU*) (7, p) stands for the jth
t’-derivative and kth t-derivative of f(t',t) evaluated at ¢’ = 7,t = p. From now on,
we omit the ¢ — ¢t arguments of the Heaviside © functions and Dirac deltas when
necessary to alleviate the equations.

For functions of the form f(¢',t) = f(t,¢)O(t' — t), the derivatives resulting from
the *-action of §) are taken in the sense of distributions:

(2.1a)
W x (' 1) = fUOH )0 + FUTLO(E )5 4 -+ f(t, 1)U,
(2.1b)
F(t 1) %09 = (=1)7 (f(o’j)(t',t)Q — fOITDE )54+ (—1)-7f(t',t’)5(j_1)> ;

see [22, Chapter 2, § 2]. Finally, we note the following identities between distributions
for j >0

t')

(s — 1) = (=1 (Fs(t — 1),
(2.2b) F()sD ¢ —

(1) = (F(tho( — 1)V,

where f is an ordinary function.



2.1. Functions of a single time variable. The x-inverse of functions of a single
time variable times a Heaviside function are easy to find explicitly:

Proposition 2.1. Let a(t',t) = a(t')O(t' —t) and b(t',t) := b(t)O(t' —t) so that
a and b are differentiable, and not identically null over I. Then
0 ot —1)

a Mt = — ——2L, b, t) =

oot —1t)
ot a(t') ot ‘

Ot b(t)

Proof. Since a(t') is an ordinary function and a(t',t) = a(t')0(t' —t), Egs. (2.1)) and
[22] Chapter 2, § 2] give

(ax &) (', t) =a(t)s(t —1),

as OOV (¢ —t) = —§(t'—t). We deduce that a*~L(',t) = & (' —t)*(@(t')s(t' — )" "
The *-inverse of a(t')d(t' — t) is the solution x(¢',t) of the equation a(t')é(t' —t) *
z(t',t) =0(t' —t), i.e., x(t',t) =6(t' —t)/a(t'), from which we get the expression

St —t)

a* W) =8t —t) % )

An analogous proof yields the inverse b*~!. O

Proposition is particularly useful to determine the x-inverse of products of
functions of a single time variable such as those of [8]. We give two detailed examples
of this below:

Exzample 2.1. Let us determine the x-inverse of (t' —t)©. To this end, we remark
that (' —t)© = © * © and thus

(t' —1)e) ' = (0t x0* 1)

Since ©® = 1 x O, the *-inverse of © is immediately provided by Proposition |2.1] as
©*~1 =§'. Then ©*~! x ©*~1 = §” whose *-action on a test function f(t',t) is

(O w0k ) (', t) = A1),

Exzample 2.2. Let us find the left and right actions of the x-inverse of S(t',t) :=
2(sin(t) —sin(t)) 4+ (¢’ —t) on test functions. We note that 3 = by x by with by(t') =



O(t' —t) and by (t') = 2(cos(t') +1)O(t' —t). Hence by Proposition[2.} the left action
of the inverse on a test function f(t',t) is

ot' | 2(cos(t') + 1) ot
B sin(t’) 9 1) 1 0?
~ 2(cos(t) +1)20¢7 2(cos(t') + 1) 0t?

Bl f=by by f = 2 [1 9 (tﬁt)] ,

f(E1),

and its right action is

*—1 _ *—1 *—1 _ g 1 g /
f*ﬂ l_f*bl *bQ - at |:2(COS(t)+1) atf(tat)] )
_ sin(t) 9 W) + 1 0?

2(cos(t) + 1)2 Ot (o) £ 1) a2 1)

2.2. x-inverses of polynomials. The method employed in the proof of Proposi-
tion [2.1| relying on differential equations generalizes straightforwardly to polynomials
in at least one time variable, here taken to be ¢'. An analogous result can be given
for functions that are polynomials in ¢.

Proposition 2.2. Let p(t',t) = p(t',t)O(t' —t) be so that p(t',t) is a polynomial
of degree k > 1 in t’ and is smooth in t. If p(t,t) is not identically null over I, then

p(t/,t)*fl — Ji(t/,t) * 6(k+1)(t/ _ t),

where x(t',t) = (t',t)O(t' — t) is the solution of the linear homogeneous ordinary
differential equation in t

(k J:0) (t, )& (O’j)(t',t) =0,

Mx-

]:0

with the boundary conditions

~(0,k—1) t’ tl _ (_1)]671 ~(0,k—2) t/ t’ =0 ~ t/ t/ -0
T (a)—wax (tt')=0, ..., 2({t,t') =0.

Proof. Observe that p(t’,t) is a piecewise smooth function, and, as a function of ¢,
it has a discontinuity located at ¢ = ¢. Since furthermore, p(t',t) is of degree k in

t', Eq. (2.1) gives

(85D s p) (t, 1) Z*’“ IO, )69 (¢ —t).



Hence p(t',t)*~" = z(t',t) x 6+ (#' — t), where x(t',t) is the distribution satisfying

k
(2.3) ot 1)« | Y pFI0, )0 — 1) | =t —1).

Jj=0

Now let us assume that the solution z(t',t) takes the form x(t',t) = Z(¢', )0t —t)
with Z(¢,t) a smooth function of ¢. Then we get, for j =0,...,k,

ot )+ p* 0 (8,1)6Y) =
j—1
P20 (¢ 1)(—1) (i(o’j)(t’,t)@ +) (=) a0 t')(s(‘)) :
£=0

Thus Eq. (2.3)) can be rewritten as the system:

k
DRI nE I () = 0,

(—1 IO, )F 0TV ) = 1,

= o

(_1)1'—2]'5(/6—]%0) (t, t)f(o,j—Q) (t/, ') =0,
j=2

p(t, )z (', t") = 0.

As p(t,t) is not identically null, the last k& — 1 equations imply &7 (#',#') = 0 for
j=0,...,k—2. Moreover, since by Eq. we have p(t,t)d(t' —t) = p(t', t")o(t' —t),
the second equation becomes (—1)*=15(¢',#)#(0+=1 (' #') = 1. Since the set of zeros
of p(t',t’) is made of isolated points, the ordinary differential equation above has a
solution almost everywhere (more precisely, &(t',t) is defined for ¢/,¢t € I\ {7 :
p(7,7) = 0}). Thus assuming z(t',t) to be of the form Z(¢',t)©(t' —t) with & smooth
in t is a consistent choice, which concludes the proof. O

Remark 2.1. If p(t,t) is identically null over I, then
8t —t)yxp(t' t) = pLO O —t),

/

since p Is continuous at t' = t. Hence we can apply Proposition to p(LO (¢, )0 (' —
t). In the further case in which all ) (t,t) = 0 are identically null for j = 0,...,k—1
and p¥)(t,t) is a constant «, the x-inverse is obtained noting that

SFED W — ) s p(t',t) = ad(t’ —t).

10



These considerations show that the condition p(t,t) # 0 is not necessary for p* =1 (¢, t)
to exist. Rather the condition is that p(t',t) itself must not be identically zero.

Exzample 2.3. Let us determine the x-inverse of the polynomial p(t',t) := (t' —
2t)O(t' — t). Following Proposition we have p(t',t)*~1 = x(t',t) x 8", where
x(t',t) = Z(¢',t)O and Z(t',t) solves

(1) + 2OV 1) =0, (') = — 5

This gives Z(t',t) = —1/t and thus

1 2 1 1
p(tct)’kil = <t®) * (S// = 7;?’@ — t72§ — P(S/

We can now verify that this works as expected

p(' ) L xp(t',t) = — (1@) #0" % (1 —2t)0 = — (1@) w (' —26)0) ™7,

(1) 6= ——to (5o ).

t
36:(5,

where the last equality follows by virtue of Eq. . Now

~1
p(t' t) xp(t' )"t = (t' —2t)O % (t(a) 0",

00" = (C12( ~18) ",

A technique similar to the one used in the proof of Proposition [2.2] can be applied
to a more general class of functions. For instance, whenever differentiating leads to
an expression like

§® s f(t 1) = h(t) F(t, 1) + g(t', 1),

the expression can be rewritten as
(6% — h(t)5) * f(t',1) = g(t',1).

Then we can go on with a further combination of differentiations until there is no
Heaviside function left on the right-hand side of the above equality. In particular,
such a technique can be used when dealing with commonly encountered exponential

or trigonometric functions.

11



2.3. x-inverses of piecewise smooth separable functions. The strategy used
in the proof of Proposition [2.1] can be extended to give *-inverses in the much more
general case of functions which are separable and piecewise smooth in both time
variables over the interval I.

Theorem 2.1. Consider a function f(t',t) := f(t',t)O(t'—t) with f(t',t) a smooth

function in I x I, and so that f(t,t) is not identically null. Assume that there

exists a distribution L(t',t) := Zf:é §;(t)0Y) € D(I), with §;(¥') smooth functions

depending only on t' and 41 # 0, such that
(2.4) L(t',t) = f(t',t) = 0.

Then, if k > 0, the x-inverse of f is

k

Frl =g 00+ ) im(t)s™),

m=0
with the separable smooth function

k+1

ffl(t/,t) = Z(_l)j:&§07j)(t/’t)7

Jj=0

and the smooth functions

k+1

Fmso(t) = > (=1gI M@ ),
j=m+1

where §;(t',t) := Z(t',t)g,;(t) and Z(t',t) is the solution of the linear homogeneous
ordinary differential equation in t

k
> b ()OI 1) = 0,
m=0

with boundary conditions

- —1
FOR=D (¢ 41y = — (hk(t’)> 2O 4y =0,.. ., &2t ) = 0.

In these expressions, h,,(t) are smooth functions given by
k41 j-1

iLm(t) = Z Z (Ti) (_1)4f(j7671,0) (t’t)§§€—m) ®).

j=m—+14l=m

12



If instead k = 0, the x-inverse of f is trivially given by
(AR Jp———
Q) f, 1)

Inverting the role of ¥ and ¢, a completely similar theorem is proven by changing
all left s-multiplications by §/) with right multiplications and vice-versa. In this
situation, Z satisfies a linear homogeneous ordinary differential equation in ', and
the boundary conditions involve the variable ¢.

Proof. By *-multiplying L by f, we get
k+1 _
(2.5) L(,t) = f(t,1) = g(t) (50) * f(t’,t)) ,

=0

where
6(]) * f(tlv t) = f(jp) (tl7 t)@ + f(j_l,O) (ta t)6 +o 4+ f~(t7 t)(s(j_l)'

Therefore (2.5)) evaluates to

k k+1
Lsf=Lxf)O+> | D ge)f7710 ) | 69,
J=0 \t=j+1

Noting that L * f = 0 and by applying the transformation of Eq. (2.2) to g ()6,
the last equation can be further expressed in the form Lx f = Z’:ﬂzo(—l)mﬁm (t)6m)
with the smooth functions

k+1 g—1
= > 3 (L)oo g

j=m—+14l=m

Assume that z(t',t) = (¢, t)0(¢' — t), with & smooth function of ¢, is the *-inverse
of L x f. Then it should satisfy

k
(2.6) z(t',t) (Z(nmﬁm(t)a(m)) = .

We now proceed similarly to the proof of Proposition Since again

—

z(t' )+ 6™ = (=1)mzO™ @ O + (—1)™ Y (—1)TFHFOmI=D (¢ )50
J

3

Il
o

13



it follows that

k m—1
(zxLx )t ) =Y hn(t) [ 20 )0+ D (=100 1)50)

m=0 j=0
k E m—1

= ha@FO(E O+ DD A (8)(—1)7HEOm (¢ )50
m=0 m=1 j=0
k k—1 k

=" b ()™ ()0 + D7 B (t)(—1)HEOmD (@ 1) 60)
m=0 J=0m=5+1

Now by Eq. , B (£)6) = (izm(t’)(S) @0 _ izo (i) ﬁ%in)(t’)é("), we have

k=1 k
Z P () (—1)7 1 Om=1=3) (¢! ¢/)5(D)
j=0m=j+1
k—1 k J .
S (C1HEOm ) Z( )hu " ()50,
7=0m=j+1 1=0
k=1 (k=1 &k

— J+1 7(0,m—1—7) (G—n) (4 (n)
]Z Z (t, t)(n>h (") | o™,

Hence Eq. (2.6) becomes equivalent to the ordinary homogenous linear differential
equation in ¢

k
(2.7) Z () EO™ (1) = 0,
=0
with boundary conditions
k-1 k
I A
7=0m=5+1
k=1 k )
> (=1 EOmm @ ) (J)Bg,{—”)(t’) =0, n=1,...,k—1.
j=nm=j+1 "

For every ¢ such that hy(t') # 0, the last k — 1 equations imply (9 (¢/,¢') = 0, for
j=0,....k—2 and 2OF D ¢')h.(t') = —1. Thus Z is well defined for almost
every t' € I as the unique solution of Eq. with the boundary conditions above
and the choice of Z as a smooth function of ¢ is consistent (Z(¢', ) is defined for every

't € I\{7: f(r,7)dr+1(7) = 0}).

14



We can now evaluate f*~! = x * L explicitly,

k+1 ' 0. k+1 -l (0 j—1-m)
fE =) (CDE05;(10) 770+ Y (=17 3 (3, #)g;(0) e,
Jj=0 j=1 m=0

k
= fﬁl(t/’t)@ + Z 'Fm(t/)é(m)a
m=0

with the smooth functions

k+1 ‘ o
Pl = 3 (1) (3l 09, (0) 7.
j=0
k+1 ' o
Fmzo(t) = > (=1)7 (3(¢,¢)g;(¢) .
j=m+1

Note that Z(t',t) can be written as a linear combination of functions of ¢, which are
a basis of the solution subspace of the differential equation (2.7), with coefficients
dependent on t'. Therefore Z(t',t) is separable, and so is 7_;. |

Remark 2.2. As explained in Remark the assumption f(t,t) = 0 is not
necessary. We can reformulate the theorem statement so that the condition is f not
identically zero on I.

The most stringent condition imposed by Theorem [2:I] is the existence of the
differential operator L with coefficients that depend only on #. This condition can
be made more transparent upon relating it to the class of separable functions.

Let g1(t'),...,Uk+1(t") be smooth functions of ¢/, and a;(t),...,ax+1(t) be func-
tions of t. If g1(¢'),...,Uk+1(t") are linearly independent, equivalently, the related
Wronskian W (g1, ..., Jk+1) is not identically null, i.e.,

g1 Y2 .. Ukl

o BB G
W(y17"'uyk+1):: : : : #07

~(k ~(k ~(k

O

then there exist L as in Theorem so that L x f = 0 for every separable function
(2.8) F ) = a(Og(t) + - + (O (1),

15



Indeed, the conditions L *y; =0, for j =1,...,k 4 1, give the system

_ _ NORE _(k+1

i i, o (k) %o (k )

~ ~ ~ ~ 1

o 7, ( ) 1 i y( +1)

. . . . = —0k+1 . )
_ _ _(k G (k11
Ukl Ugp1 - y;(g+)1 gk yl(c-i-l :

whose solutions exist since the Wronskian is not identically null. In particular,
at least one of the solutions has smooth coefficients. Theorem thus yields the
following corollary for separable functions:

Corollary 2.1. Let f(t',t) := f(t',t)O(t' —t) with f(t',t) a smooth separable
function in I x I so that f(t7 t) is not identically null. Then f*~1 exists and is given
as in Theorem [2.11

Thanks to the previous results, we can also show that the set made of all the
distributions in D(I) with separable coefficients is closed under *-inversion:

Corollary 2.2. Let d € D(I) a distribution with separable coefficients, i.e., so
that it can be written as

N
d(t',t) = d(t', )0t —t) + > di(t',t)6D (' — ),
i=0
with d:&], ceey &VN separable functions. Then the x-inverse of d exists and can be

written as

d*_l(t/, t) _ @(t/ _ t)*(N+1) % h*_l(t/, t),
where h(t',t) is a separable function. Furthermore, d*~! is a distribution with sepa-
rable coefficients.

Proof. Consider the separable function d;(t',t) = Z?Zl a;(t )gj(t) Then we get
di (', )0DH — 1)« Ot — 1) Zaj (OO — )« Ot —t).

Note that
@ () (16D H — 1) O —t) = a;(t) (5“’) (' — 1) b; (Ot — t)) .
Hence the first formula in (2.1) gives

(', )60t —t) Ot —t) = fi(t', )50,
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where ﬁ is a separable function. Repeating the same argument for all El and recalling
that the integral of a separable function is still separable, we get

N-1
d(t' 1) =t —t) =G, )0 —t)+ Y _ Gt , )t — 1),
=0

with ¢,g1,...,9n — 1 separable functions. By recursion, there exists a separable
function h so that

d(t',t) « Ot — t)*N+D = R/ )0 (' —t) =: h(t', ).

The *-inverse of h exists by Corollary Thus there exists also the inverse of d,
which is given by

) =0 — ) N w1t p).

By Theorern h*~!is a distribution with separable coeflicients, and so is d*~1. O

Exzample 2.4. Let us determine the *-inverse of f(t',t) = (t* —t/t)O' —t).
Since f(t',t) is separable, smooth in both variables, and f(t,t) is not identically null,
Theorem [2.1] applies immediately. Setting L(t',t) := go(t')8 + g1 (t')8' + g2 (t')6" with
Go(t') =1, g1 (') := 0 and Go(t') := —t"2/2, we have k = 1 and L(t',t) * f(t',t) = 0.
This leads to

ho(t) :=3t/2, hi(t) := (t* +1%)/2,

which are the only non-identically null functions By. The function % is thus the
solution of

12

t
3E(t,t) +t(1 +tHzOV @ t) =0, (1) 5 (t"?+1)=—1.

We find

2 (12 +1)3/2

Tt t) = _ﬂ.

(t2 +1)5/23

We verify that
(2 +1)

wxLxf=h (O)E{t )0 5=,

-y (t2 +1)
indicating that indeed

2tl(t2 + 1)3/2 t/2
*—1
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Example 2.5. Let us determine the x-inverse of f(t',t) = cos(t')t ©(t' —t). Since
f(t’,t) is separable, smooth in both variables, and f(t,t) is not Iidentically null,
Theorem applies. Furthermore, let L(t',t) := 0+ 6" =1xd+0x 3§ +1x 48"

and observe that L(t',t) = f(t',t) = 0. It follows that here k = 1 and &(t',t) is the
solution of

1
—tsin(t)z(t',t) — tcos(t)E OV (', t) =0, Z(t',t') = o)’
This gives
_ cos(t)
t't) = ——5—
z(t',1) cos(t')2t’
and, from there,
in(t") 1
*—1 t/ t) = Sln( 5/'
NG cos(t')2t! + cos(t)t/
We verify this result
N )« () = ﬂcos(t’)t@ — (-1 ! (—sin(t')t© + cos(t)t §)
’ ’ cos(t')2t! cos(t/)t/ ’
_ cos(t)t 5=3,
cos(t")t!

by virtue of Eq. . The proof for f(t',t)  f*~1(t',t) = § is similar.

Example 2.6. Let us determine the x-inverse of €3 *t. We can apply Theo-

rem this time with L(t',t) = 6 — (1/3)d’, i.e., k = 0. Thus
- / 1
Y ) = —3e7H (5 = 35’) :
We verify this result immediately
f f*fl — 33t -3tg + (_1)( 363t -3t e—t’+t’6) =,

and similarly for f*=1x f.

Remark 2.3. Our results concern x-inverses of separable functions of the form
f := fO, with f separable and smooth in t' and t. In particular, they do not
extend easily to x-resolvents, which are x-inverses of distributions of the form 6 — f,
typically with f as above. Rather, x-resolvents are best determined as solutions of a
linear Volterra integral equation of the second kind with kernel f and inhomogeneity
1. =19,
*—1

R.(f) == (L — f)" = Ru(f) =0+ f* R(f).
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There is a vast literature on the existence and smoothness of the solutions of such
equations [12], 23] [I8], as well as numerous techniques to determine them both ana-
Iytically and numerically [24, [T5,[T'7,[6]. In the context of the %-Lanczos algorithm, *-
resolvents play a central role in the final step when computing R.(T)11 via Eq. ,
but they can also be profitably exploited when calculating the ﬂ;_l. Indeed, for
j > 2, B can be expressed in the alternative way

(2.9) B = ('w;[ + 'ij_2) «Axvj_g — 1.

The advantage of this representation is that it shows 6;_1 to be the x-resolvent of
v = (wf + wf_ o) *Axv;_1, which gives direct access to all research on solutions of
Volterra equations, including for situations where 3; does not satisfy the assumptions
of Theorem [2

3. RELATION TO THE GREEN’S FUNCTION INVERSE PROBLEM

Let G be a distribution. The Green’s function inverse problem consists in de-
termining an operator Dg whose fundamental solution is G, i.e., Dg (G) = §. This
problem, also known as kernel inverse problem, appears sporadically in the literature
when a kernel function G is motivated by external constraints, and the correspond-
ing differential operator is determined from it secondarily; see e.g., in interpolation
problems [3] [5].

In the most commonly encountered framework, however, the product utilized is a
convolution. Then D¢ is found from its Fourier (or Laplace) transform, which is the
inverse of the Fourier transform of G. The problem considered here is thus more gen-
eral, the x-product reducing to a convolution only when the functions involved depend
only on the difference between the two-time variables. Here we rather only suppose
that G € D(I) is a non-identically null distribution of the form G := G(',t)O(t' —t)
such that G is separable and smooth in both time variables. Then the proof of
Theorem constructively shows that there exists a distribution G*~* € D(I) such
that

G %G =4.

In other terms, the *-action of G*~! on G is identical with the ordinary action of the
differential operator Dg whose Green’s function is G. In order to give D¢ explicitly,
observe that

Gl =F ()0 + Y Fm(t)5,
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with the smooth functions 71 << defined in Theorem[2.1] Since for any distribution
£, 00 % f = fG:0) we get the action of D¢ on any distribution f as

67?’7.

00 k
Dof) = [l 1B ~ f(r ) dr 4 3 nlt) g £(E 1)
-0 m=0

Here recall that should f depend on a single variable or less, then it should be
treated as the left time-variable as indicated in Subsection that is here t'.

4. CONCLUSION

The *-Lanczos algorithm for evaluating time-ordered exponentials relies on the ex-
istence of the *-inverses of the coefficients 3, (¢, t) produced by the algorithm. Should
an inverse fail to exist, the Lanczos procedure suffers a breakdown, and the ordered
exponential cannot be evaluated. Now, assume that S5, (t',t) = /S’n(t’,t)G)(t’ —t),
where B, (t',t) is a separable function (which is true under some regularity condi-
tions, as we proved in [9]). We showed that if 3,,(¢',¢) is not identically null, then its
x-inverse exists and the algorithm does not breakdown. Furthermore, we described
explicit procedures to obtain the required #-inverses and illustrated our results with
several examples. These procedures relate x-inverses to the solutions of linear dif-
ferential equations with smooth coefficients. As a consequence of these results, we
proved that the set of all the distributions in D(I) which have separable coefficients
is closed under #-inversion. As a corollary of this work, we solved a generalization of
the Green’s function inverse problem for piecewise smooth distributions.
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