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Existence, uniqueness and ergodicity for the centered
Fleming-Viot process

N1cOLAS CHAMPAGNAT VINCENT HassT]
Jury 13, 2023

* Université de Lorraine, CNRS, Inria, IECL, F-54000 Nancy, France

Abstract. Motivated by questions of ergodicity for shift invariant FLEMING-VIOT process, we
consider the centered FLEMING-VIOT process (Z;),- defined by Z; := 7_iq v,y Yz, where (V)
is the original FLEMING-VIOT process. Our goal is to characterise the centered FLEMING-VIOT
process with a martingale problem. To establish the existence of a solution to this martingale
problem, we exploit the original FLEMING-VIOT martingale problem and asymptotic expansions.
The proof of uniqueness is based on a weakened version of the duality method, allowing us to
prove uniqueness for initial conditions admitting finite moments. We also provide counter exam-
ples showing that our approach based on the duality method cannot be expected to give uniqueness
for more general initial conditions. Finally, we establish ergodicity properties with exponential
convergence in total variation for the centered FLEMING-VIOT process and characterise the in-
variant measure.

Keywords. Measure-valued diffusion processes, FLEMING-VIOT processes, Martingale prob-
lems, Duality method, Exponential ergodicity in total variation, DONNELLY-KURTZ’s modified
look-down.

MSC subject classification. Primary 37A25, 37A30, 60G44, 60J60, 60J68; Secondary
60B10, 60G09, 60J76, 60J90, 92D10.

1 Introduction

FLEMING and VIOT have introduced in [27] a probability-measure-valued stochastic process model-
ing the dynamics of the distribution of allelic frequencies in a selectively neutral genetic population
as influenced by mutation and random genetic drift: the original FLEMING-VIOT process. The
initial model of [27] was progressively enriched with further mechanisms of Darwinian evolution:
selection [27], 211, 23] 9] 18], recombination [25] 23] or the effect of an environment [28]. FLEMING
and VIOT characterise in [27] the law of their process as a solution of a STROOCK-VARADHAN
measure-valued martingale problem [51] both in the selective neutral case and the case with selec-
tion. To obtain the existence of such solution on a compact metric space, their method is based

!Corresponding author at: IECL - Site de Nancy Faculté des Sciences et Technologies Campus, Boulevard des
Aiguillettes 54506 Vandceuvre-lés-Nancy, Cedex, France.
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1/66]



on discretisation of the mutation operator and tightness arguments. An alternative approach is
used, in the studies [40] 41, [32], BT], 50] based on the OTHA-KIMURA model [42] 43] and in the
references [27, [10] 23], [I7] based on its continuous-time version: the MORAN model (also called
continuous-state stepwise mutation model). If we denote by N the population size, these authors
construct a particle process whose limiting behavior is analysed under the assumptions that the
mutation step is proportional to 1/v/N and on the time scale (Nt);=o. In [28], another particle
process, based on the lookdown construction [I4] is used to show the existence of the FLEMING-
VIOT process in a random environment. This lookdown construction also allows to analyse sample
path properties of the process and has been used in numerous references since then, such as [15]
[17, Chapter 5].

In [27], uniqueness of the solution to the FLEMING-VIOT martingale problem in the selectively
neutral case, is proved using uniqueness of moments of certain finite-dimensional distributions
and arguments on semigroup. However, in the case where natural selection acts, the previous
method fails, but the result can be obtained from a version of the CAMERON-MARTIN-GIRSANOV
formula [9] Chapter 10] [8, Theorem 5.1]. See also [24] for an application of this method in the
case of unbounded selection function. In most references such as [17, 10, 20} 21} 23} 24], under a
variety of assumptions, the duality method |26l Proposition 4.4.7] is used to prove the uniqueness
of the FLEMING-VIOT process. The idea is to relate the distribution of the original process with
that of a simple process, called dual process. This leads to a duality relation which ensures that
two solutions to the martingale problem have the same 1-dimensional marginal laws. Uniqueness
of the solution to the martingale problem then follows from MARKOV’s property [26, Theorem
4.4.2]. Other methods are used in some references: [11] makes use of resolvent estimates; [45], [44]
prove existence and uniqueness of FLEMING-VIOT processes with unbounded selection intensity
functions by using DIRICHLET’s forms.

Questions of ergodicity of the FLEMING-VIOT process were also the subject of many works.
Let E be a Polish space and B(E) the BOREL o—field on E. Let us recall from [23 Section 5]
that an E—valued MARKOV process (Zt)t>0 with a unique stationary distribution 7 is weakly
ergodic if for all bounded continuous functions f on F, for all initial condition xg € E,

i Ev, (£(Z0) = [ f(@)m(da) 1)
and strongly ergodic if
lim sup |P,, (Z: € B)—n(B)|=0, x0€E. (2)
t—+o00 BeB(E)

If E is compact, for mutation operators A whose closure generates a FELLER semigroup on the
space of continuous functions and such that there is a unique probability measure vy on E satis-
fying [ Af(x)vo(de) = 0, some ergodicity results for the FLEMING-VIOT process are obtained in
[23]. More precisely, in the selectively neutral case and without recombination, a simple proof of
weak ergodicity of the FLEMING-VIOT process is given using duality arguments whereas coupling
arguments provide an approach to strong ergodicity. These results were extended in [22] to models
with recombination and in [24] to models with unbounded selection, with the additional tool of
DAwSON’s GIRSANOV-type formula for strong ergodicity. In the special case where the mutation
operator of the FLEMING-VIOT process has the form

6

Af(@) =5 [ (o) = F@) Plasdy), 0 € (0.+00), f € D(A), 3)
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it is proved in [23] that the FLEMING-VIOT process has a reversible stationary distribution if
P(z,dy) = v(dy) for some probability measure v on E (see [35] for a converse result). For the
mutation operator (3], it is proved in [20, 21I] and [9, Theorem 8.2.1] that the FLEMING-VIOT
process is purely atomic for every time, in other words the solutions of the martingale problem
take values in the set of purely atomic probability measures. In [25], the ergodicity result of [22]
was extended to the weak atomic topology.

However, if we consider the case where the mutation operator is the Laplacian on R, there
exists no stationary distribution [23] 35], [26] Problem 11 p.450]. Instead the process exhibits
a wandering phenomenon [10, [3]. Nevertheless, [50] 23] considered the FLEMING-VIOT process
shifted by minus its empirical mean and established existence of a unique invariant measure and
weak ergodicity for this process using moment and duality arguments. More precisely in [23],
thanks to some estimates of the original FLEMING-VIOT dual process and the finiteness of all
moments of the FLEMING-VIOT process shifted by minus its empirical mean for any time ¢, the
authors obtain an expression for these in the asymptotic ¢ — +o00. Then, by tightness arguments
and characterisation of the limit, the result follows. In [50], an analoguous approach is used for
the continuous-state stepwise mutation model.

In this paper we are interested in the FLEMING-VIOT process shifted by minus its empirical
mean, which we call centered FLEMING-VIOT process. As in previous works it is natural to ask
questions of existence, uniqueness and ergodicity when the mutation operator is the Laplacian
on R?. Moreover, the study of this process was motivated by biological questions in adaptive
dynamics. The theory of adaptative dynamics [39] is based on biological assumptions of rare and
small mutations and of large population under which an ODE approximating the population evo-
lutionary dynamics, the Canonical Equation of Adaptive Dynamics (CEAD) was proposed [12].
Two mathematical approaches were developed to give a proper mathematical justification of this
theory: a deterministic one [13| [47, B8], and a stochastic one [4] [7, [6]. Despite their success, the
proposed approaches are criticised by biologists [62] [48]. Among the biological assumptions of
adaptive dynamics, the assumption of rare mutations is the most critised as unrealistic. In order
to solve this problem, we propose to apply an asymptotic of small mutations and large population,
but frequent mutations. After conveniently scaling the population state, this leads to a slow-fast
dynamics [40, [34], where the fast dynamics appears to be given by a discrete version of the cen-
tered FLEMING-VIOT process [5]. This explains why we are interested in ergodicity properties of
such processes.

To establish the existence of the centered FLEMING-VIOT process, we characterise it as a
solution of a measure-valued martingale problem that we called the centered FLEMING-VIOT
martingale problem. Our method is to exploit the original FLEMING-VIOT martingale problem
and asymptotic expansions. An additional difficulty occurs in our case since we need to apply
the original FLEMING-VIOT martingale problem to predictable test functions. This requires to
extend the martingale problem to such test functions using reqular conditional probabilities. The
proof of uniqueness of the solution of the centered FLEMING-VIOT martingale problem is based
on duality methods as in the previous works. However, additional difficulties occur in our case
since bounds on the dual process are much harder to obtain and the duality identity can only be
proved in a weakened version. In particular, our uniqueness result only holds for initial conditions
admitting finite moments. We also provide a counter example showing that our uniqueness result
is optimal in the sense that we cannot expect to obtain uniqueness for more general initial condi-
tions using the duality approach. Finally, we obtain strong ergodicity properties of the centered
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FLEMING-VIOT process that extend the weak ergodicity results obtained in [50} 23]. To this aim,
we construct the centered version of the MORAN process and we prove that it converges in law
to the centered FLEMING-VIOT process. Exploiting the relationship between the MORAN model
and the KINGMAN coalescent, we obtain a result of exponential ergodicity in total variation for
the centered MORAN model uniformly in the number of particles. This result is propagated to
the centered FLEMING-VIOT process by coupling arguments. Using another strategy proposed by
[50, 23], based on the DONNELLY-KURTZ modified look-down [I5] we give a characterisation of
the unique invariant measure of the centered FLEMING-VIOT process.

This paper is organised as follows. In Section 2l we define the martingale problem for the
centered FLEMING-VIOT process and establish an existence result. We give also some equivalent
extensions to the centered FLEMING-VIOT martingale problem and some properties of the centered
FLEMING-VIOT process. In Section B] we prove uniqueness to the centered FLEMING-VIOT mar-
tingale problem for initial conditions admitting finite moments and we discuss this assumption. In
Section M, we establish exponential convergence in total variation for the centered FLEMING-VIOT
process to its unique invariant measure and provide a characterisation of this measure based on
the DONNELLY-KURTZ modified look-down. Finally in Sections [ and [0, we prove respectively the
main results of existence and uniqueness of the solution of the centered FLEMING-VIOT martingale
problem. The paper ends with appendices gathering technical lemmas for the existence proof and
extensions to the centered FLEMING-VIOT martingale problem.

2 Existence for the centered Fleming-Viot process

In this section, our aim is to define the martingale problem for the centered FLEMING-VIOT
process and to establish an existence result. This result is stated in Section 21l Then, we give in
Section 2.2 the framework and ideas of the proof. We end this section by giving some interesting
results about the centered FLEMING-VIOT process: it satisfies the MARKOV property (Section
[2.3.1), admits finite moments (Section [2.3.2]) and has compact support (Section 2:3.3]).

2.1 Centered Fleming-Viot martingale problem and main result

The centered FLEMING-VIOT process is a measure-valued diffusion in

[, el o) < oc, [ antaz) =0}

which is endowed with the trace of the topology of weak convergence on M;j (Rd), the set of
probability measures on R¢ endowed with the topology of weak convergence making it a Polish

space [2]. We consider the filtered probability space <S~)d,j-"v , (]?t)»o) where

M2 (R) = {# e M (RY)

Vde N*, Qq:= {X €¥ ([O, +00) , MS? (Rd)) ‘ VT >0, sup / |z X, (dz) < oo}
0<t<T JRE
is endowed with the trace of the SKOROHOD topology on Q4 := €([0, +00), M1 (R%)), the set of
continuous functions from [0, +00) to M;(R?), F is the trace of the BOREL o—field F on Q4 and

(.ﬁ)go is the trace of the BOREL filtration (F;)¢>0 on Q4. Let us denote Q= 521.
We introduce several notations that we use repeatedly in the sequel. For a measurable real
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bounded function f and a measure v € M;j (Rd), we denote (f,v) := fRd dz). We denote
by id = (idy, - - - ,idy) the identity function on R? where for all k € {1 d} 1dk R - R,z =
(x1,--+ ,2q) — Tp. We denote N := {0,1,2,---} and N* := N\ {0}. If D is a domain of R?
then for all £ € N, we denote by €*(D,R) the space of functions of class ¢ from D to R. For
¢ € N, we denote by ‘fbg (Rd,R) the space of real bounded functions of class &* (Rd,R) with
bounded derivatives. For all F' € €% (R,R) and g € €7 (]Rd,]R) we denote for all v € M; (]Rd),
Fy(v) := F({g,v)). We denote by A the Laplacian operator on R% and by x! the transpose
vector of z € R? For any function f whose second partial derivatives exist, we denote by
Hess(f) := (O%f) the Hessian matrix of f.

1<i,j<d

Definition 2.1. A probability measure on P, € Ml(ﬁd) is said to solve the centered FLEMING-
VIoT martingale problem with resampling rate v € (0,+00) and with initial condition p €
Mcz(Rd) if the canonical process (Xi);~q on Qq satisfies P W(Xo = p) =1 and for each F €
¢*(R,R) and g € €2 (R, R),

NIFg) = By (X0) — By (X0) — [ £y (X,)ds )
with for all w € Mf’z (Rd),
Ly Fy(w) = F' ({9, (<%,w> + 7 [(id"* (Hess (9) , @) id, @) — 2 <Vgtid,w>]>
+vF" ({(9,)) (<g2,W> (g, @) 4 (Vg,w)" (idid", w) (Vg,w) — 2 (Vg,w>t (g x id w>)

, d 8-2-9 d
= F' ((9,w)) <Z< 5 ,w>+’y > (859, @) (id; x idj, @) — 22 gx1d,,w]> o)

'j—l i=1

+7F" ({9,@)) <<g2,w 24+ Z (Dig, @) (D9, @) (id; x id;, )
i,j=1

d
-2 Z (0ig, ) (g x idi,w>>

i=1
is a continuous IP,—martingale in L? (Qd) with quadratic variation process

(MF4(g)) —27/ F' ({9, X)) [(9% Xo) = {0, X.)°

+(Vg, X.)' <1d id', X,) (Vg, X,) — 2(Vg, X,) (g x id, X,) | ds.

(6)

Remark 2.2. Defining
M(RY) = {y € My (R%) ‘ {llid|?,v) < oo}
the above definition takes a simpler form in the case d = 1. Indeed, defining for all v € M3(R)

= [ 1o~ (d ) v(do)
R
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we notice that My(v) = (id%,v) if v € M§’2(R). Then, with the notations of Definition [Z1], the
generator of the centered FLEMING-VIOT process is given by

!

LrveFy(@) = LhveFy(w) = F (0.9)) ((£.) +7 [(¢" @) Ma() ~2(g' x id, )] )

+7F" ((g,@)) ({(g% @) — (9. @)" + (¢, w)" M2 (w) — 2{g @) (g x id, @)) .

(7)

The original FLEMING-VIOT process is a measure-valued diffusion in My (Rd). We consider
the filtered probability space (Qd,}" , (.Ft)t>0) as defined above. = We recall that a probability
measure PV € M;j (Qq) is said to solve the original FLEMING-VIOT martingale problem with
resampling rate vy and initial condition v € Mj(R%) if the canonical process (Yi);50 on €24 satisfies
PEV(Yy = v) = 1 and for each F € €2(R,R) and g € €2(R%, R),

M (g) == F ((9,Y2) — F ({9, Y0)) /F (9. (F2.7,) s

(8)
—7/ F" ({9, <g Ys) — (g Ys>2]d8

is a continuous square integrable P5Y —martingale whose bracket satisfies for all G, H € €?(R,R)
and for all g,h € €2(R%, R),

(M%(g), M™ (h)) =2y /0 "G (g, Vo) HY (0, Ya) [lgh, V3) — (9, Ya) (Yl ds. (9)

In the case d = 1, we will denote € := €.

In the population genetics literature, the terms involving the first order derivative F’ in ()
describe the effect of the mutation whereas the ones involving the second order derivative F”
describe the effect of the random genetic drift. It is well-known that, for all v € M (R?), there
exists a unique probability measure PEY € M (€,) satisfying the previous martingale problem (&)
[27, Theorem 3|.

Remark 2.3. (1) The additional terms in the martingale problem (@) with respect to the mar-
tingale problem (8)) describe the impact of centering and ensure that at all times the centered
FLEMING-VIOT process remains M§’2 (RY)—valued.

2) Note that a major difficulty comes from the presence of terms in (id; x id;, u), i,j €
J
{1,---,d} in @) or Ma(u) in ([M). We will see in particular that this leads to the creation
of particles in the dual process.

Let us define by 7, the translation operator of vector a@ € R%. For all u € M; (Rd), for all

A€ B(RY),
ratn(A) = p (7)) = ({o —a| 2 e a}),

where { is the pushforward operator.

The main result of this section is the following:
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Theorem 2.4. For all p € M;’Z (]Rd), there exists a probability measure P, € My (ﬁd) satisfying
the martingale problem of Definition 1], given by the law of the process (Zt)t20 defined by

Zy =T ayyYe =Y (+ (d,Yy), =0 (10)
where (Y) > s the original FLEMING-VIOT process.

Note that, for all probability measure with finite first-order moment, (id, 1) is the mean value
(or barycenter) of y. In addition, (id,Z;) = 0 for all t+ > 0. As a result, the process (Z;),
corresponds to the original FLEMING-VIOT process centered by its mean value, hence its name of
centered FLEMING-VIOT process.

2.2 Sketch of proof of Theorem [2.4]

The proof of Theorem [2Z.4], for any dimension d € N* is much more complicated, but it is treated in
the same way as for dimension 1. In the following, only the case where d = 1 is detailed for greater
clarity. The proof is based on the original FLEMING-VIOT martingale problem (§)). Below, we
give the main ideas of the proof. Full details are provided in Section [Al

2.2.1 Framework and objective of the proof

Let v € M?(R) and PEV the unique solution to the original FLEMING-VIOT martingale prob-
lem (8). As the support of the original FLEMING-VIOT process is compact at all positive times
PEY —a.s. [37], PLY (€° ([0, +00) , M3(R))) = 1. Moreover, as t > (id,Y;) is continuous P}Y —a.s.
(Lemma [5.11 (2)), we deduce that, for all ¢t > 0, Z; given by (I0)), is well defined and is a random
variable on Q.

When the dependency of Y and Z on the initial condition v of Y is important, we shall use
the notation (Y}");5q and (Z}),5, instead of (Y;);5q and (Zt);5o. Our goal is to prove that the

law of the process (Z;);, denoted by ]P’EXCI

with initial condition 7_q,)fv. Note that the notation Pfxcid iy is justified because the original

v solves the martingale problem of Definition [2.]

FLEMING-VIOT process is invariant by translation:

Proposition 2.5. Let v € M2(R) and a € R. Then, the law of Z! defined by (I0) is the same
as the law of Z7**".

Proof. By translation invariance of the original FLEMING-VIOT process, the process (T_aﬁ thﬂ V)

>0
has the same law as the process (Y");.,. Now,
Talvy Tafv Talf Vv
Zy* = T—<id,YtT“ﬁ”>ﬁY; = T—<id,T7atthT“ﬁ”>ﬁ (T_aﬁY; ) .
Taﬁ —
Thus, (Zt V)PO has the same law as (T_<id7)/ty>ﬁyyj)t>0 _ (Zéj)go‘ 0
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2.2.2 OQOutline of the proof

We restrict to the time interval [0,7] for T > 0 arbitrary. By standard arguments, it is sufficient
to prove that, for all F' € ¢*(R,R) and g € ¢2(R,R),

F,(Z) — F, (Z) — /0 ' LeveFy (Z,)ds

is a continuous PYV —martingale, v € M3(R) where Lpy. is given by (7). We start by assuming
F,ge %f(]R,]R) and we seek for the DOOB’s semi-martingale decomposition of

Fy(Zy) == F ({9, Z1)) = F ({9 ° T—gav1)» ¥1)) »

using the original FLEMING-VIOT martingale problem (8). However, F' (<g o T_<id’yt>,Y:f>) does
not take the form H ((h,Y;)) with deterministic h. Therefore, we cannot apply (R)) directly. To get
over this difficulty, we consider for ¢ € [0,T], an increasing sequence 0 = tf < ] < --- < ty, =T
of subdivisions of [0,7"] whose mesh tends to 0. We can observe that

pn—1
Fy(Zy) — Z {F Zgn,  At) Fg(Zt;LAt)}

pn—l
— Z; {F <<g o T—<id,Yt;+1At>’Yt’“At>> - F <<g o T—<id,Yt?At>’Yt%t>> } .

Using asymptotic expansions (see Lemma [A.T] with p = d = 1) of the terms in the previous sum,
we prove that

pn_l 3
Fy(Zy) — Fy(Zy) = Z {(A)Z +(B),+0 <‘ <id, Yin at— Y;ty/\t>‘ )
i=0 (11)

(% )i

(k) (] 7 ”
<9 T_<id7yﬂw> Yy mo AL T Ytil/\t
0 i

where

&= ({o° T (i Yipn) Views)) { (o T (i Yo ) VAN T Viene)
- <id,Yt?+1At - Yt;w> Kg/ ° T—<id,YtnM>’ Yt;ws> + <g/ o T—<id,YtnM>’ Yin, nt — Ytymﬂ (12)

+ §<1 5 t?+1/\t_ t;l/\t> g oT <1dYtnM> i ,

P ({507 gy )

2
(B), = 5 {<QOT—<id%nm> Yin  nt — Yt;w>

, 2
I <id,Yt;L+1At —Yt;tAt> <g oT <1dYtn/\t> Yt?m&> (13)

-2 <9 o 7__<id7yt?m>,}/t?+1/\t - Yt?/\t> <id, Yin nt— Yt;’At> <9l o 7__<id7yt?m>,}/t?/\t>} ;
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and where g\, j € {0, 1,2}, denotes the 5" derivative of g. Note that the proposed decomposition
in (II)) is intended such that each of the terms in (I2]) and (I3)) is either Fi»n;—adapted or, exhibit
increments of (%), between ] At and ', ; At. Several steps are described in Section [fl to obtain
the semi-martingale decomposition of each term of the previous sum. Note that the last terms of
(A), and (B), bring out the terms in Ms(u). By making the step of the subdivision tend towards
0, we obtain the expected result.

2.3 Some properties of the centered Fleming-Viot process in dimension 1

2.3.1 Markov’s property

Due to the translation invariance property of the original FLEMING-VIOT process, we can prove
that the centered FLEMING-VIOT process is homogeneous MARKOV.

Proposition 2.6. The centered FLEMING-VIOT process (Zt),, defined by (I0) satisfies the ho-
mogeneous MARKOV property: for all measurable bounded function f,

Yu € ./\/li’z(]R), Vt,s > 0, E, <f(Zt+8) J—"t) =Ez (f(Zs)) Py—as.

Proof. Let p € Mf’z(R) and f a measurable bounded function. Let ¢, s > 0. Using the MARKOV
property of the original FLEMING-VIOT process (Kt)@o we obtain P, —a.s.,

By (F(Zera) | 71 ) = B (POt Viss) | 7 ) = B (904i00) | 72 ) = By, (9(12)

where the bounded measurable map g is defined on M?(R) by g(v) := f (T_<id7,,>1j V). By invariance
by translation of the original FLEMING-VIOT process (Y;),,, we obtain under the distribution PP,;:

Ey; (9 (Ys)) = ET—(id,Yt)ﬁYt (g (T(id7Yt>ﬁYS)) = ETf(id,Yt)ﬁYt (9(Ys)) =Ez (9(Ys)) =Ez (f (Z)).0

2.3.2 Moments and some martingales

Proposition 2.7. Let u € Mi’2(R) and let P, be a distribution on Q satisfying @) and such that
Xo is equal in law to p. Let T > 0 and k € N\ {0,1} be fized.

() If <|id|k ,,u> < 00, there exist two constants Cy, 7, @T > 0, such that any stochastic process
(Xt)oci<r whose law is P, satisfies

() sup E, ((lial*, x1)) < Crr (1+ (Jid*, 1)) (14)
(b) VYa>0, P, (tes[%}aﬂ (i, X¢) > a) < Crr (1 +O§\id!k ,u>)'

(2) If (lid|* , i) < oo, respectively {|id|**", i) < oo, the process (M} (idk))ogth defined by
W (104) o= (%, X = (it xo) = [ (i x) as

— /Ot [(k(k — 1)id""2, X,) My(X,) — 2k (id*, X, )| ds
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is a continuous IP,—local martingale, respectively a continuous IP,—martingale. Moreover, if
<\id]2k ,,u> < o0, then (]\/Zid (idk))
is given by

(3 (10)), =27 [ [0%,50) = (a8, X,)" o b G ) M (X)

— 2k (id", X,) (id"*!, X,)] ds.

<t is a martingale in L? (Q) whose quadratic variation

Note that the properties for k£ = 1 fail because of the term Ms in the expression of Lpy.. Note
also that this results entails that Z; is a continuous martingale.

Proof. Step 1. Proof of (1)(a). We prove only the case k > 3: the case k = 2, which is simpler
because some terms disappear, is treated in the same way. Let ¢ € [0,7]. We consider a sequence
of functions (gn),,cy of class €*(R,R) with compact support satisfying:

(i) for all n e N, |gn| < |id|, (iii) g, =id on [—n,n],
(i) 113_1 lgnll. =0, (iv) g, is uniformly bounded on R.

We consider the sequence of functions (hy,),, o defined by hy, := /1 + g2 and we deduce from the
properties of g, that for all n € N, h,, is a non-negative function with compact support, that for
all k € N,

(15 = kgug k™ and  (BE)" =k (g) 7 BETY (B2 + (k — 2)g2) + kgaglih?,

h, = h := \/1+1id? on the compact set [-n,n] and h,, < h on R. We consider for all A € N
and £ € N, the stopping time 74 ¢ := inf {t >0 ‘ <]id\€,Xt> > A}. Noting that for all ¢ € [0,7],

k—2
n € Nand k > 3, <hfl_2,Xt> < <hfL,Xt>T < <hk,Xt> and <hﬁ_2,Xt> <id2,Xt> < <hk,Xt>
from HOLDER’s inequality, we deduce from the martingale problem () that there exists constants
Cy(k),Co(k, A) > 0 such that

tATA K

By ((hh Xuneas)) < (0 m) + O, ([ (95, ds) + Cath, 4) |

0

By FATOU’s lemma we obtain when n — 400,

Eu ((B*, Xinra,)) < (B 1) + CL(R)E, ( /0 v (n* X,) ds) :
By GRONWALL’s lemma, we deduce that
Ey (1", Xinra,)) < By (0¥, Xinry, ) ) < (BF, 1) exp (Ca(R)E) . (15)

In particular, this implies that the sequence (74 1),y converges P, —a.s. to infinity. Indeed, for
all T > 0, we have

> < SUPie(o,T] Eu <<‘1d’k aXt/\f/\TA,k>>

P ( T
p\SuUpTA Lk < )

AeN
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which tends to 0 when A — 4o00. We deduce by FATOU’s lemma, when A — +oo, the first
announced result.

Step 2. Proof of (1)(b). Let @ > 0. From the martingale problem (), we deduce that

o TATAL (hlrfl)”
]P)N tE[O?/E'A,k] <hl:“Xt> s ]P)M (<hf“’u> g) + ]P </0 < 7XS> ds > 5)

Q

2

+P, <7 /OTATM <(hﬁ)//,Xs> My(X,)ds > %)
+P, <27 /OTATA,k <(hﬁ)/ X id,Xs> My(X4)ds > %)

a

+P, sup Mgd (hk) E

te [OvT/\TA,k:]

The DOOB maximal inequality allows us to write

Py

wp [T (15)
te [OvT/\TA,k:]

Jo) 5 (OB, (),)

(01

From the martingale problem (@) and the computations of Step 1, we deduce that

<‘ Fheas (1)]) <2 (5, 0) + 201(0)E, (/OTMM (b Xs >d3> + 26200 ) flgnlloo
<

2 (hF, 1) [1+ exp (C1(k)T)] + 2Ca(k, A) |l

where we use the FUBINI-TONELLI theorem and the relation (I&]). It follows, from MARKOV’s
inequality, that there exists a constant Cj > 0 such that

P, sup <hfw Xt> >«
te[0,TATA 1]

~

ik [(h*, 1) [1 + exp (CL(k)T)] + Ca(k, A) g2l ] -

By applying the dominated convergence theorem twice, successively when n — +o0o then when
A — 400, there exists a constant Cj r > 0 such that

~ k
Pu( sup <hk,Xt> > a) < M

)
te[0,T] «Q

and thus the announced result.

Step 3. Mid (1dk) is a continuous local martingale. From the properties of (gn),cns
note that there exists a constant ﬁk > 0 such that for all n € N

lg5| < [id[* and ((g,fg)”

<
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Cr (1 + ]id\k_l). It follows from the martingale problem (@), the properties of (g,),cy and the
dominated convergence theorem for conditional expectation that

M-, (id") = lim M, (gh)
= (id", Xinrs, ) — (id*, Xo) — /0 e @ (1042, X,) ds

- ,Y/OMTAQ [k‘(k _1) <idk_27X8> Msy(Xs) — 2k <idk7X8>} ds

is a continuous P, —martingale and thus (]\/4\ id (idk)) is a continuous IP,—local martingale.

0<t<T
When <\id]k+1 ,u> < 00, using the inequality for all t € [0, 7],

(lid*~*, Xe) (id?, X)) < (fid[*™, Xy)

the same computation applies replacing ¢ A 742 by ¢ to obtain that (]\/4\ id (idk ))0<t<T is a contin-

blx

uous P, —martingale.

Step 4. L?>—martingale and quadratic variation. As soon as <|id|k+1 ,,u> < 00, Mid (idk) €

L? (ﬁ) as a straightforward consequence of HOLDER’s inequality. It follows from (@) that for all
n €N, for all t € [0,7],

For all n € N, the process ,
o= [ ()]~ (37 (),

is a PP, —local martingale. As Mid (idk) is bounded on [0,T" A 749x] for all A € N, then for all

n €N, (NMTA’%”) is a martingale. From the relation (I4]) with 2k, the dominated convergence
theorem for conditional expectation implies as above that P,,—a.s.

lim NMTA,%’” - [@XTA,% (idk)}2 -2 /OMTA'% (<id2kva> o <idk’Xs>2

n—-+00

2
+ k(105X Ma(X,) — 2k (id¥1 X,) <idk+1,Xs>> ds
is a P, —martingale and we deduce the quadratic variation announced. O

2.3.3 Compact support

For all v € M;(R), we denote by Suppv the support of v. The historical reference of compact
support property of the original FLEMING-VIOT process is [I0, Theorem 7.1] where the authors
proved that SuppY; is a.s. compact for each fixed ¢t > 0. We will used a slightly stronger version
based on [37].
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Proposition 2.8. For all i € M§’2(R), foralle > 0, U.c s, Supp Zs is compact P,—a.s. Further,
if Supp Zy is compact, then Jy<s<; SUpp Zs is compact for all t > 0, P, —a.s.

Proof. Tt is proved in [37] that the support of the A—FLEMING-VIOT process associated to a
A—coalescent which comes down from infinity, is compact at all positive times. Our case corre-
sponds to KINGMAN’s coalescent. In addition, they prove that, given that the initial condition v
has compact support,

U SuppYs

0<s<t

is compact for all ¢ > 0, PEV—a.s. MARKOV’s property then entails that, if v € Mi’z(R),

U-<s<t Supp Yy is compact for all 0 < e < ¢, PV _a.s. Hence, the same is true for Z; = T_id, v Yt
O

3 Uniqueness for the centered Fleming-Viot process

As for the original FLEMING-VIOT martingale problem, we will prove uniqueness to the martingale
problem (4]) by relying on the duality method [17),19, 21, 23]. Additional difficulties occur in our case
since bounds on the dual process are harder to obtain and the duality identity cannot be proved in
its usual form. In particular, we can prove uniqueness only for initial conditions admitting finite
moments.

3.1 Main result

Theorem 3.1. The centered FLEMING-VIOT martingale problem () has a unique solution if its
initial condition has all their moments finite.

The reason why we need to assume finite initial moments will be explained at the end of
Section B.2.21 In particular, we will see in Remark that we cannot hope to prove uniqueness
for more general initial conditions using our duality method.

3.2 Notations and outline of the uniqueness proof

3.2.1 Martingale problem for polynomials

In this section, we give an extension to the martingale problem (@) which will be useful to prove
uniqueness of the solution of the martingale problem of the centered FLEMING-VIOT. The
heuristic leading to this extension is given in Appendix [Bl Let us introduce, for all n € N*, i €
M§’2(Rd) and f € €2((RY)™,R), polynomial test functions:

Pra) = (Fon) = [ oo [ F@ne anuden) - p(day) (16)

where " is the n—fold product measure of u.

Definition 3.2. The probability measure P, € M1 (ﬁd) is said to solve the centered FLEMING-
V10T martingale problem for polynomials with resampling rate v and with initial condition
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" E Mi’2 (Rd), if the canonical process (Xi);5q on Qq satisfies Pu,(Xo =) =1, for all n € N*,
and for each f € €2((RH)", R),

17(n).d n n ¢ d
SEUE) = (LX) = 1 X8) = [ Lo (X2)ds a7)

with for all w € M;’Z (Rd) and f € 67 ((Rd)n ,R),

LivePrn(@) = (B4, +4 Y [(@ijf. ™) = (fa™] +7 Y. (Kijf, @)

ij=1 hj=1
J#i
(18)
is a continuous IP,—martingale in L? (Qd) where,
Af(x d
B (@) = 2D 9y S (V@) 20) (@ 2) (19)
k=1
where ey, = (eg, -+ ,ex) € (RY)™ and ey is the k™ vector of the canonical basis of RY, and for all

iaj € {17 7n};

e &, 1 GH(RHY™R) — L2((RY)"LR), with i # j, is the function obtained from f by
inserting the vector x; between xj_1 and x; when © < j and by inserting the vector x;_1
between x;_1 and x; when i > j:

q)i,jf($17"' 7$n—1) = f(xlv"' s Lj—1, Ly Ljs L1, " 73311—1) Z<] (20)
q)i,jf(xh”' 7‘Tn—l) = f(xla"' 7xj—17x’i—17xj7xj+l7"' 7xn—1) Z>,7

o K;j:C2(RH" R) — €2((RY" 1 R) is defined as

0% f

Kijf(x1, 2n, Tny1) i= id (2p41)" (m x
Z? ]7

Recall that the centering effect in the FLEMING-VIOT process introduces additional terms in
the infinitesimal generator (see (B.2])). These terms, involving second moments of the measure,
cannot be included in the B4 f term of (IR) because they do not have the proper dimensionality
when expressed as integrals with respect to p. This is why we write them in the form (Kj ; f, u"1).
As will appear in Section B2 2 below, this term leads to the creation of particles in the dual process,
contrary to the standard FLEMING-VIOT process. This prevents us to apply the usual arguments
and explains why we can only prove a weak version of the duality relation in Theorem below.

Theorem 3.3. For all p € M§’2(]Rd), the probability measure P, constructed in Theorem [2.4]
satisfies the martingale problem of Definition B.2.

Proof. We can deduce the result from the original FLEMING-VIOT martingale problem for poly-
nomials [23] given below, following exactly the same arguments as for the proof of Theorem 241
The probability measure PEY € M; (Q4) is said to solve the original FLEMING-VIOT martin-
gale problem for polynomials with resampling rate v and with initial condition v € My (R%),
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if the canonical process (Y3),5q on )y satisfies PEV(Yy = v) = 1, for all n € N*, and for each
f e (R R),
t
n),d n n
M) = (1) = (Y5 = [ LRy Pra (V)ds (22)

with for all @ € M;(R%)

EFVPf, (w) = <Af >+’YZZ <‘I’,wa >—(f7wn>)

Z—lj—l

J#i
is a PYV —martingale. By [23, Theorem 3.2], the solution PV of the martingale problem (&) is
the unique solution to the previous martingale problem. O

3.2.2 Duality

Our proof of Theorem [B1]is based on the duality method as proposed in [21) 23]. From (I8]), the
operator ECFlVC applied on the function Py, defined in (I6]) with fixed f and n € N*, satisfies the
following identity:

Loy Pra(u) = (BMWAF ™y +4 3 S~ (g1 = (™)

i=lj=1
J#i

(23)
<K GE Y = (f ™))+ m? (1"

M:

=: ﬁfPf, ( ) +n? (f,u")

We note that Z} can be seen as an operator acting on the function f — Py, (n) with fixed p.
The operator Z’Ji can be interpreted as the generator of a stochastic process on the state space
Unen+ €2((RH)™, R). Following ETHIER-KURTZ’s works [21], 23], this suggests to introduce a dual
process (§t);-, of generator ~’J§ and to prove a duality relation of the form:

vt >0, E((&Xx""))=E <<§t,X{]‘”(t>> exp (’y /Ot M2(u)du>> (24)

where M := (M(t));5 is @ MARKOV’s birth and death process in N whose transition rates g; ;
from ¢ to j are given by:

(1) gnni1 =n (2) gnpn—1=7n(n—1) (3) ¢i;j =0 otherwise.

It is known that the relation (24]) implies uniqueness [26, Theorem 4.4.2]. However in our situa-
tion, it is difficult to obtain the strong version (24]). For technical reasons, we will obtain only a
weakened version. Therefore, the proof will be divided in two large steps.

Step 1. Construction of the dual process (§;),,- The relation (23] suggests that the dual

process (&t)5o jumps, for all 4,5 € {1,--- ,n} from f € (sz((Rd)",R) to K ;f € (R R)
at rate v and if i # j, from f € €2((RY)",R) to ®; ;f € €2((RY)"1,R) at rate 7. Moreover,
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note that if n = 1, the dual process can only jump from f € ‘KbQ(Rd,R) to K; jf. Between jumps,
this dual process evolves according to the semi-group of operator (T(”)’d(t))t>0 associated to the

generator B4 given by (I3). We will give in Section [f an explicit expression of the semi-group
(T (")’d(t))t>0 defined as an integral against Gaussian kernels. We define the dual process as

follows:

Definition 3.4. For all M(0) € N*, for all & € €2((RY)M(O) R),

gt = T(M(Tn))’d (t - Tn) AnT(M(T7L71))’d (Tn - Tn—l) An—l ce AIT(M(O))A (Tl) 507
Tn <t < Tphy1, n €N, (25)
where (T,),cn @5 the sequence of jump times of the birth-death process M with 1o = 0 and where

(An)pen s a sequence of random operators. These are conditionally independent given M and
satisfy for allk e N, n>1 and 1 <1 # j < n,

_ 1
and for allm > 1 and 1 <i,5 < n,
1
]P’(Ak:Km {M (Tk_) :n,M(Tk):n—l—l}) =3 (27)

Moreover, the random times (1, — Tk_l)k>1 are independent conditionally to M (17_1) = n and of
exponential law of parameter yn? + yn(n — 1).

Note that particle creation for the centered FLEMING-VIOT dual process is possible unlike the
original FLEMING-VIOT dual process. It comes from the Kj; ; operator which has appeared under
the centering effect. Note that these terms correspond to the ones with the factor (id; x id;, i),
i,j € {1,---,n} in @) or Ma(p) factor in (7). Indeed, for all f € €2((RY)",R) and all u €
MTP(RY),

n n d
S0 (Kigfow ™)y = 30 37 (02 S0 (i x ide, )
t,j=1 1,j=1k{=1

The terms ®; ; are present both in the original and centered FLEMING-VIOT. Because of the
operators K ;, difficulties will arise to get bounds on the dual process (see Section [6.2]). Note
also that M is a non-explosive process:

VT >0, ]P’( sup M(t)<+oo> :]P’< lim Tn:+oo> =1 (28)
te[0,T) n—+4o0

Indeed, we note that for the choice of ji; := vi(i — 1) and \; := 42, i > 1 in [I, Theorem 2.2.], we

have
i 2 1

L e 0
)\i"'>\2)\1 2’7’i > ’

so that

1 i Ni"',u2> i~ - 2
il AU U N BN LR o S .
St et e 22 e
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Hence, M is non-explosive.

Step 2. Weakened duality relation. We consider fixed M(0) € N*, & € €2((RY)MO) R)
and (Xt),5, a stochastic process whose law P, is a solution of the martingale problem () with
uw e M§’2(Rd). We introduce a dual process (&), independent of (X¢),5, built on the same
probability space (enlarging it if necessary). We shall denote by P, ¢y, the law of ((X,&;));>q on
this probability space. For any k € N, we introduce the stopping time

0y := inf {t >0 'M(t) >k or 3seclo,t], <§S,Xﬂ8>> > k} (29)

Theorem 3.5. Given any (Xi¢);5q, (§t);=o as above, we have the weakened duality identity: for
all k € N and any stopping time 0 such that 0 < 0y,

tAO
¥ 20, Ege) ((60, Xims”)) = Equgo) <<§M9,Xg” A0 exp (w /0 M2(u)du>> : (30)

Note that this result holds true for any initial measure p € M§’2(Rd). The stopping time 6y,
ensures that each of the quantities involved in (30) are bounded and thus that their expectations
are finite. This is where we need stronger assumptions on p.

Lemma 3.6. Assume that pu € M§’2(Rd) has all its moments finite. Then, the stopping time 0,
defined by 29) satisfies limy_, 1o Op = +00, P, ¢) — a.s.

We will see in Remark that the assumption on p is optimal in the following sense: even if

)M(t)

£o is bounded, & may have polynomial growth of any exponent k in some direction of (R? SO

that <H§tH , M (t)> is infinite if g has infinite &' moment. This shows that we cannot expect to
have 0, — +o0o when k — +o0 if u has not all its moments finite.

The proofs of Theorem B.5 and Lemma [3.6] are respectively given in Sections[6.21and 6.3l Once
they are proved, the proof of uniqueness can be completed as follows.

3.2.3 Proof of Theorem [3.1] from Theorem and Lemma

We rely on the ETHIER-KURTZ’s result [20, Theorem 4.4.2]: to get the desired result, i.e. the
uniqueness of the martingale problem (), it is sufficient to verify that if we give ourselves two
solutions to the martingale problem () satisfying the weakened duality identity, then they have
the same 1—dimensional marginal laws.

Let (X¢);5q and (Xt)t>0 be two solutions of the martingale problem () with the same initial

condition p € MT’Z(Rd) which has all its moments finite. Let ()., be the dual process with

initial condition &y € (gf((Rd)M(O),R) with M(0) € N*. We suppose that these three processes
are built on the same probability space and independent of each other. We denote for all k € N,

0y, := inf {t >0 ‘M(t) >k or 3sel0, <gs,)~(ff§s>> > k:}
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These processes satisfy, for all k € N, & € €2((RH)M () R) the weakened duality identity (30):

vt 20, Mfo <<§07 t/\ek/\ek>)
M (tA8), A6y, U0k NG 2
= E(ug) (<£t/\€k/\§k"u ro >eXp (7/0 M (u)du))

E(u,¢0) <<§0’ N;\AJ(SSM)))

From Lemma [B.6] since (Xt)t>0 and ()N(t)t>0 have continuous paths for the topology of weak
convergence, we have P, ¢)—a.s., -

kEg—l <£07 t/\ek/\ek> - <£0’Xt]w(0)> and kgl}-loo <£O7 t/\ek/\G > <£O’ NM 0)> ’

Therefore, we deduce from the dominated convergence theorem and (I6]), that for all & €

cgb2 <(Rd)M(0)7 R),
V20, B (Paaro) (X)) = B (Poao (X1))-

As the set of test functions {Pﬁn feGHRYH"R),nc N*} is My (M;:(R?)) —convergence
determining [9, Lemma 2.1.2], it is M (Ml(Rd)) —separating |26, Chapter 3, Section 4, p.112],

it follows that for any ¢t > 0, X, MO and )?tM © have the same law. In particular, for the choice
M(0) := 1, [26, Theorem 4.4.2] ensures uniqueness to the martingale problem ({]). O

4 Ergodicity for the centered Fleming-Viot process

In this section, we establish ergodicity properties with exponential convergence in total variation
for the centered FLEMING-VIOT process (Zt),»,. Note that in the case of the original FLEMING-
VIOT process, ergodicity fails without the centering property [23, Section 9.1]. Standard duality
arguments would provide weak ergodicity estimates (see (Il) and [23]). However, using a coupling
argument based on the MORAN process and its relationship with the KINGMAN coalescent, it is
possible to obtain strong ergodicity bounds (see (2))) as done below. In addition, this will provide
an explicit construction of the invariant probability measure from the DONNELLY-KURTZ modified
look-down [I4 [T5]. For all u,v € M;(R%), we denote by

sup |<f7/~L> - <f,]/>|7
I llo<1

DO | =

Il —vlry =

the total variation distance between p and v. The main result of this section is the following.

Theorem 4.1. There erists a unique invariant probability measure @ for (Z;),5q and constants
a, B € (0,+00) such that for all p € M$*(RY), for all T >0,

1Py (Zr € ) = 7llpy < cvexp (=BT).
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The main part of this section is devoted to the proof of this result (Sections [£.1] to [£3]) and
in Section 44| we characterise the invariant measure of the centered FLEMING-VIOT process. In
Section 1] we construct the centered MORAN process and we establish its convergence in law to
the centered FLEMING-VIOT process. In Section we construct, backward in time, the MORAN
process, its centered version and we exploit its relationship with the KINGMAN coalescent in order
to prove in Section 3] an exponential coupling in total variation for the MORAN process. We
finally deduce the main result announced by letting the number of particles go to infinity.

4.1 Moran’s models and Fleming-Viot’s processes

In [I7) 10, 27, 9], the authors construct the original FLEMING-VIOT process as a scaling limit of
a particle process: the MORAN process. The aim of this section is to construct the version of the
centered MORAN process and to establish its convergence in law to the centered FLEMING-VIOT
process.

We consider the MORAN particle process YV defined by

N

with state space My, ~(R?), the set of probability measures on R? consisting of N atoms of mass
1/N. Moreover, if (X;(0));cn« is exchangeable, then for all t > 0, (X;(t));cn+ is exchangeable [23]
Theorem 6.1]. The infinitesimal generator of the R¢—measure-valued process YV is given for all
neN* fe %bz((Rd)n,R), UN € Ml,N(Rd) by

LnPyn (pn) = Pas , (1N)

—I—vN(N—l)/Rd/Rd

The first term of the generator describes the effect of the mutation according to the Lapla-
cian operator. The second term describes the sampling replacement mechanism: at rate v (the
sampling rate) an individual of type x is immediately replaced by one of type y. Note that the
population size remains constant over time.

0y O

Pfn <uzv - ﬁx + ﬁ) — Prn (mv)} N (dz) pn (dy).

We recall the following convergence result [J, Theorem 2.7.1]: for all initial condition Y7 =
L3N [ 6x, € Min(RY) with (Xi)1<;<n exchangeable RY—valued random variables such that
Y converges in law to u € M;(R%) as N — 400, the MORAN process (YtN)t20 converges in law
on €4, as N — +00, to the original FLEMING-VIOT process (Y;f)@o defined as the solution to the
martingale problem (22)).

We denote Mﬁv(Rd) = {,uN € My n(R?) ‘ <Hid||2,,u]v> < oo, (id, un) = 0}, and we define

the centered MORAN process (ZtN ) 0 bY
z{ = T—<id,YtN>ﬁ}/tN7 t=0.

The main result of this section is the following:
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Proposition 4.2. For all initial condition Z{¥ := %Eﬁ\leéxi € Mi?\,(Rd) with (Xi)i<icn
exchangeable R—valued random wvariables such that ZY converges in law to Zy € M§’2(Rd) as

N — +oo and satisfying sup ey« E (<Hid|]2,ZéV>) < 00, the centered MORAN process (ZtN)t>0

converges in law on € ([0, +00), Mf’z(Rd)), as N — +oo0, to the centered FLEMING-VIOT process
(Zt);>q solution of the martingale problem ([IT) with initial condition Zy.

A difficulty in proving this result lies in the fact that pu +— 7_4q 84 is not continuous
on M (R%) because id is not bounded. Hence we need to carry out several approximations
and control carefully the approximation error. In order to prove this proposition, we need to

introduce some notations. For all R%-valued function f on R?, the LIPSCHITZ seminorm is defined

by || fllL = supg, W We denote by

B = {7 o =1l < 1)

where ||f|l 57 = | fll; + || fllo For all u,v € My (R?), we denote by

dFM(Nry) = sup ”(f7:u'>_<f7V>H7
feBL1 (RY)

the FORTET-MOURIER distance. Recall that M (Rd) endowed with the weak topology is com-
plete for the distance of FORTET-MOURIER [16], Corollary 11.5.5]. Let A denote the class of strictly
increasing, continuous mappings of [0,7] onto itself. For a given metric space E, we denote by
D ([0,T], E), the space of right continuous and left limited (cad-lag) functions from [0,7] to E.
For z,y € D ([0, T], M1 (R?)), we define the distance do(z,y) by:

(A2}

From [2, Theorem 12.2 and Remark of page 121], (D ([0, 7], M1 (R%)) ,dp) is a Polish space when
M (R?) is endowed with the FORTET-MOURIER distance and the topology induced by the distance
dp is the SKOROHOD topology. The following lemma is a basic property of the original FLEMING-
VIOT. It can be proved similarly as Proposition 271

do(x,y) := inf < sup dpp(x o A(t),y(t)) + sup
AEA te[0,T] s<t

Lemma 4.3. Let T'> 0 and k € N fized. There exists a constant Cpr > 0 independent of N
such that for all YI¥ € My n(RY) satisfying supyey E (<||id||k,Y0N>) < 00, the MORAN process
(viY)

0<i<T satisfies

) _ Crrswyer B ((id]*,Y5"))
< _ .

Va > 0, Py~ < sup <Hid|]k,Y;N> >«
O \telo,T]
Proof of Proposition [{.3. We want to establish that
d : N _
vg € 6 (D ([0.7), ML (RY) R),  lim E(g(2Y))=E(9(2)).

—+00
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Let ¢ > 0. We consider the two following maps F and F from D ([0, T'], M3 (R%)) to D ([0, T], M (R?))
defined by F(y)(t) := 7_ga ) §y(t) and Fo(y)(t) := Ty §y(t) where he is a map from R?
to R? defined by

e i el <2

o 1

he(@):=14 ap i Fe{l-d} @i> 2
—ay i Fe{ldh @< 2

where 1 € R? designates the vector whose coordinates are all 1.

Step 1. Continuity of F.. In this step, we want to establish that
F. € 6 (D ([0.7], M1 (R) ). D ([0, T], My (RT)))

To obtain this, it is equivalent to prove that if for all n € N, y,,y € D ([O,T],Ml(Rd)) and

limy, 400 do(Yn,y) = 0, we have lim,, 1o do (F:(yn), Fz(y)) = 0. As, lim, 400 do(yn,y) = 0,
there exists ng € N such that for all n > ng, there exists A\, € A satisfying

o (20 =000 £ -

sup dpns(yn © An(t), y(t)) + sup P 5

te[0,T] s<t

Note that

do (Fe(yn), F=(y)) < teS[lOIIgF ] dry(Fe (yn) (An(t)) , Fe(y)(1)) + sup

o (2022002

t—s
Now, for all t € [0,7],

At (Fe(yn) On (), Fo()®) = sup [(f 0 7 gonatoy #m 0 An()) = (f 0 7 ih ey (®) |

fEBL1(RY)
< sup (F O T (e yorn(t)) Yn © An(t) — y(t)) H
fEBL1(RY)
+sup  |[(f T (h yora(r) — f O T—(hg,y(t))ay(t)>H-
feBL1(RY)

On the one hand, as f € BL;(R%), it follows that f o T (he ynodn (b)) € BL;(R%) and thus

sup
feBL1(R?)

(f 0 T (e mora(®y> ¥ © An(t) = yO)|| < diar (g 0 a8, (1) -

On the other hand, as f and eh, are in BL;(R%), we have
[€F 0 T theorn(en = F © T—the e ¥OY|| < 1= (hey yn 0 Aa(®)) + (e, y(®) ]
1{ehe, yn 0 An(t) — y(©)) |

dry (yn © )\n(t)v y(t)) :

[ =m =

<
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It follows from (BT) that,

1
o (Felyn), o) < (14 2) sup_dias (g 0 Ma(8) y(0)) + sp
€/ tefo,1] s<t

o (202000

t—s

Step 2. Control in distance dy of the difference between F (YN) and F; (YN). We
consider the MORAN process (Y;fN)0<t<T started from Y{¥ = Z and the original FLEMING-VIOT
process (Yt)ogth started from Yy = Zy. In this step, we consider the events

. 2 ) 2
Qe N = { sup <H1dH2,Y;N> < %} and Qe oo i= { sup <H1d|]2,Y}> < %} .

t€[0,T] te[0,T]

As supyen E (<H1d|] >) < 00, it follows from Lemma 3] (respectively Proposition 2.7)) that
there exists a constant Cr > 0, independent of N, such that Pyw (Qen)=>1-— Cr/Z (respectively
Py, (Qe,00) =1 — Cr+/Z). Moreover, on Qe N, for all t € 0,77,
do (F (YY), F. (vN)) < up deas (F (YY) (1), F. (YY) (1))
telo,

< sup sup
t€[0,T] feBL1(R9)

< sup [[(Ihe —ial ¥

fOT_(id’YtN> for_ (he, YN >HOO

<§t§;PT]H fial* ¥

< Ve,

where we used the inequality ||k, — id|| < £ [Jid||®. Similarly on Q. .,

<5l
do (F(Y),F: (Y)) < Ve

Step 3. Conclusion. We want to prove that for all g € %, (D ([0, 77, Mi(R%)),R),

lim E(g(2V)) =E(9(2)).

N—4o00

Thanks to the PORTMANTEAU theorem [2l Theorem 2.1], it is sufficient to prove this for all g

1—LIPSCHITZ. As (YN)NeN* converges in law to Y, we deduce that, for IV large enough,

[E (g0 F: (YY) ~E(ge Fo(¥)| < V2
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Using that g is 1—LI1PSCHITZ, and the inequalities of Step 2, it follows that
‘E(g (z™)) —E(g(Z))‘ - (E(goF(YN)) —E(goF(Y))‘
<[E(gor (YY) ~E(go B (v))
+ (E(goF(YN)) ~E(goF. (YN))‘
+[E(go F- (Y)) —E(go F(Y))]
<SVE+2]glloo [Py (26 n) +Pri (2% o0) ]
+VE [Pyx (c3) + Pyy (9 00)]
< (3+2|lgll, Cr) v=.

The announced result follows and completes the proof. O

4.2 Backward construction of Moran’s process and Kingman’s coalescent

In this section, we exploit the well-known relationship between the MORAN model and the KING-
MAN coalescent to obtain in Proposition a result of exponential ergodicity in total variation
for the centered MORAN model uniformly in N. The genealogy of a sample from a population
evolving according to the MORAN model of Section [£.1] is exactly determined by KINGMAN’s co-
alescent with coalescence rate 2v. The state of the population at the final time is constructed
from the ancestral positions by following the genealogy and adding mutations on the genealogical
tree of the sample according to a standard Brownian motion.

More precisely, on the probability space (ﬁ,j—"\ , ]@’), for any 7" > 0, given the sample path
(kN )i Of @ KINGMAN's coalescent in D ([0, T, IIy) with ITy the set of partitions of {1,---, N'},
given an independent family of i.i.d. standard d—dimensional Brownian motions (W(B )) Bc{l,- N}
and given an independent uniformly distributed random permutation o of {1,--- , N}, we can con-
struct the random variable

A Z Su, s (32)
7,—1
where for all 7 € {1,--- , N},

u; = Ui = T / dw (Bl (33)

where B(s, ) is the block of the partition kx ¢ containing ¢ and where a(i) is the number of the
block of ky 1 containing i, according to some arbitrary order (e.g. lexicographic).

The well-known backward construction of the MORAN model [I9, Section 1.2], [I8, Section
2.8] entails the following result.

Proposition 4.4. For all initial condition uy € Ml,N(Rd) and all T >0, Y = faw YTN’“N where
Yo¥ = p

7

We give an illustration of this result in Figure[d.I], where mutations are denoted by “

Not all of them are shown for the sake of clarity. For example, uo = z1 + ws4 + w3 + wo, Where

2 2 1,2 1,2 1,2,4 1,2,4
= WA )y 2D ) g g, 024 2,
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To(1) = 21 To(2) = T5
0
1 +
25 AAAAATAAAAAAAAAAA— U5 oot
T4 l x Uq wy
3 Y us
T2 AAVAV TATe U2 ws
71 DedePedadetdadadal u1
VvV VV V V V V VYV \'4
. ‘ ‘ ‘ N t3
0 t to ts g ts te T g (vs
ta
Figure 4.1: Graphical representation of the
MORAN model with N = 5 and initial condition ts T w3
s = %2?215331“ The times t¢; are the succes- te 1
. . . w1
sives times of resampling events, represented by T 4 ® —l

arrows. The arrow 7 — j indicates that ¢ repro- T

duced and j died.
uced and j die Figure 4.2: KINGMAN’s genealogy

(ks r—t)o<;<r under the MORAN model
on the left, tracing back from time T to
time 0.

We can then construct the centered version of the random variables /Y\I{V MV as follows:

AN?MN .

— (i v >ﬁ v

Corollary 4.5. For all initial condition uy € Miﬁv(Rd), N law ZNouy 1 N | 8,, where, for

T - N
: — o 1 N N _
alli € {1,--- N}, v; ;== 0" :=u; — N 2j=1 and Zy' = pn-.
To(a(1)) Zo(a(1)) Lo (a(3))
T+ 1
1 .
< < we
<> ws
<> w5
>
<> w3 wy
< w3 wq
0+ o 1
V1 V2 U3 V4 U1 v2 U3 V4
Figure 4.3: Illustration of the centered Figure 4.4: Illustration of the centered
MORAN process where |ky 7| = 1. MORAN process where |ky 7| = 2.

We illustrate this result with the Figures and 44l In Figure B3] we can observe that
Ul = Ty(q(l)) T W1 + W5 + W7, U2 = Ty(g1)) T W2 + W5 + W7, U3 = Ty(g(1)) + W3 + We + W7,
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Uy = Tg(q(1)) T wa + we + wy, so that

1[ ]+3 1[ ws + wi] 1[ ]+3 1[ wg + wa]
V] = - |ws —w —wp — — (w2 + w3 +w vy =~ |[ws —w —wy — — w1 + w3 +w
1=51ws 6]+ W1 — w2 3 4] 5 2= 5 [Ws 6]+ w2 — 711 3 4
U3 = —— |ws —w —w3 — — (w1 + w2 +w V4= —— |lws —w —wy — — (w1 + w2 +w
3 5 (W5 6]+ 7 ws — 1w 2 4] 4 5 [Ws 6/ T Jwa— lwn 2 3

and for Figure &l that w1 = T,(q(1)) + W1 + Ws, U2 = Ty(a(1)) + W2 + W5, U3 = Ty(q(3)) + W3 + W,
Uy = Ty(q(3)) + W4 + we so that

1 3 1
V] = 3 [xo(a(l)) — Tg(a(3)) T W5 — 'wﬁ] + Zwl 1 [wy + w3 + wy]
1 3 1
V2 =75 [%(au)) — Zg(a(3)) T W5 — wﬁ] + 1Y g [wy + w3 + wy],
1 1
U3 =5 [Zo(a(1)) = To(az)) +ws — we] + Vi I (w1 + w2 + w4,
1 1
=g [To(a(1)) = To(a(3)) + ws — we] + 19 [w1 + wa 4 w3].

We notice that, when there is just one ancestral lineage as in Figure 3], the random variable

Z}V 4 does not depend on the ancestral positions x1,--- ,z4 : this is the centering effect. In
general, when n = |ky 7| =1,
T BE) LS [T ()
vi= [ aw “ [ awd . (34)
0 N = o

This property is fundamental to implement coupling arguments leading to strong ergodicity.

4.3 Coupling arguments with two distinct initial conditions and proof of The-

orem [4.1]

In this section, we want to couple centered MORAN’s processes from different initial conditions
but with the same KINGMAN genealogy and the same mutations in order to establish the following
exponential ergodicity result. Then, we prove Theorem [£.1]

Proposition 4.6. For all un,vN € Miﬁv(Rd), for allT > 0, there exist constants o, 8 € (0, +00),
independent of un,vn,T and N such that

[B (2 e ) ~B (20 € )|, < cexp (~8T).

In particular, for all N € N* there exists a unique invariant probability measure wn for the centered

MORAN process (ng)po such that for all py € M;:?V(Rd), for all T >0,

HIP’M\, (Zéﬂv € ) — WNHTV < aexp (—0T).

Remark 4.7. The previous result is true for all deterministic initial conditions, so also for any
random initial conditions.
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Proof of Proposition[{.6. Step 1. Coupling. Let us denote uy := %Zﬁvzlémi and vy =

3 NV.un 3NN
Y, Y,

N LN 1 6,,. We construct the random variables and as in ([B2) from the same

realisations of (knt)oc;crs (W(B))Bc{l,..., ny and o. This allows us to construct on the same
probability space the two random variables

N
N”N == Zéuz\r and NVN ::%Z
2—1 1=

N7/J'N la_VV ANHU'N N7VN 1@ ANJ’N
such that Z;, = Zp and Z; = Zp"N.

Step 2. Control in total variation. From (B4]), on the event {|ky 7| =1}, we have that
forallie {1,--- N}, iV =0u/V as. and from [36] we deduce that
(230 € ) B (28 < )|, <B (220 4 Z3)
=1-Knr (kv =1)

where we denote by Ky 7 the law of the KINGMAN N —coalescent with coalescence rate 2y on
[0, 7). We denote by Hy := S>~_, T}, the height of the KINGMAN N —coalescent where (Tk) o< e

are independent random variables such that T}, follows an exponential law of parameter 27(';)
[18, Lemma 2.20]. NOW, KN,T(|kN,T| = 1) > Koo,T(|k7m,T| = 1) = Koo,T (Hoo < T) and by the
exponential TCHEBYCHEV inequality we have

) E (exp (AHo))
Koop (Ho >T) < inf — P A H))
e > 1) S N o D)

Note that for all A € (0,27),

“+oo

- 1
E (exp (M) = [ E(exp () = ; jA II —, (35)
k=2 v k:sl_»yk(k—l)
where the last product is convergent. We deduce that
1

Koor(Hoo >T) < C inf =2C nr —279T),

. ( ) v B N e (T vexp(1)T exp(—27T)
where C := [} 2% 1_71. The result follows for o := 2Cyexp(1)T and g := 2. O

vk(k—1)
Proof of Theorem [{.1 Classically, it is sufficient to check that there exists constants a, 5 € Ry
such that for all y, v € M$*(RY), for all T > 0,
[Py (Zr € ) =Py (Zr € )|y < avexp (=fT).

From LUSIN’s theorem [49, Corollary of Theorem 2.24], Proposition and Corollary there
exists two constants «, 5 € (0,+00) such that for all uy,vy € Mi’?\,(Rd), for all T > 0,

[ (1 (2) B (£ (2)| = s [Eu (7 () - (7 (20))

< aexp(—=fT).
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Now, let be fixed two deterministic initial conditions 1, v € M$?*(R?) and consider an i.i.d. sample

(X3)1<;< of distribution p and an i.i.d. sample (E)1<,<N of distribution v. Then, we construct
=<Xi= \Z\

two initial conditions uy := % vazl 0x, and vy = % vazl 5)?1_ such that puy and vy converge

in law respectively to p and v. We define fin 1= 7_iq ) v and Uy = 7_iq ) B vN such that

N, UN € M2 (RY). By construction, the assumptions of exchangeability of the random variables

H 1,N

Xi)ie:en and XZ __are satisfied, uy and vy converge in law respectively to u and v and
I<isN 1<GEN H & yrou

we have

E (%, in)) = B ((id?, ) — Gid, o)) = (1 <) B (x3).

Then, we deduce from Proposition that for all f € €,(R% R) satisfying || f||,, < 1, for all
T3>0,

B (Zr) —Euf (Zr)| = Jim [Byy (£ (22)) By (£(27))] < cexp(-5T)
which concludes the proof. O

4.4 Characterisation of the invariant probability measure 7

The main result of this section is Theorem M.13] of Section [4.4.2] which gives a characterisation
of the invariant measure m thanks to an adaptation of DONNELLY-KURTZ’s modified look-down
construction. Let us begin by giving a convergence result of the invariant probability measure my
to the invariant probability measure .

Lemma 4.8. The sequence of laws (Tn)yene converges in law to m in My (My(R?)).

Proof. Let T >0, uny € M;:?V(Rd) and u € M§’2(Rd) such that py converges in law to p. From
Proposition 6 and Theorem E1], we have for all f € €,(M;(R%),R),

(fmn) = (Fml < [(Fmn) =By (£(Z8))] + [Buy (£ (Z2%)) =B (£ (Z)
+ B (f (20)) — (£, )]
<2 flloc aexp (=BT) + [Epy (£ (207%)) =By (£ (20))|

The announced result follows from Proposition O

4.4.1 Characterisation of 7y from the modified look-down construction

We consider the probability space (Q, F , IF”) where we define the modified look-down process on
(—00,0] as a population dynamics on the set N of levels where one individual is assigned to each
level. To each pair of levels (i,j) € N? with 1 < i < j, we assign an independent POISSON
processes (Nj;(t)),, with intensity 2y and to each level i € N*, we assign an independent
standard Brownian motion (B;(t));<, on R_. Jointly with the modified look-down is constructed
for all N € N*, the so-called N —look-down process whose evolution is given as follows:

(1) Birth/Death rule. Each jump time ¢ of one of the POISSON process (Nij);; ;< corre-
sponds to a reproduction event at backward time —t;. When the time ¢; is the jump time
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_T,,

Ty =—tat
Bs(t) 5 j» as
Bsi(t) 4 Y U4

B3 (t) 3 Y U3 nl
Ba(t) 2 U2

Bi(t) 1 a1 it

—‘T —t 1 *‘1/2 *‘tl 6
07 ¢ ¢ ®

Figure 4.5: Graphical representation of the modi-

fied look-down process with N = 5. Figure 4.6: KINGMAN’s genealogy

(];5’t)0<t<T under the modified look-
down model on the left, tracing back
from time 0 to time —7.

of the POISSON process N;j, we put an arrow from ¢ to j as illustrated in Figure which
means that the individual at level ¢ puts a child at level j. The offspring at level j adopts
the current spatial position of its parent at level i. The parent level and position do not
change. Individuals previously at level £ € {j,--- , N — 1} are shifted one level up to ¢+ 1
and the individual at level NV dies.

(2) Spatial motion. Between reproduction events, individuals’ spatial positions at each level 4
evolve according to the standard d-dimensional Brownian motion B;(—t). As explain below,
we will fix the position of the individual at level 1 at coalescence time to 0.

Note that the N—modified look-down process is simply the first N levels of the (N + k)—modified
look-down for any k € N*. In other words, the modified look-down construction can be done
with an infinite population as a projective limit of the so-called (infinite) modified look-down.
From [I4] [15], the genealogy (];'N,t)t>0 in backward time since time 0 of a sample from a pop-
ulation evolving according to the N ~modified look-down is exactly determined by KINGMAN’s
N —coalescent with coalescence rate 2. In Figure[Z6lwe give the KINGMAN genealogy associated
to the 5—modified look-down of the Figure 4.5l

We denote by a(i,t), i € {1,--- ,N}, t € (—00,0], the ancestor level of the individual at level

i at time ¢t. For example, in Figure 4.5l for all ¢ € | —t3, —t4], a(5,t) = 2 and for all ¢t € | — ta, —t4],
a(3,t) = 1. Let us consider the random variables

chgal =

inf{T)O a(i,-T)=1, Vie {1,--- ,N}},

T2, := inf {T >0 |a(i,~T) =1, Vi€ N*},

coal *—

which can be interpreted respectively as the coalescence time (i.e. the first time where |ky,| = 1)
of the KINGMAN N —coalescent (];'N,t)

v

and the KINGMAN coalescent (k‘oo t) . Note that, for
>0 /120
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all N e N©, T
of any order.

TN < T2, P—as. In the next proposition, we establish that 7°0, admits moments

Proposition 4.9. For all k € N, there exists a constant C, > 0 such that E ((TOO ) ) < Cy.

coal

Proof. Note that T =

follows an exponential law of parameter 2y (g) Hence the result follows from (35]). O

£, Ty, where (Tj) k=2 are independent random variables such that T}

We shall be interested in the spatial position #; of the individual at level ¢ € N* at time 0

assuming that the position of its ancestor at backward time —1'

1 18 0. For example, if we assume
that, in Figure L6, 7%, = T3 , = t4, then the spatial position of the individual at level 5 at
backward time T

> 1» represented by the curve in bold in Figures .5 and E.6], is

Us = BQ(—t4) - Bg(—tg) + B3(—t3) - Bg(—tQ) + B4(—t2) — B4(—t1) + B5(—t1).
Similarly, ’LVL1 = Bl(—t4),ﬁ2 = B2 (—t4) ,223 = Bl(—t4) - Bl(—tg) + B3 (—tg) ,’LVL4 = B1 (—t4) —
By (—t2)+ B3 (—t2) — Bs (—t1)+ B4 (—t1). In general, we define for all i € N*, the random variable

iy 1= / dBagi(t). (36)

coal

In view of ([B4]), it is natural to introduce for all N,i € N*,

| N
N . .
Ui = Z ;. (37)

N 1 X
7N . _
coal Z and Zcoal = AT Z 5VN'
= N
For any fixed T > 0, for all 4,5 € {1,--- , N}, let us consider Tj; the coalescence time between

the individuals ¢ and j at time T in the process (k;N,t)O <t<T and Tij the coalescence time between

individuals at level ¢ and j at time O in the process (];:N’t)po'

Proposition 4.10. The measure-valued random variable Zcoal has the law 7.

Proof. The proof consists in establishing for all f : MT’Z(Rd) — R measurable real bounded
function, E (f (Zégal)) = fMC,z(Rd) f(u)mn(dp). From Proposition [£6] it is sufficient to establish
1

for all uy € M3 (R?), that limy 4o (E( F(Z%)-E(f (EJTVMN))‘ —0.
Let f: M§’2 (R%) — R be a measurable real bounded function. Note that,

(E(f(Zmz)) E(f(27") ‘ ‘E( coal)ﬂ{|kNT| 1}> (f(%v’”)ﬂ{ym,ﬂ:l})(
5o [B ([Fvr| > 1) +B (el > 1)]
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For all uy € Mi?\,(Rd), conditionally to kny = (knt)occp, OD the event {[kn 1| =1}, we
have from (B3] that for all 4,5 € {1,---,N}, the covariance matrix Cov (u;,u;|kn) is equal
to (T' — Tj;)I where I designates the identity matrix of size d. Conditionally to ky, on the
event {|ky 7| =1}, it follows from (34)) that (v;), <y ~ N0 (0gna, X)) where ¥ has the block
decomposition (Eij)lgz‘,jgN where for all 4,5 € {1,---, N}, ¥;; is the d x d matrix defined by

1 Y 1
Zij = COV('Ui,'Uj‘kN) = <N Z (,le—l-frjk) - <E] + N2 Z Tk[)) I.

k=1 kt=1
In similar way as previously, we have from (36) and (37) that, conditionally to ky := (l:: N’t)t>07
on the event {‘kNT‘ = 1}, we have for all 4,5 € {1,--- , N}
Cov (i, | ) = (Tosa = Tig) T (38)

Hence, conditionally to /::N, on the event {‘kNT‘ = 1}, (17ZN)1<Z.<N ~ NWNd) (ORNd,fJ) where

and for all 4,5 € {1,--- N}, iij is a matrix of size d x d defined by

5= (5y)
Y /)1<ij<N

Sy 1= Cov (5,01 |

DR men (e E ) o

kl=1

Hence, it follows that for all py € M;?V (RY),

law 5

SN av )
20 Wity = Zeoa iy r |1}
As established in Step 2 of the proof of Proposition [4.6]

i B ([for] > 1) = plim Bkl > 1) =0

which concludes the proof. O

In the next proposition, we establish the exchangeability property of the family (1;);cy. which
will allow to apply the DE FINETTI representation theorem.

Proposition 4.11. (1) The family (1;);cy- s exchangeable.

(2) There exists a random variable measure-valued Y20, : Q — My (R?) such that (Y'C];’al)NeN*

converges P—a.s. when N — +oo to Ycoal in ./\/ll(Rd) which is equipped with the weak

topology. Moreover, given Y0, (i i)iens 05 G.4.d. of lawY,

coal’ coal

Proof. (1) From [14, Proof of Theorem 2.2], it is enough to show for each N € N*, (;), ;. 18
exchangeable. Let o : N* — N* be a finite permutation, that is to say a bijection that leaves all
but finitely many points unchanged. The well-known backward construction of the modified look-

down process [14, [15] entails that (/:;oo,t)po law (/vsgoi)po where k” + 1s the partition obtained by

applying the permutation o to l;:oo,t. Therefore, for any permutation o : {1,--- ,N} — {1,--- | N}
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extended by id to N*, it is sufficient to prove that (( )1<icN
obtain the announced result.

l;:go> to

Fioo > z ((ﬁa(i))lgigN

We define 7207 = T2, (k;") and for all 4,5 € {1,--- ,N}, T, V-"- = (l;:go) Note that
T — . P—a.s. and it follows from the fact (koovt)t>0 law (k" ) ~0 that

coal coa
[ 0,0 1@
((TzﬁTcoal ))1<i7j<N - ((E]’Tcoal))1<i7j<N'

Hence, we conclude from (B8)).
(2) As the family ().« is exchangeable, the announced result follows from DE FINETTI’s
representation theorem [33] Theorem 12.26 and Remark 12.27]. O

We conclude this section with a corollary which will be useful to characterise the probability
measure 7.
Corollary 4.12. (1) For all k € N, the random variable Y°, satisfies <||1dH , Coal> < o0

coal
P—a.s.
(2) The limit tioo := limy_s 4 o0 ~ ~ 23—1 U; exists P—a.s. and satisfies oy = <1d, Coal>

Proof. (1) For all M € (0,+00), let us consider |id|,, the truncation function of id at level M
defined by |id|,; = [id| on [-M, M]? and [id|,;, = M on R?\ [-M, M]¢. By FATOU’s lemma, we
obtain that

N

B ((dlyy Ven)) < tm B (il V) < dm < >0 (14 E (Jadl™)).

Now, classical moment results for Gaussian random variables show that for all n € N, E (G2“) =
(2271"72,' 02" for G ~ N(0,0?). The announced result follows from (3.

(2) From Proposition [AI1] given Ywal, (;);en is ii.d. Therefore, the announced almost

surely existence limit follows from the Strong Law of Large Numbers. Moreover,

<1d Ycoal> = l_1>1(}r10o <1d Ycoal> = l_1>1(}r10o N Z Uj = Uog, P —a.s. O

4.4.2 Characterisation of the invariant probability measure 7

We can now conclude with the characterisation of the invariant measure 7: now we define the
random variable Z%2, € M;(R%) as

Zeoal = T_(iaye,) 1Y coat-
Let us recall the

following well-known fact useful for the proof below: a straightforward adaptation of the proof of
[9, Lemma 2.1.2] allows us to obtain that the algebra of polynomials

The following proposition establishes the convergence of (ZCOGI)NEN to Zwal

Span ({Pf,n(,u) ‘ f: (RY" = R uniformly continuous, u € M;(R%),n € N*})
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is convergence determining in Mj (M1 (R?)) where Py, is given by (IG).

Theorem 4.13. (1) The sequence of random variables (ZN converges P—a.s. when

coal)NeN*
N — +00 to ngal in M1(R?) for the weak convergence topology.

(2) The random variable Z%2,; has the law .

Proof. (1) From the previous reminder, it is sufficient to prove that for all n € N*, for all f :

(RY)" — R uniformly continuous, limy_ 4 Py (chgal) = Prp (ng;’al) With an argument

similar to the proof of Proposition @2, we obtain that for all n € N*, for all f : (R)" — R
uniformly continuous, Pfor_, ,n» from M3(R?) to R is continuous. Let n € N*and f : (R9)" — R

uniformly continuous. Now, Y., € M?(R%) from Corollary EI2 and

coal

PfoT,(m,YN l>7n (Y/c](;[al) =Py (Zvé\o[al) and PfOT7<id,Y/°° >7n ( vcoocébl) =Py ( vcogal)

From Proposition E1T] limy 10 Pror lvfcgal) = PfoT—<id yoo (}V/C%%l) P—a.s. which
’"coal

<id'yc1¢\7]al> " (

concludes the proof.

(2) Let n € N*. As for all N € N* and f : (R%)" — R uniformly continuous,
E (P (23, —/ Py wd‘
B (P (222)) = [, 0 Prne(a

<E (|Prn (Z25) = Pro (Z201)]) + \E (Prn (2541)) - /Ml R ADENCTD

" ‘/Ml(Rd) P () ) = )

the announced result follows from Theorem T3] (1), Proposition EI0 and Lemma E.§ when
N — +oo. O

Y

4.4.3 Application: computation of the second moment of the invariant measure

We assume here that d = 1. The last characterisation of the probability measure « is suitable
to make explicit computations. The next corollary gives an expression of the second moment
under 7.

Corollary 4.14. We have ch,z(R) My (p) 7 (dp) = 1/27.
1
Proof. Step 1. Uniform bound in N of E (Mgk (Zvé\ofal)) ,k € N*. In this step, we want to

establish

]slelg*E (<]id\2k , Zgal>) < 0.

Let N € N*. From Proposition d.11] (1),
2%k ZN 1o
E(<’1d‘ 7Zcoal>) =E| E N Z

(o

2k
(T i

1<m <N s + coal

1 N
=2 D
i=1

1 m/ 1<m,Z<N’ coal :

32 /66




From (B9) and Proposition 29, we obtain that

B (E (|0 |(Tone) o o)) = e (52) < Bhm ((722)™) < ox,

and the announced result follows.

Step 2. Convergence result of E(Mg (ZN

Coal)) to E(Mg (Zcoal)). Note that for all
N eN*, M € (0,+00),

‘E M, Zcoal)) E (M2 (Zcoal))‘ < (A)N,M + (B)N,M + (C)N,M7

where
(A)NM ‘E (M coal (<|1d|M ’ Zcoal>)‘ )
(B)NM = ‘E( lld‘M coal E(<‘ld’M cogal>)‘
(C)N, = ‘E( lld‘M coal —-E (M2 (Zcoal))‘ :

From the inequality |id? —id%,| < id? , then the HOLDER inequality, we obtain that
Yy M

SfM

(A)N,M S E(<|1d2 1d?\/]| coal>) S 3\/§M (<’1d‘3 coal>) S 3\/§ME<<ld4 Zé\o]al>z>

From Step 1, we deduce that for all N € N*,

(A) s < Mﬁ (1 + sup E ((ia*, zggal>)) < 0.

In similar way, we obtain that for all N € N*, (C)N7M < 3\[M (1 +E (<1d4, vé’;’al>)) where

(<1d4, Z§§al>) < oo from Corollary [ (1). By the monotone convergence theorem, we de-
duce that for all N € N*, E (M, (Z2,)) = limy oo E ({Jid3,, ZY,)) and E (M (255,)) =
limy/ 100 E (<]1d\M Coal>) From Theorem ELT3] for all M € (0, +00), imn— 100 (B) 5 = 0.

Hence limN_>+oo E (M2 (Zcoal)) E (M2 (Zcoal))

Step 3. Conclusion. Note that for all N € N*,
1Y 1 |&
o (2) = (. 20) = St [ St B .
: : g

From (38), we have foralli,j € {1,--- , N}, E (4;1;) =E <E <ﬂiﬁj ‘ l;:N>> =E (TOO — T ) where

coal
Tij is an exponential random variable with parameter 2~ if ¢ # j. Therefore E (Mg (Z é\gal)) =
Nﬁl X % By Step 2, we deduce that E (M2 (ZOO )) = 1/2~ which completes the proof. O

coal
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5 Proof of Theorem [2.4]

The proof of Theorem [24] in any dimension d € N* is identical to that in dimension 1 but is much
more cumbersome to write. For the sake of clarity, only the proof in the case d = 1 is presented.
We leave the details for the multidimensioanl case to the reader.

We divide the proof of the main result into 3 steps, each of which will constitute a section
(Sections BT to [.3). We recall that the aim of this proof is to prove that the law PEVe of

T7<id,u)ﬁ v

the process (Z;)y<,<r defined by
vVt >0, Zy = T—(id,Yt)ﬁ}/t’

under PEV for v € M2(R) is solution of the martingale problem ({#). By standard density
arguments, it is sufficient to consider the case F, g € ‘ff(R, R) to obtain the announced result with
F € ¢?(R,R) and g € €2(R,R). In () there are essentially two types of terms: (id,Y; — Y;)
and <g(j) O T_(id,ys)s Yt — Ys>, j €10,1,2}, s < t. In Sections 5.1l and [5.2, we prove that the two
previous quantities admit a DOOB’s semi-martingale decomposition. In Section [5.3] we handle all
the terms in (IIJ) involving respectively the first and second derivatives of . 'We end this section
dealing with the different error terms involved in (IIl). By classical arguments, we can prove that
the martingale involved in () is square integrable and we can compute its martingale bracket ().

5.1 Doob’s semi-martingale decomposition of (id,Y; — Y;), s <t

In [®), M9(g) is well-defined only for g € %2(R,R). The expression makes sense for more general
functions g. The goal of this section is to prove that, for any k € N, Mid (idk ) is the martingale

part in the DOOB semi-martingale decomposition of <idk, Y}> In particular,
(id, Yo = Yirnr) = MY (Gd) — Mg, (id), s> tP At

is a PFV —martingale.

Lemma 5.1. Let v € M;(R) and let P, be a distribution on Q satisfying ) and such that Yy is
equal in law to v. Let T > 0 and k € N* be fized.

(1) If <]id\k,u> < 00, then there exist two constants Ck,T,gk,T > 0, such that any stochastic

process (Yi)oc < whose law is P, satisfies

(a) tes[lé’pT] E, (<]1d\k ,Yt>) < Crr (1 + <\id]k,1/>) )

~ -
(b) Va >0, P, ( sup <]id\k 7Y;t> > a) ’ Ck,r (1 + <|1d| ,V>)'
t€[0,T o

(2) If <]id\k,u> < 00, then the process (Mtid (idk))0<t<T defined by

M (id¥) = (id",v;) — (id*, vp) — /Ot <@id’“‘2,lfs> ds,
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is a continuous P, —martingale. Moreover, if <\id]2k,u> < o0, then (Mid (idk))0<t<T is a

martingale in L? () whose quadratic variation is given by
. t 2
id (;1k)\ _ - 12k [k
(b (1)), = 29 [ [0 1) = (ia*,v2) ] s
Proof. The proof is similar to that of Proposition 271 O

5.2 Doob’s semi-martingale decomposition of <g(j) O T_(id,v,)s Y — Y8>, s<t, g€
{0,1,2}
Equation (IIJ) involves terms of the form <g(j) oT . JYin ap — Y}n/\t> with j € {0,1,2}.
—<1d,Yt?M> i+1 i
We wish to express, each of these terms using the martingale problem (8). However, this leads us
to consider quantities of the form

Mti?Jrl/\t (g(j) ° T‘<idetnAt>> B Mti?m <g(j) ° T_<id’y'f”“>> 0)

with j € {0,1, 2}, which are not well defined at the moment. Indeed, in ([@0) the input argument is
a predictable random function of the process (Y;)y< < while the martingale problem (&) defines
Mi4(g) only for deterministic functions g. Lemma hereafter, allows us to give a precise
meaning to [#0) by extending the well-defined character of the martingales of (§)) to predictable
input arguments. The proof of this technical lemma, is based on classical arguments using reqular
conditional probabilities, that we recall in Appendix [(] for completeness.

Lemma 5.2. Let t* € Ry be a deterministic time and h : Q — €2(R,R) be a measurable function
satisfying the following property:

/ . / . o
Vw,w € Q, h(w) = h(w") i w0 = Wi
Then, the following process defined, for all t € [0,T], by

M, (@) == M (h (@) (@) — M3y (h(@)) (@)

is a PEV(d@) square integrable martingale whose quadratic variation is given by
¢

(M@)), =27 [ [(R@),@) — (h (@), @6)°] ds,

tAL*

Lemma with t* = t allows us to assert that (@Q) is a PYV(dY)—martingale increment.
Thus, we obtain for j € {0,1,2}:

tm t
<g(j> or Yoo rt— Yoo t> [N <g(j+2) or y> ds
_<id7)/t’.1/\t>7 i+1/ i ¢ 2 _<id7)/t’.1/\t>7 s

TAL

id (4) _ pqid (4)
+ Mt%rl/\t (g ° T_<idetﬁAt>> Mt?/\t <g ° T_<idetTLAt>>
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where (Msi% (g(j) ° T—<id,Ytn/\t>> - Mti?At <g(j) ° T—<id7YtnAt>>> is a PEV square integrable

s}t?
martingale satisfying for all s > ¢7,

<M'igt <g(j) ° T_<id,Yt?At>) MnAt ( e T_<id’yt?“>)>s
SAt () 2 () 2
— J _ J
=2 AL [<<g © T—<id7Yt?At>> 7Yu> <g ° T—<id,Yt?At>7 Yu> 1 du.

5.3 Expressions of the terms of (1))

In the rest of this proof, we use the following notations to simplify the writing. We denote for all
s> 0, R(s) := (id, Ys). Our goal is to prove the following lemma:

Lemma 5.3. When the mesh of the subdivision 0 = t§ <t} < --- <ty =T of [0,T] tends to 0
when n — 400, we have the following convergence in probability

pn—1 t 7
g .
im0 ) = [ G0, 2) ((G02) 7 (6 20 Mat2) =29 (g % 4.2) ) Mt

PFV

where (Marty)gop 95 a P, —martingale.

The proof of Lemma [5.3]is based on the following decomposition of (A), (given by the expres-
sion (I2))) which makes use of the DOOB semi-martingale decompositions of Sections [B.1] and
We have

(A), = ki F' ({907 npumny Yarn) ) (A))
=1

where

t7,+1/\t 1
(A)zl = /t B <9H S T—R(t;‘/\t)vYS> ds,

TAL

2 i i
(A); = ME? N (9 o T_R(tgms)) - Mg?“ (g © T—R(t?mf)) ’

(A)? [Mt" e (id) — Mti?/\t (id)} <9/ © T_R(t;zm)jytyme> )
(A);1 [ " /\t Mt"/\t (ld)} [Mti?H/\t (g' o T_R(t?m)> - Mti?/\t <9/ o T_R(tln/\t)):| )
(A)f [ " /\t 1 Mt"/\t (ld)} <9” oT_R(ﬂLmﬁ)7Kﬁ?/\t>a

(A)) =0 (|e wt—t"At!\ i i) = M)

Note that we used the following inequality
t1+1/\t 1
®) > < |lg® n _m FV
/t?/\t 2 <g ) T_R(t?/\t),}/s dS B Hg Hoo (tz—i-l A tz A t) ]PI/ a.s.

1/\t 1

N 6 .
to bound the term [Mg?ﬂ@d) MgS(ld)} tn/\t 1 <g(3) o T—R(t;?/\t)’Ys> ds by (A),. Our goal in
the sequel is to write each of these six quantities as sums of finite variation terms, martingale
terms and negligible terms and to study the limit of each of them.

36,66



5.3.1 Decomposition and study of (A)Z1
Note that, for any ¢ € {0,--- ,p, — 1},

1 1 A ] " 1 A ] , "
(A)Z :/t §<g OT—R(s)7YS>dS+/t 2<g oT R(t?/\t) —g OT—R(S)7Y;>d3-

AL AL

Using a argument of convergence of RIEMANN’s sums for the first term and Lemma [A.2] (2) for
the second one, we obtain in probability, that

el / 1 t / g”
nll}I-Eoo ZO F <<gOT_R(t;l/\t)7§/t?/\t>) (A)z :‘/0 F (<g7 Z8>) <?728> ds.

1=

5.3.2 Martingale contribution of (A)? and (A)?

Note that 2?7;—01 F’ <<907—R(tﬂ/\t)th?At>) (A)?, is a stochastic integral with respect to the

square integrable martingale (M1(id))
we deduce that

ocscr Since F' and s — (g’ o 7_g(y),Ys) are bounded,

pn—1
. 3
i 32 (907 p(pne) Yiene) ) ()]
1=0
is PV —martingale. The term
pn—1

— ; F' (<g OT_R(t?/\t),Y;t?/\t>>(A)?

is a stochastic integral with respect to a martingale which depends on n. However, the same
argument as above applies because (M) ,<p is uniformly bounded in L? (Q) by Lemma 5.2
hence uniformly integrable.

5.3.3 Contributions of (A);1 and (A)Z5

The contribution of the next two terms corresponds to the terms due to the centering effect in
the martingale problem ().

Study of the term (A)?. Using IT0’s formula and the relation (J), we obtain that
(A)] = (8);" + (A) + (A)

where
(A)41 / Mld id) — n/\t(ld)} dmy (9/ © T—R(t?/\t)>’
z+1 i i i
(A) = / M (0 Ty ) = Mitne (9 0 T an )| 4022 ),

(A)j?’ o 7/ttm/\t Kld o ™ R(en): > (id, Yy) <g/ o T_R(t;/\t),Ysﬂ ds.

AL
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Using the same arguments as for (A)?, we deduce, in probability, that for k € {41,42},
pn—1
. / k
Jm 2 F (907 n(ipnny Yirmr)) (A}
1=
is a PFV —martingale. Moreover, we decompose the integral of (A);13 in the following way:

(A);" = (A)F + (A + (A);™

where
At
<id x g o T_R(ipAt) ~ idx g o T_R(s)s YS> ds,
. / /
<1d7 Y:9> <g OT_R(s) =9 ©° T—R(t;’/\t) ) Y:9> ds,
(A);" = -2y [(id x g 0 T_p(), Ys) = (id, Y5) (9 © 7_ps), Yi)] ds.

Using Lemma [A2] we deduce, in probability, that for k € {431, 432},

pn—1
. k
Jim 30 F (907 ngpngYien)) (A =0
1=

and we deduce from the convergence of RIEMANN’s sums that, PYV —a.s. and hence in probability,

pn—1 t
lm > F <<907_R(t;w)=5??m>) (A);" = —27/0 F' ({9, 25)) (g x id, Z,) ds.
0

n—-+oo -

Study of the term (A)f’ As (A)f’ satisfies the following decomposition:

(A)] = ( / T ) - b )] anii

AL

i A

+ Y |:<1d27 5/8> - <1d7 }{9>2:| dS) <g// o T—R(t?/\t) 5 }/:f?/\t>
and proceeding as for (A);1 above, we obtain, in probability, that

pn_l T
. 1
nEB{loo .Z_ F <<9 © T—R(t;?/\t)’Yt?At>> (A)z5 = 7/0 F' ({9, Zsne)) (9" Zsnt) Ma (Zspe) ds—l—MartE )

where (Martgl) is a PEV —martingale.

)OétéT

3866



5.3.4 Study of the error term (A)?

From the inequality: for all z,y € R4, zy < % (a:% + y?’) and Lemma [A.3] we deduce, in proba-
bility, that

i S (g0 gy Vi) [ n =82 A ] [MEL i) — B i)
1=0

2 HF’II £ ) TRPINL
< lim == Z [th At —t At\? + Z ( n el Mt?/\t(ld)‘ =0
and this completes the proof of Lemma 5.3 O

5.3.5 Expressions of terms of (II]) involving F” and error terms

Decomposing (B), in similar way as for (A);, and using similar arguments, we can prove the
following lemma:

Lemma 5.4. When the mesh of the subdivision 0 =t <t} < --- <ty =T of [0,T] tends to 0
when n — 400, we obtain in probability that

pn—1

lim Z(B) - /F” (9:23)) [(9%. 2.) — (9. 202 + (g, 2,)* Mz (Z,)

n—+oo

-9 <g/, Zs> (g x id, Zs>] ds + Mart,

where (Martt) is a PEV —martingale.

o<t<T

From Lemma[A.3] we deduce that the different error terms involved in the approximation ([ITI)
converge in probability to 0.

6 Proof of the results of Section

Recall from (I9) that B4 is given for all f € €72 ((Rd)n ,]R) by

n Af(x d
() = 2D 9y S (V) e -2i)
k=1
where e, = (g, -+ ,ex) € (Rd)n and ey, is the k™ vector of the canonical basis of R%. In this part,

we justify the extension from the case d = 1 to the multidimensional case. To do this, we give
a probabilistic interpretation of the semi-group (T™%(t));>0, generated by the operator B,
using the FEYNMAN-KAC formula: for any f € 62 ((Rd)n ,R),

T f(x) == Eo f (X4)

where (Xt),- is solution to the following SDE:

Xog ==, dX; =dB; — 2’7b(Xt)dt, X; € Rnd, t >0,
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where (By)
(E;‘Zl Tj k) i<i<n, 1<k<d Where x := (x1, - - - o)t € (]Rd)” and z; := (z; 1, - ,a:@d)t € R%. We shall
denote X; = (

= (Bt(l), cee Bg"))@o is a nd—standard Brownian motion, b(z) = (bi k(%)) ;< 1<heca =

Note that, for all k € {1,--- ,d}, Y;(k) = (th’k, e ,Xf’k) are d independent processes of
semi-group (T (t))>0 := (T™-1(t));>0, solutions to the following SDE:

Ve {l,--.d}y, Y =g, av" =dB — 2y (v*® - 1)1dt, t>0

where 1 € R™ denotes the vector whose coordinates are all 1 and x - y denotes the scalar prod-
uct between z and y in R". Considering a function f € ¢} ((Rd)n,R) with product form
f(xr,,mn) =TIR_ 1 gk (vk) with g € 62 (Rd,R), note that

d
TAR) f (21, xy) = H T () g (). (41)
k=1

So, it is sufficient to study the case d = 1 since the general case can be deduced easily from (41])
following the same method as below. We leave the details to the reader.

6.1 Study of a semi-group

From now on, we assume that d = 1. In this section, we devote a specific study to the semi-group
(T™(t))1=0 generated by the operator B(™ := B! defined for all f € €2 (R",R) by

B () = 22 9y (vfw)- 1) @), (12)
In Section [E.I.1, we provide an explicit expression of (t,z) — T (t)f(x) and prove that it is
a strong solution to the semi-group PDE associated with B by means of FEYNMAN-KAC’s
formula. With the aim of obtaining fairly fine bounds on this operator (see Corollary [6.2]), we give
all the necessary details. In Section [6.1.2] we give a MILD formulation of the martingale problem
(I7) using the semigroup (7™ (t));0 in Proposition

6.1.1 Construction of the semi-group

For any real vector-valued function f and g of L' (R"), we denote by (f*g)(z) := [gn f(t)g(z — t)dt

the convolution product of f and g. We denote by (gbl’z (R4 x R™ R) the space of real functions
on Ry x R™ of class €}(Ry,R) with respect to the first variable and of class €2(R",R) to the
second variable.

Theorem 6.1. The family of operators (T(")(t))t>0 defined as:

=

V>0, Ve e R, TO() f(z) = / )i (u)du, (43)

)

Vz € R, 7M™ (0)f(x) = f(),
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where gi(m is the density of the Gaussian distribution N (Mt z, X¢) where ¥y = Po,P~' and

Myg = Py p-1, = — M (x-1)1 with

64(t) ‘o 0
y1 exp (—2ynt) 0 t 0 0
Y2 . . . .
Hty = ) and oy = : o - .,
Yn :
0 0 0 t

where e4(t) = w and P is an explicit change of orthonormal basis matriz defined in the

proof below, is a semi-group of bounded operators on L™ (R™). In addition, for all f € €2(R",R),

(1) The application (t,x) — T (t)f(x) is of class €2(Ry x R™,R) and is a strong solution of

the PDE
VES0, Ve € R, dult,x) — %Au(t,a;) oy (Vult,z) 1) (z - 1) (44)
Ve eR",  u(0,z) = f(z), (45)
and
(2) VIO f(z) = (Onmiae (VF*07%5) (mex))| e,

(3) Vi,je{l,---,n}, 02, TM()f(z) (9, mue)’ [(F * Hess (97%)) (me0)0z,mu] -

As we will see in the proof, everything follows quite directly from the FEYNMAN-KAC formula,
except the fact that (t,z) — T (t)f(x) is a strong solution of the PDE up to time ¢ = 0. This
technical point will be useful for the MILD formulation and this is why we make a detailed proof.

Proof. In view of the operator B(™ given by @Z), it is natural to define the semi-group 7" (t)
using the FEYNMAN-KAC formula: for any f € 62(R",R),

TO(1) f(x) = Eo f(X,)
where (X¢),- is solution to the following SDE:
Xo =, dX,=dB; - 2y(X;-1)1dt, X, €R", t>0 (46)
where (B;); is a n—standard Brownian motion and z € R™.

In Step 1, we check that this definition of T (t) coincides with the one given in the statement
of Theorem [6.Tl In Step 2, we verify that (x,t) — E,f(X;) is indeed a solution of the PDE (4]
for all £ > 0. In Step 3, we treat the case t = 0. In Step 4, we prove the announced expressions
of the derivatives of T (t) f(z).
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Step 1. Change of basis in the SDE (46]). We consider the orthonormal basis (v, -+ ,vy)
of R™ defined by v; := ﬁ(l <+ 1)t and for 2 <i < n,
t
1—1 1 1
i iU o

i—1 terms

v; 1= -1,0,---,0

We denote by P the change of basis matrix from the canonical basis to the orthonormal basis
(v1, -+ ,vn). We define for all t > 0, Z; = P7'X;, ie. Z; = (Zt(l),'u ,Ztn)) where for all

ie{l,--- ,n}, Zt(i) = (X¢ - v;). It is standard to check that W, := (Wt(l), e ,Wt(n)) where for

allie {1,--- ,n}, Wt(z) := (By - v;) is a n—standard Brownian motion and that (Z;), is solution
to the SDE
L _ 1 _ (1)
Zo—y=Plu dZt( ) = th( ) 2ynZ, " dt, . (47)
dz,” = aw”, je{2,--n}

All coordinates in ([@7]) are independent and solve a one-dimensional SDE whose solution is explicit
(ORNSTEIN-UHLENBECK for Z(1)| standard Brownian motion for Z(®) i > 2). Tt follows that Z; is
a Gaussian vector of law N (™) (ttt,y, 0¢). Therefore, for any ¢ > 0 and all y € R", Pz, has a density
with respect to the LEBESGUE measure on R™ given by:

1 (21 —yrexp (—2ynt)]2 1 &
(277)% et (07) exp (_ 1 1264() _2_; i = Yj) ) (48)

Since, X; = PZ;, we deduce that for all x € R™ and for all ¢ > 0, X} follows the normal distribution
N @) (my 2, X¢), with density

90, (21, 2) =

(49)

_ 1 T_mxtE—IT_mx
gi),{:c(T) = ggpﬂm (P 1r) = ( ta) Sy ( t, ))

n ex -
@2n) 5oty P ( 2
Hence, E, f (X}) coincides with (43]).

Step 2. T(™(t)f is solution to (@) on (0, +oo) x R™. Without difficulty we verify that
for any y € R™, gfy satifies the following FOKKER-PLANCK PDE:

n 1
vVt > 0,Vz € R", E?tgfy(z) = iAyggy(z) — 2’yn8ylgfy(z). (50)
We deduce from ([A9]) that

Vy € R, ¥r € R", Orgly (P7'r) = 0hgipy (1),

and, for all y,r € R, Gyigfy(P_lr) = > Pki(‘)xkgffpy(r). In particular,
k=1

0,97, (P7r) = —= (Vagip, (r) - 1) .

L
\/ﬁ
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In an analogous way, we deduce that

n n
X
Aygt Y Z Z kZPfZ zo,x19t, Py( ) = Amgt,Py(r)v
=1k/l=1
because P is an orthonormal matrix. From (50) and since (P_la:)l = (f/%), we deduce that the

density gg(x satisfies:

1
—Axgi(x(r) +2v(z - 1)V4gt2(r) = 0.

VE> 0V e RNV R, Gg(r) - ;

Now, the fact that for all f € L*°(R",R),
TM(t) f () = f( )i (r)dr

is ‘5;’2 ((0,+00) x R™ R) and is a solution of (@) on (0,+00) x R™ follows from the theorem of
differentiation under the integral sign. Note that, if f is continuous,

(n) —
TO) 6 f(@) = Eof (X2) — £(@)
by the dominated convergence theorem which leads to (45]).

Step 3. Verification of (4)) up to t = 0. Assume that f € 42(R", R). This is equivalent
to prove that for all z € R™,

U tXxu u— f(x
g S (W05 ()du — f ):%Af(m)—Q’y(Vf(x)-l)(a:-l).

t—0 t

Let x € R" be fixed. Using TAYLOR’s formula we obtain that

f( )97 (w)du — f(z) = (A), + (B), + (C),,
where

(A), = [ (=l Vi) g, (B), =5 [ (o) Hess(1) (o) (u — 2)gi% (u)du,
(C)t = /R” Rx(u)gfx(u)du,

where R, (u) := o (Ha: — qu) As gi¥, is the density of N (my ., %), where

z-1 1
z—my, = (1 — exp(—2ynt)) % X Ti o —2y(z - 1), -
Vie{l,---,n}, (S, a2
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it follows that

(A), = (Vf(2) - [mie —a]) = — (Vf(z)-1)(z-1).

(1 — exp (—2ynt))

n . 2
= L R P (S0 (1 - exp(~29mt))? 2 s () )1,

Therefore,

%w — 2y (Vf(2) 1) (z-1) + AfZ(:n).

Now, it remains to manage the (C), error term. Note that,

Ve > 0,3a > 0,Vu € B(z,a), | Ry (u)
Vu € R"\ B(z, o), | Ry (w)

2
e llu— =l
2| flloe + 1V fllog 1w = 2l
1
+ 5 [Hess f(2)l| o lu — 2|, -

| <
| <

Let € > 0, @ > 0 and ty > 0 such that for all ¢ € [0, o], ||z — my.||, < §. Let t € [0,%0]. Separating
the domain of integration of the integral of (C), into B(z,«) and R"\ B(z,a), it follows from
the YOUNG and previous inequalities that there exists a constant C' > 0 such that

C ga/ u—z|? g (w)du+ C 1+ Ju—2z|3) g (u)du
(©)p <= | llu—al3g05(w) o g (L = l2) 905 (0)
<2 Y (S0 +2e +C) o — mual3 + 2 [

Rn

(1+ [l — mll3) g% (u)du
i=1 \ B(z,a)

Now, for the choice of o and then the MARKOV inequality, we obtain that

4
Lo oy (1 = mel) 65 ) 22) fort gy 1~ 1l )

2

4
4 fRn Ju— mt,ng gt)’(x(u)du
<ll+— o
@ (%)

16n 4 n 4 x
< e <1 + ¥> ;/Rn (uZ — (mt,x)i) Gt - (u)du.

As for all i € {1,--- ,n}, the fourth moment of a random variable of law N (0, (X;);,) is smaller
than 3 (Et)?i, it follows from (5I) that there exists a constant C' > 0 such that
@ < 2en+eC

for ¢ small enough and then the conclusion.
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Step 4. Expression of the derivatives of 7 (t)f. Noting that for all u € R™, g; X (u) =

g% (u — my ) and using the symmetry property of this density, we obtain that

TO@) f(w) = (£ 5 93%) (mea):

By the chain rule formula, we deduce the properties (2) and for all 4,j € {1,--- ,n},

02, T (1) f(x) = (Oz,mu)" [(f  Hess (%)) (m12)0r,mez)
+ (aimjmt,m : (f * V.gt),(()) (mtm)) .
The property (3) follows. O
The following corollary is useful for bounding the dual process in Section

Corollary 6.2. Let f € €%(R",R). We assume that there exists a constant Cy > 0 such that for
all x € R",

|f(x)] < Ch (1 + ||x\|§") .

Then, for allt > 0 and x € R"™, there exists two constants Ca(t,n) > 0 locally bounded on Ry x N
such that t — Ca(t,n) is non-decreasing and Cs(t,n) > 0 locally bounded on (0,+00) x N satisfying

(1) T @) < Caltom) (1+ 2]3")

(2) |(Hess (63%)  £) (mea)|| < Csltom) (1+ [2]3")

Proof. Step 1. Proof of (1). From (48) and (@J), note that for all z,7 € R", t > 0, g{¥,(r) =
;L_Lé]t [P—1a), ([P_lr]j), where

2
Z() 1 [21 — y1 exp (—2ynt)]
= ———exp| — ,
gt,yl ( 1) 27Te4(t) p< 264(t)

) 1 25 — yil? .
thyj (Z]) ﬁe}(p (_% ; S {27 7n}‘

Since || Pz||2 = ||z]|2 for all z € R™, we also have

X Z
L e du= [ 13 g, 0z,

Hence,

[z o oot [ T o =t S ([29]).

i=1 i=1

Classical moment bounds for Gaussian random variables show that E (G2") < C(n)t* for G ~
N(0,¢t) and C(n) > 0. Since e4(t) < t and using (52)), we deduce that there exists two constants
Ci(n) and Ca(t,n) such that for all i € {1,--- ,n}

3((29)") < (100 ) <o ([l
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The result (1) follows.

Step 2. Proof of (2). Now, we want to control, for all 7,5 € {1,--- ,n},

‘((Hess (gt),(()) * f) (mtx))w

< Ci(n) /Rn

02,9t (1+ e = rl3") dr.

For all k € {1,--- ,n}, we consider:

 Jet) if k=1
V’f(t)‘_{ 4t it k£1

From (52l), we deduce that for all 4, j,k € {1,--- ,n}, for all ¢ > 0,

*) (e pPh,, (P 'r ®) (e
ot (P = - D (o,

(t)
) pPY, (P7Y,, [(P~'r)’ "
872’;‘?“2-950( ) ((P_lr)k) - : )Xi;((t) b <( Vk(t))k N 1) 950( ) ((P_lr)k) :

Hence, for all 4,5 € {1,--- ,n}, for all t > 0,

< 1 and |(P_1r)k| <n )y,

Noting that for all 4,5,k € {1,--- ,n}, ‘(P_l)z.j

2 — 2 — 2
e — ]2 < 2207 (3 + 227 " (2 — exp (~2ymt) [l2]|2")

we deduce that for all i,5 € {1,--- ,n}, there exists a constant ag(t,n) > 0 locally bounded on
(0,4+00) x N such that

J.. 1%
R

TiT;
S e [eq(t) \ eq(t) t t ea(t) t 2

X g70(r) l[mee —rll3" dr

< Galtm) (14 Jl2l13")

9200 Imee = 13" dr

The announced result (2) follows. O
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6.1.2 MILD formulation

In this section, we establish the MILD formulation associated with the martingale problem (I7])
with d = 1.

Proposition 6.3. Let (X;),., be a stochastic process whose law P, is solution to the martingale
problem (@) with initial value p. Then, for all f € €2(R™,R),

(T™(to — )£, XI") / (@4, T (t0 — 8) £, X571) = (T (ko — 9)f, X1') | ds
H;;i
—’y/ Z Z KJT (to —s)f,X;L+1>ds
i=1j5=1

is a P,— martingale for 0 <t <to.

Proof. Let tg > 0. Using [I8), let u,v,w : [0, ] x MS?(R) x © — R be B([0, to]) @ B (Mfz(R)) ®
F—measurable defined by

L U(?", M) = <T(n) (tO - 7") f> Mn>7 o U(Tv M) == <8tT(n) (tO - r)fv /Ln>7

o w(r, p) = LevePro (tg—r) f,n (1)-

The expected result is a direct consequence of a version of [26, Lemma 4.3.4] where we replace
the assumption of boundedness on w by an assumption of domination : 3C' > 0,Vt € [0, o] ,Vu €
MS2(R), w(t, p) < C (1 + Ma(u)). Note that we have control on these moments (see Proposition
2.7). The verification of the assumptions of this lemma is left to the reader. O

6.2 Proof of Lemma

Recall that, our goal is to prove , in dimension 1, that the stopping time 6, defined by

VkeEN, 0= 1nf ‘M >k or 3Jse0,4, <§S,XM(S>//<;},

satisfies limg_, 400 Op = +00, P, ¢p)—a.s. with p € M§’2(R) and & € Cgb2 (RM(O),R). Before to
prove Lemma B.6] we introduce the following lemma, whose proof will be given at Section
We denote by S; the number of jumps of the process M on the time interval [0, ¢].

Lemma 6.4. If & € 62(R",R) then there exists a function Cy on Upey (0, +00)* x {k} to Ry,
locally bounded, such that for all (t;) ;. € (0, +00)N, k= Cy ((t:)o<ick » k) is non-decreasing and
satisfying

Vt c [O,T], Vl’ S RM(t), ]ft(az)] S C() (Tl,TQ —T1y," " s TSp+1 — TST,ST) (1 + ”LZ'H%ST) .

The bound obtained above will only allow us to show that 6 — +o00 P, ¢;)—a.s. under the
assumption that the initial condition Xy has all its finite moments. The following remark shows
that we cannot expect that 8, — +oo under weaker assumptions on the initial condition.
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Remark 6.5. Let § : x — sin(z) € 62(R,R) and u € M§’2(R). Let us assume that <]id\4 =N> =
400 and & successively jumps at times 7, o and T3 with respective jump operator K11, K11 and
$y3. If we denote by 112 := To — 71, straightforward (but tedious) computations give

ea(T1)
2

2

() = KnTO(m)éo(arv) = —exp (- 20—ty ) sin (wexp (-29m)

and the leading order term in &, (x,y, z) is of the form (ax — by)2 22 sin (cx + dy). Now,

Ery(,y) = P13T®) (75 — 1) &y (2, ).

If 73 = 9, we obtain as leading order term in &, (x,y) the term (ax — by)? 22 sin (cz + dy), which
is not integrable with respect to p?(dx,dy). If 73 > 7o, one can check that the leading order
term in TG (13 — 1), (2,y, 2) is of the form Py(x,y, z)sin (Ex +dy + Ez) where Py(X,Y,Z) is
a homogeneous polynomial of degree 4 such that Py(X,Y,Z) — (aX — bY)2 72, ¢ = ¢, d —
d and € — 0 when 13 — To. Therefore, for T3 close enough to To, &r(x,y) has a non-zero
term proportional to x*sin ([54—&]:17 —I—dy) which is not compensated by another term. Hence,
<]§T3\ u2> +00 if T3 — 19 is small enough, for any values of 71 and ™. Given T large enough,
we have proved that 0, < 73 < T with positive probability.

6.2.1 Proof that Lemma implies Lemma
Note that 6, = §k A gk where

~

Ok = mf ‘M k} and 6, :=inf{t>o s e 0,1, (6 X10) 2 k}

Thanks to (28] it follows that f), — 400 when k — +o00. In order to prove that 6 — +oco when
k — 400, we rely on the control of the dual process obtained in Lemma [6.4l So we need to control

<HH§ST ,th‘ilgs)>. Let T > 0 and € > 0 be arbitrary. From (28], we choose A := A(T,e) > 0 such
that P, ¢) (S < A) > 1 —¢/3. Then, using Proposition 2.7, we choose B := B(T',¢, A) > 0 such
that P, ¢ (Vk <24, Vit < T, <]id\k ,Xt> < B) > 1—¢/3. Finally, from Lemma we choose

Co :=Cy(T,e,A) > 0 such that P, ¢ (Co ((ri41 — TZ)0<Z<A ,A) < Cp) = 1—¢/3. We recall that

for any m € N*, for all z € R™, (372, ;)" < m" "1 3™ | 2. Thus, the following inequality
M(s)
(M5, %207) < M(s)5r™! > [, 225X da) = M) (1057 X1

< (M(0)+ A)"' B,
takes place with probability 1—2¢/3. Therefore, we deduce from Lemma G4 that for all s <t < T,
(e, X)) < Ty (M(0) + A)* B
In particular, for k > Cy ( + (M(0)+ A) B), it follows that
Plugo) (0r > T) > Pl ({Sr < A} {Vk <24, vt < T, (id", X;) < B}

N{Co ((Tis1 — Ti)ocica > 4) })
>1—c¢.

The conclusion follows. O
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6.2.2 Proof of Lemma

By mathematical induction on k£ € N, we prove the property
(Pr): VYt [t Th], Vo € RM(t), 1€ (x)] < Co((Tig1 — Ti)ogigk k) (1 + ||33||§k) )
where C is locally bounded on [Jey (O, +00)" x {k}.

Initial case. For k =0, Sp = 0 and & € 62(R",R). Hence, the property (Pp) is satisfied.

Inductive step. We assume that, for k& € N*| the property (Py_1) is satisfied and prove that
(Pr) is also. Let t € [, Tw+1] and note that M(t) = M (7). We make a partition of cases ac-
cording to whether the dual process loses or gains a variable. Leti,j € {1, -+ , M (7x_1)} be fixed.

Step 1. Case Ay, = ®; ; at the k' jump. In this case, M (7;) = M (7_1) — 1 and we deduce
from the explicit expression (Z5]) of the dual process that for all z € RM (Te-1)—1,

&(z) = T(M(kal)_l)(t _ Tk)q)MT(M(ml))(Tk _ Tk—l)&k,l(ﬂﬂ)-

By using expression (20) of ®; ; and the property (Py_1), we deduce from Corollary (1) that
for all z € RM(Te—1)-1,

o, ; TM ) (7 — 7 y) &H(x)‘
2(k-1)
< Cy (k= The1, M (7421)) Co (71 = T)ociapr b — 1) (14 [l2ll3*7),

where C3yCj is locally bounded. Using again Corollary[6.2] (1) and the fact that ¢ — Cy (¢, M (7%_1))
is non-decreasing, we deduce the property (Py).

Step 2. Case A, = K;; at the k' jump. In this case, M(7;) = M(75_1) + 1 and the
explicit expression (25) of dual process that for all x € RM(Te-1)+1

&(z) = T(M(Tk—1)+1)(t _ Tk)K@jT(M(T’ﬂ*l))(Tk — Th1)Er ().
From the expression (ZI) of K; ; and Theorem B.11 (3), we have for all 2 € RM(Te-1)+1

‘Ki,jT(M(TH)H) (T — Th—1) &H(x)‘

= ‘(axjmTk_kalvf)t |:(§7—k—1 * Hess (g‘i(k—mq,o)) (mTk—kal,55)8%‘7”%—%7175] x?\/f('rk,l)—i-l?

where T = (xl, e ,xM(Tkil))t € RM(e-1) | From the property (Pj_;) and Corollary (2), we
deduce that

‘Ki,jT(M(Tk’l)H) (Tk — Tk—1) frk,l(x)‘
< Cs (1 = The1, M (7421)) Co (i1 — Ti)ocicn1 - b — 1) (14 [l2[13¥) ,

where C3C) is locally bounded. Using Corollary (1), we deduce the property (Pj). We
conclude by the principle of induction. O
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6.3 Proof of Theorem

Recall that (X;), is a stochastic process whose law P, is a solution of the martingale problem (@)
with € M%*(R) and (&t)¢=0 & dual process independent of (X;),-, built on the same probability
space. To simplify, we will note P = PP(,, ¢,) the distribution of ((Xy,&));so- As & € 6 (RMO) R)
and for the choice of the stopping time 6 given by (29), the set of quantities, involved in the
expectations of the weakened duality identity (B0), are bounded.

Step 1. Approximation reasoning. To establish the relation (30]) we introduce a increasing

sequence 0 = t{f <t} <--- <ty =t of subdivisions of [0,#] such that ¢',; = t}' +h with h tending
to 0. Note that

E (<£t/\0k,XéV[(t/\9k)> exp <’7 A MQ(u)du>) -k (<£07 X;K[@(S)>)
pn—1 o ng
Mt N0 i+1\VEk
- Z {E <<§t?+1A9k=Xt/\e(kzjtly+1l/€\)ek> exp <’Y/O Mz(u)du>>

=0
M(trne ti' Nk
- E (<§t?/\9k7Xt/\9(kl_t?l/€\)9k> €xp (’Y/O M%u)du))} .

We are therefore interested in terms of the form

(8+h)/\0k
M ((s+h)NOy,
e (e X o (3 [ ar ) )

SN0y

N

(53)

—-E <<§s/\€k7Xt]\/{g(:/:i];\)9k> exp (fy ; Mz(u)du>> , forsel0,t—h].

It is sufficient to prove that these quantities are O (hz). The procedure to be adopted is as follows.
First of all, we consider separately the two terms which constitute (B3) in Steps 2 and 3. Then,
we prove that the sum of these terms is O (h2) in Steps 4 and 5. Throughout this section, in order
to simplify the writing, the following notations are introduced:

tr =t A0, s 1= s N\ Oy, and SZ = (s+ h) A b.

We note respectively 71, 7o the first and second jump times after s; for the process M. We denote
by 715 =71 A0, and 1o 1= To A Oy

Step 2. First term of (53]). We exploit the explicit expression (25)) of the dual process and
make the following partition:

(a) If there has been no jump of M on the interval [sy, s}!].

(b) If there was only one jump of M on the interval [sk, sﬁ] and distinguish according to the
events {A = @, ;} and {A = K ;} where A is the first A; defined by ([26]) and (27) after sy.

(c) If there are two or more than two jumps of M on the interval [sk, sg]

50,686



Then

. <<5XM()> P (’Y [ 2(“)d“> ' f>
_E (<§sz=Xf(S§)> exp < / M2( )du> L oot}

")

M (sk) M(sh) o »
k
+ i7j:1 E <<€SZ7th—SZ > exp <’Y/0 M (u)du> ]l{T17k<827T27k>SZ,A:q)i7j} fsk)
i # ]
M (sp)
+ E <<6527X th— exp < ) ]]‘{Tl’kgsZ,Tgyk>SZ,A=Ki,j} ‘ fsk)
=1
h
Sk

+E <<£s',;vth (Z§)> exp (7 ;

We only deal with the second term, where there is a single jump with A = ®; ;. The other
terms are treated in a similar way.

M2( )du) 1{7_ k<5h} ‘ s |-

If there is a jump on [sk, si] and for i # j € {1,2,--- , M (s;)} fixed, A = ®; j, then M (sz) =
M(sy) — 1 and SSZ = T(M(sk)=1) (Sg - Tlvk) (I)i,jT(M(s’“)) (11, — Sk) &s,,- Thus,

M(s}) ko =
E <§SZ7th_SZ >exp ’Y‘/O M (u)du ]]‘{lekgs;;,Tg’k>sz,A=<I>i’j} .ng

- <T(M<sk>—1> (sh = mi0) @u TMEO (7 — ) &, XM 1>

tk Sk

xexp (1 [ M0+ [ — s M2050) + s = ma] (M (s — 1))

]]'{Tl’k—skésg—sk}E []]-{A:¢i'j}]l{TQ,k_Tl,k>SZ_T1’k} 2 (TLk) \/]:sk] .

Now, using that, given A = ®;; and o (711%) V fsk, Tox — T1,, follows an exponential law of
parameter y (M (sz) — 1)% 4+ (M (sg) — 1) (M (s3) — 2), we deduce that

P ({A = ;10 {n, o (T1k) V fk)

~oxp (= [(M (sk) = 1)+ (M (si) = 1) (M (sg) = 2)] [sh = 714])
B M?2 (s1,) + M (sg) (M (sg) — 1) '

Then using that, given o (71 4) V fsk, 71,1 — Sk, follows an exponential law of parameter vM 2 (sp)+
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M (sg) (M (si) — 1), we deduce that

E (<£32’X (s h)> exp ( / M2 )du) ]]'{T1k<5k77'2k>5k7A .5} ‘ Sk
_ /s’,; { T (1) @, TV (¢ — 5) €, XM > exp <fy /Ok M2(u) du)
X exp <—2’y (r—sg) (M(sg) —1)—~ (sz — sk) (M(sk) — 1) (M(sg) — 2))} dr.

Step 3. Second term of (B3]). It follows from the MILD formulation of Proposition
that

s Sk ~
E <<§Sk,Xjf£Sz)> exp (’y /0 M2(u)du) ‘ ]—“Sk>
=K <<T(M(Sk))(sz _ Sk)§Sk7Xf(5k)> exp < / M2 )du>

h

M(sk) Sp—Sk M(sy)—1
iy E(/ (@7 (), XMEDY

-)

i,5=1
(Ea¥]
. Sk —_
- <T(M(Sk))(r)§8k,X;‘f_(si)_r>) dr exp <’y/0 M2(u)du> ‘ f%)
M(sk) S —Sk M( )+1 Sk o~
+’Y Z E </ <K ,]T ( )gskvth s]; r>drexp <’Y‘/0 M2(u)du> fsk) :
7.7_1

Step 4. Conclusion. Putting together all the previous equations, we deduce that

[S‘f‘h]/\ek
M ([s+h]Aby,
= ({somon X e (5 [ a0 )

s SOy
—E <<§s/\9k7XtA/{9(k/_\ilj\)gk> exp <’Y ; M2(u)du>>

= (A) + (B) + (C) + (D) + (E) + O(h?),
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where

(A) =B (T (s - 1) €, X108)

X exp (7 /OSk M?(u)du — v [sz — sk} M (sy) (M(sy) — 1)))

M (sg)

+~E /Sk_Sk Z

i,j=1
i

<T(M(sk (1), X' Sk) T>drexp( / M*( )du) ;

® -z 3 /S (T (5 - s ) @ T (g, XN

e — 8
,j=1
i#]
s 5k
= (T (0) @ T ) XMW e (v [T Mr2w)an) |
MGk psi—s h MG+
(C) = ’yE( JZI/ T(M(Sk)+l) (Sk — sk _7«) K”T( (sk) ( )y X - si% >

B <T(M(sk)+1) (0) KMT(M(S’“))(T)E X;‘;:[(ZIZ)+T’1>} exp <7/ ' M2(u)dU>> ;
0

sh —sk s
(D) = +E Z/ MO (s — s = ) @i MO0 (1), X0 Y

% exp (= 29r [M(s) — 1] — 7 (s} = s) [M(s) — 1] [M(s5) — 2]) } dr> ,

M(s) _
Sk Sk 5 Ms
@)= (35 [T () T e )
j=1

X €exp (—277‘M(sk) — (SZ - Sk) M (sg) [M(sk) — 1]) } dr) .

All these terms are O (h2) uniformly with respect to the other parameters which is sufficient
to conclude the proof. This can be proved similarly for each term, so we only give the details for
(A). We first notice that when h — 0,

(A) :E(M(sk)(M(sk)—l) /0 82_8’“{<T<M<Sk>> (58— s1) €0 X218

t k—Sy
e e o [ ) 0.
k 0

By conditioning with respect to fsk in the previous expression and using the MILD formulation
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of the Proposition [6.3] again we obtain that

(A) =E <exp <7 /Osk M2(u)du) M (s1,) (M (sg,) — 1) /OsZ—sk M:::’i {

M (s)
3 [<(I)i7jT(M(5k)) (tr — sk — V) §8k7X11)W(5k)_1> _ <T(M(5k)) (tr — sp — v) fsk,ij,w(sk)ﬂ
Z;'];é:jl
M (s)
+ > (K TMED (1) — sy, — 0)g,,, X7 <8k>+1>} dv] dr) +0 (h?).
ij=1

Both integrals are on intervals of length at most h. Since all the quantities in the integrals are

bounded by definition of the stopping time 6, we deduce that (A) o O(h?). O
_>

A Technical lemmas involved in the existence proof

A.1 Approximation lemma

Lemma A.1. Let p,d € N*, u,v € My (Rd), F e %3 (RP,R) and g = (g1, ,9p) € (Rd,Rp).
Then,

F({goT gau ) —F ({907 tiaumv))

p
= Z o r (<g O T_(idw)> V>) {<gz OT_(idw) H — V> - <V.gl O T_(id,v)> V> ’ <1dnu - V>
1=1

1
- <v92 O T_(idw) b — V> ’ <1d7 = V> + 5 <1d7 = V>t <HeSS(gi) O T_(idv)> V> <1d7 = V>}
+ Z <g O T_(idw)s V >) {(gz O T_(idw)s M — V> <gj O T_(idw)) M — V>
tj=1

— (95 © T—tiawy> 1t = V) (Vgi 0 T_id s v) - (id, p — v)

- < i O T—(idwv), b — V> <ng © T—(id,u>7V> ’ (idvu - V>
{ )
(<V.gz O T_(id,v)> V> ’ <1d7 = V>) (<v9j O T_(idv)> V> ’ <1d7 = V>)}

_|_
P 2 3
+O<H (id, = ) |* + ; ZHD 950 T_(idw). u—uH>

where Dkgj denotes the differential of order k of g;.

Proof. The general case p,d € N* can be proved by a straightforward extension of the proof
of the case p = d = 1 which is the only case that we prove. Applying TAYLOR’s formula to
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(id, v)) (id, v — p) + %g” (= (id, 1)) (id, v — p)* + O (] (id, v — ,M’)}
= - <ld7 p—v [(9 O T_idw)>¥) + (9 0 T (i), b — V)]
- % (id, = v)* [{¢" 0 T_iawy, V) + {g" 0 T_iamy b — V)] + O (|<id, 1 — ,,>|3) .
Therefore, we deduce the following approximation:
(90T fid s 1) = (9° (i) V)
= (g 0T (i) b —v) — (id, u = v) [{g" 0 T_jiawy, V) + (9" © T_giawy, 1t — V)] (A1)
+ % (id, p — v)? (g" © T_giany,v) + O (Kld p—w)* + (id, = v)? [{g" o T_iauy 1t — V>|) :

Applying TAYLOR’s formula to F (<g ) T_<id,u>,,u>), we obtain that

F ({907 gam 1) —F ({90 amv))
=F' ({907 (iaw ) ¥ [(9° T i 1) = (90T (iaw): V)]

P O T_(idw),V
+ (<g T2 (id,v) >) X [<go7——(id,u>aﬂ> _ <go7——(id,u>7y>]2

+0 ([{g 07—y 1y — (90 T awy )[) -

Using (A1), we deduce that

({907 tagns 1) = (9070 )] = (g0 gawyn =) + (idp = 0)* (g 0 7_piauy,v)°

—2(goT_gawy, b —v)(id,u—v) (¢ 0 T_ga), V)
o (|(id,,u — P 4 (id, )2 [Kg o T_iauyr it — V)|
+ (9" o mgawy 1 = V)| +[{g" 0 T pia s 1 = V>|}
+ |(id, = ) (g0 T—giapy b — V) (9 0 T_fiawy, 1t — V>|> :

and

3
O ([{g o gag: i) = (90 7—gawyv)|")
= 0 (I, =)+ (i, p =102 [|{g 07—y, = V)] + (6 07— aposs— )]
+ [(id, . — )| [<QOT_<1d,u>7M - V>2 + (g o T_tiay 1 — Vﬂ + [{g 0T py 1t — V>\3)'

The announced result follows from YOUNG’s inequalities. O
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A.2 Lemma of convergence

Lemma A.2. Let k € N* and assume that Yo € M1(R) satisfies <idk, Y0> < o0. We consider for
t € [0,T], an increasing sequence 0 =t < tf <--- <ty =T of subdivisions of [0,T] whose mesh
tends to 0. Then, for all hy € {1,id} and he € €2(R,R), we obtain that, in PV —probability,

Pl pthant g
) nll)g}oo ZZ:O /tn/\t <h1 X [h2o T_<idet?At> ~hao T_<id’ys>} ’Ys> ds =0,
el t:L+1/\t k

Proof. The two properties can be proved similarly. We only prove the first one. Thanks to Lemma
6.1 (1) (a) and using that hg is LIPSCHITZ, there exists a constant Cp;, such that

AL
hl X
AL

k
ds

£ At
< /t ’<h17 >‘ |:CL1p

TA

M () = Mgy, ()| A (2] 1Bl )"

If hy = 1, the dominated convergence theorem allows us to conclude the proof. If hy = id, using
that sup,cpo 7 [(id, ¥3)| < o0 PEV_—a.s. by Lemma B1 (1)(b), we can also apply the dominated
convergence. O

A.3 Control of error terms

Lemma A.3. Let t > 0 be fizxed and assume that Yy € Mi(R) satisfies <id2,Y0> < 00. Let
j €{0,1,2} and g € €1(R,R) fived. The sequences

1=0

pn 1 . 3
(1) | X0 M i) — M, )|
neN

3)
neN

Proof. Step 1. Proof of (1). Let € > 0 and ¢ > 0 fixed. Let A > 0 to be determined later. We
introduce the stopping time

pn—1 . .
(2) ( Z M7,+1/\t (g(j) © T—<id,Ytzn/\t>> Mn/\t < (]) ° T—<id7Yt;l/\t>)

1=0

converge to 0 in PEY —probability.

T4 = inf {t 20 <id27Y;f> - <id’Y2>2 > A}

which satisfies almost surely lim g, 1o, 74 = 400 by Lemma 5.l Then, using MARKOV’s inequal-
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ity, we obtain that

PEV< ‘ " il — M /\t(ld>‘3 >5>

pn_l 3
<PEY (74 < t) + PEV <{TA >t { ( I Mn/\t(ld)‘ > s}>
175 id : id nl?
<Py )+ = Z E (‘Mtyﬂmmm (id) — Mt;mt(ld)‘ )

3
(id) — MtnAt(id)‘ is
bounded and (M™(id)), pry 18 27A%-LiPSCHITZ. Thanks to the BURKOLDER-DAVIS-GUNDY in-
equality and Lemma [5.1] (2), there exists a constant C; such that

From the definition of 74, we obtain for all s € [t} At ] At], ‘Ms“}m

3 id ; id; :
‘Mn pine (id) — Mtn/\t(ld)‘ <CiE | |(M (ld)>tf+1/\t/\TA — (M (1d)>t;w
<O (2’yA2) (tP o AE— 7 A t)
Therefore, if we choose A such that P5Y (14 < t) < §, and ng € N such that for all n > ny,

e2

sup [t At =N K —————,
\/z‘e[[o,pn—lﬂ a ' 20, (27A2)2 ¢

we obtain that

PEV <p"_l‘ " /\t Mt"/\t(ld)‘ > 5)

Cy (27A?
<PV (74 <t) + Mt\/ sup  [th o At —th At

and the first announced result follows.

Step 2. Proof of (2). In similar way as previously, we obtain that

pn—1 , ) .
pEV (z:o Mtn At (Q(J) o T_<id’Yt?M>> - Mgf}m <g(J) OT—<id,Yt;LM>>

3
> ¢
1=
11”"1

Z B (‘ tn e <g(j) ° T_<id7Yt?At>) Mn/\t ( e T—<id,Yt?M>>

3
2

Qb

€

)

sup |17 At — 1AL,

N

which converges to 0 when n — +4oc0. O
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B Extensions to the centered Fleming-Viot martingale problem

The goal of this section is to give some extensions to the martingale problem (@) which are
equivalent and it is usual to switch from one to the other.

B.1 Extension to multiple variables

We firstly introduce the version of the centered FLEMING-VIOT martingale problem with p € N*
variables. We will then provide the heuristic for the martingale problem for polynomials given in
the next section.

Definition B.1. The probability measure P, € M1 (ﬁd) is said to solve the centered FLEMING-
VIOT martingale problem with p variables, with resampling rate ~v and with initial condition
[T Mf’z (Rd), if the canonical process (Xt);~q on Qq satisfies P.(Xo = p) = 1 and for each
F € €*(RP,R) and g € €Z(R%,RP),

M) == F ({9, X)) — F ({9, Xo))

— /Ot i 0;F ({9, X)) (<%,Xs> + [<idt (Hess (g;) ,Xs>id,Xs> —2(Vy; - id,Xs>]>d8

- 7/ Z <<92937X ) — (96 Xs) (95, Xs) + (Vgi, X,)" (idid", X,) (Vgj, X;)
tj=1
—(Vgi, Xs) - (g; xid, X5) — (Vgj, Xs) - (gi X id,X8>> ds
(B.1)
is a continuous IP,—martingale in L? (Qd).

Theorem B.2. For all p € M;’Z (]Rd), the probability measure P, constructed in Theorem 2.4
satisfies the martingale problem of Definition [B.1l

Proof. We can deduce the result from the original FLEMING-VIOT martingale problem with p
variables [10] given by (B.2)) below, following exactly the same method as for the proof of Theorem
2.4l We recall that, the probability measure PEV € M; (€y) is said to solve the original FLEMING-
VioT martingale problem with p variables with resampling rate v and with initial condition
v € My (RY), if the canonical process (Y2);s0 on Qq satisfies PEV(Yy = v) = 1 and for each
F € €*(RP,R) and g € 62 (R%,RP),

MPUg) = F((9.2) — F ({9, Yo)) / zakF ((9.v:) (5% v, )as
(B.2)

_/7/ Z [(929]7Y> (9i, Ys) <gj’Ys>]ds

,j=1

is a PF'V —martingale. O
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B.2 Heuristics leading to the martingale problem for polynomials

Our goal here is to study the DOOB semi-martingale decomposition of polynomial functions of

the centered FLEMING-VIOT process. To obtain the expression of ECFlVC for polynomial func-

tions Py, with f € €2((R?)",R) (see (IB)), we first look for this expression when f has prod-

uct form. The previous martingale problem (B.I)) gives the following result: for the choice of

Flai, - ,ay) = H a; where a; € R, noting that F ((g1,1), -+ ,{gn, 1)) = Ppn(p) with
i=1

[, 2y) = [[}=ygi(z;) and g; € €2 (RLR), @ € {1,---,n}, we deduce that for all

pe M? (R R),

n A i n
‘CFVcPf, = Z (< gi > v (Vg -id, ) —|—7<1dt (Hess(g;), ) id ,u ) H Ok b
= =%
+ Z < (Gi97, 1) — (95 1) (g5 1) + (id" (Vgi, p) (Vg5, )" id, 1)
i,j=1
J#i

— (Vg 1) - (gi x id) — (Vgi, ) g]><ld> H (9 1
k;:
k4,

The previous relation leads us to introduce, for each n,d € N* and for all f € %172((]1%‘[)",]1%),
the operator B¢ defined by ([¥). Indeed, again for the choice f(z1,--- ,2n) := [I'_q gi(x;)
with g; € €7 (Rd,R), i€ {l,---,n}, we obtain

n Ag;
B(n)’df(xl, e ’xn) = Z ( g ($ xz ld IIJ‘Z ) H gk: xk)
= k;éz

— Z ((Vgj(zy) - id (1) gi(i)) + (Vgi(ai) - id (25) g5 (z5)) H
t,j=1 k

JFi

3

Note that, for all u € M?(RY),

n

LvePrn(p) = (B™Af, i)+ zn: (id" (Hess(gq), ) id, ) T (gk> 1)

i=1 k=1
k#1
£ 3 (00509 — (o6 ) (g ) + (i (Vg ) (Vigg i, 1)) IR
i=1j=1 -
J#i €7

This leads us to introduce Definition (3.2]) of the centered FLEMING-VIOT martingale problem
for polynomials.
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C Regular conditional probabilities and Lemma

C.1 Technical result for Lemma

As the filtered probability space (€, F, (F);s) is Polish (see Section 2T, we deduce from [30,
Theorem 3.18 of Section 5.3 (p 307)] there exists, for all v € M;(R), a unique family (Q,),cq, of
regular conditional probability of PEY given Fj+ and a PEY —null event N € Fi+ such that for all
weN\N,

By = wt*}) =1 (C.1)

The following Theorem ensures that time shifts of regular conditional probabilities of PEY
remain solutions to the FLEMING-VIOT martingale problem (8). The proof of this result is given
hereafter and is based on the proof of [30, Lemma 4.19 of Section 5.4 (p 321)]. We introduce, for
w € , the time-shift operator 6 defined by

o (lsen

[Osw], := wett, 0<t< +0, s2=0.

Theorem C.1. Let t* € Ry be a deterministic time. Then there exists a PEY —null event N € Fy
such that, for every w € Q\ N, the probability measure

solves the martingale problem (8) with v := wy.

Proof. Step 0. Preliminary results. We denote by €7 (IR, R) the space of real functions of class

%*(R,R) with compact support. It is well-known that the formulation of the martingale problem

[®) for F,g € ¢2(R,R) is equivalent to the one for F,g € €%(R,R) [10]. The space €& (R,R)

equipped with the norm || f[| ;200 := [[flloo + I/l + [If”[lo is separable. So, we can choose a
0

dense countable family B C %I%(R,R), for the topology associated to the norm, that is to say

-1l 2,00 -1l 2,00
2 N
VE, g € €x(R,R), I (Fn)pen (9n)pen € B, I n_:_oo} o gn n_HO_OO g-

Hence, if we denote Lpy := E%V we deduce that Lpv(F},) g T+——> LyvFy.
" on 0

Step 1. Reformulation of the goal. Let v € M;(R). From (CI), it follows that
P, (o =v) = 1 is satisfied with v := wsx. The rest of the proof is devoted to construct a
PEV —null event N, such that

t
Eprv [Fg (W) — F, (ws) — / Loy Fy(w,)dr

]:s] :07

is satisfied for all w € Q\ Ny. This means that for all 0 < s <t < oo, A € Fs, F,g € €4 (R, R),
voe\Ny, [ (M @) - MP @) 14 @ P, (@) =0, (€3)
Q

where

M (@) = F, (@) — F, (@) — /0 t LyvF, (@) dr.
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LetweQ, 0<s<t<oo, A€ Fy, F,g € €4(R,R) be fixed.

Step 2. Property (C.3) satisfied except on a PYV—null event Ni(s,t, A, F,g) € F.
As LyvF, € €2(R,R), the random variable MtF 9 — MY? is bounded. Note that,

[ [ @) = M @) 14 3) P (42) = Bogazy ([M7 = ME7] 0 00 @) 152, @)

= EPEV <|:Mth _ Mfg:| Oet*]lg ft*) (w)

—1
t* A

— EPEV [EPEV ([Mth _ Mngi| o 01‘/*19;114 ~7:t*+s>

fﬂ] @)

~7:t*+s>

— EPFV []lelAE]va ([Mth _ Mfg} o 91‘,*
v t* v

fﬂ] @)
— 0,

where the last equality follows from martingale property (g)). This chain of equalities shows that
the random variable w — [, [Mth (w) — Mo (C))} P,, (d@) is null except on a PEY—null event
Ni(s,t, A, F,g) € Fi= which depends on s,t, A, F and g.

Step 3. Property (C.3) satisfied except on a PYY—null event Ny(s,t,F,g) € Fp. We
consider a countable subcollection £ of Fs which generates Fy [30, Definition 3.17 of Section 5.3
(p 306)] and a P, —null event Ny(s,t, F,g) € Fi= such that for w € Q\ Ny(s,t, F, g),

VA€E, / (M @) - MPo ()] P (43) = 0.
A
Therefore, the two measures
b = [ (M- B @R E) and o) = [ (M- M) @), @),
A A

coincide on &, hence on Fs. Therefore, for w € Q\ Na(s,t, F,g), we have proved that for all
A€ Fo, Bp, (La [ M7 — M) =0.

Step 4. Property (C.3) satisfied except on a PV —null event N3(F,g) € Fp. We
may set now, the PEYV —null event

N3(F,g) == U Na(s,t, F,g).

s,teQ
0<s<t<oo

Due to the boundedness and continuity of ¢ — MtF ¢ it follows from the dominated convergence
theorem that for w € Q\ N3(F, g)

Vs <t VA€ F,, Ep, (La[M—MI7]) =0,

in other words, for all w € Q\ N3(F,g), (Mth (@))t>0 is a (Fs, P, (dw)) —martingale.

>
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Step 5. Conclusion. Now we define the PYY —null event

N4 = U N3(Fag)
FgeB

From the Step 4, we have for all s < ¢,
YweQ\Ny, VAEF, VFgeB,  Ep [la (M - Mfv)| =o.

From Step 0, for all F, g € €%(R,R), there exist two sequences (Fn)pen » (9n)nen € BY such that

2. 2.
Fo—25F go—Lg,  and  Lev(F), - AR,
n—+o00 n—+o00 n—+oo

By the dominated convergence theorem, we deduce that for all w € Q, s <t, and A € F,

Ee, [1a (M7~ MP)] = 1im T, [14 (MfF”)gn ~ M ")gn>] —0.

n—-4o0o

which concludes the proof. O

C.2 Proof of Lemma [5.2

By abuse of notation, we note h (w‘[o t*]) = h(w). We want to prove that for all 0 < s < ¢, for all
Fs—measurable bounded random variable Z,

EPEV(dw) (M (@) = M, (@)] Z (w)) = 0.
Using [29, Definition 3.2 (iii)’ of Section 1] we deduce that
Eppv (az) (M (&) = Ms (@)] Z (@) = Ep, (aw) [Eq.az) (M (@) = Ms (@)] Z (@))] -

Thus, it is sufficient to prove that for PEY —almost every w € Q, (M, (@))o<icr is a Qu (dw) —
martingale and this is what we propose to establish in the rest of this proof.

For fixed w, the function h(w) € %Z(R,R) can be considered as deterministic. We deduce
from Theorem that there exists a PEY—null event N € Fj« such that for all w € Q\ N,
(M{d(h(w)) (@))KKT is a P, (dw) —martingale. We deduce from [30, Theorem 3.18 of Section

5.3 (p 307)] that PEV —almost every w € Q,
&‘[O,t*l = Wi > Qu (dw)—a.s. (C.4)
This implies that, Q,, (dw) —almost surely,

M, (@) = M (h(w)) (@) — M (h(w)) (@) = {éwt e (1) 0 @) i EZ

=M (h(@) 6 @)

where (a)" designates the non-negative part of a € R. Let n € N* and 0 < s < T. To prove the
martingale property for all Fs—measurable bounded random variable Z, it is sufficient to prove
it on elementary events. Then, we consider a random variable Z of the form

Z(w) :: ]]'{U.Jtl 6F17... 7wt’n/61_‘7l}
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where for all 7 € {1,--- ,n},t; < s and I'; C M;(R) measurable. We define

Z (w7w) = ]l{wtiEFi,ViE{l,~~~,n} such that tiét*}]l{&ztj €l vje{l, - ,;n} such that tj>t*}'

By (C4), Z (w,&) = Z (w), Qu (d&) — a.s. Therefore, for PEY —almost every w € €,

Eq, ([M; — M,] Z)
= Eguaz) ([M{L s (0 (@) (60 (@) = M ys (h () (6 (@))] Z (@,))
= ]]‘{wtief‘i,Vie{l,~~~,n} such that tiét*} x

Eguaz) ([Mide (h (@) (B @) = My (b (w)) (61 (@)]

x 1
{[et*(w)}trt*erj,weu,m,n} such that tj>t*}>

]l{wtief‘i,Vie{l,--- ,n} such that tiét*}EPw(d@) <[Mtld—t* (h (w)) (@) o M;(it* (h (w)) (@)}
X ﬂ{wtj,t*el"j,VjE{l,m,n} such that tj>t*})

=0,

using that (M4, (h(w)) (@)),. <<+ 18 a Py (dW) —martingale if the internal indicator is non

zero. Thus, for PFY —almost every w € Q, (M; (@))o<icr 18 @ Q, (dw) —martingale which com-
pletes the first part of this proof. In similar way, we can prove

M (h (@) @) — ML (h (@) @)

is a PEV —martingale. Applying ITO’s formula to compute (h (&) ,&;)? and comparing it to the
previous result, we obtain the announced result. O
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