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Existence, uniqueness and ergodicity for the centered
Fleming-Viot process

NicoLAS CHAMPAGNAT VINCENT HassT]
NOVEMBER 17, 2022

* Université de Lorraine, CNRS, Inria, IECL, F-5/000 Nancy, France

Abstract. Motivated by questions of ergodicity for shift invariant FLEMING-VIOT pro-
cess, we consider the centered FLEMING-VIOT process (Z;),, defined by Z; 1= 7_4q v, Vs,
where (V) is the original FLEMING-VIOT process. Our goal is to characterise the centered
FLEMING-VIOT process with a martingale problem. To establish the existence of a solution to
this martingale problem, we exploit the original FLEMING-VIOT martingale problem and asymp-
totic expansions. The proof of uniqueness is based on a weakened version of the duality method,
allowing us to prove uniqueness for initial conditions admitting finite moments. We also provide
counter examples showing that our approach based on the duality method cannot be expected
to give uniqueness for more general initial conditions. Finally, we establish ergodicity properties
with exponential convergence in total variation for the centered FLEMING-VIOT process and
characterise the invariant measure.

Keywords. Measure-valued diffusion processes, FLEMING-VIOT processes, Martingale prob-
lems, Duality method, Exponential ergodicity in total variation, DONNELLY-KURTZ’s modified
look-down.

MSC subject classification. Primary 37A25, 37A30, 60G44, 60J60, 60J68; Secondary
60B10, 60G09, 60J76, 60J90, 92D10.

1 Introduction

FLEMING and VIOT have introduced in [26] a probability-measure-valued stochastic process
modeling the dynamics of the distribution of allelic frequencies in a selectively neutral genetic
population as influenced by mutation and random genetic drift: the original FLEMING-VIOT pro-
cess. The initial model of [26] was progressively enriched with further mechanisms of Darwinian
evolution: selection [26], 20} 22, [8, [I7], recombination [24] 22] or the effect of an environment [27].
FLEMING and VIOT characterise in [26] the law of their process as a solution of a STROOCK-
VARADHAN measure-valued martingale problem [50] both in the selective neutral case and the
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case with selection. To obtain the existence of such solution on a compact metric space, their
method is based on discretisation of the mutation operator and tightness arguments. An alter-
native approach is used, in the studies [39, 40, 31, B0, 49] based on the OTHA-KIMURA model
[41), 42] and in the references [26] 9, 22| [16] based on its continuous-time version: the MORAN
model (also called continuous-state stepwise mutation model). If we denote by N the population
size, these authors construct a particle process whose limiting behavior is analysed under the
assumptions that the mutation step is proportional to 1/v/N and on the time scale (Nt);0.
In [27], another particle process, based on the lookdown construction [I3] is used to show the
existence of the FLEMING-VIOT process in a random environment. This lookdown construction
also allows to analyse sample path properties of the process and has been used in numerous
references since then, such as [14] [16, Chapter 5].

In [26], uniqueness of the solution to the FLEMING-VIOT martingale problem in the selective
neutral case, is proved using uniqueness of moments of certain finite-dimensional distributions
and arguments on semigroup. However, in the case where natural selection acts, the previous
method fails, but the result can be obtained from a version of the CAMERON-MARTIN-(GIRSANOV
formula [8, Chapter 10] [7, Theorem 5.1]. See also [23] for an application of this method in the
case of unbounded selection function. In most references such as [16], 9, 19, 20 22} 23], under a
variety of assumptions, the duality method [25], Proposition 4.4.7] is used to prove the uniqueness
of the FLEMING-VIOT process. The idea is to relate the distribution of the original process with
that of a simple process, called dual process. This leads to a duality relation which ensures that
two solutions to the martingale problem have the same 1-dimensional marginal laws. Uniqueness
of the solution to the martingale problem then follows from MARKOV’s property [25, Theorem
4.4.2]. Other methods are used in some references: [L0] makes use of resolvent estimates; |44}, [43]
prove existence and uniqueness of FLEMING-VIOT processes with unbounded selection intensity
functions by using DIRICHLET’s forms.

Questions of ergodicity of the FLEMING-VIOT process were also the subject of many works.
Let E be a Polish space and B(E) the BOREL o—field on E. Let us recall that an E—valued
MARKOV process (Zt)t20 is weakly ergodic if for all continuous functions f on E

lim E,, (/ () = [ f(z)n(da)

t—+o00

for every initial condition vy and strongly ergodic if

lim sup |Py(Z; € B)—wy(B)|=0, z€kE.
t~>+OOB€B(E)

If F is compact, for mutation operators A whose closure generates a FELLER semigroup on the
space of continuous functions and such that there is a unique probability measure vy on E satis-
tying [ Af(z)vp(dx) = 0, some ergodicity results for the FLEMING-VIOT process are obtained
in [22]. More precisely, in the selectively neutral case and without recombination, a simple proof
of weak ergodicity of the FLEMING-VIOT process is given using duality arguments whereas cou-
pling arguments provide an approach to strong ergodicity. These results were extended in [21] to
models with recombination and in [23] to models with unbounded selection, with the additional
tool of DAWSON’s GIRSANOV-type formula for strong ergodicity. In the special case where the
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mutation operator of the FLEMING-VIOT process has the form

0

Af(@) =5 [ (1) = F@)) Pla,dy), 0 (0.400).f € D(A) 1)

it is proved in [22] that the FLEMING-VIOT process has a reversible stationnary distribution if
P(z,dy) = v(dy) (see [34] for a converse result). For the mutation operator (1)), it is proved in
[19, 20] and [8, Theorem 8.2.1] that the FLEMING-VIOT process is purely atomic for every time,
in other words the solutions of the martingale problem take values in the set of purely atomic
probability measures. In [24], the ergodicity result of [2I] was extended to the weak atomic
topology.

However, if we consider the case where the mutation operator is the Laplacian on R¢, there
exists no stationary distribution [22] [34], [25, Problem 11 p.450]. Instead the process exhibits a
wandering phenomenon [J]. Nevertheless, [49] 22] considered the FLEMING-VIOT process shifted
by minus its empirical mean and established existence of a unique invariant measure and weak
ergodicity for this process using moment and duality arguments. More precisely in [22], thanks
to some estimates of the original FLEMING-VIOT dual process and the finiteness of all moments
of the FLEMING-VIOT process shifted by minus its empirical mean for any time ¢, the authors
obtain an expression for these in the asymptotic ¢ — +o0o. Then, by tension arguments and
characterisation of the limit, the result follows. In [49], an analoguous approach is used for the
continuous-state stepwise mutation model.

In this paper we are interested in the FLEMING-VIOT process shifted by minus its empirical
mean, which we call centered FLEMING-VIOT process. As in previous works it is natural to
ask questions of existence, uniqueness and ergodicity. Moreover, the study of this process was
motivated by biological questions in adaptive dynamics. The theory of adaptative dynamics [38]
is based on biological assumptions of rare and small mutations and of large population under
which an ODE approximating the population evolutionary dynamics, the Canonical Equation
of Adaptive Dynamics (CEAD) was proposed [I1]. Two mathematical approaches were devel-
oped to give a proper mathematical justification of this theory: a deterministic one [12 [46] 37],
and a stochastic one [3, [0, B]. Despite their success, the proposed approaches are criticised by
biologists [51], [47]. Among the biological assumptions of adaptive dynamics, the assumption of
rare mutations is the most critised as unrealistic. In order to solve this problem, we propose
to apply an asymptotic of small mutations and large population, but frequent mutations. After
conveniently scaling the population state, this leads to a slow-fast dynamics [45l, B3], where the
fast dynamic appears to be given by a discrete version of the centered FLEMING-VIOT process
[4]. This explains why we are interested in ergodicity properties of such processes.

To establish the existence of the centered FLEMING-VIOT process, we characterise it as a so-
lution of a measure-valued martingale problem and that we called the centered FLEMING-VIOT
martingale problem. Our method is to exploit the original FLEMING-VIOT martingale problem
and asymptotic expansions. An additionnal difficulty occurs in our case since we need to ap-
ply the original FLEMING-VIOT martingale problem to predictable test functions. This requires
to extend the martingale problem to such test functions using regular conditional probabilities.
The proof of uniqueness of the solution of the centered FLEMING-VIOT martingale problem is
based on duality method as in the previous works. However, additionnal difficulties occur in
our case since bounds on the dual process are much harder to obtain and the duality indentity
can only be proved in a weakened version. In particular, our uniqueness result only holds for
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initial conditions admitting finite moments. We also provide a counter example showing that
our uniqueness result is optimal in the sense we cannot expect to obtain uniqueness for more
general initial conditions using the duality approach. Finally, we obtain strong ergodicity prop-
erties of the centered FLEMING-VIOT process that extend the weak ergodicity results obtained
in [49, 22]. To this aim, we construct the centered version of the MORAN process and we prove
that converges in law to the centered FLEMING-VIOT process. Exploiting relationship between
the MORAN model and the KINGMAN coalescent, we obtain a result of exponential ergodicity in
total variation for the centered MORAN model uniform in the number of particles. This result
is propagated to the centered FLEMING-VIOT process by coupling arguments. Using another
strategy proposed by [49, 22], based on the DONNELLY-KURTZ modified look-down [14] we give
a characterisation of the unique invariant measure of the centered FLEMING-VIOT process.

This paper is organised as follows. In Section 2 we define the martingale problem for the
centered FLEMING-VIOT process and establish an existence result. We give also some equiva-
lent extensions to the centered FLEMING-VIOT martingale problem and some properties of the
centered FLEMING-VIOT process. In Section 3 we prove uniqueness to the centered FLEMING-
VIOT martingale problem for initial conditions admitting finite moments and we discuss this
assumption. In Section 4, we establish exponential convergence in total variation for the cen-
tered FLEMING-VIOT process to its unique invariant measure and provide a characterisation of
this measure based on the DONNELLY-KURTZ modified look-down. Finally in Sections 5 and 6,
we prove respectively the main results of existence and uniqueness of the solution of the cen-
tered FLEMING-VIOT martingale problem. The paper ends with an appendix gathering technical
lemmas for the existence proof.

2 Existence for the centered Fleming-Viot process

In this section, our aim is to define the martingale problem for the centered FLEMING-VIOT pro-
cess and to establish an existence result. This result is stated in Subsection 2.1} Then, we give
in Subsection the framework and ideas of the proof. In Subsection [2.3] we give some equiv-
alent extensions to the centered FLEMING-VIOT martingale problem with different sets of test
functions. We end this section by giving some interesting results about the centered FLEMING-
VIOT process: it satisfies the MARKOV property (Subsubsection , admits moments finite
(Subsubsection and has compact support (Subsubsection .

2.1 Centered Fleming-Viot martingale problem and main result

The original FLEMING-VIOT process is a measure-valued diffusion in M (R), the set of prob-
ability measures on R, which is endowed with the topology of weak convergence making it a
Polish space [2]. If Z is an interval of R, then for all £ € N, we denote by €*(Z,R) the space of
functions of class ¢ from Z to R. For ¢ € N, we denote by €/ (R,R) the space of real bounded
functions of class €*(R, R) with bounded derivatives. We consider the filtered probability space
(Q, F, (Ft);s0) where

Q:=%° ([0, +00) , M1 (R))
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is endowed with the SKOROHOD topology, F is the associated BOREL o—field and (%), is the
canonical filtration. The centered FLEMING-VIOT process is a measure-valued diffusion in

MEA(R) = {u c Ml(R)‘ /R|x]2,u(d:n) < oo,/Rﬂc,u(d:U) _ o}

which is endowed with the trace of the topology of weak convergence on M;(R). We consider
the filtered probability space <§~2, F , (.’7-:15) ) where

t>0

Q= {X € ¢° ([0, +00) , M{*(R)) ‘ VT >0, sup / 2| Xi(dz) < oo}
R

0<t<T

is endowed with the trace of the SKOROHOD topology on 2, F is the trace of the o—field F
and (‘Ft)t>0 is the trace of the filtration (F),,. We introduce several notations that we use

repeatedly in the sequel. For a measurable real bounded function f and a measure v € M (R),
we denote (f,v) := [ f(z)v(dz). We denote by id the identity function. We denote N :=
{0,1,2,---} and N* := N\ {0}. For all £ € N and for all v € M;(R), we also denote

My (v) = / e — (id, )[* v (da).
R
In particular, for all K € N and for all p € Mi’Q(]R), My(p) = <|id]k ,u> .

Definition 2.1. A probability measure P, € My ((2) is said to solve the centered FLEMING-

VIoT martingale problem with initial condition u € ME’Q(R), if the canonical process (Xt)t>0
on Q satisfies P,(Xo =) =1 and for each F € €*(R,R) and g € €2 (R,R),

WF ()= F ({9, %0) ~ F (lg. Xo)) — [ F'(to. %) (5%,

by [ X0) Ma(X) 2o/ x i, X,)] ) s

t @
—’Y/O F" ({9, X)) [(g% Xs) — (9. X.)°
+ (g XY My (X)) — 2 (g, X.) (g x id, X,)] ds
is a continuous P, —martingale in L? ((2) with quadratic variation process
- t
(7)), =2 [ [F (9. X)) [(6* X0 = (9. X.)° "

+ (g Xo)* My (Xs) = 2(g/, Xs) {g % id, X,)] ds.

We recall that the probability measure PEY € M; (Q2) is said to solve the original FLEMING-
VioT martingale problem with initial condition v € M;(R) if the canonical process (Y;),5, on
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Q satifies PEV(Yy = v) = 1 and for each F € €%(R,R) and g € ¢2(R,R),

M (g) = F((0,) ~ F (g ¥0) — [ PGy (£, %:) as

; (4)
—7/0 F" ({g,Y2)) [(6% Ya) — (9.Y2)?] ds

is a square integrable PV —martingale whose martingale bracket satisfies for all G, H € €?(R,R)
and for all g,h € €2 (R, R),

(M%(g), M™ (h)), =2y / "G (g, V) B (0, V) g, Vs) — (9, Ya) (Yol ds. ()

In the population genetics literature, the terms involving the first order derivative F’ describe
the effect of the mutation whereas the one involving the second order derivative F” describe the
effect of the random genetic drift. It is well-known that, for all v € M;(R), there exists a unique
probability measure PEYV € M (Q) satisfying the previous martingale problem [26] Theorem
3].

Remark 2.2. The additional terms in the martingale problem with respect to the martingale
problem describe the impact of centering and ensure that at all times the centered FLEMING-
VIOT process remains MS?(R)—valued.

The main result of this subsection is the following:

Theorem 2.3. For all u € M?Q(R), there exists a probability measure P, € My (Q) satisfying
the martingale problem of Definition given by the law of the process (Z;), defined by

Zy =Tyt Ye =Y ((+(id,Yy),  t>0 (6)

where (Y) > s the original FLEMING-VIOT process.

2.2 Sketch of proof of Theorem
The proof is based on the original FLEMING-VIOT martingale problem .

2.2.1 Framework and objective of the proof

For all k£ € N, we denote

.MﬂRy:{uewuﬁ)

Qm%@<m}

Let v € M2(R) and PEY the unique solution to the original FLEMING-VIOT martingale problem
. As the support of the original FLEMING-VIOT process is compact at all positive times
PrV—as. [30], PLY (€7 ([0,+00), M}(R))) = 1. Moreover, as ¢t — (id,Y;) is continuous
PEV—a.s. (Lemma (2)), we deduce that, for all ¢t > 0, Z; given by @, is well defined
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and is a random variable on 2.

When the dependency of Y and Z on the initial condition v of Y is important, we shall
use the notation (Y),5, and (Z¢),, instead of (Y3),5q and (Z;),5o. Our goal is to prove that
the law of the process (Zt)t>0 denoted by Pfygd v solves the martingale problem of Definition

with initial condition 7_4q,)fv. Note that the notation }P’EX‘?d D is justified because the
original FLEMING-VIOT process is invariant by translation:

Proposition 2.4. Let v € M}(R) and a € R. Then, the law of Z! is the same as the law of
Z7.

Proof. By translation invariance of the original FLEMING-VIOT process, the process (7‘ _aff thaﬁ V)

=0
has the same law as the process (Y}),-,. Now,
Tallv _ Tafv _ Tafiv
Zt = T—<id,thuD>ﬁK5 == T—<id,7'7atthTauu>ﬁ (T_ale; ) .
affy .
Thus, (ZtT )t>0 has the same law as (Tf<id,YtV>ﬁYtV>t>0 = (ZY)50- B

2.2.2 QOutline of the proof

We restrict to the time interval [0, T] for T > 0 arbitrary. By standard arguments, it is sufficient
to prove that, for all F € €%(R,R) and g € ¢2(R,R),

F(l0,20) - F (9,20 - [ ¥ (0.2 ((%.2,)
+ v (9", Zs) Ma(Zs) — 2 (g xid, Zs)] ) ds

o [P, 20 [(67,2) ~ (9, 207
+ (g Z:)’ Mo (Z) — 2(g. Zs) g % id, Zs)] ds

is a PYV—martingale, v € M3(R). We start by assuming F,g € ¢(R,R) and we seek for the
DoOB’s semi-martingale decomposition of

Fy(Zy) :==F ({9, Z1)) = F ({90 —gavi)» Y1) »

using the original FLEMING-VIOT martingale problem . However, F' (<g O T_(id,Y;)s Y}>) does
not take the form H ((h,Y};)) with deterministic h. Therefore, we cannot apply directly. To
get over this difficulty, we consider for ¢ € [0,7], an increasing sequence 0 = tff <t < --- <
ty, = T of subdivisions of [0, 7] whose mesh tends to 0. We can observe that

|
—

Pn

Fy(Zt) = Fy(Zo) = {Fg(Zt?HAt) - Fg(Zt?/\t)}

pn—1
R (R ) R (),



Using asymptotic expansions (see Lemma with p = 1) of the terms in the previous sum, we
prove that

pn_l 3
Fy(Zy) = Fo(Zo) = {(A)Z T(B); +0 <‘ <id’ Vit = Y%;LMM )
i=0 (8)

2 3
k
+ 0 (kz—:o <g( Jo T (id Yo, )’ Yin e — YZ;W> )} ;

where

(&= ({o° (Yo )’ Viene) ) { o T (i Vi) TN Vien)

- <id, Yt;grl/\t - Y%;l/\t> Kg/ ° T*<id7YmM>’ Y;t;.l/\t> + <9/ © Tf<id,}@nm>’yt?+1/\t - Yt;l/\t>} (9)
1

+ 9 <id’ Yz?ﬂ/\t o Y;;LM>2 <g” © T—<id,YtrlAt>’Y2?At>} ’

i)

(B)i =

oT
g 7<1d»Ytn At
i

2
+ <id, Yin e — Yt?/\t>2 <9, 2T (id Y n ) Ytlmt> o

2
) Yin e — Yt;l/\t>

-2 <9 ° T—<id,Yt?M>’ Yt;grlAt - Y;t;l/\t> <id, Yt;’;rl/\t - Yt?/\t> <9’ ° T*<id,Yt;zAt>’ Yty/\t>} )

and where g9, j € {0,1,2}, denotes the j*® derivative of g. Several steps are described in
Section [f] to obtain the semi-martingale decomposition of each term of the previous sum. By
making the step of the subdivision tend towards 0, we obtain the expected result. By density
arguments, the martingale problem satisfied by F,g € €}(R,R) is extended, in Subsection
to the case where F' € €%(R,R) and g € ¢2(R,R). Once we have proved that ]\/ZF(g) is a
martingale, using ITO’s formula and the martingale problem with localisation sequence, we
deduce the value of <J\7F(g)>t and by FATOU’s lemma that ]\ZF(g) €L? (fl)

2.3 Some extensions to the centered Fleming-Viot martingale problem

Our goal is now to give some extensions to the martingale problem which will be useful to
compute the martingale bracket between two martingales of the form and prove uniqueness
of the solution of the martingale problem of the centered FLEMING-VIOT in Section [3]

2.3.1 Extensions to multiple variables

We firstly introduce the version of the centered FLEMING-VIOT martingale problem with p € N*
variables.
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Definition 2.5. The probability measure P, € M1 (ﬁ) is said to solve the centered FLEMING-
VIOT martingale problem with p variables and with initial condition p € ME’Q(R), if the
canonical process (Xt),5q on Q satisfies P.(Xo = u) = 1 and for each F € €*(RP,R) and
9= 191, ,9) € G (R",R),

]/W\tF(g) = F(<917Xt> s <gp7Xt>) - F (<913X0> P <gpyXO>)

_/t Y F ({91, Xs) 5+ 5 (gp X)) X
0 k=1

{<92Z,Xs> +7 ({9, Xs) Ma (Xs) — 2 (g}, ¥ id,)@)} ds

t P (11)
- i’jzzla?jF<<gl,Xs>,--- gy X)) X

[(9:95, Xo) = (955 X} (g3, Xo) + (s Xo) (9] X Mo (X,)

— (96, Xs) (g5 x id, Xs) — (g}, Xs) (g; x id, Xs>} ds

is a continuous P, —martingale in L? ((2)

We will see in Section [3] that this martingale problem admits a unique solution which is the
same as the solution of the martingale problem if the initial condition has all its moments
finite. For the moment, we can prove:

Theorem 2.6. For all u € M§’2(R), the probability measure P, constructed in Theorem
satisfies the martingale problem of Definition [2.5]

Proof. We can deduce the result from the original FLEMING-VIOT martingale problem with
p variables [9] given by below, following exactly the same method as for the proof of
Theorem We recall that, the probability measure PEY € M; (Q) is said to solve the original
FLEMING-VIOT martingale problem with p variables and with initial condition v € M;(R), if
the canonical process (V;),5, on Q satisfies PV (Yy = v) = 1 and for cach F € ¢*(RF,R) and

g = (917"‘ ’gp) € (ng(Rp’R)v
M (g) = F (91, Y2) -+, {gp, Y2)) = F ({g1,Y0) -+ (9p» Y0))

t P g//
7/0 glakF(<gla}/s>a 7<gpa}/s>) <?k,yrs> ds (]_2)

—’Y/Ot D OF (g1, Ys) s (90, Ye)) (9395, Ys) — (93, V) (g5, Ys)] ds
=1

is a PFV —martingale. As mentionned in [9, Theorem 5.1], the solution PEV of the martingale
problem is the unique solution to the previous martingale problem . Here, has to be
replaced by the general version of Lemma O

This version allows us to compute the martingale bracket <M\ G(g),]/w\ H (h)>t in a similar
form as ().
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Corollary 2.7. Let G, H € €*(R,R) and g,h € ¢2(R,R). Then,
(MC (g), M (h)) =27 / G' ({9, X)) H' ((h, X,)) [(gh, X.)

— (g, Xs) (h, Xs) + (¢, X5, ) (W', X) M2 (X)
— (g, XY (b x id, Xa) — (I, X4) (g id,Xs)] ds.

Proof. Using the relation (2)) for Z\ZG(g) and ]\ZH (h), we obtain that
M (9)M{ (h) = G (9, X)) H ((h X)) = G ({g, Xo)) H ((h, Xo))

— G((g,Xt>) /Ot LrveHp, (XS) ds — H(<h, Xt>) /Ot £FVch (XS) ds ( )
13

+ /t £FVch (XS) dS /t £FVcHh (Xs) dS
0 - 0 -
— G ({9, Xo)) M{"(h) = H ((h, Xo)) M{(g)

where Ly, denotes the generator of the centered FLEMING-VIOT process. From the martingale
problem with p =2, F(z,y) = G(z)H(y) and f = (g,h), we deduce that

G ({9, Xt)) H ((h, X)) — G ({9, X0)) H ((h, X0))
_/ G g, »CFVcHh( S)dS—l—/OtH(<h,X8>),CFVCGg(XS)dS
FR() 20 [ 6 (G Xa) H (X)) [(gh X — (9, X0) (1, X
+ (g, X)) (W, X0) My (X,) = (g, Xo) (b x id, X,) = (W, X,) (g % id, X,) | ds,

where (]\ZF(f))tm is a P,—martingale. Using ITO’s formula for the third and fourth term of
the right hand side and noting that

t t t S
/ LiveG, (X,) ds / LiveH) (Xs) ds = / [LFVCGQ(XS) ( / cFVCHh(XT)dr)}ds
0 0 0 0

+ /Ot [cFvcHh(Xs) ( /0 LFVCGQ(XT)dr>} ds,

we deduce the DOOB-MEYER decomposition of ]\ZG(Q)J\ZH (h):
e~y L — ¢
NI ()3T () = NI (1) + 2y [ 6 (lgs XoD) HY (40 X)) [{ahe X,) = (9. X0) (0, X,)
(g X (W X)) My (X,) = (g, Xo) (i, X,) = (W, X,) g % id, X,) | ds

_ /0 ( /0 LrveHy (X,)dr )dMG / ( / LiveGy dr) dM¥ ()

~ G ({9, X0)) M{(h) — H ((h, Xo)) ME (g).
The result follows. O
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2.3.2 Extension to polynomials in p

Our goal here is to study the DOOB semi-martingale decomposition of functions of the centered
FLEMING-VIOT process of the form

/ /fxl, L) (den) - p(day)

with n € N*, p € M‘fz(R) and f € €2(R",R) and p" is the n—fold product measure of u. The
previous martingale problem gives heuristics for this issue: for the choice of F(x1,--+ ,x,) =

n
'H1 x;, we deduce that for all u € M$?(R),
1=

n

Lrve <ﬁ <gi,u>> = zn: (<g2£,u> + [(9i 1) Ma(p) — 2 (g; x id,uﬂ) I (95,

i=1 i—1 j=1
i#i
+’YZZ [(gigs 1) — (i 1) (g, 1) + {gis 1) g, 1) Ma(ps)
=15=1
Rt
n
— (gi 1) {gj x id, p) = (gj, 1) (gi x id, )] H i 11
k#@j

For all n € N*, we denote by 1 € R" the vector whose coordinates are all 1 and by A the
Laplacian operator on R™. The previous relation leads us to introduce, for each n € N* and for
all f € €2(R",R), the operator B™ defined by

B f(z) = %Af(x) oy (Vf()-1)(z-1), xeR™ (14)

Indeed, for the choice f(z1, - ,zy) = H?:l gi(z;) with g; € 62(R,R), i € {1,--- ,n}, we obtain
B™ f(ay,- 2,) = Z [ — 2yx;g; () } IT 9i(=))
i
=y > [zigi(x)gi(xi) + wigi(wi) g (z;)] H
A
Note that,
Lrve (H gis 1 ) = (B™f )y + 3" v (g 1) Ma(p) T (g5, 0)
=1 i=1 g;i
+’YZ Z [(gigi> 1) = (gi» 1) (g5, 1) + (gis 1) (G ) Ma(p)] T] (gk> ).
s oy

This leads us to introduce another extension of the martingale problem which will be useful
in Section [3] to prove uniqueness.
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Definition 2.8. The probability measure P, € M1 (ﬁ) is said to solve the centered FLEMING-

VIOT martingale problem for polynomials with initial condition p € ./\/lig(R), if the canonical
process (Xy),5q on Q satisfies P, (Xo = p) = 1, for all n € N*, and for each f € 67 (R™,R),

W) o= (X0~ X80 [ e (5,57 d (19

with for all p € MS*(R) and f € %2(R™,R),

Love (fo ) = (B F )+ Y0 > (i ™1y = (f, )]
i=15=1
i (16)

n n
YD (K futh
i=1j=1
is a continuous P, —martingale in L? ((2) where, for alli,j € {1,--- ,n},

o &, : CZ(R"R) — CZR" L, R), with i # j, is the function obtained from f by inserting
the variable x; between x;_1 and x; when i < j and by inserting the variable x;_1 between
xj_1 and xj when i > j:

Cijf (1, s wna1) = (@, -1, %025, Ty o) i<j (17)
(I)ZJf (l’l,"' ’xn—l) = f($1>"' s Lj—1,Li—15Lj, Lj41, " * 7xn—l) 1 >J
o K;;:CHR"R) — €*R",R) is defined as
Kijf (21, @ny 1) = 0 f (w1, n)a ). (18)

We will see in Section [3] that this martingale problem admits the same unique solution as
the martingale problem if the initial condition has all its moments finite. For the moment,
we can prove:

Theorem 2.9. For all u € ME’Q(R), the probability measure P, constructed in Theorem
satisfies the martingale problem of Definition [2.8]

Proof. We can deduce the result from the original FLEMING-VIOT martingale problem for poly-
nomials [22] given by below, following exactly the same arguments than for the proof of
Theorem The probability measure PEY € M (Q) is said to solve the original FLEMING-
VioT martingale problem for polynomials with initial condition v € M;(R), if the canonical
process (Y;);5, on (2 satisfies PEV(Yy = v) = 1, for all n € N*, and for each f € €2(R",R),

t
M) = (1Y) = Y3 = [y (1Y) ds (19)
with for all v € M;(R)

Ly (f, V") = <%Af7 Vn> DD (@i f ") = (Fv™)

i=1j=1

JFi
is a PEV —martingale. By [22, Theorem 3.2], the solution PEV of the martingale problem (4)) is
the unique solution to the previous martingale problem . O
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2.4 Some properties of the centered Fleming-Viot process
2.4.1 Markov’s property

Due to the invariance by translation property of the original FLEMING-VIOT process, we can
prove that the centered FLEMING-VIOT process is homogeneous MARKOV.

Proposition 2.10. The centered FLEMING-VIOT process (Zt);, defined by @ satisfies the
homogeneous MARKOV property: for all measurable bounded function f,

Ve MSA(R), Vi, s> 0, E, <f(Zt+s) ]:t) =Ez (f(Zs)) Py—as.

Proof. Let pu € M§’2(R) and f a measurable bounded function. Let ¢,s > 0. Using the MARKOV
property of the original FLEMING-VIOT process (Y;);, we obtain P, —a.s.,

By (F(Zeen) | 7 ) = B (POt Virn) | 7)) = Bo (60i0) | ) = By, (002)

where the bounded measurable map ¢ is defined on M}(R) by g(v) := f (T_<id,u>ﬁu). By
invariance by translation of the original FLEMING-VIOT process (Y;),-, We obtain under the
distribution P,:
Evi (9 (Y2) = Er_yy evi (9 (Taant¥3)) = vy evi (9 (Y2)) = Bz, (9 (¥2))
=Ez, (f (Z)). O

2.4.2 Moments and some martingales

Proposition 2.11. Let u € ME’Q(R), possibly random and let P, be a distribution on Q satis-
fying and such that Xo is equal in law to p. Let T >0 and k € N\ {0,1} fized.

(1) IfE (<\id|k,u>) < o0, there exist two constants Ck,T,@,T > 0, such that any stochastic
process (Xt)ocycr whose law Py, satisfies

@ s B((10°, X)) < Cur (L+B (1 1)), 2
_ .
(b) Va >0, P, < sup <|id|k ’Xt> > a) < Crr (1 +E (<|ld’ 7N>)).
te[0,7 @

(2) IfE (<|1d]k ,,u>) < o0, respectively E (<|id|kJrl ,u>) < 00, the process (@d (idk))0<t<T
defined by o

T (%) = (4,3 — (it ) — [ (M a2 ) g

— /t [(k(k — 1)id""2, X,) My(X,) — 2k (id*, X, )| ds
0
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is a continuous IP,—local martingale, respectively a continuous P,,—martingale. Moreover,
if E (<|id\2]’C ,,u>) < 00, (Z\/Zid (idk))
ation is given by

(3 (1)), =2 [ [(0%,50) = (%, X0) " b i) M (X)

— 2 <idk‘1, XS> <idk+1,X5>} ds.

<t is a martingale in L? (Q) whose quadratic vari-

Proof. Step 1. Proof of (1)(a). We prove only the case k > 3: the case k = 2, which is
simpler because some terms disappear, is treated in the same way. Let ¢ € [0,7]. We consider
a sequence of functions (gy), ¢y of class %*(R,R) with compact support satisfying:

(i) forall m € N, |g,| < |id|, (iii) g, =id on [—n,n],
(ii) Erf llgnll =0, (iv) g, is uniformly bounded on R.

We consider the sequence of functions (hy),,cy defined by hy, := /1 + g2 and we deduce from
the properties of g, that for all n € N, h,, is a non-negative function with compact support, that
for all k € N,
hk’ ,7 k lhk—Z d hk‘ " —k 1\2 hk’—4 h2 k—29 2 k /lhk—Q
n - gngn n an n - (gn) n ( n + ( )gn) + gngn n ’

hy = h := /1 +id? on the compact set [-n,n] and h, < h on R. We consider for all A € N
and ¢ € N, the stopping time 74 ¢ := inf {t >0 ‘ <|id|£,Xt> > A}. Noting that for all t € [0, 7],

k—2

neNandk >3, (K2 X)) <(hE, X3) ® < (h*,X;) and (RE2, X;) (id?, X3 ) < (B, X;) from
HOLDER’s inequality, we deduce from the martingale problem that there exists constants
Cy(k), Ca(k, A) > 0 such that

E ((h¥, Xinr,,)) =E ((h, X0)) +E (/Otm,k <(h§)//,xs> ds)
B (/Ot/\m,k <(hﬁ)”,Xs> MQ(XS)ds) oE (/Ot/\m,k <(hﬁ>/ " id,XS> ds)
<B ({0, Xo)) + k=D g2 E ([ [3 402 X (1472 X, s)
k|| E (/OW“ &+ (a2 x| (A ) as )
+ 27k ||gh| L E (/WA’k (W' Jid], X,) ds)
0

() e ([ x)e) sk

By FAaTOU’s lemma we obtain when n — 400,

E (A, Xinsy,)) <E ({4, X0)) + i (0E ( [

0

tATA L

(", X,) ds) :
14



By GRONWALL’s lemma, we deduce that

E ((lid]*, Xinry,)) <E((*, Xinry ) <E((h*, X)) exp (C1(R)t) . (21)

In particular, this implies that the sequence (74 ) ey converges P, —a.s. to infinity. Indeed, for
all T > 0, we have

o < ~> supyefo,r) E (<’1d|k 7Xt/\TATA,k>>

sup Tag < T
AeN A

which tends to 0 when A — +00. We deduce by FATOU’s lemma, when A — 400, the first
announced result.

Step 2. Proof of (1)(b). Let a > 0. From the martingale problem (2)), we deduce that

]P)/,L sup <hﬁ,Xt> Z« < ]P)N (<hfl,X0> %) —+ ]P (/OT/\TA’IC <(h§)”,XS> ds > 5)

t€[0,TATA k]
+P, <7 /OTATAJC <(h7’§)”,Xs> My (X)ds > %)

Q

+P, (2y /OTMA”“ <(hﬁ)’ X id,X5> My(X5)ds > g‘)
+P, sup ‘Mld hk) ’ > 2
te[0,TATA k] 5

The Do0OB maximal inequality allows us to write

_ B (O, (),)

P, sup Mld (hk) % -

tG[O,T/\TAYk]

From the martingale problem and the computations of Step 1, we deduce that

) < 2E ((h*, Xo)) + 201 (k)E (/0

E ((h*, Xo)) [1 +exp (C1(k)T)] + 2Ca(k, A) ||g7 .

TATA

(] Faran ( (hF, X >ds> +2C(k, A) [l

where we use the FUBINI-TONELLI theorem and the relation . It follows, from MARKOV’s
inequality, that there exists a constant Cj > 0 such that

C
P, sup <hfL,Xt> >a | < =k
te[O,T/\TA’k] o

[E ((1*, X0)) [1 4 exp (CL(K)T)] + Ca(k, A) [lgn ]| -
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By applying the dominated convergence theorem twice, successively when n — +o0o then when
A — 400, there exists a constant Cj, 7 > 0 such that

ad k
Pﬂ( aup (K-, X,) > a) < CrrE ((h ,X0>)’

t€[0,T «Q

and thus the announced result.

Step 3. Mid (idk) is a continuous local martingale. From the properties of (gn),cn,

note that there exists a constant Cj, > 0 such that for all n € N, |gfi} < |id|* and ’(gﬁ)” <

6k (1 + |id|k_1). It follows from the martingale problem , the properties of (gn),,cy and the
dominated convergence theorem for conditional expectation that

(id*) = lim M., (oh)

= (id*, Xinry,) — (id¥, Xo) — /O i ’“"72—1) ("2, X,) ds

tATA 2

- 7/015/\7,4,2 [k(k B 1) <idk_27XS> Mz(Xs) — 2k <idk,XS>} ds

is a continuous P,,—martingale and thus (M\ id (idk))0<t<T is a continuous P, —local martingale.

When E (<]id\k+1 ,,u>) < 00, using the inequality for all ¢ € [0, 7],
(lid[*~*, Xy (id?, Xy < (fid[*™, Xy)

the same computation applies replacing ¢ A 742 by ¢ to obtain that (]/\4\ id (idk))0<t<T is a con-

bx

tinuous PP, —martingale.

Step 4. L?—martingale and quadratic variation. As soon as E (<\id]k+1 ,u>) < 00,

Mid (idk) e L? (Q) as a straightforward consequence of HOLDER’s inequality. It follows from
that for all n € N, for all ¢ € [0,T7,

For all n € N; the process
o T )~ (7 ),

is a P, —local martingale. As Mid (idk) is bounded on [0, T A 74 2] for all A € N, then for all
n €N, (Nipry 4p,m) is @ martingale. From the relation with 2k, the dominated convergence
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theorem for conditional expectation implies as above that P, —a.s.

i Mot = [Tt (09)]" =2 [ (G020 - ()

n—+00

2
+ k(5 X)) My () — 2k (id LX) <idk+1,XS>) ds
is a [P, —martingale and we deduce the quadratic variation announced. O

2.4.3 Compact support

Proposition 2.12. Forall u € MT’Z(R), Joralle >0, U.<s<; SuppZs is compact P,,—a.s. where
SuppZs is the support of Zs. Further, if SuppZy is compact, then |Jy<s<; SUppZs is compact for
allt >0, P,—a.s.

Proof. 1t is proved in [36] that the support of the A—FLEMING-VIOT process associated to a
A—coalescent which comes down from infinity, is compact at all positive times. Our case corre-
sponds to KINGMAN’s coalescent. In addition, they prove that, given that the initial condition
v has compact support,

U SuppYs

0<s<t

is compact for all ¢ > 0, PEV—a.s. MARKOV’s property then entails that, if v € MT’Q(R),
Uc<s<e SuppYs is compact for all 0 < e < ¢, PFV _a.s. Hence, the same is true for Z; =
O

T_id, vy Y-

3 Uniqueness for the centered Fleming-Viot process

As for the original FLEMING-VIOT martingale problem, we will prove uniqueness to the mar-
tingale problem by relying on the duality method [I7, 8, 20, 22]. Additionnal difficulties
occur in our case since bounds on the dual process are much harder to obtain and the duality
identity cannot be proved in its usual form. In particular, we can prove uniqueness only for
initial conditions admitting finite moments.

3.1 Main result

Theorem 3.1. The centered FLEMING-VIOT martingale problem has an unique solution if
the initial condition has all its moments finite.

The reason why we need to assume finite initial moment will be explained at the end of
Subsection In particular, we will see in Remark [6.5] that we cannot hope to prove uniqueness
for more general initial conditions using our duality method.

Corollary 3.2. Ezxistence and uniqueness hold for all the martingale problems of Definitions
and [2.8] and they all admit the same solution if the initial condition has all its moments
finite.
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Proof of Corollary[3.3. We proved in Subsection that PP, solves the martingale problems of
Definitions and[2.8] Since a solution to these martingale problems is of course also solution to

Definition 2.1}, uniqueness for Definition 2.1 implies uniqueness for the other martingale problems.
O

3.2 Notations and outline of the uniqueness proof

Our proof of Theorem is based on the duality method as proposed in [20, 22]. We denote,
for all n € N*, u € My(R) and f € 62(R", R)

P = () = [ o [ f@ne (e - p(da,).

From , the operator Ly, applied on the function p +— F(f, ) with fixed f, satisfies the
following identity:

LveF(f, 1) = (B f, ™)+ Z Z [(@ijfnh) = (f, 1]

i=1j=1
J#i

fj i [(Kifs ™) = (f, ™))+ (F, 1)

=t L3F(f, 1) +yn? (f, u")

We note that Z} can be seen as an operator acting on the function f — F(f,u) with fixed p.

(22)

The operator Z} can be interpreted as the generator of a stochastic process on the state space
Unens €3(R™, R). Following ETHIER-KURTZ’s works [20, 22], this suggests to introduce a dual

process (&)t;O, of generator EN} and to prove a duality relation of the form:

vt >0, E({& X)) =E <<§t,X(§”(t)> exp (7 /Ot M2(u)du)) (23)

where M := (M(t));, is a MARKOV’s jump process in N whose transition rates are given by:

(1) gnp+1= yn? (2) gnpn—1 =7n(n—1) (3) ¢i; = 0 otherwise.

It is known that the relation implies uniqueness [25, Theorem 4.4.2]. However in our situ-
ation, it is difficult to obtain the strong version . For technical reasons, we will obtain only
a weakened version. Therefore, the proof will be divided in two large steps.

Step 1. Construction of the dual process ({;),-o. The relation suggests that the
dual process (&t)~( jumps, for all i,j € {1,--- ,n} from f € %2 (R™,R) to K”f € €*(R"1 R)
at rate v and if i # j, from f € %f(R",]R) to ®;;f € €2(R" 1 R) at rate 7. Between jumps,
this dual process evolves according to the semi-group of operator (T(") (t))t>0 associated to the
generator B(™ given by . We will give an explicit expression of the semi-group (T(") (t))t>0
defined as an integral against Gaussian kernels. This representation will be derived from a
probabilistic interpretation of the semi-group using a FEYNMAN-KAC’s formula. We define the
dual process as follows:
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Definition 3.3. For all M(0) € N*, for all § € %2 (RM®) R),

& :=TMED) (¢ — 7)) Ay TMn-0) (7 — 7 1) Ay -+ - AL TMO) (1) &,
Tn K< Tpy1, n €N, (24)

where (Tp),,cn 18 the sequence of jump times of the birth-death process M with 1o = 0 and where
(An)pen is a sequence of random operators. These are conditionally independent given M and

satisfy for allk e N, n>1and 1 <i# j < n,
1

P(Ak:@-J {M (Tk_) :n,M(Tk):n—1}> :m (25)
and for allm > 1 and 1 <i,j5 < n,
_ 1
P (Ak =K, ; {M (Tk ) =n,M (1) =n+ 1}> =3 (26)

Moreover, the random times (T — Tk—1)y>1 are independent conditionally to M (14—1) = n and
of exponential law of parameter yn® 4+ yn(n — 1).

Note that M is a non-explosive process:

vT >0, P( sup M(t) < +o0 :]P’< lim Tn:+oo) =1 (27)
te[0,7] n—+00
Indeed, we note that for the choice of y; := ~i(i — 1) and \; := ~i?, i > 1 in [I, Theorem 2.2.],
we have 1
Mg oo 42

Y

)\i e )\2)\1 272' ’
so that

i Hi Hi - ) R
Z(Aﬁm“ LR v ZA )\2)\1 = oo

i>1
Hence, M is non-explosive.

Step 2. Weakened duality relation. We consider fixed M (0) € N*, & € €2(RMO) R)
and (X;),5, a stochastic process whose law P, is a solution of the martingale problem with

e Mi’Q(R). We introduce a dual process (§t),5, independent of (X;),,, built on the same
probability space (enlarging it if necessary). We shall denote by P, ¢y, the law of ((Xt,&t));50
on this probability space. For any k € N, we introduce the stopping time

Oy = mf ’M >k or 3sel04], (&, X)) > k} (28)

Theorem 3.4. Given any (Xt),~q, (§t);>q as above, we have the weakened duality identity: for
all k € N and any stopping time 6 such that 0 < 0O,

920, By (60 X00)) = B ((Eme X0 exp (v [ m2igan)) . (29)
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Note that this result holds true for any initial measure u € ME’Q(R). The stopping time 6y
ensures that each of the quantities involved in are bounded and thus that their expectations
are finite. Afterwards, we want to prove that if two solutions of the martingale problem satisfy
the weakened duality identity, then their 1—dimensional marginals coincide. This is where we
need stronger assumptions on pu.

Lemma 3.5. Assume that u € ME’Q(R) has all its moments finite. Then, the stopping time 0Oy
defined by satisfies limy_ 1 oo Op = +00, P, ¢)) — as.

We will see in Remark that the assumption on pu is optimal in the following sense: even
if & is bounded, & may have polynomial growth of any exponent k in some direction of RM ®)
so that <\§t| M (t)> is infinite if ;2 has infinite A*® moment. This shows that we cannot expect
to have 0, — +oo when k& — 400 if p has not all its moments finite. This means that we
cannot expect that the duality method could give uniqueness for weaker assumptions on the
initial condition.

The proofs of Theorem [3.4 and Lemma [3.5] are respectively given in Subsections [6.2] and [6.3]
Once they are proved, the proof of uniqueness can be completed as follows.

3.3 Proof of Theorem [3.1] from Theorem [3.4] and Lemma [3.5]

We rely on Theorem 4.4.2 of the ETHIER-KURTZ book [25]. To get the desired result, i.e. the
uniqueness of the martingale problem . it is sufficient to verify that if we give ourselves two
solutions to the martingale problem . they have the same 1—dimensional marginal laws.

Let (Xt)t>0 and (Xt) be two solutions of the martingale problem ([2)) with the same initial

condition p € M$*(R) Whlch has all its moments finite. Let (§);-q be the dual process with

initial condition & € €7 (RM ©), R) with M (0) € N. We suppose that these three processes are
built on the same probability space and independent of each other. We denote by

O := inf {t >0 (M@t 2k or 3selo], (& X") > /-e}

These processes satisfy, the weakened duality identity :
iz 0, B (<§0’ twmek»
M (tAO,AB) A0 D 2
=Eue0) <§t/\9k/\§k,ﬂ kk >exp ’y/o M*(u)du
,u&o <<§07 t/\9k/\9k>)

In particular, for the choice M (0) := 1, for all k € N and for all & € (R, R), we obtain

vt 20, ]E(mﬁo) (<50’Xt/\9k/\§k>) uio) (<§07 t/\ek/\9k>)
From Lemma since (Xt);5o and (th)»o have continuous paths for the topology of weak

convergence, we have P, «)—a.s.,

Jim (60, X, 05,) = (€. X0) and - lim (6. X,, ) = (0. Xi)
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Therefore, we deduce from the dominated convergence theorem, that for all & € €2 (R, R),

Vi>0,  Eqe) (€0, Xt) = Eugy (<§0’Xt>) :

As {(f, - ‘ fe (be(R,R)} is a M, ((NZ) —determining class [29, Definition 4.24], it follows that
for any ¢t > 0, X; and X, have the same law. Theorem 4.4.2 of [25] then ensures uniqueness to
the martingale problem . ([
4 FErgodicity for the centered Fleming-Viot process

In this section, we establish ergodicity properties with exponential convergence in total variation
for the centered FLEMING-VIOT process (Z;),q. For all u,v € M;(R), we denote by

sup [(f, ) = (f, V)],

N | =

Il —vlry =

the total variation distance between u and v.

Theorem 4.1. There exists a unique invariant probability measure w for (Zt)t>0 and constants
a, B € (0,+00) such that for all u € M$*(R), for all T > 0,

IPu(Zr € ) = 7llpy, < aexp(—pT).

The main part of this section is devoted to the proof of this result (Subsections to
and in Subsection we characterise the invariant measure of the centered FLEMING-
VIOT process. In Subsection we construct the centered MORAN process and we establish
its convergence in law to the centered FLEMING-VIOT process. In Subsections [4.2] and [4.3]
we construct, backward in time, the MORAN process, its centered version and we exploit its
relationship with the KINGMAN coalescent in order to prove in Subsection [£.4] an exponential
coupling in total variation for the MORAN process. We finally deduce, in Subsection the
proof of the main result announced by letting the number of particles go to infinity.

4.1 Moran’s models and Fleming-Viot’s processes

In [16] 9] 26] 8], the authors construct the original FLEMING-VIOT process as a scaling limit of
a particle process: the MORAN process. The aim of this subsection is to construct the version of
the centered MORAN process and to establish its convergence in law to the centered FLEMING-
VIOT process.

We consider the MORAN particle process YV defined by

N
v _iz(s
t _Nil Xl(t)
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with state space M1 y(R), the set of probability measures on R consisting of N atoms of mass
1/N. Moreover, if (X;(0)),cn+ is exchangeable, then for all ¢ > 0, (X;(t)),cn+ is exchangeable
[22, Theorem 6.1]. The infinitesimal generator of the R—measure-valued process Y is given for
all F € €2(R,R), g € 62(R,R), for all uy € My n(R) by

InF (g, m3) = F ({580, m))

L

The first term of the generator describes the effect of the mutation according to the LAPLA-
CIAN operator. The second term describes the sampling replacement mechanism: at rate v (the
sampling rate) an individual of type x is immediatly replaced by one of type y. Note that the
population size remains contant over time.

F (<g, IN) — g](\,x) + g](vy)> - F (<97HN>)} pn (do) py (dy).

We recall the following convergence result [8, Theorem 2.7.1]: for all initial condition YON =
+ SN 1 6x, € Min(R) with (X;), <i<n €xchangeable R—valued random variables such that o
converges in law to u € M;(R) as N — +o00, the MORAN process (KfN)tgo
%9 ([0,400), M1(R)), as N — +00, to the original FLEMING-VIOT process (Y;),, defined as
the solution to the martingale problem .

converges in law on

We denote Mi%V(R) = {,uN € M n(R) ‘ <id2,uN> < oo, (id,un) = 0}, and we define the

centered MORAN process (ng ) by

=0
N ._ N

Z,) = T—<id,YtN>ﬁ}/t ) t>0.

The main result of this subsection is the following:

Proposition 4.2. For all initial condition Z{ := %Efvzléxi € MT?\,(R) with (Xi)icicn
exchangeable R—valued random variables such that Z}' converges in law to Zy € MT’Q(R) as

N — 400 and satisfying supyen« E (<id2,ZéV>) < 00, the centered MIORAN process (ng)t>0

converges in law on €° ([0, +00), Mi’Z(R)) , as N — 400, to the centered FLEMING-VIOT process
(Zt);>q solution of the martingale problem with initial condition Zy.

A difficulty in proving this result lies in the fact that p — 7_q 8 ¢ may not be continuous
on M (R) because id is not bounded. Hence we need to carry out several approximations and be
very careful to control the approximation error on events of large probabilities. In order to prove
this proposition, we need to introduce some notations and results. For all real-valued function

f on R, the LIPSCHITZ seminorm is defined by | f||L = sup,, % We denote by

BLA®) = {1 R R Ifll, < 1]
where || f|l gL = I fll, + | fllo For all u,v € M;(R), we denote by

dFM(:u'vV) = sup ‘<f=M>—<faV>’7
f€BL1(R)
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the FORTET-MOURIER distance. Recall that M; (R) endowed with the weak topology is com-
plete for the distance of FORTET-MOURIER [I5], Corollary 11.5.5]. Let A denote the class of
strictly increasing, continuous mappings of [0,7] onto itself. For given metric spaces E and
E, we denote by D ([0,T], E), the space of right continuous and left limited (cad-lag) functions
from [0, 7] to E and by ‘Kbo (E, E} the space of continuous bounded functions from F to E. For

z,y € D([0,T], M1(R)), we define the distance dy(x,y) by:
log ()\(t) — MS)) ‘} .
t—s

From [2] Theorem 12.2 and Remark of page 121], (D ([0, T], M1(R)),dp) is a Polish space and
the topology induced by the distance dy is the SKOROHOD topology. Let us consider the following
lemma whose proof is similar to that of Proposition and left to the reader:

do(x,y) == inf ¢ sup dpar(x o A(t),y(t)) + sup
AeA | telo,T) s<t

Lemma 4.3. Let T > 0 and k € N fized. There exists a constant Cy,r > 0 independent of N
such that for all Y{¥ € Mi n(R) satisfying supyey E (<|1d|k ,YON>) < 00, the MORAN process
()

0<t<T satisfies

) _ Crrsupyen+ E (<|1d\k ,Y0N>)

Ya > 0, ]PYON ( sup <|id|k,YtN> >«
a

te[0,7

Proof of Proposition[].3. We want to establish that

0 ~ N
vg € % (D(0.7), Mi(R)).R), lim E(g(2")) =E(9(2)).
Let € > 0. We consider the two following maps F' and F; from D ([0, 7], M}(R)) to D ([0, T], M1(R))
defined by F(y)(t) := T_ja,y) §y(t) and Fe(y)(t) := 7_(h. y)) § ¥(t) where he is a map from R
to R defined by
if |zl <1
it x> é

1 1
—= if r< =2

o= 8

he(x) :=

Step 1. Continuity of F.. In this step, we want to establish that
F. € 6 (D([0,T], Mi(R)), D ([0, T, M1(R))).-

To obtain this, it is equivalent to prove that if for all n € N, y,,y € D([0,T], M1(R)) and

limy,— 4 0o do(Yn,y) = 0, we have lim, 100 do (Fe(yn), F=(y)) = 0. As, limy, 400 do(yn,y) = 0,
there exists ng € N such that for all n > ng, there exists A, € A satisfying

log <An(t)—An(8)>‘ < (30)

sup dpas(yn © An(t), y(t)) + sup P 5

te[0,T] s<t

Note that

do (Fs(yn)v Fe(y)) < tes[u()%] dFM(Fe (yn) (/\n(t)) ) Fa(y) (t)) + Ssliljf)
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Now, for all t € [0, T,

drar (Fe(yn) M), Fe() (@) = sup  |(f o T—(he ynorn (@) ¥n © Anlt)) — (f 0 Tt ytyy> y ()]
feBL1(R)

< sup |(f 0T (he ynorn(t)) Un © An(t) — y(1))|
FEBLL(R)

+ sup f oT_ he YnoAn - f oT_ he, 7y(t) .
Lo ( (e ymoAn (1) the () Y1)

On the one hand, as f € BL1(R), it follows that f o 7_y,_ 4 or, ) € BL1(R) and thus

sup [ (f © T— (e ynorn () Un © An(t) — y(1))| < drar (yn © An(t), y(t)) .

fEBL1(R)
One the other hand, as f and eh. are in BL;(R), we have
[(f 0T hegnorn (@) = F © Tty YD) | <= (hes g 0 An(8)) + (he, y (1))

—_

= — [{ehe; yn © An(t) — y(1))]

< —dry (Yn 0 Ma(t), y(1)) .

™M [ =M

It follows from that,

do (Fe(yn), F=(y)) < (1 - 1) sup dpar (Yn © An(t),y(t)) + sup

te[0,T] s<t t—s

log ()‘n(t) - An(3)>’

<e.

Step 2. Control in distance dj of the difference between F (YN) and F, (YN). We
consider the MORAN process (/Y )0 <4< Started from Y = Z} andand the original FLEMING-
VIOT process (Yt)ogth started from Yy = Zy. In this step, we consider the events

. 2 2
Qe n = { sup <1d2,Y2N> < \/5} and Qe oo i= { sup <1d Yt> \/g}

te[0,T] t€(0,7]
As supyen E (<id2, Zév >) < 00, it follows from Lemma (respectively Proposition , there
exists a constant C'r > 0, independent of N, such that Py~ (Q:n) = 1 — Cpy/e (respectively
Py, (Qe00) = 1 — Cr+/2). Moreover, on Qe n, for all t € 0,77,
do (F (YY), F. (YN)) < SEJp]dFM (F (YY) 1), F- (YV) (1))
te[0,T

< sup  sup |[foT_y —for_
t€[0,T] feBL1(R) H (id.¥;¥) {he. YY) Hoo

< sup H |he id’7Y;‘/N>Hoo



where we used the inequality |he —id| < %id2. Similarly on €2 ,
do (F(Y),F: (Y)) < Ve

Step 3. Conclusion. We want to prove that for all ¢ € %0 (D([0,T], M;(R)),R),
limy— 1o E (g (ZV)) = E(g(Z)). Thanks to the PORTMANTEAU theorem [2, Theorem 2.1],
then it is sufficient to prove this for all ¢ 1—LiPSCHITZ. As (Y converges in law to Y,
we deduce that, for N large enough,

) verv

[E(go £ (YY) ~E(go 2 (V)| < V=

Using that g is 1—LIPSCHITZ, and the inequalities of Step 2, it follows that

‘E (g (ZN)) —E(g(Z))‘ _ ‘E (goF(YN)) —]E(goF(Y))‘
<[E(go (YY) ~E(go (V)]

+(E(goF(YN)) ~E(goF. (YN))‘
+[E(goFe(Y)) —E(g0 F(Y))]
<VE+2gllo [Py (% n) + Py ()]
+ VE [Py (2 n) + Pyg (Qe00)]
< (3+2llgllo, Cr) V.

The announced result follows and completes the proof. O

4.2 Backward construction of Moran’s process and Kingman’s coalescent

In this subsection, we exploit the relationship between the MORAN model and the KINGMAN
coalescent to obtain in Proposition [£.7] a result of exponential ergodicity in total variation for
the centered MORAN model uniform in N. The genealogy of a sample from a population evolving
according to the MORAN model of Subsection[4.1]is exactly determined by KINGMAN’s coalescent
with coalescence rate . The state of the population at the final time is constructed from the
ancestral positions by following the genealogy and adding mutations on the genealogical tree of
the sample according to a standard Brownian motion. Therefore, at the final time 7', the position
of each individual of the sample is equal to the sum of the position of its ancestor at time 0 and
the Brownian mutations steps that occured during its ancestral branches in the coalescent. We
formalize this construction below by giving some notations and illustrations of the latter ones.

Let be fixed the time T' > 0 and the number Of partlcles N € N*. We consider the probability
space ((AZ f @) where Q : = Kno1 % Mut2 T X .A = Finr @ Frutyr © ]:A;;VN and
P:= Ky ® ‘C%Eut 1o QN | Ech!N with the followmg notations.

We denote by Ky 1 the state space of the KINGMAN N —coalescent with coalescence rate
on [0,T7:

Kng:=D([0,T],IIx)
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with IIx the set of partitions of {1,---,N}. We denote by Ky the law of the KINGMAN
N —coalescent with coalescence rate v on [0,7] and ‘FKN,T the SKOROHOD o—field on Ky 7.
In the following, in order to simplify the names, the precision “at coalescence rate v’ will be
omitted.

We denote by ALY := ]_[Z ", R’ the state space of the possible ancestral positions in the KING-
MAN N —coalescent at date 0. We denote by Ech/™ with uy := % E;-Vzl 0z; € My n(R), the law
of a i—sample where we select i elements randomly and without replacement in {z1,--- ,zn}
according to py and by F LN the BOREL o—field on ALY.

We denote by Muty 7 the set of Brownian trajectories of €° ([0, T],R). We denote by Lyus
the law of a 1—standard Brownian motion and Fyut NT the BOREL o—field on Muty 7.

Finally, we denote an element & of Q as:

2= {wdoceers (W) o2t = (29,20, o),

Note that (kn;), <t<T 18 an increasing process in Kn,1 representing the genealogy. In addition,
we denote by kyr := {L1, -+, Ly} with n := |ky 7|. In other words, KINGMAN’s N —coalescent
contains n distinct lineages where L; is a subset of {1 -+, N} at the final time 7. For each
individual i € {1,---, N}, we denote by a(i) € {1,---,n}, the index such that i € L. In
other words, Lg; is the ancestral lineage of i. For each individual i € {1,--+ , N}, we denote by
B(s,1) the block of the partition ky s at time s and containing the individual i. We denote by

() = (:cg"), e ,ar%n)) the ancestral positions at the final time 7" so that for all i € {1,--- , N},
(n)

Toi) € R is the position of the ancestor of the individual ¢, at time T, in the genealogical tree.

_ (B)
Each process W) = (Wt )
time where B C kn 7.

o< BOVErns the dynamics of mutations occuring on the interval

Let us recall the link between the MORAN model and the previous stochastic objects. At
each reproduction event t; in the MORAN model, illustrated on Figure an ordered pair of
individuals (7, j) is sampled uniformly at random from the population: one the two individuals
dies and the other reproduces with equal probabilities. In Figure we draw an arrow between
lines: the arrow ¢ — j indicates that ¢ reproduced and j died. We can recover the ancestry
of the sample by tracing backwards in time from the right to the left in Figure to obtain
Figure [£.2] We coalesce any pair of individuals whenever they find a common ancestor which is
represented by the bold blue arrows. The other arrows do not modify the genealogical tree. The
ancestral positions in Figure are given by (z;), <i<5 Where us = é Zf: 1 0z, and the ancestral

positions in Figure are distributed as #(?). Note that a:((f()l) = 33(22()2) = x((f(zl) = x?) = 1 and

37512()1) = x((f()l) = 37§2) = x5. Then, we add the mutations, denoted by “ ”, Not all of them
are shown in Figures|4.1|and [4.2| for the sake of clarity: the ones which are represented are wy :=
W({_i?ﬁ) W({3}) wy = W({2 Wé{2}) ws = W({_ltg}) W({l 2})7 — W({1’2’4}) W({—lti 4})

and ws = W}{?’ EY <{3 5})

Then the position w; of the individual ¢ € {1,--- 5} at time T
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3252) =1 $g2> = x5
0
1 +
to T
wy
e
T4 l A Uq ws
xr3 A / u3
x2 /j FAATAA U2 t3
71 AAAAAAAAA u1 4 pws
4
6 l‘f‘1 1“/2 /,‘3 1‘1 1“/5 [,‘(, T
ts w2
Figure 4.1: Graphical representation of the te 1 —l
w1
MORAN model with N = 5. T 1 °
uq u2 U4 us us
Figure 4.2: KINGMAN’s genealogy
(ks,7—t)<;<r under the MORAN model
on the left, tracing back from time T to
time 0.
in Figure are

wy = oy 4 W2 g2 gl | pplad gl gy,
wy =y + W2 W({124}> L W({jj” LW e,
wy = 3 + W _W<{_3£}> LW e,

ws = oy + W2 g2 gl gpdan,

us = g + WD ) o) ),

Putting everything together, we define in the general case the random variable

7.“’[\7 — Z 5%’

2—1
where, for all i € {1,--- , N},
T 57,0
wi = ufN = :CEZ(LZ)) +/0 dWS(B( ’)) (31)

The well-known backward construction of the MORAN model [I8, Subsection 1.2], [I7, Sub-
section 2.8] entails the following result.

Proposition 4.4. For all initial condition uy € M n(R), YNl A:,{V’”N
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4.3 Centered variables and centering effects

We construct the centered version of the random variables ?I{V HN We define the random variable

SN
ZpMN as follows:

Z\jfynuzv ._ NMN

=T <dYN'uN>ﬁY

( ) ZN law IJYMN _

Corollary 4.5. For all initial condition uy € Mﬁv ~ LyN . 0y, where,

forallie{l,--- N}, v; := o'V 2=W-%Z§V:1uj and ZY = py-.

() 2\ vy

T ?}Uw T ® T]wG
i

ws

iy

| |
I I
| |
bl d = i
, , S N , ,
| | ! ! | |
= w1 = w2 : : = w1 = w2
ol ® ' ® ® ol ® ® ® ®
U1 v2 v3 V4 U1 v2 v3 V4
Figure 4.3: Illustration of the centered Figure 4.4: Illustration of the centered
MORAN process where |ky 7| = 1. MORAN process where |ky 7| = 2.
In the example of Figure we can observe that
~ 1 1
47#4 —
Zy = 751[w5_w6}+%w1_%[w2+w3+w4] + 16%[105—11)6]-&-%102—%[w1+w3+w4]
+ 45—1[1115 —we]+ 3wz — % [w1 +wa+wa] + 45—1[10 —we]+ 3 wa—§ [w1 +wa+ws]
and for Figure [£.4] that
Shpa 1 1
Iy = 4 é[w ) xf)-‘rws—ws}+%w1—i[w2+w3+w4] + 5% [ar &_ )+wo we]+ wa— 3 [w1+w3+wy]
15 15
T 4 %[ §2)—mé2)+w5—w6}+%w3—i[w1+w2+w4] * 4 —%[ %2)—122)4‘11)5—1”6]+%w4—i[w1+w2+w3}.

In other words, when there is just one ancestral lineage, the random variable Z}V Ha

of the ancestral position z(!). In general, when n = lknr| =1,

is independent

v = /0 DawBe Z / aw{PC) (32)

]—1

does not depend on the ancestral lineage: this is the centering effect.
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For any fixed T' > 0, for all 4, j € {1,--- , N}, let us consider T;; the coalescence time between
the individuals ¢+ and j at time 7T in the process (kN,t)o <t<T" In the following proposition we
establish that (v;);;cn 15 a centered Gaussian vector whose covariance matrix is an explicit
function of Tj;.

Proposition 4.6. (1) For any fixed T > 0, for all uy € ME?V(R), conditionally to ky =
(kNi)ogth: on the event {|kn 1| = 1}, we have for alli,j € {1,--- , N}, Cov (us, uj | kn) =
T - T

(2) Conditionally to ky, on the event {|kn7| =1}, (vi)icicn ~ N (0gn, X)) where ¥ =
(Eij)1<i7j<N is define by

=

.. 1
Vi,je{l,--- N}, 5 := Cov (vj,v; | kn) = Z Tir, + Tji.) — (TU + N2 Z Tkg>
kfl=1

Proof. (1) It is a straightforward computation from .

(2) Noting that for all 4,5 € {1,--- , N}, Tj; = Tj; and Tj; = 0 and from , we deduce the
announced result by a straightforward computation. O

4.4 Coupling arguments with two distincts initial conditions

In this subsection, we want to couple centered MORAN’s processes from different initial conditions
but with the same KINGMAN genealogy and the same mutations in order to establish the following
exponential ergodicity result.

Proposition 4.7. For all un,vy € M;?\,(R), for all T > 0, there exists constants o, 3 €
(0,400), independent of un,vn,T and N such that

~

HI@(?%V’“NE-)—I/P\’(ZF}VVNG H < aexp(—4T).

In particular, for all N € N* there exists a unique invariant probability measure my for the

centered MIORAN process (ZtN)t>0 such that for all uy € M‘i%\,(R), for all T >0,

HIP’MN zN e )—ﬂ'NH < aexp (—pT).

Remark 4.8. The previous result is true for all deterministic initial conditions, so also for any
random initial conditions.

Proof. Step 1. Coupling. Let &,, and @w,, be two elements of Q which have the same

KINGMAN genealogy (th)0<t <T and the same mutation but whose initial conditions uy =
~ LyN 6 L and vy =5 Ly 96 ,(m are different where n = |kyr|. We assume that the a:g( )
Fa(i) Ya (i)

respectively y((l(i)) are selected randomly and without replacement in {z1,---,xyx} respectively
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{y1, - ,yn}, independently. This allows us to construct, on the same probability space, two
random variables

AN SN
HN = E (5 HN and ZTJ/N = — E (5ka
N.= i=1
S N.,un la_w 7N,uN N,vy la_w 7N.vN
such that Z, = Zp and Z = ZpN.

Step 2. Control in total variation. From (32)), on the event {|ky 1| = 1}, we have that
forallie {1,--- N}, v}V =v/V as. and from [35] we deduce that

(E ) -3(@ )], <F(E 2 2
=1-Knr(knr|=1).

We denote by Hy := ZéV:QTk the height of the KINGMAN N —coalescent where (Tk)ycpcn

are independent random variables such that T} follows an exponential law of parameter 'y(g)
[17, Lemma 2.20]. Now, KN,T (‘kN,T| = 1) > Koo,T (|koo,T| = 1) = Koo,T (HOO < T) and by the
exponential TCHEBYCHEV inequality we have

) E (exp (AH))
K Hyo >T)< f ———
o1 ( >T) Aér}lo,y[ exp (AT

Note that for all A €]0,~],

+o0 Too
1
E (exp (AHw)) = H E (exp (\T)) = j)\ H 2
k=2 v k=3 1- vk(k—1)

where the last product is convergent. We deduce that

1

Koop (Hoo >T) < C inf —C V)T exp(—~T),
where C := [[{2% 177 The result follows for « = Cyexp(1)T and 8 = 7. O
R(e=T)

4.5 Proof of Theorem 4.1]

Classically, it is sufficient to check that there exists constants a, 5 € Ry such that for all
[,V E M‘{’Q(]R), forall T > 0,

[Py (Zr € ) =Py (Zr € )|y < cvexp (=5T).

From LusIN’s theorem [48], Corollary of Theorem 2.24], Proposmon [.7]and Corollary [4.5] there
exists two constants «, 8 € (0, +00) such that for all uy, vy € M7 N( ), for all T' > 0,

swp [y ((28)) =B (£ (20))| = swp [Bu (£ (28)) ~ Bun (£ (21)))

/1l <1 11l o<1

f continuous
< aexp(—BT).
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Now, let be fixed two deterministic initial conditions y, v € M$?(R) and consider an i.i.d. sample
(Xi)1<ic v of distribution p and an i.i.d. sample (XZ) e of distribution v. Then, we construct

1< X
two initial conditions uy = % vazl dx, and vy = % ZZNZ1 d%. such that py and vy converge
in law respectively to u and v. We define iy = 7_jq )iy and Uy 1= T_(q,,) vy such
that uy,Un € Mi?\,(R) By construction, the assumptions of exchangeability of the random

variables (X;), ;< and (Xi>1<'<N are satisfied, uy and vy converge in law respectively to u

IS

and v and we have
- 1
E (<id2,,uN>) =E (<id2,uN> - <id,,uN)2) = (1 - N) Var(X;) < oo.

Then, we deduce from Proposition that for all f € €2(R,R) satisfying || f]|,, < 1, for all
T >0,

By f (Z0) ~Buf (Z0)] = Jim [Byy (£ (22)) = Euy (£ (27))] < cexp(=5T)

which concludes the proof. O

4.6 Characterisation of the invariant probabiblity measure

In this subsection, we characterise the invariant probability measure of the centered FLEMING-
VIOT process w thanks to an adaptation of DONNELLY-KURTZ’s modified look-down construction
whose original construction of [I3], I4] is recalled in Subsubsection We give in Subsubsec-
tion [£.6.2] an explicit characterisation of the invariant probability measure m. Let us begin by
giving a convergence result of the invariant probability measure wy to the invariant probability
measure 7.

Lemma 4.9. The sequence of laws (TN ) ey converges in law to m in My (M1(R)).

Proof. Let T > 0, un € Mi?\,(R) and u € M$?(R) such that py converges in law to . From
Proposition |4.7| and Theorem we have for all f € €2(M;(R),R),

(o) = (Fml < [ mn) =By (£ (Z89))] + [Buw (£ (Z2%)) — B (f (21))
+ [Eu (f (Zr)) = (f,m)
< 2| fllo avexp (=BT) + |Euy (£ (277)) B, (f (Z1)).
The announced result follows from Proposition O

4.6.1 Construction of exchangeable random variables allowing to characterise 7y
and 7w

We consider the probability space (Q,f" , IF") where we define the modified look-down process
on (—o00,0] as a population dynamics on the set N of levels where one individual is assigned to
each level. To each pair of levels (i,) € N> with 1 < i < j, we assign an independent POISSON
process (Nj;(t)),-, With intensity v and to each level i € N*, we assign an independent standard
Brownian motion (B;(t)),c, on R_. Jointly with the modified look-down is constructed for all
N € N*, the so-called N—look-down process whose evolution is given as follows:
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N
(3)(// tat
Bs(t) 5 f us
Ba (t) 4 F Uy
Bs(t) 3 y U3 1y
Ba(t) 2 Ug
Bi(t) 1 iy —h
T —ia —t2 —t1 0
0 ®
U U3 Ug U2 us

Figure 4.5: Graphical representation of the mod-
ified look-down process with N = 5. Figure 4.6: KINGMAN’s genealogy
(%5’t)0<t<T under the modified look-

down model on the left, tracing back
from time 0 to time —7T..

(1) Birth/Death rule. Each jump time ¢, of one of the POISSON process (Nij);; i<y
corresponds to a reproduction event at backward time —t;. When the time t; is the jump
time of the POISSON process N;j, we put an arrow from ¢ to j as illustrated in Figure @
which means that the individual at level ¢ puts a child at level j. The offspring at level j
adopts the current spatial position of its parent at level . The parent level and position
do not change. Individuals previously at level £ € {j,--- , N — 1} are shifted one level up
to £ + 1 and the individual at level N dies.

(2) Spatial motion. Between reproduction events, individuals’ spatial positions at each level
i evolve according to the standard Brownian motion B;(—t). As explain below, we will fix
the position of the individual at level 1 at coalescence time to 0.

Note that the N —modified look-down process is simply the first IV levels of the (INV+k)—modified
look-down for any k& € N*. In other words, the modified look-down construction can be done
with an infinite population as a projective limit of the so-called (infinite) modified look-down.
From [I3], [T4], the genealogy <EN’t)t>0 in backward time since time 0 of a sample from a pop-
ulation evolving according to the NV ~modified look-down is exactly determined by KINGMAN’s
N —coalescent with coalescence rate . In Figure we give the KINGMAN genealogy associated
to the 5—modified look-down of the Figure

We denote by a(i,t),i € {1,--- ,N}, t € (—o0,0], the ancestor level of the individual at level
i at time ¢. For example, in Figure[d.5] for all t €] —t3, —t4], a(5,t) = 2 and for all ¢t €] —t9, —t4],
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a(3,t) = 1. Let us consider the random variables

TN, = inf {T}O a(i,-T) =1, Vie{l,--- ,N}},

=it {720 [ai, 1) =1, wie N},

which can be interpreted respectively as the coalescence time (i.e. the first time where |/ Nt =1)
of the KINGMAN N —coalescent (l\%Nﬂj)

v

and the KINGMAN coalescent (koot) . Note that,
t>0 7/ t20

for all N € N*, Tgal <T o P—a.s. In Proposition we establish that T&f’al admits moments
of any order. We shall be interested in the spatial position ; of the individual at level i € N*
at time 0 assuming that the position of its ancestor at backward time —T7. ; is 0. For example,

. > coa.

if we assume that, in Figurem T Tg’oal = t4, then the spatial position of the individual at

coal —

level 5 at backward time —7T°° ,, represented by the curve in bold in Figures and is

coal’
U5 := Ba(—t4) — Ba(—t3) + Bs(—t3) — Bs(—t2) + Ba(—ta) — Ba(—t1) + Bs(—t1).

Similarly, 1y := By(—t4), U := By (—t4),Us := Bi(—t4) — B1(—t2) + B3 (—t2) ,u4 := By (—t4) —
By (—t9) + B3 (—te) — B3 (—t1) + B4 (—t1). In general, we define for all i € N*, the random

variable 0

v k
Proposition 4.10. For all k € N, there exists a constant Cy > 0 such that E ((Tg’al) ) < Ch.

Proof. Note that Tc";al = Y"1, Ty, where (T}) r>o are independent random variables such that Ty

follows an exponential law of parameter 7(5) As previously in Step 2 of the proof of Proposition
there exists a constant C' > 0 such that for all A €]0,~[,

+oo
(e (M35)) = 1T 1_1531) < exp (ON).

k
From the inequality: for all z € R, z* < ( 2k ) exp (%x), we deduce that

v exp(1)
‘oo 2k \* oo
E (( coal)k> < (’yexp(l)) E (exp (%Tcoal)) < Ck
where C}, := (7e>2<];(1))k exp (%) which ends the proof. ]

i

N
In view of 1} it is natural to introduce for all N,i € N*, oV = @; — % > uj. In the

following proposition, we give analogous results to those of Proposition
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Proposition 4.11. (1) Conditionally to kn = (k:Nt) Sor O the event {’l;:NT‘ = 1}, we have
foralli,je{l,--- ,N}, Cov (uz,u] ‘ k:N) T

o Tzw where T” 1s the coalescence time

between individuals at level © and j at time 0.

(2) Conditionally to l;:N, on the event {‘l;:NT‘ = 1}, (17N

i )1<z’<N ~ N (ORN,E) where Y 1=
(iij)léi,jéN is define by

. N 1
Vi’je{la""N}’Eij::COV(”J ‘kN) Z<TZ’“+T]I€)_<TU N2 Z Tk()

k:l kl=1

Proof. The proof is similar to that of Proposition O
Let us define respectively the empirical distribution of (%;), ;<) and its centered version by
o N 1
Ycoal = N Z 5711 and coal AT Z 5 A
= 2 =1
Proposition 4.12. The measure-valued random variable Zcoal has the law wpy.

Proof. The proof consists in establishing for all f : M§’2(R) — R measurable real bounded
function, E (f (Zégal» = fMC,z(R) f(p)mn(dp). From Proposition it is sufficient to establish
1

for all py € M3 (R), that limg— oo |E (£ (Z2,)) —E (£ (Z3))| = 0.
Let f: Mf’Q(R) — R be a measurable real bounded function. Note that,
‘E (f (ng\o[al>) —E (f (EIJY,MN ‘ ‘E ( coal) ) (f (Z\’IJYMN) ]l{|kN,T’:1})’
+ 1 flloo [ ()kN,T\ > 1) +P(lknr| > 1)} .

Now, from Propositions and it follows that for all puy € Mi?\,(R),

20" ety = Dot (|1}
As established in Step 2 of the proof of Proposition [4.7]
lim P (‘ k ( 1) = lim P 1) =0,
Pim P (|kyr| > o (|kno| >1) =0
which concludes the proof. ]

In the next proposition, we establish the exchangeability property of the family (;);cy»
which will allow to apply the DE FINETTI representation theorem.

Proposition 4.13. (1) The family (1;),cn« is exchangeable.
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(2) There exists a random variable measure-valued Y22, = Q0 — My(R) such that (Y/c](yal)

NeN*
converges P—a.s. when N — +oo to Y20, in Mi(R) which is equipped with the weak
topology. Moreover, given Y0

ooty (W) ienge 18 d.4.d. of law Y320,

Proof. (1) From [I3, Proof of Theorem 2.2], it is enough to show for each N € N*, (i), ;< n
is exchangeable. Let o : N* — N* be a finite permutation, that is to say a bijection that
leaves all but finitely many points unchanged. The well-known backward construction of the

modified look-down process [13] [I4] entails that (koo’t)»o law (12:" )t>0 where l;:got is the par-

00,
tition obtained by applying the permutation o to l;:oo,t. Therefore, for any permutation o :
{1,---,N} = {1,--- , N} extended by id to N*, it is sufficient to prove that (({Li)KKN 12’00> fa

((ﬁﬂ(i))lgz‘gN ‘ l;:go) to obtain the announced result.

We define 7207 = T2, (l;:go) and for all 4,5 € {1,---,N}, TZ‘; = Ty (l;:go) Note that

~ 00, v v . y law [y
To7 =T, P—as. and it follows from the fact (koo’t)tgo = (k:go?t)@o

< 00,0 law 71 oo
((Tij’TCOfll))lgi,jgN - ((E~77 CO@I))lgi,jgN'

From Proposition for all f: RV — R measurable real bounded function,

that

v

E (f (1, ,uN) ’ léoo) =F ((ng) Tffal> :

1<i<j<N’

for a certain function F. So, in particular

E (f (ﬂa(1)7 e v’ao(N)) ‘];go) =r ((TZ)KKKN ’T::‘;w '

By taking the expectation in the previous expressions, we deduce that E ( f (110(1), s U N))) =
E(f (41, - ,un)) which completes the proof.

(2) As the family (1;),cn« is exchangeable, the announced result follows from DE FINETTI's
representation theorem [32, Theorem 12.26 and Remark 12.27]. O

We conclude this subsubsection with a corollary which will be useful to characterise the
probability measure 7.

satisfies <|id\k Yoo

coal

) < o0

coal

Corollary 4.14. (1) For all k € N, the random variable Y

P—a.s.

(2) The limit i := My 400 % Zé\f:l U; exists P—a.s. and satisfies oo = <id,f/c‘;°al>.

Proof. (1) For all M € (0,+00), let us consider [id|,, the truncation function of id at level M
defined by [id|,, = |id| on [-M, M] and |id|,; = M on R\ [-M, M]. By FATOU’s lemma, we
obtain that

N

: {00 . . - . 1 5
E ((iafly ¥3)) < Jim B (il V) < i 30 (1+E ().
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Now, classical moment results for Gaussian random variables show that for all n € N, E (GQ”) =
@)l 52n for G ~ N(0,02). From Proposition m

P
ok _ 2k (2F)! o ( (o0 )
B () =5 (B (i [f) ) = S (7))
Therefore, from Proposition [£.10] we deduce that there exists a constant Cj > 0 such that
(<|1d|M , y oo >) <1+ k)t C} and by the dominated convergence theorem when M — +o0,

coal kLl
the announced result follows.

(2) From Proposition given Y20, (1 U;);en+ 18 14.d. Therefore, the announced almost

surely existence limit follows from the Strong Law of Large Numbers. Moreover,

(id, V) = lim (d YD) = lim — > ij=i, P-as. O

N—+oc0

4.6.2 Characterisation of the invariant probability measure 7

Now we define the random variable 222, € M;(R) as

ch?al =T_ <jd7}7¢%0a > ﬁ coal*

to Z>

conl Let us recall the

The following proposition establishes the convergence of (Z é\‘;ﬂ)NeN

following well-known fact useful for the proof below: a straightforward adaptation of the proof
of [8, Lemma 2.1.2] allows us to obtain that for all d € N*, the algebra of polynomials

Span <{<f, ,ud> ‘ f:R% — R uniformly continuous, u € Ml(R)}>

is convergence determining in My (M;j(R)).

Proposition 4.15. (1) The sequence of random variables (Z . converges P—a.s. when

o)
coal ) NeN
N — 400 to Zgjal in My(R) for the weak convergence topology.

(2) The random variable Z%2,; has the law .

Proof. (1) From the previous reminder, it is sufficient to prove that for all d € N* for all
f : RY — R uniformly continuous, limy_, oo <f, (Zé\gal) > <f, ( coal) > With an argument

similar to the proof of Proposition we obtain that for all d € N*, for all f : R — R uniformly
continuous,

. MI(R) — R
a no <fo7——(id,u>wud>

is continuous. Let d € N* and f : R? — R uniformly continuous. Now, ?;%?zl € M}(R) from
Corollary [4.14 and

Fy (Ycoaz) <f7 (Zcoal)d> and Fd( coal) <f7( coal)d>'
36



From Proposition [4.13} limy— 400 Fa (Ywal) Fy (YOO ) P—a.s. which concludes the proof.

coal

(2) Let d € N*. As for all N € N* and f : R? — R uniformly continuous,

‘ (7 ( coal)d>) —/Ml(R) (f.u%) W(dﬂ)'
< ({5 (Z)" - 0)")) + B ((r 220)) - [, () vt
[ (0 ) = mcan]

the announced result follows from Propositions (1), and and Lemmal[l.9when N — +oc.
O

The last characterisation of the probability measure 7 is suitable to make explicit computa-
tions. The next corollary give an expression of the second moment under .

Corollary 4.16. We have chz My (p) m(dp) = 1/~.
Proof. Step 1. Uniform bound in N of E (MQk (Zwal)). In this step, we want to establish
2k
]\STIGIII\I)* E <<]1d\ Zcoal>) < 0.
Let N € N*. From Proposition (1),

(<|1d‘2k Zcoal>) =E| E N Z (T )1<m €<N7Tcoc?al

. 2k o ~ o
) (E ( B ‘(ng)lgm . ,Tcoal>) .

From Propositions and we obtain that

12k . MU o
E (E ( ’U{V‘ ‘(Tm,f)lgmlgN?Tcoal)) = (Qkkj)‘E (E?zk) u (( coal)2k> < 00,

and the announced result follows.

2k

1

Step 2. Convergence result of E (M2 (Zcoal)) to E(Mg (Zcoal
N e N*, M € (0,400),

‘E My (Zcoal)) E (M2 (Zcoal))‘ < (A)N,M + (B)N,M + (C)N,M7

)) Note that for all

where

I

(A)NM - ‘E My Zcoal)) (<’1d‘M7Zcoal>)
(B)yar = [B (i}, Z0w)) — E ((lidl3s . Z25u))|
(C)NM - ‘]E ld‘M ) coal>) E (M2 (Zcoal))’ :
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From the inequality |id2 ‘ 3 \[M 1d| then the HOLDER inequality, we obtain that

id? 2 2 4 3
(Ao < B ({fi? =ik | Z200)) < 52 (il Z%)) < g (4,22 ).

From Step 1, we deduce that for all N € N*,

2 .
(A)yar < EWEIT; <1 + sup E (<1d Zcoal>)> < 00.

NeN*

In similar way, we obtain that for all N € N*, (C)y ,, < S\Tﬁ (1 +E (<id4 Zg‘;al>)> where
E((id*, 225,
duce that for all N € N*, E (M (ZY,))) = limuy 4o E ((lidf3, . Z%,,)) and B (M (25,)) =
lim s yoo E ((id|3, , Z55,,) ) From Proposition [4.15} for all M € (0, +00), limy— oo (B) y ay =

0. From classical analysis techniques, we deduce that limy_ oo E (Mg (Zcoal)) E (M2 (Zcoal) )

>) < oo from Corollary [4.14] (1). By the monotone convergence theorem, we de-

Step 3. Conclusion. Note that for all N € N*,

N
M (Zcoal) = <1d2 coal> = ]1[ Z V22 N2 [Z Z dla]] .

i=1 i=1 1<i<j<N

From Proposition [4.11, we have for all 4,j € {1,---,N}, E (i) = E (E (uu]‘kN)> -
E(TOO

coal

E (Mg (Zﬁal)) N L % L1 By Step 2, we deduce that E (M2 (Zcoal)) = 1/~ which completes
the proof. 0

— T”) where Tij is an exponential random variable with parameter  if ¢ # j. Therefore

5 Proof of Theorem [2.3

We divide the proof of the main result into 7 steps, each of which will constitute a subsection
(Subsections to . We recall that the aim of this proof is to prove that the law Pfy(id,u)ﬁ’/

of the process (Z¢)y<;cr defined by
vt =0, Zy =T v e

under PEV for v € M?(R) is solution of the martingale problem . We will start by considering
the case with test functions F,g € ¢}(R,R) and we will prove the extension to F € ¢*(R,R)
and g € €2(R,R) in Subsection [5.6] n In (8)) there are essentially two types of terms: (id, Y; — Y5)
and <g(j) O T_(id,Ys)s Yt — Y;>, j€{0,1, 2} s < t. In Subsections and we prove that the
two previous quantities admit a DOOB’s semi-martingale decomposwlon. ubsections (.3l and
we handle all the terms in involving respectively the first and second derivative of F'. In
Subsection we deal with the different error terms involved in . Finally, in Subsection
we prove that the martingale involved in is square integrable and we establish the relation
. We conclude in Subsection and by proving a technical lemma used in Subsection
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5.1 Doob’s semi-martingale decomposition of (id,Y; — Yj), s <t

In , M(g) is well-defined only for g € €2(R,R). The expression makes sense for more
general functions g. The goal of this subsection is to prove that, for any k € N, M4 (idk ) is the

martingale part in the DOOB semi-martingale decomposition of <idk, Yt> In particular,
(id, Yy = Yinnr) = MY (id) — Mig,, (id), s >0 At

is a PE'V —martingale.

Lemma 5.1. Let v € M;(R), possibly random and let P, be a distribution on §) satisfying
and such that Yy is equal in law to v. Let T >0 and k € N fized.

(1) IfE (<]id|k,y>) < 00, there exist two constants Ck7T,6'/k7T > 0, such that any stochastic
process (Yi)ocpcr Wwhose law Py, satisfies

(a) sup E (<|1d]k,Y}>) < Crr (1 +E (<\1d|k , 1/>)) ,

te[0,7
) _ Crr (1 +E (<]id\k,u>))

(b)  Va>0, P, ( sup (fid*,¥;) > o
te[0,7)

(2) IfE (<]id|k,y>) < 00, the process (Mgd (idk))0<t<T defined by

M (id¥) = (id",v;) — (id*, vp) — /Ot <k(k2_1)id’“‘2,1é> ds,

is a continuous P,—martingale. Moreover, E (<|id|2k,1/>) < 00, (Mid (idk))0<t<T s a

bx

martingale in L? () whose quadratic variation is given by
(i (104)), =27 [ [, ) — (i, i) ] s

Proof. The proof is similar to that of Proposition [2.11 O

5.2 Doob’s semi-martingale decomposition of <g(j) O T_(id,Ys)s Yt — YS>, s<tyj €
{0,1,2}

Equation QED involves terms of the form <g(j) oT <idY >,Y;5ﬂ+1/\t — YtnAt> with j € {0,1,2}.
—\14, g A v v

We wish to express, each of these terms using the martingale problem . However, this leads
us to consider quantities of the form

id ) — Mid ()
Mt?ﬂ/\t (g ° T_<id7}/tn/\t>> M?M <g ° T_<id’yt"“>> (%)
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with 7 € {0, 1,2}, which are not well defined at the moment. Indeed, in the input argument
is a predictable random function of the process (Y)<,<p while the martingale problem
defines Mjd(g) only for deterministic functions g. Lemma hereafter, allows us to give a
precise meaning to by extending the well-defined character of the martingales of to
predictable input arguments. The proof of this technical lemma, given in Subsection [5.9] is
based on regular conditional probabilities.

Lemma 5.2. Let t* € Ry be a deterministic time and h : Q — 62(R,R) be a measurable
function satisfying the following property:

Vw,w €Q, h(w) = h(w') if Wo,ex) = u)II[o,t*]'

Then, the following process defined, for all t € [0,T], by
My (@) := M (h (@) (@) — M (h (@) (@)

is a PEV(d@) square integrable martingale whose quadratic variation is given by

t

(M@ =27 [ [(h (@), &) — (h(@),,)?] ds.

tAL*

Lemma with t* = t allows us to assert that is a PFV(dY)—martingale increment.
Thus, we obtain for j € {0,1,2}:

©)) n — Y
<g oT—<id,YtnM>’Yti+1/\t Y;fz./\t>

= - Y )d 34
Jow 28 g ) ”

id () _id (o)
M e (g OT—(id,YmJ) M <g OT—<id,th>>

id ) N Vs ) ; FV ;
where (MS/\t <g o T—<id,YtZ_LM>> Mt?At (g o T—<id7Yth>)>s>w is a P,V square integrable
martingale satisfying for all s > ¢7, z

<M.i/(3t (g(j) o T—<id,Yt;w>> - Mti?mt (g(j) o T‘<id’Yt?“>>>s
_ j B ;
— 2’)/ AL [<<g o 7'_<jd,Yt;1/\t>) ?Yu> <g o T—<id,Y;7L_zM>’ Yu> ‘| du.

5.3 Expressions of the terms of involving F’

(35)

In the rest of this proof, we use the following notations to simplify the writing. We denote for
all s > 0, R(s) := (id, Ys). We assume that F,g € ¢}(R,R). Our goal is to prove the following
lemma:
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Lemma 5.3. When the mesh of the subdivision 0 =ty <t} <--- <ty =T of [0,T] tends to 0
when n — 400, we have the following convergence in probability

pn—1 "
lim Z (A), —/ F'({g,2Z )<<g ,ZS> +'y<g",ZS>M2(ZS) — 2 <g’ X id,ZS>) + Marty,

n—+oo 2
iz

where (Marty)gc,cp 5 @ PEY —martingale.

The proof of Lemma is based on the following decomposition of (A), (given by the
expression @) and using the DOOB semi-martingale decomposition of Subsections and
We have

(A), = ki F (<g © T—R(t;lAt)7Y;f?/\t>) (A)f
—1

where

1 t1+1 N 1

(A); = B} <9 © T_R(trat) Y5>ds,

(A = M n (997 mpurn) = Mitn (9° T rpne))

(A} = = [Mi 5 () = M ()] (9 0 _papneys Yerne)

(A)} = = [M . () - 2z, <1d>][ 5 one (90 rginng)) = Mt (9 0 Ty
(A7 = 5 [M o i) = My, GO]* (" 07y Yirne)

(A)¢ = (|tl+1/\t—t”/\t|‘ i aelid) = M, (i) ).

Note that we used the following inequality
IRVUS RN v
/n 2<9()OT_R(WM) >ds Hg H (tha At =t AE) P,Y —as.
At i

to bound the term [Z\ﬂ,‘i‘+1 (id) — Mtlfil(ld)} ti;’\;m <g(3) o TfR(tﬂ/\t)vYS> ds by (A)S. Our goal in

the sequel is to write each of these six quantities as sums of finite variation terms, martingale
terms and negligible terms and to study the limit of each of them.

5.3.1 Decomposition and study of (A);
Note that, for any i € {0, ,p, — 1},

1+1

t?+l
(A)il:/t 7<g”o7' R(s)> Y>d$—|— <g O T_Rimat) ~ g"oT_R(S),YS>d3,

TAL trAL
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As a consequence of RIEMANN’s sum convergences and using that s — <g” O T_R(s) Y8> is con-
tinuous, we obtain PYV —a.s., and therefore in probability that

ool a1
ngr—&r-loo E:O F <<g ° T_R(t?M)’Y%?M>> /t 2 <g © T—R(s): Y5> ds
7=

nat 2
t / 1 /!
:/0 F (<gOT—R(s),Ks‘>)§<g 0 T_p(s) Ys) ds

- /OtF'((g,ZS>) <92”,ZS> ds.

From Lemma (2), we deduce that, in probability,

pn—1 AL
. / i+l 1< " Y/ > _
ngr—irrloo z;) F <<g ° T_R(t?/\t)’yti At>) /tg/\t o \9 °T-Rr(tpat) =9 °T=R(s) Ys)ds = 0.

5.3.2 Martingale contribution of (A)? and (A)?

Note that
pn—1

Z F <<9 © T—R(tmt)’yt?/\t>> (A)?7
i=0 '
is a stochastic integral with respect to the square integrable martingale (M Sid(id)) Since

F" and s — (g’ o T_p(y), Ys) are bounded, we deduce that

0<s<T”

pn—1
. 3
m ,ZO F' ({90 7_p(egne) Yiene) ) (A);

1=
is PF'V —martingale. The term

pn_l

My = Z F (<g °© T—R(t?/\t)7n?/\t>) (A)z2
i=0

is a stochastic integral with respect to a martingale which depends on n. However, the same
argument as above applies because (M} )< ;<7 is bounded in L? (Q), hence uniformly integrable.
This can proved as follows: as F” is bounded and from Lemma there exists two constant
C4,Cy > 0 such that

E (Mf]?) = pi:E ([F’ (€07 nmny Yirnr) ) (A7) 2)

pn_l
<Y (M (g0 gy ) = M (997 ppnnn )
= (tpnt) i (t7nt) £ At
pn—1
SAyC1Cy D (th At =1 AT)
i=0
= 4vC1Cst < .

42 /73]



5.3.3 Contributions of (A);l and (A)Z5

The contribution of the next two terms corresponds to the terms due to the centering effect in
the martingale problem .

Study of the term (A)?. Using ITO’s formula and the relation 1} we obtain that
(! = (M) + (A)2 + (A)F

where
(A)H = / Mld id) Mtig/\t(id)} dpid (9/ ° TfR(t;L/\t))’
(A)2 = / M (9T = Mithe (97 g )| 40 ),
At
43 _ s '
A = [ [ gy )~ 0 oy )]

Using the same arguments as for (A)?, we deduce, in probability, that for k € {41,42},
pn—1

3 k
nETOO ‘z:() F <<g © T—R(ty/\t)7Y;5?/\t>) (A);
1=

PV —martingale. Moreover, we decompose the integral of (A)f‘3 in the following way:

(A)F = (M) + (A)F + (A)}

is a

where

431 fipa At
(A);” = —2’7/t <id x g o T_R(ipnt) ~ id x ¢’ o T_R(s)> Ys> ds,

AL

432 bt , ,
(A)’L = _27/t <1d7 YS) <g o T—R(s) — g o T—R(t?/\t)’YS> dS,

AL
433 tiant / . ’
(A = =2y | "0 [(id x ¢ o 7o), Vi) = (i, Vi) (9 0 7o, Yi)] ds.

Using Lemma we deduce, in probability, that for k € {431,432},

Pn—1

. k
R ZO d <<9 ° T,R(tm,th}) (A)i =0
7=

and we deduce from the convergence of RIEMANN’s sums that, IP’I;V—a.s. and hence in probability,

pn—1

P 2 F (<g ° T*R(t?/\t)’Y;ff/\t>) (A);¥
i=0

t
— 2y [ F'((g07 n Yo)) (14X g 0 7_po Vo) = (4, Vi) (9 0 7o )] ds

= —2y /Ot F' ({9, Zs)) (¢’ x id, Z) ds.
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Study of the term (A)Z5 As (A)? satisfies the following decomposition:

(A)? = ( [ Taastca) - v o)) aneia

AL

t? Nt
e [ ) = 0 as) (07 g Vi)

AL

and proceeding as for (A);1 above, we obtain, in probability, that

pn—1 T
lim 3 F (<g<>¢_R(tw),nW>> (A)? :7/0 F' (g, Zsni)) (9", Zont) M (Zsnr) dis+Mart(V

n—-+4oo A
=

(1) : FV_ :
where (Martt )0<t<T is a P, ¥ —martingale.

tx

5.3.4 Study of the error term (A)?

From the inequality: for all z,y € R4, zy < %(x% +y3) and Lemma [A.3] we deduce, in
probability, that

pn—1
lim Z F (<go7’ R{0); th>> |20 At — 7 A ‘Mn (i) —Mt‘?,\t(id))

1=0

2 ||F'|| ES n ol
< lim S Z [n At — 7 A2+ Z ( o n/\t(ld)‘ ~0
and this completes the proof of Lemma [5.3] O

5.4 Expressions of terms of involving F”

From the expression of (B),, we have

5

1 k
= 31 (007 g V) B
k=1
where
1 2 ?
(B), = <g o TﬁR(t?/\t),YtlHAt> - <9 © T_R(trAt) Y;f?/\t> )
(B) <g oT R(t"/\t) }/t?/\t> |:<g © T—R(t;‘/\t) }/tl_‘_l/\t> - <g o T_R(t;l/\t)7}/t?/\t>:| )

(B) [Mt” a(id) — n/\t('d)} ’ <9/ o T_R(t?/\t), Kf?/\t>2 )
(B)? = /t:i:m <9” © TfR(t?/\t)ﬂxfs> ds [Mgf'}ﬂ/\t(id) Mt"/\t(‘d)} <9/ °T_R(trat) Yt;’At> )
(B) [ tlg AL (9” °© TfR(t?/\t)> - Mtig/\t (9// © T—R(tn/\t))]

[Mt" ae(id) — Mt"/\t(ld)} <g/ o T_R(t?/\t),yt;l/\t> .
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As in Subsection we treat each of the previous terms successively to prove the following
lemma:

Lemma 5.4. When the mesh of the subdivision 0 =ty <t} <--- <tj =T of [0,T] tends to 0
when n — 400, we obtain in probability that

pn—1 t
lm Y (B), =7 [ F'(9.2) (6 2.) ~ (9.2)" + (g 2.)" M (Z.)
n—-+0oo i=0 0

2 <g', Zs> (g x id, Zs>} ds + @t
where (@t) is a PEV —martingale.
0<t<T v

The proof is similar to Lemma we use the martingale problem to write

1 t?+1/\t 1 "
(B); =2 At <g ° T*R(t?M)’YS> 2 <g ° T*R(t?“)’ys> ds
AT, )
+ 27 it |:<g © T—R(t?/\t)7Y9> - <g © TfR(t;_l/\t)7Yj9> :| ds

.d2 'd2
+ M (g ° T*R(t?“)) — Miin (g ° TfR(t?/\t)) ’

(B) <g O T_R(trat) }/t?/\t> /;ZHM ; <g © T_R(trAt) >ds

WAL
id id
=290 ey Yiene) [ME, e (9 niepney) = M (99 i) ]
and we obtain that, in probability,

pn—1
S

_7/ FH ({9, Z { <%azs>+’7 <g Z> (9, s>2}}ds+@£1)7
pn—1

A 2 P (o0 Yon)) ()

i (2)

t
=~ [ F'(0.2) (0.2 (%, 2,) ds + Nart,”,
0

Pn—1

lim Y F’ <<g © T_R(irat) Y;&;‘/\t>> ((B)? +(B); + (B)f)
0

n—-+oo -
1=

t
= fy/o F" ({g,Zs)) (<g', Z5>2 My(Zs)+ (g', Zs) (g x id, ZS>) ds + Marti?)),

where (@£])> , 7 € {1,2,3} are PEV —martingales.
0<I<T
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5.5 Error terms

In this subsection, we examine the different error terms involved in the approximation (8)). From
Lemma we deduce that, in probability,

pn—1 pn—1
lim Z ‘ ld Y;gn At Y'tn/\t>‘ = lim Z‘ n /\t n/\t(ld)’ =0.

n—-4oo “ n—-+oo -

Using the relations and , we deduce for any k € {0, 1,2},

pn—1 3

D

i=0

k
<g( Jor (i)’ Y At — Yi;ﬂ/\t>

pn—1

< max (; Hg(k)H3 ,4> lz <|tz+1/\ttn/\t’

’ t" At ( © T—R(t;mt)) M"/\t ( ®) o T—R(t;lAt)> ’3> :

Hence,
3

=0

pn_l
i (k) n
ngr-‘{loo Z <g ° T—<id:Yt?lAt> }/t“rl YVtZ /\t>
i= i

in probability. Combining all the previous results, we deduce that @ is a martingale for all
F,g € ¢}(R,R).

5.6 Extension to test functions F € ¢*(R,R) and g € 6*(R,R)

For all g € €2(R,R) and for all t > 0, we have (g9,Y;) € [~ ||lgllo,lgll.o), S0 we can assume
without loss of generality that F' € 62(R,R) in the martingale problem (2)) with X; replaced by
Z;. Let F, g € 62(R,R). Then, by density arguments, there exists (F,), ey » (9n)nen € G5 (R, R)N
such that for all t > 0, for all 7 € {0, 1,2}, we have P,—a.s.

g Mot gna FO >, po) (36)

For all n € N, for all t > 0, ]\ZF "(gn) given by the martingale problem is a P, —martingale.
Let T'> 0. Note that, there exists a constant C for all n € N, for all ¢ € [0, 7] such that

— — T
51 g0) - W (0) < 0 (1+ [ 2a(205).
Thanks to Proposition and the dominated convergence theorem, we have for all t €
[0, 7],
Jm E(|FE ) - B (0)]) =0
and ]\ZF (g) € L* ((NZ) Then, using the dominated convergence theorem for conditional expecta-

tion, we obtain that (MF(Q)) is a P, —martingale.

0<t<T
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5.7 L?—martingale and quadratic variation

As (]\ZF(g))KKT is a P,—martingale for ' € ¢?(R,R) and g € %?(R,R) we deduce that
ATF( N2 TiF

(MF (97 = (M"(9), ),

sequence of stopping times (7,),,cy satisfying lim,,, yo 7, = 400 such that for all n € N,

E (M, (9)°) =E (<J/\4\F(g)>t/\m> ‘

We apply ITO’s formula to compute F?2 ({9, X¢rr,)) from DOOB’s semi-martingale decomposition
of F'({g, Xinrr,)) and apply the martingale problem to test functions F? and g to deduce (3)
at time t A 7,. By FATOU’s lemma, letting n — +o00, we deduce that

E (M (97) <E((M"(9),) < oo.

This ends the proof of Theorem

is a P,—local martingale. In consequence, there exists a increasing

5.8 Technical result for Lemma

As the filtered probability space (Q, F, (ft)t>0) is Polish (Subsection , we deduce from [29]
Theorem 3.18] there exists, for all v € M;(R), an unique family (Q.),cq of regular conditional
probability of PEV given Fi« and a PEY —null event N € Fi« such that for all w € Q\ N,

o (fpenla—u)) 1 an

The following Theorem ensures that time shifts of regular conditional probabilities of PEY
remain solutions to the FLEMING-VIOT martingale problem . The proof of this result is given
hereafter and is based on the proof of [29, Lemma 4.19]. We introduce, for w € Q, the time-shift
operator 6 defined by

[Osw], := wet, 0<t< +0, s=0.

Theorem 5.5. Let t* € R, be a deterministic time. Then there exists a PLY —null event N € Fy-
such that, for every w € Q\ N, the probability measure

P, (dw) := 0+ Q,, (dw) (38)
solves the martingale problem with v 1= wyx.

Proof. Step 0. Preliminary results. We denote by ¢~(R,R) the space of real functions of
class €?(R,R) with compact support. It is well-known that the formulation of the martingale
problem for F,g € €2(R,R) is equivalent to the one for F,g € ¢#(R,R) [9]. The space
€2 (R,R) equipped with the norm ||f||WO2,oo = flloo + 1/ oo + [If"]lo is separable. So, we can

choose a dense countable family B C %I%(R, R), for the topology associated to the norm, that is

to say
) N H~||Wg,oo H~||Wg,oo
VFmg € (gK(RJR)a 3 (Fn)nEN ’ (gn)neN eb, I n—s+o0 Fo gn n— 400 g
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Hence, if we denote by Lpy the generator of the original FLEMING-VIOT process, we deduce
that EFV(Fn)gn ﬁ EFVFg-

Step 1. Reformulation of the goal. Let v € M (R). From (37), it follows that
P, (o =v) = 1 is satisfied with v := wyx. The rest of the proof is devoted to construct a
PEV —null event Ny such that

t
Epev [Fg (wi) — Fy (ws) — / LryFy(w)dr| Fs| =0,  PHV-as.

is satisfied for all w € Q\ Ny. This means that for all 0 < s <t < 00, A € Fy, F, g € €&(R,R),
Y € O\ Ny, / (M (@) = MPs (@)] 14 @) P (@) = 0, (39)
Q

where .
MF (@) = F, (@) — F, (@) - /0 LvE, (@) dr.

Let we N, 0<s<t<oo, A€ Fs, F,g € Cx(R,R) be fixed.

Step 2. Property (39) satisfied except on a PYY —null event Ny(s,t, A, F,g) € Fy-.
As LyvEy € ‘51)2(]1%, R), the random variable Mth — Mng is bounded. Note that,

/Q[Mfg( 5) ~ MP (@) 14 (5) P (45) = Eqaz) ([M{? — M) 061 @) 1-1, @)

:EPFV <[Mth — Mfg:| Oet*]lQ;lA ft*) (w)

v

= E]pFV [EPFV MF } 9] Qt* 1971A
t*

]:t*+s> ‘ ]'—t*} (w)

= EEDFV [ IA]EPFV — MSFQ} 0 O

]:t*+s> ‘ ft*} (w)

where the last equality follows from martingale property . This chain of equalities shows that
the random variable w — [, [Mth (w) — ML (CE)} P, (d@) is null except on a PV —null event
Ni(s,t, A, F,g) € Fi= which depends on s,t, A, F and g.

Step 3. Property (39) satisfied except on a IP’EV—null event No(s,t, F,g) € Fyx.
We consider a countable subcollection £ of Fs which generates Fs [29, Definition 3.17] and a
P, —null event Na(s,t, F,g) € Fy= such that for w € Q\ Nao(s, t, F, g),

vaee, [ [M @) - mP@)]P. (@) -
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Therefore, the two measures

vb) = [ (M = MB]T @R @) and v4)= [ M7 - MP] @) P (@),

coincide on &, hence on F,. Therefore, for w € Q\ Na(s,t, F,g), we have proved that for all
A€ Fo, By, (1a [M7 = M]) =0,

Step 4. Property (39) satisfied except on a IP’EV—null event N3(F,g) € Fir. We
may set now, the PEV —null event

N3(F.g):== |J DNa(s,t,Fg).

steQ
0<s<t<oo

Due to the boundedness and continuity of ¢ — MtF 9, it follows from the dominated convergence
theorem that for w € Q\ N3(F, g)

Vs <t VA€ F,, Ep, (1a[M7—MI7]) =0,
in other words, for all w € Q\ N3(F, g), (MFg ((D))t>0 is a (Fs, P, (dw)) —martingale.

Step 5. Conclusion. Now we define the PYV —null event

Ny := U N3(F7g)
FgeB

From the Step 4, we have for all s < ¢,
VweQ\Ny, VAeF, VFgeB,  Ep, [1a(M - M) =0

From Step 0, for all F, g € €%(R, R), there exist two sequences (Fo)pen s (9n)nen € BY such that

l1-11, 2,00 l1-11, 2,00
Il-ll o
F —+> F, gn m) g, and EFV(Fn)g o AF

By the dominated convergence theorem, we deduce that for all w € 2, s <t, and A € Fg,

By, [ (M7 - M) = tim T, [14 (Mt(F")gn - MS(F")"">] = 0.

n—-+0o00

which concludes the proof. O

5.9 Proof of Lemma [5.2]

By abuse of notation, we note h (w‘[o t*]) = h(w). We want to prove that for all 0 < s < ¢, for
all Fs—measurable bounded random variable Z,

Epevaz) (M (&) — M, @)] Z (@) = 0.
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Using [28, Definition 3.2 (iii)’] we deduce that
Epev ag) (Mt (@) — Ms (@)] Z (@) = B, (aw) [Eq, (az) (Mt (@) — Ms (@)] Z @))] -

Thus, it is sufficient to prove that for PEY —almost every w € Q, (M; (@))octer 15 @ Qu (dw) —
martingale and this is what we propose to establish in the rest of this proof.

For fixed w, the function h(w) € %Z(R,R) can be considered as deterministic. We deduce
from Theorem that there exists a PEY—null event N € F« such that for all w € Q\ N,
(M4 (h(w)) @))OQST is a P, (dw) —martingale. We deduce from [29] Theorem 3.18] that
PEV —almost every w € €,

(:J“O’t*] = W|[07t*], Qw (d@)—a.s. (40)
This implies that, Q,, (dw) —almost surely,

Mid. (h(w)) (0 (@) if t>t*
0 if +<t

= M(i?_t*)Jr (h (w)) (Op (@)) -

M (@) = ME () @)~ Mt (b)) (3) = {

Let n € N and 0 < s < T. To prove the martingale property for all Fs—measurable bounded
random variable Z, it is sufficient to prove it on elementary events. Then, we consider a random
variable Z of the form

Z(w) = ]I{th ery, - 7UJtnEFn}

where for all i € {1,--- ,n},t; < s and I'; € M;(R) measurable. We define

Z (w,w) := ]l{wtieri,we{L---,n} such that tigt*}]l{wtj €T} Vje{l, ,n} such that t;>t*}"
By , Z (w,®) = Z (w), Q, (d) — a.s. Therefore, for PEY —almost every w € €,
Eq, ((M: — M, Z)
= Equaz) ([M{L s (0 (@) (0 @) = M s (0 (@) (00 (@))] Z (w,))
= ]l{wtiEFi,ViE{l,w ,n} such that t;<¢*}

Eq. ) ([Mi2e (h(@)) (O @) = M. (h (@) (05 (@)

X ]l{[et*(a)]tj,t*erj,we{h.,n} such that tj>t*})

(38) id ~ id ~

= ]l{wtieri,we{l,--- ,n} such that tigt*}EPw(d@) ([Mtlft* (h (w)) (UJ) - M;ft* (h (w)) (O.))]
X ]]'{Qtj,t*erj,‘dje{l,w,n} such that tj>t*}>

=0,

using that (M4, (h(w)) (&)\))t*gth—i—t*

zero. Thus, for PEY —almost every w € Q, (M; (@))octcr 18 @ Qy (dw) —martingale which com-

pletes the first part of this proof. In similar way, we can prove

MY (h (@) (@) — My (h(©)) (@)
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is a PEV —martingale. Applying IT0’s formula to compute (h (@) ,@t>2 and comparing it to the
previous result, we obtain the announced result. O

6 Proof of the results of Section [3

6.1 Study of a semi-group

In this subsection, we devote a specific study to the semi-group (T(”) (t))t>0 generated by the

operator B(™_ In the first subsubsection, we provide an explicit expression of (¢, x) — T (t) f(x)
and prove that it is a strong solution to the semi-group PDE associated with B(™, by means
of FEYNMAN-KAC’s formula. With the aim of subsequently obtaining fairly fine bounds on this
operator (see Corollary , we give all the necessary details. In the second subsubsection, we
give a MILD formulation of the martingale problem using the semigroup (T(”) (t)) in

20
Proposition [6.3}

6.1.1 Construction of the semi-group

Recall that we denote by 1 € R"™, the vector whose coordinates are all 1. For any real vector-
valued function f and g of Ll(R”) we denote by (f*g)(x) := [gn f(t)g(z — t)dt the convolution
product of f and ¢g. For any function f whose second partlal derlvatlves exist, we denote by

Hess(f) = (812] )1<ij<n the Hessian matrix of f. We denote by %bL? (Ry x R™ R) the space

of real functions on Ry x R™ of class €*(R.,R) with respect to the first variable and of class
¢2(R™, R) to the second variable.

Theorem 6.1. The family of operators (T(”) (t))t>0 defined as:

=

Vt>0, Ve e R, T () f(x) = L T )90 (u)du, (41)
vz e R, T(0) f(w) == f(x),

where gt)fz is a Gaussian density ofN(”) (M2, X¢) where 3y := Po, P~ and My = Py p-1, =
a:—(l_e’(pgli_%m))(x-l)l with

€4(t) 0O ... ... 0
y1 exp (—2ynt) 0 ¢t 0 ... 0
Y2 ) ) ) )
Mty = . and oy := : o - .,
' : 0
Y
" 0 0 0 t

1—exp(—4ynt)
4vn
proof below, is a semi-group of bounded operators on L°° (R™). In addition, for all f € €2 (R™,R),

where eq(t) := and P is an explicit change of orthonormal basis matriz defined in the
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(1) The application (t,x) — T (t)f(x) is of class €“*(Ry x R™,R) and is a strong solution

of the PDE
vVt >0, Vo € R", Owu(t,x) = %Au(t,x) — 2y (Vu(t,z)-1) (z-1) (42)
Vo € R", u(0,z) = f(x), (43)
and
(2) VIO @) f(x) = (O (VF*07%5) (M) e,
(3) VZ,j € {17 e 7n} ) aiij(n) (t)f(l.) = (a.rjmt,x)t [(f * Hess (Qg,(o)) (mt,x)amimt,x]
where Oy, my o = €; — Ml with (€1, ,€n) the canonical basis of R™.

As we will see in the proof, everything follows quite directly from the FEYNMAN-KAC formula,
except the fact that (t,z) — T (t)f(z) is a strong solution of the PDE up to time ¢ = 0. This
technical point will be useful for the MILD formulation and this is why we make a detailed proof.

Proof. In view of the operator B(™ given by , it is natural to define the semi-group 7' (t)
using the formula of FEYNMAN-KAC: for any f € 62(R",R),

TO(t) f(x) = Eaf(X1)
where (X;),- is solution to the following SDE:
Xo ==, dX; =dB; — 2y (X, - 1) 1dt, X:eR", t>0 (44)
where (Bt), is a n—standard Brownian motion and = € R™.

In Step 1, we check that this definition of 7™ (#) coincides with the one given in the state-
ment of Theorem In Step 2, we verify that (z,t) — E;f(X}) is indeed a solution of the
PDE for all t > 0. In Step 3, we treat the case ¢ = 0. In Step 4, we prove the announced
expressions of the derivatives of TV (t) f(x).

Step 1. Change of basis in the SDE (44). We consider the orthonormal basis

(v1,--- ,vp) of R defined by vy := ﬁ(l -+ 1)t and for 2 <i < n,

i—1( 1 1
i i1 i1

i—1 terms

-1,0,---.,0

V; =

We denote by P the change of basis matrix from the canonical basis to the orthonormal basis
(1, ). We define for all t > 0, Z, = P7'X,, ie. Z := (2", ,2") where for all

ie{l,---,n}, Zt(i) = (Xy-v;). It is standard to check that W, := (Wt(l),~-- ,Wt(n)) where
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for all i € {1,--- ,n}, Wt(i) := (Bt - v;) is a n—standard Brownian motion and that (Z) is
solution to the SDE

(1 _ (1 _ (1)
Zo—y—P'a. {dZt = dw'" —2ynzMat, (45)

dz? = awV, jEf2,n}

All coordinates in are independent and solve a one-dimensional SDE whose solution is
explicit (ORNSTEIN-UHLENBECK for Z(1)| standard Brownian motion for Z(®) i > 2). It follows
that Z; is a Gaussian vector of law N () (ftt.y, 0¢). Therefore, for any ¢t > 0 and all y € R", Py,
has a density with respect to the LEBESGUE measure on R" given by:

1 21 — y1 exp (—2ynt)]? 1 &
th,y(Zh"' y2n) = (277)% det (o) exp <_[ — Qef(i) 2] B QthQ (% _yj)2> . (46)

Since, Xy = PZ;, we deduce that for all x € R™ and for all ¢ > 0, X; follows the normal
distribution N (1my ,, %), with density

_ 1 r—mi) S (e — g
G50r) = g1, (P717) = 0 a2 (e )). )

(27)3 /det(zg) ¥ <_ 2

Hence, E, f (X;) coincides with (41]).

Step 2. T (t)f is solution to (42)) on (0,+0c0) x R”. Without difficulty we verify that
for any y € R™, gfy satifies the following FOKKER-PLANCK PDE:

n 1
vVt > 0,Vz € R", &ggfy(z) = iAyggy(z) — 2’yn6y1g5y(z). (48)
We deduce from (47) that

vy € R, vr e R”, 3t9tZ,y (Pilr) = 81&915),(19;,(7”)7

n
and, for all y,r € R™, Oyigfy(P_lr) = > Pkiaxkgffpy(r). In particular,
k=1 ’

_ 1
O g0y (P7Ir) = = (Vegitpy(r)-1).

In an analogous way, we deduce that

n

Aygty Z Z Pyi P zo,xr It Py( ):Azgi),(Py(r)>
—1ki=1
(z-1)

because P is an orthonormal matrix. From 1' and since (Pflnr:)1 = we deduce that the

density gffr satisfies:

1
§Af"’gt); (r) +2v(z - 1)Vugi.(r) = 0.
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Now, the fact that for all f € L*°(R™,R),
T (@) = [ F0)g ()

is Sfbm ((0,+00) x R™ R) and is a solution of on (0,400) x R™ follows from the theorem of
differentiation under the integral sign. Note that, if f is continuous,

TO) (1) f (2) = Eaf (X0) — (2)
by the dominated convergence theorem which leads to (43).

Step 3. Verification of (42 up to ¢t = 0. Assume that f € ‘Kf(R”, R). This is equivalent
to prove that for all x € R",

o fe ()% (w)du — (@)
tg% t

1
= SAS@) =2 (V@) 1) (@ 1),
Let be z € R™ fixed. Using TAYLOR’s formula we obtain that
[ F@gw)du = (@) = (A), + (B), + (O,

where

(A) = [ (=l Vi) g, (B), =5 [ (= o) Hoss(F)(a)(u ~ 2)gi% (u)da,

(©),:= [ Relw)g (.

where Rz (u) := o (Hx - u||§) As g, is a Gaussian density of N (my ., %), where

-1 1
T— Mg = (1 — exp (—277175)) ( \/ﬁ) % % tzo _27(55 . l)t, (49)
Vi € {17 ,TL}, (Zt)zl t:;() t)

it follows that
(1 — exp (—2vynt))

(A)y = (VI(z) - [mte —2]) = - (Vf(z)-1)(z-1).

1 &~ 2 (35'1)2 t
=3 Z 03,2, 1 (@) (E4);; + (1 — exp(=2ynt)) Wl Hess(f)(z)1.

Therefore,



Now, it remains to manage the (C), error term. Note that,

Ve > 0,3a > 0,Vu € B(z,a), | Ry (u)
Vu € R"\ B(z, a), | Ry (u)

2
| <ellu—=z|3.
| <2 flloe + IV Fllo llu = ],
1
+ 5 [Hessf(2)llo lu — 2l -

Let ¢ > 0, @ > 0 and tg > 0 such that for all t € [0,%0], ||z —mill, < §. Let t € [0,%o].
Separating the domain of integration of the integral of (C), into B(z,a) and R™\ B(z, «v), it
follows from the YOUNG and previous inequalities that there exists a constant C' > 0 such that

(©), << [ lu=al g (wdu+C (14 lu - 2)2) g% (w)du

R”\ B(z,x)

< 2 Z (Xe); +2(e+0) ||z — mt7x||§ +2C (1 + ||u — mt,ng) gfx(u)du
i=1 R™\ B(z,a)
Now, for the choice of v and then the MARKOV inequality, we obtain that
4
/ (1w~ mes|2) o e < (14 55) [ ot — 12,012 75, ()
R™ \ B(z,a) « R™\ B(mit,z,5)
4
(14 4) fi b mecli e

o? (3)"

16n 1) & i x
< vy <1 + ?> ;/Rn (uZ — (mtx)l) Giw(w)du.
As for all i € {1,--- ,n}, the fourth moment of a random variable of law N (0, (X;),;) is smaller
than 3 (Et)?i, it follows from that there exists a constant C' > 0 such that
C ~
(t)t < 2en+eC

for ¢ small enough and then the conclusion.

Step 4. Expression of the derivatives of T("(t)f. Noting that for all u € R", gg(x(u) =

thO (u —my ) and using the symmetry property of this density, we obtain that

TO@) f(w) = (£ 5 97%) (mea):

By the chain rule formula, we deduce the properties (2) and for all 4,j € {1,--- ,n},

Eﬁi%T(”) ) f(z) = (8$jmt7w)t [(f « Hess (gf%)) (mt,x)ﬁximm}
(20, mu - (f # Vaih) (mes)) -
Now,

OpiMite = Og, Pliy p1, = € — (1 — exp (—2ynt)) (P~), Pey.

1i
The property (3) follows. O
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The following corollary is useful for bounding the dual process in the next subsection.

Corollary 6.2. Let f € €*(R",R). We assume that there exists a constant C; > 0 such that
for all x € R™,

@) < Cy (14 [ll3")

Then, for allt > 0 and x € R", there exists two constants Co(t,n) > 0 locally bounded on Ry x N
and C3(t,n) > 0 locally bounded on (0,+00) x N such that

(1) ‘T(”)(t)f(x)’ < Oat,n) (1 + ||93H§n)

(2) ||(Hess (43%) * £) (mes)| < Cattm) (1+ [l23")

Proof. Step 1. Proof of (1). From and , note that for all z,r € R", ¢t > 0, gffx(r) =
I 7 ([P_lr] ) where
i=19[p=14), i)

2
(1) 1 [21 — y1 exp (—2ynt)]
21) = ———=c¢xp | —
gt,y1 ( 1) 27T€4(t) p( 264(t)
1 [z — ] o
Z(3) J— Y5 ;
. S) = — B —— s - 27 BRI .
i, (25) \/TMGXP( 5 ) jed n}
Since ||Pz||2 = ||z]|2 for all z € R™, we also have
Ll = [ 21807 ()
Hence,
L Il (w)eu < 12/ Z"Hgt[p 1y, (2)dz = n"” 1ZE([ ™).
i=1 i=1
Classical moment bounds for Gaussian random variables show that E (G*") < C(n)t*" for

G ~ N(0,t) and C(n) > 0. Since es(t) < ¢t and using (50), we deduce that there exists two
constants C(n) and Ca(t,n) such that for all ¢ € {1,--- ,n}

E ([Z(i)]gn) < 51(n) ((P_lx)fn + tzn) < ag(t,n) <1 + HP‘%H?) .
The result (1) follows.
Step 2. Proof of (2). Now, we want to control, for all 7,5 € {1,--- ,n},

(e (3i5) « 1) (1)), | < ) [

For all k € {1,--- ,n}, we consider:

airjgt 0( )) (1 + ”mt,x - T||§n) dr.

o= {40 1
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From , we deduce that for all 4,5,k € {1,--- ,n}, for all t > 0,

k P Y (P lr k
oty (1)) =~ g (o,

81?j7‘igf(§k> ((P7'r),) = = )kj _— ((P_lr)k B 1) gfé'“) ((P7'7),,) -

Vi (t) V()

Hence, for all 4,5 € {1,--- ,n}, for all t > 0,
n P_l . P_l . Pilr 2
D%, g (r) = Z ( )k] Sl ( )i —1 | g% (r)
i = Vi(t) Vi (t) ’

P=hH, (P,
( vk)@])x(fe(t) (P (P b

Noting that for all 4,7,k € {1,--- ,n}, < 1and |(P*1'r)k’ <nlr)s,

(P,

I —rll2" < 2770 ()20 + 221 (2 — exp (—29m0)) [l2]27)

we deduce that for all 4,5 € {1,--- ,n}, there exists a constant 53(15, n) > 0 locally bounded on
(0, +00) x N such that

/a
R’ﬂ

TiT 4

1 (n?|r|3 n—1(n2|r|? ( 1 n—1> )
< 1 241 31—
/n [64(1‘,)( ) )T R S R ALL

X g (r) llme — r[|3" dr

< Cy(t,n) (14 [l2]3") -

9000 ez = 13" dr

The announced result (2) follows. O

6.1.2 MILD formulation
In this subsubsection, we establish the MILD formulation associated with the martingale problem
(L5).

Proposition 6.3. Let (Xt);5q be a stochastic process whose the law P, is solution to the mar-
tingale problem ( . with initial value p. Then, for all f € C€2(R",R),

<T(”)( — Xn 7/ Z Z <1>le —3)f, X§—1> _ <T(n)(t0 —3)f, X;‘>] ds

i=1j5=1
J?él

- 7/ Kz‘,jT(n)(to —5)f, X§+1>d5
1—1]—1

is a IP,— martingale for 0 <t <.
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Proof. Let to > 0. Let u,v,w : [0,t] x MS*(R) x Q@ — R be B([0,t]) ® B(Mi’%R)) ®
F —measurable defined by

o u(r,pu) = <T(”) (to—r) f, ,u”>, o u(r,pu) = — <8tT(") (to—7)f, ,u">,
L] w(r, ,u) = £FVc <T(n) (to - T‘)f, ,u">.

The expected result is a direct consequence of a version of Lemma 4.3.4 of [25] where we replace
the assumption of boundedness on w by an assumption of domination. Hence, we need to check
the following assumptions of this lemma:

(i) The process (u(t, X)), is (ft) —adapted and the processes (v(t, X)), and (w(t, Xt))5

>0
are (.7-})t>0 —progressive. These properties are standard in our case.

(ii) The functions u, v are bounded on [0, ] x M$?(R) and there exists C' > 0 such that for all
t € [0,to), for all € MEA(R), w(t, ) < C (1 + My (1)) where we recall that My (p) = (id?, ).

(iii) The function p +— v (¢, u,w) is continuous for fixed ¢t and w.

(iv) For all tg > to > t; > 0,

f,h) =E </t2 v(s, Xy,)ds

t1

E (u(tg,XtQ) — u(ty, Xy,) ft) : (51)

and

ftl) =E (/t2 w(ty, Xs)ds

t1

ftl) . (52)

(v) The process (X¢); is right continuous (here, it is continuous) and

E (u(tl,th) —u(ty, Xy,)

lim E (Jw(t — 6, X;) —w(t, X)) =0,  to>t>0. (53)
54)04,_

Step 1. Verification of assumptions (ii) and (iii). From Theorem for all f €
CZ(R™,R), (t,x) = T™(t)f(x) is bounded on [0,t] x R®. The boundedness of u follows.
Moreover, as (t,x) — T (t)f(z) is solution of the PDE , we obtain for all r € [0, o] and
1€ M§?(R) that

o(r, 1) = —% (AT (1o — 1) f, 5"y + 29 (TTO (tg — 7)f - 1) (id - 1), 1)

Since p € MTQ(R), the second term of the right hand side is well-defined. Using the properties
(2) and (3) of Theorem we deduce that v is bounded on [0, %] x M$*(R). In addition,

AT (tg—7) f and (VT(”) (to—r)f- 1) are continuous bounded, hence p — v(r, ) is continuous

on Mj(R) for the topology of weak convergence. Now, using , , , and Theorem
(2) and (3), note that for all r € [0,%] and € MS?(R), there exists a constant Cy>0
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such that,

n

w(r, 1) = (T (tg — ) f 1) +v > (KyT™(to —r)f, ")

ij=1
+V§:[@%T (to = 1) f 1" 1) = (T™ (ko — 1) £, ™) ] (54)
=1
j#i

< Cp (14 Mz (),

where the bound M(u) comes from Kj;.

Step 2. Verification of assumption (iv) and (v). Let t2 > ¢; > 0. On the one hand,

t t
i 8, T™ (tg — s)fds,Xt"Q> = / " (s, Xt,)ds

t1 t1

u (to, Xt,) — u (t1, Xp,) = <_

and the relation follows. On the other hand, as the martingale problem classically
involves the martingale problem [22], we obtain that

u(ty, Xip) = ulty, Xe,) = (T (o — 01) f, X7, — X7,

to
= | Leve (TM(to —t1) £, XI') ds

t1

+ MY (T (b0 — 1)) — MU (T (80 — 11)f) -
The relation follows. Finally, from , Proposition and the LEBESCUE dominated
convergence theorem, we deduce the relation . O

6.2 Proof of Lemma 3.5
Recall that, our goal is to prove that the stopping time 6, defined by

VEEN, 6= 1nf ‘M >k or Jselo, (& X)) >k},

satisfies limg 1 o0 O = +00, P(, ¢)—a.s. with p € ME’Z(R) and & € %”bz (RM(O),R). Before to
prove Lemma [3.5] we introduce the following lemma, whose proof will be given at Subsubsection
We denote by S; the number of jumps of the process M on the time interval [0, ¢].

Lemma 6.4. If { € €2(R™,R) then there exists a function Cy on Upen (0, +00)* x {k} finite
almost surely, locally bounded, non-decreasing with respect to (St);~q such that for all T >0,

vt e [0,7], Vo e RMY, & (@) < Co (T — Tiocics, » ST) (14 [2]3°7) .

The bound obtained above will only allow us to show that 6 — +oo P(, ¢)—a.s. under the
assumption that the initial condition X has all its finite moments. The following remark shows
that we cannot expect that 6, — +o0o under weaker assumptions on the initial condition.
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Remark 6.5. Let & : = — sin(z) € €2(R,R). Let us assume that <]id\4,u> = +oo and &
successively jumps at times T, 7o and T3 with respective jump operator K11, K11 and ®13. If we
denote by 71 2 := To — T1, straightforward but tedious computations give

eq(11)
2

&n (2,y) = KnTW (1)éo(z,y) = — exp (— - 4771) sin (2 exp (—2y71)) y°

and
57'2 (LU, Y, Z) = KllT(Q) (7—1,2) ‘57'1 (x’ Y, Z)

1 eq (1) exp (—4y71) (ea(T12) — T12)°
=-—e — — 4y —exp (—4 — : d
4 P ( 2 T = exp (=dym) 4 (ea(r1) + m2)
" Hexp(;llvﬁ)

+ (2 [1 — exp(—4y712)] — y [1 + exp(—4y712)] )2] —2(1+exp (—8y71) —exp (—4vy11))

(1 + exp (—477'172))2 [2 (ea(T12) + 71,2) —exp (—4y11) (ea(T12) — 7'172)2

— 2exp (—4ym) (1 — exp (~8y712)) (ea(ri) — 712)

X sin (exp (_2’77—1) [

5 x—y+ (z+y)exp (—477-172)]>

— 2exp (—2v71) (1 + exp (—4y71,2)) {:1; —y+ (x+y)exp(—8yTi2) — vexp (—4y712)

B GXP(ZW (ea(T1,2) = m12) [-(z —y) + (z + y) exp (_4771’2)]}

X €OS <exp(—2277'1) [ —y+ (z+y)exp (—477'172)]” 22,

Note that the leading order term in &, (2, y, z) is of the form (ax — by)? 22 sin (cx + dy). Now,

£T3 (CL’, y) = ®13T(3) (T3 - 7—2) £T2 (.’E, y)

If 73 = 75, we obtain as leading order term in &, (x,y) the term (ax — by)? 22 sin (cz + dy), which
is not integrable with respect to p?(dx,dy). If 73 > T, one can check that the leading order
term in T®) (13 — )&, (x,y, 2) is of the form Py(z,y,z)sin (5$ +dy + 52) where Py(X,Y, Z)
is a homogeneous polynomial of degree 4 such that Py(X,Y,Z) — (aX — bY)2 72, ¢ = ¢, d—
d and € — 0 when 13 — 7. Therefore, for 3 close enough to T2, &r,(z,y) has a non-zero
term proportional to x*sin ([5—1— elx+ Jy) which is not compensated by another term. Hence,
<]§T3| ,u2> = +o00 if T3 — o is small enough, for any values of 71 and 7o. Given T large enough,
we have proved that 0, < 13 < T with positive probability.

6.2.1 Proof that Lemma implies Lemma [3.5
Note that 6, = §k A gk where

~

Oy, := inf {t >0 ‘M(t) > k} and 0 := inf {t >0 |3se0t), (&, X)) > k}
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Thanks to 1) it follows that @k — 400 when k — +o00. In order to prove that 5;€ — +00 when
k — 400, we rely on the control of the dual process obtained in Lemma So we need to

control <|| HgST XM(S)>. Let T'> 0 and € > 0 be arbitrary. From 1) we choose A(T,e) > 0
such that P, ¢ (ST < A) > 1 —¢/3. Then, using Proposition we choose B(T,e, A) > 0
such that P(, ) (vk < 24, ¥t < T, (Jid*, X;) < B) > 1 —¢/3. Finally, from Lemma H we

choose Co (T',e,A) > 0 such that P, ¢ (Co ((TZ+1 Ti)ocica»A) < Co) =1 —¢/3. We recall
that for any m € N*, forallz € R™, (30", ;)" < m™ 137" | 2. Thus, the following inequality

(HE ) <M X [ = M X
< (M(0) + A B,

takes place with probability 1 — 2¢/3. Therefore, we deduce from Lemma that for all s <
t<T,

(6. X)) < Ty (M(0) + 4)*
In particular, for k > Co (14 (M(0) + A)* B), it follows that

Plugo) (On > T) > Pl ({Sr < A {Vk <24, vt < T, (id", X,) < B}

N {Co ((Ti+1 - Ti)ogigA ) A) })
=>1—e.

The conclusion follows. O

6.2.2 Proof of Lemma [6.4]

By mathematical induction on k& € N, we prove the property
(Px): Yt € [ mel, Yo € RMO g ()] < Col(riyr — Ti)ocick - k) (14 [1213)
where Cj is locally bounded on [Jep (0, +00)F x {k}.

Initial case. For k =0, Sp = 0 and & € 62(R™,R). Hence, the property (Pp) is satisfied.

Inductive step. We assume that, for k& € N*, the property (Py_1) is satisfied and prove that
(Pr) is also. Let t € [7, Tk+1] and note that M(t) = M (7). We make a partition of cases
according to whether the dual process loses or gains.

Step 1. Case Ay = ®;; at the k' jump. In this case, M(75) = M(7%—1) — 1 and we
deduce from the explicit expression of the dual process that

&(z) = T(M(Tk—l)*l)(t _ Tk)(I)Z.JT(M(Tk—l))(Tk — T 1)Er, ().
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By using expression of ®; ; and the property (Py_1), we deduce from Corollary (1) that
for all z € RM(Te—1)—T

@, ;M=) (1 — 1) &, (fﬂ)‘
2(k—1)
< Co (1 = Th1, M (11-1)) Co ((Tix1 — Ti)1<ichor + ¥) (1 + [zl ) ,

where CyCj is locally bounded. Using again Corollary (1), we deduce the property (Pg).

Step 2. Case Ay = K;; at the k' jump. In this case, M(7;) = M(75_1) + 1 and the
explicit expression (| of dual process that

&i(w) = T (¢ — 7)) K, T D) (= 1), ().
From the expression of K;; and Theorem m (3), we have for all z € RM (Tk—1)+1
‘Ki,jT(M(Tk_l)J’_l) (Tk — Th-1) &7, (93)’

2
LM (14_1)+1>

= ’(axjmTk—kahf)t [(5‘%—1 * Hess (gi(k—kalyo)) (mTk_kal,E)aximTk_kal75]

where T = (1‘1, e ,:):M(Tk_l))t e RM(7-1) | From the property (Py_;) and Corollary (2), we
deduce that

K T (5 — 1) €, (@)
< C3 (ke = o1, M (76-1)) Co ((Tir1 — Ti)1<cicpo1 %) (1 + ||5L"”§k) ;
where C3C) is locally bounded. Using Corollary (1), we deduce the property (Pr). We
conclude by the principle of induction. O
6.3 Proof of Theorem [3.4]

Recall that (Xt)t>0 is a stochastic process whose law [P, is a solution of the martingale prob-

lem |i with g € M$?(R) and (&t)y>0 @ dual process independent of (X;),, built on the same
probability space. To simplify, we will note P = P, ¢) the distribution of ((Xt,&t));o. As

& € 67 (RM(0) R) and for the choice of the stopping time ), given by , the set of quantities,
involved in the expectations of the weakened duality identity , are bounded.

Step 1. Approximation reasoning. To establish the relation we introduce a increas-
ing sequence 0 = tf <t} <--- <t; =t of subdivisions of [0, 7] such that tivy =17 + h with 1

tending to 0. Note that
B (o ) exp (3 [ M0 ) ) < B (. X))
pn—1 o
M tn NG i+1/\Vk
S (L o [ )

=0
M(t7 A0 £ Ak
—E <<£t?/\9k>Xt/\0(kl—t?I;\)9k> oxp (7/0 M%u)du))} '
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We are therefore interested in terms of the form

(s+h)/\0k
M((s+h)NO
2 (e X e (3 [ w0 ) )

S/\ek

(55)
—-E <<§S/\9k, X;‘//\Ie(:ﬁi’j\)eJ exp (’y ; MQ(u)du>> , forsel0,t—h].

It is sufficient to prove that these quantities are O (hg). The procedure to be adopted is as
follows. First of all, we consider separately the two terms which constitute in Steps 2 and
3. Then, we prove that the sum of these terms is O (hQ) in Steps 4 and 5. Throughout this
subsection, in order to simplify the writing, the following notations are introduced:

tp =t A0, si 1= s A\ O, and SZ = (s+h) A b.

We note respectively 71, 7o the first and second jump times after s, for the process M. We
denote by 7y ; := 71 A0 and Ty, == T2 A 0.

Step 2. First term of (55)). We exploit the explicit expression of the dual process
and make the following partition:

(a) If there has been no jump of M on the interval [s, s}].

(b) If there was only one jump of M on the interval [sk, s},;] and distinguish according to the
events {A = ®; ;} and {A = K; ;} where A is the first Aj, defined by and after sg.

(c) If there are two or more than two jumps of M on the interval [sk, s’,ﬂ

Then
E <<§sg» X)) exp (fy / * M2<u>du) ‘ f)
~E (<5SZ’ X?Z_(%)> exp (v /OSZ MQ(@MU) Lo sty

M (sy)

M(sh) Sk, ~
+ ) E(<€sgvth_sg >6XP (7 /0 MA(u)du | Lo oy sstaza, )} | For

,j=1
iF#]
M (s)

M(sh) sh ) —~
+ 3 E(<5527th_s’£ Yo (”/o M)A J U s sha=tig} | Fo

1,7=1

Msh % —~
+E <<§SZ,th_s§)> exp (7 /0 M2(u)du) L ‘ ]—"Sk) :

We consider successively each term in the right-hand side.
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Firts term: no jump. As there is no jump on [sy, s?], we have M (s’,g) = M(sy) and
fsz = T(M(sr)) (SZ — sk) &s,,- Thus,

E (<£5’Z’Xt]\j(z§)> exp (7 /OSZ M2(u)du) ]l{ﬁ,k>52} ‘ j':sk)
= <T(M(Sk)) (SZ - sk) Esrs Xt]‘j_(zz)> exp (fy /OSk M?(u)du — [fy (SZ - sk) M (sg)(M(s) — 1)])

where we used the fact that 7 —sj, given fsk follows an exponential law of parameter yM? (sy)+
VM (si) (M (s) —1).

Second and third terms : only one jump. These terms are treated in an analogous
way, so we only give the details for the first one.

If there is a jump on [sg,s}] and for i # j € {1,2,---, M (s;)} fixed, A = ®;;, then
M (s}) = M(s;) — 1 and € = TMME)=D) (sh — 7y ) &y  TME0) (74 — 51) &, . Thus,

M(s}) k2 =
E £SZ7thisZ eXp ’7/0 M (U)du ]l{Tl’k<827T27k>SZ,A:¢'i’j} fsk

- <T(M(Sk>fl> (st = 71) o TMERD) (ry ) — 1) &, XM(s,;)—1>

tk—sk

< exp (4 | M@ty = s M)+ [sf = ] (M (s0) 1?)

X ]l{lekfskgszfsk}E |:1{A:q>i,j}]1{7'2#]@77'1,]@>5sz1’;€} g (T17k> v ’Fsk] .

Now, using that, given A = ®;; and o (111) V fsk, Tor — 71,k follows an exponential law of
parameter y (M (sz) — 1)% 4+ (M (sg) — 1) (M (s) — 2), we deduce that

P <{A = ‘I)m'} N {TQJC — Tk > 82 - Tl,k} U(lek) Vf‘sk>

exp (—’Y [(M (sk) — 1)* + (M (s) — 1) (M (s1) — 2)] sy — Tl,k])
M? (s) + M (s) (M (s) — 1) '

Then using that, given o (7 1) \/fsk, 71 — s, follows an exponential law of parameter YM? (s;)+
M (sg) (M (s;) — 1), we deduce that

M(sp) s _
E <<€SZ7th_SE > exXp <’Y/O MQ(U)dU) ]1{71’k<52,72jk>527A:q>i7j} | Fsk)
h
sy o o
= ’Y/ {<T(M(Sk)—1) (SZ - 7‘) @mT(M(Sk)) (r — sk) fsk’Xf—(s%) 1> exp (7/0 M2(u)du>
sk

X exp (—27 (r = s) (M(s) = 1) = (s — s ) (M(s),) = 1) (M(sy,) — 2))} dr.
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Similarly,

E(<fhx (h)>exp(/ M?( )d“)]l{m@k,mpsk,A Kw}‘ .

sh
_ ’Y/ k { T(M(s8)+1) (SZ _ T) Ki M6 (r — gp) €, M(szjl)+1>
Sk

tk sk

X exp <'y /OSk M?(u)du — 2v(r — sp)M(s) — (SZ - sk) M(sg) (M (sg) + 1)) } dr.

Fourth term : at least two jumps. Note that, IP’(‘}:S]C) —a.s., T — Tik = Es,

where F,, is an exponential random variable with parameter Ay (sp) := ~ (M (sx) +1)% +

v (M (s) +1) M (sp). We denote by Ay (sp) := v (M (sp) +1)% + v (M (sp) +1) M (s3,). Us-
ing the strong MARKOV property at time 77, we obtain that

~ ~ 2
P (TQ,k < s ‘ ]:sk> <P ({ﬁ,k < SZ} N {72,k — Tk < SZ} ‘Fsk) < Ai(sk)A2(sk) [SZ - Sk} .
It follows that there exists a constant C'(k) such that,

E (<§s;;7 Xf(j§)> exp <7 /0 k M2(u)du) Lo, <) fk> < C(k)h?.

Step 3. Second term of (55)). It follows from the MILD formulation of Proposition
that

s Sk ~
E (<§Sk,Xf‘f(s’;)> exp <’y /0 M2(u)du> ‘ ]-“Sk)
=E <<T(M(s’9))(slkl — 51)&s» XtM(S'“)> exp < / M?( )du)

M (sg)

b 3 B (1 (e e, X

i,0=1
i#]

-)

(g, X, r>>drexp(/ ) | 7., )
M(sy)

Y E( / E e D (e, XM ap s (v I 22w

’.7_1

Step 4. Conclusion. Putting together all the previous equations, we deduce that
[S+h]A9k
M([s+h]NE
E <<§(3+h)/\9k’ Xt/\G(;E—(s}—l—h;C/)\Gk> exp ('V/O M? (u)du))

-8 (e X2 (3 [ a0
= (A) + (B) + (C) + (D) + (E) + O(h?),
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where

(A) =B (T (sf — ) &, X210

Sk

X exp ('y/o ’ M?(u)du — v [82 — Sk] M (si) (M(sk) — 1)))

+ ’}/E /S e Mf:k (M(si)) gska tp— sk) r>dr exp ( / M2 )du) ’
)
(B) =1E Mg)/sz_% {<T(M(Sk)—1) (SZ — g — )(I) ]T ( e, X ) 1>
P 0 b tk S
i

— (7M1 (0) @, M s ()fsztk(sk)r>}exp(/ M2( )du> 7

M(sg)

3 [ O (g g ) B T g X

i,0=1

(C) =1E <

= (7O (0) K T (), X1 e ([ M2<“>d“>> |

(D) =% Z / MO (s = s — 1) @, T (e, X100

x exp (=27 [M(s) = 1] =7 (% — sx) [M(sx) = 1] [M () — 2]) } dr) ,

M (sg)

Z /S _Sk M(s)+1) (S - Sk — )KZJT ( )85 X tk s )+1>

,j =1

(E) =1E (

X exp (—277“M(sk) - (SZ - sk) M (sg) [M(sk) — 1]) } dr) .

All these terms are O (h2) uniformly with respect to the other parameters which is sufficient
to conclude the proof. This can be proved similarly for each term, so we only give the details
for (A). We first notice that when A — 0,

(A)=E (M(sk) (M(sp) — 1) /Ossz {<T(M(5k)) (32 _ Sk) §3k7X;kM_(SI;L)>

Sk

— <T(M(8k))(r)§5k,Xfi’;l»} drexp (7 /OSk M2(u)du)> + 0 (h2) .

66/73



By conditioning with respect to ]?Sk in the previous expression and using the MILD formulation
of the Proposition again we obtain that

(A) =1E (exp (’Y /Osk M2(u)du> M(sg) (M(sg) — 1) /Osﬁsk M:::ZT {

M(sk)
3 [<(I)i,jT(M(3k)) (tr — sp — V) fSk,XéW(Sk)*1> _ <T(M(3k)) (te — 55 — v) &, X{)W(Sk)ﬂ
Z%J;jl
M (sp)
+ > (K T 1y — sy, — v)fsk,Xéw(s’“)H>} dv] dr) +0 (1?).
i,0=1

Both integrals are on intervals of length at most h. Since all the quantities in the integrals are
bounded by definition of the stopping time 6y, we deduce that (A) o O(h?). O
—

A Technical lemmas involved in the existence proof

A.1 Approximation lemma

Lemma A.l. Let p € N*, y,v € My(R), F € 62 (RP,R) and g = (g1, ,gp) where for each
i€{l,---,p},gi € €3(R,R). Then,

F (<gl O T_(id,u)> /’L> PR <gp o Tf<id,,u>),u’>)
- F (<gl O T_(idv)> l/> L) <gp O T_(idw)> I/>)
p
Z {akF gl O T_(id,v)> V> L) <gp O T_(idv)> V>) <<gk O T_(idw)> b — V>
k=1

- <1d = V> [<g;c O T_(id,v)> V> + <g;~c O T_(id,v)s ¥ — V>]

1
t3 (id, p — v)* (gi o T_(id,w)s l/>>}

+ Z { F({grom_tiam V), {9 0T (ian),V)) (<giOT(id,y>7ﬂ_V>

,j=1
X <9j OT_(idw), b — V> —(id, p —v) [(9; O T_(id,v)> V> <9i O T_(idv)y H — V>
+ <g§ O T_(idw)s V > <gg O T_(idv)s 4 — V>

—{(gi o T_iawy> V) (g 0 Ty, ) (id, p — V>D}
p 2 5
+O<|<1daM—V>’3+ZZ‘< 1dl/>7/'L_V>‘>
k=1/¢=

Proof. The general case p € N* can be proved by a straightforward extension of the proof of the
case p = 1 which is the only case that we prove. Applying TAYLOR’s formula to g o 7_q,y =
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g (- — (id, ), we obtain that
(90 T_(ia ) = 9°T—(idw)s 1)
_ /Rﬂ(dx) [g/ (¢~ (,)) (i, — ) + 59" (2 — (i, ) {id, v — )% + O ({id, v~ ,M)}
= —(id, = 1) [{g © Ty, ¥) + (g 0 T—piay i — V)]
+ % (id, = v)? [{g" 0 T_tiawys V) + (" 0Ty, 1t — V)] + O ((id, w— y>3) .
Therefore, we deduce the following approximation:
(90T (i 1) = (90 TG, V)
= (g0 iy o — ) — (id, g — 1) [{g' © Ty #) + (g © Tyt — V)] (A1)
3 i) (g 0 gy ) + O (| — 1)+ G = 1) (" 07yt — )]

Applying TAYLOR’s formula to F ({g o 7_iq ), t)), we obtain that

F({goT g ) —F ({907 (iaw,v))
=F' ({907 (iaw ) ¥ [(90 T i 1) = (90T (i) V)]

" goT_(idv)V
+ (< 2<d7 ) >) X [<907'—(id,u)7ﬂ> _ <907—<id,y>,l/>}2

3
+ 0 ([{9 07— fiags 1) = (90 70y )]°) -
Using (A.1]), we deduce that

2
[9 0 T—tia s 1) = (9° (i), V)]
= <g OT_(idw)s ¥ — V>2 + <1d7 = V>2 <gl O T_(idw)> V>2
—2(goT_gawy, p—v) (id,n —v) (¢ 0 T_(iawy, V)

0 (Jfid, =)+ fid, = ) [ | 070 — )]
+1(g' 0 sy = 2] +1(8" 0 oyt — )|
+ | (id, =) (g0 T—giawy, 1t — V) (9" 0 T iy b — l/>\> ;
and
O ([{g0 mgam: 1) = {90 m—gany )]°)
=0 <|<id7u — V)’ + (id, p — v)? [!(g O T_idwys 1t = V)| + (g 0 Ty 1t — Vﬂ
+[(id, . — v)| [<9 O T_(idw)s M — V>2 + (g o T_fawy, 1 — Vﬂ + [{g o Tty 1 — V>|3) :

The announced result follows from YOUNG’s inequalities. O
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A.2 Lemma of convergence

Lemma A.2. We assume that E (<idk,u>) < oo. We consider for t € [0,T], an increasing
sequence 0 = tg <17 <--- <ty =T of subdivisions of [0,T] whose mesh tends to 0. Then, for
all k € N*, hy € {1,id} and hy € €2(R,R), we obtain that, in PLY —probability,

pn—1 At k
. +1
o P 1 t;zrl/\t k
T S ———

Proof. The two properties can be proved similarly. We only prove the first one. Thanks to
Lemma (1)(a) and using that hy is LIPSCHITZ, there exists a constant Cp;, such that

At
i+1

/ <h1 X
tnAL

k
ds

e, A
</t ’<h1,Y>‘ |:CL1p

AL

ME(id) = M, ()| A 2]1hll.0)*

If hy = 1, the dominated convergence theorem allows us to conclude the proof. If hy = id, using
that supycjo ) [(id, v)| < oo PFV_a.s. by Lemma (1)(b), we can also apply the dominated
convergence. O

A.3 Control of error terms

Lemma A.3. Let t > 0 be fixed and assume that E(<id2,y>) < oo. Let j € {0,1,2} and
g € 6X(R,R) fired. The sequences

pn—1
( } t" /\t ”/\t (1d)‘ )
neN
pn_l .
(2) < Z le+1/\t (g(j) o <1d Y}n,\t>> Mn/\t < 2 © T<id7Yt?At>>

i=0
converge to 0 in PV —probability.

3)
neN

Proof. Step 1. Proof of (1). Let ¢ > 0 and ¢ > 0 fixed. Let A > 0 to be determined later.
We introduce the stopping time

T4 := inf {t >0 | (id% Y;) — (id, V;)* > A}
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which satisfies almost surely limy_, o 74 = +00 by Lemma Then, using MARKOV’s in-
equality, we obtain that

pn—1 3
Py (Z ‘M” At Mt”/\t(ld)’ > 5)

=

pn_]- 3
<PV (a<t)+ PV ({TA >t} N { ’M;S ae(id) — Mn/\t(ld)‘ > a})

pn 1 3
<PV (i <t) 42 Z E (M, penra i) — M) ).

Mld

From the definition of 74, we obtain for all s € [t At ] At], | M,

. 3
(i) = M, ()| s
bounded and (M™(id)), nr, 18 2yA%-LipscurTz. Thanks to the BURKOLDER-DAVIS-GUNDY
inequality and Lemma (2), there exists a constant C such that

3
E (‘Mg;HAWA (id) — MggAt(id)f) < CiE <[<Mid(id)>w e <Mid(id)>t?/\t} )

3
2

<O (2’yA2) (tP o AE—TF AE)2.
Therefore, if we choose A such that PV (74 < t) < §, and ng € N such that for all n > ny,

£2

sup  [th g At =0 At < ——————,
\/ie[[(),pn—l]] w ‘ | 20, (2’7142)%

we obtain that

pn—1
PEY (Z [ palic) — M (i) > )

[SII¥Y

Cy (2vA?
SPEY (14 < t) + Mt\/ sup  |[th g At — R AL
€ i€[0,pn—1]

SE,

and the first announced result follows.

Step 2. Proof of (2). In similar way as previously, we obtain that

pn—1 . j ’
PEV (z;) Mtn 1 <g(]) ° T<id,Y§s?At>> Mn/\t ( e T<id’Yt?M>> g 6)
1 pn 1 O - ) Mn ( () oT )
n /\t <id7}/t?/\t> t Y <id7Yt;flAt>

~ 12 5
2 (Q’VHQWH )
< o t\/ sup [t At — 18 At

which converges to 0 when n — +oc. 0
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