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Existence, uniqueness and ergodicity for the
centered Fleming-Viot process

NicorLAs CHAMPAGNAT VINCENT HassT]
MARCH 3, 2022

* Université de Lorraine, CNRS, Inria, IECL, F-5/000 Nancy, France

Abstract. Motivated by questions of ergodicity for shift invariant FLEMING-VIOT pro-
cess, we consider the centered FLEMING-VIOT process (Z;), defined by Z; := 7_4q v, i V3,
where (Y;), is the original FLEMING-VIOT process. Our goal is to characterise the centered
FLEMING-VIOT process with a martingale problem. To establish the existence of a solution
to this martingale problem, we exploit the original FLEMING-VIOT martingale problem and
asymptotic expansions. The proof of uniqueness is based on a weakened version of the duality
method, allowing us to prove uniqueness for initial conditions admitting finite moments. We
also provide counter examples showing that our approach based on the duality method cannot
be expected to give uniqueness for more general initial conditions. Finally, we establish ergod-
icity properties with exponential convergence in total variation for the centered FLEMING-VIOT
process and characterise the invariant measure.

Keywords. Measure-valued diffusion processes, FLEMING-VIOT process, Martingale prob-
lems, Duality method, Exponential ergodicity in total variation, DONNELLY-KURTZ’s modified
look-down.

MSC subject classification. Primary 37A25, 37A30, 60G44, 60J60, 60J68; Secondary
60B10, 60G09, 60J76, 60J90, 92D10.

1 Introduction

FLEMING and VIOT have introduced in [26] a probability-measure-valued stochastic process
modeling the dynamics of the distribution of allelic frequencies in a selectively neutral genetic
population as influenced by mutation and random genetic drift: the original FLEMING-VIOT
process. The initial model of [26] was progressively enriched with further mechanisms of Dar-
winian evolution: selection [26] 20] 22, 8, [17], recombination [24} 22] or the effect of an envi-
ronment [27]. FLEMING and VIOT characterise in [26] the law of their process as a solution
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des Aiguillettes 54506 Vandoeuvre-lés-Nancy, Cedex, France.
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of a STROOCK-VARADHAN measure-valued martingale problem [50] both in the selective neu-
tral case and the case with selection. To obtain the existence of such solution on a compact
metric space, their method is based on discretization of the mutation operator and tightness
arguments. An alternative approach is used, in the studies [39] [40} [31) [30} [49] based on the
OTHA-KIMURA model [41], 42] and in the references [26) O 22] [16] based on its continuous-
time version: the MORAN model (also called continuous-state stepwise mutation model). If we
denote by N the population size, these authors construct a particle process whose limiting be-
havior is analysed under the assumptions that the mutation step is proportional to 1/ V/N and
on the time scale (Nt);>o. In [27], another particle process, based on the lookdown construc-
tion [I3] is used to show the existence of the FLEMING-VIOT process in a random environment.
This lookdown construction also allows to analyse sample path properties of the process and
has been used in numerous references since then, such as [I4] [16, Chapter 5].

In [26], uniqueness of the solution to the FLEMING-VIOT martingale problem in the se-
lective neutral case, is proved using uniqueness of moments of certain finite-dimensional dis-
tributions and arguments on semigroup. However, in the case where natural selection acts,
the previous method fails, but the result can be obtained from a version of the CAMERON-
MARTIN-GIRSANOV formula [8, Chapter 10] [7, Theorem 5.1]. See also [23] for an applica-
tion of this method in the case of unbounded selection function. In most references such as
[16, 9, 19, 20, 22, 23], under a variety of assumptions, the duality method [25, Proposition
4.4.7] is used to prove the uniqueness of the FLEMING-VIOT process. The idea is to relate
the distribution of the original process with that of a simple process, called dual process. This
leads to a duality relation which ensures that two solutions to the martingale problem have
the same 1-dimensional marginal laws. Uniqueness of the solution to the martingale problem
then follows from MARKOV’s property [25, Theorem 4.4.2]. Other methods are used in some
references: [I0] makes use of resolvent estimates; [44], 43] prove existence and uniqueness of
FLEMING-VIOT processes with unbounded selection intensity functions by using DIRICHLET’S
forms.

Questions of ergodicity of the FLEMING-VIOT process were also the subject of many works.
Let E be a Polish space and B(E) the BOREL o—field on E. Let us recall that an E—valued
MARKOV process (Zt)t>0 is weakly ergodic if for all continuous functions f on E

lim E,, (/ () = [ f(z)w(da)

t—+o00

for every initial condition vy and strongly ergodic if

lim sup |P;(Z; € B)—wy(B)|=0, z€kFE.
t~>+OOB€B(E)

If E is compact, for mutation operators A whose closure generates a FELLER semigroup on
the space of continuous functions and such that there is a unique probability measure vy on
E satisfying [p Af(x)vp(dz) = 0, some ergodicity results for the FLEMING-VIOT process are
obtained in [22]. More precisely, in the selectively neutral case and without recombination, a
simple proof of weak ergodicity of the FLEMING-VIOT process is given using duality arguments
whereas coupling arguments provide an approach to strong ergodicity. These results were
extended in [2I] to models with recombination and in [23] to models with unbounded selection,
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with the additional tool of DAWSON’s GIRSANOV-type formula for strong ergodicity. In the
special case where the mutation operator of the FLEMING-VIOT process has the form

6

Af(@) =5 [ (1) = F@) Pla,dy), 9 € RLf € D(A), (1)

it is proved in [22] that the FLEMING-VIOT process has a reversible stationnary distribution if
P(z,dy) = v(dy) (see [34] for a converse result). For the mutation operator (L), it is proved
in [19 20] and [8, Theorem 8.2.1] that the FLEMING-VIOT process is purely atomic for every
time, in other words the solutions of the martingale problem take values in the set of purely
atomic probability measures. In [24], the ergodicity result of [2I] was extended to the weak
atomic topology.

However, if we consider the case where the mutation operator is the Laplacian on R%, there
exists no stationary distribution [22] 34], [25, Problem 11 p.450]. Instead the process exhibits
a wandering phenomenon [9]. Nevertheless, [49, 22] considered the FLEMING-VIOT process
shifted by minus its empirical mean and established existence of a unique invariant measure
and weak ergodicity for this process using moment and duality arguments. More precisely in
[22], thanks to some estimates of the original FLEMING-VIOT dual process and the finiteness
of all moments of the FLEMING-VIOT process shifted by minus its empirical mean for any time
t, the authors obtain an expression for these in the asymptotic ¢ — +o0o. Then, by tension
arguments and characterisation of the limit, the result follows. In [49], an analoguous approach
is used for the continuous-state stepwise mutation model.

In this paper we are interested in the FLEMING-VIOT processshifted by minus its empirical
mean, which we call centered FLEMING-VIOT process. As in previous works it is natural to ask
questions of existence, uniqueness and ergodicity. Moreover, the study of this process was mo-
tivated by biological questions in adaptive dynamics. The theory of adaptative dynamics [38)]
is based on biological assumptions of rare and small mutations and of large population under
which an ODE approximating the population evolutionary dynamics, the Canonical Equation
of Adaptive Dynamics (CEAD) was proposed [II]. Two mathematical approaches were devel-
oped to give a proper mathematical justification of this theory: a deterministic one [12} 46, [37],
and a stochastic one [3], [0, [5]. Despite their success, the proposed approaches are criticised by
biologists [51], [47]. Among the biological assumptions of adaptive dynamics, the assumption of
rare mutations is the most critised as unrealistic. In order to solve this problem, we propose to
apply an asymptotic of small mutations and large population, but frequent mutations. After
conveniently scaling the population state, this leads to a slow-fast dynamics |45}, [33], where the
fast dynamic appears to be given by a discrete version of the centered FLEMING-VIOT process
[4]. This explains why we are interested in ergodicity properties of such processes.

To establish the existence of the centered FLEMING-VIOT process, we characterise it as a so-
lution of a measure-valued martingale problem and that we called the centered FLEMING-VIOT
martingale problem. Our method is to exploit the original FLEMING-VIOT martingale problem
and asymptotic expansions. An additionnal difficulty occurs in our case since we need to apply
the original FLEMING-VIOT martingale problem to predictable test functions. This requires to
extend the martingale problem to such test functions using regular conditional probabilities.
The proof of uniqueness of the solution of the centered FLEMING-VIOT martingale problem is
based on duality method as in the previous works. However, additionnal difficulties occur in
our case since bounds on the dual process are much harder to obtain and the duality indentity
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can only be proved in a weakened version. In particular, our uniqueness result only holds for
initial conditions admitting finite moments. We also provide a counter example showing that
our uniqueness result is optimal in the sense we cannot expect to obtain uniqueness for more
general initial conditions using the duality approach. Finally, we obtain strong ergodicity prop-
erties of the centered FLEMING-VIOT process that extend the weak ergodicity results obtained
in [49, 22]. To this aim, we construct the centered version of the MORAN process and we prove
that converges in law to the centered FLEMING-VIOT process. Exploiting relationship between
the MORAN model and the KINGMAN coalescent, we obtain a result of exponential ergodicity in
total variation for the centered MORAN model uniform in the number of particles. This result
is propagated to the centered FLEMING-VIOT process by coupling arguments. Using another
strategy proposed by [49] 22], based on the DONNELLY-KURTZ modified look-down [14] we give
a characterisation of the unique invariant measure of the centered FLEMING-VIOT process.

This paper is organized as follows. In Section 2 we define the martingale problem for the
centered FLEMING-VIOT process and establish an existence result. We give also some equiva-
lent extensions to the centered FLEMING-VIOT martingale problem and some properties of the
centered FLEMING-VIOT process. In Section 3 we prove uniqueness to the centered FLEMING-
VIOT martingale problem for initial conditions admitting finite moments and we discuss this
assumption. In Section 4, we establish exponential convergence in total variation for the cen-
tered FLEMING-VIOT process to its unique invariant measure and provide a characterisation
of this measure based on the DONNELLY-KURTZ modified look-down. Finally in Sections 5
and 6, we prove respectively the main results of existence and uniqueness of the solution of
the centered FLEMING-VIOT martingale problem. The paper ends with an appendix gathering
technical lemmas for the existence proof.

2 Existence for the centered Fleming-Viot process

In this section, our aim is to define the martingale problem for the centered FLEMING-VIOT
process and to establish an existence result. This result is stated in Subsection 2.1, Then,
we give in Subsection [2.2] the framework and ideas of the proof. In Subsection 2.3 we give
some equivalent extensions to the centered FLEMING-VIOT martingale problem with different
sets of test functions. We end this section by giving some interesting results about the cen-
tered FLEMING-VIOT process: it satisfies the MARKOV property (Subsubsection, admits
moments finite (Subsubsection and has compact support (Subsubsection .

2.1 Centered Fleming-Viot martingale problem and main result

The original FLEMING-VIOT process is a measure-valued diffusion in M; (R), the set of prob-
ability measures on R, which is endowed with the topology of weak convergence making it a
Polish space [2]. If Z is an interval of R, then for all £ € N, we denote by *(Z,R) the space of
functions of class € from Z to R. For ¢ € N, we denote by ‘Klf (R,R) the space of real bounded
functions of class €*(R, R) with bounded derivatives. We consider the filtered probability space
(Q, F, (Ft)1=o) where

Q:=%7([0,+00) , M1(R))
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is endowed with the SKOROHOD topology, F is the associated BOREL o—field and (F%),5 is
the canonical filtration. The centered FLEMING-VIOT process is a measure-valued diffusion in

ME2(R) = {M € MI(R)‘ /R|x]2u(dx) < oo,/Ra:,u(dm) — o}

which is endowed with the trace of the topology of weak convergence on M;(R). We consider
the filtered probability space (ﬁ, F , (ft) ) where

>0

0<t<T

Q= {X e ¢° ([0, +00) , MT*(R)) ‘ VT >0, sup / 2| Xi(dz) < oo}
R

is endowed with the trace of the SKOROHOD topology on €2, F is the trace of the o—field
F and <]:t)t>0 is the trace of the filtration (F),5,. We introduce several notations that

we use repeatedly in the sequel. For a measurable real bounded function f and a measure
v € Mi(R), we denote (f,v) := [ f(z)v(dz). We denote by id the identity function. We
denote N := {0,1,2,---} and N* := N\ {0}. For all k¥ € N and for all v € M;(R), we also
denote

My (v) = / e — (id, )[* v (da).
R
In particular, for all k € N and for all 1 € M?(R), My(p) = (fid|*, ) .

Definition 2.1. A probability measure P,, € M, ((NZ) is said to solve the centered FLEMING-

V10T martingale problem with initial condition u € MT’Q(R), if the canonical process (Xt)
on Q satisfies P.(Xo = p) =1 and for each F € €*(R,R) and g € (R, R),

WF(9) = F (9, X0) ~ F (l9, Xa)) — [ (o, (% x,)

+ 7 [{g", Xs) My(X,) — 2 (g’ x id, X,)] ) ds

t ©)
= [ P (. %) [0 X0) = (9. X
+ (g XY My (X,) — 2 (g X,) (g x id, X,)] ds
is a continuous P,—martingale in L? (ﬁ) with quadratic variation process
- ¢
(37 (@), =2 [ [F (9. X)) [(6* X0) = (9. X.)° )

+ (g Xa) My (X,) = 2 (g, X) g % id, X,)] ds.

We recall that the probability measure PV € M; () is said to solve the original FLEMING-
VioT martingale problem with initial condition v € M;(R) if the canonical process (Y7),, on
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Q satifies PV (Y = v) = 1 and for each F € ¢?(R,R) and g € 62(R,R),

MF(9) = F (0. Y) ~ F (0. Yo)) — [ (Ggva) (573 ds

t (4)
oy [ P ) [ Y — (9. Y s

is a square integrable PZV —martingale whose martingale bracket satisfies for all G, H €

¢?(R,R) and for all g, h € €2 (R, R),

(M%(g), M™ (h)), =2y / "G (9, V) H (1, V) [gh, Vi) — (9, Ya) (i Ya)lds. ()

In the population genetics literature, the terms involving the first order derivative F’ describe
the effect of the mutation whereas the one involving the second order derivative F” describe
the effect of the random genetic drift. It is well-known that, for all v € M;(R), there exists a
unique probability measure Pf Ve M (Q) satisfying the previous martingale problem [26,
Theorem 3].

Remark 2.2. The additional terms in the martingale problem with respect to the martingale
problem describe the impact of centering and ensure that at all times the centered FLEMING-
VIOT process remains MS?(R)—valued.

The main result of this subsection is the following:

Theorem 2.3. For all i € M‘i’z(]R), there exists a probability measure P, € M1 (Q) satisfying
the martingale problem of Definition given by the law of the process (Zt),>q defined by

Zt = T—(id,Yt)ﬁY;f = th ( + <1d; YVt>) 9 t 2 O (6)

where (Yt);q s the original FLEMING-VIOT process.

2.2 Sketch of proof of Theorem
The proof is based on the original FLEMING-VIOT martingale problem .

2.2.1 Framework and objective of the proof

For all k£ € N, we denote

.MﬂRy:{ueth)

Qm%@<m}

Let v € M2(R) and PZV the unique solution to the original FLEMING-VIOT martingale problem
. As the support of the original FLEMING-VIOT process is compact at all positive times
PV —as. [30], PEV (¢° ([0,+00), M3(R))) = 1. Moreover, as t — (id,Y;) is continuous
PEV —a.s. (Lemma (2)), we deduce that, for all ¢ > 0, Z; given by (@, is well defined and
is a random variable on €.
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When the dependency of Y and Z on the initial condition v of Y is important, we shall use
the notation (Y}"),5q and (Z{), instead of (Y3),5q and (Z¢),5,. Our goal is to prove that the
law of the process (Zt);, denoted by Pf_‘?; iy solves the martingale problem of Definition

with initial condition 7_q,y§v. Note that the notation ]P’f_‘ff; is justified because the

,u)ﬁ v
original FLEMING-VIOT process is invariant by translation:

Proposition 2.4. Let v € M}(R) and a € R. Then, the law of Z! is the same as the law of
Z7v,

Proof. By translation invariance of the original FLEMING-VIOT process, the process (T_ajj Y[“ﬁ V)t>0

has the same law as the process (Y}”),5,. Now,
Taffv _ TafV Taliv
Zt — T*<id,YtTauV>ﬁYt - T7<.d77__aﬁyvt7'aﬁu>ﬁ (T_alet ) .

Tallv v — v
Thus, (Zt )t>0 has the same law as (Tﬁ<idvyty>ﬁY; )t20 = (Z{)>0- O

=

2.2.2 QOutline of the proof

We restrict to the time interval [0, 7] for T' > 0 arbitrary. By standard arguments, it is sufficient
to prove that, for all F € €%(R,R) and g € ¢2(R,R),

F(lg,20) - F (9. 20) - [ F (0.2 ((%.2,)
+ 7 [{g", Zs) Ma(Z,) — 2 (g xid, Z,)] ) ds

o [P, 20 [(67,2) ~ (9, 27

+ (g, Z2.)° My (Z) = 2(g, Z.) (g x id, Z.)] ds

is a PI'V —martingale, v € M3(R). We start by assuming F, g € ¢;}(R,R) and we seek for the
Doo0OB’s semi-martingale decomposition of

Fy(Zt) :=F ({9, Z1)) = F ({(goT_piay)» Y1) »

using the original FLEMING-VIOT martingale problem . However, F (<g O T_(id,Y;)s Y}>) does
not take the form H ((h,Y;)) with deterministic h. Therefore, we cannot apply (4) directly. To
get over this difficulty, we consider for ¢ € [0,T], an increasing sequence 0 = tf < T < --- <
ty, = T of subdivisions of [0, 7] whose mesh tends to 0. We can observe that

|
—

Pn

Fy(Ze) = Fy(Zo) = 3_ {Fy(Zer,ne) = Fy(Zune)}

pn_l
= F oT ,Yn —F oT ,Yﬂ .
{ <<g (i, ) >> <<g ~(axgn) >>}



Using asymptotic expansions (see Lemma with p = 1) of the terms in the previous sum,
we prove that

RZ) - ) =S {(A)i (@), +0 (|10, 00— Vi) )
i=0 (8)

2 3
k
+0 (kz_:o <g( ) o T—<id,YwM>’ Yin e — Y;SZTL/\t> )} ;

where

(&= F ({o° T (Yo 0.)’ Viewe) ) { o T (i Vi) TN Vien)
- <id, Ytﬁ_l/\t - Y};l/\t> Kg, ° T*<id7YmAt>’ Y;t;l/\t> + <9/ © T7<id,YtnAt>’Y2?+1/\t - Yt?/\tﬂ (9)
+ % <id’ }/2?+1/\t o Y%?At>2 <g” © T—<id,Ytr_lM>’Y2?At>} ’

o)

2
(B), = ) Yin e — Yt;l/\t>

(0¥
) 2
+ <id, Yin nt — Yt?/\t> <9, 2T (id Y n ) Yt?“> "

-2 <9 ° T—<id,Yt?M>’ Yt;grlme - Y;t;.‘/\t> <id, Ytgﬂ/\t - Ytg/\t> <g' ° T*<id,Yt;zAt>’ Yt?/\t>} )

and where ¢gU), j {0,1,2}, denotes the j' derivative of g. Several steps are described in
Section [f] to obtain the semi-martingale decomposition of each term of the previous sum. By
making the step of the subdivision tend towards 0, we obtain the expected result. By density
arguments, the martingale problem satisfied by F,g € Cfb‘l(R, R) is extended, in Subsection
, to the case where F' € €*(R,R) and g € ¢?(R,R). Once we have proved that ]\/ZF(g) is
a martingale, using ITO’s formula and the martingale problem ([2)) with localization sequence,
we deduce the value of <J\7F(g)>t and by FATOU’s lemma that M/ (g) € L? (ﬁ)

2.3 Some extensions to the centered Fleming-Viot martingale problem

Our goal is now to give some extensions to the martingale problem which will be useful to
compute the martingale bracket between two martingales of the form and prove uniqueness
of the solution of the martingale problem of the centered FLEMING-VIOT in Section [3]

2.3.1 Extensions to multiple variables

We firstly introduce the version of the centered FLEMING-VIOT martingale problem with p € N*
variables.
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Definition 2.5. The probability measure P, € M; (@) s said to solve the centered FLEMING-
VIoT martingale problem with p variables and with initial condition u € ME’Q(R), if the
canonical process (Xt);5o on Q satisfies P.(Xo = p) = 1 and for each F € €*(RP,R) and
9= (91", 9) € G (R",R),

ME(g) = F (g1, Xe) o+ + (99 X2)) — F ({91, X0) » -+ » (g X))

a /t > hF ({91, Xs) -, (gpy X)) X
0 k=1

[<92g’XS> T (<g’/fl’X5> M; (Xs) =2 <9;g X id7X5>):| ds

—v/ot Y OHF ({91, Xs) s+ (gps X)) X

ij=1
{<9i9ja Xo) = {91, Xs) (g5, Xs) + (g}, Xs) (g}, Xs) Ma (X)

— (g}, Xs) (g; x id, X,) = (g}, Xs) (gi  id, XS>} ds

is a continuous P,—martingale in L? (ﬁ)

We will see in Section [3] that this martingale problem admits a unique solution which is the
same as the solution of the martingale problem if the initial condition has all its moments
finite. For the moment, we can prove:

Theorem 2.6. For all y € Mi’2(R), the probability measure P, constructed in Theorem
satisfies the martingale problem of Definition [2.5]

Proof. We can deduce the result from the original FLEMING-VIOT martingale problem with
p variables [9] given by below, following exactly the same method as for the proof of
Theorem We recall that, the probability measure PV € M; () is said to solve the original
FLEMING-VIOT martingale problem with p variables and with initial condition v € M (R), if
the canonical process (Y;),, on € satisfies PV (Yy = v) = 1 and for each F € ¥*(RP,R) and

g = (gl, T 7gp) € (ng(Rp?R)v
MtF(g) = F(<917Y;§>7"' 7<gpa}/;f>) _F(<gl71/0>7"' 7<gp7yb>)

- éakmgl,m,m a2 (%7, as (12)

—W/Ot > OHF ({91, Ye) s+ (gp: Ye)) (9395, Ya) — (90, Ya) (g5, Ye)] ds
ij=1

is a PI'V —martingale. As mentionned in [9, Theorem 5.1], the solution PZV" of the martingale
problem is the unique solution to the previous martingale problem . Here, has to

be replaced by the general version of Lemma [A]] O

This version allows us to compute the martingale bracket <J\/4\,5G(g), ]\/J\tH (h)>t in a similar
form as ().
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Corollary 2.7. Let G, H € €*(R,R) and g, h € €2(R,R). Then,
(3T%(0), (1), =2y [ & (g, X)) 1 (0, ) [ 19, X,
(9. X) (b X + (g X0 ) (WL X0) My (X)
— (g, XY (b x id, X4) — (I, X4) (g id,XS)] ds.

Proof. Using the relation ({2|) for ]\Za(g) and ]\ZH (h), we obtain that
M (9)M{! (h) = G ({9, X0)) H ((h X)) = G ({, X0)) H ({h, X))

_ G(<9,Xt>) /Ot Lry.Hy, (XS) ds — H(<h, Xt>)/0t £FVch (XS) ds ( )
13

+ /t [:FVch (XS) dS /t £FVcHh (Xs) dS
0 - 0 L
~ G ((g, X)) M{" (h) — H ({h, X0)) M (9).

where Ly . denotes the generator of the centered FLEMING-VIOT process. From the martingale
problem ([11)) with p =2, F(z,y) = G(x)H (y) and f = (g, h), we deduce that

G ({9, X)) H ((h, X¢)) — G ({g, X0)) H ((h, X0))
- / G (9, X)) LiveHy(X,)ds + /0 H ((hy X.)) LrveGy(X)ds
FF() 427 [ G (o, X HY (01, X00) (kX — (0,00 (. X0
(g X,) (W X,) My (X,) = (g, Xo) (b < id, X,) = (W, X,) (g % id, X,) | ds,

where (]\ZF(f))pO is a P, —martingale. Using ITO’s formula for the third and fourth term of
the right hand side and noting that

[ £rvety (X ds [ Lovetin (X s = [ [£rveGy(x) ([ rvemxar) | as
+ [ erven ) ([ erveGy(xar) | as
we deduce the DOOB-MEYER decomposition of M (g)MH (h):
NI () W () = B () +27 [ 6 (Lo, X)) B (0 X)) [t X0) = (0, X0) {h X0)
<g X><h X.) My (X,) — (g, X>hxidX>—<h’X>g><id,Xs>}ds

- " LrveH (X,)dr ) dMS (g c FveGy (X,) dr ) dMH (h)
0 0

— G ({g, X0)) M} (h) — H ((h, Xo)) M¢ <g>
The result follows. |
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2.3.2 Extension to product measures

Our goal here is to study the DOOB semi-martingale decomposition of functions of the centered
FLEMING-VIOT process of the form

/ /fxl, L) (e ) -+ ()

with n € N*, p € MiQ( ) and f € %Q(R”,R) and p" is the n—fold product measure of
. The previous martlngale problem gives heuristics for this issue: for the choice of

F(zy, - ,an) = H1x“ we deduce that for all € MS?(R),

Lrve <ﬁ1 (gi,m) = Zn:l <<g2;/,u> + [(gi's 1) Ma(p) — 2 (g; x id, M)]) f[l (9> 1)

1= 1= J=

i#i
+7 Z Z [(gigj» 1) — (i 1) (gj> 1) + (gis 1) (g 1) M (pa)

et
— (i 1) {gj x id, ) — (gj» 1) (95 % id, )] ﬁ1 (gk> 1)
k#1i,5

We denote by 1 € R", the vector whose coordinates are all 1 and by A the Laplacian operator
on R™. The previous relation leads us to introduce, for each n € N* and for all f € €2(R™, R),
the operator B defined by
1
BOf(r) = JAf(x) - 29 (V@) 1)(z-1),  weR" (14)

Indeed, for the choice f(z1, - ,z,) = [[7_qgi(z;) with g; € €2(R,R), i € {1,---,n}, we
obtain

n
B e ) = 32 20 o] Tl
i=1 j=1
i#i
n
-7 Z Z 33]9] x])gz(l'l) +xlg’L Ty gj l'j H
o Fi
Note that,
Ttor ) — (B f n\ 4 N a l o T (o
Love [ TT girm) ) = (B™Fumy + > v {gl' i) Ma(p) T (g5, 1)
i =1 =1 =1
l l i
n
JrVZZ (9ig5 1) — {gi> 1) {9z, 1) + (g ) (g ) Ma ()] [T (o 10)-
l_ljj;i k#l,lj

This leads us to introduce another extension of the martingale problem which will be usefull
in Section |3 to prove uniqueness.
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Definition 2.8. The probability measure P, € M; (@) is satid to solve the centered FLEMING-

VIOT martingale problem for product measures with initial condition pu € M§’2(]R), if the

canonical process (Xt);5q on Q satisfies P, (Xo = p) = 1, for all n € N*, and for each f €
%7 (R, R),

S o= (X0 5. X5) — [ Lrve (s, X1) ds (15)

with for all p € MT’Q(R) and f € 62(R",R),

Love (fu) = (B ™) +4 5 S (@i fop" 1y = (f.0™)]
i=175=1
i (16)

n n
Y Y (K fut )
i=1j=1
is a continuous P, —martingale in L? <§~2) where, for all1 <1< j < n,

o O, ;¢ Sa”bQ(]R”, R) — ‘5,)2(]1%"_1, R) is the function obtained from f by inserting the variable
x; between xj_1 and x;:

Pijf (w1, an—1) = f (@1, , %51, %0, &5, Tjg1, 7+, Tno1) (17)
o K;;: 6 R",R) — ¢*(R"",R) is defined as

Ki,jf(xb T al‘nv‘rn-i-l) = 87,2]f(x17 e 7$n)x121+1' (18)

We will see in Section [3| that this martingale problem admits the same unique solution as
the martingale problem if the initial condition has all its moments finite. For the moment,
we can prove:

Theorem 2.9. For all u € /\/li’2(R), the probability measure P, constructed in Theorem
satisfies the martingale problem of Definition [2.8]

Proof. We can deduce the result from the original FLEMING-VIOT martingale problem for
product measures [22] given by below, following exactly the same arguments than for the
proof of Theorem The probability measure PZV € M (Q) is said to solve the original
FLEMING-VIOT martingale problem for product measures with initial condition v € M;(R),
if the canonical process (Y:);5q on {2 satisfies PIV(Yy = v) = 1, for all n € N*, and for each
f € €2(R",R),

t
M) = ) = (1Y) = [ Lo (2.7 ds (19)
with for all v € M;(R)
1 n n
Lov (1) = (GAF) +7 20 D (@i ™) — (£0)
i=1j=
J#i
is a PEV —martingale. By [22, Theorem 3.2], the solution PV of the martingale problem
is the unique solution to the previous martingale problem ((19)). O
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2.4 Some properties of the centered Fleming-Viot process
2.4.1 Markov’s property

Due to the invariance by translation property of the original FLEMING-VIOT process, we can
prove that the centered FLEMING-VIOT process is homogeneous MARKOV.

Proposition 2.10. The centered FLEMING-VIOT process (Zt);, defined by @ satisfies the
homogeneous MARKOV property: for all measurable bounded function f,

Ve MSAR), VYt s>0, K, (f(zm) }'t) —Ey, (f(Z,)) Pu-as.

Proof. Let p € Mi’z(R) and f a measurable bounded function. Let t,s > 0. Using the
MARKOV property of the original FLEMING-VIOT process (Y:),5, we obtain P,—a.s.,

By (F(Zeen) | 7) = B (£t Virn) | 7 ) = B (90i0) | ) = By, (912)

where the bounded measurable map g is defined on M1(R) by g(v) := f (T_(idJ/)ﬁl/). By
invariance by translation of the original FLEMING-VIOT process (Y;),5, we obtain under the
distribution P,:
Ey; (9(Y5) = Er_uyyvi (9 (Taayy B Ys)) = Er_ iy y,ytvi (9 (Y5)) = Ez, (9 (Y))
=Ez, (f (Z)). 0

2.4.2 Moments and some martingales

Proposition 2.11. Let p € ME’Q(R), possibly random and let P, be a distribution on O
satisfying and such that Xo is equal in law to p. Let T > 0 and k € N\ {0, 1} fized.

(1) IfE (<]1d|k ,u>) < 00, there exist two constants Cy, T, @T > 0, such that any stochastic
process (Xt)ocpcr whose law Py, satisfies

@ s E((" X)) < Cur (14 (" n))) 20)
. .
(b) Va >0, P, ( sup <|id‘k ’Xt> > a) < Crr (1 +E (<|ld’ 7H>)).
te[0,7 @

(2) IfE (<|1d|k ,,u>) < o0, respectively E (<|id|kJrl ,u>) < 00, the process (]\/4\2(1 (idk))0<t<T
defined by o

A (%) = (4,3 — (it ) — [ (M D=2 ) g

— /t [(k(k — 1)id""2, X,) My(X,) — 2k (id*, X, )| ds
0
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is a continuous P,,—local martingale, respectively a continuous P, —martingale. Moreover,
i E({ia ) < oo, (A4 (i)
variation is given by

(00 (i), =2y [ (i, X0) = i, )+ b G ) 2

— 2k (id"1, X,) <id’f+1,Xs>] ds.

is a martingale in L? (ﬁ) whose quadratic
0<t<T

Proof. Step 1. Proof of (1)(a). We prove only the case k > 3: the case k = 2, which is
simpler because some terms disappear, is treated in the same way. Let t € [0,7]. We consider
a sequence of functions (gy), ¢y of class ¢%(R,R) with compact support satisfying:

(i) forall m € N, |g,| < |id], (iii) g, =id on [—n,n],
(ii) lim |gnll. =0, (iv) g, is uniformly bounded on R.
n—+400

We consider the sequence of functions (hy),,cy defined by hy, := /1 + g2 and we deduce from
the properties of g, that for all n € N, h, is a non-negative function with compact support,
that for all k € N,

(hﬁ)/ = kgngyhE™?  and (hﬁ)// =k (g)° hE1 (B2 + (k — 2)g2) + kgng!thE 2,

hy, = h := /1 + id? on the compact set [—n,n] and h,, < h on R. We consider for all A € N and
¢ € N, the stopping time 74 ¢ := inf {t >0 ’ <]id\é,Xt> > A}. Noting that for allt € [0,T], n €

k—2
Nand k > 3, (k2 X;) < (hh, X;) & < (¥, X)) and (hE72, X;) (id? X;) < (h*, X;) from
HOLDER’s inequality, we deduce from the martingale problem that there exists constants
Ci(k),Ca(k, A) > 0 such that

E ((hE, Xinr,,)) =E ({hf, X0)) +E (/Otm,k <(h§)/,,Xs> ds)
+9E ( /0 v ((n)".x.) MQ(Xs)dS) _9E ( /0 v (k) xia.x.) ds)
<B ({0 Xo)) + k= D g2 ([ |3+ X)) (1472 x,) as)
wrlolE (7[5 et x| () as)
0
20k gl| L E (/m”‘”“ (W1 fd], X,) ds)
0

(o)) a7 0) ) + Al

By FATOU’s lemma we obtain when n — 400,

E ((, Xinsy)) <E ({5, X0)) + i (0E ( [

0

tATA K

(h*, X,) ds) .
14



By GRONWALL’s lemma, we deduce that
E ({(lid*, Xinry,)) <E((h*, Xinry ) <E((h*, X)) exp (C1(R)t) . (21)

In particular, this implies that the sequence (74x) ey converges PP, —a.s. to infinity. Indeed,
for all T > 0, we have

-k
~ suptefo, 7] B (<’1d‘ s XA Tar >)
P, <sup TAk < T) < 0.7] 1 PATATAK

AeN

which tends to 0 when A — 400. We deduce by FATOU’s lemma, when A — —+oo, the first
announced result.

Step 2. Proof of (1)(b). Let a > 0. From the martingale problem (2)), we deduce that

TAT kN
P, sup <h7’?th> za | <P, (<hﬁ,X0> > 9) +P, (/ Ak <(hn) 7XS> hes a)
t€[0,TATA k] 5 ; 5 .
T/\TA,IC k y N
+P, (7/0 <(hn) ,Xs> My(X,)ds > g)

+P, (27 /OTMA”“ <(hﬁ)’ x id,X5> Mo(X,)ds > g‘)

— [0
+P, sup ‘Mtld (hfl)’ > —
tE[O,T/\TA’k] 5

The DoOB maximal inequality allows us to write

_ B (T, (1))

P, sup J\/jtid (h,’i) % 5

te[0,TATA k]

>

From the martingale problem and the computations of Step 1, we deduce that

) < 2E ((h*, Xo)) + 201 (k)E (/0

< 2E ((1*, X0) ) [1+ exp (CL(R)T)] + 2Ca (k. 4) [,

T/\TAyk

E (’ ME L (08 (h*, X,) ds> +205(k, A) g1

loc

o

where we use the FUBINI-TONELLI theorem and the relation . It follows, from MARKOV’S
inequality, that there exists a constant Cj > 0 such that

P suwp o (W5 X)) >a ) < S8 B ({0 X0)) [+ exp (CLOT)] + Colk A) gl

tG[O,T/\TA’k] @
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By applying the dominated convergence theorem twice, successively when n — +o00 then when
A — 400, there exists a constant Cj 7 > 0 such that

il k
]P)# ( sup <hk,Xt> > a) < Ck,TE (<h ,X0>)’
t€[0,T «

and thus the announced result.

Step 3. Mid (idk) is a continuous local martingale. From the properties of (gn),,cn»
note that there exists a constant C, > 0 such that for all n € N, |gf§| < [id)* and ‘(gg)”‘ <

6k (1 + \id|k_1). It follows from the martingale problem , the properties of (g,),,cy and the
dominated convergence theorem for conditional expectation that

(id*) = lim M., (oh)

= (id*, Xinry ) — (id¥, Xo) — /0 i ’“"72—1) ("2, X,) ds

tATA 2

- 7/015/\7,4,2 [k:(k —1) <idk_27XS> My (Xs) — 2k <idk,Xs>} ds

is a continuous PP, —martingale and thus (]/\4\ id (idk) )0<t<T is a continuous PP,,—local martingale.

When E (<]id|k+1 ,,u>> < 00, using the inequality for all ¢ € [0, 7],
(lid[*~*, Xy (id?, X)) < (fid[*™, Xy)

the same computation applies replacing ¢ A 742 by ¢ to obtain that (]/\/[\ id (idk))0<t<T is a

tx

continuous P,,—martingale.

Step 4. L?’—martingale and quadratic variation. As soon as E (<|id]k+1 ,u>) < 00,

Mid (idk ) e L? (ﬁ) as a straightforward consequence of HOLDER’s inequality. It follows from
that for all n € N, for all ¢ € [0, 77,

For all n € N, the process
oo [ ()] - P ),

is a P,,—local martingale. As Mid (idk) is bounded on [0, T A 74 9] for all A € N, then for all
n €N, (Niary op.n) i a martingale. From the relation with 2k, the dominated convergence

16 /74



theorem for conditional expectation implies as above that P, —a.s.

i Nt = [Tt (09)]" =2 [ (G020 - ()

n——+00

2
+ k(051 X,) My (X)) — 2k (id5 1 X) (id X>) ds
is a [P,—martingale and we deduce the quadratic variation announced. O

2.4.3 Compact support

Proposition 2.12. For all u € Mf’z(R), for all € > 0, U.cs<; SuppZs is compact P, —a.s.
where SuppZs is the support of Zs. Further, if SuppZy is compact, then Jycs<; SUppZs is
compact for allt >0, P,—a.s.

Proof. 1t is proved in [36] that the support of the A—FLEMING-VIOT process associated to
a A—coalescent which comes down from infinity, is compact at all positive times. Our case
corresponds to KINGMAN’s coalescent. In addition, they prove that, given that the initial
condition v has compact support,

J SuppYs

0<s<t

is compact for all t > 0, PV —a.s. MARKOV’s property then entails that, if v € ./\/li’z(]R),
Uc<s<t SuppYs is compact for all 0 < e < ¢, PEV —a.s. Hence, the same is true for Z;

T_id, v Yt O

3 Uniqueness for the centered Fleming-Viot process

As for the original FLEMING-VIOT martingale problem, we will prove uniqueness to the mar-
tingale problem by relying on the duality method [17), [8, 20, 22]. Additionnal difficulties
occur in our case since bounds on the dual process are much harder to obtain and the duality
identity cannot be proved in its usual form. In particular, we can prove uniqueness only for
initial conditions admitting finite moments.

3.1 Main result

Theorem 3.1. The centered FLEMING-VIOT martingale problem has an unique solution if
the initial condition has all its moments finite.

The reason why we need to assume finite initial moment will be explained at the end
of Subsection In particular, we will see in Remark that we cannot hope to prove
uniqueness for more general initial conditions using our duality method.

Corollary 3.2. Ezxistence and uniqueness hold for all the martingale problems of Definitions
and 2.8 and they all admit the same solution if the initial condition has all its moments
finite.
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Proof of Corollary[3.2. We proved in Subsectionthat IP,, solves the martingale problems of
Definitions and Since a solution to these martingale problems is of course also solution
to Definition [2.I] uniqueness for Definition [2.I] implies uniqueness for the other martingale
problems. O

3.2 Notations and outline of the uniqueness proof

Our proof of Theorem is based on the duality method as proposed in [20, 22]. We denote,
for all n € N*, u € My(R) and f € €2(R", R)

F(fp) = (f, ") :/R---/Rf(wlw“ s ) p(day) - - p(dan).

From , the operator Lpy. applied on the function p — F(f, u) with fixed f, satisfies the
following identity:

LrveF(f,p) = (B™fu") ++ En: Enj [(@ijf, 1" ™h) = (f,u™)]
Z Z (K f 1) = (F, 1™)] +n? (f, 1)

15=
=t LyF(f, ) +n® (f, ")

We note that E} can be seen as an operator acting on the function f +— F(f, u) with fixed pu.
The operator EN’}Z can be interpreted as the generator of a stochastic process on the state space
Unen+ €2 (R™, R). Following ETHIER-KURTZ’s works [20], 22], this suggests to introduce a dual
process (&), of generator % and to prove a duality relation of the form:

w20, B ({6 X)) = ({6 50" exp (7 [ 1)) (23)

where M := (M(t));, is a MARKOV’s jump process in N whose transition rates are given by:

(1) gnn+1 = 7n2 (2) gnp—1=7n(n—-1) (3) @i, = 0 otherwise.

It is known that the relation implies uniqueness [25, Theorem 4.4.2]. However in our
situation, it is difficult to obtain the strong version . For technical reasons, we will obtain
only a weakened version. Therefore, the proof will be divided in two large steps.

Step 1. Construction of the dual process (ft)t>0. The relation suggests that the
dual process (&), jumps, for all i, € {1,--- ,n} from f € 2 (R™,R) to K, j f € €2(R"T1 R)
at rate v and if i # j, from f € €2(R",R) to ®; ;f € €(R"L,R) at rate 7. Between jumps,
this dual process evolves according to the semi-group of operator (T(”) (t))t>0 associated to the

generator B(™ given by . We will give an explicit expression of the semi-group (T(”) (t))t>0
defined as an integral against Gaussian kernels. This representation will be derived from a
probabilistic interpretation of the semi-group using a FEYNMAN-KAC’s formula. We define the

dual process as follows:
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Definition 3.3. For all M(0) € N*, for all § € ¢ (RMO) R),

& = T (M(7n)) (t — 1) pnT(M(Tn—l)) (Tn = Tn-1)Tp1- - FlT(M(O)) (11) &,
Tn <t < Tphy1, n €N, (24)
where (Tp), cy 5 the sequence of jump times of the birth-death process M with o = 0 and where

(Cn)pen 5 a sequence of random operators. These are conditionally independent given M and
satisfy for allk e N, n > 1 and 1 <i# j < n,

1

]P’(Fk:(I)M {M () :n,M(Tk):n—l}) :m (25)
and for allm>1 and 1 <i,j5 <n,
_ 1
P (I’k =K, ; {M (Tk ) =n,M (1) =n+ 1}) =3 (26)

Moreover, the random times (T — Tr—1);5; are independent conditionally to M (1x_1) = n and
of exponential law of parameter yn? + yn(n — 1).

Note that M is a non-explosive process:

vT >0, ]P’< sup M(t)<+oo) :]P’< lim Tn:+00> =1 (27)
te[0,7) n—+00

Indeed, we note that for the choice of p; := vi(i — 1) and \; := 32, i > 1 in [I, Theorem 2.2.],

we have

Piooopi2 1
N o 2 Y

1 Hi ) i -
2. <)\i T T )\ )\2)\1 Z )\2)\1 = teo

i1

so that

Hence, M is non-explosive.

Step 2. Weakened duality relation. We consider fixed M(0) € N*, & € €2(RM(0) R)
and (X¢),5( a stochastic process whose law PP, is a solution of the martingale problem with

1€ M$S*(R). We introduce a dual process (&t);>0 independent of (X;),,, built on the same
probability space (enlarging it if necessary). We shall denote by P, ¢), the law of ((X¢,&)),~0
on this probability space. For any k € N, we introduce the stopping time

o), = 1nf ’M >k or 3sel04, (€, M(S)>>k}. (28)

Theorem 3.4. Given any (Xt);o (§t);=0 as above, we have the weakened duality identity: for
all k € N and any stopping time 0 such that 6 < 0,

W20, Bl (60 X07) = By (@0 X0 e (5 [ a2an) ). 29
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Note that this result holds true for any initial measure p € Mi’Q(R). The stopping time 6
ensures that each of the quantities involved in are bounded and thus that their expectations
are finite. Afterwards, we want to prove that if two solutions of the martingale problem satisfy
the weakened duality identity, then their 1—dimensional marginals coincide. This is where we
need stronger assumptions on pu.

Lemma 3.5. Assume that p € Mi’z(R) has all its moments finite. Then, the stopping time
0r defined by satisfies limg_, 1 oo O = +00, P, ¢) — a.8

We will see in Remark that the assumption on y is optimal in the following sense: even
if & is bounded, & may have polynomial growth of any exponent k in some direction of RM(®)
so that <|£t| M (t)> is infinite if 4 has infinite A" moment. This shows that we cannot expect
to have 6, — +o0o when k& — 400 if p has not all its moments finite. This means that we
cannot expect that the duality method could give uniqueness for weaker assumptions on the
initial condition.

The proofs of Theorem and Lemma are respectively given in Subsections and
[6.3] Once they are proved, the proof of uniqueness can be completed as follows.
3.3 Proof of Theorem [3.1] from Theorem 3.4 and Lemma [3.5]

We rely on Theorem 4.4.2 of the ETHIER-KURTZ book [25]. To get the desired result, i.e. the

uniqueness of the martingale problem , it is sufficient to verify that if we give ourselves two

solutions to the martingale problem , they have the same 1—dimensional marginal laws.
Let (Xt);»q and (Xt)»o be two solutions of the martingale problem with the same

initial condition 1 € M$?(R) which has all its moments finite. Let (&) be the dual process

with initial condition & € G2(RM©) R) with M (0) € N. We suppose that these three processes
are built on the same probability space and independent of each other. We denote by

O = 1nf ’M >k or 3sel0,1, <§S,§ff§5)>>k}.

These processes satisfy, the weakened duality identity :
xM(0)
vtz 0, ,u&) (<§0’ t/\gk/\gk>)

M (tN0; AO) O 2
E(ug0) ( Eungn 1)) exp (v /O M Wdu»
Mfo <<£07 t/\9k/\9k>)

In particular, for the choice M (0) := 1, for all k € N and for all & € €>(R,R), we obtain

VE2 0, B (<§0’Xt/\9k/\9~k>) Eu.60) (<§07 t/\9k/\9k>)

From Lemma since Xy and )N(t have continuous paths for the topology of weak convergence,
we have P, ¢)—a.s.,

Jim (60, X, 05,) = (€. X0) and - lim (6. X, ) = (&0, Xi).

20/|74]



Therefore, we deduce from the dominated convergence theorem, that for all & € €2 (R, R),

VEZ20,  Eqe) (G, X)) = E(ug) (<50’E>) :

As {(f, - ‘ fe %Q(R,R)} isa My (ﬁ) —determining class [29, Definition 4.24], it follows that
for any t > 0, X; and th have the same law. Theorem 4.4.2 of [25] then ensures uniqueness to
the martingale problem . O
4 Ergodicity for the centered Fleming-Viot process

In this section, we establish ergodicity properties with exponential convergence in total varia-
tion for the centered FLEMING-VIOT process (Zt)q. For all pu,v € M;(R), we denote by

sup [(f, ) = (f, V)],

[[flloo <1

N | =

Il —vlrv =

the total variation distance between p and v.

Theorem 4.1. There exists a unique invariant probability measure m for (Zt)t20 and constants
a, B € (0,+00) such that for all p € Mi’Q(R), for all T >0,

IPu(Zr € ) —7llpy < aexp(—pT).

The main part of this section is devoted to the proof of this result (Subsections to
and in Subsection we characterise the invariant measure of the centered FLEMING-
VIOT process. In Subsection [4.1] we construct the centered MORAN process and we establish
its convergence in law to the centered FLEMING-VIOT process. In Subsections and
we construct, backward in time, the MORAN process, its centered version and we exploit its
relationship with the KINGMAN coalescent in order to prove in Subsection [£.4] an exponential
coupling in total variation for the MORAN process. We finally deduce, in Subsection [£.5] the
proof of the main result announced by letting the number of particles go to infinity.

4.1 Moran’s models and Fleming-Viot’s processes

In [16, 9l 26| 8], the authors construct the original FLEMING-VIOT process as a scaling limit
of a particle process: the MORAN process. The aim of this subsection is to construct the
version of the centered MORAN process and to establish its convergence in law to the centered
FLEMING-VIOT process.

We consider the MORAN particle process YV defined by

N
v _izg
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with state space M1 n(R), the set of probability measures on R consisting of N atoms of mass
1/N. Moreover, if (X;(0)),cn« is exchangeable, then for all £ > 0, (X;(t)),cn+ is exchangeable
[22, Theorem 6.1]. The infinitesimal generator of the R—measure-valued process YV is given
for all F € 4*(R,R), g € €2(R,R), for all uy € My y(R) by

InF (g, ux)) = F (380, )

HN(NQ—U/R/R

The first term of the generator describes the effect of the mutation according to the LAPLA-
CIAN operator. The second term describes the sampling replacement mechanism: at rate -y (the
sampling rate) an individual of type x is immediatly replaced by one of type y. Note that the
population size remains contant over time.

g(x)  g(y)

F (tg.n) ~ A2 1+ 20) (g, )| s (n)n ay).

We recall the following convergence result [8, Theorem 2.7.1]: for all initial condition
Y = L3N 6x, € My n(R) with (X;), <i<n exchangeable R—valued random variables such
that Y3V converges in law to u € M;(R) as N — 400, the MORAN process (Y;N)go
in law on € ([0, +00), M1(R)), as N — +00, to the original FLEMING-VIOT process (Y),-
defined as the solution to the martingale problem .

converges

We denote Mi?\,(R) = {,uN € My n(R) ‘ (id®, uy) < oo, (id, uy) = O}, and we define the

centered MORAN process (ZtN ) by

t=>0

WV

Zy =T paymy Y, 120

The main result of this subsection is the following:

Proposition 4.2. For all initial condition Z{¥ = %ZZN:Nin € M;?V(R) with (Xi) <y
exchangeable R—valued random variables such that Z}' converges in law to Zy € M‘ig(R) as

N — 400 and satisfying sup ey E (<id2,ZéV>) < 00, the centered MORAN process (ZtN)t>0

converges in law on €° ([0,4—00),/\/1?2(]1%)), as N — +oo, to the centered FLEMING-VIOT
process (Zt)t>0 solution of the martingale problem with initial condition Zy.

A difficulty in proving this result lies in the fact that y — 7_q ,)f # may not be continuous
on M1 (R) because id is not bounded. Hence we need to carry out several approximations and
be very careful to control the approximation error on events of large probabilities. In order to
prove this proposition, we need to introduce some notations and results. For all real-valued
function f on R, the LIPSCHITZ seminorm is defined by [/ f[|z = sup,, % We denote
by

BLA®) = { R R Ifllp, < 1]
where |l = 171+ L For all v € M (B), we denote by

dFM(:U‘vV) = sup ‘<f7M>_<f7V>’7
feBL1(R)
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the FORTET-MOURIER distance. Recall that M; (R) endowed with the weak topology is com-
plete for the distance of FORTET-MOURIER [15, Corollary 11.5.5]. Let A denote the class of
strictly increasing, continuous mappings of [0, T] onto itself. For given metric spaces E and E,
we denote by D ([0, 7], E), the space of right continuous and left limitied (cad-lag) functions
from [0,7] to E and by Cfbo (E, E) the space of continuous bounded functions from F to E.
For z,y € D ([0,T], M1(R)), we define the distance do(x,y) by:

(A2}

From [2, Theorem 12.2 and Remark of page 121], (D ([0,T], M1(R)),dy) is a Polish space
and the topology induced by the distance dg is the SKOROHOD topology. Let us consider the
following lemma whose proof is similar to that of Proposition and left to the reader:

do(z,y) := inf < sup dpp(x o A(t),y(t)) + sup
AEA {tef0,T] s<t

Lemma 4.3. Let T > 0 and k € N fized. There exists a constant Cy 1 > 0 independent of N
such that for all Y& € My n(R) satisfying sup ey E (<|1d|k ) Y0N>) < 00, the MORAN process
(YY) oeser satisfies

«

.k N
va >0, Py~ ( sup <‘id|k7YtN> > oz) < Ck’TsupNeNE(Qld‘ Yo >)
o \telo,1]

Proof of Proposition[[.2. We want to establish that for all ¢ € %2 (D ([0,T], M1(R)),R),
limy—toc E (9 (ZY)) =E(9(Z)). Let € > 0. We consider the two following maps F and F.
from D ([0, 7], M{(R)) to D ([0, T], M1(R)) defined by F(y)(t) := T_dy(t) y(t) and Fe(y)(1) :
T_(hey(t)) §y(t) where he is a map from R to R defined by

z if |zl <2
he(x) :== %1 it = > %1
-2 if z<—2

Step 1. Continuity of F.. In this step, we want to establish that
Fe e Cgbo (]D) ([Oa T]v Ml(R)) ) ([07 T]> Ml(R))) :

To obtain this, it is equivalent to prove that if for all n € N, y,,,y € D ([0,7], M1(R)) and

hmn%+oo dO(ynay) = 0, we have hmn%Jroo do (Fs(yn)a Fs(y)) = 0. As, hmnﬂJroo dO(ymy) =0,
there exists ng € N such that for all n > ng, there exists A, € A satisfying

sup dpar(Yn © An(t), y(t)) + sup
t€[0,T s<t

Note that

dy (Fa(yn)v Fa(y)) < tes[%%] dFM(Fa (yn) (/\n(t)) ) Fa(y) (t)) =+ Sslilg
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Now, for all t € [0,T],

dear (Fe(yn) A (), Fe() (@) = sup  |(f o T—(he yrorn(®)» Yn © An(t)) = (f 0 Tt yey)> y(t))]
feBL1(R)

< sup (0 T (e ynorn(t)) Un © An(t) — y(1))]
feBL1(R)

+ sup  [(f 0T hgnorn () — F O T (et ¥(1))]-
JeBLa(R)

On the one hand, as f € BL1(R), it follows that f o 7_y,_ .y ox, (1)) € BL1(R) and thus

<drm (yn © )\n(t)’ y(t)) :

sup  |{f 0 T_(h. ynorn(t))> Un © An(t) — y(t))
fEBL1(R)

One the other hand, as f and eh. are in BLi(R), we have
70 7 reamonn) — £ 7—treaton WO < = st © 28} + ()
- 1 [(ehes g @ An(t) = y(0)
< Ldpar (3 0 (1), y(1).

It follows from that,

1
do (F:(yn), F-(y)) < (1 + ) sup dpnm (Yn © An(t), y(t)) + sup
t€[0,T] s<t

g (20002}

t—s
<eE.
Step 2. Control in distance dy of the difference between F (YN) and F_ (YN).

We consider the MORAN process (Y, )0 <o Started from Y{" = Z}¥ andand the original
FLEMING-VIOT process (Yt)ogth started from Yy = Zy. In this step, we consider the events

. 2 . 2
Qe N = { sup <1d2,Y;N> < \/g} and Qe o0 := { sup <1d2,Yt> < \/g}

te[0,7) te[0,1]
As supyen E ( <id2, zy >) < 00, it follows from Lemma (respectively Proposition , there
exists a constant Cr > 0, independent of N, such that PYON (Q:n) = 1 — Cry/e (respectively
Py, (Qe,00) =1 — Cr+/E). Moreover, on Q. n, for all t € [0,T],

do (F(YN),F. (YN)) < tsgé%]dm (F (YY) 1), F: (YY) (1))

< s (o7 sy~ Fo ]

g ).

<f sup H 1d2 YN H



where we used the inequality |he —id| < %idz. Similarly on €2 ,
do (F (V) F. (V) < V=

Step 3. Conclusion. We want to prove that for all g € % (D ([0,7], M1(R)),R),
limy 400 E (9 (ZY)) = E(9(Z)). Thanks to the PORTMANTEAU theorem [2, Theorem 2.1],
then it is sufficient to prove this for all g 1—LIPSCHITZ. As (YN) converges in law to Y,
we deduce that, for IV large enough,

NeN*

[E(go £ (YY) —E(go 2 (V)| < V=

Using that g is 1—LIPSCHITZ, and the inequalities of Step 2, it follows that

E(9(2V)) —E(9(2)| = [E(90 F (YN)) ~E(go F (V)]
<[E(go . (YY) ~E(go R (V)]
n (E(goF(YN)) ~E(goF. (YN))‘
+[E(goF. (Y)) ~E(go F(Y))
<V +2]gllo [Py (% n) + P (%)
+ VE [Pyx (9c3) + Py, (Qe00)]
< (3+2|llo, Cr) VE.

The announced result follows and completes the proof. ]

4.2 Backward construction of Moran’s process and Kingman’s coalescent

In this subsection, we exploit the relationship between the MORAN model and the KINGMAN
coalescent to obtain in Proposition [£.7, a result of exponential ergodicity in total variation
for the centered MORAN model uniform in N. The genealogy of a sample from a population
evolving according to the MORAN model of Subsection [£.1]is exactly determined by KINGMAN’s
coalescent with coalescence rate . The state of the population at the final time is constructed
from the ancestral positions by following the genealogy and adding mutations on the genealogi-
cal tree of the sample according to a standard Brownian motion. Therefore, at the final time T,
the position of each individual of the sample is equal to the sum of the position of its ancestor
at time 0 and the Brownian mutations steps that occured during its ancestral branches in the
coalescent. We formalize this construction below by giving some notations and illustrations of
the latter ones.

Let be fixed the time 7' > 0 and the number of particles N € N*. We consider the
probability space (ﬁ, j-:, @) where Q) := Ky, X Mut?V]TT_l x ANY F = Fienr @FMuty 1 ®.FAl]t]N

and P .= Ky ® E%ﬁ_l ® ®f»v: 1 Ech!'Y with the following notations.
We denote by Ky 7 the state space of the KINGMAN [N —coalescent with coalescence rate
on [0,T]:
Knr =D ([0,T],1y)
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with IIx the set of partitions of {1,---,N}. We denote by Ky the law of the KINGMAN
N —coalescent with coalescence rate v on [0,7] and Fky.r the SKOROHOD o—field on Ky 7.
In the following, in order to simplify the names, the precision “at coalescence rate ~” will be
omitted.

We denote by AR = H;'N:1 R? the state space of the possible ancestral positions in the
KINGMAN N —coalescent at date 0. We denote by Ech!™ with uy := % Z;-Vzl 0x; € M n(R),
the law of a ¢—sample where we select ¢ elements randomly and without replacement in
{z1,-- ,zn} according to uy and by .FA;;VN the BOREL o—field on ALY.

We denote by Muty 7 the set of Brownian trajectories of € ([0, 7], R). We denote by Lyt
the law of a 1—standard Brownian motion and Fyput NT the BOREL o—field on Muty 7.

Finally, we denote an element @ of O as:

© = {(kNvt)OSKT; (W(B))Bc{l N}\g;x(l)"” ot = (ng)’ng),m ’wg\JfV))}‘

Note that (kn), <t<T 18 an increasing process in K n,7 representing the genealogy. In addition,
we denote by ky 7 := {L1, -+, Ly} with n := |ky 7|. In other words, KINGMAN’s N —coalescent
contains n distinct lineages where L; is a subset of {1,---, N} at the final time 7. For each
individual i € {1,---, N}, we denote by a(i) € {1,---,n}, the index such that i € L. In
other words, Lg;) is the ancestral lineage of i. For each individual i € {1,--+, N}, we denote by
B(s, i) the block of the partition ky s at time s and containing the individual i. We denote by

() = (a:&n), ‘e ,x%n)) the ancestral positions at the final time 7" so that for alli € {1,--- N},
(n)

To) € R is the position of the ancestor of the individual i, at time 7', in the genealogical tree.
Each process W(8) = (Wt(B))
time where B C kn 7.

Let us recall the link between the MORAN model and the previous stochastic objects. At
each reproduction event ¢ in the MORAN model, illustrated on Figure [f.I} an ordered pair of
individuals (4, j) is sampled uniformly at random from the population: one the two individuals
dies and the other reproduces with equal probabilities. In Figure[d.I] we draw an arrow between
lines: the arrow ¢ — j indicates that ¢ reproduced and j died. We can recover the ancestry
of the sample by tracing backwards in time from the right to the left in Figure [£.1] to obtain
Figure[£.2] We coalesce any pair of individuals whenever they find a common ancestor which is
represented by the bold blue arrows. The other arrows do not modify the genealogical tree. The
ancestral positions in Figureare given by (x;), <i<s Where 5 = % Z?: 1 02, and the ancestral

positions in Figure are distributed as 2. Note that :1322()1) = mgz(;) = $((12(21) = x§2) =x
) 2) (2)
_ = 2l

and z, ) = Tay = = x5. Then, we add the mutations, denoted by ”. Not
all of them are shown in Figures [£.1] and [£.2] for the sake of clarity: the ones which are

represented are wy := T(,ﬁ)’gg — 0({3}), Wy = Wi(p{_zgz — é{z}), wg = W}{_lgz}) — W%{_lgi}) and

wy = W}{1,2,4}) — W}g£§’4}). Then the position u; of the individual ¢ € {1,--- ,5} at time T'

o< BOVInS the dynamics of mutations occuring on the interval
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Figure 4.1: Graphical representation of the te g}—w—l
1
MORAN model with N = 5. T + ®
(75} u2 U4 us us

Figure 4.2: KINGMAN’s genealogy
(K5, 7—t) o<y under the MORAN model
on the left, tracing back from time T
to time O.

in F igure are
1,24 1,24 1,2 1,2 1 1
Uy = 1 wdbz4) oy d 2 D owwd tg}) wi t4}) wd 1t}4) WO({ })7
1,2,4 1,2,4 1,2 1,2 2 2
Up = 1 w24 2 i ts}) wi t4}) wi t}4) WO({ })’

s = g+ WD B | yplsh _yptsn,

=y W) 0200 gl )
s = g+ WO D) Ly ),
Putting everything together, we define in the general case the random variable
~N 1 X
YoM = N;(Sui,

where, for all i € {1,--- , N},
T _ .
ui =l =) + /0 aw "), (31)

The well-known backward construction of the MORAN model [I8, Subsection 1.2], [I7,
Subsection 2.8] entails the following result.

Proposition 4.4. For all initial condition uy € My n(R), Y fa A%V’“N where YV = un.
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4.3 Centered variables and centering effects

We construct the centered version of the random variables ?j{v HN - We define the random

YN

variable EJTV as follows:

Ejfy,uz\f . NMN

=T <dYN'uN>ﬂY

Corollary 4.5. For all initial condition un € Mi?\,( ), ZN = ta NN — LN | 6y, where,
forallie{1l,--- N}, v; := 0"V :=u; — %Z?{:luj and Zo = un.

2@ 22

8
—~
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=
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———e
S

€
3
7
A'H
————e
S
g
=

ws

i

{ {
I I
{ {
Pl 3 s Pl
T 4 4 ]
| Jw | Jw Flq : }wl : Jw
I I
ol % ') ® ® o] e ' ® ®
vl v2 v3 V4 v1 v2 v3 V4
Figure 4.3: Illustration of the centered Figure 4.4: Illustration of the centered
MORAN process where |ky 7| = 1. MORAN process where |ky 7| = 2.
In the example of Figure we can observe that
~ 1 1
4,pa
ZT - 751[w5—w6}+%w1—i[w2+w3+w4] + iéé[um—we]—&—%wg—%[w1+w3+w4]
+ 45—1[1115 —we]+ 3wz — 3 [w1 +wa+wa] + 45—l[w5 we]+ 3wy — 3 [w1 +wa+ws)

and for Figure [£.4] that

=4 1 1
Z7M =245 )
T 4 é[w 2>—x2 )+w5—ws}+%w1—i[w2+w3+w4] + %[af 2)—1’2 )+w5—w6]+%w2—%[w1+w3+w4]
1 1
-6 ) .
+ 4" =3 [2? —2$? +ws —we |+ 3ws — L [wy +wa+wa] * 473 [23 —2$? +ws —we |+ 3wa— 1 [wy +wa+ws]

In other words, when there is just one ancestral lineage, the random variable Z}V Ha

dent of the ancestral position z(!). In general, when n = lknr| =1,

vi:/OTde(s ——Z/ aw ) (32)

j=1

is indepen-

does not depend on the ancestral lineage: this is the centering effect.
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For any fixed T' > 0, for all i,5 € {1,--- , N}, let us consider Tj; the coalescence time be-
tween the individuals ¢ and j at time T in the process (knt)< -
we establish that (v;); ;< is a centered Gaussian vector whose covariance matrix is an explicit
function of Tj;.

In the following proposition

Proposition 4.6. (1) For any fized T > 0, for all un € Mﬁv(R), conditionally to ky =
(kN,t)ogth; on the event {|kn 1| = 1}, we have for alli,j € {1,--- N}, Cov (us, u; | kn) =
T-T;

(2) Conditionally to kn, on the event {|knr| =1}, (vi)icicn ~ N (0pn, %) where ¥ =
(Eij)lgi,jgN is define by

N
o 1 1
Vi,je{l,--- N}, 3 := Cov (v;, v | kn ) = —Z Tik +Tjk)— | Tij + 5 Z The
N = N ktl=1

Proof. (1) It is a straightforward computation from .

(2) Noting that for all ¢,j € {1,--- ,N}, Tj; = T}; and Tj; = 0 and from , we deduce
the announced result by a straightforward computation. O

4.4 Coupling arguments with two distincts initial conditions

In this subsection, we want to couple centered MORAN’s processes from different initial condi-
tions but with the same KINGMAN genealogy and the same mutations in order to establish the
following exponential ergodicity result.

Proposition 4.7. For all un,vny € ./\/1(1:2 (R), for all T > 0, there exists constants o, 3 €
(0, 4+00), independent of un,vn,T and N such that

HI/P\’ (Z}V’MN € ) — NVN H < aexp (=0T).

In particular, for all N € N* there exists a unique invariant probability measure wn for the

centered MORAN process (ZtN)t>0 such that for all py € Mi?\,(R), forall T > 0,

H]P)uzv (quy € ) — 7rNH < aexp (—pT).

Remark 4.8. The previous result is true for all deterministic initial conditions, so also for
any random initial conditions.

Proof. Step 1. Coupling. Let &,, and @,, be two elements of Q which have the same
KINGMAN genealogy (th)O <t<T and the same mutation but whose initial conditions uy :=

~ ZZ, 10 L and vy = 5 ZZ, 10 FORE different where n = |kn 7|. We assume that the x(())

a(i) a(z)

respectively y((l( i)) are selected randomly and without replacement in {xy,- - ,xx} respectively
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{y1, - ,yn}, independently. This allows us to construct, on the same probability space, two
random variables

N 7N
HN = — g 0 N and ZptN = — E N
3
1—1 i=1

N,pn IEN AN7MN N,vN la_w 7N,vN
such that Z7 = Zp and Zp = Zp .

Step 2. Control in total variation. From (32), on the event {|kn 7| = 1}, we have that
forallie {1,--- , N}, vi'¥ =0V a.s. and from [35] we deduce that

~

[B(2 e ) -B(2) € )|, <B (2~ 2 20
=1-Ky7(knr|=1).

We denote by Hy := Zévzg Tj, the height of the KINGMAN N—coalescent where (Tj)ocpen
are independent random variables such that T} follows an exponential law of parameter ’y(g)
[17, Lemma 2.20]. Now, Ky 7 (|kn7| =1) = Ko7 (|koo,r| = 1) = Koo, 7 (Hoo < T') and by the
exponential TCHEBYCHEV inequality we have

E (exp (AH))

Keor(Heo >T) < inf ————-
m ) Aér}lo,y[ exp (AT)

Note that for all A €]0,~],

B (exp (\Hoc)) = [ E(exp W) = — [] -———

where the last product is convergent. We deduce that

1
Ko (Ho >T) < C inf —C )T exp(—~T),
,T( > ) )xér]lo,'\/[ (’Y - )\) eXp()\T) ’yexp( ) exp( Y )
where C = [[{>° 3 m The result follows for « = Cyexp(1)T and 8 = . O

4.5 Proof of Theorem (4.1

Classically, it is sufficient to check that there exists constants «, € R, such that for all
W,V € M‘f’Z(R), for all T > 0,

IPu(Zr € ) =P, (Zr € )|y, < aexp (—4T).

From LUSIN’s theorem [48], Corollary of Theorem 2.24], Proposition and Corollary 4.5(there
exists two constants «, 5 € (0,400) such that for all uy,vy € M;:N(R), for all T > 0,

sup (B (1(22)) = Bu (£ (20))| = 5o [Bus (7 (28)) = o (1 (21))]

/1l <1 lIfll o<1

f continuous
< aexp(~BT).
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Now, let be fixed two deterministic initial conditions u,v € M$*(R) and consider an i.i.d.

sample (X’i)lgz‘gN of distribution p and an i.i.d. sample (Xi)1<z<N of distribution v. Then, we

construct two initial conditions uy = % vaz 10x, and vy = % Zf»V: 105, such that uy and vy
converge in law respectively to y and v. We define iy 1= 7_q 4 v and Uy := 7_iiq ) BN
such that gy, vn € Mi?V(R) By construction, the assumptions of exchangeability of the ran-

dom variables (X;); ;< and (Xz) Lesey A€ satisfied, gy and vy converge in law respectively
Ilx <i<

to p and v and we have
- 1
E ((id*, iy)) =E (<id2,uN> - <id,,uN)2) = (1 — N) Var(X;) < oc.

Then, we deduce from Proposition that for all f € €°(R,R) satisfying ||f||,, < 1, for all
T >0,

|E,uf (ZT) - Euf (ZT)| = Nl—i>r—I|—1c>o )]E,U«N (f (ZZJY)) - EZ/N (f (ijy>>’ < QEXP(_/BT)

which concludes the proof. O

4.6 Characterisation of the invariant probabiblity measure

In this subsection, we characterise the invariant probability measure of the centered FLEMING-
VIOT process 7 thanks to an adaptation of DONNELLY-KURTZ’s modified look-down construc-
tion whose original construction of [I3] [I4] is recalled in Subsubsection We give in
Subsubsection [£.6.2 an explicit characterisation of the invariant probability measure 7. Let us
begin by giving a convergence result of the invariant probability measure wn to the invariant
probability measure 7.

Lemma 4.9. The sequence of laws (7N ) ey~ converges in law to m in My (M1(R)).
Proof. Let T >0, un € /\/li?\,(R) and p € Mi’2(R) such that puy converges in law to pu. From
Proposition and Theorem we have for all f € 6P (M;(R),R),
(o) = (Fml < [y mn) =By (£ (Z8))] + [Buw (£ (22%)) = B (£ (21))
+ [Eu (f (Z1)) — (f,m)]
<2|fllow vexp (=BT) + [Epy (£ (Z2Y)) = B, (£ (20))|-
The announced result follows from Proposition ]

4.6.1 Construction of exchangeable random variables allowing to characterise my
and 7

We consider the probability space (Q, F , If”) where we define the modified look-down process
on (—o0,0] as a population dynamics on the set N of levels where one individual is assigned to
each level. To each pair of levels (i, j) € N? with 1 < i < j, we assign an independent POISSON
process (N;j(t)),s, with intensity v and to each level i € N*, we assign an independent standard
Brownian motion (B;(t)),<, on R_. Jointly with the modified look-down is constructed for all
N € N*, the so-called N—look-down process whose evolution is given as follows:
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Figure 4.5: Graphical representation of the mod-
ified look-down process with N = 5. Figure 4.6: KINGMAN’s geneal-

ogy (lvc )0 et under the modified

look-down model on the left, trac-
ing back from time 0 to time —T'.

(1) Birth/Death rule. Each jump time ¢; of one of the POISSON process (Nij);c; i<y
corresponds to a reproduction event at backward time —t;. When the time ¢; is the
jump time of the POISSON process N;;, we put an arrow from ¢ to j as illustrated in
Figure which means that the individual at level ¢ puts a child at level j. The offspring
at level j adopts the current spatial position of its parent at level . The parent level and
position do not change. Individuals previously at level £ € {j,--- , N — 1} are shifted one
level up to £+ 1 and the individual at level N dies.

(2) Spatial motion. Between reproduction events, individuals’ spatial positions at each
level i evolve according to the standard Brownian motion B;(—t). As explain below, we
will fix the position of the individual at level 1 at coalescence time to 0.

Note that the N—modified look-down process is simply the first N levels of the (N+k)—modified
look-down for any k € N*. In other words, the modified look-down construction can be done
with an infinite population as a projective limit of the so-called (infinite) modified look-down.
From [I3] 14], the genealogy (k:Nt) ~0 in backward time since time 0 of a sample from a popu-
lation evolving according to the N— “modified look-down is exactly determined by KINGMAN’s

N —coalescent with coalescence rate v. In Figure 4.6| we give the KINGMAN genealogy associ-
ated to the 5—modified look-down of the Figure [4.5

We denote by a(i,t), i € {1,---,N}, t € (—00,0], the ancestor level of the individual at
level i at time ¢. For example, in Figure for all t €] — t3, —t4], a(5,t) = 2 and for all
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t €] —to, —ta], a(3,t) = 1. Let us consider the random variables

TN, :=inf {T}O a(i,-T)=1, Yie{l,--- ,N}},

=it {720 o, 1) =1, vie '],

which can be interpreted respectively as the coalescence time (i.e. the first time where |/ Nt =1)

of the KINGMAN N —coalescent (%N’t)»o and the KINGMAN coalescent (léoo’t)po‘ Note that,

forall N € N*, TN < Tc‘fal P—a.s. In Proposition we establish that T 1 admits moments

coal X
of any order. We shall be interested in the spatial position #; of the individual at level ¢ € N*

v

at time 0 assuming that the position of its ancestor at backward time —T7.>, is 0. For example,

if we assume that, in Figure Twal = Tf’oal = t4, then the spatial position of the individual
at level 5 at backward time —7.> ,, represented by the curve in bold in Figures and is

U5 := Ba(—t4) — Ba(—t3) + Bs(—t3) — Bs(—t2) + Ba(—t2) — Ba(—t1) + Bs(—t1).

Similarly, @iy := B1(—t4),tg := By (—t4), U3 := B1(—t4) — Bi(—t2)+ B3 (—t2) ,lig := By (—t4)—
By (—t2) + B3 (—t2) — B3 (—t1) + B4 (—t1). In general, we define for all ¢ € N*, the random

variable 0

v k
Proposition 4.10. For all k € N, there exists a constant Cy, > 0 such that E ((Tg;al) ) < Cy.

Proof. Note that 729, = £, Ty, where (Tj) r>o are independent random variables such that

Ty, follows an exponential law of parameter 7(’5) As previously in Step 2 of the proof of
Proposition there exists a constant C' > 0 such that for all A €]0,~],

+oo
E (exp ()\Tgfal)) = kH2 1_1k(2k/\1) < exXp (C)\) .
= vk(k—

From the i lity: for all 2 € Ry 2F < (—28 ) exp (2 deduce that
rom the inequality: for all z € Ry, x \(WT(U) exp(§a:),we educe tha

v o \F 2k b Y oo
E (( coal) ) < (’YGXp(l)) E (eXp (5 coal)) < Gy
where C}, := (ﬁg(l))k exp (%) which ends the proof. ]

N
In view of 1| it is natural to introduce for all N,7 € N*, 17ZN = U — % > . In the

following proposition, we give analogous results to those of Proposition

33/74



Proposition 4.11. (1) Conditionally to kn = (l;:Nt) o7 O the event {‘];‘NT’ = 1}, we
have for alli,j € {1,--- N}, Cov (ﬂi,ﬂj ) l;:N> =T

v Tzw where TU 1s the coalescence

time between individuals at level © and j at time 0.

(2) Conditionally to kn, on the event {‘kNT) = 1}, (?v}iN)lgigN ~ NIV (ORN,i]) where
Y= (iij)lgi,jgN is define by

N
Vi,je{l,'--,N}, iij IZCOV(Z » U )kN> Z(ik‘f‘i}k)_(ﬂj ;2 Z ka)

k:l kl=1

Proof. The proof is similar to that of Proposition O

Let us define respectively the empirical distribution of (111')1<Z< n and its centered version

by

coal ENa Z 5u1 and coal - Z (SvN

1—1 Z—l

Proposition 4.12. The measure-valued random variable Zcoal has the law .

Proof. The proof consists in establishing for all f : ./\/li’z(]R) — R measurable real bounded
function, E (f (Zé\ofal)) = fMC,Q(R) f(u)mn(dp). From Proposition it is sufficient to estab-
1

lish for all juy € MS%(R), that limp_ o (E( F(Z8)) —E(s (Zévw))) —0.
Let f: MT’Q(R) — R be a measurable real bounded function. Note that,

B (1 (Z85)) =B (7 (Z2))] < [B (4 (Z2500) 1irioy) =B (4 (Z2) Mpgnny)
1o [B ([fowr| > 1) + B (el > 1)]

Now, from Propositions and it follows that for all puy € Mfﬁ\,(R),

7N, law >N
20" Wi rlry = ZeoaLfixal=1}:
As established in Step 2 of the proof of Proposition [4.7]

i (| 1) = i Blbert >0 <o

which concludes the proof. O

In the next proposition, we establish the exchangeability property of the family (;);cy-
which will allow to apply the DE FINETTI representation theorem.

Proposition 4.13. (1) The family (1;);cy« is exchangeable.

34/74



(2) There exists a random variable measure-valued Y2, = Q0 — My (R) such that (Y/N

coal)NeN*
converges P—a.s. when N — 400 to lv/c%?ll in Mq(R) which is equipped with the weak
topology. Moreover, given YO

ooty (W) ienge 18 d.4.d. of law Y3230,

Proof. (1) From [I3, Proof of Theorem 2.2], it is enough to show for each N € N*, (i;), ;< n
is exchangeable. Let o : N* — N* be a finite permutation, that is to say a bijection that
leaves all but finitely many points unchanged. The well-known backward construction of

the modified look-down process [13, [14] entails that (/;oo’t)po taw (];:g":t)»o where l;:goyt is

the partition obtained by applying the permutation o to lvcoo’t. Therefore, for any permu-
tation o : {1,--- N} — {1,---,N} extended by id to N*, it is sufficient to prove that

(wi)léiéN ‘ l;:oo> fa <(ﬂg(i))1<i<N ‘ l;:go> to obtain the announced result.

We define 7507 = 122, (légo) and for all 4,5 € {1,---,N}, Tg =Ty (/%go) Note that

. L ' . B
Too7 =12, P—a.s. and it follows from the fact (km’t)t;o & (k:go’t)@o that

vy law v
5 850)) e (50,
(( iJ7 * coal 1<i,j<N 175+ coal 1<i,j<N

From Proposition for all f: RY — R measurable real bounded function,

v

E(f i) [ R ) = F ((T25) T35)-

1<i<j<N’

for a certain function F'. So, in particular

E (f (To(1y - > To(ny) ‘]v“go> =F ((TZ)KKKN ’Tfsa’f) :

By taking the expectation in the previous expressions, we deduce that E (f (ﬂa(l), ceey ﬂa(N))) =
E (f (1, -+ ,un)) which completes the proof.

(2) As the family (;);cy- is exchangeable, the announced result follows from DE FINETTI's
representation theorem [32, Theorem 12.26 and Remark 12.27]. O

We conclude this subsubsection with a corollary which will be useful to characterise the
probability measure 7.

Corollary 4.14. (1) For all k € N, the random variable Y‘X’l satisfies <|id]k,§7cffl’ll> < 00

coa

P—a.s.

(2) The limit oo == Imy_ 400 + Z;-Vzl Uj exists P—a.s. and satisfies tioe = <id, lv/c%‘;l>

Proof. (1) For all M € (0,+00), let us consider |id|,, the truncation function of id at level M
defined by |id|,, = [id| on [-M, M] and |id|,; = M on R\ [-M, M]. By FATOU’s lemma, we
obtain that

N

: (700 . . v . 1 5
B ((iafl ¥3)) < im B (il Vi) < i 30 (14 ().
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Now, classical moment results for Gaussian random variables show that for alln € N, E (GQ") =
Gl 520 for G~ ~ N(0,0?). From Proposition m,

2l @
. ok | 7 (2k)! L o \k
B (i) =B (B (i [k ) ) = 5B ((22))-
Therefore, from Proposition we deduce that there exists a constant Cj > 0 such that
E (<|1d\M , Coal>) <1+ Z8'¢ and by the dominated convergence theorem when M — 400,

oF k!
the announced result follows.

(2) From Proposition given Y. () ;e is id.d. Therefore, the announced almost
surely existence limit follows from the Strong Law of Large Numbers. Moreover,

1 Y y
(id, Y25,) = G (id, V2,) = G g Uj = llos, P—aus. O

4.6.2 Characterisation of the invariant probability measure 7

Now we define the random variable Z° € M;(R) as

coal

Zcoal =T_ <jd7)v/00 >ﬁ coal*
COCL

The following proposition establishes the convergence of (Zé\g“l)NeN* to Zgjal Let us recall

the following well-known fact useful for the proof below: a straightforward adaptation of the
proof of [8, Lemma 2.1.2] allows us to obtain that for all d € N*, the algebra of polynomials

Span ({<f, ,ud> ‘ f: R — R uniformly continuous, y € M1(R)})

is convergence determining in M (M;j(R)).

Proposition 4.15. (1) The sequence of random variables (Zvé\gal) converges P—a.s. when

N—>—|—ootoZ

coa

(2) The random variable Z22,, has the law 7.

NeN*
;i Mi(R) for the weak convergence topology.

Proof. (1) From the previous reminder, it is sufficient to prove that for all d € N*, for all
f : R? — R uniformly continuous, limy_s <f (Zé\ofal> > <f (Zgjal) > With an argument
similar to the proof of Proposition we obtain that for all d € N*, for all f : RY - R
uniformly continuous,

MIR) — R

Fd . d
po— (for a1

is continuous. Let d € N* and f : R? — R uniformly continuous. Now, Y., € M}(R) from
Corollary and

Fy (Ycoaz) <f, (Zcoal)d> and Fd( coal) <f7( coal)d>'
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) Ey (YOO ) P—a.s. which concludes the proof.

coal

From Proposition [4.13} limy— 400 Fu (Y

coal

(2) Let d € N*. As for all N € N* and f : R? — R uniformly continuous,

(1 22))) = [ () )
< (|(r.( coal)d_(zgzal)d>‘> (7. (2)")) - [, () )|
]y () i) = (e

the announced result follows from Propositions [4.15] (1), and [4.12] and Lemma when
N — +o0. [

The last characterisation of the probability measure 7 is suitable to make explicit compu-
tations. The next corollary give an expression of the second moment under 7.

Corollary 4.16. We have chz Ms (p) 7 (dp) = 1/~.

Proof. Step 1. Uniform bound in N of E (Mgk- (Z

coal

As]lelg*]E <<]1d|2k Zcoal>) < 0.

Let N € N*. From Proposition (1),
2k 1 al v 1 al v - 7100
(<’1d‘ Zcoal>) =E| E N Zl Ui — N Zluj (Tm£)1<m,£<N 7Tcoal
i= j=

. 2k o Yo
_E (IE ( 3 ‘<Tmﬂ)1<m o ,Tcoal>) .

From Propositions and we obtain that

N2k ‘o 2k) /e 2k)! <o
E (E ( ’U{V‘ ‘(Tm,f)lgmlgN?Tcoal)) = (Qkk)‘E (E?zk) g (]{Z')E <( coal)Qk) < oo,

and the announced result follows.

)) In this step, we want to establish

2k

1

Step 2. Convergence result of E <M2 (Zcoal)) to E (Mg (Zcoal
N e N*, M € (0,+00),

‘E My (Zcoal)) E (M2 (Zcoal))‘ < (A)N,M + (B)N,M + (C)N,M7

)) Note that for all

where

)

(A)NM - ‘E M, (Zcoal)) (<’1d‘M7Zcoal>)
(B)NM - ‘E 1d|M7 coal>) —E (<|1d|M’ g(?al>>’ s
(C)NM - ‘E 1d|M ) coal>) E (MQ (Zcoal))’ :
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From the inequality {id2 ‘ 3 \[M 1d| then the HOLDER inequality, we obtain that

. 2 2 3
(A)N,M < E(<|1d2 } coal>) < 3\/§M (<’1d| coal>) < 3\/§M]E <<1d4 Zcoal> )

From Step 1, we deduce that for all N € N*,

A < 5oz (14 s B (4 21)) ) < .

In similar way, we obtain that for all N € N*, (C)y ), < Wﬁ (1 +E (<id4, Zé?az>)) where

E (<id4 Zé’fjal>) < oo from Corollary 4.14f (1). By the monotone convergence theorem, we de-
duce that for all N' € N*, E (M; (Z2,) ) = limy 1o E ((Jid[3,, ZY,,) ) and E (M (25,,)) =
limy/ 100 E (<]1d|?w , ngal>) From Proposition|4.15} for all M € (0, +00), imy— 100 (B) v 3y =

0. From classical analysis techniques, we deduce that limy_; 40 E (Mg (Zcoal)) E (Mg (Zcoal))

Step 3. Conclusion. Note that for all N € N*,

N
M <Zcoal) = <1d2 coal> ]1]— Z QTL7,2 N2 [Z Z ﬁlﬂ]] '

i=1 i=1 1<i<j<N

From Proposition .11} we have for all i,j € {1,---,N}, E (i) = E (E (uu]’kN>) -

E (ng’al — Tm) where Tij is an exponential random variable with parameter «y if i # j. Therefore
E (M2 (Zégal)) = NT X3 . By Step 2, we deduce that E (Mg (Zcoal)) = 1/~ which completes
the proof.

5 Proof of Theorem [2.3

We divide the proof of the main result into 7 steps, each of which will constitute a subsection
(Subsections to . We recall that the aim of this proof is to prove that the law P£V¢

T_ (id, >ﬂl/

of the process (Zt)y;<p defined by
vt > 0, Zy =T _(a,yn i Ye,

under PV for v € M3(R) is solution of the martingale problem . We will start by consider-
ing the case with test functions F, g € €;*(R, R) and we will prove the extension to F' € ¢%(R,R)
and g € ¢2(R, R) in Subsection In (8)) there are essentially two types of terms: (id, ¥; — Ys)
and <g(j) O T_(idy,)> Yt — Ys>, j €40,1,2}, s < t. In Subsections and we prove that the
two previous quantities admit a DOOB’s semi-martingale decomposition. In Subsections [5.3]
and we handle all the terms in involving respectively the first and second derivative of
F. In Subsection we deal with the different error terms involved in . Finally, in Sub-
section we prove that the martingale involved in is square integrable and we establish
the relation . We conclude in Subsection and by proving a technical lemma used in
Subsection (5.2
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5.1 Doob’s semi-martingale decomposition of (id,Y; — Y;), s <t

In , M(g) is well-defined only for g € €2(R,R). The expression makes sense for more
general functions g. The goal of this subsection is to prove that, for any k € N, M4 (idk) is

the martingale part in the DOOB semi-martingale decomposition of <idk, Yt> In particular,
(id, Yy = Yinnr) = MY (id) — Mis, (id), s >0 At

is a PIV —martingale.

Lemma 5.1. Let v € M;(R), possibly random and let P, be a distribution on Q satisfying
and such that Yy is equal in law to v. Let T > 0 and k € N fized.

(1) IfE <<|1d|k , l/>) < 00, there exist two constants Cy, r, ang > 0, such that any stochastic
process (Yi)oc < whose law Py, satisfies

(a) sup E ((lid|*,vs)) < Crr (L+E ({Jid]",v)))

te[0,T

—~ o
sup (Jid|*,Y) > a) < Cur (L4 E({fid ”’>))‘
t€[0,T

(b)  VYa>0, IP’,,(

(2) IfE (<\1d|k , V>) < 00, the process (Mtid (idk))0<t<T defined by

M (id¥) = (id",v;) — (id*, vp) — /Ot <k(k_1)id’“‘2,Ys> ds,

2
s a continuous P,—martingale. Moreover, E (<|id|2k , V>) < 00, (Mid (idk))o<t<T s a
martingale in L? () whose quadratic variation is given by
. t 2
id (: 3k _ - 12k [k
(4 (1)), =29 [ [0, ) = (ia*,v2) ] s
Proof. The proof is similar to that of Proposition [2.11 O

5.2 Doob’s semi-martingale decomposition of (¢ o7 ;qy,),Y; —Y;), s <,
j€{0,1,2}

Equation (8) involves terms of the form <g(j) o 7'7<idY >,Y2n+1/\t - Ytﬂ/\t> with j € {0,1,2}.
[REILYN * N

We wish to express, each of these terms using the martingale problem . However, this leads
us to consider quantities of the form

id () _ agid (4)
M?+1/\t (g OT_<id7}/t7.l/\t>> M?/\t <g OT_<id’Y“’M>> ()

39/74



with j € {0, 1,2}, which are not well defined at the moment. Indeed, in the input argument
is a predictable random function of the process (Y;)<;<p While the martingale problem
defines M}4(g) only for deterministic functions ¢g. Lemma hereafter, allows us to give a
precise meaning to by extending the well-defined character of the martingales of to
predictable input arguments. The proof of this technical lemma, given in Subsection is
based on regular conditional probabilities.

Lemma 5.2. Let t* € Ry be a deterministic time and h : Q — €Z(R,R) be a measurable
function satisfying the following property:

Vw,w' e Q, h(w) = h(w') if Wy = w|’[ .

0,t*] 0,t*]

Then, the following process defined, for allt € [0,T], by
M, (@) == My (h (@) (@) = M{j (h(@)) (@)

is a PEV(d@) square integrable martingale whose quadratic variation is given by
t

M@)y =2y [ [(B@.),5) — (h(@s),5)°] ds.

tAL*

Lemma with t* = t allows us to assert that is a PV (dY)—martingale increment.
Thus, we obtain for j € {0,1,2}:

() n —Yin
<9 OT_<idtht>aY1£i+l/\t Y;ti/\t>

LAt 1

- = { g+2)
B it AL 2 <g ! ° T_<id7Yt;l/\t>7

YS> ds (34)
id () i (o0
M (g ° T<id7YtMt>) BN <g ° T<id,th>>

. . d . . v .
where (M;/\t <g(1) o T_<id7}/t?/\t>) - Mt‘?/\t <g(3) o T_<id’Yt?M>))s>tn is a PI'V square integrable
martingale satisfying for all s > ¢7', '

<M'i/(3t <g(j) ° T_<id7}/i?/\t>) B Mg?“ (g(j) ° T—<id,Yt?M>>>s
SAL ) 2 0 9
=2y AL K(g I o T_<id,Yth/\t>) 7Yu> - <g 7)o T—<id,Yt?M>’ Yu> ] du.

5.3 Expressions of the terms of involving F’

(35)

In the rest of this proof, we use the following notations to simplify the writing. We denote for
all s > 0, R(s) := (id, Y5). We assume that F, g € €;}(R,R). Our goal is to prove the following
lemma;:
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Lemma 5.3. When the mesh of the subdivision 0 =t <t < ... <ty =T of [0,T] tends to
0 when n — +00, we have the following convergence in probability

Pn 1 "
lim (A) —/ F' ({g,Zs)) <<g ,ZS> +'y<g",Zs>M2(Zs) — 2 <g’ x id, ZS>) + Marty,

n—+o0o 2
iz

where (Marty )y, op 5 @ PEYV —martingale.

The proof of Lemma is based on the following decomposition of (A), (given by the
expression @D) and using the DOOB semi-martingale decomposition of Subsections and
We have

(A), = 26: F' <<g © TfR(t?/\t)7Y%?/\t>) (A)f
k=1

where

1 At 1

(A= fo 28007l Y2 0

(‘A)z2 Mt” LAt (g o TfR(t?/\t)> - Mti?/\t (g o TfR(t;L/\t)) )

(A)? [Mt” e (id) — ”/\t (1d)} <9l © T,R(t?/\t)ay;t?/\t> )

(A);1 [Mt" ae (id) — Mti?At (id)} [Mti?H/\t (9, ° T_R(t;z/\t)> - Mti?/\t <9/ o T_R(t?m)ﬂ )
(A)] = 5 [Mi 0 () = M8, )] (" 0 7). Vi)

(A)i (|tl+1/\t—t”/\t| ‘ " /\t(ld) - ”/\t(ld)‘)

Note that we used the following inequality
tf_‘_ll\t 1
~{g® > < ‘ (3)” n o Vo
/t,;w 2 <g °T_R(ipat) Ys) 45 < |9@||_ (o nt—trat) PIY —as.

to bound the term [Mti%l (id) — Mtlydl(1d)} tﬁj\}f/\t i <g(3) © T_R(imnt); YS> ds by (A)?. Our goal

in the sequel is to write each of these six quantities as sums of finite variation terms, martingale
terms and negligible terms and to study the limit of each of them.

5.3.1 Decomposition and study of (A);
Note that, for any i € {0,--- ,p, — 1},

’L+1

t?+1
(A)zl = /t 5 <9N O T_R(s)s Ys > ds + <g °T_R(trt) T S T_R(s) YS> ds.

DAL AL
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As a consequence of RIEMANN’s sum convergences and using that s — (g” o 7_p(,), Ys) is
continuous, we obtain PXV —a.s., and therefore in probability that

pn—1 At
: E : / i+l ‘% "
ngr—ﬁl:loo =0 F (<g ° TﬁR(t?At)’ Y;le/\t>> /tzn/\t 2 <g ° T=R(s) sz> ds

1
— [P (g0 no. 1) 3 " 07 oY) ds

= / F' ({g,2Z < > ds.
From Lemma (2), we deduce that, in probability,

-1
P t1+1/\t 1

w2 F (9 ™ty Yiors)) / (9" ") =90 Ty Vi ds =0

5.3.2 Martingale contribution of (A)? and (A)?

Note that
pn—1

2" (907 nezey Yeron) ) (A3,

is a stochastic integral with respect to the square integrable martingale (M Sid(id)) Since

0<s<T"”
F' and s — (g’ o 7_p(s), Ys) are bounded, we deduce that

pn_l

i 32 ({0 7 np Yiens) ) (A)]

is PV —martingale. The term
pn—1 )
M? = Z F <<goT—R(t?/\t)’}/t?/\t>>(A)i
1=0

is a stochastic integral with respect to a martingale which depends on n. However, the same
argument as above applies because (M7))<,<p is bounded in L?(9), hence uniformly inte-
grable. This can proved as follows: as F’ is bounded and from Lemma there exists two
constant Cy,Cy > 0 such that

E (M%) = zo E([# ({90 _ngny Yin)) A7)

pn_]-
<O <Mid (QOT_R . )—Miﬁlm <QOT_R , )>
l;) (trAt) ! (trAt) £ At
pn—1
SAyC1Cy > (th A=t AT)
i=0
= 4’}/010275 < Q.
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5.3.3 Contributions of (A);1 and (A)Z5

The contribution of the next two terms corresponds to the terms due to the centering effect in
the martingale problem .

Study of the term (A)?. Using IT0’s formula and the relation (5), we obtain that
(A); = (M) + (M) + (A
where

REETAL S id i
(W) == [ (M) = M ()] M (o 07 )

TAL

" Nt

42 i+l i i id (s
W == [ [ (o o) = Mt (907 nnnn)| 42 G,
2, AL

(A)S = —2y Kid x g o TﬁR(tm),YQ ~id, Y,) <g’ o TfR(t?M),YSH ds.

thAL
Using the same arguments as for (A)?, we deduce, in probability, that for k € {41, 42},

HEIEoopi%l F (<9 © T—R(t;ﬂAt)th?/\t» (A);

is a PZ'V —martingale. Moreover, we decompose the integral of (A);13 in the following way:

(A)F = (M) + (M) + (A)

where
431 _ et / o /
(A);” = —2v idxg o T_R(trAt) id x ¢’ o T_pg(s), Ys ) ds,
AL i
A
432 T / o
(A7 =2 AL {id, ¥) <g °T-R(s) 9 ° T*R(t?m)’y"’> ds,
433 _ Bant / s /
(A)z - 27 in at [<1d X g o TfR(s)v Y;> <1d7 }{9> <9 % TfR(s)a }/:9>:| ds.
Using Lemma we deduce, in probability, that for k € {431,432},
pn—1

. ’ k
w2 F (o0 7 gepmey- Yo ) ) (A); =0,
7=
and we deduce from the convergence of RIEMANN’s sums that, PV —a.s. and hence in proba-
bility,

pn—1
: / 433
Hm z:o F (<9 © T—R(t?/\t)7n?/\t>) (A);

1=

t
= *2’7/0 F' ({90 7_R(s), Ys)) [(id x ¢’ 0 T_p(s), Ys) — (id, Ys) (g 0 T_R(s), Ys)] ds

— 2y /Ot F' ({9, Z)) (g x id, Zs) ds.
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Study of the term (A)l5 As (A)Z5 satisfies the following decomposition:

(A)? = ( [ Taastca) - v o] aneia

n AL
it : 2 1"
b [ G, Y2) = .Y ds ) (" 0 m_pppey Vi)
oA 1

and proceeding as for (A);l above, we obtain, in probability, that

pn—1
e Z F' <<9 O T_R(tnAt)? Yt”At>> (A); = 7/ 9> Zsnt)) (9", Zsnt) Mz (Zspt) ds+Mart(V

where (Martl(t ) is a PEV —martingale.

)ogth

5.3.4 Study of the error term (A)?

From the inequality: for all z,y € Ry, zy < %(mg + y3) and Lemma |A.3] we deduce, in
probability, that

pn_l

lim ZO F <<g O T_p(inne) th>) |2 At — 2 A ’ i palid) - n/\t(ld)‘
2||F/|| pn—1 Pn—1 y 3
< lim e Z At — A2 Z ‘ 3 At(ld)—Mt‘?M(id)) —0
1=0
and this completes the proof of Lemma [5.3] O

5.4 Expressions of terms of involving F”

From the expression of (B),, we have

5
1 k
(B)z = Z §F” <<g © T_R(t?/\t)>n?/\t>> (B)7, )
k=1
where
1 2 2
(B); = <9 ° T,R(t?/\t)thlHAt> — <9 o T,R(t?/\t),Y%yAt> ;
(B) <g oT R(t"/\t) }/t?/\t> |:<g © T—R(t?/\t) }/tz-kl/\t - <g o T_R(t;l/\t)7}/t?/\t>] ’

(B) [Mt” a(id) — t”/\t( d)} ’ <9/ o T,R(t?/\t)y Yt;b/\t>2 )
(B)! = - / U 0 aney Yo ds [ME 160) — MEGQ)] (o 07y Yiene).
(B) [ tlg A (9” © TfR(t?/\t)) - Mtig/\t (9” © T—R(tn/\t))]

[Mt" ae(id) — Mt"/\t(ld)} <g' o T_R(t;t/\t)7Y;t?/\t> .
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As in Subsection we treat each of the previous terms successively to prove the following
lemma:

Lemma 5.4. When the mesh of the subdivision 0 =t <t < ... <ty =T of [0,T] tends to
0 when n — 400, we obtain in probability that

pn—1

lim Z (B)z = 7/0t F" (<g7 ZS>) [<92725> - <ga ZS>2 + <gla Zs>2 M2 (Zs)
0

n—-+4oo *
1=

~2(g, Z) (g x id, Z,)| ds + Mart,

e . FV .
where (Martt)0<t<T is a P, Y —martingale.

The proof is similar to Lemma we use the martingale problem (4f) to write

1 t;-rﬁrl/\t 1 "
(B); =2 AL <g ° T_R(t?“)’ys> 2 <g ° T—R(t?“)’YS> ds
BT, )
2 Jin (07 gy 5) = (907 auony 1) ] 0

2 id2
+ M£?+1At (9 © TfR(ty/\t)> = Mgzny (g ° T*R(t?/\t)) ’

RTAL |
(B) = <g °T-R(tpnt) Yt?“> /t 2 <g” °T_R(tpAt) Y5> ds

i\t
id
=290 () Yiene) [ME, e (9 riepney) = M (99 7)) ]

and we obtain that, in probability,

38 (0o g 1)) O

_’Y/ F" ({9, Z { <%7Zs>+’7 (g Zs) — (g, 3)2}}d8+@£1),
pn—1

A 2 P (o0 Yon)) ()

1! (2)

t
= [ P"0.2) (0.2 (%, 2,) ds + Nart,”,
0

Pn—1

G Z i (<g ° T_R(1nAt) Yt”/\t>> ((B)! + (B)] + (B)?)

— fy/ F"({g,2Z <g', Zs>2 My(Zs)+(g', Zs) (g x id, Zs>) ds + Martig),

where <Mart£3)) , 7 € {1,2,3} are PV —martingales.
0<t<T
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5.5 EFError terms

In this subsection, we examine the different error terms involved in the approximation .
From Lemma we deduce that, in probability,

pn_l 3
lim Z ‘<id’Yt?+1/\t_Yt?At>’ = lim ‘ t" /\t "/\t(ld)) =0.
0

n—+oo - n—-+4oo A
= i=0

Using the relations and , we deduce for any k € {0, 1,2},

pn—1 3

>

i=0

k
<g( Jor (i)’ Yin At — Y;S;l/\t>

n—1

< max (; Hg(k)H3 ,4> pz:o <|tz+1 ANt —t7 /\t{

’ t" WAt ( ° T—R(t?/\t)) My, ( "o T—R(t?“)> ‘3> '

Hence,
pn—1

2

=0

3
=0

(k) n np — Y
<9 07'7<id7me>,Yti+1/\t Y;ti/\t>

in probability. Combining all the previous results, we deduce that is a martingale for all
F,g € ¢}(R,R).

5.6 Extension to test functions F € ¢*(R,R) and g € ¢*(R,R)

For all g € 42(R,R) and for all t > 0, we have (g,Y:) € [—||gll s llglloo], S0 we can assume
without loss of generality that F' € 62(R,R) in the martingale problem with X; replaced
by Zi. Let F,g € ¢2(R,R). Then, by density arguments, there exists (Fy),cx» (9n)nen €
EHR, R)N such that for all ¢t > 0, for all i € {0,1,2}, we have P,—a.s.

g M= o0 gpa EO ey po) (36)
n—-+o0o n—-+o0o

For all n € N, for all £ > 0, Mt (gn) given by the martingale problem is a P,—martingale.
Let T' > 0. Note that, there exists a constant C for all n € N, for all ¢ € [0, 7] such that

— — T
55 )~ V@) < 0 (14 [ Ma(zas).
Thanks to Proposition and the dominated convergence theorem, we have for all
t € [0,77,
im B (|32 (9.) - 3 (9)]) =0,
and ]\ZF (g9) € L} (Q) Then, using the dominated convergence theorem for conditional expec-

tation, we obtain that (]\ZF(QD is a P, —martingale.
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5.7 L?’-—martingale and quadratic variation

As (‘]\ZF(Q)>0<7:<T is a P,—martingale for F € ¢*(R,R) and g € %2?(R,R) we deduce that
ATF N2 iF

(M (97 = (M), ),

sequence of stopping times (7,),,cy satisfying lim,, ; yo 7, = +00 such that for all n € N,

E (J\ZFAM (9)2) =E (<M\F(g)>t/\rn) ’

We apply ITO’s formula to compute F? ((g, X;rr,)) from DOOB’s semi-martingale decompo-
sition of F' ({g, Xirr,,)) and apply the martingale problem to test functions F? and ¢ to
deduce at time t A 7,. By FATOU’s lemma, letting n — +o00, we deduce that

B (1 0?) <5 (7T @),) < .

This ends the proof of Theorem [2.3]

is a P,,—local martingale. In consequence, there exists a increasing

5.8 Technical result for Lemma [5.2]

As the filtered probability space (€2, F, (F;),5¢) is Polish (Subsection , we deduce from [29,
Theorem 3.18] there exists, for all v € M1 (R), an unique family (Q,,),,c(, of regular conditional
probability of PV given F;» and a PLY —null event N € Fy= such that for all w € Q\ N,

@w({weﬂ‘ @t*—wt*})—l. (37)

The following Theorem ensures that time shifts of regular conditional probabilities of PZV
remain solutions to the FLEMING-VIOT martingale problem . The proof of this result is
given hereafter and is based on the proof of [29, Lemma 4.19]. We introduce, for w € €, the
time-shift operator 6 defined by

[Osw], = wett, 0<t<+o0, s=0.

Theorem 5.5. Let t* € Ry be a deterministic time. Then there exists a PLV —null event
N € Fy« such that, for every w € Q\ N, the probability measure

P, (dw) := 0+ Q,, (dw) (38)
solves the martingale problem with v 1= W,

Proof. Step 0. Preliminary results. We denote by ¢%(R,R) the space of real functions of
class €%(R,R) with compact support. It is well-known that the formulation of the martingale
problem for F,g € €2(R,R) is equivalent to the one for F,g € €#(R,R) [9]. The space
€2 (R,R) equipped with the norm HfHWOQ,oo = [[flloo + If'lc + lf"llo is separable. So, we

can choose a dense countable family B C €7 (R,R), for the topology associated to the norm,
that is to say

l1-1l 52,00 [Nl 2,00

VF,g € CE(R,R), 3 (Fn)pen s (9n)nen € BY, F,—> % F g¢g,—2 g

n—-+00 n—-+00
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Hence, if we denote by Ly the generator of the original FLEMING-VIOT process, we deduce

ll-lloo

that ﬁpv(F )g —> ,vaFg.

Step 1. Reformulation of the goal. Let v € M;(R). From , it follows that
P, (0o = v) = 1 is satisfied with v := wyx. The rest of the proof is devoted to construct a
PEYV —null event Ny such that

t
Eppv [Fg (we) — Fy (ws) — / LryFg(wy)dr| Fs| =0, ]P’fv—a.s.
S

is satisfied for all w € \ Ny. This means that for all 0 < s <t < 0o, A € Fs, F, g € €2(R,R),
Vw € Q\ Ny, / (M7 (@) — MF @)] 14 @) P () = 0, (39)
Q

where

t
MF (@) = F, (@) - F, (@) - /0 Ly Fy (@) dr.
Let weQ,0<s<t<oo, A€ Fs, F,g € €4(R,R) be fixed.

Step 2. Property (39) satisfied except on a PV —null event Ny(s,t, A, F,g) € Fi.
As LpyFy € ‘"be(R, R), the random variable Mth — MsF" is bounded. Note that,

[ [ @) = M5 @) 14 3) P (42) = Bogazy ([M7 = 2] 000 @) 142, @)

= Bepv ([M ~ M) 000114 | 7 ) (@)

= EHDFV [EPFV MF } o Qt*ﬂeflA
t*

ft*+s) ‘]'—t*} (w)

= EIPFV [ 1AEPFV Mth — Mfg} 0 Oy

ft*+s> ‘}—t*] (w)

where the last equality follows from martingale property . This chain of equalities shows
that the random variable w — [, [Mth (W) — 5o (E))} P,, (d@) is null except on a PLY —null
event Ni(s,t, A, F,g) € Fi» which depends on s,t, A, F' and g.

Step 3. Property (39) satisfied except on a ]P’fv—null event No(s,t,F,g) € Fy.
We consider a countable subcollection € of Fs which generates Fs |29, Definition 3.17] and a
P, —null event Na(s,t, F, g) € Fy= such that for w € Q\ Na(s, t, F, g),

vaee, [ [M @) - M @)]P. (@) -
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Therefore, the two measures
)= [ (M- BT @R, @5) and o)== [ (M- M) @)E, @2,
A A

coincide on &, hence on Fs. Therefore, for w € Q\ Na(s,t, F,g), we have proved that for all

A€ Fy Bp, (14 [M - M) =0.

Step 4. Property (39) satisfied except on a PLV —null event N3(F,g) € Fi. We
may set now, the P2’V —null event

N3(F,g) == U Na(s,t, F,g).

steQ
0<s<t<oo

Due to the boundedness and continuity of ¢ — Mth , it follows from the dominated convergence
theorem that for w € Q\ N3(F,g)

Vs <t,VAE F, Ep, (11A [Mth - MF]) =0,

in other words, for all w € Q\ N3(F,g), (Mth ((I;))t>0 is a (Fs, Py, (dw)) —martingale.

Step 5. Conclusion. Now we define the P2V —null event

N4 = U N3(F7g)
FgeB

From the Step 4, we have for all s < ¢,

VweQ\Ny, VAEF, VFgeB,  Ep, [la (Mth - M| =o0.

From Step 0, for all F,g € ¢7(R,R), there exist two sequences (Fy,), e, (9n)peny € BY such
that

-1l 32000 -1l 52000
F, —> % F, g,—2—y, and Lpy(Fy) —M AF,.
n—+oo n—+oo 9n p—+toco

By the dominated convergence theorem, we deduce that for all w € Q, s <t, and A € F,

Ep, [14 (M/° = MF1)] = lim Ep, []1 4 (Mt(F”)gn - MS(F")"">] ~0.

n—-+0o00

which concludes the proof. O

5.9 Proof of Lemma [5.2]

By abuse of notation, we note h (w‘[o t*]) = h(w). We want to prove that for all 0 < s < ¢, for
all Fs—measurable bounded random variable Z,

Eprv (ag) ([Me (W) = Ms (w)] Z (@) = 0.
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Using [28, Definition 3.2 (iii)’] we deduce that
Eprv () (Mt (@) = Ms (@)] Z (@) = Ep, (aw) [Equ az) (M (@) — Ms (@)] Z @))] -

Thus, it is sufficient to prove that for P£Y —almost every w € Q, (M; (@))ocicr 18 2 Qu (dw) —
martingale and this is what we propose to establish in the rest of this proof.

For fixed w, the function h(w) € %Z(R,R) can be considered as deterministic. We deduce
from Theorem that there exists a PZV —null event N € F+ such that for all w € Q\ N,
(M4 (h(w)) (@) geser 18 @ Py (dD) —martingale. We deduce from [29, Theorem 3.18] that

PEV —almost every w € €,

Wi

Jt*] = wl[O,t*]’ Qw (dCNU)—a.S. (40)
This implies that, Q,, (dw) —almost surely,

My (h(w)) (0 (@) if t >t

0 ittt

= M (h (@) (B (@)

M (@) = M (1)) @) ~ Mt (h()) (3) = {

Let n € N* and 0 < s < T. To prove the martingale property for all Fs—measurable bounded
random variable Z, it is sufficient to prove it on elementary events. Then, we consider a random
variable Z of the form

Z(W) = ]]'{wtl ery, - #Utnern}

where for all i € {1,--- ,n},t; < s and I'; C M;(R) measurable. We define
Z(w,@) = ]l{wtiel_‘i,WE{l,m,n} such that tigt*}]l{wtj €l Yje{l, ,n} such that t;>t*}-
By , Z (w,®) = Z (w), Q, (d@) — a.s. Therefore, for PEY —almost every w € €,
Eq, ([M¢ = M| Z)
= Eg.az) ([M{L s (0 (@) (00 @) = M 1s (0 (@) (60 (@))] Z (@,3))
= ]l{wtieri,V’iE{l,“' ,n} such that ¢;<t*} X
Eguaa) ([Mide (b (@) (0 @) = M4 (b () (61 (@)]
X ]l{[et*(@)]t],_t*erj,we{L-..,n} such that tj>t*})

(38) i ~ i ~
! ]l{wtiEF,-,Vie{l,m ,n} such that tiét*}EPw(d@) ([Mtit* (h (w)) (w) B Msclt* (h (w)) (w)}

x Ty, ‘
{wtj_t* €l'; vje{l,- ,n} such that tj>t*}
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using that (M4, (h (w)) (@))t*<t<T+t* is a P, (dw) —martingale if the internal indicator is non
zero. Thus, for PLV —almost every w € Q, (M; (@))gicr is a Q,, (dW) —martingale which

completes the first part of this proof. In similar way, we can prove
id? . - id2 - .
M (h (@) (@) = My (R (@) (@)

is a PXV —martingale. Applying IT0’s formula to compute (h (&) ,&;)* and comparing it to
the previous result, we obtain the announced result. O

6 Proof of the results of Section [3

6.1 Study of a semi-group

In this subsection, we devote a specific study to the semi-group (T(“) (t))t>0 generated by

the operator B(™. In the first subsubsection, we provide an explicit expression of (t,z) —
T (t) f(x) and prove that it is a strong solution to the semi-group PDE associated with B(™),
by means of FEYNMAN-KAC’s formula. With the aim of subsequently obtaining fairly fine
bounds on this operator (see Corollary , we give all the necessary details. In the second
subsubsection, we give a MILD formulation of the martingale problem using the semigroup

(T(”) (t))t>0 in Proposition

6.1.1 Construction of the semi-group

Recall that we denote by 1 € R", the vector whose coordinates are all 1. For any real vector-
valued function f and g of L*(R"), we denote by (f*g)(z) := [gn f(t)g(z — t)dt the convolution
product of f and g. For any function f whose second partial derivatives exist, we denote by
Hess(f) := (Of»f) the Hessian matrix of f. We denote by %51’2 (Ry x R™ R) the space

I 7 1<4,5<n
of real functions on R, x R™ of class €} (R, ,R) with respect to the first variable and of class
%2 (R™,R) to the second variable.

Theorem 6.1. The family of operators (T(”) (t))t>0 defined as:

=

VE>0, Ve e R,  TW(@)f(zx):= / F(w)gpe (w)du, (41)

Rn
Ve eR",  TM(0)f(2) = f(x),

where th’m is a Gaussian density of N (M, $t) where Xy := Poy P~ and my == Py p-1, =

x—w(ml)l with

64(t) o ... .. 0
y1 exp (—2ynt) 0 ¢t 0 0
Y2 . . . .
Py = . and oy = : 0o . .o,
: 0
Yn
0 0 0 t
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where ey(t) := W and P is an explicit change of orthonormal basis matriz defined

in the proof below, is a semi-group of bounded operators on L (R™). In addition, for all

f € € (R"R),

(1) The application (t,z) — T (t)f(z) is of class €*(R, x R™,R) and is a strong solution

of the PDE
vVt >0, Vo e R", Ouu(t,z) = %Au(t,x) —2v(Vu(t,z) 1) (z- 1) (42)
Vr e R", u(0,z) = f(x), (43)
and
(2) VIO @) f(x) = (Qemua- (Y 05%) () iic,
(3) Vije{l-.n}, Z,TOM)f(x) = (On,mue) [(f*Hess (g7%)) (mie)0miq]
where Oy, My, = € — Ml with (€1, ,€n) the canonical basis of R™.

As we will see in the proof, everything follows quite directly from the FEYNMAN-KAC
formula, except the fact that (¢,z) — T (t)f(z) is a strong solution of the PDE up to time
t = 0. This technical point will be useful for the MILD formulation and this is why we make
a detailed proof.

Proof. In view of the operator B(™ given by , it is natural to define the semi-group 7™ (t)
using the formula of FEYNMAN-KAC: for any f € 62(R",R),

TO(t) f(x) = Eaf(X1)
where (X¢); is solution to the following SDE:
Xo =1, dX, =dB, — 2y(X;-1)1dt, X, €R", t>0 (44)
where (Bt),-, is a n—standard Brownian motion and z € R".

In Step 1, we check that this definition of 7™ (t) coincides with the one given in the state-
ment of Theorem In Step 2, we verify that (x,t) — E,f(X;) is indeed a solution of the
PDE for all t > 0. In Step 3, we treat the case t = 0. In Step 4, we prove the announced
expressions of the derivatives of T (t) f(x).

Step 1. Change of basis in the SDE (44)). We consider the orthonormal basis

(v1,-+- ,vy) of R defined by vy := ﬁ(l -+ 1)t and for 2 <i < n,

t
i—1( 1 1
i i1 v

~
i—1 terms
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We denote by P the change of basis matrix from the canonical basis to the orthonormal basis
(v1, -+ ,vn). We define for all t > 0, Z; = P7'1Xy, ie. Z; := (Zt(l),~~- ,Zt(n)) where for all

ie{l,---,n}, Zt(i) := (Xt -v;). It is standard to check that W, := (Wt(l), e ,Wt(n)) where

forall i € {1,--- ,n}, Wt(i) := (B¢ - v;) is a n—standard Brownian motion and that (Z;) is
solution to the SDE

azV = awM —2ynzMat,

. . 45
dZt(]) = th(])7 ] € {27 e 777’} ( )

Zo=y=P lx, {

All coordinates in are independent and solve a one-dimensional SDE whose solution is
explicit (ORNSTEIN-UHLENBECK for Z(1), standard Brownian motion for Z(®) i > 2). It follows
that Z; is a Gaussian vector of law N (uy ,, 04). Therefore, for any t > 0 and all y € R™, Py,
has a density with respect to the LEBESGUE measure on R" given by:

n

_ 1 (21 —yrexp (=2mt)” 1 o
N ( extt) —%Zw—yf)- ()

j=2

Since, X; = PZ;, we deduce that for all x € R™ and for all ¢ > 0, X; follows the normal
distribution N/ (™ (my,z, Xt), with density

x  z 1N 1 B (r— mt,x)tzgl(r — My )
Falr) = Spte (P 17“) a (27r)% det(X;) P ( 2 ) ' )

Hence, E, f (X;) coincides with ([41).

Step 2. T™(t)f is solution to (42) on (0, +00) x R™. Without difficulty we verify that
for any y € R™, ggy satifies the following FOKKER-PLANCK PDE:

1
Vt>0,Vz R, Oigl,(2) = 5Ayggy(z) — 2yndy, g7, (2)- (48)

We deduce from that

Vy € R, Vr € R™, Owgty, (P7'r) = 0ig;p, (1),

n
and, for all y,r € R™, 8yigfy(P*1r) =Y Pki(?xkgfpy(r). In particular,
k=1 ’

By g2, (P 1r) (Vagitpy(r)-1).

1
=7
In an analogous way, we deduce that

n
Aygﬁy(Pflr) = Z Z PkiP@iagg,mng(Py(T) = Aﬂﬁgg,(Py<r)7
i=1kt=1
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because P is an orthonormal matrix. From and since (P*lac)1 = (L\/%), we deduce that

the density gfx satisfies:
vVt > 0,Vx € R",Vr € R", 8tg§x(r) - %Azgﬁc(r) +2y(x - 1)Vygi(r) = 0.
Now, the fact that for all f € L*(R",R),
T f (@) = [ F0)g ()

n

is ‘5;’2 ((0,400) x R™ R) and is a solution of on (0,400) x R™ follows from the theorem
of differentiation under the integral sign. Note that, if f is continuous,

TO()f(x) = Eof (X0) — ()

by the dominated convergence theorem which leads to (43)).

Step 3. Verification of (42]) up to ¢t = 0. Assume that f € %bz(R”, R). This is equivalent
to prove that for all z € R”,
e F)g(w)du — f(@)

li
t—0 t

1
= JAS() 2y (V) 1) (1)
Let be z € R™ fixed. Using TAYLOR’s formula we obtain that
[ S w)du = (@) = (A), + (B), + (O,
where

(&) = [ (=) V@) g udn, (B), = [ (u— o) Hess (@) - a)gil(w)da,

(©), = [ Rolu)gil(w)du
where R, (u) := o0 (Hx - qu) As g,i(x is a Gaussian density of N (my,, %), where
(x-1) 1

Tn X % o —27y(z - 1)t, (19)

Vi e {17 T ,Tl}, (zt)m t::O t,

r —myy = (1 —exp(—2ynt))

it follows that

(A), = (Vf(2) - [miz —a]) = — (Vf(z)-1)(z-1).
1

(B), =5 [ (w=mu)' Hessf(2) (u = me.s) % (u)du
+ % (x — mm)lt Hessf(z) (x — myz)

(1 — exp (—29ynt))

n 2
= L3 B, @) (S0 + (1 exp(-29mt))? 1 s (a1,
=1
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Therefore,
L (), + (B),
t

t—0

1
==2v(Vf(z) 1) (z 1)+ SAf(z).
Now, it remains to manage the (C), error term. Note that,

2
e flu— a3
201 flloe + IV o 1 =
1
+ 5 [Hessf (@) llu = o]l

Ve > 0,3a > 0,Vu € B(z, ), | Ry (u)

| <
Vu € R"\ B(z, a), |Re(u)| <

Let € > 0, « > 0 and to > 0 such that for all ¢ € [0,%], ||z —m¢z|, < §. Let t € [0,%0].
Separating the domain of integration of the integral of (C), into B(x,a) and R™\ B(z, o), it
follows from the YOUNG and previous inequalities that there exists a constant C' > 0 such that

(©), < [ flu-alg wdu+C (1 + ffu— 2113) 67%, (w)du

R”\ B(z,x)

T,a

n
<23 (S0 + 2+ C) ||x—mt,z||§+2C/Rn\ ( )(1+|\u—mt,x||§)g§;(u)du
1=1

Now, for the choice of v and then the MARKOV inequality, we obtain that

4
Lt [lu = mia s XdeU<<1—|—)/ u—my g5 g% (w)du
/R"\B(m,a)( | b Hz) 9o () a?) Jro\ B(mi.,2) I tally 9w (1)

)

4 Jan llu—mezlly g% (uw)du
< 1+7 a4
@ (%)
16m
St at ( aQ)Z/ uz— (meg ) gt‘r( Jdu.

Asforalli e {1,---,n}, the fourth moment of a random variable of law N (0, (X¢),;) is smaller
than 3 ()2, it follows from that there exists a constant C' > 0 such that
C -
(t)t < 2en +eC

for ¢ small enough and then the conclusion.

Step 4. Expression of the derivatives of T("(t)f. Noting that for all u € R",
gtvx( u) = gw( — my ;) and using the symmetry property of this density, we obtain that

TV f(w) = (£ 5 97%) (mea):

By the chain rule formula, we deduce the properties (2) and for all 4,5 € {1,--- ,n},

83 xj (n) (t)f<$) = (8:ijt,z)t [(f * Hess (gi),(o)) (mt,a:)amimt,z}
+ (8§izjmt,$ . (f % Vgi(o) (mtm)> .
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Now,
Oyt = Oy, Pty p-1, = € — (1 — exp (—=27ynt)) (P71, Per.
The property (3) follows. O
The following corollary is useful for bounding the dual process in the next subsection.

Corollary 6.2. Let f € €*(R",R). We assume that there exists a constant Cq > 0 such that
for all x € R™,

@) <O (1+]|2]3").

Then, for allt > 0 and x € R"™, there exists two constants Co(t,n) > 0 locally bounded on
Ry x N and C3(t,n) > 0 locally bounded on (0,+00) x N such that

Co(t,n) (1 + |l=[13")

(1) ROV
C(t,n) (1+ [lll3")

(2) H(Hess (gt)’(o) * f) (M)

<
<

Proof. Step 1. Proof of (1). From and (47), note that for all z,r € R", t > 0,
gtm( ) ]*lgt [P 1a:] ([P_lT]j)a where

2
Z 1 [21 — y1 exp (=2ynt)]
z ————exp | —
2
70 1 [zj — ;] .
) = _ , c 2, ceey .
Giryy (%) o P < 57 jeAd n}
Since || Pz||2 = ||z]|2 for all z € R™, we also have
L s du= [ 18 gfpmr, 0z,
Hence,
2n X d <n 1 2n z(1) d n—1 E () 2n
R" Hu||2 gta: U n Z H 9y P 133] Z] zZ=n Z [ } .
=1 j=1
Classical moment bounds for Gaussian random variables show that E (GQ") < C(n)t?™ for

~ N(0,t) and C(n) > 0. Since e4(t) <t and using (50), we deduce that there exists two
constants C1(n) and Cy(t, n) such that for all i € {1,--- ,n}

(1) <Gt (97 +2) < o (14 )

The result (1) follows.
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Step 2. Proof of (2). Now, we want to control, for all i,5 € {1,--- ,n},

‘((Hess (gffo) * f) (mtx)> < Ch(n) /]R”

For all k € {1,--- ,n}, we consider:

2
y O, (1) (1+ mes = 1)

o= {40 1 43

From , we deduce that for all i,5,k € {1,--- ,n}, for all t > 0,

0 (1)) =~ T P oy

Vi(2) Lo
i P~ (P! i P 1r 2 k _
%9t (P7'7),) = : )X]Z(Et) : <( Vk(t))k - 1) gt ((P7'7),).

Hence, for all 4,j € {1,--- ,n}, for all t > 0,

(P_l)kj (P~ ((Plr)2

A0 AU 1) fio (")

(P1),, (P,
Vie(t)Va(t)

2

O

(P_lr)k (P_lr)egi),(ﬂ (r)

Noting that for all 4,7,k € {1,--- ,n},

(P7)

< 1 and |(P‘1r) <nllr|s,

ij k|

Imee = rl3" <227 (Jlrl3" + 227" (2 = exp (~2yni)) ||21l3")

we deduce that for all ¢,j € {1,--- ,n}, there exists a constant 53 (t,n) > 0 locally bounded on
(0, +00) x N such that

J.. 1%
R

TiT;
o [ [ (I ) e (R ) (LT g
e Caw ; ; e4(t) t 2

X gig(r) e —rll3" dr

< Ca(tym) (1+ lll3") -

g ()| It — 73" dr

The announced result (2) follows. O

6.1.2 MILD formulation

In this subsubsection, we establish the MILD formulation associated with the martingale prob-

lem .
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Proposition 6.3. Let (Xt);5, be a stochastic process whose the law P, is solution to the
martingale problem (| . with initial value p. Then, for all f € €2(R™,R),

n

(T™ (tg — 1) £, X]") / (@i, T (to — )£, XJ71) = (T (ko — 5) £, XI') | ds
Hz;i
—'y/ Z Z K,JT to—s)f,X;‘+1>ds
0 i=15=1

is a P,— martingale for 0 <t < tg.

Proof. Let tg > 0. Let u,v,w : [0,f] x M{?(R) x © — R be B([0,t]) ® B(MTQ(R)) ®
F—measurable defined by

d ’LL(’I", /’L) = <T(n) (tO - T) f? :un>7 i U(Tv /L) = <8tT(n) (tO - T)fv Mn>a
o w(r,pu) == Lrye, <T(") (to—1)f, u”>.

The expected result is a direct consequence of a version of Lemma 4.3.4 of [25] where we replace
the assumption of boundedness on w by an assumption of domination. Hence, we need to check
the following assumptions of this lemma:

(i) The process (u(t, X)), is (ft)»o —adapted and the processes (v(t, Xt)) ;>0 and (w(t, Xt));q

are (‘%t)po —progressive. These properties are standard in our case.

(i) The functions u, v are bounded on [0,%] x M$*(R) and there exists C' > 0 such
that for all t € [0,t0), for all p € M$*(R), w(t,pu) < C(1+ My (p)) where we recall that
Ms(pn) = <1d2,u>

(iii) The function p — v (¢, u, w) is continuous for fixed ¢ and w.

(iv) For all tyg >ty > t; > 0,

E (u(tg,XtQ) —u(ty, X4,) ft) : (51)

. t
ft1> =FE (/ ’ v(s, Xy,)ds
t1

ft) —E (/tIth(tl,Xs)ds ft) (52)

(v) The process (X¢);- is right continuous (here, it is continuous) and

and
E (u(tl, th) - u(tla Xt1)

lim E(jw(t — 6,X;) —w(t, X)) =0,  to>t>0. (53)

4)0_5_

Step 1. Verification of assumptions (ii) and (iii). From Theorem for all f €
C2(R™,R), (t,x) = T (t)f(x) is bounded on [0,to] x R™. The boundedness of u follows.
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Moreover, as (t,z) — T (t) f(z) is solution of the PDE , we obtain for all r € [0,¢o] and
1€ MY (R) that

o(r, 1) = —% (AT (1o — ) f, 5"y + 29 (VT (tg — 7)f - 1) (id - 1), ™).

Since pu € MT’Q(R), the second term of the right hand side is well-defined. Using the properties
(2) and (3) of Theorem we deduce that v is bounded on [0, ] x M$?(R). In addition,
AT (tg — ) f and (VT(") (to—7)f - 1) are continuous bounded, hence p — v(r, ) is contin-
uous on M;(R) for the topology of weak convergence. Now, using , , , and
Theorem (2) and (3), note that for all r € [0, o] and p € MS*(R), there exists a constant
Cy > 0 such that,

n

w(r,u) = QT (to =) fu") +7 D (KiyT™ (o —r) fon™*)

=1

+7 Zn: (@ T (to = 1) f, 577" = (T (80 = ) f,17) ] (54)
=1
j#i

< Cr(1+ M (p),
where the bound M (p) comes from Kj;.

Step 2. Verification of assumption (iv) and (v). Let t2 > ¢; > 0. On the one hand,

to to
u(ta, Xp,) — w (b1, Xp,) = <— atT<n>(t0—s)fds,Xg> :/t v (s, Xy,) ds
1

t1

and the relation follows. On the other hand, as the martingale problem classically
involves the martingale problem [22], we obtain that

u(ty, Xip) = ulty, Xe,) = (T (to — t1) £, X1, = X7
= | Lrve (TM(to—t1)f, X7) ds
+ MY (T (tg — t1) f) = M (T (tg — 1) f) .

The relation follows. Finally, from (54), Proposition and the LEBESGUE dominated
convergence theorem, we deduce the relation . O

6.2 Proof of Lemma [3.5]
Recall that, our goal is to prove that the stopping time 6, defined by

VkeN, 6, :=inf {t >0 IM(t) >k oor 3selo, (&,X1Y) > k:}
satisfies limy_ oo Op = +00, P, ¢)—a.s. With u € MT’Q(R) and & € ‘Kf (RM(O),R). Before to

prove Lemma[3.5] we introduce the following lemma, whose proof will be given at Subsubsection
We denote by S; the number of jumps of the process M on the time interval [0, ¢].
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Lemma 6.4. If & € 62(R",R) then there exists a finite function C(t,n) on Ry x N locally
bounded non-decreasing in both variables such that for oll T > 0,

Vt € [0,T), Vo € RM®) ()| < C(T, St) (1 + H13||§ST) -

The bound obtained above will only allow us to show that 05 — +oo P(,¢)—a.s. under
the assumption that the initial condition Xy has all its finite moments. The following remark
shows that we cannot expect that 0 — 400 under weaker assumptions on the initial condition.

Remark 6.5. Let & : z — sin(z) € €2(R,R). Let us assume that <\id|4,u> = 400 and &
successively jumps at times 11, To and T3 with respective jump operator Kq1, K11 and ®13. If
we denote by 112 := T2 — 71, straightforward but tedious computations give

&n(z,y) = K11T(1)(Tl)§o(az,y) = —exp (—64(271) — 477'1> sin (z exp (—2771)) >

and
57'2 (.’L’, Y, Z) = KllT(Z) (TLQ) 57'1 (x7 Y, Z)

1 eq (71) exp (—4y71) (ea(m12) — T12)°
=—e — — 4y1 —exp (—4yT11) — ’ :
4 Xp( 2 T~ e (~4ym) 4 (e4(T1,2) + T12)

X Hexp(fvﬁ) (1 +exp (—4y712))° [2 (ea(T12) + 71,2) — exp (—dym1) (ea(r1,2) — T12)

+ (z[1 — exp(—4y712)] — y [1 + exp(—4y712)] )2} —2(1+ exp (—8y71) — exp (—4vy71))
— 2exp (—4y71) (1 — exp (=87712)) (ea(m1,2) — 71,2)}
X sin (eXp(;QW) [z —y+ (z+y)exp (—4771,2)]>

—2exp (—2y71) (1 + exp (—4y71,2)) {w —y+ (z+y)exp (=8y712) — vexp (—4y7i2)

_ eXp(—24")/7'LQ) (64(7'172) — 7—1’2) [—(z —y)+ (r+y)exp (—4’77’1,2)]}
X COS (eXp(_ZM [x —y+ (g; + y) exp (—4’)/7'1’2)])} 22

Note that the leading order term in &, (x,y,z) is of the form (ax — by)* 2% sin (cx + dy). Now,
oy (@, y) = ©15T) (73 — 72) &n (2, ).

If 73 = T2, we obtain as leading order term in &, (x,y) the term (ax — by)2 22 sin (cx + dy),
which is not integrable with respect to p?(dx, dy). If 73 > 7o, one can check that the leading order
term in T®) (13 — 1), (@, y, 2) is of the form Py(x,y, z)sin (Ex + c?y + gz) where Py(X,Y, Z)
is a homogeneous polynomial of degree 4 such that Py(X,Y,Z) — (aX —bY)*Z2, ¢ — ¢,
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d—d and € = 0 when T3 — To. Therefore, for t3 close enough to T2, &, (z,y) has a non-zero
term proportional to x*sin ([E+ elz+ dy) which is not compensated by another term. Hence,

<‘§T3’ M2> = 400 if T3 — 7o s small enough, for any values of 71 and To. Given T large enough,
we have proved that 0, < 73 < T with positive probability.

6.2.1 Proof that Lemma implies Lemma

Note that 0 = é\k A gk where

-~

Oy = 1nf ‘M k} and 0y, ;:inf{t>o 3s € [0, 1], <55,X£§5>>>k}.

Thanks to it follows that gk — 400 when k — +o00. In order to prove that gk — +00 when
k — 400, we rely on the control of the dual process obtained in Lemma So we need to

control <H ||§ST XM(S)> Let T'> 0 and € > 0 be arbitrary. From , we choose A(T,e) >0
such that P, ¢y (S7 < A) > 1~ §. Then, using Proposition we choose B(T,e,A) > 0
such that P, ¢, (Vk <24, Vt < T, <]id|k ,Xt> < B) >1— 5. We recall that for any m € N*,
for all z € R™, (30" )" < m"™~ 1357 | . Thus, the following inequality

S M (s S’ s .

(357, M) < M (s)Sr Z / ey T () = M ()T (107, X )
< (M(0) + A)*
takes place with probability 1 —e. Therefore, we deduce from Lemma [6.4] that for all s < ¢ < T,
(&, X)) < o(T, A) (M(0) + A)*
In particular, for k > C(T, A) (1 + (M(0) + A)* B), it follows that
Plugo) (Or > T) > Pl ({Sr < A} {VE <24, vt < T, (id*, X;) <B}) >1-=¢.

The conclusion follows. O

6.2.2 Proof of Lemma [6.4]

By mathematical induction on k£ € N, we prove the property
(Pe): Vt€[mmenl, Yo e RMO,16(@)] < Col(Tipr — mioicr - B) (14 [121137)
where Cj is locally bounded on Uyey (0, +00)* x {k}.

Initial case. For k =0, Sy = 0 and & € %(R™,R). Hence, the property (Pp) is satisfied.

Inductive step. We assume that, for k € N*, the property (Px_1) is satisfied and prove that
(Py) is also. Let ¢ € [1x, Tp4+1[ and note that M(t) = M (7). We make a partition of cases
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according to whether the dual process loses or gains.

Step 1. Case 'y = ®;; at the k' jump. In this case, M (1) = M(7;_1) — 1 and we
deduce from the explicit expression of the dual process that

&(z) = T(M(Tk-q)—l)(t _ Tk)q)i’jT(M(TkA))(Tk — 1), ().

By using expression of ®; ; and the property (Py_1), we deduce from Corollary (1)
that for all z € RM(7e—1)-1,

(I)MT(M(kal)) (Th = Toe1) &y (w)‘
< Co (T = 1, M (71-1)) Co ((Ti—l-l - Ti)lgigk_l ,k’) (1 + ”ZL‘Hg(k_l)) ,
where C3C) is locally bounded. Using again Corollary (1), we deduce the property (Py).

Step 2. Case 'y, = K, ; at the k' jump. In this case, M(75) = M(7%_1) + 1 and the
explicit expression of dual process that

&i(w) = TMT=ID (¢ — ) G TN O (1 — 7 1)8r, (2).
From the expression of K;; and Theorem (3), we have for all z € RM(Te-1)+1
‘Kiva(M(Tk_l)-i_l) (Tk - Tk—l) Ekal(x)’

= ’(a:cjmﬂrk—frk,l,f)t [(é‘rk,l * Hess (97)—2—7—,@,1,0)) (mTk—Tk,l,E)aximTk—Tk,l,5}

2
LM (14_1)+1>

where T = (xl, e ,acM(Tk_l))t e RM(&-1) | From the property (Py_;) and Corollary (2),
we deduce that

K T (7 — 1) &, (@)
< C3 (ke = o1, M (75-1)) Co ((Tir1 — Ti) i1+ %) (1 + ||37”gk) ;

where C3Cj is locally bounded. Using Corollary (1), we deduce the property (P). We
conclude by the principle of induction. O

6.3 Proof of Theorem [3.4]

Recall that (Xt)t20 is a stochastic process whose law PP, is a solution of the martingale prob-
lem ([2) with p € M({’Z(R) and (§t);~o a dual process independent of (X¢),, built on the same
probability space. To simplify, we will note P = P(, ¢,y the distribution of ((X¢,&t));o- As
o € €ERM (9, R) and for the choice of the stopping time ), given by , the set of quantities,
involved in the expectations of the weakened duality identity , are bounded.
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Step 1. Approximation reasoning. To establish the relation we introduce a
increasing sequence 0 =ty <t} < --- <t; =t of subdivisions of [0,¢] such that ¢} ; =t} +h
with h tending to 0. Note that

B (e 0 e (3 [ 202 00n) )~ (60 X))
pn—1 .
M(t?, N0 i+1/\VEk
- Z {E <<€t?+1A9k7Xt/\<§kZ—+tly+ll/€\?9k> exp (’Y/O M2(u)du>>

=0
M(t7n0 LA
—E <<§t?/\9k7Xt/\9(k1—t?I/€\)9k> xp <PY/0 M%u)du))} '

We are therefore interested in terms of the form

(s+h)NOk
M ((s+h)N0
e (e X e (3 [ ar ) )

SNy

N

(55)

—E <<53A6k7 X;‘fé:éi%& exp (fy ; Mz(u)du)> , forsel0,t—h].

It is sufficient to prove that these quantities are O (h2). The procedure to be adopted is as
follows. First of all, we consider separately the two terms which constitute in Steps 2 and
3. Then, we prove that the sum of these terms is O (h2) in Steps 4 and 5. Throughout this
subsection, in order to simplify the writing, the following notations are introduced:

tr i =t A0y, S = s A Oy, and SZ = (s+h) A by.

We note respectively 71, 72 the first and second jump times after s; for the process M. We
denote by 71 1, := 71 A0 and Ty, == T2 A 0.

Step 2. First term of (55)). We exploit the explicit expression of the dual process
and make the following partition:

(a) If there has been no jump of M on the interval [s, s}].

(b) If there was only one jump of M on the interval [sk, s’,ﬂ and distinguish according to the
events {I' = ®; ;} and {I' = K, ;} where I' is the first I'; defined by and after
Sk

(c) If there are two or more than two jumps of M on the interval [sk, SZ]
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Then

<<§h, >exp(7/ M?(u )‘f )
h Sk =
]E( gs ,X . IZ exp (7/ M2(u)du) IL{TLIPSZ} ‘ Fs,.
Sk -~
+ E ( exp ( / M2 )du) ]1{71 kgsk,rg k>sk,1" <I>”} >
( exp / M2 du) ]l{Tl p<sh o p>sh = K”} ‘ Sk

+E <<§SZ,X?Z_(2§>> eXP( /s;z M?(u )dU) ]1{7“<sh}‘ sk | -

We consider successively each term in the right-hand side.

i,j=1
i#]
M(Sk
+ Z E

i,j=

Firts term: no jump. As there is no jump on [sy, s!], we have M (s}) = M(s;,) and
Egp = TMEW) (s — s5) &, Thus,

<<§;L,X (i )>exp(/ M )du)]l{ﬁpsh}‘ Sk

= (7O (=) €0, X218 Y e (v [ M) = o (s - 1) M) (M (1)~ 1))

where we used the fact that 7 — s, given ik follows an exponential law of parameter
yYM? (s1,) + M (sg) (M (sg) — 1).

Second and third terms : only one jump. These terms are treated in an analogous
way, so we only give the details for the first one.

If there is a jump on [sy,s}] and for i # j € {1,2,---,M (sy)} fixed, T = ®,;, then
M (s}) = M(sg) — 1 and g = TM) =1 (sl — 1 1) @, T( () (74 1, — s1) €. Thus,

E<<§hX (%>>exp( / M )du) L st ot Tty f)

— <T(M(Sk)—1) (SZ _ Tl,k) q)iij(M(Sk)) (Tl,k . fsk,XM(SIZ)_1>

tlc*'sk

X exp (7 /OSk M (w)du + 7 [k — 5] M2(sg) + v [s: = mx| (M(sp) — 1)2)

o(miE)V }N—sk} .

X]l{ﬁ,k—sk<sk—8k}E |:]1{F (I)”} {Tzk TLE>SE T, k}
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Now, using that, given I' = ®; ; and o (111) V ]-'sk, To ) — 71, follows an exponential law of
parameter V(M( ) — 1%+ (M (s) — 1) (M (s3,) — 2) we deduce that

P <{F = (I)i,j} N {7'2,k — Tk > SZ — Tl,k} U(Tl,k) \/"fsk>

exp (= [(M (sx) = 1)* + (M (s) = 1) (M (s) = 2)] [s]: = 714])
M2 (sg) + M (sg) (M (sg) — 1) '

Then using that, given o (lek)\/‘ik, 11—k follows an exponential law of parameter yM? (s5,)+
M (s) (M (sg) — 1), we deduce that

( h) 2
E <<§ A, X exp / M*(u)du ]l{T1 K<l o k>l I=; ; }
= 7/ { T(M(sk 1) (SZ - 7“) <I>i7jT(M(S’“)) (r — sg) f’sk,XtM(S’;)_1> exp (7/ * M2(u)du>
k_sk 0

X exp (—2’7 (r—sg) (M(sg) —1) —~ (32 - Sk) (M(sk) —1) (M(sk) — 2))} dr.
Similarly,

E(<§h X, (h)>exp< / M%( )du) ]l{ﬁk <shmap>sh =K, ;} ]T‘sk)

sh
_ 7/ k {<T(M(sk)+1) (S _ r) Ki T (- Sk)fsk,XM(S'Z)H>
Sk

tk—sk

X exp (fy /OSk M?(u)du — 2y(r — )M (sg) — (SZ - sk) M (sg) (M (sk) + 1)) } dr.

Fourth term : at least two jumps. Note that, P ( ’.ﬁk) —a.s., Top — Tix = By,
(

where Ej, is an exponential random variable with parameter Xy (s) = ~ (M (sg) + 1)°
v (M (s) + 1) M (s1,). We denote by Ap (s3) :==~ (M (sg) + 1)? 4+~ (M (sg) + 1) M (sz,). Using
the strong MARKOV property at time 7 j, we obtain that

P (TZ,k < s ‘ -’ﬁfsk) <P ({ﬁ,k < SZ} N {7'2,k — Tk < SZ} ’fsk) < A1(sk)A2(sk) [SZ — Sk]Q-

It follows that there exists a constant C'(k) such that,

E(<§hX (§)>exp</ M?( )du)]l{T <Sh}‘ Sk <C’(k)h2.

Step 3. Second term of (55)). It follows from the MILD formulation of Proposition
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that

s Sk ~
(ol ] )
— (M(s1)) (h M (sk) o
=E <T R (sk = sk)Esis X, b >exp ~y M (u)du
k=S 0
& Sk M (sg)—1
+ ’y Z </ (<¢ ’]T( ( )€5k7th —SE—T >

i,5=1
i#]
s Sk ~
- <T( (1)) ( )Esis Xpp— S’;) T>)drexp (fy/o M2(u)du> ‘ ]—'Sk>
' . M(sp;)+1 Sk ~
+v Y E (/ <K JTMED (e X T>drexp <’y/0 M2(u)du> ]:Sk>.
,j=1

Step 4. Conclusion. Putting together all the previous equations, we deduce that

[5+h]/\9k
M([s+h]AO
2 (oo X2 e (5 [ a2 ) )

s SN0y,
—E (<£8/\9k,Xt]/\{9(kAZI;\)gk> exp (7 ; M2(u)du)>

= (A) + (B) + (C) + (D) + (E) + O(h?),

where
s M s
(A) =E (< T (s — 1) €, X . (s'f’;)>
k
X exp ('y/o M?(u)du — ~ [SZ - sk} M (s) (M (sg) — 1))
o M) Sk) g2
+9E / Z §5k,th i r>dr exp (7/0 M (u)du) ,
i,j=1
ZJ?EJ
M(sk)  gh_gy v )
(B) =E Z / {<T(M(8k)_1) (5”; — s — ?”) (I)i,jT(M(sk))(T)gsk’th,(iz)_ >
ij=1"0
i#]

Sk )— Sk
= (760 (0) @ TN ) XN e (3 [T a2 waa ) ),
s—s;c s
() = 71@(2 [ {0 (s — s =) T (g, X))
J=1

B <T(M(sk)+1) (0) K; ;TG0 (), XZ\,:[(?Z) ! >} exp (7/ ' MQ(u)du>> ,
0
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M (s)

(D) = ’}/]E Z / o M(sk)—1) (S]]; — Sk — )(pz ]T ( )Ssku tk 8 ) 1>
hj=1
i#]

X exp (—277“ [M(sk) — 1] — v (sz — sk) [M(s) — 1] [M (sk) — 2]) } dr) ,

Sk)

sh 7sk s
(E)—7E<Z [ {0 (s - s - ) K TN (g, X

X exp (—Q’er(sk) - (SZ - sk) M(s) [M(sk) — 1]) } dr) .

All these terms are O (h2) uniformly with respect to the other parameters which is sufficient
to conclude the proof. This can be proved similarly for each term, so we only give the details
for (A). We first notice that when A — 0,

(A)=E (M(Sk) (M(sp) — 1) /OSZ—Sk {<T(M(Sk)) (5% _ Sk) gsk’X;\;:[—(izl)>

<T(M k) (r)€g 0 Xy (Z’;) T>} drexp (’y /OSk M2(u)du>) +0 (h2) .

By conditioning with respect to ]Tfsk in the previous expression and using the MILD formulation
of the Proposition again we obtain that

(A) =E <exp (7 /Osk M2(u)du> M (s) (M(sg) — 1) /Osﬁsk [/t:k_s:i {

M (sg)
Z [<(I)i,jT(M(Sk)) (tp — sp — ) fsk’X{)\/f(sk)*1> _ <T(M(sk)) (t — sp — ) Eor XQJ)VI(S’“)H
ij=1
oy
M (s)
+ > (KigTMED (1) — 5, — 0)&,,, X <Sk>+1>} dv] dr) +0 (h?).
=1

Both integrals are on intervals of length at most h. Since all the quantities in the integrals are
bounded by definition of the stopping time 6, we deduce that (A) O(h?). O
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A Technical lemmas involved in the existence proof

A.1 Approximation lemma

Lemma A.l. Let p € N*, u,v € Mi1(R), F € 63 (R”,R) and g = (g1, , gp) where for each
i€{l,---,p},gi € €2(R,R). Then,

F({grom_giau ) {(gp O T—(id ) 1))
- F (<gl O T_(idv)> V> C) <gp O T_(idwv)> V>)
p
Z {akF gl O T_(id,v)> V> L) <gp ©T_(id,v)> V>) <<gk O T_(idw)) H — V>
k=1

— (id, = v) [{gr © T—(ia ) V) + {gk © T_idw)s b — V)]
1
b3 fid = v (gl o ) ) |

+ Z { 107'—(id,u>’V>u <9pOT (id,v)» ¥ >) (<9z’OT_<id,y>,M—V>

1,7 =1

X (gj 0 T_giawy, b —v) — (id, p — v) [(g} O T_(idy) V) (95 © T— (i) b — V)
+ <g; © T—(id,u)) > <g] oT_ (id,v)» m—= >
(g0 ) (60 gy ) d.n )] )]

+O(Mdu—y i:iﬂ< ﬂwu_yﬂﬁ

Proof. The general case p € N* can be proved by a straightforward extension of the proof
of the case p = 1 which is the only case that we prove. Applying TAYLOR’s formula to
goT_(du =9 (-—(id, i), we obtain

(90T iy —9°T—(idw)s 1)
= /R,u(dx) [g’ (x — (id,v)) (id, v — pu) + %g" (z — (id, ) (id, v — p)* + O ((id, v— ,u>3)}
= —(id, u—v) [(¢" o T(iap), V) + (9" © T—(idpy> 1t — 1))
—l—%(id,u—u) [(g" o T_tiapy V) + (9" 0 T_(iany b — V)] —|—O(<id,y,—1/>3).
Therefore, we deduce the following approximation:

(907 (i 1) = (90T (iaw) V)
= <g O T_(idw)s & — V> - <1d7:u - V) [<g/ O T_(idw)> V> + <gl O T_(idw)s U — l/>] (Al)

1
+5<idnU’_V>2<g//o7—f(id,zx>)y>+O(|<id7:u_y>|3+<id7,U'_V ‘<g//OT (id,v)» V>|)
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Applying TAYLOR’s formula to F' (<g O T_(id,u)s u>), we obtain that

F({goT gau ) —F ({907 iaw, 7))
=F' ({90 (iaw ) ¥ [(90 T i 1) = (90T (iaw): V)]
FH goT_(idy),V
et S ) [{g 0 7—tay 1) = (g0 g v)])’
3
+0 ([{goT—gag 1) — (g0 T am:v)]°)-

Using (A.1]), we deduce that

2
(€90 Tt 1) = (9° T (dw) )]
= {goT gam.p—v) +(id u—1)2{g 0 T_ja),v)
—2(g 0T (i) b — V) (id, p = ) (¢ 0 T_(idp), V)

+0 (1, p = + fid = )2 [[{g 0 7—uasyosi — )|

2

+[(9 o T—giawy, =)+ [(g" 0 T-fiany, 1 — Vﬂ
+ |(id, = ) (g0 T—giapy b — V) (9" 0 T_jiawy, b — V>|> :
and
O ([{g 0 m—(agw 1) = (9.0 7gam-v)]°)
=0 <|<id,u — )P+ (id, p—v)? {Kg O T_(idwys b= V)| + {9 0 T_(ia s 1t — Vﬂ
+[(id, p — v)| [<9 O T_(id,pys H — V)2 + (g o T_(idv) B — Vﬂ + [{g o Tty 1 — V>|3) '
The announced result follows from YOUNG’s inequalities. O

A.2 Lemma of convergence

Lemma A.2. We assume that E (<idk,u>) < 00. We consider for t € [0,T], an increasing
sequence 0 =ty < 17 < --- <ty =T of subdivisions of [0,T] whose mesh tends to 0. Then,
for all k € N*, hy € {1,id} and hy € €2(R,R), we obtain that, in PLY —probability,

Pl yn Ay

k
. i+1
(1) ngr—ir-loo ZZ:O e <h1 X hg o T—<id,Yt?/\t> - hg o T—(id,Ys):| ,Y:g> ds = 0,
pn—1 k

‘ t At L
@ i, 5 [ (o g = hao ) as o
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Proof. The two properties can be proved similarly. We only prove the first one. Thanks to
Lemma (1)(a) and using that hs is LIPSCHITZ, there exists a constant Cp;, such that

[ARPAU
hl X
At

k
ds

£ At
< [ vl [k,

AL

M (id) = M (id)| A (2 [lh2ll )"

If by = 1, the dominated convergence theorem allows us to conclude the proof. If h; = id, using
that sup,¢jo 77 [(id, )| < o0 PEV —a.s. by Lemma (1)(b), we can also apply the dominated
convergence. O

A.3 Control of error terms

Lemma A.3. Let t > 0 be fized and assume that E(<id2,1/>) < oo. Let j € {0,1,2} and
g € GHR,R) fizred. The sequences

pn—1
< ’ " /\t t"/\t (1d)‘ )
neN

(2) <§:0 Mt" At (g(j) °© T_<id7Yt;(lAt>> M;SM <9(J) °© T—<id7Yt;}M>>

3)
neN

Proof. Step 1. Proof of (1). Let € > 0 and ¢ > 0 fixed. Let A > 0 to be determined later.
We introduce the stopping time

converge to 0 in PEYV —probability.

T4 := inf {t >0 | (id%Y;) — (id, ;) > A}

which satisfies almost surely limg 4o, 74 = 400 by Lemma Then, using MARKOV’s
inequality, we obtain that

Ppn—1
va ( ‘ t” /\t "/\t(ld)‘ > 5)
pn
SPEV (14 <) +PEV [ {14 >t} N ‘ tn il W(ld)‘ >e
i id - EIPN L
<PV )+ - Z E ‘Mt?+1/\tArA(1d) - Mt;mt(ld)‘ :

Mld

SATA

3
(id) — Mtn/\t(ld)‘ is
bounded and (M(id)), nr, 18 27A%-LipscHITZ. Thanks to the BURKOLDER-DAVIS-GUNDY

From the definition of 74, we obtain for all s € [t} At At],
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inequality and Lemma (2), there exists a constant C such that

(\ ML jinry (i) = M (id)| ) <01E<[<Mid<id>>tn WA<Mid<id>>t¢Af>

1+1
. 3
<01 (@)} (@ ni - an)
Therefore, if we choose A such that PXV (74 < t) < §, and ng € N such that for all n > ny,

52

sup |t A=t Nt < ——————,
\/ie[[o,pn—lu s S 201 (27A2)7 t

we obtain that

pn—1 ' . 3
P5V<Z ML pa(id) = M (i) >a)
0

Nl

Cy (274
<PIV (ra <t) + Mt\/ sup [0 At =t AL
€ i€[0,pn—1]

and the first announced result follows.

Step 2. Proof of (2). In similar way as previously, we obtain that

PPV pn—1
AP

1=0

M, n (g(j) °7 (i Y;nm>> M”“( v OT<id,Yt;w>>

3
> e
172! ) ()
j J
Sc Lk (’ e <g ° T—<id%?m>> M ( ’ T—<id’Yt?M>>

3
_ C1 (2’VH9(J)HOO>2t sup |17 — A
- € \/z‘e[[apn—l]] AT A

which converges to 0 when n — 4-o00. O

)
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