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POINTWISE CONVERGENCE OF ALMOST PERIODIC FOURIER SERIES
AND ASSOCIATED SERIES OF DILATES

CHRISTOPHE CUNY AND MICHEL WEBER

ABSTRACT. Let S2 be the Stepanov space with norm || f||s2 = sup,er (f;+1 |f(t)\2dt)1/2. Let

An T oco. Let (an)n>1 be satisfying Wiener’s condition: > <, (Zk:n</\k<n+1 |ak\)2 < 00.
We establish the following maximal inequality

N
hsw [ S ae™ e <c (X X lah?)”
Nzl 5 n>1 k:n<Ap<n+l
where C' > 0 is a universal constant. Moreover, the series Zn>1 aneitin converges for A-
a.e. t € R. We give a simple and direct proof. This contains as a special case, Hedenmalm and
Saksman result for Dirichlet series. We also obtain maximal inequalities for corresponding series
of dilates. Let (An)n>1, (4n)n>1 be non-decreasing sequences of real numbers greater than 1.
We prove the following interpolation theorem. Let 1 < p,q < 2 be such that 1/p+1/¢ = 3/2.
There exists C' > 0 such that for any sequence (can)pn>1 and (Bn)n>1 of complex numbers such

that anl (Zk:ng)\k<n+1 |ak| )P < oo and anl (Zk n<pp<ntl |Bk| )q < 00, we have

|zm Sl <o (SO X ) (S0 S w0

n>1 k:nl\p<n+l n>1 k:n<pup<ntl
where D(t) = 3, < Bnet#n?t is defined in S2. Moreover, the series >, +; an D(Ant) converges
in S? and for M\-a.e. t € R. We further show that if {\y,k > 1} satisfies the following condition
2
Do =10k =) = Ow = A)) < oo,

k#L k! #£0!
(k,0)# (K, ¢")

then the series Y, arei kt converges on a set of positive Lebesgue measure, only if the series
S°%2 , lak|? converges. The above condition is in particular fulfilled when {\g, k > 1} is a Sidon
sequence.

1. INTRODUCTION.

We study almost everywhere convergence properties of almost periodic Fourier series in the
Stepanov space S? and of corresponding series of dilates. This space is defined as the sub-space of
functions f of leoc(]R) verifying the following analogue of Bohr almost periodicity property: For

all e > 0, there exists K. > 0 such that for any xo € R, there exists 7 € [xg, o + K] such that
lf(.+7)— f()|ls2 <e. The Stepanov norm in S? is defined by

1715 = sup (|
z€eR T

Recall some basic facts. By the fundamental theorem on almost periodic functions see [4, p. 88],
the Stepanov space S? coincides with the closure of the set of generalized trigonometric polynomials
{>oh_ aget 1 ay € C, A\, € R} with respect to this norm. It is clear by considering for instance
f = X[o0,1] that the space {f € L2 _(R) : ||flls2 < oo} is strictly larger than S?. Introduce also the

loc

Besicovitch semi-norm of order 2 of f € L2 (R)

x+1

ropar)”

T 1/2
(1.1) Il = timsun (5 [ 1r(oPar) "

T—o00

Key words and phrases. Almost periodic function, Stepanov space, Carleson Theorem, Dirichlet series, dilated
function, series, almost everywhere convergence.
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2 CHRISTOPHE CUNY AND MICHEL WEBER

For every A € R and every f € Li (R) define the Fourier coefficient f (M) of exponent A of f by

loc

T .
(1.2) fA) = lim — 3 f(z)e~A*dz

whenever the limit exists. It is easily seen, by approximating by generalized trigonometric poly-
nomials in the Stepanov norm, that the above limit exists for every f € S? and every A\ € R.
Moreover, for any finite family A1, ..., \, € R, we have by Parseval equation in B2 ([5, p. 109]),

YOO < IflE < I1f ]z
k=1

In particular, for f € 82, A := {A € R : f()\) # 0} is countable. We shall call A the (set of)
Fourier exponents of f. Let f € S? with set of Fourier exponents A. We have

(1.3) YO < IflE < /13-

AEA

We then define formally the Fourier series of f € S? as

Z Fn)e™ .

AEA

Notice that the set AN [—A, A] may be infinite for a given A > 0.

In this paper we are interested in the convergence of the Fourier series of f (to f) either in the
Stepanov sense or in the almost everywhere sense, and the same sort of consideration will motivate
us in the study of associated series of dilates. This second question is actually our main objective.
See Section 3.

Concerning convergence of the Fourier series, it is necessary to recall Bredihina’s extension
to S? of Kolmogorov’s theorem asserting that if s,(x) are the partial sums of the Fourier se-
ries of a function f € L*(T), then s,,, (z) converges almost everywhere to f provided that
Mpy1/my > g > 1. Bredihina showed in [7] that the Fourier series of a function in S? with
a-separated frequencies (a > 0), namely |A\x — A¢| > « > 0 for all k,¢, k # £, converges almost
everywhere along any exponentially increasing subsequence. That is, for every p > 1, the sequence
{2 i<hepm F(Ap)ei*t n > 1} converges for A-almost every t € R. The corresponding maximal in-
equality has been recently obtained by Bailey [6] who also considered Stepanov spaces of higher
order.

Remark 1.1. For a short proof of Kolmogorov’s Theorem see Marcinkiewicz [21], who showed that
this follows from Fejer’s Theorem ([28, Th. 3.4-(III)]) and the classical fact that if a series > u,
with partial sums s, has infinitely many lacunary gaps and is summable (C,1) to sum s, then
$p — 8. See Theorem 1.27 in Chapter III of [28].

In view of Carleson’s theorem, a natural question is whether the ”full” series converges for any
fes

That question has been addressed in the very specific situation of Dirichlet series by Hedenmalm
and Saksman [13]. A simplified proof may be found in Konyagin and Queffélec [17] (see also below).
They proved the following. Let A denote here and throughout the Lebesgue measure on the real
line.

Theorem 1.2. Let (ap)n>1 be complex numbers such that Y -, nlan|* < co. Then the series

S apnit

converges A-almost everywhere.

Their condition is optimal when (a,),>1 is non-increasing. However, if (a,),>1 is supported
say on {2" : m > N} the corresponding series is a standard (periodic) trigonometric series and in
that case, the optimality is lost, since the condition is much stronger than Carleson’s condition.
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On the other hand, it follows from Wiener [27] that the series > ., a,n® converges in S?
provided that B

2ntl—
(1.4) (X |ak) < oo,
n>0 k=2n

More precisely, the sequence of partial sums converges in S? to a limit f € S2. If a,, > 0 for every
n, the converse is also true, see Tornehave [25].

Our first goal (see the next section) is to prove that (1.4) is sufficient for A-a.e. convergence
and to provide the corresponding maximal inequality. Moreover, it will turn out that the problem
of the A-almost everywhere convergence of series > -, ane?t can be reduced to the study of
Dirichlet series. B

In doing so, we obtain a Carleson-type theorem for almost periodic series and make the link
with the study of almost everywhere convergence of the Fourier series associated with Stepanov’s
almost periodic functions.

Then, in Section 3, we consider associated series of dilates and obtain a sufficient condition for
almost everywhere convergence. We further prove an interpolation theorem. Finally, in Section
4, we obtain a general necessary condition for the convergence almost everywhere of series of
functions. The condition involves correlations of order 4. As an application, we show for instance
that if {\;,k > 1} is a Sidon sequence, and the series >, ape? converges on a set of positive
A-measure, then the series Y77 |ax|?* converges.

2. ALMOST EVERYWHERE CONVERGENCE OF ALMOST PERIODIC FOURIER SERIES

We start with the proof by Konyagin and Queffélec of Hedenmalm and Saksman’s result, to
which we add a maximal inequality.

Proposition 2.1. There exists C > 0 such that for any sequence (an)n>1 of complexr numbers
such that 3, nla,|? < oo,

n ) 1/2
2.1 Hsu ark” H §C’( nla 2) .
(2.) sup >k, < € (3 ol

Before giving the proof, it is necessary to recall some classical but important facts. Let g €
LP(T), 1 < p < oo. Consider the maximal operator

T _ Sllp ’ Z 2i7rk;v )

L=0"n<r

For f € LP(R) consider analogously the maximal operator
C*f(x) = sup ‘ / f ”tdt)
T>0

An operator U on L? is said strong (p, p) if |Uf||, < Cy||f|lp for all f € LP. The fact that strong
(p,p), 1 < p < oo, for T* is equivalent to strong (p,p) for C* follows from known elementary
arguments (see [3, p. 166]). We refer to [14, Theorem 1] concerning the deep fact that T™* is strong
(p,p), 1 < p < oo and we shall call it "the Carleson-Hunt theorem” when p = 2. We will freely
use the fact the C* is consequently strong (p,p), 1 < p < co.

Proof. We first notice that it is enough to prove that

sup|2ak ’ 0.1 <C<Zn|an|2)1/2.

n>1
Indeed, then the desired result follows from the fact that

Z akkL(t-‘raf) _ Z(akkix)kit,

k=1

(2.2)
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since we may apply the above estimate to the sequence (anni‘”)nzl whose modulus are the same
as the ones of the sequence (ap)n>1.

Let us prove (2.2). Define h € L?(R) by setting h = 0 on (—o0,1) and for every n € N,
h(z) = a, whenever x € [n,n + 1).

Let N > 1. We have

N . N ntl ) N+1 )
§ annzt — E an/ (eztlogn _ eztlogar:)daj +/ h(x)eztlogxdx
n=1 n=1 n 1

N n+l ) log(N+1) ]
— Za”/ (eztlogn _ eztlogx)dl, +/ exh(ex)eztxdx.
n=1 n 0
Now, for every = € [n,n + 1),
|eitlogn _eitlogx| < 3
— n .
Hence,
ntl . 1/2 1\ 1/2
tl tl 2
Z a”/n (el ogn _ qi ogr)d.r‘ St(Zn‘an‘ ) (Z E) .
n>1 n>1 n>1

On another hand, f0+°° e?®|h|2(e®)dx = 1+°° ulh*(w)du < 37, < (n +1)]a,[* < oo. Hence,
since C* is strong (2 — 2),

log(N+1) ) 9 +o00
bup ‘/ e’h z)e’mdx’ H < C’/ e**|n)?(e”)dx
N>1 2,dt o

Hence (2.1) follows. O

We now derive an improved version of Proposition 2.1.

Theorem 2.2. There exists C > 0, such that for every sequence (an)n>1 of complexr numbers
satisfying (1.4),

ontl_g

<o(X0Y ta?)”

n>0 k=2n

(2.3) H sup | Zakkl

Moreover, Y, <, apn' converges for A-a.e. t € R.

Remarks 2.3. The proof of Theorem 2.2 makes use of Carleson-Hunt’s theorem (7 is strong (2—2))
and of Proposition 2.1. The latter was proved using that C* is strong (2—2), which is equivalent to
Carleson-Hunt’s theorem. On the other hand, given any sequence (b,),>1 € 22, applying Theorem
2.2 with (an)n>1 such that age = by and a, = 0 otherwise, we see that Theorem 2.2 implies
Carleson-Hunt’s theorem, hence is equivalent to it. We shall see below that Theorem 2.2 allows to
treat almost everywhere convergence of series ) - bpei* for non-decreasing sequences (\,,)p>1-
Notice that Theorem 2.2 corresponds to the case where \,, = logn. For more on Carleson-Hunt’s
theorem we refer to Lacey [18]. See also Jgrsboe and Mejlbro [15].

Proof. As in the previous proof, it is enough to prove a maximal inequality in L?([0, 1]). We shall
first work along the subsequence (2" —1),>1.

Let n > 1 and define Si ,, = Z?:zn ay for every 2" < k < 2"*t! — 1 and Son_1, = 0. In
particular, for every 2" < k < 2"*1 — 1,

ontl_g

Sknl <> ],

j=2n

a fact that should be used freely in the sequel.
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By Abel summation by part, we have

2’n+171 2n+171 2n+171
Z apk’ = Z (St — Sk—1.0)k" = Z Sk (k™ — (k + 1)) +20FDiG, 1y,
k—2n Py f—2n

Since 2(n+Dit = gilntDtlos2 and by our assumption Y, <, |San+1_1,|> < oo, it follows from
Carleson’s theorem that

sup Sont1_ n2("+1)”
H N>1- Z 2 '

L2([0,1],dt) — (Z|SQ"+1 1"')

n>1
Hence, we are back to control the L2-norm of
N 2ntlg
w33 Sl - o 1))
Nz1' 21 gp=an
But we have,
kit (k + 1)it — oft logk eitlog(kJrl)
eitlogk(l o eitlog(lJrl/k) + %) _ Z;teitlogk _ uk(t) o Z;teitlogk )
Now there exists C' > 0 such that |ug ()| < %tﬁ) Hence,
ontl_ ontl_q
Zk zn |ak‘
Sy M < Ce+)},
n>1 k=2n n>1
21 o\ 1/2
< C(t+t2)(2( > laxl) ) .
n>1  k=2n
It remains to control
gn+l_q g

kn ztlogk

sup ’ ‘
sup DS
n=1 k=2n

But we are exactly in the situation of Proposition 2.1. Hence

N 2ntl_g

Skn ztlo k |Sk7’b| 1/2
sup | | <c ( )
HN>1 Zl kz‘;" L2([0,1],dt) 7;1 kZ2n
2n+1_1 ) 1/2
< (20X m)) <
n>1  k=2n
Let n > 1 and 2" < ¢ < 2"+t1 — 1. We have
on_q on+l_q
DTS TS
k=1 k=2
Hence,
2N 1 ntl_q N
sup‘Za eitlosmn| < sup‘ Z ane’tloen| 4 (Z( Z |ak|) ) .
N>1 N1 T n>1  k=2n

So, (2.3) is proved. The A-almost everywhere convergence may be proved by a standard procedure
thanks to the maximal inequality. Alternatively, following all the steps of the proof of the maximal
inequality allows to give a more direct proof. O

As a corollary we deduce



6 CHRISTOPHE CUNY AND MICHEL WEBER

Theorem 2.4. Let (A,),>1 be an increasing sequence of positive real numbers tending to co. Let
(an)n>1 be such that

2

(2.4) S Y ) <.
n>1 k:n<Ag<n+l1
There exists a universal constant C > 0 such that

o Jgm St <e(S (X )"

Nzl n>1  kin<ip<ntl

it A

Moreover, the series Y, -, ane'*" converges for A-a.e. t € R.

Proof. Write u,, := [2*7]. Hence (u,),>1 is a non-decreasing sequence of integers. That sequence
may overlap from time to time. So let (vg)g>1 be a strictly increasing sequence of integers with
same range as (Up)n>1.

Define a sequence (by),>1 as follows. Let n > 1 be such that there exists k& > 1 such that
n = vg. Then, set b, := ZZ:W:% ag. If there is no k£ > 1 such that n = vy, set b, := 0.

‘We first control

it log, n
sup‘g bpett e

N>1

where log, stands for the logarithm in base 2.

By Theorem 2.2, we have

H sup | Zb e110g2n ‘
n=1

N>1

Lees (X -x (Y m)

n>0  k=2n n>0  £:2n<yu,<2ntl_1

Now, if 2" < up < 271 — 1, then n < A\; < n + 1 and our first step is proved.
Let g > p be integers. There exist integers ¢’ > p' such that v, = u, and vy = u,. We have

‘ § akezt)\k _ E bkezt log, ug

k= Uyt
q . .
< Z |ak| + Z |CLk| + Z Z ‘ak| |eit>\k _ oitlogs uk
k:up=up k:up=uq O=p' k:up=ve

Clearly, it suffices to control

> > D7 fanfe — it o

n>0  £:27<vp,<27*t1—-1  k:up=vy

Now, for 2" < v, < 2"+ — 1 and ug, = vy, using that ug, < 2N < g + 1, we see that |logy(2*F) —
log, ug| < % and that

. Clt

|e2t)\k —e < .
Uk mn

. . A
it log, uk| _ |eztlog2(2 k) 'Ltlog2 uk| <

Hence, using Cauchy-Schwarz,

Z Z Z |ak| |eit>\k _ eitloguk| < Ctz 9—n Z |ak|

n>0 £:27<vp,<27t1-1  k:iup=vy n>0 k:2n<qyp<2ntl_—1

(S Y w)”

n>0 k:2n<yp<2ntl-—1

IN

which converges by our assumption. O
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We shall now derive an almost everywhere convergence result concerning the Fourier series of
an almost periodic function in S?. We shall first recall known results about norm convergence.

Let (Ay)n>1 be a (non-necessarily increasing) of positive real numbers. As already mentionned
(in the case of Dirichlet series), by Wiener [27], see also Tornehave [25] if

(2.6) 3 ( 3 \ak\)Q <00,

n>0 k>1:n<\g<n+l1

then > ., a,e’* ! is the Fourier series of an element of f € S2.
On the other hand if f € S? admits a sequence of positive real numbers (An)n>1 as frequencies
and such that f(A,) > 0 for every n > 1, then (Tornehave [25])

SO X lfowl) <cifiz.

n>0 k>1:n<Ap<n+l
Hence, (2.6) holds.

iAnt

Condition (2.6) is thus optimal for deciding whether ) ., a,e’*"* is the Fourier series of an

element of S% or not. One can not however expect that it is always necessary, so we should provide
a counterexample in Proposition 2.7 below.

Let f € 8% be such that A C [0,4+00) (that restriction may be obviously removed). Assume
that A is a-separated for some o > 0 and write A := {A\; < A2...}. Then,

(&% ~
=D D DI T Ee) SIMNND DR CO]i
n>0 k21:n§)\k<n+1 n>1 n>0 k>1:n<A\p<n+1

In particular, we have the following direct consequence of Theorem 2.2.

Corollary 2.5. Let f € S? be such that A C [0,4+00). Assume that A is a-separated for some
a > 0. There exists C > 0, independent of f and « such that

| sup ‘ Zf z/\n ||f||$2

Moreover, the series ), f()\n)e”‘”'

|ge SO

converges for A-almost every t € R.

We now give an example of Fourier series converging in S? while (2.6) does not hold. Let us
first recall the following result of Halasz, see Queffélec [22].

Lemma 2.6. There exists C > 0 such that for every iid Rademacher variables (€,)n>1

2. klt L
27) sup | Z ok log(n +1)°

Proposition 2.7. Let (¢n)n>1 be iid Rademacher variables on (Q, F,P). For P-almost allw € Q,
dons1 _en(w)n® converges in S2, while (2.4) is not satisfied (with a, = —=) ).

n4/log(n+1) n4/log(n+1)
Proof. For every n > 1, every 2" < k < 2"+! and every w € Q, we have
k

”522” e\/ £+1 Is= < ;2; Ew/log (+1) \/ﬁ S
2N en(w)n't

n=1 ny/log(n+1)

Hence, it suffices to prove that for P-almost every w € 2, (3
S2.
Let Sn(t) := > p_; exk™ (So(t) = 0) and u,, := (ny/log(n + 1))~'. We have

)N>1 converges in
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Z Z 1(t))un = Z Sn(t)(un - Un+1) + Son (t)u2N+1 .
\/log n+1)

n=1 n n=1
It follows from (2.7) that

(Zsup|5 —un+1)|) < 00,

n>1

(Zsup {SQN uQNH!) < 0,

n>1 teR

and the result follows. O

3. CONVERGENCE ALMOST EVERYWHERE OF ASSOCIATED SERIES OF DILATES.

Theorem 3.1. Let (A\p)n>1 and (pn)n>1 be non-decreasing sequences of real numbers greater than
1. Let (apn)n>1 be a sequence of complex numbers such that

2
(X ) <
n>1 k:n<\g<n+1l

Let (Bn)n>1 € €', Then, D(t) := >, -, Bne'~t defines a continuous function on R (and in S?)
and there exists a universal constant C' > 0 such that

(3.1 Hsup|2an )\t|H <C(Z|ﬂn)<z Z |ak|)2)1/2.

Nzl n>1 k:n<\p<n+1

Moreover, the series ), ~, anD(Ant) converges in S? and for X-a.e. t € R.

Proof. Let x € R. The fact that D is a continuous function in S? follows easily from the fact that
(Bn)n>1 € £1. We also have, for every N > 1,

N N
DIITN- W1 ED SITAl ) prwiezl
n=1

k>1 n=1

By Theorem 2.4, we have

/ sup’ § a, e'“»\nﬂk
x

N2>1

e (z+1)

1 / zt/\
= — sup ’ o "
. Z ne

- N>1

[uk]+1Hsup|Zae

Mk N>1

and (3.1) follows.

The convergence almost everywhere and in S? follows by standard arguments. O
We also have the following obvious corollary of Theorem 2.4, whose proof is left to the reader.

Proposition 3.2. Let (Ay)n>1 and (pn)n>1 be non-decreasing sequences of real numbers greater
than 1. Let (Bn)n>1 be a sequence of complex numbers such that

2
(X ) <
n>1 k:n<lpp<n+l

Let (ay)n>1 € €*. Then, D(t) := Yot Bnetnt converges in S? and there exists a universal
constant C' > 0 such that

(3.2) H sup | Zo‘n (Ant)| H$2 < C(Z |an|)(z (Y |ﬁk|)2)1/2.

N2l n>1 n>1 k:nlpur<ntl
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Moreover, the series >, <, anD(Ayt) converges in S? and for A-a.e. t € R.

Theorem 3.3. Let (Ay)n>1 and (fn)n>1 be non-decreasing sequences of real numbers greater than
1. Let 1 < p,q < 2 be such that 1/p+ 1/q = 3/2. There exists C > 0 such that for any sequence
(an)n>1 and (Bn)n>1 of complex numbers such that

(3.3) Z( Z |ak|)p<oo and Z( Z ’ﬁk|>q<oo,

n>1 k:n<\p<n+1 n>1 k:nlpp<nit1
we have
N p\ /P a\ /4
(3.4) H sup ‘ ZanD(Ant)‘ H82 < C( Z ( Z |ak|) ) (Z ( Z |ﬁk|) )
N21 5 n>1 k:n<ip<ntl n>1 k:n<pp<ntl

where D(t) ==Y, -, Bne'nt is defined in S?. Moreover, the series Y. - anD(Ant) converges in
S? and for A-a.e. t € R.

Before doing the proof let us mention the following immediate corollaries. We first apply
Theorem 3.3 with the choice u, =logn, n>1and Ay =k, k > 1.

Corollary 3.4. Assume that
q
Z|ak|P<oo and Z( Z ’ﬁk|) < o0,
k>1 n>1  k:on<k<2ntl
for some 1 < p,q < 2 such that 1/p +1/q = 3/2. Let D(t) := 3, 5, Ban’. Then the series
> oks1 arD(kt) converges in 8% and for A-a.e. t € R.

Example 3.5. Let 1/2 < o < 1. Choose 1/a < p < 2 and ¢ =2p/(3p —2) (1 < ¢ < 2). Let
D(t) = 3,51 Ban' and assume that

(35) (X Iad) <o

n>1  k:2n<k<2nt+l

Then the series

(3.6) > D(it)

k>1 k
converges almost everywhere. This extends to Dirichlet series Hartman and Wintner result [12
showing that the series @, (z) =Y 1o, wgff) converges almost everywhere. Here ¢(x) = 2 — [2] —
1/2 = Zj’;l m%, and [z] is the integer part of z. That result is also a special case of (3.6):

take 3, = 1/j if n =27, j > 1 and 3, = 0 elsewhere.

Remark 3.6. To our knowledge [12] contains, among other results on ®,, the first convergence
result for the series of dilates > - | aptp(kz).

Then, we apply Theorem 3.3 with the choice u, =n,n>1and A\, =k, k> 1.
Corollary 3.7. Assume that

Z|ak|p<oo and Z\bj\q<oo,

k>1 i>1
for some 1 < p,q < 2 such that 1/p +1/q = 3/2. Let D(t) = 3,5, bee't. Then the series
Y o1 axD(kt) converges in S* and for A-a.e. t € R.

Remark 3.8. Suppose that b; = O(1/j*) for some 1/2 < a < 1. Assume that

Z lak|P < oo,

k>1
for some 1 < p < 2/(3—2a). Then - [b;|? < oo for ¢ such that 1/p+1/q = 3/2 and we have 1 <
p,q < 2. We deduce from Corollary 3.7 that the series Zk21 arD(kt) converges in S? and for \-a.e.
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11—«
t € R. When 1/2 < o < 1, the nearly optimal sufficient condition >, |cx|? exp { I((lf)lglgo?k ~} <

oo in which K = K («) has been recently established in [2, Theorem 2]. See also [26, Theorem 3.1]
for conditions of individual type, i.e. depending on the support of the coefficient sequence. When
o = 1, the optimal sufficient coefficient condition, namely that Y- |o|?(loglog k)**¢ converges
for some € > 0 suffices for the convergence almost everywhere, has been recently obtained by
Lewko and Radziwill [20, Corollary 3].

These results are clearly better. However, we note that our results are, even in the trigono-
metrical case, independent from these ones, and concern a larger class of trigonometrical series
D(t).

Proof of Theorem 3.5. Clearly, we only need to prove (3.4). Let (c,)n>1 and (3,)n>1 be in £1(N),
fixed for all the proof. Let D(t) := anl Bpetnt. It is enough to prove that for every N > 1,

[ 1> ool <o(S 0 3 ) (20 S )"

n>1 k:n<\g<n+1 n>1 k:nlpur<ntl

for a constant C' > 0 not depending on N, (ap)n>1 and (Bp)n>1-
We shall do that by interpolating (3.1) and (3.2).

Define Banach spaces as follows

K= {1 €€ ¢ laduzallx =30 30 lasl < oo},

n>1k:n<A\g<n+1

X = {(anzr € € ezl = (X0 3 Jaal)?) " < ool

n>1 k:n<\p<n+l1

Viim {(b)azt €€ [Gaduzillv = >0 > Il < oo},

n>1k:n<pr<n+l

Yy = {(bn)nzl e CY: [(bn)nz1llv; = (Z (> |bk|)2>1/2 < °°}~

n>1 k:n<lpur<n+1

For every t € R, let

J(t)_mm{]EN 1<3<N|Zan )\t)|—sup|2an )\t)|}
n=1

Define a linear operator T on (X7 + X2) x (Y2 4+ Y7) by setting

N
T((an)nzlv n n>1 Z }ak(ZbgeMkMt) )
k=1

>1

By Propositions 3.1 and 3.2, T is continuous from X; x Y5 to S? and from X, x Y; to S2.
It follows from paragraph 10.1 of Calderdn [8] that for every s € [0, 1] there exists C such that,
with the notations of [8]

1T ((an)n>1, (bn)n>1)lls2 < Csll(an)n>1llix,, X1,

(bn)n>1llye,vils »

where

[(an)n>1llx, %20, = nf{[| fll7 = f€F, f(s) = (an)n>1},
and F is the Banach space of continuous functions f from {z € C : 0 < Rez < 1} to X; + Xo,
analytic on {z € C : 0 < Rez < 1} such that for every t € R, f(it) € X; and f(1+it) € X5 with
limg 4o f(it) = limpy oo f(1 +it) = 0, endowed with the norm

111 == masx (sup £ (it) Lx,  sup |71+ )] x; )
teR teR

The norm ||(bn)n>1lljy,,v1]. is defined similarly.
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We shall now give an upper bound for [|(ay)n>1ll[x,,x,],- By homogeneity, we may assume that

Sy w)

n>1 nlA\p<n+1

Let ¢ > 0. Define an element f. of F by setting for every z € C such that 0 < Rez < 1,
f(2) = (en(2))n>1 where, for every n > 1 and every k > 1 such that n < A\, <n+1,

(2-2)/(2—s5)—1
a(x) = Da (3 o) ,
n<ig<n+1

if >, <n,<ns1 lae| # 0 and cx(2) = 0 otherwise.

The introduction of ¢ here is a standard trick to ensure the assumptions lim,_ 4 fo(it) =
Notice that fe(s) = (an)n>1. For every ¢t € R,

el < (S )™=

n>1l nlAg<ntl
Similarly, for every t € R,
It <300 30 Jas)47) =,
n>1 n<Ap<n+l

Letting € — 0, we infer that

Nzl xn, <1= (300 3 Jah®@ ) ©

n>1 n<A\p<n+1

Similarly, one can prove that

1+s

H(bn)nzln[Xl,XQ]S < (Z( Z |bk‘)2/(1+s)) 2

n>1 n<Ap<n+1
Taking s = 2(1 — 1/p), yields the desired result. O

4. A NECESSARY CONDITION FOR CONVERGENCE ALMOST EVERYWHERE.

Hartman [11] has proved the following result

Theorem 4.1. Assume that

Ak
Ak—1
IRt

(4.1)

>q>1, k> 1.

. 0o
Assume that the series Yy, ape
converges.

converges for almost all real t. Then the series Y o |a|?

The proof is similar to the one of Zygmund [28, Proof of Lemma 6.5, Ch. V] (see also p. 120-122
of the 1935’s Edition).

Remark 4.2. The converse of Theorem 4.1 is due to Kac [16]. If Y 77 | |a|? converges, then the
series > 7 | age™*t with (A;)g>1 verifying (4.1), converges for almost all real t. Kac’s proof is a
modification of Marcinkiewicz’s. See Remark 1.1. In place of Fejer’s theorem, another summation
method is used. See Theorem 13 and pages 84-85 in [24], and Theorem 21 in [10].

Theorem 4.1 can be extended in the following way.

Theorem 4.3. Let {\g, k > 1} be a increasing sequence of positive reals satisfying the following
condition

2
(4.2) M= > (1—|(% =)= Ow —Ae)]), <00,

ke, k! #e!
(k)£ (k! 07



12 CHRISTOPHE CUNY AND MICHEL WEBER

Assume that

(4.3) )\{ Z ape Mt converges} > 0.
k

Then the series Y e, |ax|? converges.

Remark 4.4. By considering integers k such that n < A\ < n+1/2, next those such that n+1/2 <
A < n+ 1, we observe that condition 4.2 implies that

sup#{kz:ng)\k<n+l}<oo.
n

We give an application. Recall that a Sidon sequence is a set of integers with the property that
the pairwise sums of elements are all distinct.

As a corollary we get

Corollary 4.5. Let {\;,k > 1} be a Sidon sequence. Assume that (4.3) is satisfied. Then the
series Y pey |ax|* converges.

Remark 4.6. In contrast with Hadamard gap sequences, Sidon sequences may grow at most poly-
nomially. See [23] where it is for instance proved that the sequence {n® + [¢n%],n > ng} is for
some real number ¢ € [0,1] and ng large, a Sidon sequence.

Proof of Corollary 4.5. Let (k,€) # (K',¢') with k # £ and K/ # ¢'. As the equation A\, — A\, =
Ar — A means A\, + Apr = Mg + A\, the fact that {\;,k > 1} is a Sidon sequence implies that
the only possible solutions are k = k/, ¢/ = £ or k = (£, ¢/ = k’. The last one is impossible
by assumption, and the first would mean that (k,¢) = (k’,¢') which is excluded. Consequently,
Ak — Ao # A — Apr. Hence the sum in (4.2) is always zero. O

Remark 4.7. Tt follows from Hartman’s proof that under condition (4.1), the sequence of differences
Ak — Ag, k # £ is a finite union of subsequences such that the difference of any two numbers of
the same subsequence exceeds 1. These subsequences fulfill assumption (4.2) of Theorem 4.3, and
thus Theorem 4.1 follows from Theorem 4.3.

Theorem 4.3 is a consequence of the following general necessary condition for almost everywhere
convergence of series of functions.

Theorem 4.8. Let (X,B,7) be a probability space. Let {gi,k > 1} C L*(7) be a sequence of
functions with ||gkll2,» = 1, ||gklla,r < K and satisfying the following condition

_ . 2
(4.4) M:= > [%g690T0)-|" < oo
Kl k!0
(k,0) (K €")

Assume that

(4.5) T{ Z argr(t) converges} > 0.
k

Then the series Y o |ag|* converges.

Proof of Theorem 4.8. We use Hartman’s method and the below classical generalization of Bessel’s
inequality.

Lemma 4.9. (Bellman-Boas’ inequality) Let z,y1,...,yn be elements of an inner product space
(H,{.,.)), then

n

3l < el e il + (X M)}

i=1 = 1<i#j<n

See [5] for instance. As

{t : Zakgk(t) converges} = ﬂ U ﬂ {t: ‘iakgk(t)‘ <e },
k k=v
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by assumption it follows that for any € > 0, there exists an integer V such that if

A= ) {1 aaio] <<,
k=v

u>v>V
then

(4.6) 7(A) > 0.
Assume the series Y, -, |ax|? is divergent. We are going to prove that this will contradict (4.6).
By squaring out,

an [ aao @ = w3l
k=n =n

k=

> wa [ gm0,

k,l=n
k#£L

By using Cauchy-Schwarz’s inequality,

| [ aomora] < (3 wler) (3| [ somoran])

k,0=n kl=n k,l=n
k#e kL k#e

1/2

Applying Lemma 4.9 to the system of vectors of L2(R), x(4), gx(t)ge(t), n < k,£ < m, gives in
view of the assumption made,

m o 2 9 9 o . 2 1/2
> / aWzEOr@)| < K2+ (Y g oege)l") )
ko=n JA (k,0) £ (k' 27)
k£l n<k#L<m
n<k!/#t/<m
< T(A)HK?+ MY

Letting n,m tend to infinity, it follows that the series }_, , | [ 4 9k (t)@(t)T(dt)‘2 converges. Con-
sequently, for all m > n, n sufficiently large (n > N, N depending on A) we have

i ‘ /A gr(t)ge(t)7(dt)

k£l

‘2 < r(A2/4

There is no loss to assume N > V', which we do. Therefore

m

|5 wa [ womoran] < (3 mla) (7).

[ k#e

This along with (4.7) implies

(@5) [  maofran = (52)Y e,

k=n k=n
for all m >n > N.
We get
T(A i “ 2
(19) (FS) Sl < [ |3 aanto)] r(a) < o)
k=n k=n

where for the last inequality we have used the fact that N > V and the definition of A.

We are now free to let m tend to infinity in (4.9), which we do. We deduce that necessarily
7(A) = 0. Hence a contradiction with (4.6).
This achieves the proof. O

Proof of Theorem 4.3. Choose 7(dt) as the density function on the real line associated to 7(t) =

l—cost Then
/T(dt) =1, /emT(dt) = (1),
R R

T2
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Since 7 is absolutely continuous with respect to the Lebesgue measure, (4.3) holds with 7 in
place of A. Next choose g (t) = e***. We have

(970, geGe)r = (1= [(Ak = Ae) = (A = Ae)]) -

Condition (4.4) is thus fulfilled. Theorem 4.8 applies and we deduce that the series > .=, |ax|?
converges. O

Final note. While finishing this paper, we discovered that Theorem 2.4 was proved by Guniya
[9] using a completely different method from ours. Guniya’s proof makes use of Wiener’s result
[27] (previously mentionned) and does not seem to provide directly a maximal inequality. Our
proof is somewhat more elementary. Moreover it allows to recover Wiener’s result and provides at
the same time a maximal inequality. It seems that Guniya’s paper has been completely overlooked
among the mathematical community. We observe in particular that Theorem 2.4 notably includes
obviously Hedenmalm and Saksman result [13] published nearly twenty years after [9].

We now briefly explain Guniya’s approach (see Theorem 1.2, (8) and Lemmas after and para-
graph 2.10). The proof follows from the combination of several different results proved in the
paper, and is based on Riemann theory of trigonometric series [28, Ch. XVI-8]. Assume that the
coefficients are positive. Then the series )" cpe® converges in S? to some f. Let I,.J be two
intervals with |I| < 2, |J| = 27 and I € J. Let F be represented by the term by term integrated
Fourier series of f, and let L be a bump function of class C® equal to 1 on I and to 0 on J\I’ where
I CcI' ¢ J. Then by a theorem due to Zygmund (see [28, Theorem 9.19]), the partial sums of
the Fourier series of f are uniformly equiconvergent on I with the partial sum of a trigonometric
series > ame™®. Next, if FL admits a second order derivative in the sense of distributions,
say g, then the above trigonometric series is the one of g. And the a.e. convergence on I follows
from Carleson’s theorem. 1t remains to prove that under condition 2.4, F' has indeed second order
Schwarz derivatives, controlled by the L? norm of f, which should follow from Theorem 2.2 in [9].
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