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ABSTRACT

Recent results of ground-based telescopes, giving high-quality measurements of the cosmic microwave background (CMB) temper-
ature power spectrum on small scales (below 1 deg) motivate the need for an accurate model of foregrounds, which dominate the
primary signal at these multipoles. In a previous work, we have shown that cosmological information could be retrieved from the
power spectrum of the thermal Sunyaev Zel’dovich (SZ) effect. In this work, we introduce a physically motivated model of the Epoch
of Reionisation in the cosmological analysis of CMB data, which is coherent on all scales. In particular, at high multipoles, the power
spectrum of the kinetic SZ (kSZ) effect is inferred from a set of cosmological and reionisation parameters by a machine-learning
algorithm. First including an asymmetric parameterisation of the reionisation history in the Planck 2018 data analysis, we retrieve a
value of the Thomson optical depth consistent with previous results, but stemming from a completely different history of reionisation
in which the first luminous sources light up as early as z = 15. Considering the latest small-scale data from the South Pole tele-
scope (SPT) and letting the cosmology free to vary, we find that including the new cosmology-dependent tSZ and kSZ spectra helps
tighten the constraints on their amplitudes by breaking their degeneracy. We report a 5σ measurement of the kSZ signal at ` = 3000,
DkSZ

3000 = 3.4+0.5
−0.3 µK

2 at the 68% confidence level (C.L.), marginalised over cosmology, as well as an upper limit on the patchy signal
from reionisation DpkSZ

3000 < 1.6 µK2 (95% C.L.). Additionally, we find that the SPT data favour slightly earlier reionisation scenarios
than Planck, leading to τ = 0.062+0.012

−0.015 and a reionisation midpoint zre = 7.9+1.1
−1.3 (68% C.L.), which is in line with constraints from

high-redshift quasars and galaxies.
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1. Introduction

Different generations of satellites, from the cosmic background
explorer (COBE, Bennett et al. 1996) to, most recently, Planck
(Planck Collaboration I 2020), led us to exquisite measure-
ments of the power spectrum of the large-scale fluctuations of
the cosmic microwave background (CMB) temperature. Today,
efforts are turned towards ground-based observatories of such
fluctuations on small scales. The Atacama cosmology telescope
(ACT, Kosowsky 2003)1 and the South Pole telescope (SPT,
Ruhl et al. 2004)2 target this signal, with the latter recently
publishing observations of sufficient quality (Reichardt et al.
2021, hereafter R21) to allow for the first ≥3σ measurement of
the amplitude of the angular power spectra of the kinetic and
thermal Sunyaev–Zel’dovich effects (kSZ and tSZ, respectively,
Zeldovich & Sunyaev 1969; Sunyaev & Zeldovich 1980) at an
angular multipole of ` = 3000.

Along with thermal dust emission from dusty star-forming
galaxies, radio galaxy emission, the Galactic cirrus signal, and
the cosmic infrared background (CIB), the tSZ and kSZ power
spectra are foregrounds to the CMB primary anisotropies. That

1 https://act.princeton.edu.
2 http://pole.uchicago.edu.

is, their power is not sourced by temperature fluctuations in the
primordial plasma at the time of recombination, but from the
interaction of the photons released at the surface of last scat-
tering with astrophysical objects along the line of sight, before
reaching the detector. In this respect, and despite the fact that
they largely dominate the primary signal on scales smaller than
one arcminute, their amplitudes have often been considered in
analyses of CMB data as nuisance parameters (e.g., Reichardt
et al. 2012; Dunkley et al. 2013; Ichiki 2014; George et al.
2015). A common approach consists of fitting a primary power
spectrum derived from sampled cosmological parameters and a
sum of foregrounds power spectra modelled by templates to the
observed data points. Only the amplitudes of the various fore-
grounds, at a given multipole (often, ` = 3000), are fitted to
data.

However, these foregrounds trace the matter the CMB pho-
tons encounter on their way to us and they include cosmo-
logical information which cannot be retrieved by the use of
templates (Douspis et al. 2006; Shaw et al. 2010; Salvati
et al. 2018; Maniyar et al. 2019; Gorce et al. 2020). In a
first work (Douspis et al. 2022, hereafter Paper I), we have
shown that replacing the template used for the tSZ power spec-
trum by a cosmology-dependent spectrum when analysing data
from Planck and the SPT tightens constraints on cosmological
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parameters. In this work, we perform a similar analysis, this time
focusing on constraints obtained when including a cosmology-
dependent kSZ angular power spectrum in the analysis.

The kSZ power spectrum traces the energy gained by CMB
photons interacting with electrons that have a non-zero bulk
velocity relative to the CMB rest-frame along the line-of-sight.
Numerous works (e.g., McQuinn et al. 2005; Iliev et al. 2007;
Mesinger et al. 2012; Shaw et al. 2012; Battaglia et al. 2013;
Alvarez 2016; Chen et al. 2022) have shown that the amplitude
of the kSZ angular power spectrum can be related to the nature
of the Epoch of Reionisation (EoR), when the first light sources
re-ionised the intergalactic medium (IGM), mostly neutral since
recombination and the emission of the CMB photons. Indeed, as
an integrated effect, a longer or earlier reionisation process will
lead to a larger kSZ amplitude. Traditionally, the kSZ power is
divided into two contributions: The late-time kSZ accounts for
CMB photons scattering off electrons once reionisation is over
and the IGM is fully ionised, whilst the patchy kSZ accounts for
photons scattering off ionised bubbles along the otherwise neu-
tral line of sight during reionisation. In contrast to the late-time
kSZ, not only the amplitude, but also the shape of the patchy
kSZ power spectrum can tell us about the reionisation process
(McQuinn et al. 2005; Iliev et al. 2007; Mesinger et al. 2012).
For example, the multipole at which the patchy kSZ reaches its
maximum has been related to the characteristic size of ionised
bubbles during the EoR, in turn related to the physical properties
of early galaxies, if those are assumed to have led the reionisa-
tion process (Bouwens et al. 2015; Robertson et al. 2015; Greig
et al. 2017; Gorce et al. 2018).

With the new generation of the SPT (Sobrin et al. 2022),
the Simons Observatory (Ade et al. 2019) and, later, CMB-
Stage 4 experiments (CMB-S4, Abazajian et al. 2016), com-
ing online, there is a growing interest in the community for the
potential of small-scale CMB data to constrain reionisation. A
common approach, popularised by the sampler of 21cmFAST
simulations (Mesinger et al. 2011; Park et al. 2019; Murray et al.
2020), 21CMMC (Greig & Mesinger 2015), is to sample astro-
physical parameters in semi-numerical simulations and confront
the observables derived at each iteration to data (Qin et al. 2020;
Choudhury et al. 2021). However, such approaches are limited
by computational power, both in terms of the precision and the
size of the employed simulations. Very large box sizes are neces-
sary to capture the large-scale velocity flows contributing to the
kSZ effect at high-` and results based on insufficiently large sim-
ulations will significantly underestimate its power (Shaw et al.
2012).

To circumvent these numerical difficulties, we have intro-
duced in Gorce et al. (2020) a new analytical derivation of the
kSZ angular power spectrum, based on the cosmology and the
reionisation history. With this formalism, it is possible to com-
pute the theoretical kSZ power spectrum associated with a set
of cosmological and reionisation parameters at each iteration of
the sampler, when analysing small-scale fluctuations of the CMB
temperature. Constraints on the cosmological model and the EoR
are retrieved from the measured shape and amplitude of the kSZ
signal. Such an analysis, applied to the latest Planck and SPT
data (Planck Collaboration I 2020; Reichardt et al. 2021), is the
focus of the present work. In an approach similar to Paper I, we
use machine learning to efficiently predict the otherwise com-
putationally intensive derivation of the kSZ power spectrum on
the multipole range covered by the data. In order for the reion-
isation modelling to be consistent across all scales probed, we
substitute the commonly used ‘instantaneous’ parameterisation
of the evolution of the IGM ionised fraction with redshift (Lewis

et al. 2000) by a physically motivated asymmetric parameterisa-
tion (Douspis et al. 2015), also used in the kSZ derivation. We
subsequently assess the impact of this substitution on the cosmo-
logical constraints obtained with large-scale data.

This paper is organised as follows. In Sect. 2, we detail the
theoretical framework used to derive the kSZ power spectrum,
and in particular, introduce the asymmetric parameterisation of
reionisation used throughout. We also introduce the statistical
methods used to analyse the data listed in Sect. 3. In Sect. 4, we
first present the results of applying the asymmetric reionisation
model to Planck data. We then include the new kSZ modelling
in the analysis of the small-scale SPT data and retrieve reliable
constraints on the midpoint and duration of reionisation. Finally,
we discuss our results in Sect. 5 and conclude in Sect. 6.

2. Methods

2.1. Asymmetric reionisation history

In the fiducial analysis of Planck large-scale data, the reionisa-
tion history is not constrained directly. Instead, it is the Thomson
optical depth τ that is sampled, as it is strongly correlated to the
amplitude of the high-` temperature and low-` polarisation CMB
power spectra (Planck Collaboration XLVII 2016). As a measure
of the fraction of CMB photons absorbed by free electrons along
the line-of-sight, the optical depth is directly related to the ion-
isation level of the IGM or number of electrons per hydrogen
nucleus xe(z) (Lewis et al. 2000; Howlett et al. 2012):

τ(z) = cσT

∫ z

0
dz′ xe(z′) nb(z′)

(1 + z′)2

H(z′)
, (1)

where σT is the Thomson cross-section, nb is the average density
of baryons and H is the Hubble parameter. Here, for simplicity,
the product of xe and nb, both averaged over the sky, is taken
as a proxy for the mean electron density, 〈xe × nb〉, overlook-
ing the correlation between the electron and the density fields.
This can lead to a 5–10% error on the measured value of τ
(Liu et al. 2016). To interpret τ in terms of the reionisation
history, the following symmetric, ‘instantaneous’, parameterisa-
tion is often considered:

xe(z) =
fe
2

[
1 + tanh

(
y − yre

δy

)]
, (2)

where y (z) ≡ (1 + z)
3
2 , yre = y (z = zre) for zre the mid-

point of hydrogen reionisation, such that xe(zre) = 0.5 and
δy ≡ 3

2 (1 + z)
1
2 δz for δz = 0.5, roughly corresponding to the

redshift range which sees the IGM ionised fraction increasing
from 25% to 75%. The fe parameter corresponds to the number
of electrons per hydrogen atom, and is equal to fe ' 1.08 when
accounting for the first ionisation of helium. The contribution
of the second helium ionisation is added for z > 4.5 as another
hyperbolic tangent such as the one given in Eq. (2), with param-
eters zre,He = 5.0 and δzHe = 0.5 (Kuhlen & Faucher-Giguère
2012). It is finished by z = 3.5. When δz is fixed, it is possible
to deduce the value of zre through binary search from a given τ
value.

In this framework, the evolution of xe with redshift is a quick
and symmetrical process, centred on zre. However, recent simu-
lations and analyses of astronomical data sets show the reioni-
sation process to be a highly gradual evolution, starting slowly
at redshifts as high as z = 15 (Robertson et al. 2015; Gorce
et al. 2018). Since the kSZ power depends largely on the dura-
tion of reionisation (see Sect. 2.2 and Battaglia et al. 2013;
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Alvarez 2016) and on its asymmetry (Park et al. 2013; Chen
et al. 2022), it is essential to include a more accurate evolu-
tion of xe(z) in any analysis attempting to measure its amplitude.
Accounting for this asymmetry can be done by, for instance,
interpolating between different ionisation levels (e.g., Millea &
Bouchet 2018; Trac et al. 2022) or by changing the param-
eterisation for the redshift-evolution of the ionisation level.
In this work, we follow this second approach and use the
power-law introduced in Douspis et al. (2015) and already con-
fronted to large-scale CMB data in Planck Collaboration XLVII
(2016):

xe(z) =

 fe for z < zend,

fe
(

zearly−z
zearly−zend

)α
for z > zend,

(3)

where zearly corresponds to the redshift around which the first
emitting sources form and at which xe(z) is matched to a resid-
ual ionised fraction of 10−4. We fix zearly = 20, in agreement with
current constraints on the history of reionisation obtained from
astrophysical data sets (Robertson et al. 2015; Greig & Mesinger
2015; Gorce et al. 2018). Additionally, we find that the data con-
sidered in this work does not require sources to light up before
z = 20. We let zend and zre vary, since fixing zearly makes zre a
sampling equivalent to α (Eq. (3)), and we choose the former
to facilitate the interpretation of results. Finally, for convergence
purposes, we sample dz ≡ zre − zend instead of zend and we con-
sider the contribution of helium reionisation. We include this
parameterisation into the derivation of the kSZ angular power
spectrum detailed below.

2.2. Derivation of the kSZ power spectrum

The temperature anisotropies sourced by the scattering of CMB
photons off clouds of free electrons with a non-zero bulk velocity
u relative to the CMB rest-frame along the line of sight n̂ write

δTkSZ(n̂) =
σT

c

∫
dη
dz

dz
(1 + z)

e−τ(z) ne(z) u · n̂, (4)

with η the comoving distance to redshift z and u · n̂ the compo-
nent of the peculiar velocity of the electrons along the line of
sight. The corresponding angular power spectrum writes CkSZ

`
≡

T 2
CMB|

ˆδT kSZ(k)|2, where TCMB is the mean temperature of the
CMB and ˆδT kSZ is the Fourier transform of δTkSZ given above,
such that k = `/η for ` the angular multipole. In the following,
we present results in terms ofD` ≡ `(` + 1)C`/2π.

As already mentioned in Sect. 1, the kSZ signal is often
decomposed into a late-time and a patchy component. In Gorce
et al. (2020), we introduced an analytical derivation of the kSZ
angular power spectrum based on the reionisation history xe(z)
and two parameters related to the morphology of reionisation.
Firstly, the drop-off frequency of the power spectrum of free elec-
trons density fluctuations, κ, which is directly related to the angu-
lar scale where the patchy kSZ power reaches its maximum, and,
in turn, to the typical size of ionised bubbles during the EoR. It
is expressed in Mpc−1. Secondly, the large-scale amplitude of the
electron power spectrum,α0, which is a representation of the vari-
ance of the electron field and, as such, is related to the morphology
of the ionisation field. It is expressed in Mpc3.

These two parameters are directly related to the shape and
amplitude of the patchy component of the kSZ spectrum. The
late-time contribution is derived using a biased matter power
spectrum to describe the low-redshift spatial distribution of free
electrons, according to the model introduced in Shaw et al.
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Fig. 1. Comparison of the normalised kSZ angular power spectra
obtained for a set of reionisation parameters using binned templates
(Reichardt et al. 2021), in orange, and using the analytic derivation
introduced in Gorce et al. (2020), in blue.

(2012), fitted to highly resolved simulations (Aubert et al. 2015)
– see Gorce et al. (2020) for more details on the model. Instead of
using a template of the kSZ power spectrum and fitting its ampli-
tude to small-scale CMB data, in this work, we sample α0 and
κ, along with zre and zend, so that the kSZ spectrum can be fully
computed at each iteration of the sampler. In general, we expect
the modelling uncertainties of the parameterisation, including
the additional kSZ power stemming from the non-Gaussianity of
the electron density field (Alvarez 2016) to be absorbed by the
uncertainties on the sampled parameters. However, once obser-
vations and foreground-modelling allow for a detailed detec-
tion of the kSZ spectra, a more precise description will be
required.

In Fig. 1, we show the difference in the late-time and patchy
kSZ spectra corresponding to the templates used in R21, and
obtained using the analytic derivation of Gorce et al. (2020) for
parameters fitted on a semi-numerical simulation (Seiler et al.
2019). In order to highlight shape differences, the spectra are
normalised to 1 µK2 at ` = 3000. The template used for the late-
time signal is extracted from the work of Shaw et al. (2012),
who fit the power spectrum of electron number density fluctua-
tions, considered as a biased matter power spectrum, on hydro-
dynamic simulations. The template used for the patchy signal
was first introduced in Zahn et al. (2012) and was computed
numerically from a full radiative transfer simulation (Zahn et al.
2007, 2011). There is a clear difference in the shapes obtained
in both cases, in particular on small scales. This is related to the
fact that the low-redshift section of our analytic kSZ model was
calibrated on a simulation which uses adaptive mesh refinement,
and, hence, resolves high-density regions very well, making the
derived spectra more sensitive to the thermal behaviour of the
gas, and boosting power on small scales (Aubert et al. 2015).
The results presented in Sect. 4 are, however, robust to these
modelling uncertainties.

The cosmology-dependent derivation of the kSZ power spec-
trum is computationally expensive because of the complexity of
Eq. (4), which includes several integrals. Additionally, the time
required to compute a C` increases with `, making the analy-
sis of small-scale data challenging. For this reason, it cannot be
included as such in a parameter sampling algorithm. Similarly
to what was proposed in Paper I, we choose to solve this issue
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by using a machine learning algorithm, random forests (RF),
trained on a set of kSZ spectra computed according to Gorce
et al. (2020), to predict the C`’s at each iteration of the sampler.
The training set is made of 50 000 different spectra, computed
on a range of cosmological and reionisation parameters, for 25
angular multipoles linearly distributed over the range 100 ≤
` ≤ 10 500, which includes the SPT data points. The details
of the RF training and testing can be found in Appendix A.
Namely, the errors coming from the RF reconstruction never
exceed 0.02 µK2, about fifty times smaller than the precision of
current measurements (Reichardt et al. 2021). The overall scores
of the patchy and late-time predictions are, respectively, 99.3%
and 99.8%. The RF prediction code for the kSZ power spectra is
publicly available3.

2.3. MCMC analysis

We use a version of the publicly available Monte-Carlo
Markov chain sampler CosmoMC (Lewis & Bridle 2002; Lewis
2013), modified to include the SPT likelihood, available online
(Reichardt et al. 2021), and the Planck21-tSZ likelihoods, based
on Tanimura et al. (2022) data and following Salvati et al.
(2018). We further modify the sampler to allow for an on-the-fly
RF-prediction of the tSZ, patchy kSZ and late-time kSZ angu-
lar power spectra (see above and Appendix A), as initiated in
Paper I. For the derivation of the tSZ power spectrum, we follow
the recipe detailed in Paper I. We add in the model the scaling
relation between the tSZ signal (the Compton parameter Y500)
and the halo mass M500, both defined within a radius that con-
tains 500 times the critical density of the Universe. In this anal-
ysis, for the scaling relation we include as a varying parame-
ter only the mass bias (1 − b), defined as the ratio between the
halo mass estimated from the hydrostatic equilibrium assump-
tion MHE, and the total halo mass, that is (1 − b) = MHE/M500.
We focus on this parameter, since it shows the strongest degen-
eracy with the cosmological ones. We refer the reader to the full
discussion in Paper I. For the derivation of the kSZ power spec-
trum, we add as varying parameters in the analysis the two quan-
tities introduced in Sect. 2.2, that is logα0 and κ. These replace
the amplitude of the total kSZ power at ` = 3000, DkSZ

3000, which
is now derived.

We modify the CAMB module (Lewis et al. 2000; Howlett
et al. 2012), included within CosmoMC to perform theoretical
computations, to account for the asymmetric parameterisation
of the reionisation history given in Eq. (3). Doing so, the optical
depth τ is no longer sampled, but derived from the values of the
reionisation mid- and endpoint, zre and zend, themselves sampled.
We impose a prior zend > 4.5. When the cosmology is let free to
vary, we additionally sample the following parameters:

– The baryon density multiplied by the reduced Hubble con-
stant h ≡ H0/100, Ωbh2;

– The cold dark matter density Ωch2;
– The ratio of the sound horizon to the angular diameter dis-

tance at decoupling, scaled by 100, 100θMC;
– The initial super-horizon amplitude of curvature perturba-

tions at k = 0.05 Mpc−1, As, as log A ≡ ln(1010As), and
– The scalar spectral index ns.

Finally, nuisance parameters are added depending on the data set
used, as described below.

The convergence of the runs is assessed by examining the
Gelman–Rubin convergence parameter R (Gelman & Rubin

3 See https://szdb.osups.universite-paris-saclay.fr/ for
a user-friendly interface and a link to the public repository.

1992; An et al. 1998), which corresponds to the ratio of the vari-
ance of chain means to the mean of chain variances, for each
sampled parameter. We consider the chains converged once, for
each parameter, R − 1 < 10−2. Unless specified otherwise, all
parameter values are given in terms of the maximum of the
marginalised posterior probability, and confidence intervals cor-
respond to the highest-density probability intervals at 68%4.

3. Data

3.1. Planck low-` data

For the analysis of large-scale data presented in Sect. 4.1, we
consider the Planck Collaboration I (2020) data, available in the
Planck Legacy archive5. We use the low-` TT and EE (simall)
likelihoods, as well as high-` TT , T E and EE spectra (plik) and
lensing. The cosmological constraints resulting from the fiducial
analysis performed by the Planck collaboration are the following
(with a 68% confidence): Ωbh2 = 0.02237 ± 0.00015, Ωch2 =
0.1200 ± 0.0012, 100θMC = 1.04092 ± 0.00031, τ = 0.0544 ±
0.0073, log A = 3.044± 0.014 and ns = 0.9649± 0.0042 (Planck
Collaboration VI 2020).

3.2. SPT high-` data

We consider the small-scale measurements of the CMB temper-
ature power spectrum presented by the South Pole telescope col-
laboration in Reichardt et al. (2021) and available online6. The
data are made of bandpowers at 95, 150 and 220 GHz measured
over the angular multipole range 2000 < ` < 13 500. The like-
lihood makes use of auto- and cross-spectra and marginalises
over calibration and beam parameters. The total measured tem-
perature power spectrum is considered to be the sum of the
primary signal, as well as the following foregrounds: the ther-
mal and kinetic Sunyaev–Zel’dovich effects, Poisson-distributed
radio galaxies, whose power goes as `2, and the galactic cirrus
power. The contribution from thermal dust emission coming from
the faint dusty star forming galaxies that cannot be masked out,
and forming the CIB (Lagache et al. 2005; Casey et al. 2014), is
also considered. The power is divided between spatially clustered
and Poisson-distributed galaxies (Viero et al. 2013), with the lat-
ter followingD` ∝ `

2. These foregrounds, in the initial analysis,
are all modelled with templates, whose amplitude at ` = 3000 is
adjusted to fit the data. To this list is added the (negative) cross-
spectrum of the CIB and the tSZ signal (Addison et al. 2012) and
derived as a combination of the Shang et al. (2012) model and the
tSZ C`’s. The absolute value of the amplitude at ` = 3000 of the
cross-spectrum, labelled ξ, is sampled. This results in a list of
eight nuisance parameters (Fig. A.3).

4. Results

4.1. Substituting the reionisation model in low-` data

First, we study the impact of changing the way reionisation is
modelled when analysing the Planck Collaboration I (2020) data

4 In contrast to equal-tail probability intervals, the highest-density
probability interval is more appropriate for Bayesian analysis with
skewed distributions, as it ensures all the values included in the con-
fidence interval have a probability higher than 0.68.
5 See http://pla.esac.esa.int/pla/.
6 Bandpowers and likelihood codes compatible with CosmoMC can
be downloaded at https://pole.uchicago.edu/public/data/
reichardt20/.
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Table 1. Maximum likelihood parameters obtained with Planck CMB
data when an asymmetric parameterisation of reionisation is used (see
text).

Parameter ML value

Ωbh2 0.0224 ± 0.0001
Ωch2 0.1199 ± 0.0012
100θMC 1.0409 ± 0.0003
ns 0.9655 ± 0.0040
ln(1010As) 3.048 ± 0.014
zre 7.4 ± 0.7
dz 1.4+0.7

−0.9

τ 0.056 ± 0.007
zend 5.8+0.6

−1.2

Notes. The lower part of the table corresponds to derived parameters.
Error bars are 68% confidence intervals.

described in Sect. 3.1. We compare the results obtained using
the common instantaneous parameterisation of the reionisation
history given in Eq. (2), on one side, and using the physically
motivated asymmetric parameterisation given in Eq. (3), on the
other side. We sample the following cosmological parameters:
log A, Ωbh2, Ωch2, 100 θMC and ns. Additionally, we sample the
parameters related to the history of reionisation, given in Eq. (3),
that is zre and zend, with a prior zend > 4.5. Here, τ is a derived
parameter since the reionisation history is directly probed. Tem-
plates are used for all the foregrounds.

The recovered maximum likelihood parameter values, along
with their 68% confidence intervals, are given in Table 1. We
find that changing the reionisation model has no impact on the
baryon and dark matter densities, as well as on 100 θMC. As
observed in previous works (e.g., Planck Collaboration XLVII
2016; Planck Collaboration VI 2020), we exactly recover the
cosmological constraints obtained in Planck Collaboration I
(2020) with the tanh model, that is Ωbh2 = 0.0224 ± 0.0001,
Ωch2 = 0.1199 ± 0.0012 and 100 θMC = 1.0409 ± 0.0003 at
1σ. Figure 2 compares the posterior distributions of the other
four cosmological parameters sampled, for the two analyses. We
see that the correlation between τ and As, commonly observed
in CMB analyses, is here translated into a correlation with zre.
Overall, results are similar for the two cases, since the low-`
CMB data are only really sensitive to the value of τ and not to the
details of the reionisation history, a point we further discuss in
Sect. 5. Therefore, the errors on the optical depth are unchanged,
as already observed by Planck Collaboration XLVII (2016) with
Planck 2015 data. We present the most likely reionisation his-
tory, as well as the redshift-evolution τ(z), for each case, in the
right panels of Fig. 2. In the asymmetric case (Eq. (3)), the
extended tail towards high redshifts is compensated by a later
reionisation, and a lower zre, in order to reach an integrated τ
value similar to the one obtained with the tanh model. This
results in a completely different picture of the early Universe,
with the first light sources starting reionising the IGM as early
as z = 13. The first half of the reionisation history is well con-
strained, with zre = 7.4 ± 0.7, whilst there is a lot of uncer-
tainty on the end of the process: zend = 5.8+0.6

−1.2. However, we can
place an upper limit of zend < 7.5 at the 95% confidence level.
These results show that a clear picture of reionisation cannot be
obtained with large-scale CMB data only, but must be comple-
mented by the cosmological information enclosed in small-scale
data and foregrounds.

4.2. Substituting the kSZ template in high-` data

4.2.1. Fixed cosmology

We now consider measurements of the CMB temperature fluctu-
ations power spectrum on small scales obtained by the SPT and
change the way the kSZ and tSZ signals are modelled in the anal-
ysis. Their angular power spectra are estimated using random
forests (RF) trained on C` values computed numerically from a
set of cosmological, cluster physics and reionisation parameters
(see Paper I, Sect. 2.2 and Appendix A): The kSZ shape parame-
ters, κ and logα0, as well as the mass bias 1− b, are now let free
to vary on a range where the random forests have been trained.
All the sampled parameters, including zre and dz, are listed in
Table 3. In order to compare with the results of Reichardt et al.
(2021), we fix the cosmology to the values used by the authors:
Ωch2 = 0.1193, Ωbh2 = 0.0224, ns = 0.9665, log A = 3.047 and
100θMC = 1.04101. Here, it is not possible to fix the value of
the Thomson optical depth as done in R21 since, as described in
the previous paragraph, the reionisation model has been altered
to make τ a derived parameter. Instead, we impose a narrow
Gaussian prior τ = 0.056 ± 0.007, the width of which cor-
responds to the errors on τ coming from large-scale data (see
Sect. 4.1).

We compare three cases. First, we replicate the results of
R21, fixing cosmology and, effectively, reionisation. We then
change the reionisation model for the one in Eq. (3) but keep
templates for the tSZ and kSZ spectra and sample their ampli-
tudes at ` = 3000. Finally, we replace the templates by the RF-
inferred tSZ and kSZ spectra, predicted at each iteration of the
sampler.

In the top panel of Fig. 3, we show the resulting posterior
distributions of the amplitudes of the tSZ and total kSZ power
spectra at ` = 3000 and 143 GHz, labelled as DtSZ

3000 and DkSZ
3000,

respectively. Maximum likelihood values, along with 68% cred-
ibility intervals, are given in Table 2. Similarly to what was
observed in Paper I, including the cosmology dependence of the
SZ spectra in the analysis limits the values their amplitudes can
take and breaks their degeneracy, leading to tighter constraints.
We move from a 3σ measurement reported in R21 to a 6σ mea-
surement of the amplitude of the kSZ signal and the error bars
are cut in half: DkSZ

3000 = 3.5+0.4
−0.2 µK

2. The RF prediction of the
kSZ signal allows to decompose it between the contribution of
post-reionisation (late) and patchy signals. In the bottom panel of
Fig. 3, we present the probability distributions of their amplitude
at ` = 3000. The former largely dominates the total kSZ power,
contributing to about 86% at ` = 3000 withDlkSZ

3000 = 3.1+0.1
−0.3 µK

2.
Because of its low amplitude, only an upper limit can be placed
on the latter in this setting:DpkSZ

3000 < 1.5 µK2 at 95% confidence.
Regarding the tSZ amplitude, the uncertainty is reduced by 40%
compared to R21, and we move from a 6 to a 10σ measure-
ment, such thatDtSZ

3000 = 3.3±0.3 µK2. The distributions of other
foreground parameters, shown in Fig. A.3, are also impacted
by the change in the tSZ and kSZ modelling. For example, the
amplitude of the contribution of dusty galaxies to the observed
temperature power spectrum is better constrained, whilst staying
consistent with previous results. The constraints on the ampli-
tude of the tSZ–CIB correlations do not change whether we use
templates or not (ξ = 0.07 ± 0.03), although the degeneracy of
this parameter with DkSZ

3000 and DtSZ
3000 is lifted when templates

are replaced by RF predictions. In agreement with R21, the data
favour positive values of ξ, and a negative tSZ–CIB correla-
tion, corresponding to an overdensity of dusty galaxies in galaxy
clusters.
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Fig. 2. Results obtained when fitting the large-scale Planck data with two different reionisation models: a physically motivated asymmetric
parameterisation of xe(z) (blue contours, Eq. (3)), or an instantaneous reionisation history (pink contours, Eq. (2)). Left panel: posterior distributions
of cosmological parameters. Right panels: resulting redshift-evolution of the IGM ionised fraction (top) and optical depth (bottom), with associated
68% confidence intervals.

The cosmological information included in the high-` SPT
data is sufficient to give good constraints on the midpoint of
reionisation and we find that, for a fixed cosmology, the use of
a full derivation of the SZ power spectra instead of templates
does not help constraining any of the reionisation parameters
better. That is because changing the model but fixing the cos-
mology is equivalent to using another template, which R21 has
shown to have no impact on the results. The model favoured by
the small-scale data in this setting is one of early reionisation
(zre = 8.5+0.5

−0.4), in tension with currently available data points on
the ionisation fraction of the IGM (see Fig. 8) and can be traced
back to large optical depth values (τ = 0.069 ± 0.004), over 3σ
away from the centre of the Gaussian prior imposed to the fit,
and from the Planck Collaboration I (2020) constraints. This is
due to the fact that on the `-range covered by the SPT data, there
is a strong correlation between the As and τ parameters, as the
amplitude of the primary temperature power spectrum follows
As exp(−2τ). Fixing As is therefore equivalent to fixing τ and the
chosen value of As corresponds to a large value of τ, which in
turn triggers early reionisation scenarios and large kSZ ampli-
tudes. We confirm this intuition by running the MCMC with RF-
predicted tSZ and kSZ spectra and fixed cosmology, only chang-
ing the value of As to a lower value. This set-up leads to lower
values of τ, and, in turn, of the reionisation midpoint and of the
patchy kSZ amplitude.

4.2.2. Free cosmology

From the results presented in previous section, it is clear that
the constraints on SZ amplitudes and on reionisation obtained
with the SPT data strongly depend on the assumed cosmological
model. Therefore, we now let cosmological parameters free but

apply tight Gaussian priors corresponding to the posterior dis-
tributions of Planck Collaboration I (2020) on Ωbh2, Ωch2 and
θMC, which we have found in Sect. 4.1 to be largely impervious
to changes in the reionisation history. On the other hand, log A is
let completely free, along with the reionisation parameters and
the mass bias 1 − b, related to the computation of the tSZ spec-
trum7. The applied priors are listed in Table 3. To assess the con-
straining power of our newly introduced cosmology-dependent
tSZ and kSZ power spectra, we compare several cases, where
either: Templates are used for both SZ spectra, a template is used
for one SZ effect, whilst the other is predicted by the RF, or both
SZ spectra are predicted by the RF. The latter set-up leads to
the main results of this paper. The full list of maximum like-
lihood parameters resulting from these four analyses is given in
Table 3 and a complete triangle plot of the posterior distributions
of all parameters sampled, apart from nuisance parameters, can
be found in Fig. B.1.

In the upper panel of Fig. 4, we show the posterior probabil-
ity distributions of the tSZ and total kSZ amplitudes at ` = 3000
for the four considered cases. Again, replacing one of the two
SZ templates by a cosmology-dependent spectrum is sufficient
to break the degeneracy between the two amplitudes, as they
can only take values compatible with the cosmology. How-
ever, here, replacing the tSZ template but keeping the kSZ one
does not improve detection limits, with DkSZ

3000 remaining at 2σ.
This can be related to the strong priors placed on cosmological
parameters, in particular on Ωch2 and, therefore, on Ωm, almost
fixing the shape of the tSZ spectrum. Because of the strong

7 As shown in Paper I, it is useful to keep in mind that the bias 1 − b
is strongly correlated to the amplitude of the tSZ power spectrum at
` = 3000 (see also Salvati et al. 2019).
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Fig. 3. Constraints on the amplitude of the tSZ and kSZ power spectra at
` = 3000, in µK2, obtained with SPT high-` data (R21) using either tem-
plates (in yellow) or RF-inferred tSZ and kSZ power spectra (in blue),
as well as a physical parameterisation of reionisation. Inferences are
compared to the initial analysis, with templates and fixed reionisation
(in grey). For all cases, the cosmology is fixed (see text for values). On
the bottom panel, the kSZ is decomposed into its late-time and patchy
components.

correlation existing between Ωch2 and the mass bias 1−b, releas-
ing the prior on Ωch2 will weaken the constraints obtained on
the mass bias, but have no impact on the measured DtSZ

3000. This
also explains why the results only slightly change when the tSZ
model changes but RF-inferred kSZ is used.

It is only when the cosmological information included in the
kSZ spectrum is used that there is a clear improvement in the
measurement of the two signals, with the most likely values of
the tSZ and kSZ amplitudes sitting at 9 and 5σ, respectively,
from a zero amplitude: DtSZ

3000 = 3.5 ± 0.4 and DkSZ
3000 = 3.4+0.5

−0.3
with a 68% confidence limit (see also Table 3). The model used
to derive the kSZ allows to decompose it into its patchy and late-
time contributions. The probability distributions of their ampli-
tudes at ` = 3000 are shown in the bottom panel of Fig. 4.
Again, if the late-time contribution is well-constrained, only an
upper limit can be placed on the patchy kSZ, similar to what was
obtained with a fixed cosmology:DpkSZ

3000 < 1.6 µK2 at 95% confi-
dence. The most likely kSZ and tSZ spectra at 150 GHz, as well
as their 68% credibility regions, are shown in Fig. 5 and com-
pared to the best-fit templates. For the first time, it is possible
to see the shape of the SZ spectra preferred by the small-scale
CMB data, and to decompose the kSZ power into its late-time
and patchy components. In conclusion, in comparison to the tem-
plates, the RF-prediction allows for a larger power at high-` for

Table 2. Most likely values of the amplitude, in µK2, of the SZ effects
obtained when fitting the SPT data.

R2021 Temp. RF

DtSZ
3000 3.4 ± 0.5 3.6 ± 0.5 3.3 ± 0.3
DkSZ

3000 3.1 ± 1.0 3.1+1.0
−1.1 3.5+0.4

−0.2
Patchy – – <1.5
Late-time – – 3.1+0.1

−0.3

Notes. Different cases are compared: the initial analysis by Reichardt
et al. (2021), augmented by the asymmetric reionisation model
(‘Temp.’), both using templates for the tSZ and the kSZ. ‘RF’ corre-
sponds to the use of RF-inferred, cosmology-dependent tSZ and kSZ
spectra. In all cases, the cosmology is fixed.

both spectra and for reduced error bars at all multipoles. This
result holds when using different templates than the ones used
in Reichardt et al. (2021), notably templates obtained with the
analytical derivation of Gorce et al. (2020) for different sets of
parameters. We additionally find a difference of only 0.17 µK2,
corresponding to approximately 0.25σ, on the amplitude of the
total kSZ power at ` = 3000 when a template and a cosmology-
dependent amplitude are used for the late-time component of the
kSZ (Shaw et al. 2012), whilst the RF is used to infer the patchy
contribution.

We show in Fig. 6 the maximum likelihood components of
the temperature power spectrum observed by the SPT (R21)
for our main analysis, that is when both SZ spectra are pre-
dicted by the RF, and when templates are used. We see that
the SZ amplitudes at ` = 3000 are consistent across all anal-
yses, but that freeing the shape of the SZ spectra when intro-
ducing the RF leads to an increase in the contribution of both
the kSZ and the tSZ to the total power on the smallest scales
(` > 4000). This power is mostly drawn from clustered dusty
galaxies and radio galaxies. The fixed shape of their spectra
results in decreased amplitudes at ` = 3000, with the amplitude
of the contribution from radio galaxies moving from Drg

3000 =

0.9 ± 0.2 to Drg
3000 = 0.7 ± 0.1 when introducing the RF. The

amplitudes of the other foregrounds are only weakly impacted
by the new model. For example, the amplitude of the contri-
bution from the Galactic cirrus at ` = 3000 and 220 GHz is
D

gc
3000 = 1.9 ± 0.4 µK2. Only the constraints on the CIB-tSZ cor-

relation, whose amplitude is described by a sampled parameter ξ
(see Sect. 3), are strongly impacted by the change of model. We
show in Fig. B.2 the joint posterior distributions of this param-
eter with the kSZ and tSZ amplitudes at ` = 3000 in the four
cases aforementioned. In the analysis of previous data, allowing
for a correlation between the two signals has made measuring
the kSZ signal more difficult (Reichardt et al. 2012; Dunkley
et al. 2013; Sievers et al. 2013; George et al. 2015), until R21,
where the authors claim to measure the kSZ amplitude at 3σ,
despite letting ξ free. The previous difficulties to measure the SZ
amplitudes are explained by a strong degeneracy between ξ and
the kSZ and tSZ power. Here, when using both templates, we
indeed find a correlation coefficient of 0.65 and −0.58 between
ξ and DkSZ

3000 and ξ and DtSZ
3000, respectively. However, when

removing the use of templates, these coefficients are reduced to
0.22 and −0.22, respectively, such that the level of correlation
between the CIB and the tSZ is constrained to ξ = 0.07 ± 0.03,
ruling out positive correlations at the 2σ level and confirm-
ing that there is an overdensity of dusty galaxies in galaxy
clusters.
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Fig. 4. Probability distributions of the amplitudes of the tSZ and kSZ
power spectra at ` = 3000, in µK2, for the different models considered
(see text). On the bottom panel, the kSZ is decomposed into its late-time
and patchy components.

Regarding cosmological constraints, as shown in Table 3, we
again recover the Planck priors on Ωbh2, Ωch2, 100θMC and ns.
Overall, the values of the other sampled cosmological parame-
ters are consistent with the large-scale results, only with larger
error bars. Notably, the width of the 68% confidence interval on
log A increases from 0.014 to 0.027 when small-scale data are
used in the analysis. In Fig. 7, we show the posterior distribu-
tions of As, τ, zre and zend for our four cases. As before, we see
that replacing the tSZ template by a cosmology-dependent spec-
trum does not impact the parameter constraints, because of the
strong priors placed on Ωch2 and so, effectively, on the shape of
the spectrum. Introducing the RF-inferred kSZ spectrum, how-
ever, slightly shifts the most likely values of As and zre, and, con-
sequently, of τ, pulling the constraints on the reionisation history
towards later scenarios: zre moves from 8.4+0.8

−1.3 with both tem-
plates to zre = 7.9+1.1

−1.3 with both cosmology-dependent spectra,
whilst τ moves from 0.068+0.009

−0.014 to τ = 0.062+0.012
−0.015 at the 68%

confidence level.

5. Discussion

The constraints on the history of reionisation derived from CMB
analyses are traditionally based on the value of the Thomson
optical depth which only offers a limited amount of informa-
tion, since it is the integrated electron column density along the

Fig. 5. Most likely SZ spectra at 150 GHz obtained when fitting cosmol-
ogy and reionisation parameters to the SPT data. Two cases are com-
pared: Either templates are used for both spectra (dashed lines) or they
are predicted by our RF given the sampled parameters (solid lines). For
the results obtained with RF predictions, shaded areas correspond to
68% confidence regions. For the results obtained with templates, only
the amplitudes at ` = 3000 are constrained, and the 68% confidence
intervals on their values are shown as error bars. The tSZ and total kSZ
spectra are shown in the upper and middle panels, respectively. When
possible, the kSZ signal is decomposed between patchy (dark blue) and
late-time (light blue) components, shown in the lower panel.

line of sight, averaged over the whole sky. In particular, as seen
in Sect. 4.1, constraining models with more than one parameter
with current CMB data proves difficult. Additionally, the mea-
surements of τ from Planck data are still plagued with systemat-
ics and different analyses lead to different values (e.g., Planck
Collaboration XLVII 2016; Pagano et al. 2020; Natale et al.
2020) which, whilst being mostly consistent, can change our
picture of the high-redshift Universe. In order to improve the
constraints on reionisation obtained from CMB data, one can
combine CMB observations to other data sets, such as measure-
ments of the IGM ionised fraction from quasar spectra, galaxy

A122, page 8 of 18



A. Gorce et al.: Retrieving cosmological information from small-scale CMB foregrounds. II.

Fig. 6. Most likely components of the small-scale CMB temperature power spectrum observed by the SPT (R21), when cosmology is free. Solid
and dashed lines show the results when RF predictions and templates are used for the SZ spectra, respectively.

Fig. 7. Posterior distributions of cosmological and reionisation parameters sampled when cosmology is let free with Planck Collaboration I (2020)
priors and RF-predicted or templates are used for the kSZ and tSZ power spectra. The constraints obtained with large-scale Planck data in Sect. 4.1
are shown as black dashed lines.

luminosity functions (e.g., Gorce et al. 2018; Qin et al. 2020),
or even measurements of the 21 cm signal (e.g., Alvarez 2016;
Ahn & Shapiro 2021; Paul et al. 2021; Billings et al. 2021).
The option we chose in this work is to fully exploit the poten-
tial of CMB observations by including small-scale data in the
analysis. In contrast to previous works (Planck Collaboration
XLVII 2016), cosmological- and reionisation-dependent mod-
els of the tSZ and kSZ power spectra, which are foregrounds
to the primary temperature fluctuations on scales ` > 2000,
are introduced, giving access to the cosmological information
included in their shape and amplitude. Doing so, we provide new
constraints on the nature of reionisation and on cosmological
parameters.

5.1. Constraining the nature of reionisation

In Sect. 4.1, fitting the Planck data with different parameter-
isations of the redshift-evolution of the IGM ionised fraction
(Eqs. (2) and (3)), we have found that the large-scale CMB
power spectrum can only constrain the value of the optical
depth τ, but not the details of the reionisation history. How-
ever, the measured value of τ can give a completely differ-
ent picture of the high-redshift Universe, depending on the
adopted model, and the latter should therefore be chosen care-
fully. A complementary analysis has been performed by Qin

et al. (2020), who directly confront semi-numerical simulations
(Mesinger et al. 2011; Greig & Mesinger 2015; Murray et al.
2020) to Planck Collaboration I (2020) large-scale data, avoid-
ing the use of any parameterisation of the reionisation history.
They recover a constraint on τ similar to parametric analyses,
and argue that a prior on τ can be used with the same effect
as the full large-scale Planck likelihoods to constrain reion-
isation models. Another way of obtaining somewhat model-
free constraints on reionisation from CMB data is the use of
non-parametric reconstructions, for example via a principal
component analysis (Hu & Holder 2003; Mortonson & Hu 2008;
Bégin et al. 2022) or by interpolating between a varying number
of redshift bins along the ionisation history (Millea & Bouchet
2018). These results motivate a more thorough analysis of small-
scale data to complement large-scale results and better constrain
reionisation.

Using cosmology-dependent SZ spectra to fit the small-scale
SPT data, we find in Sect. 4.2 that their shape and amplitude
can indeed be used to learn about the reionisation history. In
Fig. 8, we compare the results for free cosmology runs on large-
scale and small-scale data, and see that both data sets tell con-
sistent stories, in agreement with current constraints on the ion-
isation fraction of the IGM from Lyman-α emitters (Ota et al.
2008; Schenker et al. 2013; Konno et al. 2018; Mason et al.
2018; Hoag et al. 2019; Jung et al. 2020) and quasar spectra
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Fig. 8. Constraints on reionisation history obtained with Planck (in grey,
Planck Collaboration I 2020) and SPT high-` data (in blue, Reichardt
et al. 2021) for cosmology-dependent kSZ and tSZ spectra. Cosmology
is free but, for the latter, Gaussian priors from Sect. 4.1 are imposed
on four cosmological parameters. Inferences are compared to currently
available data points on the ionisation fraction of the IGM from Lyman-
α emitters and QSO spectra (see text for references).

(McGreer et al. 2015; Greig et al. 2017, 2019), or a combina-
tion of both (Gorce et al. 2018). With large-scale data only, we
report a constraint on the midpoint of reionisation of 7.4 ± 0.7.
Using the cosmology-dependent kSZ and tSZ spectra to analyse
the SPT data (Reichardt et al. 2021), we obtain zre = 7.9+1.1

−1.3 for
the midpoint and zend = 6.2+1.6

−0.8, corresponding to a 95% upper
limit of zend < 8.5, for the endpoint (see Fig. 7). The small-
scale data requires larger values of the reionisation midpoint than
large-scale results, with the first light sources starting to ionise
the IGM around z = 158. This fact was already observed in
Choudhury et al. (2021), where the authors fit a semi-numerical
model of reionisation to Planck CMB and SPT data and could
mean a tension between the small-scale CMB data and recent
works inferring a late end for reionisation from astrophysical
data sets (Becker et al. 2015; Bosman et al. 2018). More pre-
cisely, let the duration of reionisation ∆z,50 = z0.25−z0.75, where zi
is the redshift at which a fraction i of the IGM is ionised. We find
an upper limit ∆z,50 < 4.8 (4.3) at 99% (95%) confidence, con-
sistent with the constraints obtained in previous works from the
SPT measurement of the kSZ amplitude (Reichardt et al. 2021).
These include ∆z,50 < 2.9 (99% C.L.) presented in Choudhury
et al. (2021) and ∆z,50 < 3.5 given in Chen et al. (2022), although
we expect the latter limit to be significantly loosened when the
parameters of the model used by the authors are freed. Our
upper limit is also less stringent that the initial results of Planck
Collaboration XLVII (2016), where the authors post-process
the posterior distribution of DkSZ

3000 obtained with templates con-
fronted to a combination of Planck, ACT and SPT data (Das
et al. 2014; George et al. 2015; Planck Collaboration I 2016).
We add that, as mentioned in Appendix A, kSZ measurements
alone seem unsufficient to obtain precise constraints on zre, and
a coherent analysis of small- and large-scale data is required.

The new analytic derivation of the kSZ angular spectrum
introduced in Gorce et al. (2020) and confronted to data for the

8 The parameterisation used allows for reionisation to start as early as
z = 20, but not before.

first time in this work does not only allow a consistent mod-
elling of the reionisation history in large and small CMB data
analysis, but also gives access to information about the patch-
iness of reionisation and the nature of its sources. Indeed, the
κ parameter is directly related to the typical size of ionised bub-
bles, whilst α0 describes the variance of the electron density field
during the EoR, and the distribution of light sources through-
out the IGM. However, current data does not allow to get pre-
cise constraints on these two shape parameters. We can report an
upper limit α0 < 104.1 Mpc3 at 95% confidence, which is in good
agreement with values obtained for both radiative hydrodynam-
ics and semi-numerical simulations of reionisation (Mesinger
et al. 2011; Aubert et al. 2015; Seiler et al. 2019) in Gorce et al.
(2020). We expect the results presented here to greatly improve
with data from the next generation of CMB observatories. Addi-
tionally, these parameters being related to the morphology of
reionisation, and so to the physical properties of early galax-
ies leading the process, future observations, for example of the
spatial fluctuations of the 21 cm signal by the Square Kilome-
tre Array (Mellema et al. 2015), will give access to independent
constraints on these parameters, and therefore help the charac-
terisation of the high-multipole CMB power spectrum.

5.2. Cosmological constraints

In Fig. 7, we compare the posterior distributions of log A, τ,
zre and zend obtained in Sect. 4.1 with Planck data only, and
in Sect. 4.2 with the SPT data, Planck priors and RF-inferred
SZ spectra. We see that, because of the presence of many dif-
ferent components to the observed temperature power spectrum
on small scales, the SPT data are less constraining than Planck
CMB. In particular, the 1σ intervals on log A and τ close to
double, from 0.007 reported in Sect. 4.1 to 0.012 for the latter.
Interestingly, the τ−As degeneracy is not broken by the new
reionisation model and the addition of the SPT data. How-
ever, we expect that future experiments will be able to break
this degeneracy (Calabrese et al. 2014; Galli et al. 2014) and
such forecasts will be the focus of future work. The degeneracy
between the two parameters, although corresponding to the same
correlation coefficient, is shifted between the large- and small-
scale results. That is, for a given log A, large-scale data favours
larger τ values than small-scale data, and reciprocally. This is
due to the small-scale data requiring a kSZ amplitude corre-
sponding to early reionisation scenarios, which in turn translates
into a larger optical depth. Hence, the best-fit value for log A is
found to be smaller than, although still fully consistent with, the
large-scale results.

Another potential issue of this analysis is the strong corre-
lation observed between the reionisation midpoint zre and the
Thomson optical depth τ, which is directly derived from the
reionisation history. Indeed, we report a correlation coefficient
between the two parameters of 0.98. This degeneracy could
be partly broken with future data to allow for a cleaner mea-
surement of both reionisation history parameters, zre and zend.
For example, measurements of the spatial fluctuations of the
CMB optical depth could be used (Holder et al. 2007; Dvorkin
& Smith 2009; Gluscevic et al. 2013; Namikawa et al. 2021).
Another indirect option would be to independently constrain zre
and zend with data from other cosmological sources, such as
quasar spectra or the power spectrum of fluctuations in the 21 cm
signal coming from the EoR (Liu et al. 2016) or with next gen-
eration CMB data. Indeed, Alvarez et al. (2021) suggest that
varying the reionisation history has a different impact on the
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Gaussian and the non-Gaussian part of the signal9, and, there-
fore, four-point estimators of the kSZ could be used to break the
degeneracy.

In order to break degeneracies between parameters, detect
systematics, and allow a fruitful analysis of available data sets,
a consistent analysis of the different observables of reionisation
seems to be a promising avenue. Indeed, several works have
already demonstrated the potential offered by a combined anal-
ysis of astrophysical and CMB data (e.g., Millea & Bouchet
2018; Qin et al. 2020; Chatterjee et al. 2021; Baxter et al.
2021; Sato-Polito et al. 2021; La Plante et al. 2022), 21 cm and
CMB data (e.g., Tashiro et al. 2011; Alvarez 2016; Ma et al.
2018; Hotinli & Johnson 2022; La Plante et al. 2020; Billings
et al. 2021; Choudhury et al. 2021; Ahn & Shapiro 2021;
Bégin et al. 2022), or different types of CMB data (e.g., Planck
Collaboration XLVII 2016; Alvarez et al. 2021; Namikawa
et al. 2021; Paul et al. 2021; Roy et al. 2021).

6. Conclusions

Using machine learning, we have included a cosmology-
dependent derivation of the tSZ (following, among oth-
ers, Komatsu & Seljak 2002; Taburet et al. 2009; Planck
Collaboration XVI 2014; Salvati et al. 2018) and kSZ
angular power spectra, introduced in Gorce et al. (2020), to
the analysis of the SPT measurements of the small-scale power
spectrum of CMB temperature fluctuations. Doing so, we have
proven that the cosmological information included in the shape
and amplitude of these foregrounds, usually considered as nui-
sance parameters, can help tighten constraints on cosmology and
reionisation. In Douspis et al. (2022), we have focused our efforts
on the tSZ effect. In this work, we have additionally included
a proper modelling of reionisation and of the kSZ effect to the
analysis.

Several works have demonstrated that the history of reioni-
sation is not an instantaneous, redshift-symmetric process, moti-
vating the inclusion of a physical parameterisation of reionisa-
tion (Douspis et al. 2015) in the analysis of the latest Planck
CMB data (Planck Collaboration I 2020). In the framework
introduced in this work, it is not the Thomson optical depth τ
that is sampled, but the reionisation history itself, through two
meaningful parameters: The reionisation midpoint zre and end-
point zend, corresponding to the redshift when the hydrogen in
the IGM is 50% and 100% ionised, respectively. Analysing the
Planck data, in Sect. 4.1, we find a value of the Thomson optical
depth τ = 0.056 ± 0.07 fully consistent with the one obtained
using the fiducial, symmetric model (τ = 0.054 ± 0.007). How-
ever, the reionisation history corresponding to this value gives
a completely different picture of the high-redshift Universe,
where the first light sources light up and start reionising the
IGM as soon as z = 15 (compared to z = 10 for the instan-
taneous model, see Fig. 2). Indeed, despite the As−τ degener-
acy translating into a As−zre degeneracy, the Planck data alone
gives tight constraints on the reionisation history, with a mid-
point zre = 7.4 ± 0.7 and an upper limit on the end of the pro-
cess zend < 7.5 (95% C.L.). These results corroborate previous
works (e.g. Planck Collaboration XLVII 2016; Qin et al. 2020),
who found that the large-scale CMB data was really only sen-
sitive to the integrated reionisation history, through τ, and not
to the details of the process. They motivate a new analysis of
the small-scale CMB temperature power spectrum, designed to

9 For example, the kSZ four-point correlations will be enhanced by
shorter reionisation histories.

exploit the cosmological information included not only in the
primary signal, but also in the CMB foregrounds, as done in
Sect. 4.2.

In the analysis of the SPT small-scale data (Reichardt et al.
2021), we replace the template of the kSZ spectrum used in
previous analyses by a cosmology-dependent estimate (Fig. 1).
Because a full derivation at each iteration of the sampler is
too time-consuming to be considered, we train random forests
to predict the patchy and late-time kSZ angular power spec-
tra, when given the following parameters: Ωbh2, Ωch2, 100θMC,
ns, As, zre, zend, α0 and κ – the latter two defining the shape
of the patchy kSZ spectrum (Gorce et al. 2020)10. We incorpo-
rate the large-scale results to the small-scale analysis by impos-
ing Gaussian priors corresponding to the results of Sect. 4.1
on Ωbh2, Ωch2, 100θMC and ns. We find that removing the tSZ
and kSZ templates from the analysis, with or without letting the
cosmology free, breaks the degeneracy between the amplitudes
at ` = 3000 of the two power spectra. We report a 5σ mea-
surement of the amplitude of the kSZ angular power spectrum,
marginalised over cosmology (see Fig. 4):

DkSZ
3000 = 3.4+0.5

−0.3 µK
2 (68% C.L.).

The previous measurement, obtained with the same data but
fixed cosmology, was given at 3σ (Reichardt et al. 2021). We
confirm their result of a negative tSZxCIB correlation, with a
zero correlation being disfavoured above the 2σ level. These val-
ues result in a well-constrained reionisation history, although in
slight tension with Planck: the SPT data indeed seem to favour
earlier reionisation scenarios, with (see Fig. 7)

zre = 7.9+1.1
−1.3 (68% C.L.),

leading to an optical depth

τ = 0.062+0.012
−0.015 (68% C.L.).

These scenarios are in agreement with current constraints on
the IGM ionisation level obtained from Lyman-α emitters and
quasar spectra (Fig. 8). We also report the first direct upper limit
on the amplitude of the kSZ power stemming from reionisation

D
pkSZ
3000 < 1.6 µK2 (95% C.L.),

corresponding to about half of the previous upper limit
(Reichardt et al. 2021) and show in Fig. 5, for the first time,
the shape of the SZ spectra preferred by the small-scale CMB
data. In particular, these new results seem to indicate a stronger
small-scale power of both the tSZ and kSZ effects than previ-
ously allowed by templates.

If these results are promising, they can still be improved. In
future work, we will focus our efforts on the modelling of other
high-multipole CMB foregrounds, such as the cosmic infrared
background (Maniyar et al. 2019, 2021), and perform a simulta-
neous analysis of small- and large-scale CMB data in a unified
framework to achieve better constraints on the reionisation his-
tory. We will also explore the potential of the future generation
of CMB observatories to measure the shape of the kSZ angular
power spectrum11, and, doing so, to constrain the morphology of
reionisation12.
10 The trained random forests are available at https://szdb.osups.
universite-paris-saclay.fr.
11 See http://idoc.ias.u-psud.fr.
12 See http://www.dimacav-plus.fr.
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Table 3. Maximum likelihood parameters obtained with SPT data (Reichardt et al. 2021) when RF predictions or templates are used for the SZ
effects and templates for the other foregrounds.

Parameter Priors kSZ and tSZ Cosmology-dependent
templates kSZ and tSZ

Ωbh2 0.0224 ± 0.0001 id. id.
Ωch2 0.120 ± 0.001 id. id.
100θMC 1.0409 ± 0.0003 id. id.
ns 0.965 ± 0.004 id. id.
ln(1010As) 2.97 – 3.12 3.026+0.022

−0.028 3.021+0.026
−0.028

1 − b 0.5 – 1.0 – 0.57 ± 0.03
zre 5 – 10 8.4+0.8

−1.3 7.9+1.1
−1.3

dz 0 – 4 1.8+1.3
−0.8 1.4+1.2

−0.6
log [α0/Mpc3] 2.5 – 4.5 – <4.1
κ [Mpc−1] 0.04 – 0.20 – N.A.

τ – 0.068+0.009
−0.014 0.062+0.012

−0.015
zend >4.5 <8.6 <8.5
DtSZ – 3.7 ± 0.5 3.5 ± 0.4
DkSZ – 3.1 ± 1.0 3.4+0.5

−0.3
Patchy – – <1.6
Late-time – – 2.9+0.3

−0.2

Notes. Priors are either Gaussian or flat. In particular, Gaussian priors corresponding to 1σ best-fit results from Planck Collaboration I (2020) are
imposed on cosmological parameters. The lower part of the table corresponds to derived parameters. Errors and upper limits correspond to 68%
and 95% confidence intervals, respectively. Spectrum amplitudes are given in µK2 and at ` = 3000. The last column presents the main results of
this paper.
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Appendix A: Random forests predictions

The derivation of the kSZ angular power spectrum introduced
in Gorce et al. (2020) is too time-consuming to be included
as such in a sampling algorithm. For this reason, and as
already successfully implemented in Paper I to estimate the tSZ
power, we train random forests to approximate the kSZ angu-
lar power spectrum, given a set of cosmological and reionisa-
tion parameters. We refer the reader to Paper I for more details
about our choice of machine learning technique and parameter
optimisation.

We use for training a set of 50 000 kSZ power spectra com-
puted on 25 `-bins (100 ≤ ` ≤ 10 500)13 for parameters
ln(1010 As), Ωbh2, Ωch2, 100 θMC, ns, zre, dz, logα0 and κ. The
parameter ranges covered by the training set include the sam-
pling ranges of Sec. 3.2. The samples are divided into fifths such
that 60%, 20% and 20% of the models are used for the learning,
validation, and testing phase, respectively. Because of their dif-
ferences in shape and amplitude, as well as their sensitivity to
different cosmological parameters, we train two separate sets of
random forests to predict the late-time and patchy kSZ signals.

In order to facilitate the training, we scale each spectrum
in the training set by D3000 values obtained with the method
described below. Doing so, the amplitude differences between
the spectra in the training set will be smoothed out, and the ran-
dom forests will focus their training on the dependency between
parameters and the shape of the spectrum, rather than its ampli-
tude. We use an MCMC sampling algorithm to obtain the param-
eters {αi} that minimise the distance between the true Dtrue

3000 and
a model given byDmodel

3000 ≡ A0
∏

i
[
θi/θref,i

]αi , for each of the cos-
mological and reionisation parameter sets {θi} in the training set.
We fix A0 to the amplitude of the spectrum at ` = 3000 obtained
with the full computation for {θref,i}. We obtain the following for
for the patchy kSZ amplitude:

D
pkSZ
3000 = 1.03 µK2 ×

( zre

7.36

)0.70
(

dz
1.4

)0.87 (
logα0

3.7

)6.60 (
κ

0.10

)1.99

×

(
Ωbh2

0.0224

)1.47 (
Ωch2

0.120

)0.20 ( ns

0.9653

)−0.28
(A.1)

×

(
100θMC

1.041

)0.012 (
log A
3.048

)2.18

,

and the following for the late-time kSZ amplitude:

DlkSZ
3000 = 3.11 µK2 ×

( zre

7.37

)0.24
(

dz
1.4

)−0.08 (
logα0

3.7

)0.07 (
κ

0.10

)0.04

×

(
Ωbh2

0.0224

)0.78 (
Ωch2

0.120

)2.93 ( ns

0.9653

)2.12
(A.2)

×

(
100θMC

1.041

)−0.006 (
log A
3.048

)6.94

.

We note that the observed scalings, although model-dependent,
exhibit the expected dependencies. For example, the amplitude
of the late-time kSZ is inversely proportional to the duration
of reionisation, dz, but proportional to the reionisation redshift
zre. Indeed, for a given zre, a longer reionisation will end later,
and, therefore, the late-time signal will be integrated over a short
redshift range. Conversely, for a given reionisation duration, a
larger midpoint means that reionisation will end earlier and the

13 Given the smoothness of the evolution of the kSZ spectra with `, we
find this number of bins to be sufficient.

Fig. A.1. Patchy (upper panel) and late-time (low panel) kSZ spectra
recovered by our random forest regressors, compared to true values. The
lower panels show the 95% confidence intervals on the ratio of the two
and the 95% confidence intervals on the absolute difference between the
two, that is the absolute error.

late-time signal will be integrated over a larger redshift range.
Additionally, the strong dependency of both kSZ components to
the baryon and cold dark matter densities is related to the large
contribution of the matter power spectrum in the derivation of
their spectra. These dependencies are illustrated on Fig. A.2 and
we refer the interested reader to Chen et al. (2022) for a detailed
discussion of the dependency of the shape and amplitude of the
patchy kSZ on various reionisation parameters. We emphasise
the fact that the amplitude of the patchy and late-time kSZ spec-
tra increases slowly with zre, which will limit the constraining
power of kSZ measurements on this parameter.

We show in Fig. A.1 some of the kSZ spectra recovered
by the random forests after training, using parameters in the
testing set – that is, parameter sets that the RF has not been
explicitly trained on. We see that, overall, the late-time regressor
performs better than the patchy one. They obtain, respectively,
scores of 0.993 and 0.998 for a maximum of 1.0, corresponding
to the coefficient of determination R2 of the prediction. This is
likely because, as can be seen on the figure, there is much more
variance between the patchy spectra than between the late-time
spectra, and in particular there is more variance in their shape.
However, in both cases, reconstruction errors remain within 5%
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Fig. A.2. Dependence of the reionisation history (left panels), patchy (middle panels) and late-time (right panels) kSZ angular power spectra on
the cosmological parameters the random forests were trained on (rows). For each parameter, three values are tested and we compare the spectrum
obtained with the exact computation (dashed line) from the one inferred by the RF (solid line). The shaded area corresponds to the 68% confidence
interval corresponding to the RF reconstruction errors (identical as Fig. A.1).
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Fig. A.3. Posterior probability distributions of nuisance parameters obtained with SPT high-` data (R21) using either templates (in yellow) or
analytic derivation (in blue) for the tSZ and the kSZ power and a physical parameterisation of reionisation. Inferences are compared to the initial
analysis, with templates and fixed reionisation (in grey). The CIBxtSZ amplitude is given in terms of its absolute value.

of the true value (1% for late-time), and are recovered with
an absolute error <0.02 µK2, which is about ten times smaller
than the precision of the constraints obtained with the data (see
Table 3). These errors are constant on the range of multipoles
covered by the SPT data. To optimise the quality of the predic-
tion, we have tested different values of hyper-parameters used
by the RF, and we choose 40 for the number of trees and a depth
of 20. These values maximise the score, whilst limiting the time
and memory imprints of the reconstruction.

Appendix B: Full parameter distributions

We present in this appendix additional posterior distributions
from the different analyses carried out in this work, in order to
support our arguments.

B.1. Fixed cosmology

We present in this appendix the posterior distributions of the nui-
sance parameters – that is, of the amplitudes at ` = 3000 of the
various foregrounds considered, for the run fitting the SPT data
with fixed cosmology. Results are compared in Fig. A.3 between
the results of R21, using templates for both SZ spectra; a simi-
lar analysis but with the reionisation model of Eq. (3); or with
RF-inferred SZ spectra (see above). The constraints obtained
with the cosmology-dependent SZ spectra are fully consistent

with previous results, although tighter. For example, the error
bars on the contribution from Poisson-distributed dusty galax-
ies are reduced by 15%. Overall, the contribution of dusty and
radio galaxies to the observed temperature power spectrum is
smaller on all scales. Regarding the tSZxCIB correlations, the
constraints on their amplitude at ` = 3000, ξ, obtained with the
RF are fully consistent with previous results - that is, the data
favours positive correlations at the 2σ level, but the new model
breaks the degeneracy between ξ and the SZ amplitudes.

B.2. Varying cosmology

In Fig. B.1, we present the posterior distribution of the main
cosmological and nuisance parameters obtained in Sec. 4.2.
Depending on the nature of the analysis (that is, if templates
or RF are used), these parameters can be sampled or derived.
The cosmological information included in the SZ spectra when
they are inferred by the RF at each iteration of the chain favours
later and quicker reionisation scenarios although the constraints
remain fully consistent with the results obtained with templates.
The anti-correlation between σ8 and 1 − b, as well as the corre-
lation between 1 − b and the tSZ amplitude, already observed
in Paper I, is not broken by the addition of the cosmology-
dependent kSZ model. Finally, the kSZ shape parameters, logα0
and κ, cannot be constrained precisely. Only an upper limit
log[α0/Mpc3] < 4.1 (95% confidence) can be placed on the
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Fig. B.1. Posterior distributions of the different parameters sampled in the run with free cosmological and reionisation parameters using RF-
predicted kSZ and tSZ spectra.

Fig. B.2. Joint posterior distributions of the kSZ and tSZ amplitudes at ` = 3000 with the amplitude of the tSZxCIB correlations at the same
multipole, ξ. In all the results presented, the cosmology is free to vary, and different methods are used to model the contribution of the SZ effects
to the observed small-scale temperature power spectrum of the CMB.
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amplitude of the large-scale amplitude of the free electrons den-
sity fluctuations at high redshift. The interpretation of such an
upper limit, in terms of high-redshift galaxy properties, will be
the focus of future work.

We show in Fig. B.2 the joint posterior distributions of the
amount of CIBxtSZ correlations, ξ, with the amplitudes of the
kSZ and tSZ power spectra at ` = 3000, for the four cases afore-
mentioned. We see that, despite being fully consistent with the
results obtained with templates, using the cosmology-dependent

SZ spectra allows to break the degeneracy between ξ and the SZ
amplitudes. Replacing the tSZ template by the RF-inferred spec-
trum in the analysis allows to break the degeneracy between ξ
and the tSZ amplitude: the correlation coefficient betweenDtSZ

3000
and ξ drops from −0.6 when the model used for the tSZ is a tem-
plate, to −0.2 when the cosmology-dependent tSZ power is used.
Similarly, exploiting the cosmological information included in
the kSZ power breaks the degeneracy betweenDkSZ

3000 and ξ, mov-
ing from 0.6 to 0.2 when the kSZ template is replaced by the RF.
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