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The three dimensional Maxwell equations with
strongly anisotropic electric permittivity

Mihai BOSTAN *
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Abstract

The subject matter of this work concerns the propagation of the electro-
magnetic fields through strongly anisotropic media, in the three dimensional
setting. We concentrate on the asymptotic behavior for the solutions of the
Maxwell equations when the electric permittivity tensor is strongly anisotropic.
We derive limit models and prove their well-posedness. We appeal to the vari-
ational framework and study the propagation speed of the solutions. We prove
that almost all the electro-magnetic energy concentrates inside the propagation
cone of the limit model.

Keywords: Maxwell equations, Evolution second order problems, Variational solu-
tions, Asymptotic behavior.

AMS classification: 35Q61, 35L45

1 Introduction

We study the evolution of the electro-magnetic fields, described by the Maxwell equa-
tions [10, 8, 13, 7]

oD —rotH =0, OB +rotE =0, (t,z) € R xR? (1)

divD =0, divB =0, (t,z) € R x R®. (2)

Here the vector fields D, B stand for the electric induction and magnetic induction
respectively and the vector fields E, H are the electric intensity and magnetic intensity
respectively. We assume linear constitutive relations between inductions and intensities

D=¢E, B=uH
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where ¢ = e(x) € M3(R) is the electric permittivity and g > 0 is the magnetic
permeability. We supplement the Maxwell equations (1), (2) by the initial conditions
(D(0), B(0)) = (D™, B™). Thanks to the identity

div(EANH)=rotE-H —rotH - E

we deduce

When the electric permittivity tensor is symmetric, we obtain the energy conservation

1d

—— {e‘lD-D+u_1|B|2}dx:/ {6,D-E+0,B-H} dm:/ div(HAE) dz =0
2dt R3 R3 R3

provided that the initial energy is finite

1 {E—lDin . Din_’_M—1|Bin|2} d._'[' < —I—OO
2 Jus
Moreover, it is well known that if initially D™, B™™ are divergence free, then D(t), B(t)
are divergence free for any t € R.

In this work we study the asymptotic behavior of (1), (2) when the electric permit-
tivity possesses disparate eigenvalues

2 2 2 2
€s=mnje1®e;+n; e @es+0°n° e®e.

Here for any = € R3, {ei(z),ea(x),e(x)} is a direct orthonormal basis of R and
ni(z),ns(x),on(x) are the medium indexes at the point z (i.e. n? n3, (dn)? are the
eigenvalues of €5) and § > 0 is a small parameter. The relation between the medium
indexes characterizes the materials. When the indexes are all different, we talk about
biaxial media. When two of them are the same and the other one is different, the
medium is called uniaxial. Many important materials are uniaxial : calcite, mica,
quartz. We focus on the asymptotic behavior when one of the eigenvalues is negligible
with respect to the other eigenvalues, that is, when 6 N\ 0. See [3, 1, 2] for similar stud-
ies, concerning parabolic or transport problems. The behavior of the solutions for the
wave equation whose propagation speed becomes very large along some direction has
been studied recently [5]. It was shown that the limit model is a wave equation, coming
out through averaging with respect to the characteristic flow along the direction of fast
propagation. The motivation concerns the efficient numerical resolution of multi scale
problems, involving strong anisotropy [6, 4, 9, 11, 12, 14, 15]. Another application is
the study of strongly anisotropic uniaxial and biaxial media. If the case of uniform
electric permittivity tensor can be handled by propagating plane waves accordingly to
Fresnel relation, see Section 2, in the case of non uniform electric permittivity tensor,
an asymptotic analysis based on variational formulations is required, cf. Sections 4, 5.
Concerning the Maxwell system, we prove the following weak convergence result, to-
ward a constrained formulation of the Maxwell equations.

Theorem 1.1
Assume that the electric permittivity tensor writes

2 2 2, 2
eg=njerRe+nyea®e+dn“e®e

2



where e = %ﬁ—', Vo(x) # 0 for a.a. © € R3 p € C*(R?) and ny,na,n are locally bounded

from below and above : for any compact set K C R3, there are 0 < myg < My < +oo
such that

my < min{ny,ny,n} < max{ny,ny,n} < Mg, x € K.
We consider the family of initial conditions (D*®, B%")s verifying
sup/ [e; 1D . D™ Y B2 dz < 400, divD®™ =0, divB*™ =0, § > 0.
>0 JR3

Then there is a sequence (0x)r converging to 0 such that the variational solutions
(D%, B%) of (1), (2) with the electric permittivity es,, corresponding to the initial
conditions (D™, B%™), converge weakly » in L®(R; L? ,(R%)) x L*(R; L, (R?))
€1
toward the solution (D, B) € C(R; L>.,(R?)) x C(R; L2, (R?)) of the problem
€1

D-Vp =0, i/ D-(IDdx—/ p B -rot® dr =0 in D'(R), ® € C(R*)* (3)
dt R3 R3
d
div(BAVp) = 0, i / B-V dz+ / e, 'D-rot¥ dr =0 in D'(R), ¥ € C*(R*)’NL*(R?)?
R3 R3
(4)
such that div(¥ A V) =0, o e, rotW - rot¥ dz < +o0, with the initial conditions
D(0) = D™, B(0)=P(B")

where D™ — D™ weakly in L? ,(R?), B™ — B™ weakly in L? (R*). Moreover,
€1

we have divD = 0,divB = 0. Here P is the orthogonal projection in L*(R3)® on the

closed subspace {¥ € L*(R3)® : div(¥ A V) = 0} and

L? (R?) = {D : R* - R® measurable / e'D-Ddr < +oo}
1 R3

2 3V _ R . R3 3 : —1|p2
L,-1(R°) = {B: R* = R” measurable ./Rg,u |B|* dz < +o0}.

The variational formulation in Theorem 1.1 involves two constraints : D - Vp = 0,
div(BA V) = 0. It would be very interesting to find an equivalent variational formu-
lation after eliminating these constraints. This is the object of the next result. When
the vector field e is uniform, that is p(z) = x - e,z € R3, for some unitary vector
e € R3, we show that the previous limit model appears like a Maxwell system in which
the electric field in the Faraday equation is replaced by its orthogonal projection over
the L? divergence free vector fields, orthogonal to e.

Theorem 1.2
Assume that the electric permittivity tensor writes

2 2 2
€cE=njer®er+nyea®e+n"exke

where e is a unitary vector in R3 and ny,ne,n are bounded from below and above :
there are 0 < m < M < +oco such that

m < min{ny,ny,n} < max{n;,ny,n} < M, x€R>

3



Let us consider (D, B) € C(R; L?_,(R?)) x C(R; L%, (R?)) the variational solution of
€1
the problem

d
D-e=0, — D-CI)dx—/ p B rotd dr =0 in D'(R), ® € CL(R*)?® (5)
dt R3 R3

div(BAe) = 0, %/ B-V dx+/ e'D-rot¥ dr =0 in D'(R), ¥ € C*(R*)*NL*(R?)?
R3 R3
(6)

such that div(¥ Ae) =0, [gs € rotW¥ - rot¥ dz < 400, with the initial conditions

D(0) = D™ ¢ le_l(Rf”), B(0) = B" € L2 1(R?), D™-e=0, div(B™ Ae)=0. (7)

Then the problem (5), (6), (7) is equivalent to the variational problem
D-e=0, 9,D—rot(u 'B)=0, (t,z) €cRxR?

div(BAe) =0, 0,B+r1ot(Q(e;'D)) =0, (t,z) € RxR?

D(0) = D™, B(0)=B™, D"™.e=0, div(B™Ae)=0 (10)

where Q is the orthogonal projection in L*(R3)? on the closed subspace {¢ € L*(R?)? :
dive = 0, £ e = 0},

The weak convergence result in Theorem 1.1 becomes a strong convergence result, for
well prepared initial conditions. This result relies on the conservation of the electro-
magnetic energy.

Theorem 1.3
Assume that the electric permittivity tensor writes

2 2 2, 2
€5 = Ny 61®€1+n262®62+(5n e®e

where e = %, Vo(x) # 0 for a.a. © € R3 p € C*(R?) and ny,na,n are locally bounded

from below and above : for any compact set K C R3, there are 0 < myx < My < +o0
such that

my < min{ny,ny,n} < max{ny,ny,n} < Mg, x € K.
We suppose that the initial conditions (D", B%™)s-q are well prepared

d,in |

lim D*" = D™ strongly in L* 1 (R?), lim
€1

_ 723
\m fm —— = 0 strongly in L*(R”)

(lsi{r(l) B = B™ strongly in Li,l(RS), div(B™ A V) = 0.
Then we have the convergences
: 5 __ . 2 .72 3 : o __ ; 2 .72 3
}S{%D =D in L10C<R7 Lefl (R ))7 (lsl\I‘%B =B n L10C<R7 LM*1 (R ))
.

lim —— =0 in L2 (R; LA(R?))

N0 On
where (D°, B)s-o are the variational solutions of (1), (2) with the electric permittiv-
ity (€5)s=0, corresponding to the initial conditions (D>™, B%™)s<q, and (D, B) is the
variational solution of (3), (4), corresponding to the initial condition (D™, B™).
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It is interesting to estimate the propagation speed of the solutions. While the solutions
of the Maxwell equations (1), (2) with the electric permittivity e; propagate with the

172|112 = O(1/5), we prove that the solutions of the limit model,

when 0 \, 0, propagate with the speed coo = lims_io0 c5 = /2 limy_s o0 ||e5_1/2||oo.
Nevertheless, the energy of the solutions (D?, B%) outside the propagation cone of the
limit model, that is {(t,z) € R x R® : |z] > R+ cy|t|}, becomes negligible, when
0\ 0.

Theorem 1.4

Assume that the hypotheses of Theorem 1.8 hold true, with p(x) = |z|,z € R3. Let
us denote by (D?, B%), (D, B) the unique variational solutions of the problems (1), (2)
with the electric permittivity €5, initial conditions (D™ B*™) and (3), (4) with the
initial conditions (D™, B™). We assume that there is R > 0 such that

speed ¢5 = 1

D™(z) =0, B™(z)=0, |z|>R

1/2 *1/2H .

and we denote by ¢ the speed p= % lims_, ;o ||€g

y /T / e ' D(t,x) - D°(t, ) + p~ ' [B°(t, ) |
1m

For any T € R, we have

1{\x|>R+coo\t|} dzdt = 0.

Our paper is organized as follows. In Section 2 we discuss the case of uniform electric
permittivity tensor and perform the asymptotic analysis for uniaxial and biaxial media.
In Section 3 we recall the variational framework of the Maxwell system. In Section
4 we establish the weak convergence result. In Section 5 we investigate the strong
convergence. The propagation speed of the solutions is analyzed in Section 6.

2 Uniform electric permittivity

The study of the electro-magnetic waves depends on the propagation medium. We
distinguish between biaxial media, i.e., indexes all different, and uniaxial media i.e.,
two equal indexes, but different with respect to the third one. The main issue of
this work is to understand the propagation of the electro-magnetic waves when one of
the indexes is negligible with respect to the other indexes. We investigate the media
characterized by the indexes {ni,na,dn},0 \, 0 when n; # no (biaxial media) and
when n; = ny (uniaxial media). When the electric permittivity tensor is uniform, the
analysis is standard : we are looking for plane waves described by vector fields of the
form Acos(k -z — wt), A,k € R¥\ {0},w € R. This approach leads to the dispersion
relation (Fresnel equation) relating w,k and the medium indexes. The asymptotic
behavior § N\, 0 follows easily, by direct computations, in that case (uniform electric
permittivity tensor). We indicate the limit Fresnel equation and the limit electro-
magnetic field, when 6 \, 0. The general case (non uniform electric permittivity
tensor) is more difficult and cannot be reduced to plane waves. It will be discussed
in the next sections, by appealing to variational formulations. We present the limit
problem satisfied by the electro-magnetic field when one medium index is negligible
with respect to the other indexes. In particular we estimate the propagation speed
with respect to the medium indexes, providing a formula which is compatible with the
Fresnel equation.



Let us concentrate first on the Maxwell equations with uniform electric permittivity
tensor
€= nfel X ey + n%eg X ey + ngeg X eg

where {e1, e, e3} is a fixed direct orthonormal basis of R® and my,n9,n3 > 0 are
constant medium indexes. As usual, for any k& € R3\ {0}, we are looking for w = w(k)
such that there is a non trivial solution for the Maxwell equations of the form

Dcos(k -z —wt), Beos(k -z —wt), Ecos(k-x —wt), Hcos(k -z — wt)
with D, B, E, H € R3. In that case, the Maxwell system (1), (2) reduces to
wD+kNH=0, wB—kANE=0, D=¢l&, B=uH.

We are not in the framework of solutions with finite total electro-magnetic energy, as
considered in Theorems 1.1, 1.3. But we can work in the setting of periodic solutions,
with finite electro-magnetic energy over one period domain.

By straightforward manipulations one gets

Vi k®k
L——Le— "2 )E=0.
(3 k2 W)

Using the notations o; = 1 — Tklg n? ki = k-e;i € {1,2,3}, we obtain the Fresnel
equation.

Proposition 2.1
There is E € R3\ {0} such that

wp k®k
uf
k? k3 k2
%2 Q03 + ’kPOés 1+ ’k|2041042 Q1 Q203. (12)

Proof. For the sake of completeness, we give here some proof details. Assume that
(11) holds true and let us deduce (12). Taking the scalar product with ey, eq, e3, the
linear system (11) is equivalent to

k- -FE

e

——k;, E;=FE-¢;, 1€{1,2,3}. (13)
We have

: k2 k2 k2
0[1(1/2043“{3 . E) = (103 Z(k’ . BZ)(E . €Z‘) = (k? : E) <|k|2062(13 + —= |]€|2 a3 + |k|20410{2) .
=1

If k- E # 0, we obtain (12). If k- E = 0, we have a1 E; = 0, apFy = 0, agFE3 = 0. As
E € R3\ {0}, we can assume that F; # 0, implying that a; = 0. We are done provided

that kiasas = 0. Indeed, if asag # 0, then Ey = 0,F3 = 0and 0 = F -k = Eik
implies k; = 0, because F; # 0.



Conversely, assume now that (12) holds true, and let us determine £ € R?\ {0}
satisfying (11), or equivalently (13) If ayazas # 0 we take E = 300 ﬁei. Thanks

to (12), we have k- E = >0 5 |k|2 = 1 and therefore E = 37 Eie; € R?\ {0} satisfies
(11). Assume now that ag = 0, asag # 0. By (12), we deduce that k; = 0 and we can
take F = e;. In the case a; = 0,90 = 0,3 # 0 we can take F = FEje; + Fses such
that (Eq, Es) # (0,0) and k1 Ey + koFy = 0. In the case a; = ay = ag = 0, take any
E € R®*\ {0} such that E -k = 0. =

Remark 2.1

In the isotmpz’c case, N = ng = ng =n > 0, € = n’ly, we have a1 =y = a3 =
a=1-— |k|2n < 1. In that case, the Fresnel equation becomes o = o whose unique
L

solution in | — 0o, 1] is a = 0, leading to the well known formula w* = \m?

Consider now the strongly anisotropic permittivity tensor
€5 = nje; @ ey +naes ey + 6 n*e®@e, §>0 (14)

where {ey, €9, ¢} is a fixed direct orthonormal basis of R® and ny, ny,n > 0. Thanks to
Proposition 2.1, the formula for ws comes by

2 /{32 k2
|k|204250436 + |k|204350615 + |k|204150425 Q16025036 (15)
where
2
_ Wik _ Wik _ W5k co 9
as=1-— |k‘2n1, ags =1 — ’k|2n2, ags =1 — W(S

We investigate the limit of ws, for § \, 0, when the electro-magnetic energy is bounded
with respect to 0 > 0, see the hypotheses of Theorem 1.1, and non vanishing when
d (0. By (11) we know that

Wi s kKN s
es B I3 — E
k2 ( e

implying that e;E° - k = 0. Decomposing with respect to the basis {e1, es, €}

E6 = Efel + Egeg + Ege, k= ]{7161 + k?geg + ]{Z36

we obtain
n2E%k; +n2ESky + 0°n?ESks = 0, § > 0. (16)

By the boundedness of the electro-magnetic energy
Bé 2
sup <€5E5 “E° + u) < +00
§>0 %
we deduce

sup [nf(Ef)z +n2(E9)? + 52n2(E§)2} < 400 (17)

>0



implying that lims o(0°n*Eks) = 0 and thus

H%Elk’l + ngEgk’g = 0, El = (ISI\I‘% Ef, E2 = (ISI\I‘% Eg (18)

By (13) and (16) we obtain

%N 2 5 5 k- E°
< k" )El‘“”El‘ e

26, B8 + 3k B8]k
:[klEerkgEg—nl Shals 2} 1

2 BE

2 2
_ 5 1 5 ns k1
(125 ot (1 28]

Multiplying both sides by ¢ and passing to the limit when § N\, 0 yield, thanks to (18)

. ,unl k’l klEln% + kQEQTL%

Him (3 PR TYE n?
We obtain Fj limso(w30?) = 0 and similarly Eslims o(w36?) = 0. We assume also
that (D° = esE°, B®) are well-prepared, see the hypotheses of Theorem 1.3

D B
lim € m - lim(E° - e)dn = nlim(6ES) =
SNO  On NO  On 5\0 5\0

We deduce that FZ+E2 > 0, since otherwise, the limit electro-magnetic energy vanishes
};i{%[n?(Ef)Z +n5(E3)? + 0°n?(E3)*] = 0.

We obtain that limg o(w?6?) = 0. We have to solve (15) in order to determine ws.

2
With the notations As = %, nz = on, we obtain

K3 (1 — Asn3) (1 — Asn3) + k3 (1 — Asn3) (1 — Asn) + k3(1 — Agni) (1 — Asn3)
= |k|?(1 — Asn?) (1 — Asn2)(1 — Asn3).
The above equation also writes
As(asA; +bshs +¢;) =0, §>0

with
as = ninini|k|* = 0*ninin?|k|?

bs = — Z(kf + k)n2ns = —[(k + k3)nind + 62 (k3 + k3)nan? + 6% (ki + k})n’n?]
3
cs = Z kZn? = kint + kiny + 6%kin®.
i=1

The non trivial solutions are given by

A —b5 + \/bg - 4a505
5§ = .

2(15




Recall that we are searching for solutions satisfying lims\ o(w30?) = 0, or equivalently
limsn 0(As0?) = 0. Therefore the sign in front of the square root of the discriminant
should be minus

s — —b5 — \/bg - 4(1505 . 205
b 2as —bs + \/m

Letting 6 N\, 0 implies
fim wip  kind + k2n§

= k2 + k3 >0
AT eyl

saying that (w})s=o converges when 6 N\, 0 and w? = limsow? is given by

w2 k2 2+k277,2
GRS 22, K+ k5 > 0. (19)

It is easily seen that the wave propagation speed is bounded by

] | 1/2 1 1
< - =L 20
Ty S Tmax o (20)
Introducing the formula of & | k‘Q cf. (19) in the expressions for
oap =limas =1 — w”n2 ay = lima :1—@712
1 N0 15 |k5|2 1 2 SN0 26 |k3|2 2
one gets
B2 n2—n2 B2 n2—n2
a1:212221,a2:222122 (21)
ki + k3 n3 ki+ ks ny
The limit uniaxial model n; = ny > 0,k + k2 > 0
First of all (19) becomes % = limgs\ o \L’:_I% = ﬁ = %n% As nqy = ny > 0, we have by
(18) E1ky + Exks = 0. Coming back to (13), we know that
k- E° _ k- E° _ k- E°
ES =~ — ki, ES = =k, ES="—k

where lims g5 = oy = 0, limg g ags = ay = 0, thanks to (21) with ny = ne, and
lims\ o 35 = 1. Letting 0 N\, 0 we obtain, by using F1k; + Exky =0
. lim(ksES), 0= —=lim(ksEY), lim o lim (ks 5).
|/’<;|2 SN\0 37 3 ]k|2 5N 3
Finally, since k% + k3 > 0, we have E\k; + Fyky = 0, E3 = 0. For the electric and
magnetic inductions we write

D= (151{% esE° = n’Fre; +niles, = e B, wB = (lsig%(k: ANE)=kAE.

It is easily seen that the vector fields D cos(k - © — wt), Beos(k - x — wt) with w? =

Lk?'z = L]%'z solve the limit model in Theorem 1.2 (notice that the tangent vector field
1 2

9



€7 D cos(k - v — wt) is divergence free, because k- E = 0, and thus Q(e; ' D cos(k -z —
wt)) = e; ' Dcos(k - — wt)).

The limit biaxial model n; # ny,ny > 0,n9 > 0,k + k3 > 0
As before we have e E° - k = 0, implying

n2E%k + n2ESky + 0°n?ESks = 0, § > 0.
Passing to the limit when ¢ > 0, one gets, thanks to (17)

ﬁEmy+@Eﬁf:Qli:§$Eil%:§$E§
Letting § N\, 0 in (13) we obtain

o kl . E) o k2 . S T S 3 9. S
OélEl—W(lsl\I‘%(kE)’ QQEQ—W}SI\I;%(kE), ES_(ISI{‘I(I)E3__(ISI\I_‘H(]€E)

where oy, ap are given in (21). The electric induction writes

D= (151\1‘1(1) B = %{%(”%Efel +n§Eg€2 +52n2E§e) = n%Elﬁ +n§E2€2 = e1(Erer + Eaes)

and the magnetic induction is

wB =1lim(kAE’) =kAE.
N0

We claim that the vector fields D cos(k - x — wt), B cos(k - x — wt), with w satisfying
(19), solve the limit model in Theorem 1.2. Clearly we have Dcos(k -z — wt)-e =0
and

div(Bcos(k - x — wt) A e) =rot(Bcos(k - x — wt)) - e
=—sin(k-z—wt)(kAB)-e
:_$th_wﬂ%A%AEﬂﬁ.

w

Notice that

—%A%AEH@z—Mﬁ(ﬁiﬁ—h)Eﬁ

= wu(nie; ® ey +njes ®ex)E-e =0

and therefore both constraints of the limit model are satisfied. The Ampere law in
(8) comes easily. In order to check the Faraday law in (9), we need to compute the
orthogonal projection of €;'Dcos(k - x — wt) = (Ere; + Eaes) cos(k - 2 — wt) on the
subspace of tangent, that is orthogonal to e, free divergence vector fields. We introduce
the tangent vector field &, given by

E E
(Evey + Eges) cos(k - o — wt) = &(t,x) + % cos(k - x — wt)(kie1 + koes)
1T R
Eiky + Esky | Eiky + Esky |
=¢(t,x) + Oy, W sin(k - x — wt)} €1+ Oy, [W sin(k - x — wt)| es.

10



A direct computation shows that ¢ is free divergence, implying that

. Ell{?g — Ezlfl

Qe Deos(k - & — wt)) = ——5————(koer — kiea) cos(k - x — wt).
ky + k3
We are done provided that
Eiky — Exk
wB — kA W(lﬁg@l — k’leg) =0.
As wB = k A E we have to check that F — %(k’gel — kyiey) is parallel to k.
Indeed, observe that
Erky — Eoky Ei1k1 + Esks E1k1 + Esks
E— ————(kyey — k =k— ko———-— E.
B e hie) =k etk e + e
_ Eiky + Eoks
K+ k3
where we have used the equality
Eiky + Esks
Ey=k3———
T R+ R
coming from the formula, see (21)
BB
o021,
ki + k3
Actually we have
Bk + Boks e + s k
hg it T2t g IR R i (. B%) = 2 lim(k - EY) = B,
TR T ek B = g e B = By

3 The Maxwell equations
We recall briefly the well posedness of the Maxwell system. We appeal to variational
formulations cf. [8, 13, 7]. We assume that € is a measurable field of symmetric definite

positive matrices, locally bounded from below and above : for any compact set X C R?
there are 0 < myg < Mg < +o00 such that

mils < €?(x) < Myls, =€ K.

We consider the Hilbert spaces

L2\ (R®) = {D = (Dy, Dy, D3) measurable : / e 'D-Ddr < +oo}
R3

Li_l(R3) = {B = (Bj, By, B3) measurable : /R3 p B dr < 400}

11



endowed with the scalar products

(D, D), :/ e'D-Ddz, D,De L*(R%
€ RS

1

(B,B),» — /R pB-Bdx, BB el (RY).

Notice that for any compact K C R? we have

/]D| dx—/ |et/2e71/2 )| dngK/ e Y2D] dz
K K K

1/2 1/2
< Mg (/ dx) (/ e'D-D da:) , De L2, (R%
K R3
and
1/2 1/2
/ |B| dz = ,ul/Q/ pY?|B| dx < pt/? (/ d:v) (/M_1|B|2 dx> ,B € Li_l(RS)
K K K R3

saying that L2 ,(R?) C Lj,.(R?)%, L7 1 (R®) C Ly, (R*)?. Therefore the following vari-
ational formulation makes sense.

Definition 3.1
We say that (D, B) € C(R; L2, (R?)) x C(R; Li,l(R?’)) is a variational solution of (1),
(2) if for any (®,¥) € CHR3)? x CHR3)® we have

d

— | D(t,z) - ®(z) dz — / p'B(t,x) -rot® dz = 0 in D'(R)
dt R3 R3

d -1 : !

— | B(t,z) -¥(z)dz+ | € D(tz)- rot¥ de =0 in D'(R).
dt R3 R3

Notice that e D is locally integrable, since

1 1/2 1/2
/ le™'D| dz < / e 122D de < — (/ dx) (/ e'D-D dx>
K K MmKr \JK R3

or by observing that e~ is locally bounded and D is locally integrable. Thus the above
definition makes sense.

The uniqueness of the variational solution comes by the following standard result.

Proposition 3.1

Let 0 = 0(t,z) be a function in CH(R x R®). Then any variational solution of (1), (2)
satisfies in D'(R)

1d 0 [¢ ' (z)D(t,x) - D(t,z) + p '|B(t,2)]?] do = / (e'DAp'B) -V dz
Zdt R3 R3
+ % 00 [e ' (z)D(t,x) - D(t, ) + p | B(t,2)|?] dz.
R3

12



In particular we have the energy conservation

d

EH@F%@D@@'D@@+M4W@@H<M:Q

For any (D™, B™) € L%, (R?) x Li,l(RS), there is at most one variational solution
(D, B) € C(R; 2, (RY)) x C(R; L2.+(RY) satisfying (D, B)(0) = (D", B,

For the existence of variational solution we appeal to the following well known result
(13, 7].

Theorem 3.1

Let us consider two separable Hilbert spaces V. H and v : V — H a bounded linear
injective application, whose image i(V') is dense in H. Consider also a bounded bilinear
symmetric application a : V XV — R, which is coercive on V with respect to H, that
18, there are a > 0,C > 0 such that for any v € V.

a(v,v) + Cli(v)[5 > aljvlly,

and a bounded linear application | : V — R. Then for any v° € V,u' € H there is a
unique function uw € C(R, V) with ' € C(R, H) such that for any v € V

& 010+ aw(0.0) +10) =0 i DR

and u(0) = u°, v/ (0) = u'. Moreover we have the conservation

S0 (6) 3+ salut), u(t) + 10u(6) = Llu'fy + Sa(u ) + 1), tE R

Remark 3.1
The notation u' stands for the time derivation of t — iu(t) i.e.,

%(iu(t),z)H = (v'(t),2)g i D'(R), for any z € H.

As a direct consequence of Theorem 3.1, we obtain the existence of variational solution

for (1), (2).

Theorem 3.2
For any (D™, B™) € L?,(R%) x L2 (R®) there is a unique variational solution
(D,B) € C(R; L2, (R%)) x C(R; L2_1(R?)) for (1), (2). This solution satisfies the

energy conservation

/ (e 'D(t,2) - D(t,z) + p\|B(t, 2)|?) da :/ (€ 1D" . D" 4 | B2) da, t € R.
R3

R3

If D™ B™ are divergence free, so are D(t), B(t) for any t € R.

13



Proof.
We apply Theorem 3.1 with the separable Hilbert spaces

H=L*R*? V={Vec L*(R*? : / e 'rotV - rot¥ do < +o0}
R3
endowed with the scalar products

(U, 0y = / U de, U, ¥ e H, (I,0))y = / (U-U+e rotW-rotW) dz, U, ¥ € V.
R3 R3

We consider the imbedding i : V' — H,i(¥) = U, ¥ € V| the bilinear form

a:VxV =R, aW,V)= ul/ e 'rotl - rot¥ dz, ¥, U eV
R3

and the linear form

[V =R, (V)= / e'D™ 1ot dz, VeV
R3

The fact that €'/ is locally bounded from above allows us to establish that V' is a Hilbert
space. As ¢~ '/2 is also locally bounded from above, we deduce that C}(R?)* C V and
CHR?)? = i(CH(R?)3) C H, implying that (V') is dense in H. Obviously a(-,-) is a
bounded bilinear symmetric application. It is also coercive on V' with respect to H

(W, W) + pHi(W) [ = p Y7, WeV.

Observe that [(-) is a bounded linear application

1/2 1/2
()] < e 1D . D dg e rotW - rot ¥ da
|
RS R3

1/2
< (/ e_le-Dindx> )y, eV
R3

Therefore, by Theorem 3.1, there is a unique function U € C(R,V), with o,U €
C(R, H) verifying for any ¥ € V

4 QU (t,x)-U(x) da:+/f1/

e 'rotU(t, z) -rotW(x) da:—l—/ e 'D™ 1otV dz = 0
dt R3 R3

RS

in D'(R) and U(0) =0 € V,9,U(0) = B™ € H. We claim that D = D™ + ~'rotU €
C(R; L2,(R?)), B = 9,U € C(R; L2 _,(R?)) is a variational solution for (1), (2). Indeed,
for any ® € C}(R?)? we have in D '(R)

d d d
— | D(t,x) - ®(z)de = — “lrotU - ® dz = — U - rot® d
dt Jgs (t,z) - &(z) dz dt Rs“ ro YT Ra“ rov ar

= / p toU - rot® do = / B - rot® du.
R3 R3

14



For any U € V' we obtain in D '(R)

d d
— | B(t,z) - ¥Y(z)de=— [ U -Vdz= —ul/ e 'rotU - rot W dx
dt R3 dt R3 R3

— / e 'D™ . rot¥ dz
R3
= —/ e 1(D™ 4 protU) - rot V¥ da
R3
= —/ e 'D - rotV dzx.
R3

We know that
1d

537 UOUl +aU@), U) +21(U)} =0, t€R

implying that

d .
— / |B|? dx + ,u_l/ e 'rotU - rotU dx + 2/ e D™ -rotU dx ¢ = 0.
dt R3 R3 R3

We deduce the energy conservation

% {/R?) (Y B(t, x)|* + e 'D(t,x) - D(t,z)] dx} —0, teR

Using the Ampere equation (1) with ® = V6,0 € C?(R?) yields

4 D(t,z) - VO dx = / p ' B(t,z) - 1otV dz = 0
dt R3 R3

and thus div(D(t) — D) = 0. Similarly, thanks to the Faraday equation (1) one
gets div(B(t) — B™) = 0. If D™ B™ are divergence free, so are D(t), B(t) for any
t € R. The uniqueness of the solution (D, B) follows by Proposition 3.1 or thanks to
the uniqueness part in Theorem 3.1. O

4 Weak convergence result

We analyze the behavior of the variational solutions of (1), (2) when the medium
indexes, appearing in the electric permittivity tensor take disparate values

2 2 2.2
€g=nje1 e +n; e @es+0°n" e e.

We assume that the unitary vector field e writes

Vo

e = W (22)

for some function p € C?(R3?), Vy(z) # 0 a.a. z € R3. We prove now the weak
convergence result for the variational solutions of (1), (2) when ¢ N\, 0. We expect
that the limit, when § N\, 0, of the solutions (D°, B%);s-, satisfies another variational
problem, see Theorem 1.1.
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Proof. (of Theorem 1.1)
Notice that for any 0 < § < 1 we have

6_1_€1®€1 ea®e  e®e e ®e €2®62+6®6_6,1
=&

5§ = 2 2 2,2 = 2 2 2
ns ns %n n; ns n

implying that

sup / [El—lDé,in_Dé,in_{_yl—l|B5,in’2] dzr S sup / [E(S—lDé,in_D6,in+u—l|B5,in|2] dr < +00.
R3 R3

0<d<1 0<6<1

The boundedness of the family (D™, B*™)o5<; in L2, (R?) x L7, (R?) allows us to
€1

extract a sequence (J;)r CJ0, 1], converging toward 0 such that
D™ — D™ weakly in L% (R?)
1

B — B™ weakly in L7 (R?).

1 (D&k,in . e)2
sup —= - dx < 400
kp 5]% /]RS n?

and therefore, for any 6 € C.(R?) we obtain

We also have

/ (D™ -¢e)0(z) dz = lim (D e)0(z) dz = 0

k—>+oo R3

saying that D™ - ¢ = 0. By the energy conservation we have

sup /R3 (e DO(t,z) - D°(t,x) + p | BO(t, x)|?] dz (23)

0<6<1,teR

0<6<1,teR

< sup / 1D, ) - DYt @) + Y B (4, 2)[?) de
RS

= sup / [e; ' D™ () - D™ (x) 4+ p~ 1| B*™(2)|*] dw < +oo.
R3

0<6<1
After a new extraction, there is a sequence, still denoted by (dx)r C]0, 1] such that
D% —~ D weakly % in L¥(R; L. (R?)), B% — B weakly x in L®(R; L2 ,(R?))
when k£ — +o00. By (23) we have

1 D% (t,z) - €)?
qp L [ (D))

5 dx < +00
teRk O JR3 n

and therefore we obtain
D-e=0.

As divD%™ = 0, divB%" = 0, we also have divD%(t) = 0,divB%(t) = 0,t € R, and
thus
divD =0, divB = 0.
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For any ® € C!(R3)? and k € N we have

d
— [ D%.®dx — / ptB% - rot® dz = 0 in D'(R). (24)
dt R3 R3

After passing to the limit when & — +o00 one gets

d
— D'CDdx—/,ulB-rot(I)d:U:OinD/(R)
dt R3 R3
saying that

oD — p'rotB = 0. (25)
In order to pass to the limit in the Faraday equation (1) we consider ¥ € C'(R3)3 N

L*(R?)3 such that div(¥U A V) = 0, [ps€; 'tot¥ - rot¥ da < +oo. The variational
formulation of (2) writes

d
S B2y () do + / 1D (1, 2) - rotW de = 0 in D'(R).  (26)
dt R3 R3 k

By the formula rot¥ - Vo = div(¥ A V) = 0, we deduce that <5D% - rot¥ = 0.
Therefore we can write eé_le‘sk (t,x) - rotW = ;' D% (¢, ) - rot¥ and (26) becomes

4 B (t,z) - ¥(x) dz + / €' D% (t,z) -rot¥ dz = 0 in D'(R). (27)
dt R3 R3

Passing to the limit when & — 400, we obtain

d

T B(t,z) - V(x) dz + / e,'D(t,z) -rot¥ do =0 in D'(R) (28)
R3

R3

for any ¥ € C*(R*)*NL3(R?)? such that div(¥AVg) =0, [¢, € Tot W rot¥ dz < +oc.
Actually the previous formula holds true for any ¥ € L?(R?)? such that i, € 'rot® -
rotV dz < +oo and div(¥ A V) = 0. We claim that div(B A Vg) = 0. Coming back
to the Ampere equation (25), we obtain for any x € C!(R?)

d

dt R3(D(t’x> -Vo)x(z) dr — / ’ule(t,x) - Tot (V) dz = 0.

R3
But we know that D - e = 0, implying that

Vx - (BAVeyp) dx:—/ B(t,r) - (VxAVy)dr =0, x € CHR?)

R3 R3

and therefore div(B A V) = 0. By standard arguments we check that (D, B) have
traces in C(R; L2, (R?)) x C(R; Li,l(R?’)). We concentrate now on the initial condi-

tions. For any ® € C}(R?)3,¢ € R we have by (24)

t
/ D% (t,z) - ®(x) do — / D (z) - &(z) do — / / p B (s, x) - rot® dads = 0.
R3 R3 0o JR3
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Letting k — 400 yields

t
D(t,z) - ®(x)dz — [ D™(z)- ®(x) dz — / / ' B(s, ) - rot® drds = 0
R3 RS 0 Jms

implying that

D™(z) - ®(x) dz =lim [ D(t,z)- ®(z) dz = D(0,z) - ®(x) dz, ® € CH(R?)>.

R3 t—0 R3 R3

We deduce that D(0) = D™. Similarly, by (27), we write for any ¥ € C'(R3)?> N
L2(R?)3,div(V A V) =0, [ € 'totV - rot¥ dz < +oo

t
/ B (t,z) - ¥(x) dz — / Boin(z) . WU(x) da +/ / e D% (s, x) - rot¥ dads = 0.
R3 R3 0 Jr3
Letting k — 400 gives
¢
/ B(t,x) - ¥(x) do — / B™(z) - V(z) do +/ / e, 'D(s,z) - rot¥ dads = 0.
R3 R3 0 JR3

Recall that P stands for the orthogonal projection in L*(R®)® on {¥ € L?(R®)?
div(¥ A Vg) = 0} and therefore we obtain

/P(Bi“)-\ll(x) de = /Bi“(:c)-\ll(a:) de = Tim | B(t,2)-9(z) dz — /RSB(O,.J:)-\I/(:E) de.

R3 R3 t—0 R3
As we know that div(B(0) A V) = 0, it follows that B(0) = P(B™). O
Remark 4.1

The well posedness of the model (3), (4) follows by Theorem 3.1 when considering the
separable Hilbert spaces

H={V e L*(R*)? : div(¥ A Vy) = 0}

YV ={¥ e L*(R%?: / e 'rot¥ - rot¥ do < +oo, div(¥ A Vi) = 0}

R3
endowed with the scalar products

(\p,xp)H:/ U Ude, U, 0eH
R3

()= [

U - de —I—/ e 'rotW - rot® dz, U, U € V.
R3 R3

We consider the imbedding i : V — H, i(V) = ¥,V € V, the bilinear form

a:VxV—-R, a(\Il,\iJ)—ul/ eflrot\lf-rottifdx, U, Uey

RS
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and the linear form
[:V—=R, (V)= / e 'D™ -rotW do, We.
R3

It is easily seen that a(-,-) is a bounded bilinear symmetric application, coercive on V

with respect to H
(W, 0) + i) 3 = TS, TeV

and () is a bounded linear application on V. Appealing to Theorem 3.1 there is a
unique function U € C(R,V) with U € C(R,H) verifying for any ¥ € V

d

" atu U dr +pu~ / e; 'rot - rot ¥ dx + / ' D™ -rotW¥ do =0 in D'(R)
R3

R3

and Z/{(O) =0¢eV,0U(0) = P(B™) € H. As before we check that D = D™ +pu~rotld €
C(R; L? 1 (R?)) and B = 0 € C(R; Li,l(R?’)) give a variational solution for (3), (4).
The conservation

2dt{|atu|ﬂ a(U(8),U) +2AUMD) =0, teR

leads to the energy conservation

1
Ld {e;'D(t,x) - D(t,z) + p |B(t,r)]*} dz =0, t € R.
24t Jes

The uniqueness of the solution of (3), (4) comes by the uniqueness part in Theorem
3.1. It 1s easily seen that the constraint D - e = 0 1s propagated in time. For any
X € CH(R3) one gets, thanks to the constraint div(B A V) =0

d

T (D Ve)x(z) dz :/ B - rot(x V) dx

RB

= / p B - (Vx A V) dr
R3
:—/ p'Vx - (BAVy)dr =0
R3

saying that (D(t) - ) (D(0) -e) =0,t € R. The divergence constraints are preserved
as well divD(t) = divD(0),divB(t) = divB(0),t € R.

Solving for the variational formulation (3), (4) while testing against vector fields ¥
satisfying the constraint div(¥ A V) = 0 is a difficult task. Instead, we investigate
equivalent formulations, by getting rid of this constraint, cf. Theorem 1.2. We prove
now Theorem 1.2, assuming that p(z) = x - e,z € R3, for some unitary vector e € R3.
We establish several preliminary lemmas.

Lemma 4.1
Let e € R3 be a unitary vector. We consider the vector fields £, € L*(R3)3 satisfying

divE =0, £-e=0, div(¥ Ae)=0.
Then we have [g &(z) - ¥(z) dz = 0.
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Proof.

We fix a direct orthonormal basis {é;, &>, e} of R3. For any vector field n on R?, we
denote 7 the vector field given by

(01,92, 2) = ( (n(x) - €1), (n(x) - &), (n(x) -€) ), & = Gaér + Gobo + ze, (G1, 72, 2) € R,

Obviously we have

/ €12 (01, G, 2) (G, o)dz = / 1€ (2) do < +o0
R JR2 R3

/ B go, 2) A, Go)dz = [ [UP(2) do < +oo

R JR? R3

implying that (€1,6)(-, - 2), (U, Wy) (-, -, 2) € L2(R?)? for almost all z € R. We claim
that (§1,8)(-,-, 2) is a dlvergence free Vector field in R?. Let us consider & = a(z) €

CHR),0 = Q(yl,yg) € C}(R?) and we introduce a(x) = a(x - €), O(z) = 0(z - &,z - &).
Obviously we have af € C!(R?) and therefore

£(z) - V(ab) do
R3
= [[66e) [ (1522100001, ) + Ealin s 21050 )] A o)
saying that din(fl, 52)(-, -,z) = 0. Similarly we have
0= / (U(x)Ae)-V(ab) dz
RS
_ / —(U(x) - 6)6 + (U(2) - 82)E] - [0 Be + (D, 061 + By, 06)] da
Rg
= [a) [ el 5221050 — 0a(01, 32, 2095,0) A, 1)
R R2

and thus divy(Uy, —0,)(-, -, 2) = 0. Combining divy(&;,&)(-, -, 2) = 0, divy (P, —Uy)(-, -, 2) =
0 we deduce that

/ (601 + &U) (71, G2, 2) d(§1,52) =0, z€R
RQ
and by noticing that & = 0, we obtain

5( ) dz = / - (&0 + &) (T, G2, 2) d(§1, §2)dz = 0.

Lemma 4.2
Let us consider the set C. = {¥ € L*(R*)? : div(¥ Ae) =0} C L*(R?)3, where e € R?
is a unitary vector. The orthogonal of C. in L*(R®)? is given by

= {6 c L*(R%? : divée =0, £-e=0}.
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Proof.
By Lemma 4.1 we know that

{¢ € L*(R®)? : divé =0, £-e=0} CCF. (29)
Consider now ¢ € Ct. For any function u € C?(R3?), we have
Vu € L*(R*)?, div(VuAe) =rotVu-e =0

saying that Vu € C.. Therefore [o, £-Vu da = 0, that is div§ = 0. For any a € C}(R?)
we have
ae € L*(R*)?, div(ae Ae) =0

saying that ae € C.. We deduce that [y, a(x)e - {(z) dz = 0 and thus £ - e = 0. We
obtain
Crc{¢eLl*(R®? : div€ =0, &-e=0}. (30)

Our conclusion follows by (29), (30). O

We denote by P the orthogonal projection in L*(IR*)3 over the closed subspace C,. For
further developments we need the following regularity result.

Lemma 4.3
Let 1) be a vector field in L*(R®)3 and ¥ € C.,& € Ct such that ¢p = VU + &, If
roty) € L*(R?)?, then rotW,roté € L*(R3)? and we have

[rotepl[72 = llrot |7 + [[rots]|7..

Proof.
We consider p € CX(R?),p > 0, [ps p(z) dz =1 and p, = k*p(k-),k € N*. Let us
introduce the vector fields

Y =vVxpr, V=Wxpp, & =Expy, keN-
We have

Y =V + &, U, €C,, & €CF, rotyy, = roty) x pj, € L*(R?)3

rotW;, = Vor(-—y)A¥(y) dy € L*(R?)?, rot&, = Vor(-—y)AE(y) dy € L*(R?)?,
R3 R3

Notice that
div rotWy, = 0, rot¥y-e=div(VzAe) =0

saying that rotW; € C1. The notation ¢, stands for the jacobian matrix of the vector
field &. Observing that

rotéy Ae = (9, — "0 )e = (e- V)& — V(e - &) = (e- V)&,
we obtain
div(rotéy A e) = div((e- V)E&) = (e V)divé, =0
saying that rot§, € C.. We deduce that fR3 rotW, - rot§; de = 0, k, 1 € N* and therefore
rota)y, — rotey|? do = / [rot Wy, — rot Wy |* do + / [rot&, — rot&|? dz, k,1 € N*.
R3 R3 R3
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As (roti)y) converges toward roty) in L*(R3)3, we deduce that (rotWy), (rotéy)x are
Cauchy sequences, and thus convergent sequences in L*(IR*)3. Therefore we obtain

rotW = lim rot¥, € L*(R*)? roté = lim roté, € L*(R?)?
k—4o00 k—+o0
and
[rotip[7 = lim [lrotyy|[7o = lim {[[rot@[|72 + [[rot&y]72} = [[rot¥||Z. + [[roté]|7..
k——+o0 k——+o0
1]

In the next lemma we observe that the rot operator maps C, to C+ and Ct to C..

Lemma 4.4
1. For any vector field U € C, such that rot¥ € L*(R?)3, we have rot¥ € C:.
2. For any vector field & € C such that roté € L*(R3)?, we have rot¢ € C..

Proof.

1. If ¥ € C, such that rot¥ € L%*(R?)3, then we have rot¥ - e = div(¥ Ae) =
0, divrot¥ = 0, saying that rot¥ € Ct.

2. Consider a vector field ¢ € Ct such that roté € L?(R3)%. For any compactly
supported smooth function § € C?(R?) we have

(div(roté A e), 0) pr(ms) prs) = —/ (roté ANe)- VO dz (31)
R3
= / (VO Ae) - rotg da
R3

= [ &-rot(VOANe)dx

R3

/ [V(e-V0)—Abe]l-&dx
RS

0

since divé = 0 and £ - e = 0. Therefore we obtain div(rot§ A e) = 0, saying that
rot¢ € C.. O

We are ready to prove Theorem 1.2.

Proof. (of Theorem 1.2)

We show the equivalence between (6) and (9). The operator Q : L?(R3)? — L*(R3)3
is the orthogonal projection on Ct cf. Lemma 4.2. Therefore we have Q = Id — P,
where P is the orthogonal projection on C.. Assume that (9) holds true. For any
U e CY(R3)? N L*(R?)? such that

div(¥ Ae) =0, / e 'rotW - rotW do < +oo
R3

we have

rotW - e = div(U Ae) =0, divrot¥ =0, rot¥ = e/?(e; /*rot¥) € L2(R?)?
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saying that rot¥ € C:. We deduce that Q(rot¥) = rotW. Noticing that ¢;'D =
e;*(e,"*D) belongs to L2(R?)3, we obtain in D (R)

d d
— B‘\I/da:—l—/ellD-rot\I/da::— B«\I/da:Jr/ellD-Q(rot\I!)dx
dt R3 R3 dt R3 R3
d
=— [ B-Wdz+ [ Q(e'D) rotV¥ dzx
dt R3 R3
= 0.

Thus (6) holds true. Conversely, assume now that (6) holds true and let us check that
(9) holds also true. Consider 1) € L*(R?)? such that roty) € L*(R3)%. By Lemma 4.3,
we have

V=U4+E U=PpcC, &=QcCrH, rotV,roté € L*(R?)3

We are done if we establish (9) when using the test vector fields ¥ and £. Concerning
the vector field ¥ we have in D ’(R), thanks to (6), and by noticing that rot¥ € L*(R?)3
belongs to C*

d d
— | B-Vde+ | Q('D)-rotVdr=— | B-Vdx +/ e;'D - Q(rot¥) dx
dt R3 R3 dt R3 R3
d
= — B-\Ifdl‘—i-/ e;'D - otV dx
dt R3 R3
= 0.

When considering the vector field &, observe that the constraint div(B Ae) = 0 implies,
by Lemma 4.1

/B-gdxzo. (32)
R3

By the second statement in Lemma 4.4 we know that roté € L*(R?®)? belongs to C..
By the orthogonality of the elements in C,,Ct, we deduce that

Q(e;'D) -roté dw =0 (33)
RB

and combining (32), (33) yields

4 B-¢dx +/ Q(e;'D) -roté dv =0 in D'(R).
dt R3 R3

Remark 4.2

If the initial conditions (D™, B™) satisfy the constraints in (10), then these constraints
propagate in time. Indeed, let us consider a vector field & € CL such that roté €
L?(R3)3. By the second statement in Lemma 4.4 we know that roté € C,. Therefore
we have [, Q(e7'D) - roté dx = 0 and thanks to Faraday equation in (9), one gets

4 B(t,x)-&(x) doe = 4 B(t,z)-&(x)de + [ Q(e;'D) -roté do = 0.
dt R3 dt R3 R3
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We deduce that [o(B(t,x) — B™(x)) - £(z) dz = 0 for any § € CF such that rot§ €
L2(R3)3. Actually the previous equality holds true for any & € C, implying that B(t) —
B™ € C,. Therefore we have

div(B(t) Ae) = div(B™ Ae) =0, t €R.

Using now Ampére equation in (8) with the vector field ®(x) = a(z)e,a € CHR?)
yields

4 D(t,z)-ea(r) dz = / p'B(t,z) - (VaAe) dr
dt R3 R3

:—u_l/ (BAe)-Vadx
R3

= p~H{div(B A €), ) pr(rs) prs) = 0.
We deduce that D(t) -e = D™ -e=0,t € R.

5 Strong convergence result

As usual, when the initial conditions are well prepared, strong convergences occur. The
key point is to combine weak convergences with the energy conservation. The following
standard results will be used.

Lemma 5.1
Let (A%)550, (B?)s>0 be two families of real numbers and A, B € R such that

limsup(A4° + B°) < A+ B, A <liminf A°, B < liminf B°.
5\0 N0 N0

Then we have
lim A% = A, lim B° = B.
5\O N0

Proof.

We have the inequalities

A+ B > limsup(A° + B°) > limsup A° + lim inf B® > limsup A’ + B
§\0 §\0 N0 §\0
saying that
A < liminf A° < lim sup A% < A.
N0 SN\O

Therefore (A%)s-o converges toward A as § \, 0. Similarly, (B°)s-¢ converges toward
B as 6 \,0. O

The next proposition is well known. It allows us to deduce strong convergence when
the sequence of the norms is bounded by the norm of the weak limit. Its proof is left
to the reader.

Proposition 5.1

Assume that A : R® — M3(R) is a measurable field of symmetric non negative matrices
and that (AY?w®)s converges weakly in L*([—T, T); L*(R®)%) toward AY?w°, when 6 \,
0, where w® : R x R 5 R3, 6 > 0 and w® : R x R? = R3 are measurable vector fields.
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1. Then we have

/ / w’(t, z) dedt < lim 1nf/ / cwd(t, ) dadt.
R3 R3

2. If

limsup/ / O(t, x) dadt </ / ~w(t, z) dadt
N0 R3 R3

then the family (AY?w%); converges strongly in L*>([—T, T); L*(R3)?) toward AY?w?°,
when 6 N\ 0.

Proof. (of Theorem 1.3)
We already know by Theorem 1.1 that

D’ — D weakly % in L>(R, L* ,(R?)) and weakly in L2 (R, L, (R?))
€1 €1

B’ = B weakly x in L™(R, L’ :(R?)) and weakly in L{ (R, L2+ (R?))
where (D, B) € C(R; L2, (R?)) x C(R; L2, (R?)) is the unique variational solution of
the problem (3), (4), satisfying the initial condition
(D(0), B(0)) = (D™, P(B™)) = (D™, B™).

By the energy conservation we obtain for any ¢t € R

/3[61_11)5(,5’96) -D(t,x) + p Bt )P da + (677 — 1) /3 (Dt 2) - e)? dx

n2

0,2) - e)?

= [ D8 0.0) - D0, + 1 B0 e+ (572 1) [ D0.2) ey,

n2

and

/RB [e'D(t,2)-D(t,z)+p | B(t,2)*] dov = / [e;'D(0,2)-D(0,2)+p | B(0,2)[*] dx.

R3

We have the uniform convergences with respect to t € R

5t x) . e)2
lim {/RS (e 1DO(t, ) - D(t,x) + p Y| B(t,x)[*] dz + (672 — 1) /]R3 (D(t;l# dIE}
= lim 3[6;1D5(0, z) - D°(0,7) + | B°(0,2)|?] da
— / e D(0, ) - D(0,2) + | B(0,2)|?] d

:/ [e;'D(t,x) - D(t,x) + p | B(t, z)|’] dz.
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We deduce for any T' € R

T
lim sup/ / (e, D°(t, x) - D°(t,x) + p ' | B (t, x)[*] dadt (34)
oN\0 R3
T (D% - ¢)?
< lim {/ [e'D° - D° + B da + (672 — 1)/ i dx} dt
N0 J R3 R3 n

— /_T /R3[61_1D(t,x) . D(tx) + M_1|B(t,x)|2] dedt.

By weak convergence we also have
T T
/ / e;'D(t,z) - D(t,z) dedt < lim inf/ / e D (¢, ) - D°(t, x) dadt
—7 JR3 N0 J 7 JRs

T T
/ / p Y B(t, z)? dedt < lim inf/ / p B (t, ) dadt
—7 JR3 N0 J 7 JRs

and by Lemma 5.1 we deduce

lim/ / ['D%(t,z) - D°(t, ) dadt = / / e, ' D(t,r) - D(t,x) dzdt
N0 R3 R3

lim/ /M_1|B5(t,x)|2 dxdt:/ /,u_1|B(t,x)|2 dxdt.
INOJ 1 Jrs —7 JR3

Thanks to Proposition 5.1 we obtain the strong convergences, when 9 ~\, 0
D’ — Din L (R, L? 1 (R%), B’ — Bin L} (R, L’ (R?).

Coming back to (34), we deduce as well the convergence

D5t
hm—/ 7) ddt_O T eR,.
R3

6 Propagation speed

It is well known that the solutions of the Maxwell equations (1), (2) propagate with
finite speed ¢ = p~'/2||¢/?||. When the electric permittivity possesses disparate
eigenvalues

€5 = nje; ® ey +nses ey + 62 n*e e

we obtain ¢; = p~V2|| max{1/ny,1/ny,1/(6n)}|lsc = O(1/8) when & \, 0. Neverthe-
less, the solutions of the limit model (5), (6) propagate with finite speed, not depending
on o > 0. We prove that this speed is given by

oo = Jim 5 = Timle; oo = ) max{1/ns, 1 /2

6——+o00
Moreover we establish that the energy of the solutions (D?, B?), outside the propagation
cone associated to the limit model, is negligible when 9§ ~\, 0, that is, almost all energy
of (D°, B%) concentrates inside the propagation cone of speed c4,. For simplifying our
computations, we consider p(z) = |z|,e = 7, v € R3\ {0}.
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Proposition 6.1
Assume that the electric permittivity tensor writes

x
€ =nler®e; +nrea®ey+nfe®e, e=—, 1€ R\ {0}

]

and ny,ne,n are locally bounded from below and above : for any compact set K C R?,
there are 0 < myx < My < 400 such that

my < min{ny,ny,n} < max{ni;,ne,n} < Mg, =€ K.

Let us consider (D, B) € C(R; L2 ,(R?)) x C(R; L%, (R?)) the unique variational so-
lution of the problem

d
D-e=0, — D-@dx—/ p'B-rot® dr =0 in D'(R), ® € CL(R*)® (35)
dt R3 R3

d

div(BAe) = 0, E/ B-V dm—i—/ e'D-rot¥ dr =0 in D'(R), ¥ € C*(R*)’NL*(R?)?

R3 R3

(36)
such that div(¥ Ae) =0, [os €' rotW - rot¥ dz < +o0, with the initial conditions
D(0) = D™ € L2 1(R?), B(0) =B" e L, +(R%), D™-e=0, div(B™Ae)=0.

1

Assume that for some R > 0, the initial conditions satisfy
D™(z) =0, B™(x)=0, |z| > R.
Then we have
D(t,z) =0, B(t,z) =0, |z|] > R+ cxolt|

lmax{ >, 2 Hlo-

1/2 1 1
ni’ ng

where cso = P~
Proof.

Pick a non decreasing function 6 € C(R) such that 6(r) = 0if r <0, 0(r) > 0if r > 0.
Using (35) with ® = 0(|z| — R — c;|t|)e; ' D and (36) with ¥ = 0(|x| — R — ¢;1|t|)u ' B,
we obtain in D '(R), after standard manipulations (including regularization)

d &7'D - D+ Y| BJ?
— [ 0(|z| = R— cift]) = d
G ol = Rl .
“1D. D+ 4L B2
+sgn(t)/ 0'(lx] — R — c1t]) “ ;—,u | |cl—(611D/\ulB)-esgn(t)] dz = 0.
R3

Notice that ¥ = 0(|z| — R — ¢1]t|)n ' B is allowed as test vector field in (36) since
div(0(]-|-R—c1|t]) BAe) = 0(|x|—R—c1|t|)div(BAe)+0 ' (|x]— R—c |t]) <|x_’ A B) e =0.
x
It is easily seen that
(e'DAp'B)-esgu(t) < |eg Dl ' Bl < | 1% | " D] |u*B|
¢,'D-D+p !B

<c
< 5
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Therefore we obtain

d e7'D D+ | BJ?
sgn(t)&/RSH(]x\—R—cﬂt\) 1 ; wABE 4, <

implying that

_ID'D —1B2 _lDin'Din -1 Bin2
/ 8(|z|— R—c 1) 2 i |Bl dxg/ 8(|z|— R) ! 1B
R3 2 R3 2
and thus, for any |z| > R + ¢1|t| we have D(t,z) =0, B(t,z) = 0.
As D-e =0, we have ¢, 'D = ¢;'D. Similarly, for any ¥ € C*(R?)® N L2(R?)3 such
that div(¥U A e) = rot¥ - e = 0, we have

/ €5 'rotW - rotW¥ dr = / e, 'rot W - rot W du.
R3 R3

Therefore (D, B) solves (35), (36) with €, replaced by €;', for any § > 0. By the
previous arguments, we obtain

D(t,z) =0, B(t,z) =0, |z|>R+cslt], cs=p "€ loe, >0
implying that
D(t,z) =0, B(t,z) =0, |z| > R+ cxlf]

where
Coo = 72 lim e oo = 72| max{1/n1, 1/} |

1
We investigate now how much energy of the solutions (D°, B°) concentrates inside the
propagation cone of the limit model. Although, when § \, 0, the propagation cone
{(t,z) € RxR?® : |z] < R+cs|t|}is much larger than {(¢,z) € RxR? : |z| < R+c|t|},
we will see that almost all the energy of the solution (D?, B%) lies inside the propagation
cone of the limit model.

Proof. (of Theorem 1.4)
By Theorem 1.3 we have

. D(S o D -1 Bé - B 2
lim/ / ) )t " dedr =0
5\‘0 RB
lim/ / (—— )( ) dzdt = 0.
6\‘0 RS
As we know, by Proposition 6.1, that D(t,z) = 0, B(t,z) = 0 for |z| > R+ cx|t|, we
obtain
T —179 5 ~1| s 2
i € D°(t,x)- D°(t,x) + B°(t,x
o [ [ EDD DA

T —-1716 B —1| RS2 5 2
) e, D°-D°+ =B 1/1 D°-e
= lim L | Lz Rien ) dadt
51\0/_T/Rg[ 2 +2 02 n {|z|>R+coolt|} AT

=0.
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