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Multi-scale analysis for wave problems with
disparate propagation speeds

Mihai BOSTAN *
(February 28, 2022)

Abstract

The subject matter of this work concerns the asymptotic behavior of the
wave problems, when the propagation speed in one direction is much larger than
in the other directions. We establish weak and strong convergence results. We
appeal to homogenization arguments, based on average operators with respect
to unitary groups.

Keywords: Average operators, Ergodic means, Unitary groups, Homogenization.

AMS classification: 35105, 37A10

1 Introduction

We focus on the behavior of the solutions for wave equations whose propagation speed
becomes very large along some direction. We consider the problem

: 15 1 s 15 m
Ouf — div, (D(y)V,uf) — 6—2dlvy(b(y) ®@b(y)V,u') =0, (t,y) e Ry xR (1)

w(0,y) = uiy(y), B (0,y) = un(y), y€R™ (2)

where D(y) € M,,,(R) and b(y) € R™ are given matrix and vector fields on R™. We
use the notation { ® n for the matrix whose entry (i,j) is &n;, where £,n € R™,
and A : B for trace("AB) = 3 ", 30", AjiBji, with A, B € M,,(R). The matrix
field D is assumed symmetric non-negative, such that D + b ® b is positive definite.
We concentrate on the behavior of the family (u®). for 0 < ¢ < 1, in which case
(D + 6%17 ® b) 0<e<q T€MaIn positive definite. This study is motivated by the numerical
simulation of highly anisotropic wave problems. Indeed, the explicit methods require
small time steps, through the CFL stability condition At ~ |Ay|. Therefore suitable
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methods have been proposed [7, 12, 10, 13], see also [9, 11, 1, 16, 17] for elliptic and
parabolic problems.

We consider variational solutions for (1), (2). We introduce a weighted Sobolev
space Hp see (8) and define the bounded symmetric bilinear form

1
a‘(u,v) = | D(y)Vu-Vody+ = (b-Vu)(b-Vv) dy, u,v € Hp.

Rm™ Rm™

By standard results cf. [14], for any ¢ €]0,1] and (i, ;) € Hb x L2(R™), there is a
unique solution u® € C'(Ry; Hp), du® € C(Ry; L*(R™)) for

€ d
u(0) = us,, O (0

. (0) = uy,, a /. Oucv(y) dy + a*(us(t),v) =0 in D'(Ry), v € Hp,

where D(R,) is the set of infinitely many times differentiable functions, compactly
supported in R, and D'(R,) stands for the distributions on D(R, ). We are interested
on the asymptotic behavior of the family (u®)., when € \, 0. We prove that the limit
problem corresponds to a wave operator as well, and identify the matrix field associated

to it. The identification of the limit model relies on averaging along the characteristic
flow of the vector field b

dy m "
P b(Y(s;y)), (s,y) e RxR™ Y(0;y)=y, yeR™

For example, the orthogonal projection of any function u € L*(R™) over the subspace
of L? functions which are left invariant with respect to the flow of b, writes

1 /S
Projiepy, v = lim —/ uoY(s;-) ds, strongly in L*(R™).
4 S—+o0 0
The above orthogonal projection appears as the average along the characteristic flow

of b. Similarly, under suitable hypotheses, we introduce the average of a matrix field
A= A(y) by

S

(A) == lim l/ Y (—s;Y (s;)A(Y (s;+)) “OY (—s;Y (s;+)) ds.
S—+00 S Jg

The previous average operator will enter the limit model and we prove the following

convergence results, see Theorems 4.1, 4.2 for exact statements including all the hy-

potheses on the vector field b and the matrix field D. Here the notation 7 stands for

the operator u +— div, (ub), u € dom7T.

Theorem 1.1
Assume that the initial conditions satisfy

. € .
lim u, = wi, Ky in Hp, limu, = iy, kly in L*(R™
lim i, = ws weakly in Hp,  limuy, =, weakly in (R™)

and b T
sup | il 2m) < +00.
0<e<1 €




Then (u®)., (Owuf). converge weakly x in L>°([0,T], H}), L°°([0, T|; L*(R™)) respectively,
T € Ry, toward the solution (u,0u) € L. (Ry; Hy Nker T) x LS (Ry;ker T) of the

problem

d
T atuvdy+/ (D) (y)Vu-Vody =0 inD'(Ry),v € Hp
Rm m

with (u(0), 8;u(0)) = (uim, <um>).

When the initial conditions are well prepared, the above weak convergences become
strong.

Theorem 1.2
Assume that the initial conditions satisfy

b Vs
Vi, _ 0 strongly in L*(R™)

lm s, = uy, strongly in Hb, lim
in gy P> 8\0 c

e\
lim u; = uy, strongly in L*(R™), b-Vuy, = 0.
e\0
Then we have the strong convergences

: e __ . 00 . T2(Mm ; € _ , 2 .
ll\l}éU =u in L. (Ry; L*(R™)), llg(l)Vu =Vu in L, (Ry; Xp)

b-Vur 9

=0 in L} (Ry; L*(R™)).

loc

li{% ow® = Owu in L (Ry; L*(R™)), li{‘% .
Our paper is organized as follows. In Section 2 we discuss the average operators for
functions and matrix fields, recalling their main properties. We introduce and study
the weighted Sobolev space H}, which will play a crucial role in our analysis. In
Section 3 we study the variational solutions of the problems (1), (2) and introduce the
limit wave problem which comes out when averaging the matrix field D. Section 4 is
devoted to the asymptotic analysis. We establish strong and weak convergence results,
provided that the initial conditions are well prepared or not. In Section 5 we estimate
the propagation speed for the solution of the limit model.

2 Preliminaries

We introduce the main functional spaces and tools which allow us to define the av-
erage operators along a characteristic flow, for functions and matrix fields. Most of
these notions are borrowed from previous works [4, 5, 6], dealing with the asymptotic
analysis of PDEs perturbed by a stiff transport operator. For the completeness of the
presentation, we detail them here (or refer to the appendix). We consider the transport
operator 7 = div,(- b), defined on

domT = {u € L*(R™) : div,(ub) € L*(R™)}.
The vector field b is assumed to verify the standard hypotheses

be Wh*(R™), divyb=0 (3)

loc
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and grows at most linearly at infinity
3 C > 0 such that |b(y)] < C(1+ |y|), y € R™. (4)

Under the previous hypotheses, the vector field b possesses a global smooth character-
istic flow Y € W,'(R x R™)

loc

dY
1 = (siw) (s,9) €RXR™, V(05y) =y, y € R™
The vector field b being divergence free, the transformation y € R™ — Y (s;y) € R™
is measure preserving for any s € R. We introduce the C%-group of unitary operators
(C(s))ser given by

((sylu=uoY(s;:), uec L*(R™), s€R

whose infinitesimal generator is 7. Sometimes we will use the notation fy(z) =
f(Y(s; 2)), given a function f = f(y).

The orthogonal projection on the kernel of 7 coincides with the ergodic mean of the
group (((s))ser, thanks to the following classical result in ergodic theory [15].

Theorem 2.1 (von Neumann’s ergodic mean theorem)
Let (G(s))ser be a C°-group of unitary operators on a Hilbert space (H,(-,-)) and L
be its infinitesimal generator. Then for any x € H, we have the strong convergence in

1 r+S
lim 5/ G(s)x ds = Projy, pz, uniformly with respect tor € R.

In particular, the orthogonal projection on ker7 = {u € L*R™) : u(Y(s;:)) =
u, Vs € R} writes

Proposition 2.1 (Average of L?(R™) functions)
Assume that (3), (4) hold true. Then for any u € L*(R™) we have the strong conver-
gence in L*(R™)

1 r45
lim —/ uw(Y(s;+)) ds = Projy, 7u, uniformly with respect to r € R.
S—+4o00 S r
Proof.
Apply the von Neumann’s ergodic mean theorem to the C°-group of unitary operators
(C(S))SQK 1

In the sequel we use the notation (u) = limg_, 4o & f:JrS u(Y (s;+))ds,u € L*(R™), that
is (-) = Projy., 7. We need to introduce several weighted Lebesgue and Sobolev spaces.
For doing that we assume that there is a matrix field P such that

'P=P, Py)¢-£>0, £eR™"\{0}, yeR™, P ' PelLj (R") (5)

loc
b,P|:=(b-V,)P—d,bP—P'db=0, inD'(R™). 6
Yy ) )

We have the following characterization, in terms of the characteristic flow of b, for the
matrix fields A satisfying [b, A] = 0 in D’(R™), see Proposition 3.8 [5]. The notation
Y (s;y) stands for the jacobian matrix of the application y — Y (s;y). Similarly, the
jacobian matrix of the vector field b is denoted by 9,b.

4



Proposition 2.2

Consider b € W2 (R™) (not necessarily divergence free) with at most linear growth at
loc Y q g

infinity and A(y) € L. (R™). Then [b, A] :== (b-V,)A—9,bA— A'0,b =0 in D'(R™)
uf

A(Y (s3y)) = Y (s;9)Ay) '0Y (s1y), s €R, y €R™
Any vector field ¢ in involution with b i.e., (b-V,)c—0,bc = 0in D'(R™), or equivalently

c(Y(s;y)) = Y (s;y)c(y), s € R,y € R™, provides a symmetric matrix field P.(y) =
c(y) ® c(y) satistying [b, P.] = 0 in D'(R™). Indeed we have

P(Y(s;y)) = c(Y(s;9)) @ c(Y(s;9))

(5 (s;y)c(y)) @ (9Y (s3y)c(y))

Y (s;y)(c(y) ® c(y)) Y (s;y)

= 8Y( y)P.(y) '0Y (s;y), s € R,y € R™.

If a family {¢;}1<i<m of vector fields in involution with b is available, and {¢;(y) }1<i<m
form a basis of R™ at any point y € R™, therefore the symmetric matrix field P(y) =
Yo ci(y) ® aiy) is positive definite and satisfies [b, P] = 0 in D'(R™).

Before going further, let us give an example of a vector field b and matrix field P
satisfying (5), (6). We consider m = 2,b(y) = (y2, —v1),y = (y1,92) € R% Tt is easily
seen that div,b = 0 and P = I, satisfies (5), (6).

Let us consider the following spaces of matrix fields.

Definition 2.1 We introduce the linear space
Hg = {A:R™ = M,,(R) measurable : QY2AQY? L*},

where Q = P, which is a Hilbert space for the natural scalar product
(A, B)u, = / QVPAQYV*:Q'*BQRV*dy= | QA:BQdy, VA, Bc Hy.
R™ R™

The associated norm is denoted by |A|g, .
Stmilarly we introduce the Banach space

HE = {A:R™ - M, (R) measurable : QYPAQY? € L™},

endowed with the norm

Alg = QV?AQ"?| 1~

We also need a localized version of the space Hg. For that, we assume that there is
a continuous function 1, which is left invariant by the flow of b, and goes to infinity
when |y| goes to infinity

e C(R™), YoY(s;:) =1 forany se€ R, lim 9(y) =—+o0. (7)

ly|—+o0

For example, when m = 2,0(y) = (y2, —11),y = (y1,v2) € R?, P = I, we can pick the
invariant ¢(y) = |y|?, y € R?, which satisfies lim,|_, 4 ¥ (y) = +o0.
We consider the local space

Hg o = {A :R™ = M,,,(R) measurable : 1y,<pyA € Hg for any k € N} )

5



We say that a family (A;); C Hgoe converges in Hg oo toward some A € Hg o iff
for any k£ € N, the family (1y<x}A;); converges in Hy toward lyy<pA. The space
Hg 1oc, as well as the convergence in this space, are not depending on the choice of the
function v satisfying (7). Notice that we have the continuous inclusion Hy C Hg joc-
We introduce the family of linear transformations (G(s))ser, acting on Hg and also
on Hgoe. For any matrix field A we use the notation A; = Ao Y (s;-). The following
result is borrowed from [3], see Proposition 4.1. The proof details are postponed to
appendix A.

Proposition 2.3
Assume that the hypotheses (3), (4), (5), (6) hold true and that Q = P~!.

1. The family of applications
A G(s)A = 0Y () A, TOY " (s:2) = QY (—s; Y (5:-)) Ay 1OV (=5, Y (s:+))
is a C°-group of unitary operators on Hg.
2. If A is a field of symmetric matrices, then so is G(s)A, for any s € R.
3. If A is a field of positive semi-definite matrices, then so is G(s)A, for any s € R.

4. Let S C R™ be an invariant set of the flow of b, that is Y(s;S) = S, for any
s € R. If there is d > 0 such that Q'?(y)A(y)QY*(y) > dI,,,y € S, then for any
s € R we have QY?(y)(G(s)A)(y)QY?*(y) > dl,,y € S.

5. Moreover, if (7) holds true, then the family of applications (G(s))ser acts on
Hgoc, that is, if A € Hgioc, then G(s)A € Hg o for any s € R. We have

1{¢,Sk}G(S)A = G(s)(l{d,gk}A), Ace HQ,lom S € R, k e N.

The infinitesimal generator of the group G is given by

G(s)A— A

L:domL C Hy — Hg, domL ={A¢€ Hg : Ellir%
s— s

n HQ}

and LA = lims_m% for any A € domL. Notice that C!(R™) C domL and
LA=(b-V,)A—-09,bA— A'9b, A€ CHR™) (use the hypothesis Q € L .(R™) and

loc
the dominated convergence theorem). For the main properties of the operator L we

refer to [5], Proposition 3.13 .

Proposition 2.4
Assume that the hypotheses (3), (4), (5), (6) hold true.

1. The domain of L is dense in Hg and L is closed.
2. The matriz field A € Hg belongs to domL iff there is a constant C' > 0 such that
|G(s)A — Alg, < Cls|, s€R.

3. The operator L is skew-adjoint and we have the orthogonal decomposition Hg =

1
ker L & Range L.



The transformations (G(s))ser also operate on HZ. More exactly, for any s € R, and
any A € Hp, we have G(s)A € Hiy and |G(s)Alpy = |A|ugy. Indeed, thanks to (19)
and to the orthogonality of O(s;-) (see the proof of Proposition 2.3 for the definition
of the matrix field O), observe that

Q'2G(s)AQ'? : QV2G(s)AQY? = 'O(s;)Q*A,QY2O(s; ) : 'O(s; ) QY2 AQY O(s; )
= (QV2AQV?:Q?AQ?),, seR

and our claim follows immediately. Applying Theorem 2.1 to the group (G(s))ser,
we deduce that the average of a matrix field (A) := limSHJrOO%f:jLS G(s)A ds is
well defined and coincides with the orthogonal projection on ker L. Moreover, by
Proposition 2.3, (G(s))ser also acts on Hg o, and any matrix field of HE C Hgoc
possesses an average in Hg joc, still denoted by (-) as for the matrix fields in Hg, cf.
Theorem 3.2 [2] (see Appendix A for proof details).

Theorem 2.2 (Average of H o, matrix fields)
Assume that (3), (4), (5), (6) hold true and that Q = P~ 1.

1. For any matriz field A € Hg we have the strong convergence in Hg
r+S
(A) = lim < / OY (=3 Y (5:))A(Y (5: ) 'OY (=5 Y (s5-)) ds = Projy, A

uniformly with respect to r € R.
2. If A€ Hg is a field of symmetric positive semi-definite matrices, then so is (A).

3. Let S C R™ be an invariant set of the flow of b, that is Y(s;S) = S for any
seR. If Ae Hg and there is d > 0 such that

QY (AWQ(y) > dl, y€S
therefore we have
Q2 (y) (A) ()Q'*(y) > dl,, y€S

and in particular, (A) (y) is definite positive, y € S.
4. If A€ HoN HY, then (A) € Ho N HE and

| (A) g < [Alng, [{A) luy < |Alug-

5. Moreover, assume that (7) holds true. For any matriz field A € Hg oc, the family

(s/ " oY (s ¥ (s DAY (5:)) 'OY (=¥ () )

5>0

converges i Hq 1oc, when S goes to infinity, uniformly with respect to r € R, for
any fized k € N. Its limit, denoted by (A), satisfies

Liy<ky (A) = (LpepA), for any k € N

7



where the symbol (-) in the right hand side stands for the average operator on Hy.
In particular, any matriz field A € Hg has an average in Hooc and | (A) [ng <
|Algg . If A € Hqoc is such that

Q' (WAW)Q(y) > al,,, y€R™,

for some a > 0, then we have
Q2 (y) (A) (W)Q"*(y) > aly, yeR™
We also introduce the linear spaces of vector fields

Xo ={c:R™ — R™ measurable : Qy) : cly) @ c(y) dy < +o0}
Rm

X ={c:R™ — R™ measurable : 1QY%¢| € L>=(R™)}.

The linear space X¢, endowed with the scalar product

('a ')XQ : XQ X XQ - Ra <C7 d)XQ = = Q(y) : C(y) ® d(y) dy7 Cad € XQ

becomes a Hilbert space, whose norm is denoted by |c[x, = (c, c);/g, ce Xop.

The linear space X7’ is a Banach space with respect to the norm

|C|X50 = ess supyeRm|Q1/2(y)c(y)|, ceXg.

Notice that for any ¢ € Xq N X7, we have c® ¢ € Ho N Hg’ and

e ® clg = ess supyepn [QY?(y)e(y)” = |clis

1/2
ewelig = ( [ 1@l ) < Iexoley.

Replacing the matrix field () by the matrix field P, we obtain the linear spaces Xp, X7.
When applying variational methods, we need a weighted H' space. We consider the
linear subspace made of L?(R™) functions, whose gradient belongs to Xp

Hp={ue L*(R™) : V,u€e Xp} (8)

which is a Hilbert space, with the scalar product

(u,v) gy, = / u(y)v(y) dy —i—/ P(y): V,u® V,vdy, u,ve Hp.

m

The C°-group (((s))ser acts on H}, cf. Proposition 3.5 [2] (see Appendix A for proof
details).



Proposition 2.5 (Average of H} functions)

Assume that the hypotheses (3), (4), (5), (6) hold true. For any s € R and u € H},
we have us € Hp and |us| gy, = |u|gy. The family of applications u € Hp — (' (s)u =
uoY(s;:) € Hp is a C°-group of unitary operators on Hy. In particular, for any
u € H we have (u) € H}

1 r+S
V, (u) = lim E/ Vyus ds, strongly in Xp, uniformly with respect tor € R

u—{(u)y Lker TN Hp in Hp, |V, {u)]|x, <|Vyulx,.

For further developments, we introduce the following result, borrowed from [2], Lemma
5.1 (see Appendix A for proof details).

Lemma 2.1
Assume that the hypotheses (3), (4), (5), (6), (7) hold true. For any matriz field
D € HY and any vector field c € Xp we have the convergence

1 r+S
lim E/ G(s)Dc ds = (D) ¢, strongly in X¢q, uniformly with respect to r € R.

S—+o0

3 Variational solutions

We appeal to variational methods for solving (1), (2). Under the hypotheses (3),
(4), (5), (6), we consider the continuous embedding of separable Hilbert spaces H} <
L*(R™), with dense image (since C}(R™) C Hp) and the bilinear forms a® : Hr x H}, —
R, {a) : H: x H5 — R given by

1
a‘(u,v) = | D(y)Vu-Voudy+ = (b-Vu)(b-Vv) dy, u,v € Hp

Rm Rm

(@) (u, v) = / (D) (5)Vu- Vo dy, e H).

We assume that D = D(y) is a field of symmetric non-negative matrices, satisfying

Q"*(y)(D(y) + b(y) ® b(y)Q'*(y) > dI,, y € R™ 9)
for some constant d > 0. We suppose also that
DeHy, be X7. (10)

Proposition 3.1

Assume that the hypotheses (3), (4), (5), (6), (9), (10) hold true. The bilinear forms
a® are well defined, continuous, symmetric, non-negative. For ¢ €]0,1], the forms a®
are coercive on H}, with respect to L*(R™).

Proof. For any u,v € Hj we have

|DVu - Vo| = [Q2DQ'? : (P'*Vv) @ (P'?Vu)| < |D| g |P"*Vu| [PY?Vu

9



and
(b Vu)(b- V)| = |QV2 @ bQY? : (PY?Vv) @ (PY*Vu)|
< b ® blug| P2Vl |[PY?Vu| = |b|§(5o|P1/2Vv| | P2V,
We deduce that

[b%es
€ Q
ja*(u, )l < | [Pl + ——— | lula [0l

saying that a® is well defined, and continuous on Hp. It is also symmetric and non-
negative, thanks to the symmetry and non-negativity of D(y),y € R™. The coercivity
comes by (9), observing that for any u € Hp,0 < ¢ < 1 we have

. b®b
o (u, ) + d|u|%2(Rm) _ RQl/Q <D n 5_2) QY% : (PV*Vu) @ (PY?Vu) dy + d|u|%2(Rm)

> d|Vul%, + dlulfzgm) = d|u|§{}).

Remark 3.1
For any uw € H}, we have

|- VUEQ(Rm) = /

Since for any test function ¢ € CH(R™) we have

/ub~Vgpdy:/udivy(<pb)dy:— Vu-bo(y) dy

m m Rm

(Q%- PY?Vu)* dy < [b3s [Vulk,.

m

we deduce that v € dom7, Tu = b-Vu. Therefore we proved that the inclusion
Hp C domT is continuous

0y + [Tl agny < [ul3agen) + s [Vl < mas{L bz Yully w € H}.
By standard results we obtain the following proposition.

Proposition 3.2

Assume that the hypotheses of Proposition 3.1 hold true. Let (us,, 12;) € Hp x L*(R™).
For any e €]0, 1] there is a unique variational solution of (1), (2) i.e., u® € L. (Ry; Hp),
Owf € L2 (Ry; L*(R™))

loc

((0), 0" (0)) = (uy i), <o [ Broly) dy + (1), 0) = 0 in D'(R.), v € H.
Rm

Moreover we have u® € C(Ry; Hp), 0 € C(Ry; L*(R™)) and for any t € Ry, 0 <
e<1

1 e
00Oy + AT, + (25— 1) b Ve Ol < il + Dl V5,
1
+ 8_2|b . VU§H|QL2(Rm)
and

e 1
|U€(t)|%2(u§m) < 2|ui€n|%2(Rm) + 217 {|um|i2(Rm) + |D|H5°|VUi€n|§(P + §|b : vuian|%2(]Rm) :

10



Proof. This is a direct consequence of [8] chapter XVIII, section 5, see also [14]. By
Proposition 3.1 we know that, for any e €]0, 1], the bilinear form « is coercive on H},
with respect to L2(R™). We deduce that, for any (i, 1, ) € H} x L*(R™), there is
a unique variational solution u® for (1), (2). By the energy balance we obtain for any
teR,, e €]0,1]

. €
|00 () ooy + a°(W(8), 0(1)) = [ty T2m) + 0% (U, u5,)
implying that
1
’atus<t>’%2(Rm) + d|Vu€(t)|§(P + <§ - 1) |b : Vus(t)ﬁg(Rm)
e 1
< |uin|%Q(Rm) + ‘D|Hg|vufn|§qa + 5_2|b : Vufn|%2(Rm)7 te Ry
As we know that d,u € C(R,; L*(R™)), we can write
t
u®(t) = u°(0) —i—/ Owus(s) ds, t € Ry
0

implying that for any ¢t € R

t 2
(1) By < (|u;|Lz<Rm> + [ 100 () e ds)
0
t
< 20 g+ 2t [ 100079 ey ds
0
€ 1
< 2|ui€n|2L2(]Rm) + 212 |:|uin|%2(Rm) + |D|H5°|VUi€n|§(P + §|b : vui€n|2L2(]Rm) :

[

The bilinear form (a) will enter the variational formulation of the limit model, and
corresponds to a wave operator as well. As the average matrix field (D) inherits the
properties of the matrix field D, we prove the following result.

Proposition 3.3

Assume that the hypotheses (3), (4), (5), (6), (7), (9), (10) hold true. The bilinear
form {a) is well defined, continuous, symmetric, non-negative and coercive on H}, with
respect to domT C L*(R™).

Proof. The embedding H: — domT7 is continuous cf. Remark 3.1 and has dense
image (since C}(R™) is dense in dom7). For any u,v € H}, we have
s | (D) (y)Vu- Vol dy < [(D) |ug |Vulx, |V x, < [Dlug |ulm|v]m,

saying that (a) is continuous. By Theorem 2.2 we know that (D) is symmetric and
non-negative, implying that (a) is symmetric and non-negative. The coercivity of (a)
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comes easily, thanks to the last statement in Theorem 2.2, by noticing that for any
u € H}, we can write

(a) (u, w) + dlulf2@m) + [ TulL2@m) = /R (D) Vu - Vu dy + dlulfgm) + | TulL2 @)

:/Xu»+b®mquMdy+ﬂm;®M

m

:1/‘?”GD>+b®bﬂf”:fﬂ”Vu®}ﬂ”Vudy+dW@%ww
Rm

> d|Vul%, + dlul?2gm) = d|u|§{}3.

1

We inquire now about the well posedness of the problem
Ofu — div,((D) (y)Vu) =0, (t,y) € Ry x R™ (11)
u(O,y) = uin(y)v 6tu(07y) = uin(y)7 Yy S R™. (12)

Proposition 3.4

Assume that the hypotheses of Proposition 3.8 hold true. For any (um,uin) € Hb
domT there is a unique variational solution of (11), (12) i.e., u € LS.(Ry; Hp), Oyu

loc

X
S

d O v(y) dy + (a) (u(t),v) =0 inD'(Ry), v € Hp.

(w(0) = tjn, Qu(0) = usy), T -

Moreover we have u € C(Ry; Hp),Ou € C(Ry;domT) and for any t € Ry

’atu(t)‘(ziom’T < |uiﬂ|?10m7’ + ‘D|H50|VUIH|ZXP

(O, < max{L,d} [2max{L, 1z Yol + 26 + Dl |Vl )]
+ [tinlGom7 + D] g [ Vi X, -
If (tin, uin) € (Hp Nker T) x ker T, then (u(t), dyu(t)) € (H: Nker T) x ker T for any
tER,.

Proof. It is enough to apply the standard results [14, 8] with the bilinear form
(a) : H: x Hy, — R and the embedding H, C dom7. By the energy conservation we
have

|0u(t) [GomT < 100(t) [Gorr + (@) (u(t), u(?))
= |uin|<2iom7’ + <a’> (uim uin)

S |ain|(2:10m7- + |D|H%°‘vuin|§(P-
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But we can write, c¢f. Theorem 2.2

d|Vu(t)|%, g/(<D>+b®b)vu(t)-vu(t) dy

m

= [Tu(®)[72gmy + (a) (u(t), u(t))
< |Tu(t)|%2(uem) + |uin|%Q(Rm) + |Tuin|i2(u@m) + |D|H(3°|VUin‘,2xp-

It remains to observe that
t
u(t) = upn +/ Ou(s) ds in domT
0
and therefore

t
() By < 2Nt Py + 21 / 1Byu(5) By ds
0

< 2lttin|Gormr + 26 tin [domy + [Pl | Viuinl%,.).
Finally one gets for any ¢t € R
dlu(t) 3, < max{1, d}u(t)fonr + [tin[GomT + [D]ag | Vi %,
< max{1,d} | 2o oy + 262(ltanl 3oy + DLy Vel
+ [tin[Gomr + [Py [ Vuil %,

and we are done because the embedding H} < dom7 is continuous cf. Remark 3.1.
We claim that if (u, du) € LS (Ry; Hp) x L (Ry;domT) is the solution of (11),

loc loc
(12) associated to the initial conditions (ui,,us) € Hb x domT, then (us, (Qyu)s) €
L (Ry; Hp) x LS (Ry;domT) is the solution of (11), (12) associated to the initial

loc

conditions ((ui)s, (tin)s) € Hb x dom7T . Indeed, for any v € Hp we have

d d .
a(u(t)sv U)domT = &(u(t)v U—S)domT = (atu(t)v U—S)domT = ((atu(t))sv U)domT in D /(R-i-)
saying that dyus = (Qyu)s € LS. (Ry;domT). Moreover, for any v € H}, we have

d

&((atu(t))m V) domT + /m(D) Vu(t), - Vo dy
_d
T dt
_ %((atu(t)),v_s)dom + RmaY(s;y) (D) () 'Y (5: 9)(Tau(t)). - (Vo_o). dy
— %((@u(t)), V_s)domT + /mG(—s) (D) Vu(t) - Vo_g dy

= (@) v aom + {a) (1) v_) = 0

((atu(t))vv—s)dom7+/ (D) 'Y (s;9)(Vu(t))s - 'Y (s1)(Vo—y)s dy

m

since v_, € Hp. Therefore (ug, (Oyu),) is the solution of (11), (12) corresponding to the
initial condition ((uin)s, (in)s). In particular, if (upy,, uin) € (HhNker T) X ker T, then
((in)s, (tin)s) = (Uin, uin) and by the uniqueness of the solution, one gets (us, (Ju)s) =
(u, Oyu), saying that (u,du) € (HL Nker T) x ker T O

13



4 Asymptotic behavior

We investigate the be havior of the family of solutions (u°). when € becomes small. We
assume that the energy of the initial conditions are uniformly bounded, that is

|b : Vufn‘LQ(Rm)
€

sup {\u;\H}g g + < +oo. (13)

0<e<1
In particular we deduce that the limit « when € N\, 0, of the family (u°)., satisfies the
constraint b- Vu = 0. When (14) is not verified, oscillations in time may appear, that
is u®(t,y) ~ u(t,t/e,y), where the profile u satisfies the constraint

O2u — div, (b(y) ® b(y)Vu) =0, (s,y) € R x R™.

In this study we neglect the time oscillations and assume that (14) holds true. Appeal-
ing to compactness arguments, we prove that the limit, when ¢ ™\, 0, of the family of
solutions (u°). solves a wave problem as well.

Theorem 4.1
Assume that (3), (4), (5), (6), (7), (9), (10) hold true and that the initial conditions
satisfy

limuf, = wy, weakly in Hp

e\0
lim u; = uy, weakly in L*(R™)
e\0
and b T
: U; m
sup ’ 1r1|L2(]R ) < +00. (14)
0<e<1 €

Then (u®)., (Oyuf). converge weakly * in L>°([0, T], Hp), L°°([0, T|; L*(R™)) respectively,
T € R, toward the solution (u,du) € L2 (Ry; Hh Nker T) x L (Ry;ker T) of the
problem

d
T &guvdy%—/ (D) (y)Vu-Vody =0 inD'(R,),v e Hp
Rm m

with (u(0), u(0)) = (up, <uin>).
Proof. We have
sup{ 5, g+ i 2 + 2 1o Ve } < oc
and therefore, by Proposition 3.2, there is a sequence (e)r C|0,1],limy 1 x = 0,
and two functions u € L (Ry; HE), u € L. (R ; L>(R™)) such that, for any T' € R

loc loc
we have
u — u weakly * in L>([0,7T]; Hp)

Ot — u weakly % in L*([0,T]; L*(R™)).
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For any v € L*(R™) and n € C}(R,) we have

2O Ve + [

Ry

n(t)(Ou™(t),v)r2@my dt +/ 0 (t)(us(t),v) 2@m) dt = 0.

Ry
Passing to the limit when k& — +o0, yields

7(0) (e, 0) 2y + /

Ry

n(t)(u(t), v)r2@m) dt+/ ' () (u(t), v)r2@m) dt =0

Ry

saying that v is the time derivative of u

d

u(0) = Ujn, T

(U(t), U)L2(Rm) = (U(t), U)L2(Rm) inD /(R+).
We claim that b - Vu = 0. Indeed, we have, thanks to the estimate in Proposition 3.2

i . £k m -
Jm b Vatfegoryza@ny) =0

and thus, for any n € C.(R,) and ¢ € C}(R™) we obtain

/ n(t)/ b-Vo u(t,y) dy dt = —/ n(t)/ o(y) b-Vu(t) dy dt — 0 as k — +o0.

By the convergence

k—+4o0 m

lim n(t)/ b- Ve u™(t,y) dy dt = / n(t)/ b-Vou(ty) dy dt
Ry m R

we deduce that

b-Veou(t,y)dy =0, foraa.teR,.
Rm

Ast € Ry +— u(t) € L*(R™) is continuous (since d,u = u € L (Ry; L2(R™))), the

loc

previous equality holds true for any ¢t € R, and ¢ € C}(R™) saying that b - Vu = 0.
In particular we have b - Vu;, = 0. Notice also that for any ¢ € C1(R™) we can write

d
Oub-Vody=— [ ub-Vody=0, inD'(R,)
implying that d,u € domT, T du = 0.

We appeal now to the variational formulation of (1), (2) with v € Hp Nker T

d
T dwvu(y) dy+ [ D(y)Vu(t)-Vody =0 in D'(R,).
R R

For any n € C1([0,T]) we write

T T
—n(0) / u v dy — / n'(t) | O v dydt + / n(t) | D(y)Vu™(t)- Vv dydt = 0.
m 0 Rm 0 Rnl

15



€k

Thanks to the convergences of (u;, ) weakly in L*(R™), of (9;u*) weakly x in L*°([0, T; L?)

u
and of (u®*), weakly x in L>°([0, T]; H}) we deduce for any v € Hp Nker T
. T T
—77(0)/ UiV dy—/ n'(t) | Quw dydt—i—/ n(t) | D(y)Vu(t)-Vov dydt = 0. (15)
m 0 R™ 0 R™

Clearly we have

00) [ inlw)ety) dy=n00) [ (i) (w)ots) do

m

We concentrate now on the term [.,D(y)Vu(t) - Vo dy. We know that u(t),v €
H} Nker T and therefore we can write for any s € [0,5],5 € Ry

RmD(y)VU(t) Vo dy = RMD(y)V(U(t))—s -V, dy
= /..Pw) Y (=s1y)(Vult))—s - 'Y (=s19) (Vo) dy
= [ 9¥ (50D 0V (=5 9)(Tu(t)-. - (Vo). dy
= [ V(s ¥ s 2) DY (5:2)) 0 (=Y (s2)) Vult, 2) - Volz) dz
= | GDVu() - Vo dy

Averaging with respect to s we obtain

S
RmD(y)Vu(t) Vo dy = /m% /0 G(s)D dsVu(t) - Vo dy.

As Vu(t) € Xp, we have by Lemma 2.1 the convergence
1 S
lim —/ G(s)DVu(t) ds = (D) Vu(t), in Xg.
0

Since Vv € Xp we obtain

lim /m% /OS G(s)D dsVu(t) - Vo dy = /M(D) Vu(t) - Vo dy

S—4o00

and thus we have

D(y)Vu(t) - Vv dy = / (D) (y)Vu(t) - Vo dy, ve HpNker T,

Rm

m

Coming back in (15) we deduce

—n(0) /m<mn> vdy — /OT n'(t) Rmatu v dydt + /OTn(t) /m<D) Vu(t) - Vo dydt =0
(16)
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for any n € C}(R,),v € Hp Nker 7. Actually, the above formulation holds true for
any v € Hp. Indeed, for any v € H}, we have v = v; + vg,v1 = v — (v) € Hp,v9 =
(v) € Hp Nker T, cf. Proposition 2.5. Clearly, (16) is satisfied when considering vs.
We are done if we justify that (16) holds true when taking v; € Hp, (v;) = 0. We have

00) [ (i) w)er(w) dy=n0) [ (i) () 01} () dy =0

and since dyu € ker T we can write

/OT n’(t)/ Oyu vy (y) dydt = /OT n'(t)/ dyu (1) (y) dydt = 0.

m m

As before, we have for any s € [0,5],5 € R,

/m<D> Vu(t) - Vv, dy = (D) Vu(t)_s - V(v15)_s dy

(D) (y) 'Y (=s;9)(Vu(t))—s - "0Y (=s;9)(Vuis)—s dy
Y (=s;y) (D) (y) '0Y (—s; ) (Vu(t))—s - (Vuis)_s dy
G(s) (D) Vu(t) - Vo, dy

(D) Vu(t) - Vurs dy

T
(D) Vu(t) - l/ Vs ds dy.
m S Jo

By Proposition 2.5 we know that

1 /S
Sl—i)r-iI-lOO §/0 Vs ds = V (v1) =0 strongly in Xp.

Notice that (D) Vu(t) belongs to X¢
[ (D) Vu(t)|xq < (D) g |Vult)|x, < |Dlug|Vult)|x,

and therefore we deduce

1 S
lim (D) Vu(t) - §/ Vusdsdy =0
0

S—+o00 R™

implying that [.,.(D) Vu(t) - Vv dy = 0. Finally (16) is trivially satisfied for any
vy € Hp, (v1) = 0, and thus for any v € H} we have

% Rm@tu v(y) dy + /m<D) (y)Vu(t) - Vody =0 in D'(R,)

and (u(0), 0u(0)) = (Ui, <uin>). The convergence of all the family (u®, d;u®). follows
by the uniqueness of the solution of the above variational formulation. O
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We investigate now strong convergence results. It happens that the previous weak %
convergences become strong if the initial conditions are well prepared

b-V
limuf, = uy, strongly in Hp, lim Uin _ =0 strongly in L*(R™)

eN\0 e\0 e

I%u = w;, strongly in LQ(Rm), b-Vuy, =0

We are using the following easy lemma.

Lemma 4.1
Let (A%)es0, (B%)es0 be two families of real numbers and A, B € R such that

limsup(A®+ B°) < A+ B, A <liminf A°, B < liminf B°.
e\0 e\0 e\,0

Then we have
limA* = A, limB® = B.
e\0 e\0

Proof. We have the inequalities

A+ B > limsup(A® 4+ B®) > limsup A® + lim inf B > limsup A° + B
e\0 e\0 N0 e\0

saying that

A <liminf A®* < limsup A° < A.
e\0 e\0

Therefore (A®).~o converges toward A as € N\, 0. Similarly, (B%).-o converges toward
B ase N\ 0. O

We appeal to the following standard result which allows us to transform weak conver-
gence in strong convergence.

Proposition 4.1
Assume that A € HZ and that (w®). converges weakly in L*([0,T]; Xp) toward w°,
when € N\ 0.

1. If A= A(y) are non-negative, then

/ [ AWt ©) w0 dyd < timins / [ AW w0 ayar

2. If there is d > 0 such that QY?AQY? > dI,, and

limsup/ / t) dydt </ / ~w(t) dydt
8\0 m m

then the family (we). converges strongly in L*([0,T); Xp) toward w®, when & \, 0.
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Proof.
1. By the inequality

| AW 1) dy| < Alag sl €n€ X

m

we deduce that the bilinear form (£,n) — fOT JemA@W)E(t, y) - n(t, y) dydt is continuous
on L*([0,T]; Xp) x L*([0,T]; Xp). The non-negativity of A allows us to write

0 [ [ AW )] () - w0t )] v

/ /m “(t,y dydt+/ /m ~w(t,y) dydt

- /D RmA(y)we(ty)-wo(t,y) dydt — /0 A(y)w’(t,y) - w(t,y) dydt

Rm

and our conclusion follows immediately by taking liminf.\ .
2. In this case, the hypothesis Q/2AQ'/? > dI,, implies

dlw® —w|% / / “(t,y) dydt+/ / ~w(t,y) dydt
/ / O(t,y) dydt — / / w(t,y) dydt.

Taking limsup.\ , yields

dlimsup [w® — w’[%, <hmsup/ / y)w® - w° dydt—/ / y)w’ - w” dydt <0
E\(O m m

saying that the family (w®).-o converges strongly in L?*([0,7]; Xp) toward w® when
13 \‘ 0. 1
We are ready now to improve the asymptotic behavior stated in Theorem 4.1. When
the initial conditions are well prepared, we expect strong convergence results.

Theorem 4.2
Assume that (3), (4), (5), (6), (7), (9), (10) hold true and that the initial conditions
satisfy

b-Vu

li = wy, strongly in Hp, i =0 strongly in L*(R™
61{1r(1)u Ui strongly in Hp, lim — strongly in L*(R™)

h\IJ%U = wy Sstrongly in LQ(Rm), b-Vuy, =0

Then we have the strong convergences

limu® =u in L (R, ; L*(R™)), hm Vut =Vu in L} (Ry; Xp)

N0 loc

bV
lim O = Ay in L2 (R,: L2(R™)), Tim 2Y %

=0 L2 (R.: L*R™)).
20 20 e in loc( +> ( ))
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Proof. The arguments rely on the energy conservations

€ 1> I3 1 1>
|Oyu (t)|%2(nem) + i D(y)Vus(t) - Vus(t) dy + g‘b -Vu (t)|%2(mm)

. 1
= |u;|%2(Rm) + D(y)Vufn . Vufn dy + 6_2|b . Vufn&z(Rm), t e R+, O < £ S 1
Rm

and

Byut) o qmy + /

m

(D) (y)Vu(t) - Vu(t) dy = | <uin> [Z2m) +/ (D) (y)Vin - Vuin dy.

m

As b-Vu =0, we have already seen (cf. proof of Theorem 4.1) that

[ 0y vt vut) ay= [ D)vutn) - vuto) . e =,

]Rm

and thus, for any 7" € R, we write
| 10 Oy e+ [ [ (D) +0) @ ) V() - V1) e (1)
= [ 10y e+ [ [ (D) +b00) @000 Vtt) - Tut) ayar

. € .
T |l By — | (tin ) Baem) |

+T( [ (D6)+b0) & b)) Vi dy — [ (D) + ) @ 60) V- Vo, dy)

m m

1 . 1 ’ .

We deduce that

i [ [ 100 Oy -+ [ [ (D) + 60 & 6900 (0 o]

e\ 0
< /0 Ou(t) 2 gomy it + /0 / (D(y) +bly) @ b(y))Vult) - Vu(t) dydt

The weak x convergences of (uf)., (9;u®). in L>([0,T]; Hp), L>=([0,T]; L*(R™)) respec-

tively, imply the weak convergences of (uf)., (Oyuf). in L*([0, T|; Hp), L*([0, T]; L*(R™))
respectively and therefore

O — . weakly in L*([0, T]; L*(R™)) as & \( 0

Vu® — Vu weakly in L*([0,7]; Xp) as e\, 0.

We have, thanks to the first statement in Proposition 4.1, applied with w® = Vu® and
A=D+b®b, |Alng < Dl + [bxs

T T
0 € 0
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T T
/ / (D+b®0b)Vu(t) - Vu(t) dydt < lim\"iglf/ / (D+b®b)Vu(t) - Vu'(t) dydt.
0 m & 0 m

Applying Lemma 4.1 yields

T T
lim [ 04 (0) 2am, dt = / Oyu(t) B dt

li{%/oT/m(Der@b)Vue(t)~Vu5(t) dydt:/OT/M(DM@b)vu(t)-vu(t) dydt

and therefore (O;uf). converges strongly toward dyu in L2([0,T]; L*(R™)) and (Vuf).
converges strongly toward Vu in L%*([0,T]; Xp), thanks to the second statement in
Proposition 4.1. Coming back in (17) we deduce that (use the hypothesis lim. e |b-
Vufn|L2(Rm) = 0)

T
lim—/ b V(1) Zany dE =0, T €R,.
0

Notice also that

implying that

t
|u®(t) — u(t)|%2(Rm) < 2luf, — uin|%2(Rm) + 2t/ |Oyus(s) — atu(8>|%2(Rm) ds
0
< 2Jui, — uin|2 + 2T |Opu® — atu|%2([0,T};L2(Rm))’ t€[0,7].

Therefore (uf). converges strongly toward u in L (R ; L2(R™)), as € \, 0. O

loc

Remark 4.1
By the above arguments we know that

T T
lim / DV (t) - Vue () dydt = / DVu(t) - Vu(t) dydt

and
h{% Vu® = Vu in L*([0,T]; Xp).

As we have
|DVu - (Vu© = Vu)| = |D(Vu = Vu) - Vu| < [D|pg |Vu|x, Vv — Vulx,

we deduce

T
/ DVu(t) . (Vue(t> — Vu(t)) dydt‘ S ’D|H5<>|VU|L2([07T];XP)|VUE—VU|L2([07T];XP) :{)0 0.
0 JRm ¢

We obtain

}:ii%/o RmD(VuE(t) — Vu(t)) - (Vu(t) — Vu(t)) dydt = 0.
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We also have limg~ o Oyu® = dyu in L*([0,T]; L*(R™)) and
1 T
lim — / (b- V(1)) dydt = 0

and therefore

(b- Vu)?

T
li{%/ / {(&guE — Ow)?* + D(Vu® — Vu) - (Vuf — Vu) + 5—2} dydt = 0.
g 0 m

5 Finite speed propagation

It is well known that the solution of the wave equation propagates at finite speed.
Observe that the spectral radius of the matrix D + ba®b is of order > and therefore the
solutions (u®). propagate at speeds of order %, going to infinity as 6 \ 0. Nevertheless
the limit of the family (u®). propagates at finite speed, given by the spectral radius of
(D) (not depending on €). More exactly, in the case of the limit model, we have the

following result.

Proposition 5.1

Under the hypotheses of Proposition 3.4, let us consider the unique variational solution
of (11), (12) corresponding to the initial conditions (Ui, uym) € Hp x domT . Let ¢ > 0
be a real number such that

(D) (y) < L, y €R™.
Assume that for some R > 0, the initial conditions satisfy
uin(y) - 07 Um(y) = 07 |y| > R.
Then we have
u(t,y) =0, du(t,y) =0, |yl >R+ ct.

Proof. Pick a non-decreasing function § € C}(R) such that 6(r) =0 if r <0, 6(r) > 0
if » > 0. Using the variational formulation with the function

(t,y) = 0(\/|y|> + 6> — R — ct)Ou, 6 >0

yields

1
2(%/ (Ou)?0(\/|y|2 + 02 — R — ct) dy+2/ [(Ou)® + (D) Vu - Vu] 0 dy
Rm

1d

L Dy e (P T8 - R — ot) dy+/ (D) Vu -
Rm m

! ey —
5 1 O 0" dy = 0.

y
VIyl? + 62

Notice that we have for any (¢,y) € R, x R™

(D)Vu-——2L gl <

2 1 Y i
c(Oyu - U ————
V|l + 0 s o <<D>V \/|y|2+52>

2 1 uw-Vu Y ) Y
c(Opu)” + —({D) Vu -V )<<D> NS ¢|y|2+52)

(D)Vu-Vu Ayl?
c Rt
< c[(Bw)* + (D) Vu - Vu .

< c(atu)Q +
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As 0" > 0, we deduce
d
T [(Ou)?* + (DY Vu - Vu] 0(\/]y|2 + 02— R—ct)dy <0
Rm
implying that

[ [@tt.0)) + (D) Futt. 1) Vet )] 0/ WF + 5 — R -t

m

= / [(13n)* + (D) Vin - Vuin] 0(y/Jy* + 62 —

m

As 0 is non-decreasing, we have

/ [(Gru(t,y))* + (D) Vu(t,y) - Vu(t,y)] 0(|y| — R — ct) dy

m

< [ [@u(t.) + (D) Vult.y) - Vut.9)) 0V oP+ & ~ R~ ct) d

m

and thus

/ (Ouu(t,y))? + (D) Vult,y) - Vu(t,y)] 8(ly| — R — ct) dy

m

= / [(in)” + (D) Vtin - Vin] 0(y/[y]? + 6% —

m

By dominated convergence, letting d \, 0, we obtain

/ (@u(t, 9))* + (D) Vult,y) - Vult,y)] 6(ly] — R —ct) dy

m

< / [(i5)? + (D) Vit - Vi) 8(]] — R) dy = 0

m

implying that
duu(t,y) =0, Vu(t,y) =0, [yl > R+ct.

Moreover, for any (¢,y) € Ry x R™ such that |y| > R + ct, we have
t
u(t,y) = uin(y) + / atu(37 y) ds = uin(y> =0
0
since |y| > R+ ¢t > R+ c¢s > R for any s € [0,T]. O

Remark 5.1

Under the hypotheses of Theorem 4.2 we can show that the energy of the solutions (u®).
outside the propagation cone of the limit solution u is negligible. Indeed, by Remark
4.1, using the notations in Proposition 5.1 we write

T . €)\2
/ / {(&tug — 9u)? + D(Vuf — V) - (Vuf — Vu) + M} dydt
ly|<R+ct €

/ / {Z%u)—l—DVu - Vu® —i—M} dydt =o(1) ase 0
ly|>R+ct g2

which implies that

/ / {&u)—I—DVU - Vu® —I—M} dydt = o(1) ase 0.
ly|>R+ct g2
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It may happen that an explicit expression for the average matrix field (D) is not
available, and therefore we can not compute the spectral radius of (D). Nevertheless
we can estimate the propagation speed of the solution for the limit model in terms of
the spectrum of D.

Proposition 5.2
Let us consider

A(y) — sup D(y)gg, CQ(y) — sup <D> (yzgg’ y € R™.
cerm\(0}  |€] ¢eR™\ {0} €]

Then we have the inequality
cy) < (A2 (9IQY2 || P|p, y € R™.
In particular, if A € L>*°(R™), then ¢ € L*(R™) and
el < [A[F21QY? | P2,
Proof. By the hypothesis, we have for any y € R™, £ € R™

Q2 (y)D(y)Q(y) : £ ® & < Ay)|QV()E)* < AW)|Q*(y) <1
As in the proof of Proposition 2.3, we write
Q'’G(s)DQ? : @& = 'O(s;9)QY*DQY?O(s7y) - £ ® &
= (Q’DQ"?), : O(s;y)¢ ® O(s;y)¢
< A(Y (s;9)|QY?Pf?
< AY (s59) QY21 I

implying that

QY (D)Q'?: ¢ @& < (M) Q7= I¢
Replacing & by PY2¢ yields

(D) - €® € < (M) QY21 [P 1 €],
Therefore we obtain

c2(y) = sup <D> (y)g ’ £ <

¢eR™\{0} 9k < (A) (9)|QYV22 | P22 ..
cRm

and thus
c(y) < (A2 (1)|QY?| 1o | P2 oo
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A Proofs of Proposition 2.3, Theorem 2.2, Propo-
sition 2.5, Lemma 2.1

We indicate here some proof details concerning the properties of the average operators
for matrix fields and functions.

Proof. (of Proposition 2.3)
1. By the characterization in Proposition 2.2 we know that

P, =0Y (s;-)P'9Y (s;+), s € R. (18)

For any s € R we consider the matrix field O(s;-) = iﬂaY(s; Q2. Observe that
O(s;-) is a field of orthogonal matrices, for any s € R. Indeed we have, thanks to (18)

'O(5;)0(s;-) = Q72 10Y (5;-)QY*QY20Y (s5)Q 2
— Q2 (8Y*1(s; VP, oY I (s; _))—1 O-\/?
— Q- \2pi
=1,
implying that for any matrix field A we have
QY2G(5)AQY? = QY20Y (s ) A, LAY (s )QY? = 1O(s;)QY2A,QV2O(s; ).
(19)
It is easily seen that if A € Hg, then for any s € R
G(s)AlG = [ Q°G(s)AQ"*: Q'*G(5)AQ"* dy

Rm

N / 'O(s:)Q?AQP0 (1) + '0(s:)QPAQO(s) dy
— [ QU aQr YAy dy
— /mQ1/2AQ1/2 . QI/ZAQ1/2 dy _ ‘Aﬁ{Q

proving that G(s) is a unitary transformation for any s € R. The group property of
the family (G(s))ser follows easily from the group property of the flow (Y(s;-))ser

G(s)G(t)A =Y !(s;-)(G(t)A)'9Y ~'(s;°)
= 0V (5;)0Y TN (B Y (53°)) (An)s "OY TH (6 Y (s50)) 'OY T (s3)
=Y Mt +s;) A fOY TNt +850) =Gt +8)A, A€ Hg.
The continuity of the group, i.e., lim,_,o0 G(s)A = A strongly in Hg, comes by standard

arguments.
2. Notice that G(s) commutes with transposition

HG(s)A) =1 (8Y_1(s; A t@Y_l(s; ))
=0Y (s;-) LA QY (s )
= G(s) "A.
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In particular, if YA = A, then '(G(s)A) = G(s)A.
3. We use the formula (19). For any £ € R™ we have
G(s)A: Q¢ ® Q' = Q'PG(s)AQ"? 1 g ® ¢
= '0(5;)Qy*A.Q%0(s;) - £ 0 €
= Q24,07 1 O(s;)(® &) 'O(s: )
= Q7 A,Q%: (O(5:)€) ® (O(s)¢)
= A, 1 (Q20(s:)€) ® (Q,/20(s;)¢).
As A is a field of positive semi-definite matrices, therefore G(s)A is a field of positive
semi-definite matrices as well.
4. Assume that there is a > 0 such that Q'/?AQY? > al,, on S. As before we write
forany £ e R™,y € S
QV?G(s)AQ'? - £ ® € = (Q'2AQ'?), : (O(s:-)€) ® (O(s:-)€) = alO(s; - )¢[* = alef?

saying that Q'/2G(s)AQY? > al,, on S.

5. Here G(s) stands for the application A — 9Y (—s; Y (s;))A(Y (s;+)) POV (—s;Y (s;+))
independently of A being in Hg or in Hgjoc. As 9 is left invariant by the flow of b, so
is 1yy<p), for any k € N. If A belongs to Hg 1o, we have

Ly<ryG(s)A = G(s)(1yenpA) € Hg, k€N, s€R

saying that G(s)A € Hgoe,s € R. Moreover, the applications (G(s))ser preserve
locally the norm of Hg

|1{¢Sk}G(S)A}HQ = ’G(S)(1{¢§k}A)|HQ = ‘1{¢§k}A|HQ , ke N, s e R.

Proof. (of Theorem 2.2)

The first and second statements are immediate.

3. For any ¢ € R™, x € C%S),x > 0 we have x(-)PY2¢ ® PY2¢ € Hg and we can
write, thanks to (19)

(G(s)A,x(")P'*¢ ® P'?¢)q =/ X(Y)Q2G(s)AQ? : £ ® £ dy

m

- / V() 1O(s: ) Q2 A,Q 2O ss y)é - € dy

m

- / X(Y)QY2A,QY? : O(s; )¢ ® O(s; )€ dy

> a [ 06 dy
= 2 dy.
olé [ x(w dy

Taking the average over [0, S] and letting S — 400 yield

[ x)@ ()@ g0 ¢ dy = ((4) PV @ P00 = [ alex(y) dy

m
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implying that
Q2 (y) (A) ()Q*(y) > aln, y € S.

4. For any A € Hg, we have by the properties of the orthogonal projection on ker L
that | (A) |z, = |Pr0jyer 1 Alr, < |Alm,. For the last inequality, consider M € M,,(R)
a fixed matrix, Y € C%(R™),x > 0 and, as before, observe that xPY2M P2 € Hy,
which allows us to write

(GAXPMP)g = [ QUG()AQ i xM dy

m

=/ '0(s;y) QY2 A,Q*O(s5y) : XM dy

=/ QYPAQY? : O(s;y)M 'O(s;y)x dy

Rm
< \/QimzﬁlsQi/2 L QY2 AQ*O(sy) M 1O(s;y) + O(s1y) M 1O(s; )y dy

< ALz 100 [ \(y) .

m

Taking the average over [0, S] and letting S — 400, lead to

Q2 (A) QY?: Mx(y) dy = ((A) , xP'*MP'?)q < |Alug(M : M)”Z/ X(y) dy.
Rm

m

We deduce that
Q" (y) (A) ()Q*(y) - M < |Alygz (M : M)'?, y e R™, M € My (R)

saying that

| (A) g = ess sup,cpm \/ Q'2(y) (A) ()Q2(y) : Q*(y) (A) (¥)Q*(y) < [Alng-

5. Let A be a matrix field in Hg .. For any k € N, 1<,y A belongs to Hg, and by
the first statement we know that

r+S
lim —/ G(S)(l&pgﬂA) ds = <1{¢§k}A> S HQ

uniformly with respect to » € R, for any fixed k£ € N. Observe that for any k,l € N we

have
1 1

s s
Sl_igloog/o G(s)(Liyp<nyA) ds = Sl_igloog/o G(s)(1gy<nyA) ds

almost everywhere on {1 < min(k,{)}, and thus, there is a matrix field denoted by
(A), whose restriction on {¢ < k} coincides with (1;,<xyA) for any k € N. Notice also
that for any k& € N we have (1<t A) = 0 almost everywhere on {¢ > k} and thus
we obtain

Lig<iy (A) = (Lig<yA), keN.
Observe that for any £ € N, we have the uniform, with respect to r € R, convergence
in HQ

] 1 r+S ] 1 r+S
i Lcng [(GEIA) ds= Jim < [G(5)(1paA) ds = (LpanA) = Lsa (4)
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saying that limg_, o ¢ f:+s G(s)Ads = (A) in Hgoc (uniformly with respect tor € R,
for any fixed £ € N). The inclusion Hg C Hgjoc follows by the compactness of
{¢p <k}, k € N. By the fourth statement we have

[(A) [ = sup [Lyany (A) [z = sup | (LpemA) my < sup Ly Alugy = [Alug -
keN keN keN

Let A be a matrix field of Hgiee, such that QY2(y)A(y)QV%(y) > al,.,y € R™, for
some « > 0. For any k£ € N we have 1< A € Hg and

Q' ())Lyp<ry AW)Q*(y) > al,, y € {v < k}.

By the third statement we deduce that for any £ € N
QW) wery (A) WQ?(W) = Q*(y) (Lweny A) W)Q*(y) = alm, y € { <k}
saying that Q'/*(y) (4) (y)Q"*(y) > al,., y € R™ =

Proof. (of Proposition 2.5)
Let u = u(y) be a function in Hb. As the flow satisfies Y € W,2°(R x R™), we have

Vus = '9Y (s;+)(Vu)s. By Proposition 2.2 we know that P, = 9Y (s;-)P '9Y (s; ), and
therefore we can write

s 77 Z/(us(y))2 dy+/, P(y)Vu, - Vu, dy

Rm

— [ @) dy+ [ ¥(s)P) Y (519): (Vo (Fu), dy

m R™ ~~ -~

P

= |u’2L2(]Rm) + [Vuly, = |U@1}3

The group property of (¢!(s))ser comes by the group property of (((s))scr. In order
to check the continuity of (¢'(s))ser, observe that for any u € H}, we have

€ (s)u = ully, — 1C(5)u = uliaqam) = [V, = Vull,

= 2|Vu|§(P — 2(Vus, Vu) x,

= 2(Vuly, —2 [ PV 0¥ (s)(Va. - P2V dy
1/2

tO(s;y) Ps

= 2|Vu|§(P — 2/ tO(s; y)(Pl/QVu)S . P2y, dy

m

= [(P"*Vu), — PY*Vul}gm) — 2/ (PY2Vu), - (O — I,,)) PY?*Vu dy.

Thanks to the continuity of (((s))ser, we are done provided that the last integral terms
converges to 0, as s — 0. The convergence lim, oY (s;y) = I,,,y € R™, implies the
convergences

lim P(Y (s;)) = im 0Y (s;9) P(y) '0Y (s;) = P(y), lim PY*(Y(s:y)) = PY*(y)

s—0 s—0

}gg% QY (s;y)) = }ql_% tayfl(S;y)Q(y) (‘9Yﬁl(s;y) = Q(y), £1_r>% Ql/z(Y(s;y)) _ Ql/Q(y)
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lim O(s;y) = lim Q'*(Y (5:9))0Y (s:9)Q™"*(y) = Im, y € R™.
s— s—>

Since the matrix O(s;y) is orthogonal, we have |O(s;y)| = 1 for any s € R,y € R™,
and by the dominated convergence theorem we obtain

lim [ PY*Vu-(O(s;y) — I,)P/*Vu dy = 0

s—0 R™

implying that

lim [ (PY2Vu), - (O(s;y) — L) PY*Vu dy

s—0 R™

= lim [(P1/2Vu)5 - P1/2Vu] (O(s;y) — I,,) PY*Vu dy = 0.

s—0 R™

In the last limit we have used the convergence lim, ,o(PY2Vu), = PY/?Vu in L*(R™),
and the upper bound |O(s;y) — I,| < 2, s € R,y € R™. By Theorem 2.1 we deduce
the strong convergence in H},

r+S
lim —/ ¢'(s)u ds = Projye, rnmu

implying that (u) = Proj,7u = Projie L € Hp, (Vu—V (u), Vo)x, = 0 for any
v € ker T N H}, and the strong convergence in Xp, uniformly with respect to r € R

1 r+S
lim —/ Vus ds =V (u).

S—+oc0 S
For the last statement use |Vus|x, = |Vu|x,,s € R and the above convergence.

Proof. (of Lemma 2.1)
We proceed in two steps.
1. Assume for the moment that D € Ho N Hg'. We know by Theorem 2.2 that

1 r+S
lim —/ G(s)D ds = (D) strongly in H, uniformly with respect to r € R.

We define the sequence ¢, = 14 p1/2,<1¢, kK € N. Any vector field ¢; belongs to X3
and we have the convergence limy_, ., c¢; = ¢ in Xp. For any k € N we have

1 r+S
lim — / G(s)Dcy, ds = (D) ¢y, strongly in X, uniformly with respect to r € R

thanks to the inequality
1 r+S
‘—/ G(s)Dcy ds — (D) ¢y,

r+S
5 / G(s)D ds — (D)| [ck|xss-

1
S Ho

S ’
Xq
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Observe that

il .

1

’5/ G(s)Dey ds — (D) ex|  + (D) (e — )lx,
Xq

1

‘—/ G(s)D ds| |c— cklx,

S .

+ [ (D) lmgler — clxp
XQ

1 r+S
< 2[D|ugler — clxp + ‘g/ G(s)Dcy, ds — (D) ¢y,
r XQ

which implies that for any £ € N

lim sup sup

< 2|Dlug e — clx,-
S—+4o00 reR

XQ

1 /HS G(s)Dcds — (D) c

Our conclusion follows by letting k& — +oo.

2. Assume now that D € Hg. For any k € N we consider Dy = 1yy<xyD. Since
D € HY C Hgoc, we deduce that Dy € Hg N H¢y, and by the previous statement, we
have for any k € N

=0.
Xq

1 r+S
S / G(s)Dycds — (Dy) ¢

lim sup
S—+o00 reR

Observe that

'%/rg(i)pc ds — (D) c < 'l/rg(i)(D ~ Dy)eds

S

1 r+S
- ‘— /G(S)ch ds — (Dy) ¢
X Sy
Q
+ | (D, — D) c|x,

T+S
'S/ s)D1gyspyc ds

Xq Xq

+ (D) Lsnyey,
Xq

1 r+S
< g/ G (8)Dlags [Liysryclxp ds + [ (D) |ugs [Lipsryclx,
< 2|Dlug [Lysryclxs

which implies that

lim sup sup
S—+oo reR

r+S
%/ G(s)Dcds — (D) c

< 2|Dlug [Ligsrclxp-
X

Our conclusion follows by letting &k — +oc. O
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