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Abstract

The Weyl group of a crystallographic root system has a nonlinear action on the compact torus. The
orbit space of this action is a compact basic semi—algebraic set. We present a polynomial description of
this set for the Weyl groups of type A, B, C, D and G. Our description is given through a polynomial
matrix inequality. The novelty lies in an approach via Hermite quadratic forms and a closed formula for
the matrix entries.

The orbit space of the nonlinear Weyl group action is the orthogonality region of generalized Cheby-
shev polynomials. In this polynomial basis, we show that the matrices obtained for the five types follow
the same, surprisingly simple pattern. This is applied to the optimization of trigonometric polynomials
with crystallographic symmetries.

Partial results of this article were presented as a poster at the ISSAC 2022 conference [HMMR22] and
in the doctoral thesis [Met22].
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1 Introduction

For a finite group acting on an affine variety, the set of all orbits is called orbit space. The coordinate
ring contains the finitely generated subring of invariants. The image of the variety under fundamental
invariants admits a parametrization of the orbit space. Being able to describe this image allows for numerous
applications in differential geometry [Dub98], dynamical systems [Gat00], polynomial optimization [ALRT13]
and quantum systems [AS83, GP01, SV05].

When the group acts linearly as, for instance, a matrix group on a real vector space, explicit descriptions of
the orbit space are available for some groups. Specific examples are the symmetric group &,, [Pro78], the
Weyl groups &,, x {£1}" and &,, x {£1}" [Tal20], some exceptional groups [Tall0] and low—dimensional
groups [SV96]. Recent advances in the area of Fourier analysis and optimization have lead to the study
of Weyl groups acting nonlinearly on the compact torus. For all the infinite Weyl group families and one
exceptional case, this article offers a unified and explicit description as a compact basic semi-algebraic set
for the orbit space of this action.

In discrete Fourier analysis, the orbit space of the Weyl group acting on the compact torus is the region of
orthogonality for several families of generalized Chebyshev polynomials [HW88]. These polynomials have
been widely studied since the works of Koornwinder [Koo74], MacDonald [Mac90] and beyond [DL80, EL82,
Bee91]. In some cases, one can show that the roots of these polynomials lie in the orbit space and provide
nodes for Gaussian cubature formulae due to Xu et al. [LSX08, LX10, MP11, LSX12, Xul5, HHM16]. The
roots are also suitable sampling points [MKNR13] and working in the Chebyshev basis brings advantages in
interpolation [HS22].

Moreover, being able to describe the orbit space of a nonlinear Weyl group action allows for symmetry
reductions in trigonometric optimization. The authors have recently applied the present result in [HMMR23],
where an invariant trigonometric polynomial is rewritten as a linear combination of Chebyshev polynomials
on the orbit space and then minimized as a classical polynomial on a semi—algebraic set. Such optimization
problems arise, for example, in the computation of chromatic numbers [BDdV14].

These applications rely on the invariant-theoretic results of Bourbaki [Bou68], Steinberg [Ste75] and Farkas
[Far84], which are presented in Lorenz’ book [Lor05].

We briefly explain the setup (see also Section 2 for the details). A Weyl group can be seen as a finite Euclidean
reflection group that leaves a full-dimensional lattice invariant [Kan01]. Such a group has a representation
over the integers G C GL,(Z) by a change of basis stemming from the lattice generators. Thus, we have a
nonlinear group action on the algebraic torus
G x (C*™ = (C", (B,z)— (@B, ... 2B+, (1.1)
The action leaves the compact torus T C (C*)™ invariant. The object of interest in the above applications
is the orbit space T™/G. This set can be embedded in R™ as a compact basic semi—algebraic one, see for
example Figure 1, and is parameterized as follows: The nonlinear action of G on (C*)” induces an action
on the ring of Laurent polynomials Q[z*] in n variables. The invariant subring Q[z%]9 is generated by
algebraically independent fundamental invariants 61, . .., 6, [Bou68, Chapitre VI|. A canonical choice for the
6; is to take orbit sums, where one may assume without loss of generality that the 8; only take on real values
on T™. Then the image of
™ - R", zw— (61(z),...,0,(x)), (1.2)
is a compact subset of R™ and every image point corresponds in a 1 : 1 manner to an orbit in T"/G. We call

this image the real T—orbit space of G. The goal is to find polynomial inequalities that describe it as a basic
semi—algebraic set.

This article gives such a polynomial description of the T—orbit space for all four infinite Weyl group families
A, _1,B,, C, and D,, that leave the associated weight lattice invariant [Bou68, Planches I — IV]. Furthermore,
there are five exceptional cases Eg 7.5, F4, G2 and our result applies precisely to Go [Bou68, Planche IX]. In
those cases, the Weyl group is G = &,, x {+1}*, where &,, is the symmetric group, x denotes the semi-direct
product and 0 < k < n is an integer.
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We construct matrices H with entries in Q[z] that satisfy the following property: For z € R™, the equation
z = (01(x),...,0,(x)) has a solution x € T™ if and only if H(z) is positive semi-definite. The matrices H
for all five cases are given through formulae that only depend on the dimension n.

While closed expressions for the 6; are known for certain groups and lattices, see [Lor05, Haml4], the
concrete geometry of the T—orbit space is mostly unexplored: To obtain a characterization, one could follow
the general approach of Procesi and Schwarz for compact Lie groups acting on varieties [PS85, §4]. An orbit
space is described there by the Gram matrix of the differentials that generate the G—equivariant maps. This
matrix is symmetric and subsequently has up to n (n + 1)/2 distinct entries. To be of use, the entries need
to be rewritten in the fundamental invariants, that is, in the coordinates of the orbit space. The effort to
conduct this rewriting step grows with n and creates a bottleneck in computations. The matrices H we
obtain in this article have the remarkable advantage to come directly in terms of the generating invariants
without additional computations necessary. As they have Hankel structure, they only have up to 2n — 1
distinct entries. Furthermore, we obtain sharp bounds for the degree and the number of basis elements per
entry in the Chebyshev basis.

In Theorems 4.3, 5.3, 6.4, 7.4 and 8.3, we give the entries for the matrices H in the coordinates z of the T—
orbit space, that is, in the standard monomial basis {z* |a € N"} of Q[z]. The definition of the generalized
Chebyshev polynomials, which we denote by fa, allows us to unify the formula for the five families. In
the orthogonal basis {T, | @ € N"} of Q|z], we show that the matrices H are always identical and follow a
remarkable pattern.

Theorem 1.1. Let G be a Weyl group of type A,—1, B, Cp, Dy or Ga. A real point z is contained in the
real T—orbit space of G if and only if H(z) = 0, where H € Q[z]"*™ is the matriz with Hankel structure*

B ,1,—\'0_?261 Tel _/1/:361 ,1/:0_?4&1 2T\el _T\Sel _T\B eq . ._
4 8 N _16 N PN 32 N
Tey =T3¢ To—Tyey 2Te; —T5¢1—T5¢4 2To+T2e; —2T4 e —To e
8 . _16 . PN 32__ . . . 64 .
o= To—Tyeq 2Te; —T5e1—T5¢4 2To+T2eq 2T ey —To eq 5Tc; —T5e; =3T5e; —T7 ¢,
N _16 N P 32 N N N 64 N N N 128 N N
2Te; —T5e;=T5eq 2To+T2e; —2T4 e —To e 5Ty —T5e1—=3T56; =T7 ¢ 5To+4T2 ) —4Ty e —4T6 e —T8 e
32 64 128 256

(We give the proof and the closed formula for the entries in Theorem 9.1.)
The simplest instance is the univariate case n = 1. Then G = {+I;} C GL;(Z) has T-orbit space [-1,1] C R.

Indeed, any element of Q[z,z71]9 can be written uniquely as a polynomial in (z +2~')/2 and the image of
T under x — (z +271)/2 is [~1,1]. To obtain a polynomial description, we consider the matrix

H(z) = {’T\o(z)sz(z)} _ [17(2571)} _ {1_2,22} € Q[

where T is the usual univariate Chebyshev polynomial of the first kind with 7 (x+271)/2) = (z'+27%)/2
for ¢ € N. Hence, we have H(z) = 0 if and only if 1 > 22, that is, if 2 € [~1, 1]. This is the domain on which
the Ty are orthogonal with respect to the weight function (2 Det(H (z)))~/2 = 1/y/1 — 22. For n > 2, some
popular examples of T—orbit spaces are depicted in Figure 1.

We explain the idea of the proof for C,,, the other cases are very similar: The Weyl group of C, is the
semi-direct product G = &,, x {+1}". In particular, the ring of invariants can be written as Q[z*]9 =
Q[(y + y~1)/2]S». Here, the entries of the vectors y and y~! (the inverse applies entry—wise) are the 2n
monomials appearing in the first fundamental invariant 6;. The group &,, acts by permuting the (y; +y; 1) /2.
Hence, the problem reduces to rewriting the &, —invariants, that is, the elementary symmetric polynomials
oi((y+y~1)/2), in terms of the G—invariants 0;(z). The case C,, is the easiest, because we immediately have

o (B 0

IThe entry (i, ) only depends on i + j.
If R is of type A,,—1 and n > 3, then 2 € R®~! and H is n x n, because R has rank n — 1 while G 2 &,, (similar for Gs).
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(e) As (f) Cs (g) Bs

Figure 1: The real T—orbit space for the irreducible root systems of rank 2 and 3.

where ¢; € Q is a constant. Hence, when z € C™ with z; = 0;(x) for some x € (C*)", then the ¢; z; are the
coefficients of a polynomial with root vector (y +y~1)/2. We show that z is contained in the T-orbit space
if and only if y(x) € T™, that is, if and only if all the roots are contained in the interval [—1,1]. A necessary
and sufficient criterion for the latter is that the associated Hermite quadratic form is positive semi—definite.
We compute the matrix H of this form and express its entries as polynomials in z;.

The contents of this article are as follows. In Section 2, we introduce the required definitions and notations.
This section contains mostly standard material from the theory of root systems and lattices [Bou68]. The
following Section 3 is our toolbox for characterizing when all solutions of a symmetric system such as
Equation (1.3) are contained in the compact torus. These tools are based on the material in [CLO05, CLO15]
and then used in Sections 4 to 8, to give the formula from Theorem 1.1 in the basis of standard monomials.
Finally, we prove Theorem 1.1 in Section 9 by using the definition of the generalized Chebyshev polynomials.

The description of T™ /G we offer is by no means unique as it depends on the choice of invariants 6;. However,
since the ring of invariants is a polynomials algebra, there exist unique polynomial mappings between different
invariants, say 0; = m;(01,...,0,). Hence, if H(z) = 0 describes the T-orbit space defined by the 6;, then

H(m(2)) = 0 describes the one defined by the 6;. Alternatively, one can express the left-hand side of
Equation (1.3) in terms of the 6, to get the matrix immediately.

To easily access the matrices, we offer a Maple package GENERALIZEDCHEBYSHEV?: The output of
e RHermiteMatrix(R,n) is the matrix H in the standard monomials z%,
e RTHermiteMatrix(R, n) is the matrix H in the Chebyshev polynomials fa,

where R is the type A,B,C,D or G and n € N is the dimension. All figures in this article were produced
with this package and the plotting tools of Maple.

2The package is available under https://github.com/TobiasMetzlaff/Generalized Chebyshev.
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2 The T—-orbit space of a Weyl group

Based on [Bou68], we revisit the definition of a crystallographic root system and how it admits a Weyl group
with an invariant, full-dimensional lattice. From [Lor05], we then recall actions of Weyl groups on tori and
define the orbit space. A key theorem, proven in [Bou68], is that the ring of invariants for such actions is a
polynomial algebra. This brings the definition of generalized Chebyshev polynomials. Finally, we prove that
the orbit space is always as a real compact set.

2.1 Root systems and Weyl groups

We take the definitions from [Bou68, Ch. VI]. For a finite-dimensional real vector space V with inner product
(,), a subset R C V is called a root system in V, if the following conditions hold.

R1 R is finite, spans V and does not contain 0.

R2 If p,p € R, then (p,p") € Z, where pV := (IQJ%.

R3 If p, p € R, then s,(p) € R, where s, is the reflection s,(u) := u — (u, p¥)p for u € V.
The elements of R are called roots and the rank of R is Rank(R) := dim(V’). The Weyl group W of R is

the group generated by the reflections s, for p € R. This is a finite subgroup of the orthogonal group on V
with respect to the inner product (-,-). Furthermore, R is said to be reduced, if the following holds.

R4 For p € R and ¢ € R, we have ¢p € R if and only if ¢ = £1.

We assume that the “reduced” property R4 always holds when we speak of a “root system”. An example is
given in Example 2.5.

A weight of R is an element p € V, such that, for all p € R, we have (u, p¥) € Z. By the “crystallographic”
property R2, every root is a weight. The set of all weights is called the weight lattice 2. This lattice is
full-dimensional and invariant under the action of YW on V, that is, Q ®z R =V and WQ = (.

Let dim(V) =n and B = {p1,...,pn} C R be a set of roots with the following properties.
B1 B is an R—vector space basis for V.
B2 Every root p € R can be writtenas p = a3 p1+...+ap pp or p = —a1 p1 —...—Qy py, for some a € N™.

Such a set B always exists [Bou68, Ch. VI, §1, Thm. 3] and we define the fundamental weights as the
linearly independent wy,...,w, € Q, such that, for 1 <4,j < n, we have {(w;, p;/> =0;,5-

Proposition 2.1. Denote by S,, the symmetric group on n points. There ezists a permutation o € &, of
order at most 2, such that, for all 1 <i <n, we have —w; € Wwg (.

Proof. The statement follows from the existence of the longest Weyl group element sqg € W, which takes

{p1,--ypn}to{=p1,...,—pn}, see [Bou68 Ch. VI, §1, Coro. 3 of Prop. 17]. Hence, there is a permutation
o € 6, with so(p;) = —pg(z Since s2 = Idy and the inner product is W-invariant, o is of order at most 2
and
n n n
—so(w;) Z —so(wy), Z Wi, — Z wz,po(J) Wj = Wo(s)
j=1 j=1 j=1

is also a fundamental weight. ]
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Assume that V = V() @ ... @ V() is the direct sum of proper orthogonal subspaces and that, for each
1 <i <k R isaroot system in V. Then R := RM U ... UR® is a root system in V called the
direct sum of the R(). If a root system is not the direct sum of at least two root systems, then it is called
irreducible [Bou68, Ch. VI, §1.2].

Every root system can be uniquely decomposed into irreducible components [Bou68, Ch. VI, §1, Prop. 6,
7]. There exist seven families of irreducible root systems, which are denoted by A,,_1, By, C,, Dy, Eg 7.8,
F4 and Gg, see [Bou68, Ch. VI, §4, Thm. 3] and [Bou68, Planches I — IX].

2.2 Multiplicative actions

To introduce the orbit space of a Weyl group, we require some multiplicative invariant theory from [Lor05].
Let W be a finite subgroup of GL,,(R) and 2 C R™ be an n—dimensional lattice, spanned by w1, ...,w,. We
assume that 2 is W—invariant. Then the Z-module isomorphism ¢ : Z™ — Q, e; — w; yields a change of
basis, so that

G:={otsp|scW} (2.1)

is a finite subgroup of GL,(Z). We call G the integer representation of W with respect to wy,...,ws,.
The group G acts on the standard basis vectors e; € Z™ as W acts on the lattice generators w; € ). Clearly,
this group does not only depend on W itself, but also on the lattice €.

Denote by (C*)™ := (C\ {0})™ the algebraic n—torus. For z = (x1,...,2,) € (C*)" and a column vector

a=(ay,...,a,) € Z", we define z := " ... 2% € C*. Then we have a nonlinear action
*: Gx(CH" — (C), (2.2)
(B,z) = Bxa:=aB =B . 2B,

where B! € Z" denotes the i-th column vector of B~' € G. The orbit of an element z € (C*)™ is denoted
by G x x.

The coordinate ring of (C*)™ with rational coefficients is the ring of multivariate Laurent polynomials
Q[z*] := Q[z1, 27", ..., 2n, 2, ']. The monomials of Q[z*] are the 2* = z' ... 2% with a € Z" and
induces a linear action on Q[z*], given by its values on the monomial basis

¢ xQ@z*] — Q7] (2.3)

(B, z%) +— B-x%:=zb8

For f =Y faz® € Qz%], B € Gand z € (C*)", we have (B- f)(x) =, fa 2B = f(B~'xa). If B-f = f
whenever B € G, then f is called G—invariant. The set of all G—invariant Laurent polynomials is a subring
denoted by Q[z*]9. The orbit polynomial associated to a € Z" is

Ou :

- ‘?ﬂ 3 2B € Qe (2.4)

Beg

If & € Ga, then ©4 = O,. The distinct O, form a basis for Q[zF]9 as a Q-vector space [Lor05, Eq. (3.4)].
We have ©¢ = 1 and, for «, 8 € Z",

1
0. 0p=— Y Oaips. (2.5)
191 55

As a Q-algebra, Q[z*]Y is finitely generated [Lor05, Coro. 3.3.2]. Hence, we may assume that Q[z*]9 =
Q[b1,...,0,,] for some minimal m € N and 61,...,60,, € Qz*]9. The generators 6; are called the funda-
mental invariants of G and we define the map

9 (CH" — C™, (2.6)
x = (01(x),...,0m(2)).



8 E. Hubert, T. Metzlaff, C. Riener

This map is surjective. The question is what happens when we restrict to a maximal compact subgroup:
We set T := {z € C|2T = 1} C C*, where T is the complex conjugate. For x € T, we have 2! = Z and the
compact n—torus T" is G—invariant, that is, G x T = T".

Analogously to [CLO15, Ch. 7, §4, Thm. 10], one can show the following.

Proposition 2.2. The map
™/6 — C™,
Gxx — U(z)=(b1(x),...,0n(x))

is well-defined and injective.

2.3 T-orbit space and Chebyshev polynomials

Our goal is now to describe the image ¥(T™) of the compact torus under the map o}, when the lattice € is
the weight lattice of a root system with Weyl group W. The integer representation is denoted by G. For
1 <4< n, we fix §; := O,, as the orbit polynomial associated to e; from Equation (2.4).

Theorem 2.3. [Bou68, Ch. VI, §3, Thm. 1] The orbit polynomials 01, ...,0, are algebraically independent
and Q[zF)9 = Q[f1, .. .,0,] is a polynomial algebra.

Conversely, Steinberg [Ste75] and Farkas [Far84] proved that Q[z*]Y is a polynomial algebra if and only if
G is the integer representation of a Weyl group defined via the weight lattice as in Equation (2.1).
According to Proposition 2.2, the map x — ¥(z) := (61(x),...,0,(x)) is injective and thus the image ¥(T™)
is in bijection to T"/G.

Definition 2.4. We call T := ¢(T™) the T—orbit space of G.

By fixing the fundamental invariants, we have chosen an embedding of the orbit space in the variety defined by
the relations of the fundamental invariants 6;. Since those are algebraically independent, it is an embedding
in a real subspace isomorphic to R™. We shall see that the T—orbit space T is a compact basic semi—algebraic
set.

To give the defining polynomial inequalities, it suffices to consider the irreducible root systems. Indeed, the
Weyl group W of a root system R is the outer product of the Weyl groups corresponding to the irreducible
components, see the discussion before [Bou68, Ch. VI, §1, Prop. 5]. If R is not irreducible, that is, if
R =R® U...UR® then the T-orbit space T can be written as a Cartesian product of T-orbit spaces
T x . ox TW),

Example 2.5. The symmetric group S3 acts on R3/[1,1,1]" by permutation of coordinates. It is the Weyl
group W of the root system As. The weight lattice Q = Zwi ® Zws is hexagonal with —w, € Wws, see
Figure 2. Over the integers, W is represented as the group G C GLy(Z) generated by

1 1 -1 0
Blz[o _1] and Bgz[l 1].

The T—orbit space T of G is a 2—dimensional real semi—algebraic set, namely the deltoid in Figure 2, whose
polynomial description is given in Section 4. It is parametrized by the map

1 1
DiT2 o (2 € C o =) 2R, 205 (1(0). (o)) = ((ERE T mEmfnl/ng,

3 ’ 3

The cusps of T are the three points ¥(e*), where u € {0,w1,ws} and ¢* = (e~ 2mHwrw) =2mi(wa,u)) T2,
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o o o © © o b ly(ﬁmz)

% o S o 0
# Joe '19(9)
) o o d .
—1 L] [ ] C
Q] O 14 (o} L] ]
o] o
> o o c o ) o
3. (e} €
85, 0o o o o ¢ o o >
S & 4"’/ w
o o o o © o ¢ 19(9 1)

Figure 2: The root system As admits a hexagonal weight lattice £ (circles o) with fundamental weights
w1, wo and their orbits. Here are the usual orthogonal representation with WW-symmetry (middle) and the
integer representation with G-symmetry (left). The isomorphism ¢ : Z2 — Q yields the change of basis from
{e1, €2} to {w1,wz}. The T-orbit space of G (right) is the “deltoid”, also known as “Steiner’s hypocycloid”.

Thanks to Theorem 2.3, we can define a family of multivariate polynomials associated to the weight lattice
Q = 7Z™, which generalize the univariate Chebyshev polynomials. Denote by Q[z] := Qlz1,..., 2] the
multivariate polynomial ring.

Definition 2.6. The generalized Chebyshev polynomials of the first kind associated to o € Z" is the
unique T, € Q[z] satisfying To(9(z)) = On(x).

For every a € Z™, there exists a unique o € N, such that & € Ga [Bou68, Ch. VI, §1, Thm. 2]. Hence, we
have T, = T3 and {7, |a € N"} is a basis for the R-vector space Q[z]. We have Ty = 1 and T., = z; for
1 <4 < n. The T, satisfy the same recurrence formula as the 0, see Equation (2.5).

Beyond those properties, one can show that the T, are orthogonal on the T—orbit space and the weight
function is closely related to the determinant of the Jacobian of the map . For a proof, we refer to [HWS8S].

Example 2.7. The generalized Chebyshev polynomials of the first kind associated to As are

Too :32’%—2,21, Ti1 :3/22122—1/2, Tso :32’%—222, Tos :922—921224-1,
Tio=9/22125 =322 —1/220, Toy = 322 —1/221 +9/223 20, T30 =925 — 92120+ 1, ...

The generalized Chebyshev polynomials of the first kind associated to B are

T02 :425722’1 7]., Tll :22122722, T20:4Z%*825+421+1, T03 :162371221227322,
Tio :82123—4212—32'1, 15, :8Z%z2—16z§+62122+3zz, T30 = 16zf—48z1z§+24z%+9z1,

The following is only relevant if the permutation o € &,, from Proposition 2.1 is not the identity. In this
case, —I, ¢ G and T is not necessarily a subset of R”. The irreducible root systems, for which this is the
case, are both A,,_1 and Ds,,_1 whenever n > 3 as well as Eg. For z € T" and 1 < ¢ < n, we have

Oi(v) = 0;(—Ipn xx) = (=1, - 0;)(x) = O5(;) ().
When j = o(j), we leave the j—th coordinate of ¢ as it is and set 6; g := 0;. When j < o(j), we replace the
J—th, respectively o(j)-th, coordinate of ¥ by 0;r := R(0;) = (0; + 0,(;))/2, respectively 0, ;) r = I(0;) =
(05 — 05(;))/(2i). The so obtained map

dgp: T — R, (2.7)
xT — (013(%)7...,0“,]1{(1'))

has image Tgr C [—1,1]™ C R™. This image is called the real T—orbit space of G. On Tgr, we now define
the real generalized Chebyshev polynomials.
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Proposition 2.8. Let a,a € N® with —a € Ga. Then there exist unique polynomials fa,fa € Qlz], such
that
To(9(2)) = T (05(2)) + 1 Ta(Wa(z)) ond Ta(d(x)) = Ta(On(2)) — i Ta(s(2).

Proof. Assume that T,, = > 5 cg 2P € Q[z] for some cs € Q and B € N*. Then we have
Toa(9(@) =Y e [T (R(0;(2)) +iS(6;()))”  and  Ta(d( Z H )+ 130 (2))” .

If j = o(j), then R(0;) = 0;r and I(6;) = 0. Otherwise, the definition of #;r implies

Ojr(x), ifj<o(j)
Os(yr(x), if j > 0(j)

ga(j),R(‘T)7 lf] < U(])

and %(Gj(x))={_9j,R(x)j if j > o(j)

R(6; () = {

Altogether, we obtain

L@@HT0@) 2 [T g 5(x)%
B j=o(j)
B; . Bo(h)
( &(2) +100()r(2))" (0jr(2) = 1000 r(2))
J<e(4)
. Bi i Pas
+ H( >(6’g r(®) =106y R (@) (0j(2) +106() r(2)) ()>.
i<o(j

This is a polynomial in Vg(z) = (61 g(x), ..., 0, r(x)), denoted by T, Since the left hand side is real for every
x, the coeflicient in front of i must be 0. Hence, we have T,, € Q[z]. Similarly, by computing (T, — T7)/(2i),
we obtain Ty € Q[z]. Since this is an analytical identity on C™, the polynomials are unique. |

Example 2.9. Consider the root system As with Weyl group &3. The generators of the integer representation

G are given in Example 2.5 and we have [(1)] = [(1)] € 72, that is, —e; € Gey. The generalized Chebyshev
polynomials of degree 2 are

Too =323 — 221, Tii=3/22120—1/2, Tog =327 —229 € Q[2].
After substitution z1 — 21 + 122, 2o — 21 — 122, we have
Tao, Too = (327 — 322 —221)+i(621 22 +2%), T =(3/222 +3/225 —1/2),
and so the new polynomials from Proposition 2.8 are
Too=6%122+2%, T =3/27243/223—1/2, Te =322 —3%2-2%,.

Those are defined on the embedding of the “deltoid” in R? from Example 2.5, which is the real T—orbit space
Tr. At higher degrees, the real generalized Chebyshev polynomials of the first kind associated to Ao are

Tos =2722%,— 933, Tiu=6%1%—1/2%,+9/2%2 22+9/222,
Toy = —322 4333 —1/2549/270 +9/22,22, Ty =92 — 275122 — 922 — 923 + 1
Tos = 108233, — 1082, 25 — 36322, — 3635‘—1221,22+422,
Tis =27/2%3 —5/2%, + 275155 + 27/232 %, + 2775 %, — 331 %,
Toy = —182} — 1/2 4+ 54721 22 + 622 + 622 + 27/22) + 272222 + 27/2 24,
Ty = —27/2%% — 27/22,1 33 +5/2%1 — 3/222 + 3/233 + 27/2%1 — 27/223,
Tho =272 — 1622722 42728 — 3620 — 362122 + 622 — 625 + 471, ...
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3 Symmetric polynomial systems

In order to give a polynomial description for the T—orbit space 7 of a Weyl group G, our first step is to
characterize when a symmetric polynomial system has a solution in the compact torus. The present section
should be regarded as a toolbox for the proofs of the main results.

For 1 < i <n, we denote by o;(y1,...,yn) = Z|K|:i [1.cx vr the i—th elementary symmetric function in n

indeterminates y;, where K ranges over all subsets of {1,...,n} with cardinality ;. We shall be confronted
with the following two types of polynomial systems.

D Ui(yl,..;,ly,L) = (=1)i¢; for 1<i<n with c,...,c, €C
(I1) o <y1+2y1 B Lo B ) = (=1)'¢; for 1<i<n with ¢1,...,c, €R
The goal is to determine, whether all complex solutions y = (y1,...,yn) of system (I), respectively (II), are

contained in the compact torus T".

We pursue this goal, because the above situation arises in Sections 4 to 9. Later, the y; will assume the role
of multivariate monomials in Q[z¥], such that y(z) € T if and only if z = ¥(x) € T and the left hand side
of system (I) or (II) is an invariant in Q[z*]9. This section will provide an indirect criterion for z € T in
terms of the coefficients ¢;, which will later be substituted by polynomials in z.

3.1 Solutions in the compact torus

n n ) .
Recall Vieta’s formula [] (x—yi) = 2"+ > (=1)" 03(y1, ..., Yn) " ". Here, x is a univariate indeterminate.
k=1 i=1

Lemma 3.1. 1. The map
c* — C,
4zt
A

is surjective and the preimage of the real interval [-1,1] C R is T.

2. System (1) has a unique solution y € C™ up to permutation of its coordinates y;.

n

3. System (II) has a unique solution y € (C*)™ up to permutation and inversion of its coordinates y;.

Proof. 1. For r € C, consider the univariate polynomial p := 22 — 27z + 1. Then 0 is not a root of p and
we have p(z) = 0 if and only if r = (x + x71)/2, that is, 7 is in the image of the map. If r € [—1,1], then
the discriminant of p is 72 — 1 < 0 and the two roots are 2,7 = z,z~! = r+iy1 —r2 € T. On the other
hand, for z € T, we have (z +271)/2 = (z +7)/2 = R(x) € [-1,1].

2. By Vieta’s formula, a solution y of system (I) is the vector of roots of the polynomial 2" +c; 2"t +.. . 4¢,.
Since C is algebraically closed, the statement follows.

3. By 1., we can write the roots 71, ..., 7, of the polynomial 2" +¢; 2™ 1 +... 4+ ¢, as r; = (y; + yi_l)/2 for
some y € (C*)™. Then y is a unique solution of (II) up to permutation and inversion. O

From now on, we speak of “the” solution of system (I), respectively (II).

Proposition 3.2. For ¢1,...,c, € R, the corresponding solution of system (1I) is contained in T™ if and
only if all the roots of the univariate polynomial

e N tep 1T+ en

are contained in [—1,1].
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Proof. Tfy € (C*)™ is the solution of system (II), then the roots of 2™ +c; 2" 1 +. . .4c, are r; := (y;+y; ') /2.
According to Lemma 3.1, we have y € T" if and only if rq,...,7, € [-1,1]. O

Similarly, we can characterize solutions of system (I). Recall that the univariate Chebyshev polynomial of
the first kind associated to ¢ € N is the unique T, with Ty((z + 27 1)/2) = (z* + 27)/2. Forp # 0 a
polynomial in 2, we denote by Coeff(z¢,p) the coefficient of the monomial z* in p for 0 < £ < deg(p).

Proposition 3.3. For ci,...,ch—1 € C with ¢ = (—=1)" ¢,y and ¢y := (—=1)" ¢, := 1, the corresponding
solution of system (1) is contained in T™ if and only if all the roots of the univariate polynomial

4
dy .
To(w) +dy Tooa(2) + - dna Ta(2) + o To(w)  with dy = > Gei€R
=0

are contained in [—1,1].

Proof. The solution of system (I) is contained in T™ if and only if all the roots of the univariate polynomial
pi=a" +c 2" ' + ...+ ¢, are contained in T.

The roots of p are nonzero, because p(0) = ¢, = (—=1)" # 0. We fix another univariate polynomial p :=
" +era" 4+ ...+ ¢, Since p(x) = (—x)"p(z~1t), the set of roots of pp consists of the roots of p and
their inverses. In particular, all the roots of pp are contained in T if and only if all the roots of p are. For
0 < ¢ < n, the coefficients of pp satisfy

¢ ¢ ¢
Coeff(z*,pp) =D en—iCrgri =P Gcoi=»  Coeff(z" ", p) Coeff (x"~F",p) = Coeff(z>"~*, pp).
i=0 i=0 i=0

The coefficients are real, because

¢ L(e-1)/2] ce2T3, L even
=0 =0 cR

Thus, Coeff(x¢, pp) = Coeff(z>"~*, pp) = d; € R and we can write

- - " n— " " r+a! dn z+z ! n (r+at
e St ot = (o i () o (25 ) g (22

=1 =1
With Lemma 3.1, we see that € T is a root of pp if and only if (z +271)/2 € [-1,1] is a root of g. O

The following example illustrates the proof.

Example 3.4. Forc € C, setp = 2® —ca?+¢x—1 and consider the palindromic polynomial pp € R[x] with

5oz P()i()

? + 2
s <(x6 +1) = (c+2) (2" + 2) + (ce+ c+0)(a* +2*) — ++2333>

= 28 2
3 -3 2 —2 —1 2 =2 2
_rTr “;x (et +2x —|—(cE—|—c+E)x+2x _¢ +; +
—1 —1 —1 2 =2 2 —1
—Ty <x+2x )—(c+c)T2 <$+2z )+(cc+c—|—c)T1 <x+; )—C +; * To(z+2x >

. :c+x’1

All the roots of p are contained in T if and only if all the roots of g are contained in [—1,1], that is, if and
only if the solution of system (1) with right hand side ¢y = —c,co = ¢, c3 = —1 is in T3.
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3.2 Characterization via Hermite quadratic forms

Let p, ¢ € R[z] be univariate polynomials with p # 0. The multiplication by ¢ in the algebra R[z]/(p) is

mg: Rlz]/(p) — R[z]/(p),
f+® = qf +{p.

A classical result, usually referred to as Sylvester’s version of Sturm’s theorem, allows us to effectively
characterize when a univariate polynomials has all of its roots in [—1, 1].

Theorem 3.5. All the roots of p are contained in S(q) = {x € R|q(x) > 0} if and only if the Hermite
quadratic form
H(p,q): Rlz]/(p) — R,
f+{p) = Tr(mgs)
is positive semi—definite.

Proof. Let H € R™*"™ be the symmetric matrix associated to H (p, ¢) for a fixed basis of R[z]/(p), where n =
deg(p). Denote by N, respectively N_, the number of strictly positive, respectively negative, eigenvalues
of H, including their multiplicities. By [CLOO05, Ch. 2, Thm. 5.2], the rank and the signature of H(p, q) are

Ni+N- = Rank(H(p,q) = [{ze€C|p(z)=0,q(x)#0},
Ny—N_ = Sign(H(p,q)) = |[{z€R|p(x)=0,q(z)>0} — {z €R|px)=0, g(z) <0}.

If all the roots of p are contained in S(g), then n_ = 0, and thus
N + N_ = Rank(H (p, q)) = Sign(H (p,q)) = ny = Ny — N_.

Hence, N_ = 0 and all eigenvalues of H are nonnegative, that is, H(p,q) is positive semi—definite.

Conversely, assume that H(p, q) is positive semi-definite. Then N_ = 0 and
N, =Sign(H(p,q)) = ny —n_ < Rank(H(p,q)) = Ny,

that is, ny — n_ = Rank(H(p,¢)). On the other hand, Rank(H(p,q)) > ny + n_. Hence, n_ = 0 and
Rank(H (p, q)) = n4 implies that all the roots of p are real and contained in S(q). O

Finally, we compute the matrix of the Hermite quadratric form. If p = 2™ +c; 2" ' 4... 4+ ¢c,—1 T+ ¢, then

the matrix of the multiplication m,, in R[z]/(p) in the basis {1,x,...,2" "1} is the companion matrix
0 0 —c,
) .
(3.1)
-0 —C2
0 1 —C1
of p, because x 2* = 2! whenever 0 <i<n-—-2andzz" ' =2"=—c12" ' —... —ch_1 2T — ¢, mod (p).

Corollary 3.6. Forcy,...,c, € R, denote by C € R™™™ the matriz from Equation (3.1). Then the solution
of system (I1) is contained in T™ if and only if H = 0, where H € R™ ™ has entries H;; = Tr(C*H=2—C17).

Proof. H is the matrix associated to the Hermite quadratic form H(p, q) from Theorem 3.5 with ¢ = 1 — 22
in the basis {1,z,2%,..., 2" '}. Indeed, by [CLO05, Ch. 2, Prop. 4.2], the matrix entries are
Hij = T‘I‘(mqri—l mj—l) = Tr(mmi+j—2_zi+j) = Tl‘(m?_j_Z - mi‘”)

for 1 < 4,5 < mn. Since the trace is basis independent, we can replace m, with its matrix C' given by
Equation (3.1). The statement now follows from Proposition 3.2, because {x € R|q(z) >0} =[-1,1]. O
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On the other hand, the univariate Chebyshev polynomials also form a basis {7y, T1,...,T,—1} of R[z]/(p).
Ifn>3andp=T,+d1 Th—1+...+dp_1T1 +d,/2Ty € R[z], then the matrix of m, is

0 1/2 0 —dn/4 T
10 - —dp1/2
1/2 ' : (32)
12 —ds)2
L0 (1—dy))2
0 12 —dy/2

The entries originate from the recurrence formula 22z 7T; = 111 + Tj_1. In particular, the last column is
obtained through

21‘Tn—1 = Tn + Tn_g = —d1 Tn—l + (1 - dg) Tn_g — d3 Tn—3 — ... — dn—l T1 - dn/2 TO mod <p>

Corollary 3.7. Letn > 3. Forcy,...,cn—1 € Cwithc = (—1)"¢p—; and cg := (—1)" ¢, :=1, set

‘
dy = ZCT'Ceﬂ' €eR
i=0

for 1 < £ <n and denote by C € R"*™ the matriz from Equation (3.2). Then the solution of system (I) is
contained in T" if and only if H = 0, where H € R™*™ has entries H;; = Tr(C*TI=2 — C*+7),

Proof. The proof is analogous to the one of Corollary 3.6 with Proposition 3.3. O

4 Type An—l

Figure 3: The root system Ao and its weight lattice in the usual orthogonal representation and the integer
representation. The orbits of the fundamental weights are the blue and red lattice elements.
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The group &,, acts on R™ by permutation of coordinates and leaves the subspace V := R"/([1,...,1]*) =
{v € R"|u; + ...+ u, = 0} invariant. The root system A,,_; given in [Bou68, Planche I is a root system
of rank n — 1 in V with fundamental weights

Zea—*z% —dyen =t =iy, =) (1<i<n—1). (4.1)

i times n—i times

Here, the e; € R™ are the Euclidean standard basis vectors. In particular, the weight lattice is Q := {u/n|u €
V NZ"}. The Weyl group W = &, of A,,_1 is orthogonal with respect to the Euclidean scalar product and
we have —w; € Wwy,_;. The orbit W w; has cardinality ( ) for 1 <i<n—1, see Figure 3.

In this section, we give a closed formula for the matrix polynomial from Theorem 1.1 in the standard mono-
mial basis for the root system A,,_;. The ring of Laurent polynomials is Q[z*] = Q[z1, 27, ..., 2n 1,2, ]
and the polynomial ring is Q[z] = Q[z1, ..., 2n—1].

4.1 Orbit polynomials

With W = &,, and Equation (4.1), one observes that a weight p € Q is contained in the W-orbit of the first
fundamental weight w, if and only if

Wi,
H=4§ —Wn-1, Or
wiyr —wi, 1 <i<n—2.

We denote by G € GL,,_1(Z) the integer representation of W defined by Equation (2.1). Then the corre-
sponding orbit of monomials G - z1 = {25 | B € G} C Q[z¥] consists of n distinct monomials, namely

. ._ -1 R -1 -1
Y1 =1, Y2 i=T2Xy 0, ..y Yn—1 = Tpn—1Ty o9, Yn =T, (4.2)

For 1 < ¢ < n, let o; be the i—th elementary symmetric function in n indeterminates. Recall that, for
1 <i <n—1, the G-invariant orbit polynomial associated to e; € Z"~! from Equation (2.4) is denoted by
0; = O,.

One can now show that o;(y(x)) € Q[z*]9 is invariant and thus express it explicitly in terms of the funda-
mental invariants.

Proposition 4.1. In Q[z%], we have

(o).l =

n

i)ei(:c) (l<i<n—1) and ou(yi(2),... yn(z)) = 1.

Proof. Tt follows from Equation (4.2) that z; = y1(z)...y;(z) and G acts on the y;(x) by permutation.
Hence,

. e; |Stabg($z)| x

BEG JC{1,..,n} jET
7=
With |G - @;| = (7) and 1 = y;(2) ...y, (), we obtain the statement. O

We denote TT := {y € T" | y1...y, = 1}. The next statement follows immediately from Equation (4.2).

Lemma 4.2. The map

Y: T ' — T
T = (yl(x),...,yn(a:)),
is bijective.
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4.2 Hermite characterization with standard monomials

We now characterize, whether a given point z is contained in the T—orbit space T of G, that is, if the equation
0;(x) = z; has a solution z € T" 1. As shown in previous subsections, this is equivalent to deciding whether
a symmetric polynomial system of type (I) has its solution in T™. We state our main result for A,,_; in the
standard monomial basis.

Theorem 4.3. Letn > 3. Define the (n —1)-dimensional R—vector space Z := {2z € C""1|V1<i<n-—1:
Zi = zn—i} and the matriz H € Q[z]"*™ by

0 1/2 0 —du(2)/4 T
10 . —dp_1(2)/2
1/2 :

H(z)ij = TH(C()) 972 = (C(2)'H),  where C(2) = o |
’ 1/2 —ds(z)/2

L0 (- da(2)))2
0 1/2 —di(z)/2

for 1<£f<n.

(2

3

=0
For z € Z, we have H(z) e R"*™ and T = {z € Z| H(z) = 0}.

zo=2n=1

Proof. For z € C"~! define ¢ := 1, ¢, := (=1)", ¢; := (=1)¢ (?) zi € Cforl <7< n-—1as well as
dg :=dy(z) for 1 < £ <.

To show “C”, assume that z € T and fix z € T" !, such that 6;(z) = 2;. By Proposition 4.1 and Lemma 4.2,
the unique solution of ‘

O oilyr, - yn) =(-1)'¢; for 1<i<n
is y = Y(z) € TT. Note that §,(x) and 6,—;(x) are complex conjugates, because —w; € W wy,_;. Therefore,
z€ Zand dy = Zf:o ¢i ¢i—; € R yields the last column of C(z). Corollary 3.7 gives us H(z) = 0.

For “2” on the other hand, assume z € Z with H(z) = 0. By Corollary 3.7, the solution y of system (I) is
contained in T}. Let z € T"~! be the unique preimage of y under Y. Then by Proposition 4.1,

2 = (—1)° (?) B ci = (?)1 oi(y1,---,yn) = 0i(x)

forl<i<n-—1landsoz=9(z)eT. O
For n = 2, we are in the univariate case with 7 = [—1, 1].

Example: A,

We study the root system from Figure 3 with Weyl group W & &3. Since Wwy = {w1,ws — wy, —ws } and
Wwy = {ws, w1 — we, —w1 }, the integer representation of W is

L I Y e 3

Let 21,22 € R and z = (21 + iz, 21 — i29). The matrix C € Q[2]3*3 from Theorem 4.3 is
0 1/2 (1+922-923)/2
Cz)=11 0 (1-922-922—-621)/2
0 1/2 32
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Define the matrix H € Q[z]>*3 with entries (H(2));; = Tr(C(2)7~2) — Tr(C(2)**7). Then z € T, or
equivalently (z1, z2) € Tg, if and only if H(z) is positive semi-definite. Assume that

Det(x I3 — H(2)) = 2® — hy(2) 2® + ho(2) z — h3(2)
is the characteristic polynomial of H(z), where

h3(z) = —Coeff(z°,Det(x I3 — H(z)))
2187/64 25 (321 +1)? (=3 2§ —62725 —325 + 820 — 242125 — 627 —623 + 1)
Coeff (21, Det(x I3 — H(2)))
= 243/256 22 (—243 2§ — 97228 22 — 1458 21 25 — 972 22 2§ — 243 28 + 324 27 — 1620 27 22
—4212 23 25 — 2268 21 2§ — 432 2% — 2052 2§ 23 — 5400 22 25 — 324 25 + 180 29 — 3384 2§ 23
—684 21 25 + 18 2% — 804 27 23 + 4225 + 76 23 + 404 21 25 — 827 — 108 22 + 60 21 + 25),
hi(z) = —Coeff(z? Det(x I3 — H(2)))
= 1/32(—729 20 + 1458 27 + (10935 22 — 1215) 2§ + (—2916 22 + 540) 25 + 351 22 + 63
+(—10935 25 + 1458 22 — 135) 22 + (—4374 25 + 972 22 + 18) 2y + 729 2§ — 1215 23).

hg(z)

[
[

=1 0 1
o A

(¢) hi(z) >0 (d) hi(z), ha(2),hs3(z) >0

o

Figure 4: The intersection of the semi—algebraic sets defined by the coefficients of the characteristic polyno-
mial of H(z) is the T-orbit space associated to As.
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The matrix H(z) is positive semi-definite if and only if h;(z) > 0 for 1 < ¢ < 3. In Figure 4, a solid red
line, blue dots and green dashes indicate the varieties of these three polynomials. From those plots, we
suspect that the real T—orbit space is invariant under rotation by 27/3 and horizontal reflection, that is,
under the dihedral group D3 of order 6. The D3-invariants are Q[2]®* = R[gy, go] with g;(z) := 2% + 22 and
g2(2) := 21 (22 — 3 23). Hence, we have

hs(z) =2187/64 23 (321 +1)* (=6 91(2) — 3 1(2)* +8ga(2) +1).

>0 Ds—invariant

and the variety of the ®3—invariant factor is the boundary of Tg. We now identify the vertices of Tg, which

correspond to the fundamental weights and the origin. With Jg = (@, @), those are

2

Vertexy = tg (exp(—27i (wr,wn)), exp(—2i (wa, wn))) = Pa (exp <;l7ri) Jexp <§m>) _ (1 */§> ,

2" 2
2 4 1
Vertexy := dr(exp(—27i (w1, ws)), exp(—27i (wa, wa))) = Ir <exp <—37ri> , exp (—377i>> = (—2, ?) ,

Vertexs := O (exp(—27i (w1, 0)), exp(—27i (wq, 0))) = Ig(1,1) = (1,0).

For a generic point (21, z2) € R?, H(z) has rank 3. The variety “h; = ho = hy = 0” corresponds to rank 0
Hermite matrices H(z) and contains Vertexs as well as

. . . . 1
I (exp(—27i{wy, (w1 + ws)/2)), exp(—27i{ws, (w1 + w2)/2))) = Ir(exp(—mi), exp(ni)) = (—3, O) )
The varieties “hy = hy = 07, containing Vertex; and Vertexs, and “hy = hy = 07, containing (—1/3,+2/3),

determine rank 1 Hermite matrices. Every other point on the boundary of Tg corresponds to a rank 2
Hermite matrix.

5 Type C,

Figure 5: The root system Cy and its weight lattice in the usual orthogonal representation and the integer
representation. The orbits of the fundamental weights are the blue and red lattice elements.

The groups &,, and {£1}" act on R™ by permutation of coordinates and multiplication of coordinates by
+1. The root system C,, given in [Bou68, Planche III] is a root system in R with fundamental weights

wi=er+...+¢ (1<i<n). (5.1)
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The weight lattice is Q@ = Z". The Weyl group W = &,, x {£1}" of C,, is orthogonal with respect to
the Euclidean scalar product. We have —I,, € W and thus —w; € Ww;. Furthermore, the orbit W w; has
cardinality 2° (?) for 1 <14 < n, see Figure 5.

In this section, we give a closed formula for the matrix polynomial from Theorem 1.1 in the standard
monomial basis for C,,. This is a root system of rank n. Hence, the ring of Laurent polynomials is Q[z*] =

@[xl,xfl, <o, T, ;1] and the polynomial ring is Q2] = Q[z1, ..., 2,].

5.1 Orbit polynomials

We denote by G € GL,,(Z) the integer representation of W with respect to the fundamental weights in
Equation (5.1). Then the orbit G - x1 = {281 | B € G} C Q[z*] consists of 2n distinct monomials, namely

Y1 =21, y25:172$1_17 cee ynizmnff;h (5.2)

and their inverses. For 1 < ¢ < n, let o; be the i—th elementary symmetric function in n indeterminates and
recall that 0, = ©,, is the G-invariant orbit polynomial associated to e; € Z" from Equation (2.4).

Proposition 5.1. In Q[zF], we have

- (yl(w) +2y1(x)‘17._.’yn(x) +2yn(x)‘1> _ <7z) o) (1<i<n)

Proof. Tt follows from Equation (5.2) that @; = y1(z)...y;(z) and G acts on the y'(x) by permutation.
Hence,

z'SC |g| Z Be; |Stabgg|((£1)| Z Z Hyj(z)&:ﬁ Z H yj +y] ) 1)

Beg JC{1,....n} se{+1}7 jEJ JC{L,...,n} jEJ
|J|=i | 7|=i
With |G - x| = 2° (7), we obtain the statement. O

The next statement follows immediately from Equation (5.2).

Lemma 5.2. The map
T: T — T,

is bijective.

5.2 Hermite characterization with standard monomials

We now characterize, whether a given point z is contained in the T—orbit space T of G, that is, if the equation
0;(x) = z has a solution x € T™. As shown in previous subsections, this is equivalent to deciding whether
a symmetric polynomial system of type (II) has its solution in T”. We state our main result for C,, in the
standard monomial basis.

Theorem 5.3. Define the matriz H € Q[z]"*™ by

0 - 0 —cul2)
o o 1 0 —cn1(2)
H(z)i; = Tr(C(2)™ 2 - C(2)"), where C(z) = : ,
0 1 —c(z)

>zi for 1<i<n.

Then T =Tr ={z € R"|H(z) = 0}.
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Proof. Let z € R™ and set ¢; :==¢;(z) € Rfor 1 <i <mn.

To show “C”, assume that z € 7. Then there exists x € T", such that 6;(z) = z; for 1 < i < n. By
Proposition 5.1 and Lemma 5.2, the solution of the symmetric polynomial system

-1 -1
(1) m(ylzyl o, Lt )Z(_Dici (1<i<n)

is y = Y(x) € T". Applying Corollary 3.6 yields H(z) = 0.

For “2” on the other hand, assume H(z) = 0. By Corollary 3.6, the solution y of the above system (II) is
contained in T". Let z € T™ be the unique preimage of y under Y. Then z; = 0;(x) and so z = J(z) is
contained in 7. O

Example: C,

We study the root system from Figure 5 with Weyl group W =2 &5 x {£1}2. Since Ww; = {w1, —w1,w; —
wa, ws — w1} and Wwe = {we, —wa, 2w; — w1,ws — 2w }, the integer representation of W is

G- 1 0f [-1 0] |1 2 1 2 -1 -2 |[-1 -2 1 0 -1 0
0 11120 =1’ |-1 —1|]’|1 11710 117|-1 =110 —1|["
Let z = (21,22) € R%. The matrix C' € Q[2]**? from Theorem 5.3 is
. 0 —Z9
C(z) = L 221} .
Then z is contained in 7 if and only if the resulting Hermite matrix

H(z) = —422 + 22942 —823 +62120+22
T |82 4+ 62120+221 —162f + 1627z +427 —222 — 22
is positive semi—definite, which is equivalent to its determinant and trace

Det(H(z)) = —4(22—2)(221+1+422) (221 —1— 29)
Tr(H(z)) = —162f+162729 —222 +2

being nonnegative. The varieties of these two polynomials in 21, zo are depicted in Figure 6.

—2 . - . -2 T T T -2
-1 0 1 2 -1 0 1 2 —2

(a) Det(H(z)) >0 (b) Tr(H(z)) >0 (c) Det(H(2)), Tr(H(z)) >0

Figure 6: The semi-algebraic sets defined by the determinant and trace of H(z).
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We observe three intersections of “Det(H(z)) = 0” (red solid line) and “Tr(H(z)) = 0” (blue dots) in the
the vertices

Vertex; := d(exp(—27i (w1, w1/2)), exp(—27i (we,w1/2))) = 9(—1,—-1) = (0, —1),
Vertexs := ¥(exp(—27i (w1, wa/2)), exp(—27i (wa, w2 /2))) = (-1 1) =(-1,1),
Vertexs := d(exp(—27i (w1, 0)), exp(—27i (w2, 0))) = ¥(1,1) = (1,1).

The shape of this domain is dictated by the determinant, but from the positivity condition one can observe
that the trace is also required. Alternatively, the inequality given by the trace could be replaced by the
constraint that the orbit space is contained in the square [—1,1]%.

6 Type B,

0 0 O0OO0OO0OO0O0

OO0 000 0O

Figure 7: The root system By and its weight lattice in the usual orthogonal representation and the integer
representation. The orbits of the fundamental weights are the blue and red lattice elements.

The root system B,, given in [Bou68, Planche II] is a root system in R™. Its Weyl group is isomorphic to
that of C,,, that is W = &,, x {£1}". However, the fundamental weights are now

wi=er+...+e (1<i<n—-1) and w,=(e1+...+ey)/2. (6.1)

In particular, the T—orbit space can be very different from C,,, see Figure 1. We have —I,, € W and thus
—w; € Ww;. Furthermore, the orbit Ww; has cardinality 2° () for 1 < i < n, see Figure 7.

In this section, we give a closed formula for the matrix polynomial from Theorem 1.1 in the standard
monomial basis for B,,. This is a root system of rank n. Hence, the ring of Laurent polynomials is Q[xi} =
Q[z1,27", ..., 2n, ;"] and the polynomial ring is Q[z] = Q[z1, .. ., 2.
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6.1 Orbit polynomials

We denote by G € GL,(Z) the integer representation of W with respect to the fundamental weights in
Equation (6.1). Then the orbit G - z; = {zP® | B € G} C Q[2™¥] consists of 2n distinct monomials, namely

. . -1 N -1 2 1
Y1 =T, Yo i= T2y ceey Yn—1 1= Tp1T, 9, Yn =T T (62)

and their inverses. For 1 < ¢ < n, let o; be the i—th elementary symmetric function in n indeterminates and
recall that 6; = O, is the G—invariant orbit polynomial associated to e; € Z" from Equation (2.4).

Proposition 6.1. In Qz%], we have

., (yl(xHyl(w)‘l’”_’yn(x)+yn(x)‘1> _ (?) bix) (1<i<n—1)

2 2
yi(z) +yi(x) " Yn(z) +yn(x)” "
and o*n( 5 e 5 ) =g, (7).

Proof. Tt follows from Equation (6.2) that z; = yi(z)...y;(z) and 22 = y1(x)...yn(x). Then the proof is
analogous to Proposition 5.1. a

We compute the explicit expression for the right hand side of Proposition 6.1 in terms of the fundamental
invariants 6;.

Lemma 6.2. In Q[z%], we have

n—1
One, = 2762 Y C‘) 0; — 1.

j=1
Proof. The cardinality of the orbit Ge,, is 2. Let o € G e, and distinguish between the following cases.

1. If @ = ey, then O, 1, = Oa,, is the term for which we seek an explicit formula.
2. Ifa=—ep, then ©, 1o =09 =1.

3. Otherwise, it follows from Equation (6.1) that there exists 1 < j < n—1, such that e, + o € Ge;. The
number of «, for which this is the case, is (?)

With the recurrence formula from Equation (2.5), we conclude

n—1 n—1
2762 =[G en|Oc, O, = Y. Ounie, =Onc, + > (’;) O, +1=02c, + (Z) 6, +1
j=1

acGen j=1

and obtain the formula for O, . O

Lemma 6.3. The map
T: T — T",
x = (yl(‘r))ayn(x))7

is surjective. Furthermore, every y € T™ has exactly two distinct preimages x,x’ € T™ with

O;(x) =0;(x') (1<i<n—1) and 0,(z) = —0,(2).
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Proof. For y € T™, choose x € T™ with 1 = y1, 22 = y121,.. ., Tp—1 = Yn—1 Tn—2 and x% = Yn Tp—1. Then
x is a preimage of y under YT and unique up to a sign in the last coordinate.

For 1 <i<n—1, we have 0;(z) = 0;(2'), because y(z) = yr(z') for all 1 < k < n.

It follows from Equation (6.1) that the stabilizer of w, in W is &,,. Hence, we have W w,, = {£1}" w,, and,
for all u € Ww,,, there exist ¢, =+l and v € Zwi & ... B Zwy—_1, such that

n—1
MZ62161+-..+€2”en=€21w1+22€2’(w¢—wi1)+€2n(2wn—wn1)=6nwn+v.

Now let o, 8 € Z", such that 4 = cqwi + ... +apw, and v = frw; + ... + Bpwy. Then G, = 0 and

the monomial in 6,, corresponding to p is % = ;v’fl ...xg":ll zer. Thus, % is linear in x,. Since every
monomial in #,, can be written in terms of such 3 and ¢;, #,, is linear in z,, and with z,z’ as above we have
On(x) = =0, (2"). O

6.2 Hermite characterization with standard monomials

We now characterize, whether a given point z is contained in the T—orbit space T of G, that is, if the equation
0;(x) = z; has a solution = € T™. As shown in previous subsections, this is equivalent to deciding whether
a symmetric polynomial system of type (II) has its solution in T". We state our main result for B,, in the
standard monomial basis.

Theorem 6.4. Define the matriz H € Q[z]"*" by

0 0 —cu(2)
i+7 i1 1 0 _cn—l(z)
H(z)i; = TI“(C(Z)H_J_Q — C(2)"™), where C(z)= : ,
0 1 —01(2)
ci(z) = (—1)i n zi (1<i<n-—1) and c,(z)=(-1)" (2" 2721 _ S n 2 — 1) )
() (2-2()

Then T =Tr ={z € R"| H(z) = 0}.

Proof. Let z € R™ and set ¢; ;== ¢;(z) € Rfor 1 <i <mn.

To show “C”, assume that z € 7. Then there exists € T", such that 6;(z) = z; for 1 < i < n. By
Proposition 6.1 and Lemmas 6.2 and 6.3, the solution of the symmetric polynomial system

-1 -1 ‘
I oy Yty ,‘..,yn—’_yn =(=1)'¢; for 1<i<n
2 2

is y = Y(x) € T". Applying Corollary 3.6 yields H(z) > 0.

For “2” on the other hand, assume H(z) = 0. By Corollary 3.6, the solution y of system (IT) with coefficients
c; is contained in T™. According to Lemma 6.3, y has exactly two distinct preimages x,z’ € T™ under T
with 1 = 2},...,2p—1 = 2,,_; and x, = —z],. We have z; = 0;(x) = 0;(2’) for 1 < i < n—1 and
22 = 0,(x)? = 0,(2')? with 0,,(z) = —0,(2"). Therefore, z, = 0,,(x) or z, = —0,(z) = 0, (') and thus, z is
contained in 7. O
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Example: B,

We study the root system from Figure 7 with Weyl group W = &5 x {£1}2. Since Ww; = {w1, —w1, w1 —
2ws, 2wy — w1 } and Wwy = {we, —ws, w1 — w1, ws — w1}, the integer representation of W is

G- 1 0 1 1 1 0 1 1 -1 -1 -1 0 -1 -1 -1 0
1|0 17|10 =1’ (-2 —-1|’|-2 -—-1|'|2 11’12 110 11’10 —=1|f"°
Let z = (21, 22) € R%. The matrix C' € Q[2]**? from Theorem 6.4 is

0 —422422z+1
C(z) = [1 2221 1 ]

Then z is contained in 7 if and only if the resulting Hermite matrix

—422 4+ 823 — 4z —823 + 242125 — 1227 — 4z

H(z) =16 —823 424223 — 1227 —dz; —162) + 642723 — 3225 — 3227 +3221 23 — 2027 + 823 — 42

is positive semi—definite, which is equivalent to its determinant and trace

Det(H(z)) = —6423(—23+21)(21+1+222)(21+1—229)
Tr(H(z)) = —162f+642722 —3225 —3223 +322123 — 2422 +1622 — 82

being nonnegative. The varieties of these two polynomials in z1, z5 are depicted below.

: o

-1 0 1 2 -1 0 1 2 -2 5 0 1 2

(a) Det(H(z)) >0 (b) Tr(H(z)) >0 (c) Det(H(2)), Tr(H(z)) >0

Figure 8: The semi-algebraic sets defined by the determinant and trace of H(z).

The T—orbit space in the Bo—case is obtained from the Ca—case in Figure 6 by permuting z; and zs. In fact,
this follows immediately from their Dynking graphs, which are the same up to permutation. Let us confirm
that it follows also from our semi-algebraic description: Indeed, we have Det(H(z))/Det(H?(22,21)) =
1622 > 0 on R?. Furthermore, the determinant of H(z) is 0 on the line “zz = 07 and the rank is 0 in
z = (0,0) (although this is not a vertex).

7 Type D,

The group {+1}" := {e € {£1}" | €1 ... €, = 1} acts on R™ by multiplication of coordinates with £1, where
only an even amount of sign changes is admissible. The root system D,, given in [Bou68, Planche IV] is a
root system in R™ with fundamental weights

wi=er+...+e (1<i<n—-2) and wp_1=(e1+...+en_1—€n)/2, w,=(e1+...+e,)/2. (7.1)
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The Weyl group of D, is W = &,, x {£1}}. For all 1 <i < n, we have —w; € W w;, except when n is odd,

where —w,,_1 € Ww,. Furthermore, we have |W w;| = 2¢ (7;) for 1 <i<n-2and Wuwp_1| = Wuwy,| =
on—1,

In this section, we give a closed formula for the matrix polynomial from Theorem 1.1 in the standard
monomial basis for D,,. This is a root system of rank n. Hence, the ring of Laurent polynomials is Q[z*] =

Qlz1, xfl, <o, Tp, ;1] and the polynomial ring is Q2] = Q[z1, ..., 2,].

7.1 Orbit polynomials

We denote by G € GL,(Z) the integer representation of W with respect to the fundamental weights in
Equation (7.1). Then the orbit G - z; = {zP® | B € G} C Q[27¥] consists of 2n distinct monomials, namely

o — -1 — -1 — -1 o -1
Y1 =1, Y2 =227, .., Yno2 = Tn-2T, 5 Yn—1 = TnTn-1Tp 9, Yn i=TnT,_y  (7.2)

and their inverses. For 1 < ¢ < n, let o; be the i—th elementary symmetric function in n indeterminates and
recall that 0, = ©,, is the G-invariant orbit polynomial associated to e; € Z" from Equation (2.4).

Proposition 7.1. In Q[zF], we have

o; <y1<x) tun@)™ (@) +yn(x)1)

K2

(?)92-(;5) 1<i<n-—2)

B yee ey 9
and o <y1(x) +y1(1’)71 yn(x) +yn(x)1) =n0O + (IE)
n—1 9 R 2 €n_1+en ’

” (yl(w) +y(x)”! Yn(7) +yn(x)1) _ 926, ,(2) + O2c, (2)

" 2 R 2 2 '

Proof. Let 1 <1i <n—2. It follows from Equation (7.2) that x; = y1(2) ... y;(x). Then the statement for §;
is proven analogously to Proposition 5.1.

With z, 2p—1 = y1(2) ... yn—1(x), we obtain the equation for O, , 1., () as well.

Finally, we have 22_; = y1(2) ... yn—1(2) yn(z) ! and 22 = y1(z) ... yn(x). Thus,

O2c, ,(¥) +O2¢,(¥) 1 Z y(z)e + Z y(2) | = 2% Z y(x) = % Hyi(x) +ui(x) 7,

2 oo 2
ee{£1}" ec{£1}" ec{£1}n
€1...6p=—1 €1...€p,=1
where y¢ := y{' ... yS*. This proves the last equation. O

We give the explicit expression for the right hand side of Proposition 7.1 in terms of the fundamental
invariants.

Lemma 7.2. 1. If n is even, then
_ (n—2)/2
2n-1 1 n
96 en — enf 0n - - § . B y
n—1+en n 1 n = (27 _ ]_) 2j-1
(n—2)/2 n
Oz, , =2"100 - ) <2j) 025 — 1,

j=1
(n—2)/2

n
Oz, = 27102 — > <2j> fa; — 1.

Jj=1
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2. If n is odd, then
(n—3)/2

27171 1 n 1
Ocorten = bnorbn =3 ; <2j) b =
(n—3)/2 n
Orey = 2 - Z (2j+ 1> O2j+1,
7=0
(n—3)/2 n
e =2"7107 - Orj1.
@2 n n Z (23+1) 27+1

=0

Proof. With Equation (7.1) and the recurrence formula from Equation (2.5), the proof is analogous to that
for the case of B,, in Lemma 6.2. The full computation can be found in [Met22, Lemma 1.43] O

Lemma 7.3. The map
T: ™™ — T,
4 = (yl(x)77yn(m))7

is surjective. Furthermore, every y € T™ has exactly two distinct preimages x,x’ € T™ under Y with

o), i 1<i<n-—2
91(1') - {QZ(I/), ’Lf ic {TL* l,n} .

Proof. Fory € T™, choose x € T" withx1 = y1,22 = Y1 T1,...,Tn_2 = Yn_2 Tp_3 and x%_l = ygl Yn—1Tn_2,
Ty = Yn Tn_1. Then x is a preimage of y under T and unique up to a common sign in z,_; and x,. This
second preimage is denoted by z’. By Proposition 7.1, we have 6;(x) = 6;(z') whenever 1 <i <n — 2.

It follows from Equation (7.1) that the stabilizers of w,_; and w, in W are both &,,. Hence, we have
Wwn_1 = {£1}} wp—1 and Ww, = {£1}"} w,. Thus, for p € Ww,, there exist ¢; = =1 with €;...¢, =1
and v € Zwi @ ... D Zw,_s, such that

€1 € €1 n=2g¢, €En—_1 €
B= §€1+---+En€n: §w1+i§2 é(wz‘*wi—l)Jrn?(wnernq *wn—2)+§n(wn*wn—1)
- 6"‘1; N o+ 6"‘127 N o + v € QL

Now let o, 8 € Z™, such that p = aywi1 +...+apwy, and v =pFyw; +...+ B wy. Then B,_1 = B, =0 and
the monomial in 6,, corresponding to p is

a _ b1 Brn—2 (en—1—€n)/2 (€n—1+€n)/2
=2t e, Ty

with (€,-1 £ €,)/2 € {—1,0,1}. Therefore, z* is linear in z,,_; and independent of x,, or vice versa. With

x, 2’ as above we have x* = —(2’)®. Since every monomial in 8,, can be written in terms of such § and ¢;,
we obtain 0, (x) = —6,(z"). Analogously, for 4 € Ww,_1, we have ¢ ...¢, = —1 and obtain the statement
for 6,,_1. O

7.2 Hermite characterization with standard monomials

We now characterize, whether a given point z is contained in the T—orbit space T of G, that is, if the equation
0;(x) = z; has a solution = € T™. As shown in previous subsections, this is equivalent to deciding whether
a symmetric polynomial system of type (II) has its solution in T™. We state our main result for D,, in the
standard monomial basis.
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Theorem 7.4. Define the n—dimensional R-vector space

R if n is even
{z€C"|z1,...,2n2 € R, Z;, = 2,1}, if n s odd

and the matriz H € Q[z]"*™ by

0 -+ 0 —cu(z)
S S 1 0 —Cn,l(z)
H(2)ij = Te(C(2)"H72 = C(2)"™),  where C(z) = . ) ,
0 1 —al(z)
ci(z) = (—1) (?) zi (1<i<n—2) and
(n—2)/2
2" 2y — Y (2j7i1) Zoj—1, if mis even
en-1(2) = (=1)"! (n3)/2 :
2"z — Y (27;) 295 — 1, if n s odd
j=1
(n-2)/2
22 (22422 ) — (23) z9j — 1, if nis even

2n—2 (2;721 + 2121_1) — Z (2J7_l"_1) Z2j+1’ Zf n 18 Odd

For all z € Z, we have H(z) e R™*™ and T = {z € Z| H(z) > 0}.

Proof. Let z € C™ and set ¢; := ¢;(2) for 1 <i < n.

To show “C”, assume that z € 7. Then there exists « € T", such that 6;(z) = z; for 1 < ¢ < n. Furthermore,
we have z € Z and ¢; € R. By Proposition 7.1 and Lemmas 7.2 and 7.3, the solution of the symmetric
polynomial system

-1 -1
) o (P50 ) e sis
is y = Y(x) € T". Applying Corollary 3.6 yields H(z) = 0.

For “D” on the other hand, assume z € Z with H(z) = 0. Hence, ¢; € R and by Corollary 3.6, the solution y
of the above system (II) is contained in T™. According to Lemma 7.3, y has two distinct preimages z, ' € T".
We have z; = 6;(z) = 0;(2’) for 1 <i <n—2and 6, 1(z) = —0,_ 1( ), 0n(x) = —0,(z"). Furthermore,
22 422 = 0, 1(2)? + 0,(2)% = 0,1(2")? + 0,(2 ) and zp—12n = Op_1(x)0p(x) = Oph_1(2") O,(2").
Therefore, {zp,-1,2n} € {{On-1(2),0n(2)},{0n-1(2"),0,(z")}}. If 2p1 = O 1(a:),zn = 0,(x), then 2z =

Y(x). Otherwise, set T = (z1,...,Tn—2,Tn, Tn_1) to obtain z,_; = 0,_1(%), 2z, = 0,(Z) and z = ¥(Z). An
analogous argument applies to ' and thus, 2 is contained in 7. O
8 Type Go

The group &3 x {£1} acts on R? by permutation of coordinates and scalar multiplication with £1 and leaves
the subspace V = R3/([1,1,1]*) = {u € R" |u; 4+ u2 + uz = 0} invariant. The root system Go from [Bou68,
Planche IX] is a root system in V' with fundamental weights

=(1,-1,0) and wy=(-21,1). (8.1)
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The Weyl group of G is W = &3 x {£1}. We have —I3 € W and thus, —w; € Ww; as well as —ws € W ws.
Furthermore, we have|Wwi| = |[Wws| = 6, see Figure 9.

In this section, we give a closed formula for the matrix polynomial from Theorem 1.1 in the standard
monomial basis for Go. This is a root system of rank 2. Hence, the ring of Laurent polynomials is Q[z*] =
Q[x1, 27", w2, 75 '] and the polynomial ring is Q[z] = Q[z1, 2a).

Figure 9: The root system Go and the weight lattice in the usual orthogonal representation and the integer
representation. The orbits of the fundamental weights are the blue and red lattice elements.

8.1 Orbit polynomials

The integer representation of W with respect to the fundamental weights in Equation (8.1) is

1 0 -1 0 1 3 1 3 2 3 2 3
cl G B R T R T R S 1)
Then the orbit G - z; = {2P¢ | B € G} C Q[2™F] consists of 6 distinct monomials, namely

Y1 =T, Yo =T x;l, Y3 = :cl_Q To (8.2)

and their inverses. For 1 < i < 3, let o; be the i—th elementary symmetric function in 3 indeterminates and
recall that, for i < 2, 6; = ©,, is the G-invariant orbit polynomial associated to e; € Z? from Equation (2.4).

Proposition 8.1. In Q[zF], we have

o (?h(x) +yi() 7 ye(a) +ya(x) ! ys() +Z/3($)_1> = 3601(x),

2 ’ 2 ’ 2
oy (yl(ﬂf)erl(ﬂﬁ)_l y2(x) + ya(z) " y3($)+y3(33)_1> _ 3(01(x) + 02(x))
2 ’ 2 ’ 2 2
and o (yl(m) + (@) ya(@) +yele)™" ys(a) +y3($)1> _ 901(x)* =301 (x) —30(z) — 1
2 ’ 2 ’ 2 2 '

Proof. In principle, this can be checked by hand, but we give a constructive proof to show how to obtain the
equations. Tt follows from Equation (8.2) that y; () y2(2) y3(z) = 1 and x1 = y1(x), 27" = ya(x) y3(z) and
zo = y1(x)? y3(2), 25" = y2(2)? y3(x). Thus, after computing the orbits G-x1 and G- x5, we find polynomials
91,92 € Rly1,y2,ys] , such that 0;(x) = g;(y(x)). Consider the ideal

T:=(01—91(y),02 —92(y), 1 —y19293) € Rly1,y2,y3,01,02].
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Choose an elimination ordering {y1,y2,y3} = {01,602} and let G be a Grobner basis of Z. Note that the
expression on the left—hand side of the statement is G—invariant. We can write it as o;(y1 + Y2 Y3, y2 +
Y13, Y3 + y1y2)/2¢, that is, a polynomial in Ry, ys,ys,01,02]. Because of the G-invariance, the normal
form of this polynomial with respect to G only depends on #; and 6. One obtains the right—hand side. 0O

The next statement follows immediately from Equation (8.2).

Lemma 8.2. The map
T: T2 — T3,
z = (yi(2),y2(2),y3(2))

is bijective.
8.2 Hermite characterization with standard monomials
With Proposition 8.1 and Lemma 8.2, the proof of the following is analogous to Theorem 5.3.

Theorem 8.3. Define the matriz H € Q[2]3*3 by

o . 0 0 (922 —-32—32—1)/2
H(z)ij = Tr((C(2)) 772 = (C(2))'™),  where C(z) = (1) (1) —3(213+ 22)/2

Then T =Tg = {z € R?| H(2) = 0}.

Example

Our result applies to the root system from Figure 9 as follows. Let z = (z1, 22) € R?. The Hermite matrix
polynomial from Theorem 8.3 is 4/3 H(z) =

—1227 4427 +420 +4
—3623 +182) 29 + 1021 + 629 +2
—1082f + 7222 25 + 3027 41221 29 — 623 +42) —4dzp

—3627 + 1821 29 + 102 + 629 +2
[ —10824 + 7222 25 + 3027 4122 29 — 623 + 42 — 4z }
—324 20 427023 29 + 12625 +452F 29 — 4529 23 + 1527 — 4827 29 — 1522 — 1121 — 1125 — 2
—1082f + 7223 25 + 3027 41221 29 — 623 + 42 — 4z
[ —32429 427023 29 + 12625 + 4527 25 — 4527 22 + 1527 — 4821 29 — 1523 — 11z) — 1129 — 2 }
—07228 4 0722 29 + 43227 416225 29 — 24327 23 16327 — 20723 25 — 812723 + 925 — 4527 — 6621 29 — 323 —1dz) — 6z — 1

and shall have characteristic polynomial
Det(x Is — H(2)) = 2> — hy(2) 2% + ha(2)  — hs(2).
Again, we have z € T if and only if h;(z) > 0 for 1 < i < 3 with

—Coeff (2%, Det(z I3 — H(2)))
81/16 (2423 — 1221290 — 25 — 621 — 420 — 1) (327 — 220 — 1)2 (321 + 1)?,
ha(z) = Coeff(zt, Det(x I3 — H(2)))

= 27/16 (327 — 222 — 1) (64825 — 54027 — 972 27 20 — 216 23 25 — 648 2] + 36 25 22

+369 2% 22 + 126 21 25 + 925 — 18 23 + 480 22 25 + 246 21 23 + 36 25 + 129 27 + 202 21 2o

hi(z) = —Coeff(z? Det(x I3 — H(2)))

= 9/4—7292% + 243 27 + 729 2] 20 — 729/4 2% 22 4 243 /2 23 25 + 189/4 23 — 405/4 23 25
—243/4 21 25 +27/4 23 — 81/4 23 —81/221 20 — 27/4 25 —9/2 21 — 9/2 2.

hs(2)
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T T
=1 0
A

(¢) hi(z) =0

T T T
-2 —1 0 1 2
a1

(d) hi(2),h2(2),hs(z) >0

Figure 10: The semi-algebraic sets defined by the coefficients of the characteristic polynomial of H(z).

The vertices are

Vertex; := d(exp(—27i (w1, w1/3)), exp(—27i (wa, w1 /3))) =0 (—% + iig7 1) = <—%, 1) )

Vertex, := 9(exp(—2ri {wy, wa/6)), exp(—27i {wn, wa/6))) = O(—1,1) = <_% _%) :

Vertexs := ¥(exp(—27i (w1, 0)), exp(—27i (w2, 0))) = ¥(1,1) = (1, 1).

9 Hermite characterization of 7z with Chebyshev polynomials

We shall finally prove Theorem 1.1 from the introduction, which characterizes the real T-orbit space T in
terms of the real generalized Chebyshev polynomials T, from Proposition 2.8.

Let n € N and R be a root system of type A, _1, By, C,, (n > 2), D,, (n > 4) or Gy as in [Bou68, Planche I
- 1V, IX]. In particular, the rank r := Rank(R) of Risr=n—1for A,,_1,r=n—-1=2for Gy and r =n
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otherwise. What all of these root systems have in common is that the symmetric group &,, is a semi-direct
factor of the Weyl group of R, a fact that made the characterization via Hermite quadratic forms in the
previous Sections 4 to 8 possible.

The Weyl group has an integer representation G C GL,.(Z) as in Equation (2.1) with respect to the funda-
mental weights in Equations (4.1) to (8.1), respectively. We denote by Q[z] = Q[z1, ..., 2] the multivariate
polynomial ring. In particular, the size of the corresponding Hermite matrix is n (determined by the sym-
metric group &,,), while the number of coordinates of the T-orbit space is r (determined by the rank of
R).

Theorem 9.1. Let H € Q[z]"*™ be the matriz polynomial with entries

o =N [(7;+j)/2—‘_1 Z+]*2 ’L+]
2V Hij =Tty + <4( -1 )( ¢ ))T(W 20

{=1

i+j—2 i+j e
L i on) = (@5y0), 4 i+ s even
2o, if i+j isodd

Then the real T—orbit space of G is Tr = {z € R" | H(z) = 0}.

We need two lemmata involving the orbit polynomials © Z @ for « € Z" from Equation (2.4).
Beg

Lemma 9.2. In Q[z%], define the 2n distinct monomials {ylil,...,ynl} =G -2x1UG- 2] Y. Then, for
x €T" and k € N, we have (y;(z)* + y;(z)7*)/2 € [-1,1] and

nyl Pt yi(@)F = Ope, (@) + Ope, (2).

Proof. This follows immediately from Propositions 4.1, 5.1, 6.1, 7.1 and 8.1. g

Lemma 9.3. For x € T" and y1,...,yn the monomials from Lemma 9.2, let C € R™ ™ be a matriz with
eigenvalues (y;(x) + vi(x)~1)/2. Then, for k € N, the trace of the k—th power of C is

[k/2]—1 k
n k n , k  even
T(C) =5 D (<£> (Oh-20)e, () + @(2M>e1(x))> + o5 {ém) " odd

£=0

Proof. The trace of the k—th power of C' is the sum of the k—th powers of the eigenvalues. Thus,

i(% ) = 3 (35 (e ner

=1
k Je=2 (k) k—2¢ (klj2)’ k even
1 + 1 X +
é)y Z ¢)u® 0, Kk odd

t=k/2)+1

. ( > zn: 2)F2 4 ()26 | + n (k];Q)’ k even
= 3F 4 i\L %
2k 2 2 (i Y 2500,  k odd

Applying Lemma 9.2 yields the formula. O

Tk /21 1

?r‘H



32 E. Hubert, T. Metzlaff, C. Riener

Proof of Theorem 9.1. The T-orbit space of G is by definition 7 = {¥(z)|x € T"}. According to The-
orems 4.3, 5.3, 6.4, 7.4 and 8.3, we have T = {Z € Z|H(Z) = 0}, where Z is an R-vector space with
dim(Z) = r and H € Q[2]™*" has entries H;; = Tr(C**7=2) — Tr(C**7) for a certain matrix C € Q[z]"*".
For z € T" and Z := d(z) € T C Z, it is now essential to note that C(Z) € R™*™ has eigenvalues
(yi(x) + yi(z)71)/2 € [-1,1] with y; as in Lemma 9.2. This follows from the construction, by which C
is the matrix of a multiplication map, see Section 3.2. In particular, we obtain a formula for the entries
H(Z);; with Lemma 9.3. In the basis of (real) generalized Chebyshev polynomials from Definition 2.6 and
Proposition 2.8, we have

Oh—20)er (%) + O2r—iyer () = T2y e, (0(2)) + Tz0—) e, (9(x)) = 2T (-2 e, (V).
We now substitute Z +— z :=Vr(z) € Tr CR”. For 1 <4,j <n and k := i+ j, the entry H(z),; is
Tr(C(2)"7%) — Tx(C(2)")

[k/2]—2

2
:7:42

£=0

2n ~

"k/ﬂfl k _ 2 k.
= ok ~The, (2) + Z (4(5 — 1) B <£)> T(k72Z) “ S
{=1

Dividing by 2n does not change whether H is positive semi—definite in z and so we obtain the formula.

<<k 2 2> ﬁk—2(€+1))61(2)> - Mg%_l ((;) f(k—u)el(z))

+ {4(k];221) - (kljg)v k even

k odd

21 —(k), k even

k odd

£=0

VL R (HE )

2k

Remark 9.4. The matriz polynomial H € Q[z]™*™ from Theorem 9.1 follows the pattern

n 4(k];531)—(k1;2), k even
0, k odd

]

r To—T3e,q Tey—T5eq To—T4eq 2Ty —T5e1 —T5¢q 7

. . 8 . _16 . PN 32 .
Tey =T3¢, To—Tyeq 2Ty =T3¢ —T5¢,q 2To+T2 e —2T4eqy —T6eq
8. . _16 . PR 32 . . . 64 __ .
To—Tyeq 2Te; —T5¢1 —T5¢q 2To+T2e; —2T4 e —To 4 5Ty —T5e1—3T5¢; —T7 ¢4

N _16 N P 32__ . . . 64 N . N 128 N .

2Te; T3¢y —T5¢; 2To+Toey —2T4ey—Toey 5Tey—T3e1—3T5¢—Tre; 5T0+4T2e) —4T4 ey —4T6ey —Ts e,
32 64 128 256

1. H only depends on the fa, where o € N" is a multiple of e1. An entry of H is a linear combination of
at most n + 1 such polynomials. The largest possible degree of an entry is 2n = deg(Ta e, )-

2. H has Hankel structure, that is, H;; = Hy, whenever i + j = k + £. Therefore, the number of distinct
entries is at most 2n — 1.

3. Denote by H"™ the matriz H for fized n.
structure of H® for k < n.

4. If R is of type By, C, or Gao, then Tg =T and fk e;(2) = Tie,(2) is the usual generalized Chebyshev
polynomial of the first kind from Definition 2.6. The same holds for D,, when n is even. When n is
odd on the other hand, then Tk.,(z) = Tke,(Z) with % = Zy_1 and =7 = . Finally, for

Tie (2)+T_1e. (2 The, (2)+Tke, . (2) Ea ~ . . . ~ L i—z -
kel( ) 5 kel( ) — i 5 n—i :Tkel(z) 'LU'Lth Zn é+21 :Zi and Zn 2li Zj :Zn—i-

Then the leading principal submatrices of H have the

A, _1, we have
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Conclusion and future work

We have characterized the T—orbit space of a Weyl group acting nonlinearly on the compact torus as a
compact basic semi-algebraic set. The characterization is given through a polynomial matrix inequality
and holds for the Weyl groups of type A,,_1, B,, C,, D, and Gy. It is the first explicit characterization
for nonlinear actions in the sense that we have given a closed formula for the matrix. By expressing the
entries in the basis of generalized Chebyshev polynomials, we have shown that these matrices have a common
structure.

For applications in graph theory [BDdV14] and optimization [HMMR23], it is desirable to give such a closed
formula also for the remaining cases Eg 7 3 and F4. We will address those in a future work.
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