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Abstract

A finite group with an integer representation has a multiplicative action on the ring of Laurent poly-
nomials, which is induced by a nonlinear action on the compact torus. We study the structure of the
associated orbit space as the image of the fundamental invariants. For the Weyl groups of types A, B, C
and D, this image is a compact basic semi-algebraic set and we present the defining polynomial inequali-
ties explicitly. We show how orbits correspond to solutions in the compact torus of symmetric polynomial
systems and give a characterization of the orbit space as the positivity—locus of a real symmetric matrix
polynomial. The resulting domain is the region of orthogonality for two families of generalized Cheby-
shev polynomials, which have connections to topics such as Fourier analysis and representations of Lie
algebras.
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Polynomial description for the T-Orbit Spaces of Multiplicative Actions

1 Introduction

The set of all orbits of a compact Lie group with an action on an affine variety is called orbit space. The
coordinate ring of this affine variety contains the ring of invariants as a finitely generated subalgebra and the
orbit space can be embedded into the variety defined by the syzygy ideal of the fundamental invariants. For
a group with a linear action on a real representation space, the orbit space is, essentially, a semi—algebraic
set and the defining polynomial equations and inequalities are given by a result due to Procesi and Schwarz
[PS85, Main Theorem]. Our aim is to find such a polynomial description of the orbit space, when we consider
finite groups with an integer representation and a nonlinear action on the compact torus. The purpose of this
article is to show that in the case of Weyl groups, the orbit space as the image of the compact torus under
fundamental invariants is a compact basic semi—-algebraic set, and to characterize it as the positivity—locus
of an explicitly known symmetric matrix polynomial. Being able to effectively describe the structure of an
orbit space allows for applications in equivariant dynamical systems theory [Gat00, Theorem 4.2.1], symmetry
reduction for polynomial optimization [ALRT13, Theorem 5.2], complex analysis [Sja93, Proposition 1.15],
differential geometry [Dub98, Lemma 2.1] and quantum systems [GKP13, Section 2].

A finite group with an integer representation G has a nonlinear action on the algebraic torus, which leaves the
maximal compact subgroup, the compact torus T™, invariant and induces an action on the ring of Laurent
polynomials. Given a set of generators of the ring of invariants, so called fundamental invariants, the image
of T™ under these generators corresponds to the set of orbits T™ /G and we call it the T—orbit space of G. Such
an action is called multiplicative [Lor05] and the invariant theory for this setting is related to representations
of complex Lie algebras [Bou68, Hum72, Ser01, FH04]. Recent applications have been studied in the context
of Fourier analysis [Bee91, MKNR13], cubature [Xu00, LX10, LSX12, Xul5, CH18] and interpolation [HS21].

For the Weyl groups of types A, B, C and D, the ring of invariant Laurent polynomials is a polynomial
algebra. In these four cases, we find relations between the elementary symmetric polynomials and the
fundamental invariants. This gives rise to a symmetric polynomial system with complex variables. We show
that a point in the T—orbit space corresponds to such a system having all its solutions in T™. This property
can be characterized by positivity of an explicit Hermite quadratic form.

In Section 2, we formally introduce T—-orbit spaces of multiplicative actions by first defining the action of
a group with an integer representation on the ring of Laurent polynomials and then identifying it with the
multiplicative action on a group algebra of an invariant lattice. Here, we fix the notation for fundamental
invariants and explain the relevance of the four cases A, BB, C and D. Following with Section 3, we establish
the necessary tools to study symmetric polynomial systems, which will later arise from the invariants. This
involves Sylvester’s characterization of a polynomial having all its roots in a real interval, which was also ap-
plied in [Pro78]. For the symmetric polynomial systems, which we shall encounter, we extract Corollaries 3.6
and 3.7.

We then proceed to the main results and give a polynomial description for the T—orbit space of G in terms
of an explicit symmetric matrix polynomial. In Sections 4 to 7, we work out the correspondence between
points in the T—orbit space and symmetric polynomial systems having all solutions in T". We give explicit
formulae for invariants in Propositions 4.1, 5.1, 6.1 and 7.1 and apply the results from Section 3 to obtain
Theorems 4.3, 5.3, 6.4 and 7.4. Examples accompany the main results.

Motivated by the characterization due to Procesi and Schwarz [PS85], we formulate an alternative charac-
terization in Section 8 with a proof of the necessary condition. We introduce differentials on the Laurent
polynomial ring and state Conjecture 8.5 for groups, which are not necessarily Weyl groups of crystallographic
root systems, but have only an integer representation.

The T-orbit spaces, that we describe here as basic semi-algebraic sets, also appear in other contexts of
interest to analysis. We review in Theorem 9.7 that the T—orbit space is the region of orthogonality for a
family of generalized Chebyshev polynomials of the first and second kind.

The following example demonstrates that a nonlinear action on the compact torus admits an orbit space,
which needs to be distinguished from the orbit space of a linear action on a real representation space.
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Example 1.1.

1. Consider the group & of order 8 with presentation (sy,ss |53 = s2 = 1,(s1 52)* = 1). We fix

o 1 PR
SL= 01 of ™ 2719 1)

so that &, as a subgroup of the orthogonal group O2(R), has a linear action on the real representation
space R? by matriz multiplication. The &—invariant polynomials are those, which are invariant under
permutation and sign change of variables, and the ring of invariants is the polynomial algebra

Q[X1, X5]® = Q[my := X7 + X3, mp := X7 X3].
The image of R? under 7y, Ty corresponds to the orbit space R?/®. The Gram matriz of the gradients
has & —invariant entries
 [4X?+4X3 8 X2 X2 _|4m 8my
(Vo Vimida = | 9x2X2 4X2X2(X24X2)] " [8m dmm
By [PS85, Main Theorem], the image of R? under w1, is {z = (21, 22) € R?| M (21, z2) = 0}. Hence,
the orbit space R?/® is identified with a basic semi-algebraic set, that is not compact (Figure 1a).

} = M(my, ).

We will now explain the difference to so called multiplicative actions. The above group & is the Weyl
group of the Ba root system with fundamental weights ((1)), G;g) For W = ((1) %3), the image of the

group homomorphism & — GLo(Z), A— W=t AW is a group denoted G with generators

-1 0

2 1

W131W:[ 0 1

] and VVlng:{1 1}

Instead of R?, we consider the algebraic torus (C*)? and study the nonlinear action
Gx(C)? — (C)?
(B,z) +— aB .= (x?l_ll :cfgll,z?;; xQB;“l).
The coordinate ring of the algebraic torus is the bivariate Laurent polynomial ring Q[xl,mfl, xz,xgl]
and the algebraically independent fundamental invariants
x 1 x3 x z 1 x x
0, ::11+E+4721+47j§ and 6y ::TQ+R+ﬁ+4T§1

generate the ring of G—invariant Laurent polynomials. We restrict the action to the compact torus T2.
In Theorem 2.4, we show that the T-orbit space T2/G corresponds to the image of T? under 0y, 0.
Furthermore, Theorem 5.3 states that this image is real and consists of all (21, z2) € R?, that satisfy
H(z) = 0 (Figure 1b), where

_ —z% + 2z§ - —42? + 122123 — 62% — 27

T =423 + 122022 — 622 — 221 —162] + 642222 — 3225 — 3220 + 322122 — 2027 + 822 — 4z

_ : <

(a) M(z) =0 (b) H(z) = 0

H(z):

Figure 1: The orbit spaces R?/® of the linear action and T?/G of the nonlinear action.
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Polynomial description for the T-Orbit Spaces of Multiplicative Actions

The action on the Laurent polynomials is called multiplicative, as the weight lattice ) = <((1J), Gg)m
of the By root system is a multiplicative subgroup of the group algebra Q[QY], which we identify with the
coordinate ring Qlz1,x7 ", xo, x5 ).

2. Further interesting examples are the Weyl groups of the root systems Az, Bs and Cs. Visualizations
of the associated T—-orbit spaces are depicted below.

(b) Bs

Figure 2: T-orbit spaces for root systems of rank n = 3.

2 Preliminaries

Let Q € K C C be a field of characteristic 0 and let n € N.

In this section, we discuss the action of a finite group with a representation in GL,(Z) on the ring of
Laurent polynomials K[z%] = K[z, 2] ', ..., 2.,z '], which is identified with the group algebra of a lattice.
We motivate the problem of computing the T—orbit space as the image of the compact n—torus under the
fundamental invariants and then specify the problem for Weyl groups of crystallographic root systems.

2.1 Group actions on K|[z%]

Let & be a finite group with an integer representation

0: 66— GL,(Z). (2.1)
Denote by (C*)™ := (C\ {0})™ the algebraic n—torus. For x = (x1,...,2,) € (C*)" and a column vector
a=lar,...,q,)" € Z", define x := 27" ... 2% € C*. The matrix group G := (&) has a nonlinear action
on (C*)™, given by monomial maps
*: Gx(CH™ — (CH™, (2.2)
(B, x) — Bxzxz:= (xl,...,xn)Bﬂ:(mle,...,xlel),

where B;l € 7™ denotes the i—th column vector of B~ € G for 1 < i < n. The coordinate ring of (C*)™
with coefficients in K is the ring of multivariate Laurent polynomials K[z*] := K[z, xl_l, ooy @, t]. The

monomials of K[z*] are all 2% = 2§ ... 2% for a € Z", and x induces the linear action
G xKz*] — K[z%], (2.3)

(B, z%) + B-.x%:=zB«
on K[z*]. Hence, for f =Y foz® € K[z*] and B € G, we write

(B-f)x) = f(2®) =) faa® (2.4)
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If (B f)(x) = f(z) for all B € G, then f is called G—invariant. The set of all G-invariant Laurent
polynomials is a finitely generated, but not necessarily polynomial, K—algebra [Lor05, Corollary 3.3.2] and
denoted by K[z*]9.

Define T := {z € C|zT = 1} C C*, where T is the complex conjugate. Note that T is the maximal compact

subgroup of C*, which is closed with respect to inversion z — 1/z and whose elements satisfy 1/x =Z. We
denote by T™ the compact n—torus.

Lemma 2.1. T" is left invariant by the action x, that is, G * T™ = T™.

Definition 2.2. Assume that K[z*]9 = K[0:,...,0,,] for some m € N and 01, ...,0,, € K[zF]9.
1. The generators 01, ...,0,, are called fundamental invariants of G. We define the map
9. T — C™,

v e (1), On(2).

2. Fora e Z™, we call

1
Ou(x) 1= — Be ¢ Klz*)9
(@)= gy 2 ™" € Kl

the orbit polynomial associated to .

A basis for K[z*]9 as a K-vector space is given by {©, |« € Z"/G} [Lor05, Equation (3.4)].

Lemma 2.3. The image im(¥) of ¥ is compact in C™.

Proof. im(¢#) C C™ is compact as the image of the compact set T™ under a continuous map. |

Our goal is to describe with the fundamental invariants of K[z*]9 the set of orbits T"/G for the nonlinear
action . Thanks to the following statement, this is achievable.

Theorem 2.4. The map
™/G — im(¥),
Gxx — JY(x)

is well defined and bijective.

Proof. We follow the proof of [CLO15, Chapter 7, §4, Theorem 10]. For x,y € T" with Gxz = G xy, we
have 6;(x) = 0;(y) for all 1 <i < n by definition. Therefore, the map is well defined and surjective.

For injectiveness, assume that x,y € T" with Gx2 NG xy = 0. Define the set X := Gxx UGy \ {y} CT".
Since G is finite, X is finite and there exists f € C[x1,...,2,] with f(X) = {0}, f(y) # 0. For example

n

F=1I Il —=)
r'eX =1
has the desired property. Consider C[z*] as a ring extension of C[zy,...,z,] and define
1 -
== B - f e C[z*]f.
I=1 BZEQ f € Cla™]

Then f(z) = 0 and f(y) = |Stabg(y)|/|G| f(y) # 0 by definition, where Stabg(y) denotes the stabilizer
subgroup of y in G. Since K[z¥]9 = K[f,...,0,,] and K C C is a field extension, we have C[z*]9 =
Clb1,...,0,]. With f(x) # f(y), we obtain 6;(z) # 6;(y) for some 1 < i < m and thus 9(z) # ¥(y). O

6 Sunday 8" May, 2022
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We conclude that there is a one—to—one correspondence between the orbit space T" /G and the image of ¥.
In other words, ¥ separates the orbits of the action of G by * on T".

Definition 2.5. We call T :=im(v) the T—orbit space of G.

The following statement admits a recurrence formula to iteratively compute orbit polynomials and we make
use of it in the proofs of Lemmas 6.2 and 7.2.

Proposition 2.6. Let o, € N*. We have ©g =1 and

GB1©a®s= > 6,5
Begp

2.2 Multiplicative actions and Weyl groups

Let Q C R"™ be an n—dimensional lattice and

m: & — GL,(R) (2.5)
a real representation of &, such that € is left invariant by the linear action of 7(&) on R™ by matrix
multiplication. For a fixed basis {w1,...,w,} of Q, an isomorphism of Z-modules = Z" is
" — V= Zw P®...® Zw,, (2.6)
[a1,...,an]t = Wa=oajwi+ ...+ apwp, ’
where W € R™*"™ is the matrix with columns w1, ...,w,. We obtain a K-algebra isomorphism between the

group algebra K[Q] with basis {e# | u € Q} [Bou75, Chapitre VIII, §9.1] and the ring of Laurent polynomials
K[z*] with basis {z | a € Z"}, given by

Klz*] — K[,
Ioz — ea1w1+“.+anwn. (27)

Since Q is left invariant, there exists a representation o : & — GL,(Z), such that o(g) = W ln(g) W
for all g € &. Then K[Q]® = K[z*]9 is finitely generated as a ring. The action of & on K[)] is called
multiplicative, as the basis {e* | u € 2} of K[Q] is a multiplicative subgroup of the units in K[Q].

For p = Wa € €, we say that the orbit polynomial ©, is associated to p. From now on, we denote by
0; := O, the orbit polynomial associated to e; € Z™, which corresponds to w; for 1 <14 < n.

We deal with lattices, which are obtained from root systems. Therefore, we recall the following definitions.

Definition 2.7. Let V be an n—dimensional R—vector space with inner product {-,-) and R be a finite subset
of V. We say that R is a root system in V, if the following conditions hold.

1. R spans V' and does not contain 0.

gp,uEV.

2. If p,p € R, then s,(p) € R, where s, is the reflection defined by s,(u) = u — 221;’;;

e <ﬁap>
3. For all p,p € R, 2<p’p> eZ.

4. Forpe R and c € R, ¢p € R if and only if c = £1.

In many texts, a root system is defined only using the first three of the above conditions and if the fourth
condition holds, one speaks of a “reduced” root system. Since we study the group generated by the reflections
s, in this article, we only need to deal with such reduced root systems thanks to [Bou68, Chapitre VI, §1,
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Proposition 13] and may include the fourth condition in our definition. Less common is also to define a root
system without the second “crystallographic” property [Kan01]. The element

v 14
p pry 2
{p,p)

that appears in the definition of the reflection s, is called the coroot of p € R.

Definition 2.8. The Weyl group of a root system R in V is the subgroup of the orthogonal group, with
respect to the inner product (-,-), generated by the reflections s, for p € R.

Definition 2.9. Let R be a root system in V.

1. A subset B={p1,...,pn} of R is a base if the following conditions hold.

(a) B is a basis of the vector space V.
(b) Every root p € R can be written as p =1 p1+ ...+ Qnpn 0Or p=—a1 p1 — ... — Qyp, pn, for some
a € N",

The elements of B are called simple roots.

2. If B is a base, the roots of the form p=aq p1 + ...+ an pn for a € N are called the positive roots
and the set of all positive roots is denoted by RT.

3. R contains a unique positive root py with mazrimal coefficients o € N", called the highest root.

Existence of the highest root follows from [Bou68, Chapitre VI, §1, Proposition 25]. The Weyl group is
generated by the reflections associated to the simple roots [Hum72, Chapter III, §10.3].

The fundamental Weyl chamber in V relative to the base B = {p1,...,pn}is M := {u € V| (u, p;) > 0}.
The closure of M in V is a fundamental domain for the Weyl group of R [Bou68, Chapitre V, §3, Théoreme
2].

A root system defines the following lattice in V. This lattice and related concepts play an important role in

the representation theory of semi-simple Lie algebras [Hum72, Ser01, FHO04].

Definition 2.10. Let B = {p1,...,pn} be a base of R and BY = {py,...,p.} its dual.

1. An element p of V is called a weight if
(w,pi) €L

for 1 <i<mn. The set of weights forms a lattice called the weight lattice.
2. The fundamental weights are the elements {wy, ..., w,} such that (w;, p}) = 6;;,1 <i,j <n.

3. A weight p is strongly dominant if (i1, p;) > 0 for all p; € B. A weight p is dominant if (u, p;) > 0
for all p; € B.

The weight lattice is left invariant under the Weyl group. Note that the set of strongly dominant weights is
contained in M and the set of dominant weights is contained in the closure of M. The fundamental weights
lie on the boundary or “walls” of M.

For Weyl groups and weight lattices, we have the following specific result about the ring of invariants.
Theorem 2.11. [Bou68, Chapitre VI, §3, Théoréme 1] Let R be a root system. Assume that Q is the weight
lattice and & the Weyl group with integer representation G. Then 61,...,0, are algebraically independent

and K[zF)9 is the polynomial algebra
K[zF]9 = K[61,...,0,]

8 Sunday 8" May, 2022
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The converse “K[z%]9 polynomial algebra = & Weyl group” of Theorem 2.11 is also true [Far86]. The above
theorem implies that the fundamental invariants of G are orbit polynomials as in Definition 2.2 and that
m = n. Therefore, T-orbit spaces satisfy the next property.

Lemma 2.12. Under the assumptions of Theorem 2.11, the following statements hold.

1. For z=(z1,...,2n) € T, we have |z;| <1 for1 <i<n.

2. If —I, €G, then T C [~1,1]" C R"™.

Proof. Let z = 9(x) for some & € T™. Then |z;| = |6;(z)| < ﬁ Y peg 1P = 1.

Furthermore, if —I,, € G we have 0;(x) = 6;(z~1") = 0;(z) € R for all x € T. Hence by the first statement,
T is contained in the cube [—1, 1]™. O

Proposition 2.13. Under the assumptions of Theorem 2.11, there exists a permutation o € &, of order 2,
such that 0;(x=") = 0,;)(x) for all 1 <i < n.

Proof. Let B = {p1,...,pn} be a base with fundamental weights wy,...,w,. We make use of Equation (2.6)
and prove that there exists a permutation o € &,,, such that —w, ;) € w; for all 1 <i <n.

By [Bou68, Chapitre VI, §1 Theorem 2|, there exist A € 6,0 € &,, with Ap) = —pg(i) for all 1 <4 < n.
We have

<_wa(i)7 _p;/(j)> =05 = <wi’pjy> = <AwivAPyv> = (Awi, _pg(j)%

because ¢ is a permutation and the inner product is G-invariant. Since —B" is a basis of V, Aw; = —w,s(;).
Especially, —wy(;) € ®w; N S wyz(;) and so Bw; = Gwyz(; for all 1 <4 < n. As the closure of M is a
fundamental domain for & and w;, ws2(;) lie on the walls of M, we have o?=1. |

To describe the T—orbit space of G as a basic semi—algebraic set in R™, we can now make the following
adjustment for 1 < i < n. For i = o(i), we leave the i—th coordinate of ¥} as it is. For i < (i), replace the
i~th and o(i)-th coordinate of ¥ by 0; g := (0; + 0,(;))/2 and 0, ;) r := (0; — 05(;y)/(2i). The resulting map

dg: T — R™, (2.8)
xT — (91)[[@(16),...,671,]1{(.’17))

has image Tg C [—1,1]™.

2.3 Contribution

For a finite group with an integer representation, the natural problem we pursue is to describe the image of
the compact n—torus T" under the fundamental invariants in terms of polynomial inequalities. As seen in
Theorem 2.4, this image represents the orbit space T™/G. The main results of this article do this explicitly
for Weyl groups of type A, B,C and D. We show the existence of an n—dimensional R—vector space Z C C"
containing 7 and a symmetric matrix polynomial H € K[z]"*" with the following property: For all z € Z,
H(z) has real entries and z is contained in the T-orbit space 7 of & if and only if H(z) is positive semi-
definite. The reason that we specifically consider the Weyl groups of type A, B,C, D is the following.

A root system can be decomposed into irreducible components [Bou68, Chapitre VI, §1, Proposition 6]. This
leaves us with nine families, which are denoted by A,,_1, B,, C,, (n > 2), D,, (n > 4) for fixed n € N, as
well as Eg, E7, Eg, F4 and G2 [Bou68, Chapitre VI, §4, Théoréme 3]. In this article, we study the four
infinite families A,,_1, C,, B,, and D,, in Sections 4 to 7 for arbitrary n in this order. The associated Weyl
groups are A,_1, Cp, B, and D,,. For these cases, we present an explicit matrix polynomials H € K][z] in
Theorems 4.3, 5.3, 6.4 and 7.4.
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For arbitrary groups with an integer representation, we present a conjecture in Section 8.

Convention. We work over the field K = Q. A root system in V' C R" is crystallographic, reduced,
and irreducible. Its Weyl group & is a finite subgroup of O, (R). Stabilizer subgroups of &, respectively
its integer representation G, are denoted by Stabg (.. .), respectively Stabg(...), where the action by either
matrix multiplication, Equation (2.2), or Equation (2.3), is evident from the argument.

3 Symmetric polynomial systems

The four Weyl groups A,,_1, B,, C,, and D,, each contain a subgroup isomorphic to the symmetric group &,,
and the formulae we give for some specific invariants involve the elementary symmetric polynomials. This
gives rise to a symmetric polynomial system. In this section, we give a characterization for all solutions of
such a system to be contained in the compact torus T™.

3.1 Solutions in T"

For 1 <i < n, the polynomial

ailyry) = Y [TweQly- -yl (3.1)

JC{1,...,n} j€J
J|=i

is called the i—th elementary symmetric polynomials in n indeterminates. We shall be confronted with

the following two types of polynomial systems in unknown 1, ..., ¥n.
(M) oi(yiy- s Yn) = (=1)'¢; for 1<i<n with ¢1,...,c, €C
D oty +yr oy tyn ) = (1) for 1<i<n with ¢,...,c, €R
The goal of this section is to determine, whether all solutions y = (y1,...,y,) of system (I), respectively
system (IT), are contained in T™. Recall Vieta’s formula
n
H (x —rg) =2 —|—Z Yoi(ry, .y rn) 2™ € Cla) (3.2)

k=1
for r1,...,r, € C.

Lemma 3.1.

1. System (I) always has a solution in C™. It is is unique up to permutation of coordinates.

2. The map
C*

— C,
Tz

(w+a7h)
is surjective and the preimage of [—2,2] is T.

3. System (I1) always has a solution in (C*)™. It is is unique up to permutation and inversion of coordi-
nates.

Proof. 1. By Equation (3.2), a solution of system (I) is the vector of roots of a polynomial with coefficients
given by the right hand side of system (I). Such a polynomial always has n unique roots in C.

2. For r € C, consider the polynomial p := 22 — 72 +1 € C[z]. Then 0 is not a root of p and p = 0 if
and only if 7 = x + 271, that is r is in the image of the map. If r € [~2,2], then p € R[x] has discriminant
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(r/2)? — 1 <0 and its two roots are 2,7 = x,2~ ! =r/2+1i+/1 — (r/2)2 € T. On the other hand for x € T,
r+zl=2+7=2R(z) € [-2,2].

3. By the second statement, we can write the roots ry,...,r, of the polynomial with coefficients given by
the right hand side of system (II) as r; = y; + y;l for some y € (C*)™. Then y is a unique solution of (II)
up to permutation and inversion. ([l

From now on, we speak of “the” solution of system (I), respectively (II).

Proposition 3.2. For ¢1,...,c, € R, the solution of system (II) is contained in T™ if and only if all the
roots of the univariate polynomial
" e 2"t 4 e € Rl2]

are contained in [—2,2].

Proof. Let p := 2" + c1 2" + ... + ¢, € R[] with roots r1,...,r, € C. If y € (C*)" is the solution of
system (IT), then for all 1 < i < n, y; +y; ' is a root of p by Equation (3.2). Applying Lemma 3.1 yields
y € T™ if and only if ry,...,7, € [-2,2]. O

The Chebyshev polynomial of the first kind associated to £ € N is the unique univariate polynomial T, with
Ti((x+271)/2) = (2t +27%) /2. The set {T; | ¢ € N} is a basis of R[z] as an R-vector space. For 0 # p € R[z]
or C[z], denote by Coeff(x¢, p) the coefficient of the monomial ¢ in p for 0 < £ < deg(p).

Proposition 3.3. Forcy,...,ch—1 € Cwithe; = (—=1)" ¢,,—; and ¢y := (—1)" ¢, := 1, the solution of system
(I) is contained in T™ if and only if all the roots of the univariate polynomial

¢
dy, . _
To(x)+di Thoq(z)+ ...+ dp1 Th(z) + £ To(xz) € Rlz] with dy = E Ge—i €R
i=0

are contained in [—1,1].

Proof. By Equation (3.2), the solution of system (I) is contained in T™ if and only if all the roots of the
polynomial p := 2™ + ¢; 2"~ + ... + ¢, € C[z] are contained in T.

Set p:=a" +c1a2" ! +...+¢, € Clz]. The roots of p are nonzero, because p(0) = ¢, = (—1)" # 0. Since
p(x) = (—z)" p(z~1), the roots of pp € C[z] are the union of the roots of p and their inverses. Especially, all
the roots of pp are contained in T if and only if the roots of p are. The coefficients of pp satisfy

¢
) ) > Coeff(z" 7%, p) Coeff ("4t p) = Coeff (22", pp)

=0
Coeff(z',pp) = > eniCatri = P _Gcri =3 le-n/2] cyrTim L even
i=0 i=0 Y. (Geit+ciic)+ eR
=0  —— 0, ? odd

€R

for 0 < ¢ < n. Thus, Coeff(z, pp) = Coeff (22" ~¢ pp) = dy € R and we can write

n n —1 -1 -1
o nat et om T+ d, T+ oo [Ttz
pp = Zdn—E(iU +a2" ) +d, =2z <Z dp—oTy (2) + ETO (2 =:2z"¢g —

{=1 (=1

By Lemma 3.1, we have z € T is a root of pp if and only if (z + 271)/2 € [-1,1] is a root of g. O

11
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3.2 Characterization of real roots via Hermite quadratic forms

Let p,q € R[z] be monic univariate polynomials. The multiplication by ¢ in the R-algebra R[z]/(p) is the
homomorphism

mq: Rlz]/{p) — Rlz]/(p), (3.3)
1 = lafl

By [CLOO05, Chapter 2, Proposition 4.2], we have for ¢, q2 € R[z]
Mgy 4g, = Mgy + Mg, and Mg, g, = Mg, ©Myg,. (3.4)

Ifp=a"+c1 2" ' +...4+cy_1 T+ cp, then the matrix of m, in the basis {1,z,...,2" '} of R[z]/(p) is the
companion matrix

0 0 —c,
1 (3.5)
. 0 —Co
0 1 —C1
of p, since z2° = 2" for0 <i<nm—-2and z2" ! =a2" = —cp2" ' — ... —¢,_17 — ¢, mod (p). On

the other hand, the univariate Chebyshev polynomials of the first kind up to degree n — 1 also form a basis
{To,Th,. . Tn_1} of Rlz]/(p). Up=T,+d1Tn-1+...+dn1T1 +dn/2Ty € R[z] and n > 3, then the
matrix of m, in this basis is

[0 1/2 0 —d,/4
1 0 . —dp—1/2
/2 , (36)
1/2 —ds/2
0 (1—-dg)/2
L0 1/2 —di/2 |
where the rows and columns are indexed by Ty, T1,...,T,_1. The entries in the columns originate from the
recurrence formula Ty =Ty and 24T = Tj41 + Tj—1 for 1 < j < n — 1. Especially,
23}Tn_1 = Tn + Tn_g = —d1 Tn—l + (1 — d2) Tn_g — d3 Tn_g — ... dn—l T1 — dn/Q TO mod <p> (37)

yields the last column.

Example 3.4. Let p =123 —cax?+ex —1 € C[z] with c € C and roots r1,ra,73 € T, such that ry -1y 13 = 1.
Following the proof of Proposition 3.3, we consider the palindromic polynomial pp € R[z] with

1

2x3pp

1 5 A+t +2 .
=53 <(az6+1)(c+c)(x"+x)+(cc+c+c)(x4+x2)2x‘3>
a4 (+7)x2+x_2+(7+ _~_7):c+a:_1 A+ +2
= 5 c+¢c 5 cc+c+c 5 5

x4zt _ x4zt _ _ x4zt A+ +2 x4zt

:T3< 5 )—(c+c)T2( 5 )+(cc+c+c)T1< 5 )— 5 To 5

. x—i—x_l
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The matriz of the multiplication by x in R[z]/{g) in the basis of Chebyshev polynomials is

0 1/2 (2+¢*+2)/4
1 0 (1-cc—c—70)/2| € R**3,
0 1/2 (c+7¢)/2

To characterize univariate polynomial with roots in [—2, 2], respectively [—1, 1], we use the next statement,
which is an application of Sturm’s version for Sylvester’s theorem.

Theorem 3.5. Let p € R[z] be a monic univariate polynomial of degree n and let m, be the associated
multiplication by = in Rlz]/(p). For 0 < a € R, all the roots of p are contained in [—a,a] if and only if the
Hermite quadratic form

Hy(p) : Rlz]/(p) = R,[f] = Tr(mg2), with q¢=(a—=z)(a+z)ec Rzl
is positive semi—definite.

Proof. Let H € R™*™ be the symmetric matrix associated to H,(p) for a fixed basis of R[z]/(p). Denote
by N, respectively N_, the number of strictly positive, respectively negative, eigenvalues of H, counting
multiplicities. By [BPR06, Theorem 4.57] or also [CLOO05, Chapter 2, Theorem 5.2], rank and signature of
H,(p) are

Ny + N = Rank(H,(p) = |{o € Clpx)=0q(z)+ 0}
Ny —N_ = Sign(H,(p) = |{o €R|p(x)=0q(x)> 0} — [{z € R|p(x) = 0g(x) < 0}].

=n4 =n_

If all roots of p are contained in [—a,a], then n_ = 0 and thus Ny + N_ = Rank(H,(p)) = Sign(Hy(p)) =
ny = Ny — N_. Therefore, N_ = 0 and all eigenvalues of H are nonnegative, that is, H,(p) is positive
semi—definite.

For the converse, assume that Hy(p) is positive semi-definite. Then N_ = 0 and Ny = Sign(Hy(p)) =
ny—n_ < Rank(H,(p)) = N4, that is, ny —n_ = Rank(H,(p)). On the other hand, Rank(H,(p)) > ny+n_.
Hence, n_ = 0 and Rank(H,(p)) = ny implies that all the roots of p are real and contained in [—a,a]. O

Note that the matrix H in the proof of Theorem 3.5 does not depend on the choice of a basis for R[z]/(p),
as the trace is basis—invariant. As corollaries, we obtain explicit characterizations for solutions of symmetric
polynomial systems in T".

Corollary 3.6. Letn > 3. Forcy,...,cp € Cwithe; = (—=1)"¢p—; forl <i<mn—1andcy:=(=1)"¢c, =1,
the solution of system (1) is contained in T™ if and only if the matriz H € R™*™ with entries

H;j = Tr(C"™H=2 — C"I) where

0 1/2 0 —dy/4 T
1 0 - —dp_1/2
1/2 : ‘
C = e R"™"™ and dg:Zci@ for 1</0<n,
1/2  —ds3/2 i=0
0 12 —dy/2

18 positive semi—definite.

13
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Proof. H is the matrix associated to the Hermite quadratic form H,(p) from Theorem 3.5 with ¢ =1 — z?
in the basis {1,z,2%,..., 2" !}. Indeed, by Equation (3.4), the entries of the associated matrix are

Tr(mggi-1gi-1) = Tr(myiti-2_givi) = Tr(mi“*z — mﬁj)

for 1 <4,5 < n. Since the trace is independent of the basis for R[z]/(p), we can consider the matrix of m,
in the basis of univariate Chebyshev polynomials of the first kind, which according to Equation (3.6) is C.
The statement now follows from Proposition 3.3. O

Analogously, we obtain the following statement for systems of type (II).

Corollary 3.7. For cy,...,c, € R, the solution of system (II) is contained in T™ if and only if the matriz
H € R™™ with entries

Hij = Tr(4C™72 - C*) where

0 -+ 0 —cp
1 0 —Cnp—1

C= . ) e R™™,
0 1 —C1

is positive semi—definite.

4 Type A

In Sections 4 to 7 we study the Weyl groups & of types A, B, C and D. First, we give an explicit formula for
some of the orbit polynomials in terms of the elementary symmetric polynomials. This induces a symmetric
system of type (I), respectively (IT). Afterwards, we present an explicit symmetric matrix polynomial H to
characterize the solution of this symmetric system in T™. Such a solution then corresponds to a point in T,
the image of 1, representing the T—orbit space. An example to visualize the 2-dimensional case accompanies
the main result of each section, except D.

Convention. We abuse notation and speak of “the orbit polynomial ©, associated to uy = Wa € Q7
with a € Z", to refer to the orbit polynomial O, associated to a. Furthermore for f € Q[z*] and & €
{An-1,B,,Cp, Dy}, we write & - f for the orbit G - f of f with respect to the action from Equation (2.3).

For A,,_1, we shall encounter a system of type (I) in n indeterminates. To be consistent with the notation
of Section 3, we consider A, _; as a root system of rank n — 1. In particular, we denote the Laurent
polynomial ring and the polynomial ring in 7 — 1 indeterminates by Q[z*] = Q[z1, 27 ,...,z,_1,2,",] and

Q2] = Qlz1, .- -5 2n—1]-

4.1 Fundamental invariants for A,_;

The group &,, acts on R” by permutation of coordinates and leaves the subspace V := {u € R" |u1+...4u, =
0} invariant. The root system A, _; given in [Bou68, Planche I] is a root system of rank n — 1 in V' with
simple roots and fundamental weights

: i 1. o .
pi =€ —eir1  and wi:Zejfﬁ ej=—n—i,...,n—i,—i,...,—i" (4.1)

i times n—i times

for 1 <i<mn-—1. The Weyl group of A,,_1 is A,_1 &£ &,, and the graph

S1 S9 . Sn—2 Sn—1 (4.2)
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is the associated Coxeter diagram, where the s; := s,, are the reflections from Definition 2.7, which generate
A,_1. Thus, —w,_; € A,_1w; and the orbit A, _1 w; has cardinality (?) for1<i<mn-—1.

The orbit polynomials associated to the fundamental weights of A,,_1 and the elementary symmetric poly-
nomials from Equation (3.1) satisfy the following relations.

Proposition 4.1. In Q[z%], define the monomials

—1
n—1-

Y1 = X1, ykzxkx,;ll for 2<k<n-1 and y,==x

Then

for1<i<n-—1.

Proof. We first show that the orbit of the monomial z¢* = zy is A,—1 -1 = {y1,...,Yn}, and then infer the
orbit of the x;.

It follows from Equation (4.1), that We; =wy; = (neg — >+

j—1€5)/n and

7 .on i—1 . n n
1 1—1 1
wi—wi,1:E ej—fg ej—g 6j+ E ej:f nei—g ej
n n n
Jj=1 Jj=1 J=1 J=1 J=1

for 2 < i < n—1. Hence, w; — w;_1 is obtained from w; by permutation of coordinates. Furthermore,

n
—wp—1 = w1 = (ne, — ijl ej)/n € Ap—1wi. Thus, we have {wi,ws — w1,...,Wp_1 — Wnp—2,—wp_1} C
A, _1wi. Since these n weights are distinct and the orbit of w; has cardinality n, we also have “2”. The
monomials in Q[z*], which correspond to wy,ws — Wi, ..., Wy 1 — Wn_2, —Wn_1 AT Y1, .-+, Yn-

For 1 <i<mn-—1, we have % = x; = y1 ...y;. Since the linear action of A,,_1 on Q[mi] by Equation (2.3)
permutes the monomials y;, we have A,_1 - 2; = {[[;c;9;|J € {1,...,n},|J| = i}. Hence,

 [Stabu,_, () 1 _ (7
ST DI § C v R il O B AR

JC{1,...n} jE€J
|J|=i

4.2 Hermite matrix for A,_;

We introduce the subset T} := {y = (y1,-.-,yn) € T" | y1...yn = 1} of the compact torus. The proof of
the following fact is straightforward.

Proposition 4.2. The map

,(/}: ((C*)n—l N ((C*)", )

-1 —1 —
x = (21,2227 e 1Ty, T )
is injective and the preimage of T} is T 1.

We state the main result for Weyl groups of type A. Note that for n = 2, we are in the univariate case
Ap =2 6y = {£1}, where T = [—1,1].
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Theorem 4.3. Let n > 3. Consider the R—vector space Z := {z € cr! IV1<j<n-—1:% =z,_;} and
define the matriz H € Q[z]™*™ by

H(2)ij = Tr((C(2)) 72 = (C(2))™)  with

[0 1/2 0 —dn(2)/4
1 0 . —dp_1(2)/2
C(z) = 1/2 : ,  where

12 —ds(2)/2

L0 (- da(2)))2
0 1/2 —di(z)/2

de(z) = (~1)" ((z) (20 + 2n_0) +§ (?) (g " 2) p zn_g+i> for 1<f<n—1 and

dp(z) = (—1)" (2 +:§ <’;)222> .

Forallze Z, Hiz) e R"™™ and T = {z € Z| H(z) = 0}.

Proof. Let z € C"~! and define ¢ := (—=1)"¢, :== 1, ¢; := (=1)* (})z; € Cfor 1 <i < n—1 as well as

dg :=dy(2) for 1 < £ < n.

To show “C”, assume that z € T and fix x € T"~!, such that 6;(z) = z;. By Proposition 4.1, the solution of
M oy, .. yyn) = (=1)'¢; for 1<i<n

is given by y = 9¥(x) € TT, where ¢ is the map from Proposition 4.2. Note that 6;(z) and 6,_;(z) are
complex conjugates, because —w; € A;,,—1 wp—;. Therefore, 2 € Z and dy = Zfzo ¢; ¢r—; € R yields the last
column of C(z). Applying Corollary 3.6 with coefficients dy yields H(z) = 0.

For “2” on the other hand, assume z € Z with H(z) = 0. By Corollary 3.6, the solution y of system (I) is
contained in T" and satisfies y1 ...y, = (—1)" ¢, = 1, that is, y € T?. Let 2 € T"~! be the unique preimage

of y under ¥. Then
-1 -1
(n n
Ziz(—l)l(.> ¢ = () i (Y1, -+ yn) = 0i(2)

by Proposition 4.1 and thus z = J(z) € T. O

We finish this subsection with a remark on the embedding of 7 in R”~! and on the degree of the entries of
the Hermite matrix polynomial.

Remark 4.4.
1. In the case of An_1, we have T € R"™L, because —I,, ¢ A,,_1. Following Equation (2.8), we consider
the image Tr of the map
Ip: TP SR 2 (O1r(x), ..., 01 r(x)) with

92' X +9n71 x 61 x —Gn,i X
RIS ST R TS A E
Onjor(T) = 0n/2(x), when n s even.

for 1<i<|(n—1)/2] and
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2. The entries of the last column of the matriz polynomial C(z) have degree 2, except C(2)nn = — f1(2),
which has degree 1. All other entries are constant. Hence, the degree of H(2)i; isi+j. The determinant
of H(z) has degree 4n — 2 for n > 3.

4.3 Example A,

In this subsection, we further investigate the case n = 3 and give a visualization for the embedding of the
T-orbit space in R2.

P2
W9 Az = 63
w
! w1 = [2’_1,_1]t/3

P w2 = [17 1772]t/3

P1 = [17_17 O]t
P2 = [07 L, _1]t

Figure 3: The root system Ay in V C R? with fundamental weights w;,ws and simple roots p1, pa.

In Figure 3, the hexagon is the orbit of the blue shaded triangle with vertices 0, w;,ws under As.
Let 21,20 € R and 2z = (21 + i29,21 — i23) € Z. Then the matrix C(z) € R[2]*>*3 from Theorem 4.3 is

0 1/2 (14+922-922)/2
Cz)=|1 0 (1-922-923-621)/2]. (4.3)
0 1/2 32

We already computed this matrix (up to a substitution) in Example 3.4. Following Theorem 4.3, define the
matrix H(z) € R[z]*>*® with entries (H(z));; = 4Tr(C(2)"t72) — Tr(C(2)**7). Then (21, 22) is contained in
Tr if and only if H(z) is positive semi-definite. Assume that Det(z I3 — H(z)) = 2% — ho(2) 22 + hi(2) x —
ho(z) € Rz] is the characteristic polynomial of H(z) for some h;(z) € R[z]. By [BPR06, Theorem 4.58],
H(z) is positive semi-definite if and only if h;(z) > 0 for 0 <i < 2.

17
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2 2

1 1

2 5

-1 -1

-2 -2
-1 ] 1 2 -1 ] 1 2

(C) hQ(Z) 2 0 (d) ho(Z),hl(Z),hQ(Z) 2 0

Figure 4: Vanishing points and positivity regions for the coefficients of the characteristic polynomial of H(z).

Of particular interest are the vertices, which correspond to the fundamental weights and the origin. They
are given by

4
Vertex; := O (exp(—27i (w1, w1)), exp(—27i {(wa, w1))) = g (exp (—gﬂ'i) , eXp (—;ﬁ))

Il
—/
=
oS G
~——

Vertexsy := dg(exp(—27i (w1, wa)), exp(—27i (wa, w2))) = Vg (exp <—§7ri) , eXp <—§7ri>>

Il
|

N =
|

Vertexs := g (exp(—27i (w1, 0)), exp(—27i (we,0))) = Ir(1,1) = (1,0).

We visualize the problem “(z1,z2) € Tr?” by evaluating hg, k1, h2 at z. In the above images, a solid red line,
blue dots and green dashes indicate the varieties of these three polynomials. The plots indicate an invariance
under the dihedral groups D3. Let g1(2) := 27 + 22, g2(2) := 21 (27 — 323). Then R[2]®3 = R[g1(2), g2(2)]
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and we have

ho(z) —Coeff (t, Det(t I3 — H(z))) (solid)
= 2187/6425 (321 +1)2 (=321 — 62222 —325 +823 — 242122 —622 — 622 +1)

2187/64 23 (321 + 1) (=6.01(2) — 391(2)” + 8 ga(2) + 1),

Dz—invariant
hi(z) =  Coeff(t*, Det(t I3 — H(z))) (dots)
= 243/256 23 (—243 28 — 97229 22 — 1458 21 25 — 972 27 2§ — 243 28 + 324 27 — 1620 27 22

—4212 23 25 — 2268 21 2§ — 432 2% — 2052 21 23 — 5400 27 25 — 324 25 + 180 27 — 3384 25 23
—684 21 25 + 18 21 — 804 23 23 + 42 25 + 76 23 + 404 21 25 — 8 22 — 108 23 + 60 21 + 25),
—Coeff (12, Det(t I3 — H(z))) (dash)
= 1/32(—7292% 4+ 1458 27 + (10935 23 — 1215) 21 + (—2916 23 + 540) 23 + 351 23 + 63

+(—10935 25 + 1458 22 — 135) 27 + (—4374 25 + 972 23 + 18) 21 + 729 2§ — 1215 23).

ha(z)

For a generic point z € Z, H(z) has rank 3. We observe an intersection of all three varieties in Vertexs, in
which case the rank of H(Vertexs) vanishes. This also occurs at

g (exp (—27ri(w17 t ;w2>) , exp (—27Ti<w2, “1;“2))) = Og(exp(—i), exp(ri)) = (—;,0) .

Furthermore, the rank of both H(Vertex; ), H(Vertexz) is 1, we only have an intersection of “hg(z) = 0” with
“h1(z) = 0”. Two more intersection of “ho(z) = 0” with “hq(z) = 0” lie at (—1/3,2/3) and (—1/3,—2/3).
Every other point on the boundary of Tg admits rank 2.

5 TypeC

In Sections 5 to 7, we will encounter symmetric systems similarly to Section 4, however they will be of type
(IT) and therefore, we dealt with the type A first. The dimension of the root system and the number of
indeterminates of the symmetric system are from now on both n.

5.1 Fundamental invariants for C,

The groups &,, and {£1}" act on R™ by permutation of coordinates, and multiplication of coordinates by +1.
The root system C,, given in [Bou68, Planche III] is a root system in R™ with simple roots and fundamental
weights

pi=¢ —eir1, pn=2¢, and w;=e;+...+¢;. (5.1)
for 1 <i <n. The Weyl group of C,, is C,, 2 &,, x {£1}" and the graph
S1 So L Sn—1 Sn (52)

is the associated Coxeter diagram, where the s; := s,, are the reflections from Definition 2.7, which generate
Cn. We have —I,, € C, and thus, —w; € C,w;. Furthermore, the orbit C, w; has cardinality 2 ('Z) for
1<i<n.

The orbit polynomials associated to the fundamental weights of C,, and the elementary symmetric polyno-
mials from Equation (3.1) satisfy the following relations.

Proposition 5.1. In Q[z%], define the monomials
y1=x1 and Yk :ka;_ll for 2<k<n.

Then
ammw+mu>%nwam+%@>ww<ﬂmu>

for1<i<n.
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Proof. We follow the proof of Proposition 4.1.
It follows from Equation (5.1), that +w; = +ey and +(w; —w;—1) = *e; for 2 < i < n, which is obtained from

w1 by permutation and sign change of coordinates. Thus, {£+w1, = (we—w1), ..., t(wp—wn-1)} C C, w1. Since
these 2n weights are distinct and the orbit of w; has cardinality 2n, we also have “O”. The corresponding
monomials in Q[z¥] are given by v, ..., ¥, and their inverses.

For 1 <i <mn, we have x; = y ...y;. Since the linear action of C,, on Q[z*] by Equation (2.3) permutes and
inverts the y;, we have Cp, - z; = {[ [, yjj |JC{1,....,n},|J| =4,0 € {&1}/}. Thus,

Stabe, (z; ’ 1 _
e RN R (A

JC{1,...,n} se{+1}’ j€J JC{1,..n} jE€J
|J|=i |J|=i

with |C,, - x;| = 27 (") yields the statement. O

%

5.2 Hermite matrix for C,

The proof of the next statement is straightforward.
Proposition 5.2. The map

P (€)= (C)"
T R CaTE Y TR M
is bijective and the preimage of T™ is T™.
We state the main result of this section, which we applied in Example 1.1.
Theorem 5.3. Define the matric H € Q[z]"*" by

H(z)ij = Tr(4(C(2))"772 = (C(2))"™)  with

0 - 0 —cul2)
1 0 —cp_1(2) n

C(z) = : ,  where ¢;i(z) =(-2)" (z) z; for 1<i<n.
0 1 —ca(z)

Then T ={z € R | H(z) = 0}.

Proof. Let z € R™ and set ¢; :==¢;(z) € Rfor 1 <i <n.
To show “C”, assume that z € 7. Then there exists x € T", such that 6;(z) = z; for 1 < ¢ < n. By
Proposition 5.1, the solution of the symmetric polynomial system

(I1) oi(n1 +yf1,...,yn —i—y;l) = (—1)ici for 1<i<n

is y = ¢(x) € T™, where 1 is the map from Proposition 5.2. Applying Corollary 3.7 yields H(z) = 0.

For “D” on the other hand, assume H(z) = 0. By Corollary 3.7, the solution y of the above system (II)
is contained in T™. Let « € T™ be the unique preimage of y under ¢. Then z; = 6;(x) and so z = J(x) is
contained in 7. O

We finish this subsection with a remark on the degree of the entries of the Hermite matrix polynomial.

Remark 5.4. The entries of the last column of the matriz polynomial C(z) from Theorem 5.3 have degree
1, all other entries are constant. The degree of H(z);; is i+ j and the determinant of H(z) has degree 2n.
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5.3 Example C,

In this subsection, we further investigate the case n = 2.

P2
W9 CQ = 62 X {:l:l}2

t

w w1 = [17 1]

L wo = [1,0t
P1 = [17 _l]t

1

P P2 = [07 2]t

Figure 5: The root system Cs in R? with fundamental weights w1, ws and simple roots p1, ps.

In Figure 5, the square is the orbit of the blue shaded triangle with vertices 0,w;/2,ws/2 under reflection
by CQ.

Let z = (21, 22) € R%. The matrix C(z) € Q[2]**? from Theorem 5.3 evaluated in z is

o 0 —4 z9
C(z) = [1 4ZJ . (5.3)
Then z is contained in 7 if and only if the resulting Hermite matrix
_9.2 Q.3
H(z) =8 221 + 22+ 1 827 + 62122 + 221 (5.4)

_8210’ + 62122 + 221 —3221l + Sz% + 32;;%22 _ 425 — 4z

is positive semi—definite, which is equivalent to its determinant and trace being nonnegative. The varieties
of these two polynomials in z7, zo are depicted below.

-2 . = -2 . -2

51 0 1 2 51 0 1 2 -2
P P

(a) Det(H(z) >0 (b) Tr(H(2) >0 (c) Det(H(z), Tr(H(z) > 0

Figure 6: Vanishing points and positivity regions for determinant and trace of H(z).

Det(H (z)) 256 (20 — 27) (221 + 22 + 1) (221 — 22 — 1) (solid)
Tr(H(z)) = 8(—322f 4322220 +627 — 425 — 32 +1) (dots)

We observe three intersections of “Det(H(z)) = 0” (red solid line) and “Tr(H(z)) = 0” (blue dots) in the
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the vertices
. w1 . w1
Vertex; := ¥(exp(—27i (w1, 7)), exp(—27i {wa, 7))) =9(-1,-1) = (0,-1)
Vertexs := 9(exp(—2ri (w1, %>),exp(—27ri (wa, %») =9(-1,1) = (-1,1)
Vertexs := ¥(exp(—27i (w1, 0)), exp(—27i (w2,0))) = ¥(1,1) = (1,1)
The shape of this domain is dictated by the determinant, but from the positivity condition one can observe

that the trace is also required. Alternatively the inequation given by the trace could be replaced by the
constraint that the orbit space is contained in the square [—1, 1]™.

6 Type B

The Weyl group of B,, is isomorphic to that of C,, and we find a similar formula for the orbit polynomials
in Proposition 6.1 with a deviation at o, that leads to a different Hermite matrix in Theorem 6.4.
6.1 Fundamental invariants for B,

Similar to the case C,,, the root system B,, given in [Bou68, Planche II] is a root system in R™ and the simple
roots and fundamental weights are

pi=¢€ —€y1, pn=¢€p, and w;=e;+...4+e;, w,=(e1+...+e,)/2 (6.1)

for 1 <i < n. The Weyl group of B,, is B,, 2 C,, 2 &,, x {£1}" and the graph

S1 S9 - Sn—1 Sn (62)

is the associated Coxeter diagram, where the s; := s,, are the reflections from Definition 2.7, which generate
B,. We have —1I,, € B,, and thus, —w; € C, w;. Furthermore, the orbit C, w; has cardinality 2 (’Z) for
1<1<n.

The orbit polynomials associated to the fundamental weights of B,, and the elementary symmetric polyno-
mials from Equation (3.1) satisfy the following relations.

Proposition 6.1. In Q[zF], define the monomials
Y1 = T1,Yk = xkx;_ll for 2<k<n-1 and vy,= wix;ﬁl.

Then
oi(yr(x) Fyr (@)™ Ly (2) +yn(x) ) =21 (TZL) O;(x) for 1<i<n-—1 and
on(yr(@) + () yn (@) + yn(2) 1) =27 Ogy, ().

Proof. Since B,, = C,,, the proof is analogous to the one of Proposition 5.1, when we replace w, with 2w,.
Then the corresponding monomial in Q[z*] is z%¢" = 22 O

n.

The orbit polynomial Oy, is B,-invariant. Hence, it can be expressed as a polynomial in the fundamental
invariants of Q[z*]B». We give the explicit equation in the next lemma.
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Lemma 6.2. In Q[z%], the orbit polynomial associated to 2w, € ) satisfies

n—1

O, = 2762 - 5 (j) 0; — 1.

j=1

Proof. The cardinality of the orbit B, w, is 2". Let u € B, w, and distinguish between the following three
cases.

1. If 4 = wy, then O, 4, = Oy, is the term on the left-hand side of the statement, for which we search
an explicit formula.

2. If p=—wy, then 6, 1, =06 =1.

3. For any other u € B,, wy, there exists 1 < j < n—1, such that u contains exactly j positive coordinates.
Therefore, ;1 + wy, has exactly j nonzero entries and is contained in the orbit of w; under B, that is,
Outw, = Oy;. The number of u, for which this is the case, is (?)

From this and Proposition 2.6, we conclude that

n—1

0= Y Oy = s, +14 Y (]) 0,
HEBy, wn j=1
to obtain the equation for O, 4. O
6.2 Hermite matrix for B,
Proposition 6.3. Define the map
P (C) = (C),
x = (rnrey T e 22 ).
1. Y is surjective. The preimage of T™ under ¢ is T™.
2. Every point in T™ has exactly two distinct preimages x,x’ € T™ with ©1 = x},...,2n—1 = z),_, and

Ty, = —T),.

3. If w2’ € T™ with ¢(x) = ¥(2') and x,, = —x),, then 0,(z) = —0,(z').

Proof. 1. and 2. For all y € (C*)™, there exists x € (C*)™ with z1 = y1,22 = Y1 T1, ..+, Tn—1 = Yn—1 Tn—2
and 22 = y, x,_1. Thus, x is a preimage of y under 1) and uniquely determined by y up to a sign in the last
coordinate. We have y € T™ if and only if z € T".

3. We deduce from the Coxeter diagram in Equation (6.2) that Stabg, (w,) = A,—1 = &,,. Hence, B, w, =
{£1}" w,, and by Proposition 6.1 this orbit consists of elements

n—1
€ € € €; €
M:§161+-~-+§n6n:51w1+ 22é(%*%—l)*;rl(zwn*wn—l):Enwn+V€Q
1=

with e, € {£1} for 1 <i<nandv € Zw1 & ... ® Zw,—1. Let a, B € Z™ be the coordinates of p,v in Q.

Then f3,, = 0 and the monomial in 6,, corresponding to p is z = xfl .. .xﬁi’ll xer. Thus, z is linear in z,,.
Since every monomial in 6, can be written in terms of such 3,¢, 6,, is linear in z,, and with z, 2’ from the
hypothesis we have 6, (z) = —60,,(z'). O
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We state the main result for Weyl groups of type B.
Theorem 6.4. Define the matrix H € Q[z]"*™ by

H(z)ij = Tr(4(C(2))H 72 — (C(2))"™)  with

0 -+ 0 —cu(2)
1 0 —cn-1(2) /n

C(z) = . : ,  where ¢;i(z) =(-2)" (Z)Z,L for 1<i<n-—1 and
0 1 fcll (=)

en(2) = (—2)" <2" 2 n;l (’Z) 25— 1) .

Then T ={z € R"| H(z) = 0}.

Proof. Let z € R™ and set ¢; :==¢;(z) € Rfor 1 <i <n.
To show “C” assume that z € 7. Then there exists z € T", such that 6;(x) = 2; for 1 < i < n. By
Proposition 6.1 and Lemma 6.2, the solution of

(I1) Ji(yl—i-yfl,...,yn—i—y;l):(—1)ici for 1<i<n

is y = ¢(x) € T", where v is the map from Proposition 6.3. Applying Corollary 3.7 yields H(z) = 0.
For “2” on the other hand, assume H(z) = 0. By Corollary 3.7, the solution y of system (II) with coefficients
¢; is contained in T™. According to Proposition 6.3, y has exactly two distinct preimages z, 2’ € T™ under

Y with y = 2,...,2p—1 = 2/, and x,, = —z!,. We have z; = 0;(z) = 6;(2') for 1 <i < n—1 and
22 = 0,(x)? = 0,(2')? with 0,,(x) = —0,(2’). Therefore, 2z, = 0,,(z) or 2, = 0,(2') = —0,(x) and thus, z is
contained in 7. a

Remark 6.5. The entries of the last column of the matriz polynomial C(z) from Theorem 6.4 have degree
1, except C(2)1n, which has degree 2. All other entries are constant. The degree of H(z);; is i+ j and the
degree of the determinant of H(z) is 3n.

6.3 Example B,

In this subsection, we further investigate the case n = 2.

P2
%) By & &y x {£1}2
w1 w1 = [17 l}t/Q
w2 = [LOV
P1 = [17 _1}t
= 1]t
,01 P2 [07 }

Figure 7: The root system By in R? with fundamental weights w1, w- and simple roots pi, pa.

In Figure 7, the square is the orbit of the blue shaded triangle with vertices 0, w;,ws under reflection by Bs.
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Let z = (21, 22) € R%. The matrix C(z) € Q[2]**? from Theorem 6.4 evaluated in z is

0 —1622+8z +4
C(z) = |3 2 421 . (6.3)

Then z is contained in 7 if and only if the resulting Hermite matrix

—22 4222 — —423 + 1221 23 — 622 — 22

H(z) =16 —423 + 1221 22 — 622 — 221 —1627 + 6427 22 — 3225 — 3227 + 3221 22 — 2022 + 822 — 4z

is positive semi—definite, which is equivalent to its determinant and trace being nonnegative. The varieties
of these two polynomials in z1, zo are depicted below.

: -

(a) Det(H(z) >0 (b) Tr(H(2) > 0 (c) Det(H(z), Tr(H(z) >0

Figure 8: Vanishing points and positivity regions for determinant and trace of H(z).

Det(H(z)) = 409623 (21 —23) (21 +222+1) (21 — 222 + 1) (solid)
Tr(H(z)) = 16(—1621 + 6427 23 — 3225 — 3223 + 3221 23 — 2127 + 1023 — 521) (dots)
The T-orbit space in the Bo—case is obtained from the Cy—case in Figure 6 by swapping 21, z2. Apart from

a rotation, we also observe that the rank of H(z) reduces from 2 to 1 on the line “z; = 0”. Furthermore,
there is a fourth intersection of the varieties of the determinant and the trace at z = (0,0).

7 Type D

The Weyl group D,, is isomorphic to a subgroup of C,, & B,, of index 2, which lead to a symmetric system of
type (II). The explicit formula between fundamental invariants and the elementary symmetric polynomials
is similar to Proposition 5.1, but with deviations in ¢,_; and o, that additionally depend on the parity of
n. If n is odd, then the orbit space of D,, contains complex points, but a real description is possible with a
change of variables as in Equation (2.8).

7.1 Fundamental invariants for D,

The groups &,, and {£1}" := {e € {£1}"|e1...€, = 1} act on R™ by permutation of coordinates, and
multiplication of coordinates by 41, where only an even amount of sign changes is admissible. The root
system D,, given in [Bou68, Planche IV] is a root system in R™ with simple roots and fundamental weights

pPi =€ — €1, pPn==¢€r1+e, and (7.1)
wi=er+...+e, whp1=(e1+...+ten_1—€)/2, whp=(e1+...+en)/2. ’
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The Weyl group of D,, is D,, = &,, x {£1}" and the graph

/sn_1
S1 52 Sn—Z\

Sn

(7.2)

is the associated Coxeter diagram, where the s; := s,, are the reflections from Definition 2.7, which generate
D,,. For all 1 <i < n, we have —w; € D, w;, except when n is odd, where —w,,_1 € D,, w,. Furthermore,
the orbit D,, w; has cardinality 2° (?) for 1 <i<n-—2and |D,wy 1| =|Dpwn| =2""1

The orbit polynomials associated to the fundamental weights of D,, and the elementary symmetric polyno-
mials from Equation (3.1) satisfy the following relations.

Proposition 7.1. In Q[zF], define the monomials

—1 —1
Y1 =21, Y =TkT,_q for 2<k<n—-2, Yy, 1=T,Tp_1T,_5 and Y, =TT, ;.

Then
oi(yi(z) +y(2) .y (@) +yn(2) ) =2 (?) 0;(x) for 1<i<n-—2
on-1(y1 () + yl(x)_l, s yn(T) + yn(x)_l) =2t nOu, ;+w,(T) and

on(y1(2) +y1(2) 7 (@) +ya(2) ) =277 (O, (2) + O, (2)).

Proof. We follow the proof of Proposition 4.1.
It follows from Equation (7.1), that +w; = +e; and

i(wi — wi_l) = iei for 2 S ) S n — 2,
+(wp +wWp—1 —wp—2) = =+e,—1 and
t(wp —wn—1) = =Lepn,

are obtained from w; by permutation and admissible sign changes of coordinates. Those 2n weights are
distinct and thus form the orbit D, w;. The corresponding monomials in Q[z*] are given by 1, ...,y, and
their inverses.

For 1 <i<n-—2, we have x; = y1 ...y;. Then the statement for ; is proven analogously to Proposition 5.1.
With , ©p—1 = y1...Yn—1, Wwe obtain the equation for O, 1., as well.

Finally, apply 22_; =y1 ... Yn_1¥,* and 2 =41 ...Yn_1 Yn to obtain

2" (Ogu, ; +Oou,) = Z Y+ Z Y = Z yeznyi+y;17
i=1

ee{£1}" ee{£1}" ec{£1}n
€1...€p=—1 €1...€,=1
where y© := yi* ... y5». This proves the last equation. (]

The orbit polynomials associated to w, + wWn_1, 2w,_1 and 2w, € ) are invariant. Hence, they can be
expressed in terms of the generators 6; of Q[z*]P». The formula depends on the parity of n as follows.

Lemma 7.2. In Q[z%], the following equations hold.
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1. If n is even, then

gn—1 1 "2,
Gwn,lern = n 9»,171 9n - E Z <2] o 1) 92]'717

J=1

(=22
- gn—1 9271 — Z (2]) ng —1 and

92&)” 1 =
j=1
(n—2)/2 n
_ on—1p2 L
Og,, = 2V7102 — Z <2j> fo; — 1.
Jj=1
2. If n is odd, then
_ (n—3)/2
gn—1 1 n 1
@w Wn — an gn_* . 0'_77
nottn n ! n Jzz:l (2]) A
w2
@2w7L71 — on—-1 972171 — ]go (2] " 1) 92j+1 and
=32
O, = 27102 — Ot
2wnp n Z (2]+1> 2j+1
7=0
Proof. We have |D,, w,,_1| = |Dpwn| = 2"~ 1. The equations can be obtained from the recurrence formula

Proposition 2.6 and the following combinatorial steps.

1. Assume that n is even. We first prove the equation for O, in detail. For 0 < j < n/2, consider
w € Dy w, with 25 positive coordinates. There are precisely (27;) such elements in D,, w,, and an odd amount
of positive coordinates is not possible. We distinguish three cases. If j = 0, then w,_1 + p = 0, and if
j =mn/2, then w, + u = 2w,,. Otherwise, w, + u has 2j nonzero coordinates and must therefore be contained
in Dy, woj. All in all, we obtain

(n—2)/2
_ n
gn—192 — Z Ouw,+p = O, + Z (2 .)92]‘ +1.
HEDy wy j=1 J
Next for 1 < j <n/2, consider p € D,, w,—1 with 2j — 1 positive coordinates. Then
1
. . n 1 6,Z)n (wn"‘f_wnfl)a if .7:7
Wnot1 + 48 =2w,_q, if j==, pp=—= and w,+u 2.

2 2 € Dy woj—1, otherwise

€ D,,wqj, otherwise

After counting the number of possibilities in each case, we obtain the two equations

(n—2)/2 n (n—2)/2 .
2 =14 O, Y (2j> O; and 2710, 10, =nOu, 4w, , + Y (2]' - 1) 0251
j=1 j=1

2. Now assume that n is odd. For 1 < j < (n+1)/2, consider p € D,, - w, with 2j — 1 positive coordinates.
If j = (n+1)/2 then w, + p = 2w,. Otherwise, w, + p has 2j — 1 nonzero coordinates. The equation for
®2wn is

(n—1)/2 n
2" 92 = O, O _1.
n 2w, T ; 2j —1 2j—1
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Finally for 0 < j < (n —1)/2, consider u € D,, w,,—1 with 2j positive coordinates. Then

= 2wp_1, if j= 5 Hn=—3 e . n—1
Wp—1+ 1 and wp +pQ €D, (wy +wp_1), if j= 5 -
€ D, wo;11, otherwise .
n W2+ A € Dy, way, otherwise
After counting the number of possibilities in each case, we obtain the two equations
(n—3)/2 n (n—3)/2 n
2102 | =Oa, , + ; (2]. . 1) 0241 and 2"710, 160, =1+nO, yu, , + ]; (2].) 02;.
This completes the proof. O
7.2 Hermite matrix for D,
Proposition 7.3. Define the map
(S N (S 1
z = (.’ﬂl,ifz x;17'~'7xn72 x;igaxn Tn—1 x;izaxnx;11)~
1. v is surjective. The preimage of T™ under v is T™.
2. Fvery point in T" has exactly two distinct preimages x,x’ € T™ with *’ = (z1,...,Tp_2, —Tp_1, —Tp).

3. Ifx # 2’ € T" with ¥(x) = ¥(a'), then 0;(z) = 0;(z) for1 <i<n—2and,_1(z) = —0,_1(2'),0,(z) =
—0,(2').

4. Forallx € T, there exists T € T, such that 0;(x) = 0;(Z) for1 <i <n—2 and 0,_1(x) = 0,(Z),0,(x) =
On—1(Z).

Proof. 1. and 2. For all y € (C*)", there exists € (C*)™ with 1 = y1,22 = Y121, .., Tn—2 = Yn—2 Tn—3
and 37%71 = y;l Yn—1Tn—2, Tn = Yn Tn—1. Hence, x is uniquely determined by y up to a sign in x,_1,Z,.
We have y € T" if and only if x € T™.

3. We deduce from the Coxeter diagram in Equation (5.2) that Stabp, (w,) = Stabp_ (wp—1) 2 A,—1 = &,
Hence, D,, wy—1 = {£1}" wy—1, respectively Dy, wy, = {£1}} wy, and by Proposition 7.1, this orbit consists
of elements

n—2

p= GetotTen=Gut ¥ 5o —wio) + T Wt wno —wnna) 5 (wn —wnn)
- 6”71;_ En W, + 6n712_ tn Wp_1+VEQN

with e; € {£1} for 1 <14 < n satisfying

-1, if peDypwnp1
€1...€p =
Lot 1, if peD,w

and v € Zw1 ®...®Zwy,_2. Let a, B € Z™ be the coordinate vectors of u,v in Q. Then £,_1 = 8, = 0 and
the monomial in 6,,_1, respectively 6,,, corresponding to p is

a _ b Br—2  (€n—1—€n)/2 (en_1+€n)/2
T =2y ...T, o X0 Ty,
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with (e,-1 £ €,)/2 € {—1,0,1}. Therefore, z* is linear in z,_; and independent of x,, or vice versa. With
x,2’ from the hypothesis we have z® = —(2')*. Since every monomial in 6,,_;, respectively 6, can be
written in terms of such f3,€, we obtain 6,_1(z) = —60,_1(z') as well as 0,,(x) = —60,(2’). Furthermore,
0;(x) = 6;(z") holds according to Proposition 7.1, since yi(z) = yr(z) for all 1 < k < n.

4. Following the proof for the third statement, this holds for & := (x1,...,Zn—2,Tn, Tn-1). O

We state the main result for Weyl groups of type D.

Theorem 7.4. Consider the n—dimensional R—vector space

_JR7, if n is even
{z€C"|z1,...,2n2 € R, Z;, = 2,1}, if n s odd

and define the matric H € Q[z]"*™ by
H(2)ij = Tr(4(C(2))™72 — (C(2))™)  with

0 -+ 0 =—cp(2)
1 0 —cn-1(2) In
C(z) = ) ) ,  where ¢;i(z) =(-2)" () zi for 1<i<n-—2 and
.. : /L
0 1 —ci(z)
- (272 ) ‘
) 2"z — Y (2].71) 2251, if n s even
— n— =
cn—1(2) = (=2) (n—3)/2 )
ol o a1 — '21 (27;) z95 — 1, if n is odd
j=
(n=2)/2
22 (22 422 ) — 21 (Q”J) z9j — 1, if n s even
cn(2) = (=2)" N (n8)/2 . . ‘
272 (2422 ) — ];O (3/41) 22j+1,  if n s odd

Forallze Z, H(z) e R"™ and T ={z € Z|H(z) = 0}.

Proof. Let z € C™ and set ¢; := ¢;(z) for 1 <i < mn.

To show “C”, assume that z € 7. Then there exists € T", such that 6;(z) = z; for 1 < ¢ < n. Furthermore,
we have z € Z and ¢; € R. By Proposition 7.1 and Lemma 7.2, the solution of

D) oy +yr 'yt ) =(=1)'¢ for 1<i<n

is y = ¢(x) € T", where v is the map from Proposition 7.3. Applying Corollary 3.7 yields H(z) = 0.
For “2” on the other hand, assume z € Z with H(z) > 0. Hence, ¢; € R and by Corollary 3.7, the solution y
of the above system (II) is contained in T™. According to Proposition 7.3, y has two distinct preimages x, 2’ €
T"™. We have z; = 0;(x) = 6;(2') for 1 <i<n—2and 0,,_1(x) = —0,_1(2'),0,(x) = —0,,(¢'). Furthermore,
22 1+ 22 = 0p-1(2)? + 0,(2)? = 0p_1(2)? + 0,(2")? and 2,12, = Op_1(2) O (z) = Op_1(2') 0, (2")
Therefore, {anlv Zn} € {{enfl(m)a gn(x)}7 {gnfl(x/)v Qn(x')}} If Zn—1 = enfl(x)a Zn = an(m)v then
z = ¥(x). Otherwise by Proposition 7.3, there exists Z, such that z,_1 = 0,_1(&), 2, = 0,,(Z) and z = ¥(Z).
An analogous argument applies to =’ and thus, z is contained in 7. O
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Remark 7.5.

1. If n is odd, we have —w,_1 € Dy wy,. In this case, T € R™. We follow Equation (2.8) and substitute
zn = R(Z,) and z,—1 = S(Z,). This leaves us with the substitutions z, zn—1 > 22 + 22_1 in cp_1(2)
and 22 + 22+ 2(22 — 22 ) in c,(2). The image of this new map Vg is contained in [—1,1]".

2. The entries H(z);; € Q[z] have degree i + j. Independent of the parity of n, the determinant of H(z)
has degree 3n + 1.

7.3 Example D,

In this subsection, we further investigate the case n = 4.

w; = [1,0,0, 0]f
Wz = [17 ]-aoa O]t
ws =[1,1,1,-1]t/2
wy =[1,1,1, 1]t/2

Figure 9: A partial projection of the root system Dy in R* with fundamental weights w1, wo, w3, wy.

The 4-simplex with vertices 0,w1,ws/2,ws,wys is mapped under reflection by Dy = &4 X {:I:l}i to an
icositetrachoron. This is a polytope in R* with boundary consisting of 24 octahedral cells. In Figure 9, we
depict a projection of the unique cell with center wy/2 and three out of six vertices wy,ws,ws to R3. The
blue shaded region is the 3—simplex with projected vertices wy,ws/2, w3, ws.

Let 2 = (21, 22, 23, 24) € R*. Then the matrix H(z) from Theorem 7.4 has determinant

Det(H(z)) = 4294967296 (23 — 24)2 (zg + Z4) (—512 zl 23 24 432 zl 23 96 2} 23 z4 432 21 24
+864 23 29 23 24 + 864 zl 22 2323 + 144 222222 24 - 96 zl 2522 — 96 zl 22 24

+864 zl zz 2323 — 432 23 23 — 384 zl 23 24 + 864 zl %9 23 —+ 864 zl 22 24 — 1440 23 22 23 Z4

+96 23 23 Z4 + 96 27 23 z4 — 21622 23 22 — 216 zl 23 22 + 864 zl 2925 + 576 zl 2922 22

4864 zl 22 z4 — 1440 z; z2 zg Z4 — 1440 z1 22 z3 24 — 3842 23 z4 + 96 z1 23 25— 384 21 2325

—216 z2 22 22 4 864 23 z3 24 + 864 29 22 2§ + 6425 — 288 zl 22 + 192 21 22+ 192 zl 22

+288 zl 22 23 24 + 324 zl 25 — 1872 2% 22 zg — 187222 22 22 + 192 22 z3 - 240 22 22 zi

+192 zl z4 + 2376 zl 22 zg Z4 + 288 21 29 23 24 + 288 21 2 23 23+ 324 ,22 23+ 324 25 ,24

—288 22 23 — 187223 z3 24 — 288 z2 23 + 64 2§ + 192 zd 23 +192 z3 23+ 6428 — 288 23 2o

+192 23 23 2:4 + 864 zl 25— 792 zl 2922 — 792 222923 + 792 21 23 23 z4 + 192 2 23 z4

+192 21 Z3 25— 486 22 + 864 z2 22 + 864 23 23 — 288 25 z3 — 792 22 z3 22 — 288 22 P 48 23

+576 zl 22 96 21 23— 962725 — 7221 2023 24 — 729 25+ 576 2223 + 576 23 22 — 4823

-96 23 22 — 4824 + 144 23 29 — 24 2 23 24 — 43225 + 144 29 23 + 144 29 23 + 1222 — 126 22

+1223 + 1223 — 1829 — 1).
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8 Conjecture

In this section, we formulate the conjecture that the T—orbit space can be computed as the negativity—locus
of another matrix polynomial, which is closer to the characterization of the real orbit space for the linear
action of a compact Lie group [PS85, Main Theorem].

8.1 Euler derivations

We return to the general case of a finite group with an integer representation G as in Equation (2.1).
Assume that Q[zt]9 = Q[f1,...,0,] for some n < m € N. On Q[z¥], define the Euler derivation
x; 0/0x; with z; 0/0x;(x;) = x; and z; 0/0x;(x;) = 0 for 1 <1 # j < n as well as the associated gradient
V = [210/0x1,...,2,0/0x,]'. We fix a symmetric positive definite matrix S € Q"*" with B*SB = §
for all B € G. For example, S = 1/|G| 3" 5.; B* B has the desired property. For F,F’ € Q[z*]", write
(F,F')s :== F*SF'. This is an S—induced inner product, which is G-invariant. First, we show that the
S—induced inner product of two gradients of G—invariant Laurent polynomials is again G—invariant.

Proposition 8.1. Let f, f' € Q[z*]9.

1. For all B€ G, B(V f)(z®) =V f(x).

2. We have (V f,V f')s = (V /)1 S (V f') € Q[z*]9.
Proof. We obtain the first statement from

V@) =V (BN = B o5 L) L) = B ")

where we applied the hypothesis that f is G—invariant and then the chain rule. Therefore,

(B (V1) 5V ) (@) NEE)'S (Y £)2)
LY f(@))' S (B /()
{(BY S BNV f(x)
)

I
~ N~
<
=
8
~—

proves the second statement. O

For f € Q[z*], define fe Q[z7] by f(m) = f(z~).
Proposition 8.2. Let f € Q[z%].

—

1. We have ¥V f(z) = —(Vf)(x).
2. If f € Q[z*]9, then [ € Q[z*]Y.
Proof. By the chain rule, we have

n (7In)-lﬁ

Vi) =- |z @ )0 Ol g | ()@t = ~(F ).

0x1 Oy,

The second statement follows from the fact that for all B € G, (B - f)(x) = f(z7B) = f(az=I) = f(x), if f
is G—invariant. O
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~

Lemma 8.3. For f € Qz*]9 and x € T", (V £,V f)s(z) < 0.

Proof. By Proposition 8.2, we have

(V1,9 Pls(@) = =(V £@)' S (V@) = =V £@)" S (V F)a").
Since z € T, T = (T1,...,Tp) = (x;17 s 71.7—11) =2~ and thus,

(V1Y Ps(x) = —=(V f(2))" S(V)(@) = =(V f(2))' S (V (@) 0

completes the proof. O

We can now state a necessary condition for points in C" to be contained in the T—orbit space of G given by
the image of T™ under 9.

Corollary 8.4. Define the matriz M € (Q[z*]9)™ ™ with entries My; = (V 9i,@§j>5. For x € T", M(x)
is Hermitian negative semi—definite.

Proof. Let J :=[V#;]|...|V#8,] be the Jacobian transpose of 9 with respect to the Euler derivations and
assume that S = C* C is the Cholesky decomposition of S for an upper triangular matrix C' € Q"*". We

~

write M (x) = J(z)* S J(z). Since z € T", T = 2~ and consequently .J(z) = —J(z). Then

M(z) = J(x)'C*C J(x) = —(C J(x)" (C J(x))

is Hermitian negative semi—definite. O

8.2 Characterization of the T—orbit space

The following characterization is similar to the one we used in the introductory Example 1.1 for the linear
case in the sense that we compute derivations of the fundamental invariants, but now consider a negativity
locus.

Conjecture 8.5. Let M € Q[z1, ..., 2y])™*™, such that M(z) = M(01(x),...,0n(x)). Furthermore, let
T C Qlz] be the ideal of relations among the 01,...,0,, and denote by V(Z) C C™ the variety of L.

If z € V(I) is such that M(z) is Hermitian negative semi-definite, then z € T .

With Corollary 8.4, we obtain a necessary and sufficient condition and therefore a characterization of the
T—orbit space as a basic semi—algebraic set. There are upsides and downsides for using M instead of the
Hermite matrix polynomial H for Weyl groups. Generically, the matrix M admits the same number of
necessary polynomial inequalities, respectively one less in the case of A,,_1. There is to our knowledge no
closed expression for M. Therefore, one needs to express the entries of M (61, ...,60,) as polynomials in the
fundamental invariants.

Remark 8.6. The entry H;; of the Hermite matriz polynomial has degree i+j for1 <1i,5 < n. Remarks 4.4,
5.4, 6.5 and 7.5 state that the degree of the determinant of H can be expected to be linear in n. In general,
the degree of the entries M;; can not be predicted. For G = Dy, we have deg(Mz2) = 3 and deg(Det(M)) = 9.

To support Conjecture 8.5, we give a visualization of the two—dimensional cases for the groups, which we
treated in the main results of this article.
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Example 8.7.

1. Let z = (21 +1i22,21 —i22) € C? and consider & = As. The matriz H(z) € Q[2]>*® from Theorem .5,
which characterizes the T—orbit space of Az, was computed in Section 4.3, so that we obtain a de-
scription of T in terms of polynomials ho(z), h1(2), ha(2) € Q[z]. The Hermitian matriz M(z) from
Conjecture 8.5 is

2 2+22-1 2(z1 +122)% =2 (21 —i29) 92
M(Z)_§ 2(z1 —i29)% —2(21 +1i29) 2+22-1 € QL™
(a) Det(—M(z)) > 0 (b) Tr(~M(z)) >0 (c) Det(—M(2)), Tr(—=M(z)) > 0

Figure 10: Vanishing points and positivity regions for determinant and trace of M (z) in the case As.

As in Section 4.3, we observe a Ds—invariance

Det(—M(2)) = 1/9(—122f — 242322 — 1225 +3223 — 962 25 — 2422 — 2422 + 4) (solid)
= 4/9(-3g1(2)? —691(2) + 8ga2(2) + 1),
Tr(=M(z2)) = —4/3(23 +22-1) (dots)

= —4/3(q(2) - 1),

where g1(z) := 22 + 23, g2(2) 1= 21 (27 — 3 23) generate the ring of D3—invariant polynomials. One can
observe that Det(—M(z)) divides ho(z) = Det(H(z)) and the quotient (321 + 1)2 25 (up to a positive
scalar) is a square.

2. The property “Det(—M(z)) divides Det(H(z)) in Q[z]” is also true for the other two—dimensional
cases. We have

Az : Det(H(z)) = 19683/256 (3z1 + 1) 25 Det(—M(z)) (solid)
By: Det(H(z)) = 16384/923Det(—M(z)) (solid)
Co: Det(H(z)) 1024/9 Det(—M (z)) (solid)

)

)

)

which are depicted in Figure 11.

33



E. Hubert, T. Metzlaff, C. Riener

(d) Ag: M(z) <0 (e) Ba: M(z) <0 (f) Co: M(z) <0

Figure 11: The regions “H(z) = 07 and “M(z) < 0” for Ay, Ba, Cs.

9 Orthogonality of Chebyshev polynomials

The content of this section was the original motivation to study T—orbit spaces. In [HMMR22], we apply the
results of this article to solve an optimization problem for symmetric trigonometric functions as a polynomial
optimization problem on the T—orbit space. A specific application is the computation of the spectral bound
for the chromatic number of an infinite graph.

The image T of ¥ that we describe in this article also appears in other contexts of interest to analysis. The
equations were known for specific examples such as the deltoid in Figure 4 and Steiner’s hypocycloid in
Figure 2. These domains contain sampling points with logarithmic Lebesgue number [MKNR13, Theorem
1.24] and minimal cubature points [LSX12, HMP16]. They are also the region of orthogonality for a family
of generalized Chebyshev polynomials [EL82, HW88, LU13]. As far as we know, we give in this paper their
first explicit general characterization as semi—algebraic sets.

In this section, we review the orthogonality of generalized Chebyshev polynomials in terms of multiplicative
invariants and characterize the determinant of the matrix M from Conjecture 8.5.

9.1 Generalized cosine functions

Assume that & is the Weyl group of a rank n root system R, which is represented over R"™ equipped with the
Euclidean scalar product (-,-). & is the subgroup of the orthogonal matrix group O, (R), that is generated
by the orthogonal reflections s, for p € R. The affine Weyl group is the semi-direct product of & with
the Abelian group of translations with respect to the lattice of coroots A, that is the Z—module generated
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by RV [Bou68, Chapitre VI, §2, Proposition 1]. Assume that pi, ..., p, form a base of R and that pg is the
highest root. For p in the weight lattice 2, define the map

e, : R — C, (9.1)
u o exp(—27i(pu, u)).

Lemma 9.1.

1. A fundamental domain for & x A is the closed alcove
Ac={u e R"|(u,po) <1,{(u,p1) >0,...,(u,pn) > 0}.
and & A =y cp AN is the closure of a fundamental domain for the group of translations A.
2. {e, | n € Q} is an orthonormal basis for both

o the A—periodic locally square integrable function L2(R"™/A) and

e the square integrable functions on & A

with respect to the inner product

(f,g)Hm / f(w) 9(w) du,

where Vol(A) is the Lebesgue measure of A\ in R™.

Proof. The first assertion of 1. is [Bou68, Chapitre VI, §2.1]. The second assertion of 1. follows from [LX10,
Equation (3.3)].

The second statement is a consequence of [Fug74, Section 5. ]

Definition 9.2. The generalized cosine function associated to p € Q is the &—invariant A—periodic
function
¢: R* — C,

u —

>, ean(u).

8] ice
The generalized sine function associated to p € € is the B—anti—invariant A—periodic function
s, R* = C,

1 > Det(A)ea,(u).

u e
8] ics

Let p,v € Q. By Lemma 9.1 and the B—invariance, we have

, [Stabe (1)
—_— ¢, du= (G} ’
vmm/%c“ O"

A , otherwise

if €eod
soRERT (9.2)

For a € N\ ([1,...,1]" + N"), u = W « lies on a wall of a Weyl chamber [Bou68, Chapitre V, §1.4] and
thus s, = 0. For o € [1,...,1]" + N" on the other hand, © = W« is strongly dominant and we have
[Stabe (11)| = 1. Hence, for strongly dominant weights u, v € €,

1
1 —, if cBr
- /gﬂﬁjdu ~ e K (9.3)

Vol(A) A 0, otherwise.

We show that the image of the generalized cosine functions associated to the fundamental weights is precisely
the T—orbit space T as in Definition 2.5.
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Lemma 9.3. We have T = ¢(A) = ¢(R"™), where ¢(u) := (¢, (u), ..., ¢, (u)) € C" for u € R™.

Proof. Note that for 4 € Q,a € Z" with W a = u, we have ¢, = ©40(ew,, .-, ¢, ). Indeed, el ... elm = ¢,
and if A€ 8,Be G with A=W BW™! and 8:= Ba € Z", then ¢4, = egll ...eg’;. Now, the map

R®™ — T",
(% — (ewl (u)7 s By, (u))

is surjective, because the fundamental weights form a basis of R™. Hence, ¢(R™) = ¢(T") = 7. We have
¢(R") = ¢(A), because c,,; is G-invariant, A-periodic for all 1 < j < n, and, by Lemma 9.1, A is a
fundamental domain for & x A. ]

9.2 Generalized Chebyshev polynomials

Recall that Q[xi]g = Q[bs1,...,0,] from Theorem 2.11. For a € Z™, there thus exists a unique multivariate
polynomial T, € Q[z] = Qlz1, ..., zy], such that T, (01,...,6,) = O,. We call {T, € Q[z]|a € Z"} the
generalized Chebyshev polynomials of the first kind associated to the root system R.

If o € Q is such that W o = p, then ¢, = ©4 0 (ew;, .-, ¢e0,) =T 0 (€0, -+, €, ). Thus, Definition 9.2 is a
generalization of the univariate case Tp(cos(u)) = cos(fw) for £ € N, that corresponds to the root system Aj.
The second kind Chebyshev polynomials are defined through the character polynomials. Thanks to Weyl’s
character formula [Bou75, Chapitre VIII, §9, Théoreme 1], those are given by

_ Tats ($> 16

= @) © Q[z~] (9.4)
for v € Z", where § := [1,...,1]" € Z" and T, := )z g Det(B) 2P~ € Q[z*] is anti-invariant. The
anti-invariant Laurent polynomials form a free Q[z%]9-module of rank 1, which is generated by Ys. T is
also known as the “Weyl denominator”. The generalized Chebyshev polynomials of the second kind
associated to the root system R are the unique {U, € Q[z]| o € Z"} satisfying Uy (61, . ..,60,) = Z4. Hence,
for Wa=peQandwy:=Wi=wi+...+ wy,

Ta+5 o ﬁ,quwO
T6 O(ewl,...,ewn)—?. (95)

Uso(CuyyereyCu,) =

In the classical univariate case & = A; = {£1}, we have
et 1-¢ ¢
Ee(ff)zﬁzx A S S L (9.6)

and thus Up(cos(u)) = sin((£ + 1) u)/ sin(u) for £ € N.
Lemma 9.4. We have T _s(x) = £Ts(x) and Ys(T")? C R.

Proof. Recall the proof of Proposition 2.13, where we showed the existence of A € &,0 € &,,, such that
Aw; = —wg(;) for all 1 <4 <n. Then

-Waé= —iwi :i—wa(i) =A z":% =AW
i=1 i=1 i=1

and thus Y_s(x) = Det(A) T5(z). Especially, Ys(x) is either real or pure imaginary for x € T™ and so its
square is real. (Il
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We shall review now that 7 is the domain of orthogonality of the generalized Chebyshev polynomials and
show that the weight of orthogonality can be given in terms of Y.

Lemma 9.5. Let J := [V 6,|...|V0,] € QzE]**". Then Det(J) € Qz*] is anti-invariant with
[T [Stabg(e;)]

Det(J) = = R Ts.

Proof. By Proposition 8.1, we have J(z?) = BJ(z) for any B € G. Hence, Det(J) is anti-invariant in
Q[z*] and thus there exists a unique f € Q[z*]Y, such that Det(.J) = f T5. We show that z° is the highest
monomial of Det(J) in the partial ordering given in [Bou75, Chapitre VIII, §6, Lemma 2]. Note that

e c o /0m. g — 1Otabale) 9 o _ [Stabg(e)| 9 o
Jij = V¢91\...|V9nLj—xzﬁ/axﬂ]— 7] Ilaxiage,x = 7] xlf}‘xi (xj—i—anx ),

where ¢, € {0,1} and a < e; if and only if W(e; — a) is a sum of positive roots. The diagonal elements
of the matrix J have maximal monomial x;, while the non-diagonal entries have maximal monomial 2 for
some a < e;. It follows that there exist coefficient ¢, € N, such that

n

[T [Stabg (e:)|

Det(J) = =2 D car™ | =[5

=z

Thus, f must be the constant, which is the given quotient that appears as the coefficient of x? in the
determinant. 0

On the set of square integrable functions on & A with basis {e¢, | € Q}, we define the gradient V :=
[0/0uy,...,0/0uy,]t. The relation to the gradient of Euler derivations V is given by the next statement.

Lemma 9.6. We have
[Veo, |- Ve, ] (w) =2miW J(ey, (1), ..., e, (©)),

where J = [V 01]...|V6,] € Qz®]"*".

Proof. This is a straightforward computation from the definition

[Vew | Vel (W) = %c:: (u) = 27 kZ:(wk)i Tk %(%1 (W), ... e, (w)
= 2mi kXZ:I Wik Jij(ew, (0), ..., e, (1) = 2m(W J (e, (0), . - ., e, (0)))ij-

O

The generalized Chebyshev polynomials satisfy the following orthogonality property. This was also shown
for instance in [HW88, Theorem 5.1].

Theorem 9.7. For a, 8 € N”,
Vol(A) |Stabg ()|

[T T o 20 = 7P el =R o=
T 0, otherwise
Vol(A) .,
md  [UTEEa: = {TPWITgms ya=i
T 0, otherwise
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where the weight function is defined via
(01, 00) = (T5)* € Qz*]7

with § =[1,..., 1]t € Z".

Proof. Assume that Wa = u,W 5 = v € Q. By Lemma 9.3 and the definition of generalized Chebyshev
polynomials of the first kind, we can conduct the transformation

—_— _ — . IDet([Vewy |-V e, ] (w))]
T To@) 6(2) 2z = [ eu(w)G(w) 1 LW g,
Jr@s {o (e (1), oo, ()
n 27i Det Det
= f Clu(u) E(U) ,n |g| | m eD(If/} © (J)| (ewl (u)7 ey ewn (u)) du
a 11 [Stabg(e,)| [Det(J)]
= H |G e;| [2mi Det(W)] [ ¢, (uw) & (u) du.
=1 A
According to Equation (9.2),
—_— - tab
[ T (0(2)) 2z = 2w Der()] [T [G el Vo) Bet)
J U 4
if p € &v and 0 otherwise.
The result on generalized Chebyshev polynomials of the second kind is analogous with
Uale) T ) = B0 ) T ) — - Sorrenl) 9 (1)
Swo Suwo |5 (ewy (w)s - - -, 0w, (w))]2
and then applying Equation (9.3). |

Remark 9.8. In Section 8 we make use of M = J'SJ € (Q[zt]9)™*™ to give the equations of the T
orbit space. According to Proposition 2.13 in the present case of Weyl groups, the fundamental invariants
01,...,0, are such that there exists a permutation o € &, with 6; = 05(i)- Hence, Det(J) = sgn(o) Det(J)
and thus the determinant of the matrix M from Conjecture 8.5 is a scalar multiple of ¢ in Q[z].

Example 9.9.

1. In the univariate case Ay, we have T = [—1,1] and Ys = v — 2~ *. Therefore,

-1 -1 —1\ 2 -1
(T‘S)Q:xQ_Q”_QZQTQ(H; )_ZTO(H; >:4T1<x+2x )_4%(“2% )

and ¢(z) =4 (2% - 1).

2. For As, T is the compact basic semi—algebraic set in Figure 4 and

(Ts5)? = (—xl Ty — x1/7% — 22 /23 + 1/ (21 22) + 23 /22 + x%/xl)Q
6 O20, 42wy — 603, — 603, + 120, 1w, — 6 0Oy.

We have ¢(z) = 81 22 23 — 108 23 — 108 25 + 162 21 20 — 27 = 243 /3 Det(M).
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3. For By, T is the compact basic semi—algebraic set in Figure 8 and

(T5)? = (—xl/xg — 2o /22 +1/(x1 22) + 23 /23 + 23 /22 — 22 /w0 — X3 /31 + 71 x2)2
= -8 @44,‘,2 — 8@3w1 -+ 8@2w1+2wQ + 16 @wl+QW2 - 8®2w2 - 8@w1 + 80y.

We have ¢(z) = 256 22 23 — 1024 25 — 256 23 + 1536 21 25 — 512 22 + 256 22 — 256 z; = 1024/9 Det(M).
4. For Cy, T is the compact basic semi—algebraic set in Figure 6 and

2
(T5)* = (—a1/23 —xo/ad +1/(x122) + 28 /a5 + a3 /2} — 2} /s — 25 /21 + 21 12)
= -8 ®4w1 + 8@2w1+2w2 + 16 92w1+w2 — 8@3w2 — 8@2‘,_,1 — 8@wQ + 80.

We have ¢(z) = —1024 21 + 256 27 25 + 1536 23 20 — 256 25 + 256 27 — 512 23 — 256 25 = 256 Det(M).

5. In the main results Theorems 4.3, 5.3, 6.4 and 7.4, we have presented the matriz H in the standard
monomial basis. In the basis of generalized Chebeshev polynomials of the first kind, this matriz is
“much sparser”, in the sense that the entries consist of less terms with smaller coefficients. For Dy,
the matriz s

To — T2w, Twy = T3w; To = Taw, 2Twy = T3w; — Tswy
H_s Twy = T3w, To — Tqwq 2Tw; — T3wy — Tswy 2To + T2 — 2T4wy — Towy
To — T4wy 2Twy — T3wy — Tswy 2T + T2wy — 274w, — Tow, 5Twy — T3wy = 3Ts5wy — T7wy

2Twy — T3wy — Tswy 270 + Tow; — 2T4wy — Tow;  5Twy — T3wy — 3Tbw; — Trwy  5T0 +4T2w; — 4T4w; — 4T6w; — T8w;

10 Conclusion

To our knowledge, we have given the first explicit and general characterization for the orbit space of a
nonlinear action of a Weyl group on the compact torus. The fact that the T—orbit space is a compact basic
semi—algebraic set in these cases is already in itself a new result.

Future work revolves around finding such explicit descriptions also for the Weyl groups associated to root
systems of types E,F,G. Using a computer algebra system, such characterizations can be given, but a
unifying theory for all root systems is desirable. With a conjecture we support computations for these
remaining cases, and beyond that, for any nonlinear action of a finite group on the compact torus.
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