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PRESHEAVES ON VZ, nil-CLOSED UNSTABLE
ALGEBRAS AND THEIR CENTRES

OURIEL BLOEDE

Abstract

A nil-closed, noetherian, unstable algebra K over the Steenrod Algebra is determined, up
to isomorphism, by the functor Homg;sg (K, H*(-)), which is a presheaf on the category VI of
finite dimensional vector spaces and injections, by the theory of Henn-Lannes-Schwartz. In this
article, we use this theory to study the centre, in the sense of Heard, of a nil-closed noetherian
unstable algebra.

For F' a presheaf on VZ, we construct a groupoid Gr which encodes F. Then, taking F :=
Homgg. (K, H*(.)), we show how the centre of K is determined by the associated groupoid.
We also give a generalisation of the second theorem of Adams-Wilkerson, defining sub-algebras
H*(W)9 of H*(W) for appropriate groupoids G.

There is a H*(C)-comodule structure on K that is associated with the centre. For K
integral, we explain how the algebra of primitive elements of this H*(C)-comodule structure is
also determined by the groupoid associated with Homktg (K, H*(-)). Along the way, we prove
that this algebra of primitive elements is also noetherian.

1 Introduction

1.1 The two theorems of Adams-Wilkerson

For p a prime number, W a finite dimensional IF,-vector space, and for BW the classifying space
of W, W +— H*(W) := H*(BW;F,) defines a functor from W/, the category of finite dimensional
vector spaces, to K, the category of unstable algebra over the Steenrod algebra over F,. Then, for
G a sub-group of GI(W), G acts on H*(W) and we can define H*(W)% € K, the unstable algebra
of invariant elements of H*(W) under the action of G. For K an integral, noetherian, unstable
algebra of transcendence degree dim(W), the first theorem of Adams-Wilkerson states that there
always exists an injection ¢ from K to H*(W) and that this injection induces a structure of finitely
generated K-module on H*(W). Then, for Gal(¢) the sub group of GI(W) whose elements are
the automorphisms « such that a*¢ = ¢ with a*¢ the composition of ¢ with the isomorphism
induced by « on H*(W), the image of ¢ is a sub-algebra of H*(W)S2(¢)  F*(W)Gal(@) is a first
approximation of K, but usually ¢ does not define an isomorphism between K and H *(W)Gal(@.

The category of unstable modules over the Steenrod algebra admits a localizing subcategory
Nl (cf [Sch94]), whose objects are called nilpotent unstable modules. We call an unstable module
nil-closed if its localization away from Al is an isomorphism. The algebras H*(W )& are nil-closed,
hence ¢ cannot be an isomorphism when K is not nil-closed. In this case, and when p = 2 the



second theorem of Adams-Wilkerson gives a condition for ¢ to be an isomorphism, when K is
nil-closed. Namely, if K is

1. noetherian,
2. integral,

3. nil-closed,

4. integrally closed in its field of fractions,

the morphism ¢ of the first theorem of Adams-Wilkerson is an isomorphism between K and
H*(W)G2l@) (There is a similar statement when p is odd.)

The first objective of this article is the following, for G a groupoid whose objects are the sub-
spaces of W and whose morphisms satisfy a restriction property, we define an object H*(W )9 that
generalises the algebra of invariants H*(W)%. We will show that the H*(W)Y give a complete list
of the nil-closed, noetherian, unstable sub-algebras of H*(W).

1.2 The centre of an unstable algebra

In [DW92b], Dwyer and Wilkerson introduced the notion of a central element of an unstable algebra,
this notion allowed them to exhibit the only exotic finite loop space at prime 2 in [DW92a]. In the
case where K is noetherian and connected, the set of central elements of K coincides with the set
of pairs (V, ¢) such that

1. ¢ € Homy (K, H*(V)),

2. K admits a structure k£ of H*(V)-comodule in K, such that the following diagram commutes:

K— " s K®H(V)

e ®id
@

H*(V),

where ex denotes the augmentation of K (which is uniquely defined because of the connect-
edness of K).

In [Hea21], Heard showed that for K noetherian, K admits a unique (up to isomorphism) cen-
tral element (C,~) such that « induces a structure of finitely generated K-module on H*(C) and
dim(C) is maximal among such central elements. Heard called this central element the centre of
K. The centre of an unstable algebra have been shown to be an important invariant. In [KuhQ7]
and [Kuh13], Kuhn used it to approximate the depth of K as well as invariants do(K) and d; (K)
introduced by Henn, Lannes and Schwartz in [HLS95], in the case where K is the cohomology of a
group. Heard generalised those results for K noetherian in [Hea20] and [Hea21].

For K noetherian, since the centre of K is associated with a H*(C)-comodule structure on K,
it gives rise to a second invariant: the sub-algebra of primitive elements of K under this H*(C)-
comodule structure. The second objective of this article is to explain how the centre of H*(W)9
and its sub-algebra of primitive elements are determined by G. We will then be able to classify
nil-closed, noetherian sub-algebras of H*(W) with a given centre and algebra of primitive elements.



1.3 The category SetD

We consider K /Nl the localization of K with respect to morphisms whose kernels and cokernels
are nilpotent unstable modules. In [HLS93], Henn, Lannes and Schwartz proved that the func-
tor which sends an unstable algebra K to Homy (K, H*(.)), the functor which maps V € Vf to
Homy (K, H*(V)), induces an equivalence of category between K/Ail and a certain sub-category
of SetVV)™ the category of contravariant functors from V/ to Set. Furthermore, they used abun-
dantly the fact that, when K is noetherian, the functor Homy (K, H*(.)) is fully determined by
the Homgyg (K, H*(V)) for V running through V/, where Homyy o (K, H*(V)) is the subset of
Homg (K, H*(V')) whose objects are the morphisms from K to H*(V) which turn H*(V) into a
finitely generated K-module.

When K is noetherian, Homgy g (K, H*(-)) defines a contravariant functor from VI to Set,
where V7 is the wide sub-category of Vf whose morphisms are the injective morphisms. The cat-
egory Set(VD”"
our main tool.

is a lot easier to understand than the category Set(vf)op7 and that is going to be

The two first sections of this article consist of recollections about the equivalences of categories
constructed in [HLS93] and the definition of central elements of an unstable algebra. In the third
section, we will introduce the category Set®VD)™ and its connections with noetherian unstable
algebras. Furthermore, we will define a notion of central elements for functors in SetV™ . For
F = Homygq (K,H*()), with K a noetherian nil-closed unstable algebra, the central elements
of F' will coincide with the central elements (V,¢) of K, such that ¢ turns H*(V) into a finitely

generated K-module.

Theorem For K a noetherian unstable algebra, F = Homyyq (K, H*(Z)) and ¢ € F(V),
(V, @) is central for K if and only if it is central for F.

1.4 The groupoid Gr

A A

An injection ¢ from a noetherian unstable algebra K to some [[ H*(W;), where [ | denotes the prod-
icl

uct in the category of connected unstable algebras and such that ¢ turns each H*(W;) into a finitely

generated K-module, induces a surjection from | | Homyz(-, W;) to Homyg, (K, H*()). For I a

il
set, we consider (y,),.,SetP” the category whose objects are pairs (F,qr) with F € Set(V2)™

and ¢p a natural surjection from | | Homyz(_, W;) to F.
i€l

In the fourth section, we define an application which sends an object (F, qr) € (Wi)iEISet(VI)Op
to a groupoid G(p 4,y whose set of objects is the disjoint union of the sub-spaces of the W;. This
groupoid satisfies a property called the restriction property. The first main result of this article is
that the isomophism classes of objects in (), ISet(VI)Op are in one-to-one correspondence with
such groupoids. This is stated in the following theorem, where ~g is an equivalence relation on
| | Homyz (-, W;) characterised by the groupoid G.
i€l

Theorem [5.171 1. For G a groupoid whose objects are the sub-spaces of the W; and whose



morphisms are isomorphisms of vector spaces such that G has the restriction property,
G Homyz(-Wo)/~g.a) = Y
i€

for q the canonical surjection from | | Homyz (-, W) to || Homyz(-, W;)/ ~g.
i€l i€l

2. Conversely, let F € (y,),.,SetYD™ . Then, F is isomorphic to || Homyz(-,W;)/ ~g,.
i€l

We also show, in Theorem [5.30, how the central elements of | | Homyz(-, W;)/ ~¢g are deter-
iel

mined by the groupoid G.

Now, for K a noetherian, nil-closed, unstable sub algebra of H*(W') with transcendence degree
dim(W), the inclusion of K in H*(W) turns Homg q (K, H*(_)) into an object of ySet VD)™ . This
implies the following:

Theorem For all W € V7, there is a one-to-one correspondence between the set of nil-
closed and noetherian sub-algebras of H*(W) whose transcendence degree is dim(W) and the set of
groupoids with the restriction property, whose objects are the sub-vector spaces of W.

Then, for G a groupoid with the restriction property whose objects are sub-spaces of W, we
will denote by H*(W)Y the noetherian, nil-closed sub-algebra of H*(W) such that the groupoid
associated with the surjection Homyz (-, W) — Homycq (H*(W)9, H*(.)) is G.

By Theorems and the central elements of H*(W )Y are determined by G. In the fifth
section we will prove the following, where P(K,x) denotes the algebra of primitive elements of K
for the H*(V')-comodule structure induced by a central element (V).

Theorem Let K be a noetherian unstable sub algebra of H*(W) of finite transcendence degree
dim(W) such that (V,6*¢) is central, for ¢ the inclusion of K in H*(W) and § some morphism
from H*(W) to H*(V). Then, P(K,§*¢) is nil-closed and noetherian.

In this context, we will identify naturally P(K, §*¢) with a sub algebra of H*(W/Im(J)) of tran-
scendence degree dim(W/Im(J)). By Theorem [6.7, P(K,§*¢) identifies with some H*(W/Im(8))9 .
In the case where K = H*(W)9, we explain in Theorem how to determine G’ from G.

We conclude this article by giving examples on how to use those constructions to determine nil-
closed, noetherian, integral, unstable algebras whose transcendence degree is fixed, with a H*(V)-
comodule structure whose primitive elements are isomorphic to some H* (U )g, with U in V/ and G’
a groupoid whith the restriction property and whose objects are the sub spaces of U. For example:

Theorem|[6.30] Let K be a noetherian, nil-closed, integral, unstable algebra of transcendence degree
d. We assume that the centre of K is of dimension d — 1. Then, there exists G, a sub-group of
GI(W), such that K is isomorphic to the algebra of invariant elements H*(W)S with dim(W) = d.
Furthermore, G satisfies that the set of element x € W such that g(xz) = = for all g € G is a
sub-vector space of W of dimension d — 1.



This Theorem implies that for K noetherian, nil-closed, integral of transcendence degree d
whose centre is of dimension d — 1 and for ¢ the injection of Adams-Wilkerson, ¢ is an isomorphism
from K to H*(W)Gal(®),

Acknowledgements: I am thankful to Geoffrey Powell for its careful proofreading. I also want
to thank Antoine Boivin for his help in computing the H*(WW)9 of the last section. This work was
partially supported by the ANR Project ChroK, ANR-16-CE40-0003.

2 Unstable algebras over the Steenrod algebra and the func-
tor f

In this section, we recall some known facts about Lannes’ T' functor as well as results from [HLS93]
about the localization of the categories of unstable modules and algebras modulo away from nilpo-
tent objects. Recollections about unstable algebras, unstable modules and nilpotent objects can be
found in [Sch94]. In the following, A denotes the Steenrod algebra over IF,, with p a prime number,
U and K denote the category of unstable modules and unstable algebras over A and Al denotes
the class of nilpotent objects in U.

2.1 The T functor
Let us recall the definition of Lannes’ T functor.

Theorem 2.1. [Lan87, Proposition 2.1] For V, a finite dimensional vector space the functor — &
H*(V) has a left adjoint Ty .

Proposition 2.2. [Sch9/, Proposition 3.8.4]

1. Let K be an unstable algebra, then Ty (K) is given in a natural way a structure of unstable
algebra.

2. Then, Ty defines a functor from IC to K which is left adjoint to the tensor product with H* (V')
in KC.
Example 2.3. [Sch94] 3.9.1] For V and W two finite dimensional Fj-vector spaces, there is an
isomorphism of unstable algebras, natural in both V and W, Ty (H*(W)) & H*(W) @ FyemV"W),
By the adjonction property, we get that (FEOm(V’W))ﬂ = Homy (H*(W), H*(V)). In other words,
F, [Hom(V, W)] = Homy, (H*(W), H*(V)) which is a theorem first proved by Adams, Gunawardena
and Miller.

2.2  Nil-localisation of unstable modules

The class of nilpotent modules is a Serre class in U, we recall the existence of an equivalence of
categories between U /Nl (defined as in [Gab62]) and a category of functors. The proofs can be
found in [HLS93].

Theorem 2.4. [HLS93, Part I.}] There is an adjunction of functors:

ri:UT——=U/Nil: s,



such that, for ¢ a morphism of unstable modules, r1(p) is an isomorphism if and only if ker(¢) and
coker(¢) are objects in Nil.

Then, U /Nil satisfies the following universal property: for A an abelian category and F : U —
A an ezact functor such that for all M € Nil, F(M) = 0, there exists a unique G : U/Nil — A
such that F = G ory.

Definition 2.5. For M an unstable module, I (M) := s1 ory (M) is the nil-localisation of M, and
we say that M is nil-closed if the unit of the adjunction M — 1 (M) is an isomorphism.

For F the category of functors from the category V/ of finite dimensional F,-vector spaces to
the category V of F,-vector spaces, we consider f : U — F the functor which assigns to M in U,

f(M) : V= Ty (M)°.

The class Nl satisfies that f(M) = 0 if and only if M € Nil. Then, f induces a functor f’
from U /Nil to F such that f = f' ory.

We will denote by F,, the essential image of f in F.

Theorem 2.6. [Sch94, Theorem 5.2.6] The functor [’ induces an equivalence of categories between
U/Nil and the category F,.

In [HLS93|, the authors exhibit a right adjoint to f’, m’ such that the restriction of m’ to F,,
is an inverse of the equivalence of categories induced by f’.

Definition 2.7. Let m : F — U be the composition of m’ with s;.

Definition 2.8. For F € F and V € V/, let Ay F denote the object of F such that Ay F(W) =
F(Ve W) and Ay F(a) = F(idy @ a) for all W € V/ and for all morphism a in V/.

We recall the following results from [Kuh94]
Proposition 2.9. For M € U and V € VI, f(Tyy(M)) = Ay (f(M)).

For F an object of F, Ty (m(F)) =2 m(Ay(F)).
Corollary 2.10. For M € U nil-closed, Ty (M) is also nil-closed.

2.3 MNil-localisation of unstable algebras

Since K is not abelian, one cannot define a localized category of K in the sense of [Gab62]. In
[HLS93|, Henn, Lannes and Schwartz constructed a localized category K/Ail with respect to the
morphisms whose kernels and cokernels are in Nil, in the sense of [KS05]. Then, the functor f
restricted to K factorises through a functor from /Nl to F. The authors of [HLS93] identified the
essential image of f restricted to K and they deduced an equivalence of category between K/Nil
and a category of contravariant functors from V' to the category of profinite sets.

Definition 2.11. A p-boolean algebra, is an algebra B over F),, such that, for all x € B, 2P = z.



Since Ty (K) is an unstable algebra, Ty, (K) is a p-boolean algebra. We can then use standard
results on p-boolean algebras to study f(K).

For B the category of p-boolean algebras and B a p-boolean algebra, we consider Homg(B, F,)
the set of morphisms of Fp-algebras from B to IF,. Then B is the direct limit of its finite dimensional
subalgebras B,. Therefore, Homp(B,F,) is the inverse limit of the Homp (B, Fp) which are finite.
Homp(B,F,) inherits a structure of profinite set.

Proposition 2.12. [HLS95] For Pfin the category of profinite sets, the functor spec : B°P —
P fin, where spec(B) := Homp(B,F,), is an equivalence of categories whose inverse is the functor
which sends S to the algebra of continuous maps from S to IFp, IF;?.

In particular, for K € K, by adjunction Homp(Ty (K)°, F,) = Homy (K, H*(V)) and this iso-
morphism is an isomorphism of profinite sets, where the structure of profinite set on Homy (K, H*(V))

comes from the fact that K is the direct limit of the unstable sub-algebra of K which are finitely

generated as A-algebras. Then, Ty (K)? is isomorphic as a p-boolean algebra to FpHom’C(K’H*(V)).

Definition 2.13. 1. Let Pin®™")” be the category of functors from (V)P to P fin,
2. let £ be Lannes’ linearization functor from (Pﬁn(vf)op)op to F defined by L(F)(V) := Fg(v),

3. letg : K — (’Pﬁn(w)op)Op be the functor which sends K to the functor g(K) : V —
Homy (K, H*(V)).

We have a commutative diagram of functors:

— 2 (PinV)" Yo

L

4) R

where the functor from K to U is the forgetful functor. We denote by ’Pﬁn((uvf)mP the full subcategory
of Pﬁn(vf)op, whose objects are those whose image under £ are in F,,.
The functor g has a unique factorisation of the following form:

)P

K — K/Nil — Pin¥)”" - phin™’

Theorem 2.14. [HLS93, Theorem 1.5 of Part II] The functor from K/Nil to ’Pﬁn‘(yf)op induced
by g is an equivalence of categories.

The following lemma will be of importance in the following.

Lemma 2.15. The functor g turns injections into surjections and finite inverse limits into direct
limits.

Proof. Since f is exact, f sends injections into injections and commutes with finite inverse limits.

The result is then a consequence of the isomorphism f(K) = Fg(K). O



3 Connected components of Ty (K) and central elements of
an unstable algebra

In this section, we recall the definition of central elements of an unstable algebra first introduced
by Dwyer and Wilkerson in [DW92D)].

3.1 Connected components of Ty (K)

For K an unstable algebra, we recall the definition of the connected components of Ty (K) which
is exposed in [Hea20] and [Hea2l]. Such a decomposition exists for any graded algebra over a
p-boolean algebra.

Lemma 3.1. For K an unstable algebra which is finitely generated as an algebra over A,
Homyc (K, H*(V)) is finite.

Definition 3.2. For V € V/ and ¢ € Homy (K, H*(V)), let T(y,4)(K) := Tv (K) @7y (rcy0 Fp(9),
where the structure of Ty (K)%-module over F,(¢) is induced by the morphism from Ty (K)° to F,
adjoint to ¢.

Proposition 3.3. [Hea2(, Fquation (2.6)] For K an unstable algebra finitely generated as an
algebra over A and V € VI, we have the following natural isomorphism of unstable algebra

Ty (K) = 11 Tiv,4)(K).
¢eHomyc (K,H*(V))

Lemma 3.4. For K a nil-closed unstable algebra, V € VI and ¢ € Homy (K, H*(V)), Tv,e) (K)
1s nil-closed.

Proof. By corollary Ty (K) is nil-closed. By the isomorphism of proposition T, (K)
is the kernel of the morphism from Ty (K) to @ Ty (K) which sends x to the direct sum of the

dFY
components of x in each Ty, ) (K) with ¢ # ¢. Since @ Ty (K) is nil-closed and [; is left exact,
dFp
I1(Tiv,)(K)) is the kernel of the same morphism, thus, it is isomorphic to T{y,¢) (k). O

3.2 Central elements of an unstable algebra

The notion of a central element of an unstable algebra K is defined by Dwyer and Wilkerson in
[DW92b] and they used it in [DW92a] to exhibit the only exotic finite loop space at the prime 2.
The centre of K has been studied in details in [Hea20] and [Hea2T].

The aim of this subsection is to recall some known facts about central elements of an unstable
algebra.

Notation 3.5. Let M be an unstable module, V' a finite dimensional vector space, K an unstable
algebra and ¢ € Homy (K, H*(V)). Denote by:

e nyyv : M — Ty(M)® H*(V) the unit of the adjunction between Ty and — @ H*(V);



e pyv the following composition

M, v

pary o M Ty (M) @ HY(V) B8 Ty (M),

where ey denote the augmentation of H*(V);
® P (v,¢) the composition of px y with the projection onto T(y,4)(K).

Remark 3.6. The morphism pyy,v identifies with T,y (M) : M = To(M) — Ty (M), the morphism
induced by naturality of Ty (M) with respect to V by ¢}, the injection from 0 to V.

Definition 3.7. Let K be an unstable algebra and ¢ € Homy (K, H*(V')). Then, the pair (V, ¢)
is said to be central if p (v,¢) : K — T(v,¢)(K) is an isomorphism.
Let C(K) be the set of central elements of K.

The classical example and first motivation for studying the centre of an unstable algebra is the
example of H*(G), the cohomology of a group G. The details can be found in [Hen0OT].

Example 3.8. For G a discrete group or a compact Lie group, Homx (H*(G), H*(V)) = F,, [Rep(V, G)],
where Rep(V, G) denote the conjugacy classes of morphisms from V to G.

Let p represent a conjugacy class in Rep(V, G). We consider the morphism V' x Cg(p) — G,
where Cg(p) denote the centraliser in G of the image of p, which sends (v,g) to p(v) - g. Tt
induces a morphism from H*(G) — H*(V) ® H*(Cg(p)). By adjunction, it gives us a morphism
Ty (H*(G)) — H*(Cg(p)) which depends only on the conjugacy class of p. This morphism induce
an isomorphism between T(v, ) (H*(G)) and H*(Cg(p)), and

PH*(G),(V,p) © H(G) = Ty, (H*(G)) = H*(Ca(p))

is the morphism induced by the injection Cg(p) — G.

Hence, (V,p) is central if and only if the injection Cg(p) < G induces an isomorphism in
cohomology.

Definition 3.9. Let K be an unstable algebra, K is connected if K has an augmentation €y
K — F, which induces an isomorphism K° = F,,.

Remark 3.10. The connected components T{y,4) (/) are connected, hence, if K is not connected,
C(K) = 0.

Example 3.11. The functor Ty is the identity, hence, if K is connected, T(gc,)(K) = K, for
ex : K — F, the unique morphism of unstable algebra from K to F,. Hence (0, ) is central.

Notation 3.12. Let e v, be the composition of ex with the injection from F, to H*(V).

For K a connected unstable algebra, I(K) denotes the augmentation ideal of K. Then the
module of indecomposable elements of K is defined by Q(K) := I(K)/I(K)?. An unstable module
M is said to be locally finite if, for all x € M, Az is finite.

In [DW90], Dwyer and Wilkerson exhibit how, when Q(K) is locally finite, central elements of
K are related to H*(V)-comodule structures on K.



Proposition 3.13. [DW90, Proof of Theorem 3.2]
Let K be a connected unstable algebra such that Q(K) is locally finite as an unstable module,
then (V,ex.v) is central for all V € V/.

In particular, if K is a connected, noetherian, unstable algebra, then (V, ek 1) is central for all
vector space V.
We recall the following results of [DW92b].

Proposition 3.14. [DW92b, Proposition 3.4/

Let K be a connected unstable algebra such that Q(K) is locally finite. Then, for
¢ € Homyc (K, H*(V)), (V, ¢) is central if and only if there exists a morphism from K to K@ H*(V)
such that the following diagram commutes:

K

/ Tid@)EH* )

KT s K®HV)

\ J{EK ®1d

H*(V).

Corollary 3.15. [DW92b] Let K be a connected unstable algebra such that Q(K) is locally finite.
For ¢ € Homic (K, H*(V)), (V, @) is central if and only if K has a structure of H*(V')-comodule x
in IC, such that the following diagram commutes:

K— " s K®H"(V)

x JSK ®1d

H*(V).
In particular, this implies:

Proposition 3.16. Let K be an unstable algebra such that Q(K) is locally finite, then for ¢ € C(K)
and o : V — E a morphism in V/, (V,a* o ¢) € C(K).

Example 3.17. For W € V/, the addition in W, Vy, induces on H*(W) a coalgebra structure
in K. Then, for every morphism of unstable modules ¢ from H*(W) to H*(V), one can take the
composition of Vi, with idg«wy) ® f to define a H*(V)-comodule structure on H* (W) satisfying
the hypothesis of corollary Therefore (V, ¢) is central.

4 The category Set(VD)™

In [Rec84], Rector used the fact that for a noetherian unstable algebra K, the functor which maps V'
to Hom (K, H*(V)) is fully determined by the functor which maps V' to Homy .. (K, H*(V')), where
Homyq (K, H*(V)) is the set of morphism from K to H*(V') which makes H*(V) a finitely gener-
ated K-module. The functor V' — Homyy s (K, H*(V)) is defined on the category VZ, whose objects

10



are finite dimensional vector spaces on F, and whose morphisms are injective morphisms. In this

section, we start by recalling the notion of a regular element of a functor in Pﬁn(Vf)op7 introduced
in [HLS93]. This allows us to understand the passage from Homy (K, H*(-)) to Homg: g (K, H*(-))
as a construction on functors in Pﬁn(w)op.

Then, we define a shift functor for contravariant functors on the category VZ. This will
allow us to define a notion of centrality for objects of Set(V)™ which coincides for noethe-
rian unstable algebras, with the notion of centrality ”away from ANil” for pairs (V,¢) such that

¢ S HomICf.g. (K7 H*(V))

4.1 The functor Homgyg (K, H*(.))

Definition 4.1. Let VT be the wide sub-category of Y/ with only injective morphisms.

In the following, we will navigate between different presheaf categories from V/ or VT to variants
of Set. Let us define all those categories.

Definition 4.2. 1. Let Set()” and Set™D™ be the categories of contravariant functors from

VI and VT to the category of sets.

2. Let Fin¥)™ and Fin¥D™ be the categories of contravariant functors from Vf and VT to
the category of finite sets.

3. Let Pin®™)” and PinD™ be the categories of contravariant functors from V¥ and VT to
the category of profinite sets.

Definition 4.3. For K in K, we define Homg . (K, H*(_)) in SetVD™ which maps V € VT to the
set of morphisms ¢ from K to H*(V') such that ¢ makes H*(V) a finitely generated K-module.

Remark 4.4. If K is finitely generated as an algebra over A, then, for all finite dimensional
vector spaces V, Homg (K, H*(V)) is finite. Thus Homy (K, H*()) and Homgs g (K, H*(.)) are
respectively in Fin¥)™ and FinVD™.

In particular, this is the case for K noetherian.

4.2 Regular elements of an object in Set™V)®

In this sub-section we recall the notion of a regular element of an object of Set™)™ . The interest
of this notion is that, for F' in Set™V)” satisfying a noetherianity condition introduced in [HLS93],
the regular elements of F define an object in the much simpler category Set™V™ . Moreover, if
F = Homy (K, H*(_)) for K a noetherian unstable algebra, the regular elements of F are given by
Homysq (H, H*(-)) and we can show that F' is fully determined by its regular elements. This will

allow us to make the connection between the study of the Ail-localisation of noetherian unstable
op
algebras, and the study of functors in FinVD™",

Proposition 4.5. [HLS93, Proposition-Definition 5.1] Let G € SetVD” VeVl and s € G(V).
Then, there exists a unique sub-vector space U of V', denoted by ker(s), such that:

1. For allt € GW) and all morphism o : 'V — W such that s = G(«)(t), ker(a) C U.
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2. There exists Wy in (V)P to € G(Wp) and ag : V — Wy such that s = G(ap)(t) and
ker(ag) =U.

3. There exists to € G(V/U) such that s = G(m)(to), where 7 is the projection of V onto V/U.

Definition 4.6. Let G € Set™)™ V e Vf and s € G(V). We say that s is regular if ker(s) = 0.
Let reg(G)(V) := {z € G(V) ; ker(z) = 0}.

We recall the definition of a noetherian functor from [HLS93].

Definition 4.7. Let F be in 731‘1110}f)op7 we say that F' is noetherian if it satisfies the following:

1. FeFin®)”,
2. there exists an integer d such that F (V) = for dim(V) > d,

3. for all V € Vf and s € F(V) and for all morphisms a which takes values in V, ker(F(a)s) =
a~t(ker(s)).

Proposition 4.8. [HLS95, Theorem 7.1]
1. If K € K is noetherian, Homy (K, H*(.)) is noetherian.

2. If F e SetVD” s noetherian, then m o L(F) € K is noetherian.

Lemma 4.9. Let F' be a noetherian functor, then, reg(F) is an object in Fin¥D™

Proof. We only have to prove that if = € reg(F)(V), and if « from E to V is an injection, a*x is
regular. But, since F is supposed noetherian, ker(a*z) = a~!(ker(x)) which is equal to {0} since
x is regular and « is an injection. O

Remark 4.10. reg is not a functor, since the image under a natural transformation of a regular
element is not necessarily regular. For example, fix V and U where U # 0 is a sub-vector space
of V, and consider the natural transformation from Homg,(-,V) - Homg,(-, V/U) induced by
the projection from V to V/U. Then, idy is regular in Homp,(V,V) but ker(r o idy) = U in
Homp, (V,V/U).

Proposition 4.11. [DW92l, Proposition 4.8] For K a noetherian unstable algebra, we have a
natural isomorphism reg( Homy (K, H*(_))) & Homycy.q. (K, H*(2)).

Let us denote by O the forgetful functor from Set™N™ to Set VD™ induced by restriction to
(VI)°P. We define the left Kan extension of O along the identity.

Proposition 4.12. The functor O has a left adjoint, which maps a functor F € SetVD” 1o F,
which is defined by F'(V):= || F(V/U), where S(V) is the set of sub-vector spaces of V.
UeS(V)

Proof. Let us first prove that F defines an object in Set¥N™. To a morphism a : V. — W we
associate F(a) in the following way: for # € F(W/U) we consider 7 o @ where 7 is the projection
from W to W/U, we factorise m o v as & o ¢ with ¢ the projection from V to V/ker(w o ), then &
is injective and we define F(a)(x) = F(&)(z) € F(V/ker(m o ).
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Let ¢ be a natural transformation from F to A, where A is an object in SetV)” . For all
V € Y/, we have a morphism in Set,

ov o || FV/U)— AWV).
Ues(V)

Then,

ovrw)
induces a morphism ¢(¢)y from F(V) to O(A)(V). u(¢) is a natural transformation in Set(V?)™",
Conversely, for ¢ a natural transformation from F to O(A), we define

V@) = F(V) = A(V)
in the following way: for € F(V/U) we define v(¢)v (z) := A(m)(¢v,u(x)), for 7 the projection

from V to V/U. Then, v(¢) is a natural transformation in Set™)™ and v and ¢ are mutually
inverse. O

Remark 4.13. For F € Set™VD™ | F always satisfies the second condition in the definition of a
noetherian functor. Moreover, F is in Fin¥)™ if and only if F' € Fin™ D™ and there is an integer
d such that F(V) = 0 for dim(V') > d, hence F is noetherian if and only if F € Fin®?"" and there
exists d € N such that F(V) is empty for dim(V') greater than d.

Proposition 4.14. For F' a noetherian functor, reg(F) = F.

Proof. Let F be a noetherian functor. For V a finite dimensional vector space, we define the
reg(F)(V) -  F(V)
xereg(F)(V/U) — F(r)(z),
projection from V to V/U. Then, Proposition implies that this morphism is an isomorphism,
and the fact that F' is noetherian implies that it is natural in V. O

following morphism from TZ(]\(E)(V) to F(V): where 7 is the

Corollary 4.15. For K a noetherian unstable algebra, there is a natural bijection with respect to
v,
Homi (K, H*(V)) 2 | | Homxy, (K, H*(V/U)).
Ues(V)

4.3 Central elements of a noetherian algebra

In the last subsection, we explained why, for K a noetherian unstable algebra, Homy (K, H*(.)) is
fully determined by its regular elements, given by Homy¢ (K, H*(-)). In this section, we prove that
for K noetherian, one can deduce C(K) from the central elements (V, ¢) of K such that ¢ is regular.

We recall the definition of the centre of a noetherian unstable algebra from [Hea21] which is in
some sense the maximal regular central element of K.

We state the following results for noetherian algebras, since it is in this case that we will use
those, but all of them are true if we only suppose that Q(K) is locally finite.
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Proposition 4.16. Let K be a noetherian unstable algebra and let ¢ be in Homy (K, H*(E)), then
if (E,¢) is central, let ¢g be the only element in Homyc (K, H*(E/ker(¢))) such that ¢ = 7*dg.
Then, ¢g is reqular and (E/ker(d), ¢o) is central.

Conversely, if (E/U, ¢) is central with ¢ reqular, (E,7* o ¢) is central. Thus, (E,¢) is central
if and only if (E/ker(o), ¢o) is central.

Proof. We consider s a section of 7, the projection from E to E/ker(¢), then ¢g = s* o ¢. Then,
by Proposition if (E, ¢) is central, so is (F /ker(¢), ¢o). The converse is a direct conseequence
of Proposition [3.16

O

Lemma 4.17. [DW92b, Lemma 4.6] Let K be a noetherian unstable algebra, let f be in Homy (K, H*(E))
and (C, g) € C(K), then there exists a unique pair (E®C, fHg) with fBg € Homc (K, H*(E®C))
such that f B g composed respectively with the projections on H*(E) and H*(C) gives [ and g.

H*(C)

/ Tid®6H*(E)
fHg

K% g )0 0 (EB)

7 J(EH*(@@M
H*(E).

Remark 4.18. In Lemma [{.17] even if f and g are regular, f H g is not regular in general.

We recall now the definition of the centre of a noetherian algebra.

Definition 4.19. [Hea2ll Definition 3.9] Let K be a noetherian unstable algebra, let f be in
Homy (K, H*(F)) and (C,g) € C(K), we define (F o C,o(f,g)) by EoC = (E® C)/ker(f B g),
and o(f,g) : K — EoC such that the composition of o(f,g) by H*(7(gac)/ker(f8g)) is equal to
fBg, for T(Eec)/ker(sEg) the projection on (E @ C)/ker(f B g).

Proposition 4.20. [Hea21, Corollary 3.11] Let K be a noetherian unstable algebra and (C, g) and
(E, f) be two central elements of K. Then (E® C, fHg) and (EoC,o(f,g)) are central.

Theorem 4.21. [Hea2l, Theorem 3.13] Let K be a connected, noetherian, unstable algebra. Then,
up to isomorphism, there is a unique couple (C,~) € C(K) which is reqular and satisfy the following:
for all central element (E, f) with f regular, there exists an injection ¢ from E to C, such that
f=1"y. We will call (C,~) the centre of K.

The idea of the proof is to consider (C,~) a regular central element of maximal dimension.
Then, show that for (F, f) regular and central, either (E, f) = (E,t*y) for ¢ an injection from F
to C, or the dimension of F o C' is greater than that of C' which contradicts the assumption.

Corollary 4.22. For E € V/ and f € Homyc (K, H*(V)), (E, f) is central if and only if there is a
morphism a from E to C, with (C,~) the centre of K, such that f = a*~.

Proof. Tt is a direct consequence of Proposition [3.16] and Theorem [£:21] O
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4.4 The shift functor

We want to be able to discuss centrality away from Nil, and define accordingly a notion of central
elements for objects in SetVD™ . The aim of this subsection is to define, for F € Set(VD™
V € V/ and ¢ € F(V) a functor ow,)F, in such a way that for ' = Homyrg (K, H*(.)),
I wv,p) " = Hompg (Tiv,g) (K), H7(-)).

We start by defining functors ¥y from StV to Set™) such that, for all unstable al-
gebras K, Yy Homy (K, H*(.)) & Homg(Ty (K), H*(.)), and such that 3y Homy (K, H*(_)) nat-
urally decomposes in ¥y, 4 Homy (K, H*(-)) = Homg (T(v,¢)(K), H*(-)), with ¢ running through
Homy (K, H*(V)).

Then, we define a shift functor oy in the category SetVD™ and we identify the desired func-
tors o(y,¢)F as the connected components of oy F. It is worth pointing out that since the de-
composition of Homgy g (Tv (K), H*(_)) is induced by elements (V, ¢) with ¢ € Homy (K, H*(V))
(and not only elements in Homgsg (K, H*(V))), ovHomyge (K, H*()) is only a sub functor of
Hompgg. (Tv (K), H* (1))

Definition 4.23. For V € V7, define the functor ¥y from Set)” to Set()™” by
SyFW)=F{VaW),

and Xy F(a) = F(idy ® ), for F € SetV)™ W € Vf and a a morphism in V7.

Lemma 4.24. For K € K and V € VI, there is an isomorphism natural both in K and V,
Homyc(Ty (K), H*(_)) & Xy Homyc (K, H*(L)).

Proof. This is a direct consequence of the definition of Ty as the adjoint of the tensor product by
H*(V) and of the natural isomorphism H*(V) @ H*(W) = H*(V & W). O

Definition 4.25. For F € SetV)™ VvV € Vf and ¢ € F(V), we consider ¥y, F(W) to be the
fibre over {¢} of the morphism Xy F(W) — Xy F(0) & F(V) induced by the injection from 0 to
W.

Lemma 4.26. Let K be an unstable algebra, V. € VI and ¢ € Homy (K, H*(V)). There is a
natural isomorphism Xy, ¢ Homyc (K, H*(W)) = Homy (T(v,) (K), H*(W)).

Proof. We have a commutative diagram

Sy Homye (K, H*(W)) —— Homy (Ty (K), H*(W))

| |

Homy (K, H*(V)) ———— Homg (Tv (K), F,),

where the vertical maps are induced by the injection from {0} to W, and the horizontal ones are
given by the natural isomorphism of Lemma By definition, ¥y,4yHomy (K, H*(W)) is the
fibre over ¢ of the left map, and by construction Homy (T{y,¢)(K), H*(W)) is the fibre over the
adjoint of ¢ of the right one. This concludes the proof. O
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Proposition 4.27. If I’ is noetherian, for x an element in F(V), Yy F and Xy, F are also
noetherian.

Proof. 1f F' is finite, Xy F' and X(y,,)F are obviously finite, we only have to prove the second con-
dition. Let a be an element in oy F (W), then a € F(V @ W). There is an ambiguity in considering
ker(a), since a can be viewed either as an element in F' or Xy F. Let ker'(a) denote the kernel of a
considered as an element in F, and ker?(a) its kernel in Xy F. We notice that ker' (a) is a sub-vector
space of V @ W, whereas ker?(a) is a sub-space of W. Then, ker?(a) = ker'(a) N W. Indeed, for
t regular such that a = 7*¢ for 7 the projection from V & W to (V @& W)/ker!(a), 7 factorises as
T 0 71, for T the projection from V & W to V @ (W/(ker'(a) N W)) and 75 the projection from
V& (W/(ker' (a) NW)) to (V@ W)/ ker' (a), then a = By F(n')(w5t), for 7’ the projection from W
to W/(ker'(a) N W). Therefore, ker' (a) N W C ker?(a).

Conversely, if 7 is now the projection from W to W/ker?(a), let t € F(V @ (W/ker?(a)))
such that @ = Xy F(7)(t). Then, a = (idy @ 7)*t, hence ker?(a) C ker'(a). Since, we also have
ker?(a) € W, ker®(a) = ker' (a)NW. Then, for o a morphism from a finite dimensional vector space
U to W, ker?(Sy F(a)(a)) = ker' ((idy @ a)*a) N W which is equal to (idy @ a)~!(ker'(a)) N W),
since F is noetherian. Hence, it is equal to a~*(ker' (a) N W) = a~!(ker?*(a)). This proves that

Yy F' is noetherian. The proof for Yy, ;) F' is similar.
O

Corollary 4.28. If K is noetherian and nil-closed, Ty (K) and Ty 4K are noetherian, for V € 24
and ¢ € Homc (K, H*(V)).

Proof. By Proposition 9(Tv(K)) and g(T(v,4)(K)) are noetherian, then by Proposition
I(Tv(K)) = (mo Log)(Tv(K)) and 11 (T(v,4)(K)) are noetherian. Therefore, since by Corollary
and Lemma Ty (K) and Ty,¢)(K) are nil-closed, they are noetherian. O

We want to identify a shift functor oy from Set(VD)™ to Set(VD™ | in so that oy Hompyeg ¢ (K, H*(-))
captures the behaviour of Ty (K) away from nilpotent objects for K noetherian, and such that for
F in SetVD™ | o F comes with a decomposition in o(v,e)F with ¢ running through F(V').

In order to define this shift functor, we have to discuss pushouts in V/ and VZ. It is worth
noticing that the pull-back in V/ of a diagram whose morphisms are in VT is also a pull-back in
VI.

Remark 4.29. Pushouts usually don’t exist in VZ, for example, if one consider the following
diagram
0——V

|

4 :

the pushout “should be” V &V, but since non injective morphisms are not in VZ the commutative

square
0——V
\%4 \%4

—
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does not give rise to a morphism from V @&V to V satisfying the universal property of the pushout.
So, in the following, we will consider pushouts in Y/ of diagrams in VT.

The following simple lemma deals with this.

Lemma 4.30. Consider a pushout square in V7 :

MW

1|

V—P

Suppose that v and w are injections. Then, for all pullback squares

MW

{

V—— N,

such that the morphisms from V and W to N are injections, the morphism from P to N induced
by the universal property of the pushout in V¥, is a morphism in VI.

Let us also recall the pasting law for pullbacks:

Lemma 4.31. [AHS90, Proposition 11.10] We consider a diagram of the following shape in a
category C:
A——B——C

L]

D——FE——F.
If the right square is a pullback square, then the outer square is a pullback square if and only if the
left square is.

Definition 4.32. For V and W some fixed objects of V/, let B(V, W) be the set of triples (M, v, w),
where M € V/ and v and w are morphisms from M to V and W in VZ. Let also = be the relation
on B(V,W) defined by (M, v,w) = (M',v',w’) if there exists an isomorphism p from M’ to M such
that v/ =vop and W' =wo .

The following lemma is obvious.
Lemma 4.33. = is an equivalence relation on B(V,W).

Definition 4.34. For V and W two objects of VZ, let B(V, W) be the set of equivalence classes for
= in B(V,W). For [M,v,w] € B(V,W), let V &, ,, W denote the pushout of the following diagram
in V/:

MW
14 ;
let also denote by L“;EB”"”W and L;/EBV’“)W the induced injections from V and W to V &, ,, W. When

there is no ambiguity, we will denote them by ¢y and ¢y .
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Remark 4.35. V &, , W does not depend on the choice of (M,v,w) € [M,v,w].
Proposition 4.36. B(_, ) is a bifunctor on VI°P.

Proof. Let « : V' < V and 8 : W’ < W be morphisms in VZ, for [M,v,w] € B(V, W) we define
B(a, 8)([M,v,w]) € B(V',WW') in the following way. We consider the following diagram, where
My, My, and M’ are defined by pullback.

M’ My w’
I
My M——W

VsV

Then, v/ and w’ are given by the compositions M’ — My — V' and M’ — My, — W'. O

Remark 4.37. By the pasting law of pullbacks (lemma that we used two times) we can show
that the outer square of the following diagram is a pullback square:

M My W
My M—“ W
v 1% V @y W.

Definition 4.38. Let « : V' — V and 8 : W’ < W be injections in VZ, for [M,v,w] € B(V, W)
and for [M',v,w'] := B(a, B)([M,v,w]) € B(V',W') we define

« ®V,w ﬂ : VI EBI/’,w’ W/ =V @u,w Wa

the injective (cf lemma [4.30) morphism induced by the universal property of the pushout in V/ of
the following pullback square:

M —Y
Vi Va,, W
Definition 4.39. For F € SetVD™ and V and W two objects in VZ, we define

oy F(W) = L] F(V ®,., W).
[M,v,w]eB(V,W)

Even though the roles of V' and W are symmetric in the definition of oy F(W), we use an
asymmetric notation to reflect that of Ty (K).
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Proposition 4.40. For F € SetYD™ | 5 _F is a bifunctor on VI°P.

Proof. For « : V' < V and 8 : W < W two morphisms in VZ we have to define o,(3) from
ovF(W) to oy F(W'). For x € F(V @, W) let 0, F(8)(z) = F(a @, B)(x) € F(V' @y (r W).
Then, the fact that o_F is a bifunctor comes from the fact that idy ®, ., idw = idvg, ,w and that
fora : V? =V and g/ : W = W', (a@pw f)o (& B B') =(aod) By, (Bo ).

O

Corollary 4.41. For F € SetYD™ and V and W some fized objects in VI, oy F and o F(W) are
objects in SetVD™

Let us now define the analogue of T{y,4) in the category Set(VD™

Lemma 4.42. For F € SetYD™ and V and W in VI, we have natural isomorphisms ooF (W) =
F(W) and oy F(0) = F(V).

Definition 4.43. For F € SetVD)™ and V and W two objects of VZ, the morphism from 0 to W
induces a morphism oy F(W) — oy F(0) = F(V). For x € F(V), let oy, F (W) be the inverse
image of {z} under this morphism.

Lemma 4.44. For F € SetVYD”™ | V and W objects in VI and for « € F(V), owax)F is a sub-
functor of oy F.

Proof. We only have to prove that for a : U — W a morphism in VZ and for y € oy ) F(W),
oy F(a)(y) € o, F(U). This follow directly from the fact that the morphism 0 — W factorizes
through 0 - U — W. O

As we stated in the beginning of this sub-section,
ovHomp g (K, H* () 2 Hompr (Ty (K), H* ().
Nonetheless, as we will see in corollary for ¢ € Homgyg (K, H*(V)), we have that

O'(V’d))HOm}Cf_g_ (K, H* (,)) = Hom;cf,g, (T(V,¢) (K), 13“'< (,))

Proposition 4.45. For F € SetVYD” Ve V/ and 2 € F(V), oW F = E(Vx)ﬁ,

Proof. Let W be a finite dimensional vector space. Let us first notice that both a(/‘_/;)/F (W) and

E(Vym)F(W) can be seen as sub-sets of F(V @& W) = L] F(VeW)/H). Tt is obvious for
HeS(VeWw)

E(Vw)]*:‘(W). For oy, F'(W) C ;\;TW(W), for every V @, ,, (W/U) the universal property of the
product induces a projection m,,, from V@& W to V &, ,, (W/U). It induces an isomorphism from
(Ve W)/ker(m,w) to V @, (W/U), we identify F(V &, (W/U)) with

F((V®W)/ker(m,)) C F(V @ W) through this isomorphism. Then we only have to prove that
those sub-sets are equals.

Z(VJ)F(W) identifies with the set of elements v in F(V @ W) such that F(.{,""V)(v) =z €
F(V). Since F is noetherian and z is regular, ker(y) NV = {0}. Then, there exists U a sub-
space of W and a class [M,v,w] € B(V,W/U) such that the canonical projection from V & W
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to V@&, (W/U) induces an isomorphism (V & W)/ker(y) = V @, (W/U). Then, up to this
isomorphism v € F(V @, ,, (W/U)) and (L“;GB”‘“(W/U))*V =2,50 7 € o) F(W/U) C oo F(W).

Conversely, for v € o, F(W/U) C J(T/:;;F(W), there is [M,v,w] € B(V,W/U) such that

v e FVea,, (W/U)) and (L“j@"’“(W/U))*'y = x, then for H the kernel of the projection from

VeWwtoV &, (W/U), we have the following isomorphism induced by the first isomorphism

theorem (V @ W)/H =V @,,,, (W/U). Up to this isomorphism, v € F((V&W)/H) C F(V&W).

Then, by construction and up to the isomorphism from (V&W)/H to V&, ,(W/U), F(.},%")(y) =
(L¥$“’W(W/U))*7 =x. Then, v € Z(V,x)F(W).

O

Corollary 4.46. For K a noetherian algebra, V € V/ and ¢ € Homy., (K, H*(V)),
o (v,p) Homicp.g. (K, H* (1)) = Homucy.g.(Tiv,g) (K), H* (1))

Proof. This is a direct consequence of Lemma [.26] of Proposition [£.45] and of the fact that, if K
is noetherian, T(y,4)(K) is also noetherian. O

Remark 4.47. Since the morphism oy F(W) — F(V) is a surjection, oy F(W) is the disjoint

union of the fibres over singletons in F(V'), we then have an isomorphism which is natural in both

K and W, UvHOIIl]Cf.g.(K, H*(W)) = |_| Hom;cf_g_(T(Wb) (K), H* (W))
¢€H0m)cf_g_(K,H*(V))

4.5 Central elements of an object of Set(V?)”

In Definition we defined the notion of a central elements of an unstable algebra K. In the
following, we define a notion of centrality ”away from Nl”.

Definition 4.48. For K € K, V € V/ and ¢ € Homy (K, H*(V)), we will say that (V, $) is central
away from Nil, if g(pk (v,4)) (or equivalently f(px (v,¢))) is an isomorphism.

Remark 4.49. Since, by lemma for K nil-closed, T(V1¢)(K) is also nil-closed, if K is nil-closed
(V, @) is central away from N7l if and only if it is central.

The centrality away from Nl can be characterised by properties of the functor
Homyyg (K, H*(2)) € SetVD™. For F € SetVD™ vV € Vf and ¢ € F(V), we want to define
PE,(V,6) * O(v,¢)F — F in such a way that, when F' = Homgt.g (K, H*(-)) where K is a noetherian
unstable algebra, pp, (v,4) is an isomorphism if and only if g(px, (v,¢)) is.

Definition 4.50. For F € SetVD™ vV and W two objects of VI, let pryv : oy F — F be the
natural transformation induced by the morphism 0 — V' and the natural isomorphism oo F = F'.

For x € F(V), we also define
PF(Va) * O F = F

as the restriction of ppy to ow,a)F.

If pp,(v,z) is an isomorphism we will say that (V,x) is a central element of . We will denote
by C(F') the set of central elements of F'.
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Theorem 4.51. For K a noetherian unstable algebra and ¢ € Homycy.q (K, H*(V)), (V, ¢) is central
away from Nil for K if and only if it is central for Homycs.q (K, H*()).

Proof. By construction,
9(pr,(v,e)) + Home(Tv,g)(K), H* (1)) = E(v,¢)9(K) — g(K),

is the morphism which sends § € Xy, 4)Homy (K, H*(W)) to (142")*6 € Homye (K, H*(W)). Then,

—_~—

for Fg = Homgy,g (K, H*(-)) and for ¢ regular, by construction the isomorphisms oy, 4y Frx (W) =
Y w,¢)Homy (K, H*(W)) and Fx (W) = Homy (K, H*(W)) (Propositions and , fit into
the following commutative diagram, which is natural with respect to K:

vy Homye (16, H* ()~ Homye (5, H* ()

| 4

U(V,qb)FK — FK.
PF,(V,$)

This concludes the proof. O

Definition 4.52. For F € SetVD™ | we will say that F is connected if F(0) is reduced to one
element.

Remark 4.53. For F € Set"D™ V€ VT and z € F(V), o(v.)F(0) = {z}, therefore it is
connected. For F' not connected, C(F') = 0.

We give an alternative criterion for the centrality of (V, ). This alternative criterion will often
prove to be easier to check, when we have to prove the centrality of a given element.

Lemma 4.54. Let F € SetVD” Ve VI and x € F(V). Then, (V,z) is central if for all W € VI
and y € F(W) there is a unique class [M,v,w] € B(V,W) and a unique b € F(V &, ., W) such that
1yb =z and 1y, y.

Proof. By construction, ppy is the morphism which maps b € F(V &,, W) to ¢ b, then b €
or,v,) F(W) if and only if ¢7,b = 2. So, y has a unique element in its inverse image under pg,(v,s)
if there is a unique [M,v,w] € B(V,W) and a single b € F(V &,, W) such that /b = = and
yb=1y. O

In the rest of this subsection, we want to prove an analogue of Theorem for objects in
Set(VD™ | Namely, we want to prove that, for F € Set(VD™ such that F(V) = () when dim(V) is
greater than some integer d, there is, up to isomorphism, a unique maximal central element (C, c¢)
in the following sense, for all central element (V,x) there is an injection ¢ from V to C such that
x =1%c

Lemma 4.55. For F € SetYD™  V an object in VI, 2 € F(V) and a : T — V a morphism in

. . . ) T®isp oV . . .
VI, o*x is always in the image o . Furthermore, the morphism i, “T°" is inversible and
) Y g PF,(V,x) ’ P 1%
T®idp,aV\_ . . . .
((ty, " )"Y)*x is an element in the inverse image of a*x.
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Proof. The morphism L‘T,GaidT’“V V — T @idy,o V is an isomorphism. Indeed, the following

commutative diagram is a pushout in V7:

T—-V
T—=V.
TSiap,aVy_ . . L T®iag,aV *,, T®iap,aVy_
Then, ((LVEB dreTY=1)* g satisfies the two following conditions, LVGB A *((LV@ ety = o
TSiag,aV *,, TSidp,aV\_ . . .
and LT@ ar *((LV@ ‘T2 )=1)*2 = o*z, where the second is a consequence of the following com-

mutative diagram:

Therefore it is in the inverse image of a*z under pp (v ., if (V,x) is central it is the only element
in the inverse image.

O

In the following, for V,; W and T finite dimensional vector spaces, we think of spaces of the
form (V @, W) @y T as V + W + T, where we identified V, W and T with their images in
(V@vw W)@y, T, in order to use the associativity (V + W)+ T =V + (W +T). The following
technical construction aims to identify a canonical isomorphism (., 4. from (V &, ., W) &, T to
the appropriate V @,/ o (W &y -+ T).

Notation 4.56. For V, W and T in V/, we denote

Ty (V,W;T) := L] B(V &, W,T),
[M,v,w]eB(V,W)

and
TQ(V, VV, T) = |_| B(V’ 1% @w/,T’ T)
[M',w',7']|€EB(W,T)

Lemma 4.57. 1. Ty(.,5.) and To(5; -, ) are trifunctors on VI°P.
2. There is a natural transformation ¢ from Ty (-, _;-) and Ta(S; -, ),

3. for [M,g,7] € B(V ®,, W,T) C T1(V,W;T) and for (V',¢',w',7") such that (([M,g,T]) =
[M',V',¢'l € B(V,W &y~ T), there is a natural isomorphism

Cu,w,g,‘r : (V @I/,UJ W) @g,f T—=V @u’,g’ (W ®w’,7/ T)a
such that the canonical injections from V., W and T to V&, o (W & T) factorizes through
Cow.g,r and their injections in (V @, , W) &4 T.
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Proof. The fact that T} (-, ;) and T(; -, -) are trifunctors is a direct consequence of the fact that
B(., ) is a bifunctor. Let us construct the natural transformation (.

For [M,g,7] € B(V &,,, W,T) C T1(V,W;T), we consider ¢y + ¢p from W & T to
(V&uwW) &y, T. Since 1y and vp are injections from W and T to (V @, W) &y, T,
ker(vw + tr) N W = ker(vw + ¢7) N T = {0}. Then, for all x € ker(¢y @ vr), = has a non trivial
component both in W and T, hence there exists w'(z) € W\{0} and 7/(z) € T\{0} such that
x =w'(x) —7'(x). Then, by the first isomorphism theorem, ¢y + ¢ factorises through an injection
LW@w/,T/T from W @wl,-,—/ T to (V ®y7w W) @g,‘r T.

We do the same construction a second time. We consider ty +iwe_, 7 from Ve (W, ~T) to
(V®, W)@, -T. Since the two are injections, there are injections v/ and ¢’ from ker(ev +iwe, 1)
to V and W @ » T such that, for all € ker(vy +twe_, 1), =V (x) — ¢'(x). Then, by the first
isomorphism theorem, ¢y 4 tweq_, 7 factorises through an injection from V/ B9 WSy T) to
(V&,oW)®, . T. But, by construction, vy + We,, T is surjective, therefore this injection is an

isomorphism that we denote (., 4. We define (([M,g,7]) := {ker(LV +wwe, 1)V, g’].
By construction, (.. 4, satisfies the desired factorizations. O

Lemma 4.58. Let F be an object in SetYD™ | V be an object of VI and x be an element of F(V)
such that (V,z) is central. For o : T —V in VI, (T,a*x) is central.

Proof. By Lemma we have to prove that for every y € F(W) there is a unique b € F(W®,, . T)
for some [M,w, 7] € B(W,T), such that ¢j;;b =y and o}.b = a*z.

We will prove the existence first. For a € F(V &,,,, W) satisfying ¢j,a = x, we have that
0o F(W)(a) = (a Py idw) a

is in some F(T'®, W) and satisfies 17.(a®, Lidw ) a = a*1j,a = a*x, 50 0o F(W)(a) € X(p a0 F (W),
then if @ is the unique element such that (};a = y (which exists since (V,z) is central), then
b:= 0, F(W)(a) satisfies t5b = a*z and ¢f,b = (f,a = .

Let us now prove the uniqueness. Let b be in the preimage of y in op (7,42 F'(W), with
be F(W &, T).
Then, since (V, z) is central, there is a unique [M,g,v] € B(W @&, . T,V ) and a
ce F(W@u-T)®y, V)

such that 1j,c = @ and ¢jy5 ¢ =b. We consider the isomorphism (. 7,g,, given by Lemma
which take values in some space W @, 4 (T' @7, V). Then, by construction, t7q , (5 -, ,C

satisfies tphg , G ¢ = x. Therefore, since (V, ) is central,
/v

% * ok *
w,rgwC = @ x and LVLT@T,MVCW

TGV
Lemma implies that vy : V — T &,/ V is an isomorphism and (L;l)*z,}@ s VG g C =T
Then, identifying W @, o (T @, V) with the appropriate W @&, ,» V', we get that CoorgwC €
F(W @y, V) satisfies 1¢S5 - o e =y and o3¢, o

¢=1a. (rgq,C1s then the unique element
in the inverse image of y by pp,(v,z) and b = oo F(W)((} ¢), which proves the uniqueness of b.

W,T,g,V
0
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Lemma 4.59. Let F be in SetVD™ and (V,z) and (T,y) be central elements of F, then there
exists, up to isomorphism, a unique pair (R,z), with R =V &, . T for some [M,v,7] € B(V,T)
and with z € F(R), such that © = '},z and y = v-z. Moreover, (R, z) is central.

Proof. By centrality of (V,z) and by Lemma z is necessarily the only element in the inverse
image of y under pp (v,5), which prove the existence and the uniqueness of (R, z).

Let us prove that it is central. Let e be in F(W), we take ¢ in F(W &, . T) the only ele-
ment in the inverse image of e under pg (1) and €” € F(W @, T) ®,,, V) the only element in
the inverse image of e’ under pp,(v,;). We consider ¢, -4, as in lemma an isomorphism from
(W Bu,r T) @4, V to some W s g (T @7 V). Then, t7g, , v ( ok gw) €7 is in the inverse image

—1 >* "

— * -1 * 1
wrgw) € =z Moreover, ijy ( )

of y under pg, (v,q), since (V, z) is central 13,5, , 1 ( orgw) € =6
(V, . RXE

this imply that ( ;}’g’y)*e” is in the inverse image of e under pr (g .)-.

Let us now show the uniqueness of the element in the inverse image of e. We take R to be of the
form V&, , T, and we take a € F(W @4, 4 (V @, T)) and b € F(W &, (V &, T)) two elements
in the inverse image of e under pg (g .). We consider the isomorphisms (s g/ - and Cer prr s 2o
given by Lemma [4.57| from some vector spaces (W @y V') @y 7 T and (W @er i V') @ o T
to W&y, (V& T)and W, (V @, T). Set o’ = L*WGBWIYUIVC:J/’V“QI,T/G' € F(W @y, V) and
b= L?V@E,,VnVC:',W,V',T”b € F(W & v V). They both satisfy that their image by ¢j;, is e and by
¢}, is . Then, by the centrality of (V,x) we have that o’ = I/. Moreover, applying ¢4 to ¥,
and (% i ., b, we obtain y. Therefore, (3, v ,a and ¢
of ' = b under pp (p,). Since (T',y) is also central, (}

T
wL,VL,g,T

g @
& w11 1 oob are both in the inverse image
a = C:/,l/”,'y/ﬂ'”b’ hence a = b. O

Theorem 4.60. Let F be an object in SetV D™ such that C(F) is not empty and such that F(V) =
0 for dim(V') greater than some integer d, then there is a unique central element (C,c) up to
isomorphism satisfying that (V,x) is central if and only if there is an injective morphism « from V
to C such that x = a*c. We call (C,c) the centre of F.

Proof. 1t is a direct consequence of lemma and Indeed, for (C,¢) a central element with
dim(C) maximal, if (V, x) is a central element such that there is no injection from V' to C satistying
a*c = x, then the dimension of (R, z) the unique pair satisfying the assumptions of lemma for
(T,y) = (C,c) is greater than dim(C) which is absurd, since dim(C) is supposed to be maximal
among central elements. O

Corollary 4.61. For K a noetherian unstable algebra, if K is nil-closed, the centre of K is equal
to the centre of Homyyr.q (K, H*(2)).

5 Definition of the groupoid Gr and application to the com-
putation of the centre of F

For F € SetVD™ | Yoneda’s Lemma implies the existence of surjections from functors of the

form | | Homyz(_, W;) to F. This statement is not specific to SetV?)™ | we could make a similar
iel

one for SetV)”™. The interest we have about such surjections in SetVD™ is that the simplicity

of the category VI makes it easy to classify functors in Set(V)™ with a given surjections from
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| | Homyz (-, W;). We start this section by explaining how to associate to objects F' in Set(VD*"
=3
with a given surjection from some | | Homyz (-, W;) to F, a groupoid G with objects the sub-vector
i€l

spaces of the W;. We will prove that the isomorphism class of F' in the coslice category with respect
to || Homyz(-, W;) is determined by Gp.

=

In the second sub-section, we will prove that the centre of F' is explicitly determined by the
groupoid Gp of the first sub-section.

5.1 Definition of the groupoid

By Yoneda’s lemma, F(W) is naturally isomorphic to Homggvzer (Homyz(_, W), F) under the
morphism which sends a natural transformation 7 to n(idy ). Then, we can always exhibit a surjec-
tion from some | | Homyz (-, W;) to F', where the cardinal of I may be very big. The most obvious
i€l
one being defined by
I ={xeF(F); deN}, W, =F4 for z € F(F%), and ¢ is the only natural transformation which
sends idy, to x for all x € I.
So F is always isomorphic to some functor of the form || Homyz(-, W;)/ ~p with ~p an
=)
equivalence relation on | | Homyz(_, W;). In this part, we will show how the equivalence relation
icl
~p associated with a surjection
| |Homyz(_, W;) — F,
iel
is encoded by a groupoid whose objects are the sub-spaces of the W;.

Definition 5.1. Let F be an object in SetVD)™ | a generating family of F is a family (W;);cr of
objects of VZ, together with a surjection ¢ : | | Homyz(_, W;) — F.
i€l
Even though the results of this sub-section do not require any finiteness condition on the cardinal
of I, for ((W;)ier,q) a generating family, the constructions might not be exploitable in the case
where [ is not finite.

Definition 5.2. An object F in SetVD™ is finitely generated if F admits a generating family
((Wi)ier,q) with |I] finite.

Let F be an object in Set™D)™ and let ((W;)ier,q) be a generating family for F. We denote

by F; the image of Homyz(_, W;) under q. Then, we have F = |J F;. We also denote by ¢ (or
iel
just ¢; when there is no ambiguity) the image of idy, under gq.

Let us now define the main ingredient of this section.

Definition 5.3. For F' € SetVD™ and ((W;)ier,q) a generating family of F, let Ql(p(Wi)iU’Q) be
the groupoid whose set of objects is the disjoint union of the sets of sub-spaces of the W, and
whose morphisms from U C W; to U’ C W, are the isomorphisms « from U to U’ such that

oF iy = 1P
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The groupoid Q Widier,a) depends heavily on the choice of a generating family ((W;)ier, q), so
cannot be made functorlal on the category SetVD)" . It can nonetheless be made functorial on the

category whose objects are provided with a surjection from a fixed | | Homyz(_, W;).
icl
Definition 5.4. Let (w,) ngset VD be the slice category whose objects are pairs (F,qp) with
F € Set” and ¢r a natural surjection from | | Homyz(_,W;) to F, and whose morphisms
i€l
from (F, qr) to (G, qa) are natural transformations n from F' to G such that the following diagram
commutes:

— g](;‘((Wi)iEIaQF)

Proposition 5.5. (F,qr) — G(rqx) : is a functor from the category (w,,., Set v

to the category of groupoids.

Proof. For n a morphism from (F, gr) to (G, ¢c) two objects in (y,),.,Set(" ™ we have to define
a morphism G, from g (Fyqr) 1O Q(G ac) Q(F ar) has the same objects as Q(G ac) furthermore for
all i € I, n(¢l) = ¢, otherwise the diagram of Definition |5.4] would not commute. Then, for all
a € Q(F,qp)(U C W;,U" C W), the commutativity of the precedlng diagram implies that

@i df = n(aund]) =8,

therefore a € G(g q.)- Hence, G(rq,) is a sub-groupoid of G(g,4.) and we define G, to be the
inclusion of this sub-groupoid. U

In the following, we fix a family (W;)icr. When there can be no ambiguity, for (F,qr) €w,),.,
SetWD™ | we will use the notation Gp instead of G(p,q,.). We want to prove that the isomorphism

£ (VD)

class of (F,qr) in (w,),.,Se is determined by the groupoid G(r 4,)-

Lemma 5.6. Let (F,qr) be an object in (y,), Set(VI) . Then, Gr satisfies the following property.
Fora € Gp(U Cc W;,U’ C W;), for M a sub- space of U, and for apr : M — (M) the restriction
of a to M corestricted to a(M), ar € Gp(M C Wi, (M) C Wy).

Proof. For /Y, the inclusion of M in U (we reserve the notation ¢, for the inclusion of M in W;) we
have, oY, = apr. Then, a*if,, ¢; = 1};¢; implies that a}‘VILZ(M)gZ)j = () arig; = (5) 0 =
Uhy®i. Then, anr € Gp(M C Wy, a(M) C Wj). O

Example 5.7. Let W be a finite dimensional vector-space and G be a sub-group of GI(W). We
consider F (V) := Homyz(V,W)/G where G acts on Homyz(V, W) by composition. F is an object
in SetVD™ . Then, for ¢ the canonical projection Homyz(V,W) — Homyz(V,W)/G, (F,q) €
wSetVD™ G is the groupoid whose objects are the sub-vector spaces of W, and whose morphisms
from U to U’ are the isomorphisms « from U to U’ such that a*q(tyr) = q(tw). But, a*q(yr) =
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q(ty) implies that ¢ty o @) = ¢(ty), by definition of ¢, it implies that there is g € G such that
Lyr o = gouy, in other terms oo = gy. So Gr(U,U’) is the set of isomorphisms of the form gy, for
g € G such that g(U) =U".

Definition 5.8. For G a groupoid whose objects are the sub-vector spaces of the W; with ¢ € I, and
whose morphisms are isomorphisms of vector spaces, we say that G has the restriction property if, for
allU C W, forall U’ C Wj and for alla € G(U C W;,U" C W;), ap isin G(M C Wy, a(M) C Wj).

Remark 5.9. Thus, Lemma asserts that, for F' € (Wi)ielSet(VI)op, Gr has the restriction
property.

Remark 5.10. The set of groupoids whose set of objects is the disjoint union of the sets of sub-
vector spaces of the W, and that satisfies the restriction property, is ordered by inclusion, where
G C H if, for each pair (U C W;,U' ¢ W;), G(U C W;,U" C W;) C H(U Cc W,;, U’ C Wj).

Notation 5.11. We denote by Groupoid((W;);cs) the poset of groupoids whose objects are the
sub-spaces of the W; and that satisfies the restriction property.
For W a finite dimensional vector space, let us also denote by Group(WW) the poset of sub-groups

of GI(W).

Definition 5.12. Let g be the poset preserving map from Group(W) to Groupoid(W') which sends
G a subgroup of G1(IW) to the groupoid g(G) such that, for U and U’ subspaces of W and « from
U toU', a € g(G)(U,U’) if and only if there is g € G sucht that o = gy .

Remark 5.13. We have seen in Example that G(Homyz (L w)/c.qac) = 8(G), for g the canonical
projection from Homyz (-, W) to Homyz (-, W)/G.

In the following, we want to show that for G a groupoid whose objects are the sub-vector spaces of
the W; and whose morphisms are isomorphisms of vector spaces, there exists F' € (w,), EISet(VI)Op
such that G = G if and only if G has the restriction property. We will then show that those
groupoids are in on-to-one correspondence with isomorphism classes of objects in (w,),. ISet(VI)Op.

Definition 5.14. For G € Groupoid((W;).cr), let ~g be the relation on ~
L] Homyz(V, W;) defined by ¢ ~g € if there is a € G(Im(¢) C W;,Im(e) C W;) such that € = a o,
i€l

where 5 and € denote the corestriction of ( and € to their images.

Lemma 5.15. For G € Groupoid((W;)icr), ~¢g is an equivalence relation.
We will denote by [e]g the equivalence class of € for this equivalence relation.

Proof. Since for all U C¢ W, idy € G(U C W;,U C W;), the relation is reflexive. The transitivity
comes from the composition of morphisms in G and the symmetry from the fact that G is a groupoid
and hence that every morphism in G has an inverse. O

Proposition 5.16. For G € Groupoid(W)icr), || Homyz(.,W;)/ ~¢ defines an object of Set™VD)™ .
i€l
Moreover, | | Homyz(_,W;)/ ~g is connected if and only if, for all (i,j) € I?,
icl
G(0 C W;,0 C W;) contains the only morphism from 0 to 0.
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Proof. To prove that | | Homyz(_, W;)/ ~g is an object in SetV)™ let us prove that if p ~g ¢,
i€l
for p € Homyz(V,W;) and ¢ € Homyz(V,W;) with V € VZ, and if 3 : U — V is a morphism in

VI, then 5*p ~g 5*C. Let a be in G(Im(p) C Wi, Im(¢) € W;) such that ¢ = a0 p. Then since G
has the restriction property, a o) @ poB(U) — (oB(U) isin G(Im(po B) C W;,Im(Co ) C Wj)

and E_O\E = Qpop(U) © ;573’ therefore g*p ~g B*C. O
Theorem 5.17. 1. For G € Groupoid((W;)icr),

g(’_|E|I Homyz(-Wi)/~g.a) = 9>

for q the canonical surjection from || Homyz (-, W) to || Homyz(-, W;)/ ~g.
i€l el

2. Conversely, let F € (y,),.,SetYD™ . Then, F is isomorphic to | | Homyz(-, W)/ ~g,.
icl
Proof. Let us prove the first point. Let « be an isomorphism from U C W; to U' C W;.
@ € G| Homyzr(LWi)/~o (U C Wi, U C Wj) if and only if o* [ipr]; = [ty]g. This the case if
i€l

and only if « € G(U C W;, U’ C Wy).

By construction, for « an isomorphism from U to U’ with U and U’ sub-spaces of W; and
Wj, o*ifplidw,]lg = f[idw,]g if and only if « € G(U C W;,U" C Wj;). We only have to
prove that [e]g, — €*¢;, for € € Homyz(V,W;), is well defined and defines a bijection from

|_| Hova(V, Wt)/ ~gp to F(V) for Ve VT.
el

For the second point, if € ~g, (, there exists a : €(V) — ((V) such that a € Gr(Im(e) C
W;,Im(¢) C W;) and ( = a o €. Then,

"o = C vy bis
=),
= E*L:(V)Qbi,
=€

The map which maps [€]g, to €*¢; is then well defined. It is obviously surjective.

Let us prove that it is injective. Let € and ¢ be morphisms from V' to W; and W; such that
€"¢; = (*¢;. Then, é*LZ(V)qﬁi = C*Lz(v)qu. Since € is an isomorphism from V to the image of €, we
have 1%y ¢ = (o€ 1)1} ¢, Therefore (o&™! € Gp(Im(e) C Wi, Im(¢) C Wy) and € ~g, ¢. O

The following is a “converse” of example [5.7]

Example 5.18. Let F be an object in 1SetV)™ and consider the group G = Gr(W,W). We
know, since Gr has the restriction property, that Gr C g(G) (see Definition . Suppose that
this inclusion is an equality. Then, ~g is the equivalence relation defined by p ~¢g ( if and only if
there is g € G such that g o p = (. By Theorem [5.17, F = Homyz(_, W)/G.
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5.2 Computation of C(F') using Gr

In this sub-section, we take F' € (w,),. ISet(VI)Op. We want to prove that, under some assumptions
on the generating family of F', the central elements of F' are determined by the groupoid Gp.

We start by proving that, if F' has a generating family with one element, pg (v, is surjective
for all V € VT and for all x € F(V).

Notation 5.19. For F € Set(VD™ and for (W, q) a generating family with one element, we denote
by ¢! € F(W) the image of idy under q.

On one hand, for F € wSet(VD™  the functor F is determined up to isomorphism by the
groupoid Gp. On the other hand, Lemma m gives a criterion for the centrality of a pair (V,x)
through the sets F(V &, , U) with the V &, , U € B(V,U) which are not sub-vector spaces of
W. To characterise the centre of F' using Gr, we need to reformulate the centrality condition by
comparing the V @, , U with sub-vector spaces of W.

Remark 5.20. Consider § : V — W and ¢ : U — W two morphisms in VZ. For § + € the
morphism from V & U to W which sends v to §(v) + ¢(v), since § and € are injective, there exists
v and p from ker(d + €) to V and U such that for all v € ker(d + €), v = v(v) — pu(v). Then, by
the universal property of the pushout, (V & U)/ker(é + €) is isomorphic to V &, , U. The first
isomorphism theorem implies that § + ¢ induces an isomorphism between V &, , U and (V') +€(U)
(which is the image of 0 + ¢).

Notation 5.21. For 6 : V — W and ¢ : U — W two morphisms in VZ, let v and p be as in
Remark Then, let € T § denote the isomorphism from V &, , U to §(V) +€(U) induced by the
first isomorphism theorem. It satisfies 6 4 € = 1501y 4wy © (€ T &) o, for m the canonical projection
from V@ U to V&, U and t5(v)4¢v) the inclusion from §(V') + €(U) in W.

Lemma 5.22. For F € wSetYD™  § from V to W and € from U to W, (e 1 5)*L§(V)+5(U)¢F €
F(V @,,U) is in the inverse image of €*¢*" under PF,(V,5%$F) -

Proof. By definition of € 1 4, we have 1514y © (€ T 0) ovy = 6 and L5y )4ewy © (€ T6) oty = ¢,
for vy and ¢y the inclusions of U and V in V @, ,, U. Therefore, ¢f;((e T 5)*L§(V)+E(U)¢F) = el

and ¢}, ((e 1 5)*L§(V)+E(U)¢F) = 5. O

This lemma implies two things, firstly that pp (v s5-4r) is always surjective, for F' € wSet VD)
and 6 from V to W. Secondly, that §*¢f € F(V) is central if and only if, for all morphisms
e: U=>WinVZ (et 5)*L:§(V)+€(U)¢F € F(V@®,,, U) is the only element in the inverse image of

€*¢F under pF,(V,(S*qu) .

In the case F' € (Wi)iEISet(VI)Op with |I] greater than one, we recall that F; denotes the image
of Homyz (-, W) in F. We want to use the surjectivity of each pp, (v;) with i € I and x € F;(V).

We start by proving that, under some condition on the surjection ¢p from | | Homyz (-, W;) to F,
i€l
if (V,z) is central, then x € F;(V) for all i € I.

Definition 5.23. Let F be an object in SetVD™" | with generating family ((W;)icr,q). We say
that ((W;)icr,q) is a minimal generating family, if for all ¢ # j, F; ¢ Fj.
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Remark 5.24. We can always extract a minimal sub-generating family from a given generating
family.

Lemma 5.25. Let F be in SetV D™ and (Wi)ier,q) a minimal generating family of F. Let also

(V,x) be a central element of F. Then, x € (| F;(V) and (V,x) is a central element for each F;.
iel

Proof. For each i, let x; € F(W; @u,,, V) be in the inverse image of ¢; under pp (v,). If ; €
Fi(W; ®uw; 0, V), ¢ = tjv,zi hence F; is a sub-functor of Fj. Since we supposed the generating
family to be minimal, this implies that ¢ = j. Then, z = ({,x; and therefore x € F;(V).
By Lemma we get that an element in F;(FE), for E € VZ, has at least one element in its inverse
image under pp, (v,). If (V, ) is central for F, this element is unique and (V, z) is also central for
F;. O
Now, let us consider x € (] F;(V). We want to find a criterion on Gr to determine whether
iel
(V,x) is central. Since, x is in every F;(V) and that each F; are generated by one element, Lemma
implies that every pr, (v,r) 18 surjective, and so pp (v,.) 18 surjective. So the only way that
V, ) can fail to be central is if a given element has two elements in its inverse image under pp (v,4)-

Since x € [ F;(V), for all ¢ € I, there is some inclusion §; from V to W; such that © = §f¢;
iel
and we have the following lemma.

Lemma 5.26. For F' €w,),, SetVD” and (V,x) a central element of F, we consider for all
it €1, 0; from V to W; such that x = 6] ¢;. Then, for e, : U — Wy ande; : U — Wj such that
€xdr = €;¢;, we have (e T Ok) "85, (Vy4ee @y = (€ T 5j)*L§j(V)+ej(U)¢j-

Proof. Lemma states that (ep 71 Ok ) L5, (V)ep () @k and (€5 T §j)*L;§j(V)+E]_(U)¢j are in the
inverse image of €; ¢, = e;qu, respectively under pr, (v.») and pr, (vz)- Hence, each of them
are in its inverse image under pg (v). Thus, if (V,z) is central, we necessarily have that (e T
k)" 15, (V)ten )Pk = (€5 1 05)™45 (v)te, (1) i N

This gives us a necessary condition on Gg, for (V,x) to be central. This condition will also be
sufficient.

For o € G(U Cc W,;, U’ C W;), a*if5,¢; = 1};¢; has two, possibly equal, elements in its inverse
image under pg (v,), where x = §7¢; for all i. Namely ((tyr o a) T 5j)*L’{J,+6j(V)¢j and (¢y T
0i) tuts,(vy¢i- If (V, x) is central, those two have to be equal, in particular they have to live in the
same F(V @, , U), which gives us a first condition on Gp.

Lemma 5.27. Let F in SetYD™ and (W;)icr,q) a minimal generating family of F. Let (V,z) be
a central element of F' and for all i € I, let

51' : V-)WZ,

such that x = 67 ¢;. Then, fora € Gp(U C W;, U C W;), ifv e UNV;, a(v) =6 0 (6
for V; the image of V under §;.

")~ w),
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Proof. We consider
(v 16:)*(uiy ) s € Fi(V @y, U)

and
* Wj *
((ewr o) 16;) (tyiyy,) @5 € F3(V @urp U),

where 1 is the injection of U NV} into U, v is the restriction to UNV; of (§;|V7)~!, and v/ and p’ are

the restriction to U’ NV, of a~t and (4;]'7)~!. They are equal by Lemma In particular they

need to live in the same set. We get that V&, , U =V @, ,» U, which implies that, for v € UNV;,

a(v) € Vj and (6;1Y7) " (a(v)) = (6;¥") 71 (v), which means that a(v) = d; o (6;V7) 71 (v). O
If the condition of Lemma is satisfied, both ((ty7 o @) T 5j)*LE,+5j(V)¢j and

(w1 (52»)*L?J+5i(v)(bi live in F(V @,,, U) where p is the inclusion from U NV; in U and v is the

restriction to U N V; of (§;/V¢)~L. Since by definition ¢ry 1 6; and (17 o @) 1 §; are isomorphisms

from V @,,, U respectively to V; + U and V; + U’, ((cyr o) 1 6;) o ey 1 6;) 7! is an isomorphism
from U + V; to U’ + V; that we can compute.

Lemma 5.28. Let a be an isomorphism from U C W; to U' C W; and let §; and 6; be two injec-
tions from V respectively to Wi and W; whose images are V; and Vj. Then, if for everyv € UNV;,
a(v) =650 (6]V1) " (v), ww 1 8 and (tyr o @) 185 are isomorphism from V @, , U respectively to
Vi+ U and V; + U', where v is the inclusion of UNV; in U and p is the restriction to U NV; of
(&)=t

Furthermore, ((tyr o @) 1 8;) 0 (ty 1 8;)~ 1 is the isomorphism from U + V; to U’ + V; which
sends uw € U to a(u) and v € V; to 6;((6;]V") 7 (v)).

Proof. The first part of the statement is a direct consequence of the definition of ¢y 1 J; and
(tyr o) 1 6;.

Foru € U, (ty 1 &) t(u) = Lg®”’”U(u), then ((¢yr o) T 5j)(L¥®”“U(u)) = a(u), and for
v € Vi, (i 167" (v) = w7 ((8:]") 71 (v)) and (0 @) T 67) (™ (6] 7 (0)) = 6 0
(6:") 7 (v). O

Notation 5.29. Let a be an isomorphism from U C W; to U’ C W; and let §; and §; be two
injections from V' rebpectlvely to W; and W; whose images are V; and V; and such that for every
veUNV;, alv) =d;0 (6;]V) L(v). We denotebyathemorphlsmfrom U +YV, to U’ +V; which
sends u € U to a(u) and v € V; to 6;((6;]Y) 71 (v)).

If (V, x) is central, we have ((¢yroa) T 5]')*L*U’+6J(V)¢J' = (ww 1 0:)"t{r 1 5,(v)®i> which implies that
a must be in Gp(U +V; C W;,U" +V; C W;). We state the principal theorem of this sub-section.

Theorem 5.30. Let F be in SetY D™ and (W;)icr,q) a minimal generating family of F. Let also
x € F(V) and (6; : V = W;)ier a family of injective morphisms from V' to the W;, such that, for
alli € I, x =67 ¢p;. Then, (V,x) is central if and only if the two following conditions are satisfied:

1. for alla € Gp(U C W;,U' C W), and for allv € UNV;, a(v) = &5 0 (6;]V) 71 (v),

2. for all sub-spaces U of W; and U" of W; and for all isomorphism o from U to U’ satisfying
a() = §; 0 (6;V) " (v), forv e UNV;, a € Gr(U C W, U C W) if and only if & €
gF(U—FVz C Wi,U/—F‘/j C WJ)
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Proof. Let us show first necessity. We suppose that (V,z) is central, then by Lemma the
first condition is satisfied. We consider a € Gp(U C W;,U" C Wj), then by Lemma (w1
0;)* (LU+V) oi = ((tyroa) 5]-)*( a(U +V) ¢;j. By Lemma [5.28 this implies that a*uj; .y ¢; =
L7y, ®i- Then, a € Gp(U+V; C WZ,U’—i—V C W;). Conversely, if @ € Gp(U+V; C W;,U' +V; C
W;), since G has the restriction property, o = ay € Gp(U C W;, U’ C W;).

We now prove sufficiency. Suppose that F' and (V,z) satisfy the two conditions. We consider
("¢ € Fy(V @,,, U) in the inverse image of an element 5*¢; € F(U), where j is not necessarily
equal to i. The first condition implies that, if n : V — W, satisfies n ~g,. §;, then n = §;. But
¢y ¢ = 65 @i, hence |y = d;. Then, the equality ¢|j;¢; = 8*¢; implies the existence of a morphism
o € Gr(B(U),¢(U)) such that ¢|y = a o 3, where (|y and S are the corestrictions of (|y and 8
to their images. Therefore (= (L?(/;'JHV) oao(p T ;) and by the second condition, we get that

o = (B 1 9;)" (Y ﬁ(U +V) ¢j. Hence, (B 1 0;)* (Y ﬂ(U +V) ¢; is the only element in the inverse
image of 3*¢; under pp (v,z)- O

Example 5.31. When F € wSetVD™ the two conditions become simpler. We consider ¢ from
V to W, such that (V,6*¢F) is central.

The first condition becomes that, for « € G(U,U’) and for v € UN(V), a(v) = v. Furthermore,
in this case, @ is the morphism from U +d(V') to U’ + (V') which sends v € U to a(u) and v € §(V)
to v.

We return to Example [5.7}

Proposition 5.32. For G a sub-group of GI(W), the centre of F = Homyz(_,W)/G is given by
(C,ic) with C the mazimal sub-vector space of W such that for allv € C and g € G, g(v) = v and
with 1o the inclusion of C in W.

Proof. As we have seen in Example Gr = 9(G) (see Definition [5.12). Let § be an injection
from some vector space V' to W such that (V,¢(d)) is central, for ¢ the canonical projection from
Homyz(-, W) to F. We will denote by V’ the sub-space 6(V') of W. The first condition of Theorem
5.30| implies that, for all g € G, g € Gr(W, W), therefore for all z € V', g(x) = . Conversely, if,
for all g € G and for x € V', g(x) = z, since for all sub-spaces U of W, and for all « € Gp(U,U’),
there exists g € G such that o = gy, (V,q(0)) satisfies the first condition of the theorem.

In this case, if (V, ¢(d)) satisfies the first condition of the theorem, the second condition of The-
orem is immediately satisfied. Indeed, for « € Gr(U,U’), & is the morphism from U 4+ V' to
U’ + V' which sends u € U to a(u) and v € V' to v. Then, let g € G such that a = gy. Since for
allve V' g(v) =v, gurv: = @. Hence, @ € Gp(U + V', U +V').

Therefore, ¢(d) is central if and only if 0 factorizes through vc. Thus, (C,tc) is the centre of
F. O

6 The algebras H* (W)Y

This section shows how to apply the groupoid Gg of the last section to classification problems of
nil-closed, integral, noetherian, unstable algebras. Before we explain the focus of this section, let
us recall the theorem of Adams-Wilkerson.
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Definition 6.1. [HLS93, Part I1.2] For K € K, the transcendence degree of K is d € N U {oo},
the supremum of the cardinals of finite sets of homogeneous elements in K which are algebraically
independent .

Remark 6.2. If K is noetherian, the transcendence degree of K is finite.
Let us recall the theorem of Adams-Wilkerson.

Theorem 6.3. [HLS93, Theorem 3] Let K be an integral, unstable algebra of transcendence degree
lesser or equal to dim(W), then there exists an injection ¢ from K to H*(W). Furthermore, this
injection is reqular if and only if the transcendence degree of K equals dim(W).

Therefore, every integral, nil-closed, noetherian, unstable algebra is isomorphic to a nil-closed,
noetherian sub unstable algebra of some H*(W). In the first sub-section we define H*(W)9 for G
a groupoid on sub spaces of W that satisfies the restriction property. Then, G — H*(W)Y defines
an explicit one-to-one correspondence between the groupoids on sub spaces of W satisfying the re-
striction property and the noetherian, nil-closed, unstable sub algebras of H*(W) of transcendence
degree dim(W).

For simplicity, we restrict to the integral case. The constructions generalizes to the non integral
case.

Let us now recall the definition of the primitive elements of a comodule.

Definition 6.4. For K € K provided with a H*(V)-comodule structure x in /C, the algebra of
primitive elements of K is the sub-algebra of K whose elements are those satisfying that x(x) = z®1,
for 1 the unit of H*(V). We will denote by P(K, k) the algebra of primitive elements of K for the
H*(V)-comodule structure .

Remark 6.5. By Corollary [3.15] for all (V,¢) € C(K), there is a unique structure x4 of H*(V)-
comodule on K such that (ex ® idg«(v)) o kg = ¢.

Notation 6.6. We will also denote P(K, k4) by P(K, ¢).

The problem that we are interested in is the following. If we fix V' some finite dimensional vec-
tor space and P some unstable algebra, can we classify, under suitable hypothesis, the connected,
noetherian, nil-closed unstable algebras K, satisfying that K admit a H*(V)-comodule structure
k in IC, whose algebra of primitive elements is isomorphic to P. Since, every nil-closed, noetherian,
integral, unstable algebra of transcendence degree dim(W) is isomorphic to some H*(W)9, we need
to be able to identify the primitive elements associated with a regular central element (V@) of
H*(W)9.

In the second subsection, we consider H*(W)Y and an inclusion § from some vector space V to
W, such that (V,d6*¢) € C(H*(W)9) for ¢ the inclusion of H*(W)Y in H*(W). Then, we prove
that P(H*(W)9,0%¢) is a nil-closed and noetherian sub-algebra of m*(H*(W/Im(4))) for m the
projection from W to W/Im(). Since 7* is injective, there exists H*(W/Im(8))9" < H*(W/Im(5))
such that P(H*(W)9,6*¢) = m* (H*(W/Im(5))9"). We conclude this sub-section by explaining how
to determine G’ from G.

Finally, in the last sub-section, we give examples of how to answer the following question: given
G’ a groupoid with the restriction property on sub-spaces of W/V with W a finite dimensional
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vector space and V a sub-space of W, what are the groupoids G with the restriction property
on sub-spaces of W such that (V,},¢) € C(H*(W)9), for vy the inclusion of V in W, and such
that the primitive elements of H*(W)Y for the H*(V)-comodule structure induced by i} ¢ are
™ (H*(W/V)).

6.1 Noetherian, nil-closed, unstable sub-algebras of H*(V)

In this sub-section, we give an explicit one-to-one correspondence between the groupoids on sub
spaces of W satisfying the restriction property and the noetherian, nil-closed, unstable sub algebra
of H*(W) of transcendence degree dim(W).

Theorem 6.7. For all W € VI, there is a one-to-one correspondence between the set of nil-
closed and noetherian sub-algebras of H*(W) whose transcendence degree is dim(W) and the set of
groupoids with the restriction property, whose objects are the sub-vector spaces of W.

Proof. By Theorem [5.17] there is a one-to-one correspondence between isomorphism classes in
wSetVD™ and the set of groupoids satisfying the assumption. Thus, we have to justify that
the set of nil-closed and noetherian sub-algebras of H*(W) of transcendence degree dim(W) are
in one-to-one correspondence with isomorphism classes in 1SetVD” . Let K be a nil-closed,
noetherian, sub-algebra of H*(W) whose transcendence degree is dim(W). Then, for ¢x the
inclusion of K in H*(W), since the transcendence degree of K is dim(W), by the Theorem
of Adams-Wilkerson, ¢k is regular. Since K is noetherian, this implies that we can restrict
o5  Homys(,, W) — Homy (K, H*(_)) to regular elements. For F' := Hom¢g (K, H*(-)) and
gr : Homyz(_,W) — F the restriction of ¢} to regular elements, we have that ¢}, = ¢r and that
(F,qr) is an element in wSetVD™ | This defines a map h from the set of nil-closed and noetherian
sub—al(gel;rgs of H*(W) whose transcendence degree is dim(W) to the set of isomorphism classes in
WSet vI)® .

Let us prove that h is injective. We consider, K and K’ two nil-closed and noetherian sub-
algebras of H*(W) such that, for h(K) = (F,qr) and h(K') = (F’, qz+) are isomorphic in 1 Set(V1)™ .
Then, there is an isomorphism 7 from F to F’ such that ¢ = no ¢qp. By applying the functor (_),

we get the following commutative diagram in Set™’)™:

Homy (K, H*(-))
b

Homy (H*(W), H*(.))

X

Homy (K', H*(L)).

S
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Finally, by applying the functor m o £, we get the following commutative diagram:

h(K)
Li(ox)
moL (1) L (H*(W))
%)
I1(K") ,

where, m o £(7) is an isomorphism. Since K, K’ and H*(W) are nil-closed, this implies that there
is an isomorphism from K to K’ such that the following diagram commutes:

K/
so that K and K’ are the same sub-algebra of H*(W), hence h is injective.

We conclude, by exhibiting a right inverse of h, for (F,qp) € wSetVD™ we consider the

~  moL(qr —~
injection mo L(F) <—(>qF) H*(W) and we define j(F, gr) the image of mo L(gr) in H*(W), which

does not depend on the choice of (F,qr) in its isomorphism class. By construction, j(F,qr) is
nil-closed, and g(j(F,qr)) = F is noetherian so, by Proposition j(F,qr) is noetherian. j is
obviously a right inverse of h; since h is injective, it is a bijection. O

Definition 6.8. For G a groupoid whose objects are the sub-vector spaces of W and which has
the restriction property, for F' := Homyz(,,W)/ ~g and for gr the canonical surjection from
Homyz(_, W) to F, H*(W)9 is the image of the map

mo L(Gp) : mo L(F) < H*(W).

Remark 6.9. H*(W)Y is the unique nil-closed, noetherian, sub-algebra of H*(W), whose tran-
scendence degree is dim(W) and such that G(pq,) = G, for F := Homgg (H*(W)Y, H*(_)) and
qr the natural surjection from Homyz(_, W) to Homyy g (H*(W)9, H*(_)) induced by the inclusion
from H*(W)9 to H*(W).

Furthermore, G — H*(W)9 defines a contravariant functor between Groupoid(W) (see Notation
and the poset of nil-closed, noetherian, sub-algebras of H* (W), whose transcendence degrees
are dim(W), ordered by inclusion.

Corollary 6.10. Any nil-closed, integral, noetherian, unstable, algebra whose transcendence degree
is equal to dim(W) is isomorphic to H* (W)Y for some G.

Proof. Tt is a reformulation of the theorem of Adams-Wilkerson using Theorem [6.7} O
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Example 6.11. For G a sub-group of GI(W), H*(W)9(&) = H*(W)%, for H*(W)% the algebra of
invariant element of H*(W) under the action of G.

Let us identify precisely the sub-algebra H*(W)9 of H*(W).

Proposition 6.12. Let G be a groupoid whose objects are the sub-vector spaces of W with the
restriction property. Then,

H* W)Y ={x e H* (W) ; a*t}(z) = (z) for all o € GU,U")}.

Proof. Let ¢ be the inclusion of H*(W)9 in H*(W) and let K(G) = {# € H*(W) ; o*i},(z) =
i (z) for all @ € G(U,U’)}. By definition, a*ij, ¢ = ¢};¢ for all o € G(U,U’) and for all sub-spaces
U and U’ of W. Then,
H*(W)Y C K(G).

Furthermore, the inclusion from K(G) to H*(W) induces a surjection from Homyz(_, W) to g(K(G))
which factorises through an isomorphism from Homyz(-, W)/ ~g to g(K(G)). The fact that the
surjection factorises through Homyz(_, W)/ ~g— ¢g(K(G)) is a direct consequence of the defini-
tions of K(G) and ~¢, and the fact that this morphism is injective, comes from the fact that the
isomorphism from Homyz(_, W)/ ~g to g(H*(W)9) factorises as the following diagram:

Homyz (-, W)/ ~g— g(K(G)) — g(H*(W)?).

Then, by applying the functor mo L to the last diagram, we get the bottom line of the following;:

H*(W)9— K(G)—— H*(W)

ln}]*(w)g J{’I]K(g) JnH*(W)

LW(H*(W)9) —— 1 (K(G))— i (H* (W),

where 7 denotes the unit of the adjunction between f and m. Then, since H*(W)9 and H*(W) are
nil-closed, ng-wys and ng«w) are isomorphisms. Furthermore, K(G) is a sub unstable algebra
of H*(W), hence it does not contains any nilpotent sub module, and 7 (g is injective. Then, the
commutativity of the diagram implies that 7y (g) is an isomorphism, and therefore that H *W)9 =
K(G). O

Definition 6.13. For g € GI(W), and G € Groupoid(W), g - G is the groupoid in Groupoid(W)
defined by 8 € g-G(R, R'), for § an isomorphisms between subspaces R and R’ of W, if there exist
a € G(U,U") for U = g~ Y(R) and U’ = g~ (R'), such that the following diagram commutes:

9l
U——R

)
U ——=R.

9|§/

This defines a poset preserving action of GI(W) on Groupoid(W).
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Remark 6.14. This action generalises the action by conjugation on Group(W). Indeed, for G a
subgroup of GI(W) and g € GI(W), g - g(G) = g(gGg~1).

Proposition 6.15. For g € GI(W) and G € Groupoid(W), H*(W)99 = (g~ 1)*(H*(W)9).
Proof. This is a direct consequence of Proposition [6.12 O

Remark 6.16. We want to notice that the (H *(W)g)gegroupm‘d(w) does not constitute a minimal
list for representing elements of isomorphism classes of nil-closed, integral and noetherian unstable
algebras of transcendence degree dim(W). For g € GI(W) and G € Groupoid(W), g - G needs not
to be equal to G, but, by Proposition H*(W)9 = H*(W)99.

Conversely, since the inclusion of H*(W)Y in H*(W) induces a surjection from
Homy (H*(W), H*(W)) to Homy (H*(W)9, H*(W)), and since g + g¢* induces an isomorphism
between Homy (H*(W), H*(W)) and GI(W), we have that if H*(W)9 = H*(W)", there exists
g € GI(W) such that H*(W)" = (¢~ 1)*(H*(W)¥Y). By Proposition H=g-G.

6.2 Centrality and primitive elements of H*(WW)Y

Throughout this sub-section, we fix V and W two objects in Vf, as well as an injection ¢ from V'
to W.

We consider K a nil-closed, noetherian unstable sub algebra of H*(W) of transcendence degree
dim (W), such that (V,d*¢) € C(K), for ¢ the inclusion of K in H*(W). We start by explaining
why the H*(V)-comodule structure on K induced by §*¢ is induced from the H*(V')-comodule
structure on H*(W) given by (idw +0)* : H*(W) —» H*(W) @ H*(V).

Then, for K = H*(W)Y, we explain how to determine the primitive elements of this comodule
structure from G.

Proposition 6.17. Let K be a noetherian unstable sub algebra of H*(W') of finite transcendence
degree dAim(W) such that (V,6*¢) € C(K), for ¢ the inclusion of K in H*(W). The H*(V)-
comodule structure k on K, induced by 6*¢ and Corollary[3.15, fits into the following commutative
diagram:

K G Ko H (V)

4{ laﬁ@id}r*(w

HH(W) — s HY (W) @ H (V).

Proof. We consider the following diagram:

K . K ® H*(V)
¢J lq&@idlﬁ(v)
H*(W) H*(W) @ H*(V).

The existence of a morphism ¢* from H*(W) to H*(W) ® H*(V) which turns it into a com-
mutative diagram is a consequence of the surjectivity of ¢* from Homy (H* (W), H*(W @ V)) to
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Homy (K, H*(W @ V)). We only have to justify why we can take ¢ = idy 4+ 6. We have that the
composition of (¢ ® idg-(vy) ok With ex ® idg-(v) is equal to 6*¢ and that with idg- 1wy ® €q-(v)
is equal to ¢. Hence, since 6*¢ is central, (¢ ® idg+(v)) o & is the unique element in the inverse
image of ¢ under prom, (k,m*()),(v,s+¢)- But (idw + 6)*¢ is also in this inverse image of ¢, hence
the diagram commutes. O

We consider (idw + §)* : H*(W) — H*(W) ® H*(V) which is the H*(V)-comodule structure
on H*(W) associated with (V,0) € C(H*(W)).

Proposition 6.18. Let K be a noetherian unstable sub algebra of H*(W') of finite transcendence
degree Aim(W) such that (V,6*¢) € C(K), for ¢ the inclusion of K in H*(W). Then, we have a
pullback diagram of the following form:

P(K,0"¢)— > K
¢

H* (W] Im(8))—— H* (W),

Proof. Proposition [6.17] says that the following diagram commutes:

K " Ko H*(V)

¢l l¢®id1—1*(v)

H (W) — i HY (W) & H (V).

This means that the H*(V)-comodule structure on K is induced by that on H*(W). Hence, the
primitive elements of K are simply the primitive elements of H*(W) that are in K. But the
comodule structure on H*(W) is the morphism (idw + 6)* whose algebra of primitive elements is

the image of H*(W/Im(6)) under 7*, for  the projection from W to W/Im(4). O

Corollary 6.19. Let K be a noetherian unstable sub algebra of H*(W) of finite transcendence
degree dim(W) such that (V,6*¢) € C(K), for ¢ the inclusion of K in H*(W). Then, the following
s a pushout diagram:

Homys (-, W) —————— Homye (K, H*())
| |

Homys (-, W/Im(6)) —» Homyc (P(K,5*¢), H*(-)).

Proof. Tt is a direct consequence of Lemma [2.15 and of Proposition [6.18] O

We can thus identify Homg (P(K, d*¢), H*(_)) in this context. In particular, we show that P is
always noetherian.

Lemma 6.20. For S a set, and ~1 and ~o two equivalence relations on S, we denote by ~ the
smallest equivalence relation on S (in the sense that {(a,b) € SX.S; a~ b} C SxS is the smallest)
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such that, for all a and b in S such that a ~1 b or a ~2 b, a ~ b. Then, the following is a pushout
in Set:
S—» S/~

Proof. Let 3 denote the pushout of

S ——» 5/~

|

S/ ~o

Then, for s : S — X the composition of the projection from S to S/ ~; with the surjective
application S/ ~1— X, s is surjective. We define ~’ the equivalence relation on S defined by a ~" b
if and only if s(a) = s(b). X is isomorphic in Set with S/ ~' and we will show that ~'=~.

By commutativity of the pushout diagram, for ¢ and b in S such that ¢ ~; b or a ~9 b,
s(a) = s(b). Suppose that ~' is not the smallest such equivalence relation. Then, there exists z and
y with x ~’ y and an equivalence relation ~", satisfying that for a and b such that a ~1 b or a ~2 b,
a ~" b, and such that z is not equivalent to y for ~”. Then, the following diagram is commutative:

S——% 5/~

I

S/ g —» S/~

and factorise by a morphism S/ ~'— S/ ~". This is a contradiction, so ~'=n~. O

Remark 6.21. For ~; and ~3 as in Lemmal6.20} and for S finite, the smallest equivalence relation
~ on S such that, for all @ and b in S such that a ~; b or a ~2 b, a ~ b, is the equivalence relation
defined by a ~ b if there is a finite family (s;);c[j1,n)) of objects in S such that:

1. s1 =a,

2. s, = b,

3. forall1 <i<m,ifiisodd s; ~1 s;41 and if i is even s; ~o 5;11.
We deduce the following proposition.

Proposition 6.22. Let K be a noetherian unstable sub algebra of H*(W') of finite transcendence
degree dim(W) such that (V,6*¢) € C(K), for ¢ the inclusion of K in H*(W). Then, for ¢ and
v in Homyz(U, V), Y ¢|pk.s+¢) = C Olpk,5¢) € Homc(P(K,6*¢), H*(U)) if and only if there
exists a family (€;)ieq1,n) € Homys (U, W)™ with n € N greater than 1, such that:

1. Y = €1,
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2’ CZE’I’M
3. forall1<i<n—1,e¢=ci ¢ ifiisodd and moe; = moeiyy ifi is even.

Proof. By Corollary [6.19] the following is a pushout:

Homys (-, W) ——~ % Homy (K, H*(_))

Homy,s (-, W/Im(6)) —» Homx (P (K, 6*¢), H*(-)),

where k maps ( : U — W to(*¢ : K — H*(U), pmaps ) : K — H*(U) to ¥|p(x s-¢) and .
maps ¢ : U—Wtomo( : U— W/Im(d). Then, by Lemma po k() =pok(y) if and only
if there exists a family (€;)ie[j1,n)) € Homys (U, W)™ with n € N greater than 1, such that v = e,
C=e,and forall 1 <i<n-—1,k(e) =k(e41) if 7 is odd and 7. (e;) = mu(€j41) if ¢ is even. O

Corollary 6.23. Let K be a noetherian unstable sub algebra of H*(W') of finite transcendence
degree dim(W) such that (V,6*¢) € C(K), for ¢ the inclusion of K in H*(W). Then, for ¢ €
Homy s (U, W), ker(C*@|p(x 5+4)) = ker(m o ().

PTOOf. Let CO S Homvf (U/ ker((*¢|p(K75*¢), W) such that C*¢|P(K,6*¢) = 7(;(8(725‘13(}(75*(75), with U
the projection from U to U/ ker((*¢|p(k,s5+¢)). Let €1 = (o oy, €, = ¢ and for all i ;¢ = €}, ¢ if
iis odd and woe; = w o €;41 if i is even. Then, since Homy (K, H*(_)) is noetherian, ker(mw o ¢;) =
ker(moe€;1) for all 1 <4 <n —1. Hence, ker(m o {) = ker(m o (o o ) = ker(C* | p(x,5+¢))- O

Corollary 6.24. Let K be a noetherian unstable sub algebra of H*(W) of finite transcendence
degree dim(W) such that (V,6*¢) € C(K), for ¢ the inclusion of K in H*(W). Then,

Homy (P(K,0*¢), H*(-)) is noetherian.

Proof. The fact that Homx (P(K,6*¢), H*(-)) is finite is obvious. Let (*@|p(k s+¢) in

Homy (P(K,0*¢), H*(U)) and let a be a morphism from a vector space Y to U. Then, by Corollary
0.2

ker(a*(* @l p(,+4)) = ker(m o (o ).
Since « is injective, this is equal to
o™ (ker(m 0 Q) = a” (ker (C" @l p(ic.5+6))-
O
Theorem 6.25. Let K be a noetherian unstable sub algebra of H*(W) of finite transcendence

degree dim(W) such that (V,6*¢) € C(K), for ¢ the inclusion of K in H*(W). Then, P(K,*®)
is nil-closed and noetherian.

Proof. Since, P(K,§*®) is the kernel of k —idg ® 1 from K to K ® H*(V') which are nil-closed, for
k the comodule structure of K associated with §*¢, and since f is exact and m is left-exact, the
following is an exact sequence:

0 = L(P(K,5"¢)) — L (K) """ 25V 1 (K @ H* (V).
Therefore, since K is nil-closed, P(K,§*¢) is also nil-closed. Then, the noetherianity of P(K, §*¢)
is a consequence of the noetherianity of Homy (P (K, §*¢), H*(-)) and of Proposition O
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Remark 6.26. We have identified P(K,d*$) with a sub-algebra of H*(W/Im(d)). Furthermore,
we proved that P(K,6*¢) is nil-closed and noetherian, and (because we took § to be an injection)
Corollary implies that the inclusion from P(K,d*¢) into H*(W/Im(4)) is regular. Therefore,
by Theorem P(K,§*¢) has the form H*(W/Im(8))¢", for some G’ € Groupoid(W/Im(5)).

This leads to the following question: for W and V in V/, for § an inclusion from V to W and
for G' a groupoid with the restriction property and whose objects are the sub-spaces of (W/Im(J)),
which are the groupoids G with the restriction property and whose objects are the sub-spaces of
W, such that

1. H*(W)9 is a sub H*(V)-comodule of H*(W) for the comodule struture induced by &,

2. the intersection of H* (W)Y with 7*(H*(W/Im(6))) is the image under 7* : H*(W/Im(5)) —
H*(W) of H*(W/Im(6))9 .

Remark 6.27. H*(W)Y is a sub H*(V)-comodule of H*(W) for the comodule struture induced
by ¢ if and only if G satisfies the two conditions of theorem

We recall that, from the begining of this sub-section, V and W are fixed objects of V/ and ¢ a
fixed injective morphism from V to W.

Theorem 6.28. Let G be a groupoid with the restriction property and whose objects are the sub-
vector spaces of W, such that H*(W)9 is a sub H*(V)-comodule of (H*(W), (idw + 6)*). For G’
the only groupoid whose objects are sub spaces of W/Im(8) which satisfies that = (H*(W/Im(5))9")
is the algebra of primitive elements of H* (W)Y, the two following conditions are equivalent:

1. a € G'(U,U"), where U and U’ are sub-vector spaces of W/Im(0) and « is an isomorphism
from U to U’,

2. there exists N and N' sub spaces of W such that m induce isomorphisms from N and N’ to
U and U', as well as an element B € G(N, N') such that o = 7§, o o (7|§) L.

Proof. We consider the pushout diagram of Corollary

Homy (o, W) ———— Homy (H*(W)9, H*(.))

Homy,s (-, W/Im(d)) — Hom;c(H*(W/Im(§))g', H*(.)),

where 7, maps v : U — W to mo~y, k maps 7y to v*¢g for ¢¢g the inclusion from H*(W)Y, ¢ maps
¢ o H*(W)9 — H*(U) t0 ¥| (1= (w/tm(s))) the restriction of ¢ to =*(H*(W/Im(4))) and, finally,
p maps ¢ from U to W/Im(8) to ¢*¢gr, for ¢g the inclusion of H*(W/Im(8))9" into H*(W/Im(s)).

We fix a section s from W/Im(d) to W. Since 7 o s = idw/1m(s), T«(8) = idw/mm(s). Then, by
commutativity of the pushout diagram, we have ¢g: = q(5*¢g) = 5" dg|x= (= (W/im(5)))-

By construction, there are natural isomorphisms Homy o (H*(W)9, H*(_)) = Homyz(_, W)/ ~g
and Homg . (H*(W/Im(8))9", H*(_)) = Homyz(_, W/Im(J))/ ~g'. These are the isomorphisms
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that map ¢¢ to [idw]g and ¢g to [idW/Im((;)]g, respectively.

Let us first prove [2) = . We consider, 8 € G(N, N’) such that 7 induces isomorphisms 7|¥;
and 7|¥, between N and U and between N’ and U’. Let a be an isomorphism from U to U’ such
that a = 7%, o o (7]{)~". Then, (7]{’) ' oa = Bo (x|{)"!. Therefore,

o ((n|5) ™) g = ((7IR) 1) B 1n dg
= ((7|%) ™) en .
We can choose the section s in such a way that s o uyr = txv o (%)), then
a8 og = (7)) v dg-
This implies that a*i};s*q(¢g) = ((7]%) 1) *tiq(dg). Furthermore, mosowy =mouy o (7|5) 1
Hence, we also have, by Proposition [6.22] that ¢};s*q(¢g) = ((7|%)~1)*txq(¢g). Hence,
a*igps™q(dg) = s a(dg)-
Since s*q(¢g) = [idw/lm(5)]g,, this implies that « € G'(U,U’), as required.

Now, let us prove the far more challenging [1)) = [2)).
We consider o € G'(U,U’) where U and U’ are two sub-spaces of W/Im(§). Then,

Oé*L;}/ [idW/Im(ﬁ)}g/ = L?] [idW/Im(é)]g/ ’

or, equivalently,
[t 0 alg = [w]g -

By Proposition since [idW/Im((;)} G is the image of s*q(¢¢g) under the isomorphism
Homyrg. (H*(W/Im(8))¥", H* (1)) = Homyz (-, W/Im(5))/ ~g,

we have that [(]g = [7]g/, if and only if there exists a family (€;)ic(1,n) € Homys (U, W)™ with
n € N greater than 1, such that soy =€, s0(=¢, and, forall 1 <i<n—1, €dg = €/, ¢pg if i
isodd and mo¢; = moe€;qq if 7 is even.

So let (€;)igq1,n € Homys (U, W)™ be such that ¢; = s oy, €, = 501y o« and for all
1<i<n—1,€¢g =¢i1¢g ifiis odd and moe; = moe;qq if i is even.

By induction, for all i € [|1,n]|], e ¢g and 7 o ¢; are regular elements respectively of
Homy (H*(W)9, H*(U)) and Homy,; (U, W/Im(6)). Hence, ¢; and 7 o ¢; are injections. For all 4, let
N, denote the image of €; in W, we denote also by €; the corestriction of € to N;. Then, for i odd,
€;¢g = € 1¢g implies that there exists 3; in G(N;, Nyy1) such that €1 = f; 0 &;.

We take some moment to explain subtlety in the proof. We would like, for ¢ even, to have
€; = €;4+1. Then, the composition of the g; with ¢ odd would give an isomorphism S between
N; = s(U) and N,, = s(U’) such that 8 € G(Ny, N,,), since G is a groupoid and we would have
(sow)|Nroa = Bo(souw)Nt. Since (so )™ and (s o iy)|Vr are inverse isomorphisms of
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7|§, and w\%;, we would have a = 7r|][{,; o Bo(m|%, ). If this were the case, we would have found
a @ for any N and N’ such that 7 induces isomorphisms between U and N and between U’ and
N’, and we would have done so without using the assumption that 6*¢g is central. Unfortunately,
this naive approach fails, and N and N’ must be chosen carefully. The hypothesis on the ¢; for
i even indicates how to modify our original Ny and N,, to make it work, using the centrality of §*¢g.

First notice that, since 7 o ¢; is injective for all ¢, we always have N; N Im(d§) = {0}. Then,
the assumption that, for ¢ even, m o €; = 7o ¢; 41 implies that there exists p; from U to W whose
image is inside Tm(8) and such that €;,1 = ¢; + p;. Now, since H*(W)9 is a sub H*(V)-comodule
of (H*(W), (idw +0)*) we know that [0]; is a central element of Homyz(_, W)/ ~g. Then, by The-
orem for i odd, we know that the isomorphisms f3; from N; @ Im(8) to N;y1 @ Im(0) defined
by Bi(n) = Bi(n) for n € N; and B;(v) = v for v € Im(6) satisfy 3; € G(N; ® Im(6), N;11 @ Im(J)).
Moreover, for i even, 7o e; = w0 €;41 implies that N; @ Im(é) = N;;1 @ Im(d). Then, at each even
step ¢, we can “correct” €;,_1 to get 5;_1 0 €;_1 = €41 instead of €;.

For each i € [|1,n]], we define €, (the “corrected” ¢;) by

62 = L%GBIHI((;) o (gl D Z 61—_1” o pj|N]-®Im(§)),
{j even ; i<j<n}
where 8;_,; is the composition of all the Bk with k£ odd and ¢ < k < j. The family (eg)ié[\lml]
satisfies the following:

1. moe) =y, o€, =1y o,
2. for all i, if we denote by N/ the image of €, then N/ ® Im(d) = N; @ Im(d),

3. for i odd, if we denote by 3, the restriction of 3; to N/ corestricted to N/, , &, = Bi0&,, with

Bl € G(N/,N/.,)), since 8 € G(N; ®Im(), N;11 & Im(5)) and G has the restriction property,

4. for i even, €; = €] ;.
Then, let N = N{, N' =N, and = (8, 0...050]), where k =n—2ifnisodd, k =n—1
otherwise. Then, 8 € G(N,N') and o ¢ = &,. Finally, 7o €}, = ¢y implies that & = (7]§)~! and
T o€, =iy o implies that &, = (7]%,)~! o a. Hence, a = 7|%, o fo (7]{) . O

6.3 Applications

We end this section by presenting some applications of Theorem [6.28] The first result was already
known.

Proposition 6.29. Let K be a noetherian, nil-closed, integral, unstable algebra of transcendence
degree d. We assume that the centre of K is of dimension d. Then, K = H*(W) with dim(W) = d.

Proof. By Theorem and the theorem of Adams-Wilkerson K = H*(W)9 for some groupoid G
with the restriction property and whose objects are the sub-spaces of W. Then, since the centre
of K has dimension dim(W), up to isomorphism the centre of K is given by (W, ¢) where ¢ is the
inclusion from K to H*(W) induced by the theorem of Adams-Wilkerson. Then, by Theorem [5.30]
for all « € G(U,U’), where U and U’ are sub-vector spaces of W, and for all z € U = UNW,
a(z) = x. Hence, G is the groupoid in which the only morphisms are identities of sub-spaces of W.
Then, H*(W)9 = H*(W). O
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Let us now consider the case where the centre is of dimension d — 1, for d the transcendence
degree of K.

Theorem 6.30. Let K be a noetherian, nil-closed, integral, unstable algebra of transcendence degree
d. We assume that the centre of K is of dimension d — 1. Then, there exists G a sub-group of
GI(W) such that K is isomorphic to the algebra of invariant elements H*(W) with dim(W) = d.
Furthermore, G satisfies that the set of element x € W such that g(x) = x for all g € G is a
sub-vector space of W of dimension d — 1.

Proof. By Theorem and the theorem of Adams-Wilkerson K = H*(W)Y for some groupoid
G with the restriction property and whose objects are the sub-spaces of W. Then, the centre
of K is associated with a H*(V)-comodule structure on H*(W)9, with dim(V) = d — 1. Up to
isomorphism, we can suppose that this H*(V)-comodule structure is induced by ¢y the inclusion of
a sub-vector space V in W (we can assume that the comodule structure is induced by an injection,
because it is associated with the centre of K which is regular by definition). By Theorem for
all a € G(U,U’) and for all x € UNV, a(z) = x. Furthermore, for all sub-spaces U and U’ of
W, G(U,U’) is determined from G(V & U,V @ U’) by the restriction property. Since we assumed
dim(V) = dim(W) — 1, G is uniquely determined by G(V,V) and G(W,W). Then, since for all
x € V and for all « € G(V,V), a(z) = x, G(V, V) is reduced to the identity of V. Therefore, for
g€ G:=GW, W), g(x) =x for all z € V, and a € G(U,U’) if and only if there is g € G such that
a = gy. We get that H*(W)9 = H*(W)C. O

Corollary 6.31. Let K be a noetherian, nil-closed, integral, unstable algebra of transcendence
degree dim(W), and let (C,v) be its centre. Then if K is not isomorphic to H*(W)¢ for some
sub-group G of GI(W), dim(C) < d — 2.

In the next section, we will have examples where dim(C') = d — 2 and K is not an algebra of
invariant elements under some action on H*(W).

7 Two examples

In the following, we focus on the case where p = 2, so that H*(V) = Fy [1, ..., zy], for (21, ...,2p)
a basis of V.

We take V3 = Fae; @ Faea @ Faes and denote by (x,y, z) the dual basis of (e1,e2,e3). The
morphism

(idv3 + [,[5‘261)* : H*(‘/g) — H*(V3) X H*(Fgel),

which maps z toz®1+1®uz, y toy®1 and z to 2® 1 defines an H*(Fae1)-comodule structure on
H*(V3) in K. In each of the following examples we want to find the list of noetherian, nil-closed,
unstable sub-algebras of H*(V3) of transcendence degree 3, which are sub H*(IFaeq )-comodules of
H*(V3) for the comodule structure given by (idy, + tr,e, )* and whose algebra of primitive elements
is m*(H*(Vs/Fae1)9) for m the projection from Vi over Vi/Faeq, and for H*(Vs/Fae1)9 a cho-
sen nil-closed, noetherian, sub algebra of H*(V3/Foe;). By Theorem G has to satisfy that
a € G'(U,U’") if and only if there is 8 € G(N, N') such that 7|y 0 8 = aon|y.

Furthermore, by Theorem since [tpye,]g € Homgeg (H*(W)9, H*(Fzeq)) is central, all
morphism £ in G(N, N’) is the restriction of a morphism 8 in G(Foe; + N,Foe; + N') defined by
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B(e1) = e; and B(n) = B(n) for n € N. So G can be deduced from its full sub-groupoid whose
objects are V3, Faeq @ Faeq, Faep @ Faes, Faoey @ Fa(es + e3) and Faeq. This full sub-groupoid can
be represented as follows:

{idﬂ“zel }

Where G denotes G(Vs3,V3) and G;; denotes G(Faoer @ Fae;, Foer @ Foe;) with eq := es + e3, and
where we omitted G43, G4, etc, which can be deduced by composition and inversion of the already
given sets of morphisms.

We consider first the case where G’ contains only identities.

Proposition 7.1. There are exactly 15 nil-closed, noetherian, unstable sub-algebras K of H*(V3)
of transcendence degree 3, which are sub Fq [x]-comodules of H*(V3), for the comodule structure
that maps ¢ to x @14+ 1Q®x, y to y®1 and z to z ® 1, and such that the algebra of primitive
elements of K is Fy [y, z]. These are :

1. Faly, z,2(x + y)(z + 2)(z + y + 2)],

Fa ly, 2z, 2(z +y)],

F2 [y, 2, 2(z + 2)],

Faly, 2z, z(z +y + 2)],
y(@+2)(@+y+2)]+Fy 2 2@ +y)y,
Y
Yy

Fy [y,Z,:IZ( )(I+Z)(JE+y+Z>]+F2 [y,Z,I(l‘+Z)]Z,

XS S

T+
x
Fo [y, z, x(x +
T+
T+

Ja+2)(@+y+2) +Faly,z, 2z +y+2)] (y+ 2),

Fy [y,z,x(
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10.
11.

]F2 [il?/y, Z] )

Fy [x7y7z] (y+z)®F2 [27$ x+z)]7

]FQ [a;y,z]y@IFQ [Z,$($+Z]

]FZ [x,y,z]z@lﬁ‘g [y,x(ﬂc-ﬁ-y]

)]
)]

12.
13,
14
15.

Proof. In this case, Fa [y, z] = 7*(H*(V3/Faeq)).
which contains only identities. Therefore, by Theorem for all 8 € G(N,N’), mo 8 = 7. For
f € G;; with ¢ and j in {2,3,4}, 7o $(e;) = m(e;) which is not possible if i # j. Hence, G;; = 0
if i # j. We only have to determine G, Ga2, G33 and G44. We have two condition on 5 € G or
B € Gy, the first is that S(e;) = ey (by Theorem and the centrality of [tg,e,]|;) and the second
that mo 8 = m (by Theorem and the hypothesis on G’). Therefore, 8 has a block matrix of the
following form:

idp,e,
0

Folz,z(z+2)] @F2 [z, y,2] (y + 2)y © F2 [y, z(z + y)] v,
Foly,z(z+y)] @ Fs [z, y,2] (y + 2)z & Fa [z, z(x + 2)] 2,

Folly+2),2(x+y+2)] @ F2(2,y,2lyz ©Fz [2,2(z + 2)] 2,

Fylz,z(z+2)z@Fa [y, a(z +y)ly @ Fa [y, 2(z + y)] (y + 2)y ® Fo [2, 9, 2] (y + 2)yz.

Then, the groupoid G’ is the trivial groupoid,

b

idy

).

where N € {Faeq, Faes, Fa(es + e3),Faea & Faes} and B is a morphism from N to Foe;. Hence, the
set of matrices of morphisms in G in the basis (e1, e, e3) is a sub group of

1
H={| 0
0

o = O

= o O

OO =
S =
= o O

OO =

There are five possibilities for G, G; = {idy, }, G2 =<

1
Gy =< 0

1
1
0 0 1

o = O

OO =

1
0
1

e

— o O

OO =
O~
—_ O

>, G3 =<

OO =

o = O

1
0
1

>,

1
0 > and G5 the full group. The groups G;; are either trivial or equal to Hy;

the group generated by the morphism which sends e; to itself and e; to e; + ;. Furthermore for a
chosen G, the restriction property (Definition [5.8]) requires that some of them are non trivial. Let
us summarise the possible values of the G;; for each value of G.

G G2 Gis3 Gua
G1 {ld} or H22 {ld} or H33 {ld} or H44
GQ H22 {ld} or H33 H44
G3 {ld} or H22 H33 H44
G4 H22 H33 {ld} or H44
Gs Hoo Hss Hyy
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We find, 15 possible values for (G, G2z, G33,G44). Each one characterising precisely one G €
Groupoid(V3) such that H*(V3)9 satisfies the required conditions.

We give details for only two computations of H*(V3)9. The other ones are left to the reader.

First case: If G contains all morphisms whose matrix are in H, then by the restriction
property G;; contains all the morphisms § that satisfy the two conditions, for ¢ € {2,3,4}. Hence,
all morphisms in Gy; are induced by restriction from a morphism in G. Therefore, H*(V3)9 is equal
to H*(V3)Y the algebra of invariant elements under the action of G' on H*(V3). Let us start by
using that an element of H*(V3)% has to be invariant under the action gy which sends x to = + v,
and y and z to themselves. Then, every polynomial P(z,y, z) satisfies that

2?P(z,y,2) = a(z +y)P(z,y,2) + y2P(z,y,2).

Hence, we can express every polynomial P(x,y,z) as Py(z(x +vy),y, 2) + P2 (x(z +y),y, z). Then,
since Py (z(z + y),y, 2) is invariant under g,, zP>(x(z + y),y, z) has also to be invariant, therefore
P, = 0. So every element in H*(V3)“ can be expressed as P(X,y, z) with X = x(z + y).

But an element of H*(V3)€ is also invariant under the action of g, which send x to x + z and
y and z to themselves. g, sends X to X + y(y + z). We can show as before that P(X,y, z) can be
expressed as Py (X (X +y(y+2)),y,2) + X Po(X (X +y(y+2)),y, 2). Since Py (X (X +y(y+2)),y,2) is
invariant under g,, P» = 0. We have X (X +y(y+2)) = z(x+y)(x+2)(z+y+2), so every element in
H*(V3)% isin Fa [y, 2, z(z + y)(z + 2)(z + y + 2)], but conversely, y, z and z(z+y)(z+2)(z+y+2)
are invariant under G. Hence, H*(V3)9 = Fa [y, z,7(z + y)(z + 2)(z + y + 2)].

Second case: If G = G35, by the restriction property G and G44 are the groups of iso-

morphisms of Foe; @ Foe;, with ¢ = 2 or 4, generated by the morphism whose matrix in the basis
. 1 1 L. . .. .

(e1,e;) is 0 1 ) . The only group which is not fully determined by the restriction property is

G'33 which can either be equal to {idp,c,@F,es }, OF to the subgroup Bs of Gl(Fee; & Faes) generated

by the morphism 8 whose matrix in the basis (eq, e3) is ( (1) } ) .

1. If G353 = {idp,e,@Fses }, then all the sets G(U,U’) are determined by G2 = G(V3,V3), by the
restriction property, hence H*(V3)9 = H*(V3)%2 = Fy [y, 2, 2(z + y)].

2. If G33 = Bs, we get our first example which is not an algebra of invariant elements. By
Proposition [6.12}

H*(V3)9 = {z € H* (V) ; o1} (x) = 1} (z) for all a € G(U,U")},
which is equal to
H*(VB)G2 N {x € H*(‘/?)) 5 ﬁ*bﬁgel@ﬂ“263(m) = L%QEI@]FQES (x)}'

Hence, H*(V3)9 contains the element of H*(V3)¢ which are in the inverse image of H*(Fae; @
Faes)P> = Fylx(x + 2), 2] under o, op .. which maps z(z + y) to 2, y to 0 and z to
z. We notice that i, ap . (Fa[z(x+y),y,2]) NFe[z(z+2),2] = Fa [2?(x 4 2)%, 2] and
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that ker(tp, ., or,e,) = F2 [#(z +y),y, 2]y. Since Fa [z(z +y)(z + 2)(z +y + 2),y,2] is a sub
algebra of Fy [x(z + v),y, 2] that surjects onto Fy [mQ(x +2)%y, z] under (g . ap, .., We get
that

(thyerme;) (F2 [2% (2 +2)% 2]) = Fa ly, 2, 2(2 + ) (@ + 2) (@ + y + 2)| + Fa [y, 2, 2(z + y)] .

Therefore,
H*(V3)9 =Faly,z,x(z +y)(x + 2)(x + y + 2)] + Fa [y, 2, 2(z + )] y.

O

Remark 7.2. In Proposition it is worth noticing that, for example, Fs [y, z, z(x + y)] ,

Fy [y, z,z(x + 2)] and Fa [y, z, z(x + y + 2)] are conjugates. In particular, they are isomorphic. To
get a minimal list of isomorphism classes of nil-closed, noetherian, integral, unstable algebras
of transcendence degree 3, with a Fs [z]-comodule structure whose algebra of primitive elements is
isomorphic to Fs [y, 2], we should consider the conjugacy classes of the algebras found in Proposition

(See Remark )

Proposition 7.3. There are exactly 12 nil-closed, noetherian, unstable sub-algebras K of H*(V3)
of transcendence degree 3, which are sub Fq [z]-comodules of H*(V3), for the comodule structure
that maps ¢ to x @14+ 1®x, y to y®1 and z to z ® 1, and such that the algebra of primitive
elements of K is Fo [z,y(y + z)]. These are :

1 Faz,y(y + 2),2(z + y)(x + 2)(x +y + 2)],

2. Fa [z, y(y + 2), a(z + y)(x + 2)(z + y + 2)]
+Fa[2,y(y + 2),2(@ +y) (@ + 2) (@ +y + 2)] (z2(2 + 2) + 2 (y + 2)),

. Fo [z, y(y + 2), z(x + 2)],

CFyyly+2),z(z+y)(z+2)(z+y+2)] @ F [2,y(y + 2), z(x + 2)] 2,

Fa [z, 2,y(y + 2)],

Falz, 2,y(y + 2)] z & F2 [y(y + 2), z(z + y)(z + 2) (@ +y + 2)],

Fao [z, 2,y(y + 2)y(y + 2) © F2 [z, 2(x + 2)],

(Fa [z, 2,y(y + 2)]y(y + 2) @ F2 [z, 2(z + 2)] )z © F2 [y(y + 2), w(x + y)(z + 2)(z + y + 2)],
Fa [z, (x +y),y(y + 2)],

10. Fa [z, (x +y), y(y + 2)| 2 @ F2 [y(y + 2), z(z + y) (= + 2)(x + y + 2)],

© % RS ™ o

11. Fo[(z +y), 2,y(y + 2)]y(y + 2) ©Fa [z, (x + y)(x +y + 2)],
12. (Fa[2,9(y + 2), (z + )] y(y+2)OF2 2, (z + y)(z + y + 2)])20F2 [y(y + 2), 2(z + y)(z + 2)(z + y + 2)].

Proof. In this case, F [z, y(y + 2)] = 7*(H*(V3/Fae1)B2), for By the group generated by the mor-
phism by which sends €} to itself and ej to e}, + e, where €, and e} are the images of e3 and eg
under the canonical projection. Then, the groupoid G’ = g(Bs) is the following;:
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By

{id}

{id}
{0}

Theorem [6.28] implies that, for 3 € G(N,N’), when es € N, 7o 3(e2) = €b, when e3 € N,
mo B(es) = €5 or ey and when ey € N, wo (eq) = €5 or €. In this case, Gz4 is not necessarily
empty. We have to determine G, Gaa, G33, G44 and Gs4 (G43 being the set of inverses of morphisms
in G34). By the two conditions on 8 € G, the matrix of 8 is in H, for

100 110 10 1 11 1
H={lo 10,0 1o0],l0o1o0],l010],
00 1 00 1 00 1 00 1
100 110 10 1 11 1
o1 1|,lo11),lo11]|,[o11]}
00 1 00 1 00 1 00 1

Furthermore, since by € G'(Fae, @ Fae, Fael, @ Fael), by Theorem there exist N and N’ and
B € G(N, N') such that 7 induces isomorphisms from N and N’ to Fae5 @ Faeg and by o = mo 3.
Then, by Theorem B € G. Therefore G contains at least one element among

1 00 1 10 1 0 1 1 1 1
{fo11|,lo11}|,lo11]|,[o11]}.
0 0 1 0 0 1 0 0 1 0 0 1
H is isomorphic to the dihedral group D4. It admits ten subgroups, among those the possible
1 00 1 0 1
values of G are: G1 =< 0 1 1 >, Gy =< 0 1 1 >,
0 0 1 0 0 1
1 0 0 1 0 1 1 1 0
Gz3=<| 0 1 1,10 10 |>G=<]011 > and G5 the full group.
0 0 1 0 0 1 0 0 1
For 8 € Gy;, we necessarily have 3(e;) = e;. By Theorem [ has a block matrix of the

following form: X
idIFgel ﬂ
0 idy /)’
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where N € {Faeq, Foes, Fo(es + e3)} and Bis a morphism from N to Fae;.

Finally, G4 cannot be trivial, otherwise (b2)r,e;, & G'(Fae3, Fae), and for 8 € Gaa, Be1) = e
and fS(e3) = eq4 or e + e4. We get that the G;; with ¢ € {2, 3,4} is a subgroup of H;; := {id, Bi; },
for ;; the morphism which sends e; to itself and e; to e; + e;, and G34 is a non trivial subset of
the set Hsyq := {f1, B2} where 81 and [ are the morphisms from Foe; @ Faes to Foe; @ Foey whose
matrix in the basis (e1,e3) and (e1,e4) are either ( (1) } ) , or ( (1) (1) ) .

As in Proposition (or rather its proof), some values of G imply, by restriction property, the
maximality of some of the G;; or the one of G34. Furthermore, in this case since the groupoid
admits a morphism between Foe; & Foes and Foey @ Faoey, for G to be a groupoid we need the
compositions of morphisms in Gs3, Gs4, Ga4 and G43 to be in G. This is equivalent to requiring
that G33, G44 and (G4 have the same cardinal.

G Gao Gz | Gag | Gz

{id} or | {id} | {id} | {81}
G Hao H33 | Hyy | Hzy

{id} or | {id} | {id} | {B=}
Gs Hjy Hszz | Hyy | Hzy
G3 {ld} or H22 H33 H44 H34
Gy Hjsy Hszz | Hyy | Hzy
Gs Hjp Hs3 | Hyy | Hzy

We find 12 possible values for (G, G2z, Gs3,Ga4,G34). Each one characterising precisely one

G € Groupoid(V3) such that H*(V3)9 satisfies the required conditions. We leave the computations
of the corresponding H*(V3)9 to the reader.

O

References

[AHS90] Jiri Adamek, Horst Herrlich, and George E. Strecker. Abstract and concrete categories.
The joy of cats. John Wiley and Sons, 1990.

[DW90] William G. Dwyer and Clarence W. Wilkerson. Spaces of null homotopic maps. In Miller
H.-R., Lemaire J.-M., and Schwartz L., editors, Théorie de I’homotopie, number 191 in
Astérisque, pages 97-108. Société mathématique de France, 1990.

[DW92a] W. Dwyer and C. Wilkerson. A new finite loop space at the prime two. Journal of the
American Mathematical Society, 6, 09 1992.

[DW92b] W. G. Dwyer and C. W. Wilkerson. A cohomology decomposition theorem. Topology,
31:433-443, 1992.

[Gab62] Pierre Gabriel. Des catégories abéliennes. Bull. Soc. Math. France, 90:(323-448), 1962.

[Hea20] Drew Heard. Depth and detection for noetherian unstable algebras. Trans. Amer. Math.
Soc., 373, 2020.

50



[Hea21]

[HenO1]

[HLS93]

[HLS95]

[KS05]

[Kuh94]

[KuhO07]

[Kuh13]

[Lan87]

[Rec84]

[Sch94]

Drew Heard. The topological nilpotence degree of a noetherian unstable algebra. Selecta
Mathematica, 27, 05 2021.

Hans-Werner Henn. Cohomology of Groups and Unstable Modules over the Steenrod
Algebra, pages 55-98. Birkhauser Basel, Basel, 2001.

Hans-Werner Henn, Jean Lannes, and Lionel Schwartz. The categories of unstable mod-
ules and unstable algebras over the Steenrod algebra modulo nilpotent objects. Math.
Ann., 115:(1053-1106), 1993.

Hans-Werner Henn, Jean Lannes, and Lionel Schwartz. Localizations of unstable A-
modules and equivariant mod p cohomology. American Journal of Mathematics, 301:(23—
68), 1995.

Mazaki Kashiwara and Pierre Shapira. Categories and Sheaves. Springer, 2005.

Nicholas J. Kuhn. Generic representations of the finite general linear group and the
Steenrod algebra : I. American Journal of Mathematics, 116:(327-360), 1994.

Nicholas J. Kuhn. Primitives and central detection numbers in group cohomology. Ad-
vances in Mathematics, 216(1):387-442, 2007.

Nicholas J. Kuhn. Nilpotence in group cohomology. Proceedings of the Edinburgh Math-
ematical Society, 56(1):151-175, 2013.

Jean Lannes. Sur la cohomologie modulo p des p-groupes abéliens élémentaires. Cam-
bridge University Press, 1987.

D.L. Rector. Noetherian cohomology rings and finite loop spaces with torsion. Journal
of Pure and Applied Algebra, 32(2):191-217, 1984.

Lionel Schwartz. Unstable modules over the Steenrod Algebra and Sullivan’s fized point
set congecture. Chicago Lectures in Mathematics, 1994.

Address : Univ Angers, CNRS, LAREMA, SFR MATHSTIC, F-49000 Angers, France

e-mail : bloede@math.univ-angers.fr

o1



	Introduction
	Unstable algebras over the Steenrod algebra and the functor f
	Connected components of TV(K) and central elements of an unstable algebra
	The category Set(VI)op
	Definition of the groupoid GF and application to the computation of the centre of F
	The algebras H*(W)G
	Two examples
	References

