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Abstract

We present an immersed boundary method to simulate the creeping motion of a solid
in a fluid thanks to the Stokes equation and a FEM element strategy called ¢-FEM using
the description of the solid with a level-set function. One of the advantages of our method
is the use of standard finite element spaces and classical integration tools. We obtain the
optimal convergence of the method theoretically and numerically.

1 Introduction

The main goal of the present article is to demonstrate that the recently proposed ¢-FEM method-
ology [12, 11, 10] is suitable for numerical simulation of incompressible viscous fluid flow past
moving rigid bodies. This approach allows us to use simple (Cartesian) computational meshes,
not evolving in time and not fitted to the moving rigid bodies, while achieving the optimal accu-
racy with classical finite element (FE) spaces of any order and performing the usual numerical
integration on the whole mesh cells and facets, allowing for the use of standard FEM libraries for
the implementation. We consider here only the creeping motion regime (zero Reynolds number),
neglecting all the inertial terms in the equation governing both the fluid and the rigid bodies.
Numerical simulations of flows around moving rigid or elastic structures using immobile simple
grids is a popular approach in, for instance, biomechanics, starting from the work of Peskin [22].
Different approaches have emerged since then, such as the Immersed Boundary method [18, 21],
the Fictitious Domain method [15, 16], the penalty approximation [2], etc. All these classical
methods suffer from poor accuracy due to the necessity to approximate the singularities near
the fluid-solid interfaces which arise as the artefact of extending the fluid velocity field inside
the solid domain. More recently, several optimally convergent fictitious domain-type methods
have been proposed for the Stokes equations, which can also be used to simulate the fluid-solid
motions. We cite in particular [8, 20, 17] following the CutFEM paradigm, and [1, 14] following
the X-FEM paradigm. The common feature of all these methods is that they discretize the
variational formulation of the Stokes equation on the physical fluid domain 2 using the FE
spaces defined on the background mesh occupying a domain €y, slightly larger than €. On
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the one hand, this permits to avoid a non-smooth extension of the solution outside its natural
domain and to retrieve the optimal accuracy of the employed finite elements. On the other hand,
this introduces the integrals on the cut cells into the FE scheme, i.e. the numerical integration
should be performed on the portions of mesh cells, cut by the fluid-solid interface, making the
methods difficult to implement.

The ¢-FEM approach, which is the subject of the present paper, aims at combining the
advantages of both classical Immersed Boundary/Fictitious Domain methods, and more recent
CutFEM/X-FEM. Similarly to the former, ¢-FEM does not need non-standard numerical inte-
gration on the cut cells; similarly to the latter, -FEM achieves the optimal accuracy of the finite
elements employed. The general procedure of ¢-FEM can be summarized as follows:

e Supposing that the physical domain Q is given by a level set function Q = {¢ < 0} and
that it is embedded into a simple background mesh, introduce the active computational
mesh T, by getting rid of the mesh cells lying completely outside Q2. The active mesh thus
occupies a domain Qp, D Q, cf. Fig. 1, as in CutFEM/X-FEM.

e Extend the governing equations from €2 to €, and write down a formal variational formu-
lation on Qj, without taking into account the boundary conditions on I (the relevant part
of the boundary of ).

e Impose the boundary conditions on I' using an appropriate ansatz or some additional
variables, explicitly involving the level set ¢ which provides the link to the actual boundary.
For instance, the homogeneous Dirichlet boundary conditions (u = 0 on I') can be imposed
by the ansatz u = ¢w thus reformulating the problem in terms of the new unknown w.

e Add appropriate stabilization, typically combining the ghost penalty [7] with a least square
imposition of the governing equation on the mesh cells intersected by I', to guarantee
coerciveness/stability on the discrete level.

This program has been successfully carried out for elliptic scalar PDEs with Dirichlet boundary
conditions in [12] and for Neumann boundary conditions in [11]. Its feasibility is also demon-
strated in [10] for the linear elasticity with mixed boundary conditions including the cases of
internal interfaces between different materials or cracks, and for the heat equation. However,
the adaptation to the equations governing the fluid flow around the moving particles is not
straightforward. In particular, the following challenges are dealt with in the present article:

e The discrete inf-sup stability theory should be adapted to the case of a non-standard
variational formulation of the Stokes equations posed on € rather than on €, and lacking
the saddle-point structure. We shall show that this is possible by adapting the ghost
penalty, which should be taken somewhat more complicated than in the case of scalar
elliptic equations [12]. We shall do it here for Taylor-Hood finite elements of any order,
but similar ideas should be also applicable to other classical inf-sup stable FE spaces.

e The motion equations for the solid particles involve the forces exerted on them by the
surrounding fluid. These are defined through the integrals of some functions of fluid velocity
and pressure on the particle boundary. However, the whole point of ¢-FEM is to avoid
such integrals. Indeed, the particle boundary is not resolved by the mesh, and our goal
is to provide a method that necessitates the integration on the whole mesh cells or facets
only. The way out of this paradox, pursued in the present paper, lies in providing a weak
formulation of the governing equations, extended to €2, that incorporates in an appropriate
way the force balance equations, without stating them directly. This formulation is similar
in spirit but different from that in [16].
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Figure 1: Left: an example of geometry for the fluid 2 with a solid S inside; Right: the non-
conforming active mesh 7; on 2 with its internal boundary Gy,.

We note that the method of this article shares some similarities to the shifted boundary method
(SBM) proposed in [19] and analysed in [3] in the case of Stokes equations. In particular, SBM
also gives an optimal accurate solution (at least with the lowest order finite elements) without
introducing the integrals on the cut cells. It is however not evident how can one deal with the
computation of the forces on the particles in the SBM framework.

The paper is structured as follows. In the next section, we properly introduce the governing
equations, develop an appropriate weak formulation, discretize it (thus introducing our ¢-FEM
scheme), and announce the main theorem about the convergence of the scheme. Section 3 is
devoted to the proof of this theorem. As a by-product, we also introduce a ¢-FEM approach to
discretize the Stokes equations alone (on a fixed geometry) on a non-fitted mesh. The details
about this (comparatively simple) particular case are given in the Appendix. Finally, in section
4, we illustrate our theoretical results with numerical examples both for the Stokes equations and
for the fluid/rigid particle motion problem. ¢-FEM is also compared there with a standard FEM
on fitted meshes, demonstrating the superiority of ¢-FEM in terms of the accuracy achieved on
comparable meshes.

2 Construction of the ¢p-FEM scheme and main results

2.1 Governing equations

We consider the motion of a viscous incompressible fluid around a solid (rigid) particle in the
regime of creeping motion, i.e. neglecting all the inertial terms (for simplicity, we restrict our-
selves here to the case of one particle, the extension to multiple particles being straight-forward).
The particle is mobile and it moves under the action of the forces exerted by the surrounding fluid
and the external forces (gravity). Let the fluid occupy (at a given time ¢) the domain Q C R¢
(d = 2 or 3), the particle occupy the domain S C R?, and denote O = QUS. Let I',, = 9O be the
external boundary of the fluid domain (the immobile wall) where the fluid velocity is assumed
to vanish, I' = dS be the fluid/solid interface, and assume that I' does not touch T',,, so that 92
contains two disjoint components I',, and I'. For simplicity, we assume that the only external
body force is gravitation with the constant acceleration g. Hence, the body force density in the
fluid is pyg where p; is the constant fluid density. Let p; be the constant density of the solid.
Then, the resultant external force on the particle is mg where m = p,|S| is the mass of the
particle, and the resultant moment of the external force with respect to the barycenter of the



particle is 0. Denoting the constant fluid viscosity by v, the equations governing the motion of
the fluid/particle system can be now given as:

—2vdiv D(u) + Vp = pyyg, in (1a)
divu =0, in (1b)
u=U+vY xr, onT (1c)
u =0, on Iy, (1d)
- [[@Dw) ~ 1+ mg =0 (1e)
r
/(2D(u) —pinxr=0 (1f)
r

/QPZO (1g)

Here, the unknowns are the fluid velocity u : Q — R? and the pressure p : Q — R, the velocity
of the particle barycenter U € R?, and the angular velocity of the particle 1) € RY (d=1if
d=2and d =3if d=3). In these equations, D(u) = £(Vu+ Vu”) denotes the strain tensor, r
denotes the vector from the barycenter of the solid S, and n denotes the unit normal on I" looking
into the solid. Equations (1e)—(1f) come from the balance of forces exerted on the particle (the
force exerted by the fluid and the gravitational force).

From a numerical simulation perspective, it is natural to introduce an immobile computational
mesh on the immobile box O containing both the fluid and the particle. On the other hand,
the solid S will be moving with velocities U = U(t), ¥ = (¢) at all-time ¢, thus permanently
changing the shape of the fluid domain €. It is therefore interesting to design numerical methods
for the system (la)—(1g) that discretize v and p on a mesh non fitted to Q.

2.2 A formal derivation of the appropriate weak formulation

Let 7,° be a regular simplicial mesh on O (the background mesh). Introduce the active compu-
tational mesh 7;, as a submesh of 7710 covering €. Let 5 D Q be the domain of 7;, and G}, the
part of the boundary of €2, intersecting the solid, cf. Fig. 1 (the actual definition of , is given in
(8), based on an approximation to the levelset ¢, and may occasionally result in situations where
some tiny portions of  lie outside 2, but this does not influence the forthcoming derivation
of the FE scheme). Assume (on a formal level, just to derive the scheme) that u and p can be
extended from €2 to §2;, as solution to the Stokes equations so that

—2vdivD(u)+Vp=prg and divu=0in Q.

Taking any sufficiently smooth test functions v and ¢ on 2, such that v = 0 on I';,,, an integration
by parts gives

2v D(u) : D(v) — /

Qp Qn

pdivv—/ qdivu—/ (21/D(u)—pl)n-v:/ prg-v.  (2)
Qn Gh

Qp,

Assuming v = 0 on I',,, this imposes already the boundary condition (1d) on I',,, which we
suppose to fit to the mesh 7,. On the contrary, this formulation does not take into account any
boundary conditions on I'. In order to incorporate boundary conditions (1c) we make the ansatz

u=o¢w—+x(U+v xr) (3)



where ¢ is a level set function for the fluid domain Q = {¢ < 0}, and x is a sufficiently smooth
function on O such that x =1 on the solid § and x = 0 on I'y,. This introduces the new vector
valued unknown w on €, that should vanish on T, (indeed w = 0 on Ty, implies u = 0 on Ty,
thanks to the choice of x; in fact, the reason for x is to decouple the boundary conditions on I"
and I',, from one another).

The test functions v in (2) can be represented in the same way as the solution (3):

v=0¢s+x(V+wxr) (4)

for all vector-valued functions s on €, vanishing on I',,, and V € R?, w € RY. In particular,
the test functions of the form x(V + w x r) can be used to take into account the force balance
(le—1f). To this end, we introduce By, = Qp \ Q, i.e. the strip between I'" and G}, and use the
divergence theorem on By, to transfer the boundary term in (2) from G, to I' where it can be
evaluated by (le-1f):

/ (2vD(u) —pDn-x(V+wxr) = / (2vD(u) —pI)n- (V4w xr)
Gh Gh

= /(ZVD(U) —phn-(V+wxr) —|—/ div(2vD(u) —pI)n- (V +w x r)
r B

—mg- V= [ pgalVwxn = )
h

We now remark B, = Q, \ (O \ S) to rewrite the above as

.:_/ pfg-X(V+w><7‘)+/pf9~x(V+wXr)—/pfg-(V+w><r)+mg-V
Qpn (@] S

:_/ pfg-X(V+w><7‘)+/pf9~x(V+w><7")+< —pf)mg-V- (6)
Qh (@]

S

The last line is justified by observing fs psg - (V+wxr)=mg- -V with ps; being the constant
density of the solid.

Substituting the ansatzes (3)-(4) for u and v into (2) and rewriting the boundary term using
(5)-(6) we arrive at the following formal variational formulation of our problem in terms of the
new unknowns w, V,¢: find w : ), — R? vanishing on T',, U € R% ¢ € RY and p: Q) — R
such that

v A D(gbw—i—x(U—f—wxr)):D((ﬁs—&—x(V—t—wxr))—/G 2uD(¢pw+ x(U+v xr))—pl)n-¢s

—/ pdiv(ps + x(V +w x 1)) — / gdiv(pw + x(U + ¢ x 1))
Qn Qn

=/ pfg~¢s+/opfg-x(V+w><r)+<1—'0f)mg-V (7)

y s

for all s : ), — R? vanishing on I',, V € R%, w € Rd/, and ¢q : Q5 — R. In addition, the pressure
p should satisfy the constraint (1g).

Note that the formulation above contains only the integrals on Qj, G, O which can be easily
approximated by quadrature rules on meshes 7}, and ’7;?. We can thus discretize using the usual
finite elements for the trial and test functions, and approximating ¢, x by piecewise polynomials.



2.3 The ¢-FEM scheme: discretization with Taylor-Hood finite ele-
ments

We fix an integer £ > 2 and introduce the approximations ¢, and xj to the levelset ¢ and to
the cut-off , given by the standard nodal interpolation to the continuous FE spaces of degree k
on the mesh 7;10. The active mesh 7} and its domain €2, are actually defined as follows:

Th=AT €Ty’ :Tn{on <0} # 2}, Q= Uren D)’ (8)

as illustrated in Fig. 1. We can now introduce the FE spaces for velocity and pressure on the
mesh Tp: -
Vi, = {Uh S C(Q)d : Uh|T € Pk(T)d VT € 7;“ vp =0 on Fw}

and

Mhz{qheC(m:qhueP’f—l(T) VT €T, /qhzo}.
Q

Remark 1. Note that he definition of the pressure space involves an integral on 2, which is
incompatible with our ¢-FEM framework since its whole point is to avoid the integrals on
and T'. In practice, we shall rather impose th qn = 0, introducing a mismatch in the additive
pressure constant (which, any way, has no physical meaning) with respect to the exact solution
satisfying (1g). We prefer however to keep the unimplementable constraint in the definition above
to avoid some technical difficulties in theory. In practice, a special care will have to be taken in
the interpretation of the error in pressure. We shall return to this technical point in the numerical
results section.

Moreover, we shall need the collections of the mesh cells 7;'" and facets F} near the boundary
T', as illustrated in Fig. 2, to include the appropriate stabilization into the FE scheme. More
specifically, we introduce the submesh 7' C 7, and the corresponding subdomain Q) C Q
containing the mesh elements intersected by the approximate boundary

Fh = {¢h = O}a

i.e.

Tr={TeTh:TNTy #2), QF = (UTEThrT) . (9)

Finally, we set F} as the collection of the interior facets of the mesh 7y, either cut by T or
belonging to a cut mesh element

F; = {F (an internal facet of 7;,) such that 37 € 7;' and E € 9T}.

The stabilized scheme inspired by (7) can be now written as: find wy, € Vi, Uy, € R%, ¢, € RY



Figure 2: Example of 7] and F} with the geometry given in Fig. 1 (left).

pn € My, such that

2v ; D(pnwn + xn(Un +n x 1)) : D(¢nsn + Xn(Vi +wn X 7))

- /G 2uD(Xn(Un + Yn x 1) + ¢ppwn) — prl)n - pnsp — /Q prdiv(énsn + xn (Vi +wp X 1))

- / qn div(pnwn + Xn(Un + n x 1))
Qp
+ 0udu(Xn(Un + ¥n x 1) + dpwn, xn(Va + wn X 1) + dnsp)

+oh? Y / (=vA(gnwn + Xxn(Un + ¥ x 1)) + Vpn) - (=vA(dnsn + Xxn(Vh +wn X 1)) = Vap)
TET, T

+o E / div(énwn + Xn(Un + ¥n x 1)) div(¢nsn + xn(Va + wn X 7))
T
TeT,

:/ pfg~¢hsh+/pfg~xh(Vh+whxr)+( pf)mg~Vh
Qh O S

+oh® > / P19 (=vAGrsh + xn(Vh +wh X 7)) = Var)  (10)
T
TeTr

for all s, € Vi, Vi, € R% wy, € Rd,, qn € My,
Here J, is the ghost penalties for the velocity, cf. [7]:

Ju(u,v) =h Z /E[anu] - [0pv] + B3 Z /E [02u] - [02v] .

EeF}) EcFf

Note that, unlike [7, 8], we do not penalize the jumps of all the derivatives of the velocity; only
the derivatives of order up to 2 are included in J,. There is no penalization on the pressure
either. We recall however that the version of the ghost penalty in ¢-FEM for Poisson problem in
[12] is even more reduced: only the jumps of the first order derivatives are penalized there. The
inclusion of the second order derivatives in J,, in the present case of Stokes equations allows us
to control both velocity and pressure in the forthcoming proofs, cf. Lemma 1.



2.4 Assumptions on the mesh and mains results

We begin with some assumptions on regularity of the mesh and we then state our main results
on the numerical convergence of our method.

Assumption 1. The boundary T' can be covered by open sets O;, i = 1,...,1 and one can
introduce on every O; local coordinates &1, . ..,&q with £ = ¢ such that all the partial derivatives
0%¢/0x® and 0%x/IE™ up to order k + 1 are bounded by some Coy > 0. Thus, ¢ is of class C*+!
on O.

To formulate our next assumption, we introduce an extended band of mesh elements near
the boundary T', namely the submesh 7;?’6“ with 7,5 C 775’6‘” C Ty by adding to ;" the cells
which are neighbors and neighbors of neighbors of cells in 7;!'.

Assumption 2. |V¢| > m, |V, > & on all the mesh cells in T ¢l > mh on Ty \ T, ",
and |Vop| < M on Qp with some m, M > 0.

We will assume the following regularity on x
Assumption 3. xy € H*1(O), x =1 0on S, x =0 on T,

Assumption 4. The approzimate interface Gy, can be covered by element patches {1y =1 Ny
having the following properties:

e Each 11y, is composed of a mesh element T}, lying inside 2 and some elements cut by I,
more precisely Iy = Ty U H£ where Ty, € Tp, T, C 2, Hg C 7;LF, and H}; contains at most
N mesh elements;

e FEach mesh element in a patch Il shares at least a facet with another mesh element in the
same patch. In particular, Ty shares a facet Fy, with an element in 11} ;

o T =U 0L
o 11y and II; are disjoint if k # 1.
Assumption 5. Any mesh cell T € Ty, has at least d facets not lying on T, .

Remark 2. The last assumption is usually required in the theoretical analysis of Taylor-Hood
elements for the Stokes equation in the geometrically conforming setting [13], although it can
be significantly relazed, at least in the 2D setting [5]. Note that this assumption only affects
the mesh mear the outer wall I'y,, more particularly in the corners of O, which we treat in the
standard geometrically conforming manner any way. It does not impose any further restriction
on the active mesh Ty, near the interface I', where ¢p-FEM is effectively employed.

Let us now state our main results:

Theorem 1. Suppose that Assumptions 1-5 hold true and the mesh Ty is quasi-uniform. Let
(u,U,2p,p) € H* Q)4 x R? x R x H*(Q) be the solution to (1a)-(1g) and (wp, Un,¥n,pn) €
Vi x R x RY x My, be the solution to (10). Denoting

up := Xn(Un + ¥n X 1) + dppwp
it holds for h < hg

lu—unl1.0n0, + P = Prloone, < CRE(Jullisr,e + [Plko) (11)



and
U — Uil + ¢ — ¢n| < CE*(ullksr.0 + Ipllk0) (12)

with some C' > 0 and hg > 0 depending on the parameters Cy, m, M, N in Assumptions 1-5,
on the mazimum of the derivatives of ¢ and x of order up to k+ 1, on the mesh regularity, and
on the polynomial degree k, but independent of h, f, and u.

Moreover, supposing ) C Qy,

lu = unllo.0 < CREF2(Jlullkir,0 + [pllk.0) (13)
with a constant C > 0 of the same type as above.

Remark 3. The numerical results in Section 4 suggest that convergence order for the particle
velocity error and that for the L?-error of the fluid velocity is k + 1. This suggests that both
estimates (12) and (13) are not sharp. This is similar to our previous studies [12] and [11].

3 Proofs

From now on, we put the viscosity of the fluid to ¥ = 1 to simplify the formulas. We shall also
tacitly suppose that Assumptions 1-5 holds true.

This section is organized as follows: we start with some technical lemmas in Sections 3.1 and
3.2, essentially adapting the corresponding results from [12]. Note however that the interpolation
error bound in Section 3.2 is sharper than its counterpart in [12]; it is now optimal with respect
to the Sobolev norm expected from the interpolated function. This is followed by the proofs of
Taylor-Hood inf-sup stability, the generalized coercivity of the bilinear form and finally the a
priori error estimates, respectively, in Sections 3.3, 3.4 and 3.5, thus establishing Theorem 1.

3.1 Some technical lemmas.

Lemma 1. Let T be a triangle/tetrahedron, E one of its sides, v a vector-valued polynomial
function on T, q a scalar-valued polynomial function on T such that

ov 0%
U_%_W—OonE (14)

and
—Av+Vg=0and divv=0 on T. (15)

Then v =0 and q = const on T

The proof of this lemma is inspired from the corresponding lemma in Dirichlet ¢-FEM paper.

Proof. We shall give the proof only in the two dimensional setting, the generalization to the
case d = 3 being straightforward. Without loss of generality, we can choose the Cartesian
coordinates (z,y) such that the edge F lies on the z-axis. We shall denote the components of
the vector-valued function v by (v1, va).

Let us write, for k € {1, 2},

v = Z vfjxiyj and ¢ = Z qi; 'y
4,j20 1,720
We will prove by strong induction on m that

vi; =0 Vke{1,2},i>0, je{0,..,m}. (Som)



Using (14), it holds

E vfoxl: E vflxlz E vfzxz =0

>0 i>0 >0

for all z and k € {1,2}. Hence v, = vF = vk =0 for all i > 0, k € {1,2} and we obtain (S2).
Assume that for a given m > 2, (S,,,) holds true. Thanks to (15), one has

—(i+2)(i+ 1)”(1i+2)j - +2)(+ 1)Ui1(j+2) + (i + 1ggt1); =0, (16)
—(i 4+ 2)(E + Dfsy0); — (G +2) (G + Dvip0) + (G + Daig41) =0 (17)

and
(i + Doy, + (G + D)o j4q) = 0. (18)

From (16) and (17), for each i, j

, 1 G+3)G+2) 4 ((+3)(i+2) , , 2
CF Dviraygen + T Vo T a1 Ve H U DV

The last equality for j = m — 2 combined with (S,,,) implies that
Vliminy =0 Vi>0.
Relation (18) for j = m and (S,,) gives
Vi) =0 Vi>0,
which leads to (Sy,+1). Thus v = 0. This also implies Vg = 0 on T' thanks to (15). O

Lemma 2. For any 8 > 0 and any integers s,r > 1 there exists 0 < a < 1 depending only on
the mesh regularity and s,r such that for any continuous vector-valued P* FE function vy, on Tp
and any continuous scalar P FE function gy it holds

1D@n)llg ar + (1= a)h?|anl] gr < all D(vn)l[5¢,
+ B | B2l = Av + Vanll§ op + [ divenlg op + Y Gll0nvnll5 s + R N070n]56) | - (19)
EcF}

Proof. Thanks to Assumption 4, the boundary I' can be covered by elements patches {IIj }x=1,. . ny-
Take > 0 and set

a:=_max F(Ilx, vs,qn), (20)
Mk, vh,qn
where ) ol 1
F(H ) ||D(/Uh)||07]'[1;+h |qh|1,1'[£ - ﬁG(Hkavfnqh)
ks Uh,4h) =
HD(Uh)Hg,HkJFhQMhE,Hg
with

. 2
Gk, v, qn) = B?|| = Avp + Vaullg or + I div op[[§ g + A 10nvnll 5, +h° || [87on] |, -

The maximum in (20) is taken over all the continuous vector-valued P? FE functions v, on IIj, all
the continuous scalar P" FE functions ¢, on Hl,;, such that the denominator in the expression for
F does not vanish, and over all the possible configurations of patches Il satisfying Assumption

10



4. The notation F stands for the set of mesh facets inside the patch II; which includes thus Fy
separating T}, from IIL and the other facets inside IIL. The norm || - ||z, should be understood
as (X e, | 113

Since the maximized function F' is invariant with respect to the transformation x %x, vp >
%vh, qn — qn, we can assume that h = 1 in (20). Furthermore F(Ilg, vy, qn) = F(Ilg, Avg, Aqn)
for any A # 0. Hence the maximum (20) is attained since it can be taken over all admissible
patches with h = 1 and all vy, g, such that | D(vp)|[§ 11, +h*|qn|] qr = 1, forming the unit sphere

; Ik
in the finite dimensional space of all (v, i) factored by rigid body motions on I and constants
on I}

Clearly a < 1. Let us prove by contradiction that v < 1. Assume that = 1. Consider the
patch IIj, (with h = 1) and vy, g, with ||D(”h)||(2),nk+|q*l‘ing = 1 on which the maximum (20)
is attained. Then,

HD(”h)H%,Tk + AG(Ilg, v, qn) =0,

since Il = T U H};. We deduce that v, = % = % = 0 on all the facets in Fj and

—Avp, + Vg, =0, div(vy) =0on all T € HE. Moreover, vy is a rigid body motion on Tj. Let

viP™ be the rigid body motion velocity on R? coinciding with v, on Tj. Thanks to Lemma 1

applied to vy, — v;®™ and to g, on the cells in I} starting from the cell adjacent in II% to T},

we have vy, = v,’;bm on II; and ¢, = const on Hl,; (recall that g, is continuous). We have thus

reached a contradiction with the assumptions || D(vp)||§ 11, +1gn|? r =1 and v = 1.
This proves that there exists a < 1 such that

1Dl + (1 = a)h®|an] pr < ollD(wn)I[3 m,
+ (hQH — Avy + VQhHang + |l diVUhHg,ng +h ||[‘9nvh]”2fk + 17 || [070n] Hka)
on all the patches II;, and for all vy, g;. Summing this over all ITj, gives (19). O
Lemma 3. For any v € HY(Q)? vanishing on T,
v, < CID()]0.q- (21)
Proof. Since v =0 on I, we have the following Korn inequality
e < CIDO)]o0 (22)
with a constant C' > 0 depending only on the shape of €2, cf. [9, Theorem 6.3-4]. This implies
[vl1,0: < ClID(W)llo,0n;

where 2}, regroups the mesh cells inside . Now, for any pair of mesh cells 7', 7" sharing a facet
FE, we can prove
[vh,r < CllD(v)

lo,7 + Clvl1,1 (23)

with a constant C' independent of h. Indeed, combining the Korn inequalities (22) and the trace
theorem on the reference element leads to |v|1,r < C||D(v)|lo,r + C|v|1/2,5. Employing again
the trace inequality on 7" leads to (23).

Let Q" be Q plus the cells which are not in ), but have a neighbor in €. For any such cell
T, we take T” as its neighbor in €2}, apply the estimate above, sum and compare with estimates
yet above. This gives

vl qir < ClID ()0,

11



Let QZ’Q be QZ’l plus the cells which are not in Qf{l but have a neighbor in Qzl We have similar
to above
o], s < CID@) o,

and so on. After a finite number of steps, say k, we arrive at QZ’k =Qp. And

vlha, = |’U|1,Q;'L'k < C[D(v)llo,0-

Lemma 4. For any s, € Vy and any V, € R4, wy, € Rd/,
1/2

Insnlloar + [ D hlénsulde |+ Vhllgnsn|

FeF)

0,6n < Ch||D(dnsn + xn(Vi +wn X 1))]l0,0,-

Proof. Take any s, € Vi, Vi, € R%, wy, € R? and denote vy, = dnsh + xn(Vi +wp x r). By [12,
Lemma 3.4]

[énsnlloor < Chlgnsali or < Ch(lvnly ar + [xa(Va +wn X 7)[1 or)
< Ch([vnlyor + [Ixallor (IVal + |wnl). (24)

By equivalence of norms
[Val + lwn| < Cl[Vi +wn X rllo,r- (25)

Denote by Bi the band between I' and T'j,. Applying the divergence theorem to the vector field
|Vi, + wp, x 7|?V¢ and noting that the normal on I' (resp. T';) is given by :I:% (resp. i%)
gives

/|vh+whxr|2|v¢| </ Vi +wn x r[2 V-Vl
r T, |V nl

/ div (|Vi, +wn x 7[*V9)
B

We now note that |V@| (resp. |V¢y| and xp,) are both positive and bounded away from 0 on T’
(resp. on I'y) uniformly in h for h small enough, and the measure of B}, is of order h**1. The
inequality above implies thus

Vi + wn X 7[5 0 < CUIxn (Vi + wn X 7§ 1, + BT (V] + [wn])?).
Combining this with (25) gives, for h small enough
[Vil + |wn| < Clixn (Vi 4+ wr x 7)|lo,r,, = Clloallo,r,

and, by the trace inequality,
Vil + lwn| < Cllonlly ar-

Substituting this into (24) and combining with the Korn inequality (21) yields the announced
estimate for ||¢nsnllo or since |[xall1 or is bounded uniformly in h. The remaining part of the
estimate follows by trace inverse inequalities as in [12, Lemma 3.5]. O

12



3.2 Interpolation by finite elements multiplied with the level set
We recall first a Hardy-type inequality, cf. [12].

<

Lemma 5. For any integer s € [0, k] and any u € H51(Qy,) vanishing on T, it holds

u
¢

S,Qh
Cllulls+1,0, with C > 0 depending only on the constants in Assumption 1 and on s.

This allows us to prove the following bound for interpolation by the products of finite elements
with ¢p,.

Lemma 6. Lett be an integer 1 <t < k-+1. For anyv € HY(Q,)4NHL () there exists wy, € V),
s.t.
HU - ¢hwh||37ﬂh < ChtisHU”t,th s=0,1 (26)

with C > 0 depending only on t, s, the constants in Assumptions 1-2, and the mesh reqularity.

Proof. Let v € H*(Q4)% v =0onT, and set w = v/¢. Thanks to Lemma 5, w € H'~1(€;,)? and
lwll;_1 q, < Clvlg,. Consider wy, = Ifw, where If is a Scott-Zhang interpolation operator.
For any T € Ty, let wr denote the patch of mesh cells adjacent to T (not necessarily all the
adjacent cells) regrouping the cells affected by the construction of Iyw on T', so that Ifw on T
depends on w only though its restriction to wp. The Scott-Zhang interpolation operator can be
constructed so that wy C 7;?’6” forall T € ﬁlp’ext, and wy C Tp \ ﬁLF’em forall T € Ty, \ ﬁLF’eIt.
In what follows, we assume that the operator I; enjoys this property together with the usual
interpolation error estimates see for instance [6].

Our first goal is to prove (26) for s = 0. Taking any T' € T;,. Recall that ¢ is supposed to be
of class (at least) C* so that ||¢ — ¢pleo,r < Ch'. Hence,

|[v = dnwallor = |pw — prwnllor (27)
< Nlloo,rllw = whllo,r + 16 = Galloo, llwnllo,r
< [@loo,7llw — wh o7 + Ch|Jw

IO,WT'

To continue this proof, we distinguish two cases: the cells T € 775’6‘” close to I';, and the
remaining cells, which are at the distance of at least order h from T'j,.

(i) Consider T € 7, *“**. We have ||¢||co,r < Ch on these cells since they are at the distance
~ h from I'. Noting that ||w—wp|lo,r < Ch!~!|w|;—1,., by the usual interpolation estimate,
we derive from (27)

v — dnwnllor < Ch* (Jwli—1wp + [w]lows) - (28)

(ii) Now consider T € Ty, \775’63”. We note that ¢ does not vanish on wr for such T' (recall
that wr C T, \ T, %), so that w € H'(wr) and, by (27) and the usual approximation

estimates,
lv = ¢nwnllor < CB' ([[Plloo,r|w]twr + wllowr) - (29)
In order to bound |w|; ., here, we note the Leibniz formula valid for any multi-index
aeNL a#0
1 P
%w = 58% -y cﬁ%aa—ﬂw (30)
BeNt
B<La,B#0

13



where C? are the binomial coefficients depending only on the multi-indices o and 3.

Applying (30) to w on wy gives

1
[Wlt wr < m(|v|t,w + Cllwllt—1,0r)-
Hence, by (29),
[¢lloo, 7
o= nanllor < O (LA (ol 4 ollmson) + wlor ) 31

Recall that min,,,. |¢| = mh by Assumption 2. The distance between any point on 7" and
any point on wr is at most 2h so that
maxy |¢| — miny,,. |¢| 2Mh 2M

[lloo,7
APloe.T 4 <1+ <14+ 2=
ming. |¢] + ming. |¢] + mh + m

with M denoting an upper bound on |V¢|. Substituting this into (31) gives

lv = gnwnllo.r < CR'(Jv]wr + wlle-1,0)- (32)

Summing (28) over all the cells T € 7, *“** and (32) over all the remaining cells of mesh 7;, gives

v — dnwnllo, < Ch*(Jvlig, + lwlli-1.0,) -

This yields (26) with s = 0 thanks to the estimate ||w|(—1,q, < ||v|,0, given by Lemma 5.
Let us now prove (26) for s = 1. Introduce vy, = I;v so that

lv—wnl1,0, <Ch' olia, and [Jv—waloq, < CR'|v)q,.

Then, combining the already proven estimate (26) for s = 0, the inverse inequality, and the
interpolation estimates above, we obtain

v — dpwnl1,, < |vn — dpwil1a, + v —val1,,
< 5 lon = énwnllo.g, + 10 = vnlie,

C
< ﬁHU — dnwpllo,, + ﬁHv = vnllo,q, + v —vnl10,

< CH ol

3.3 An adaptation of the Taylor-Hood inf-sup stability to ¢-FEM

In this section, we prove some Taylor-Hood inf-sup conditions which will be use to establish the
coercivity of our bilinear form in the next section. The proofs are inspired by [17].

Lemma 7. There exists an h-independent constant C' > 0 such that Vp, € My, Jw, € V
satisfying

W2 puli o, — CR2|pali or </ Vpn - (ppwn) and |ppwalr, < Chlprlia,.  (33)
0

h
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Proof. Let us introduce the submesh 7, = 7, \ 7, and denote by &; the set of the edges of mesh
7% including those shared with 7;'', but excluding those lying on T',,. For any edge E € &}, let t
be the unit tangent vector to E (any of two, but fixed), x g be the midpoint of E, w(E) be the set
of the mesh cells sharing E, and ¥ g be the piecewise quadratic function such that Yg(zg) =1

and g vanishes at all the other edge midpoints and at all the nodes of 7,. Moreover, defined
for all £ € 527

~ —h, if £ belongs to a cell from TF ot
o8 = % /E ¢n, otherwise.
Taking any p, € M}, and set wy € Vy, as
h2
Wh = Z E¢E(tE . Vph)tE. (34)
Be€}

We have indeed wy, € Vp,, since the pressure tangential derivative ¢ g-Vpy, is a continuous piecewise
polynomial of degree < k — 1 on w(E) and ¥ is a continuous piecewise polynomial of degree 2,
vanishing outside w(E). Note also that wy = 0 on Iy, since E,i does not contain the edges lying
on I'y,. It holds for any cell T € w(E) N T}

jhwEuE V2 > ¢ / t - Vpnl?. (35)

Here and elsewhere, the constants ¢ > 0 depend only on the polynomial degree k, the shape
regularity, and the parameters of Assumption 2. This inequality can be proven by considering

_r j:h VEd,
mim —s
T,¢n,qn fT qh

taken over all the simplexes T permitted by the mesh regularity, polynomials ¢ satisfying the
restrictions of Assumption 2, and all the polynomials ¢, := tg - Vp, of degree kK — 2. By

homogeneity and rescaling, one can safely assume that diam 7T = 1 and Z—)’—Z

= llgnllo.r = 1.
T

Additional constraints on ¢, are imposed differently in the two cases: if T € 7;5’6” then
—¢p > 0on T, and (after rescaling) ‘Vﬂ T if T ¢ 7;? €@ then again —¢, > 0 on T, and

%‘Ijﬂ 14 === rlr(fl};llT II;;:}T lonl <1 4 M 5o that ﬂ is uniformly bounded away from 0. In

both cases, the set of possible ¢y, is bounded and closed so that the minimum above is indeed
attained and is positive.

Thanks to (35), we have, setting Qi = Q5 \ Q}, and denoting by £(T) the set of edges of a
cell T excluding the edges on T',,

¢hwh Vph =) h2/

Eeé}

¢E77Z}E|tE Vol Ze Y Y h2/|tE'Vph|2-

(E)ng, TeT, BEE(T)

Taking into account Assumption 5, we have by scaling and the equivalence of norms on all T € 77f
> / \te - Vpu|? > clpn|? -
E€&(T)

Hence,

Qrwp - Vpp > Ch2|ph|im : (36)
Qi '
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Now, on a mesh cell T € 7,/ having common edges with cells of 7}/, definition (34) clearly
gives

/¢hwh “Vpu| =
T

Z / onvElts - Voul*| < CR?|phli ¢

Ee&(T)NE]

since ¢y, is of order h on such cells. Combining this with (36) gives

ch®|pnli g, < / dnwp, - Vpn —/ orwn - Vpn + ch?pal; or
Qp or Trh
< dnwp - Vpy, + Ch? |ph|iQ’Fo (37)
Qpn v
We also have

onwnll, = [ 1(Fon)wn + on(Vun) P
Q

h

4 |V¢h| 2 izl 2 2 ‘15% 2.2
DD M R e A e
&i E ¢E

TeTh E€E(T)N

<C Z h2/ |Vpn|* = Ch?|py3 an- (38)
TET

We have used here the finite element inverse estimates on ¢y, ¥ g, p, and a uniform upper bound
on M%E‘I(M that can be established similarly to (35).
Redefining wy, as wy, /¢ with the constant ¢ from (37) shows (33) as a combination of (37) and

(38). O

Lemma 8. There exists an h-independent constant C' > 0 such that Vp, € My, ds;, € Vy,
lpnll5 2 = CR?Ipnl} o1 S/ Von - (énsn)  and  [¢nsnli,0, < Clprllog,- (39)
' Qn

Proof. Taking pj, € Mj,. By continuous velocity-pressure inf-sup (recall that fQ pr = 0), there
exists v € Hi(Q) s.t.
dive = —pp, on Q, and ||v]j1.0 < C|lprlloq-

Let @ € HY(Q,) be the extension of v by 0 outside Q. Lemma 6 with ¢ = 1 implies Jvj, € V, s.t.

[0 = dnvnllo,e. < ChlVl1,0, < Chlprlloe, and  |rvnlie, < CO0 < Clprllogn, -

Thus,

||ph||§,9:—/Qphdivv:/ﬂm-@:/ﬂ Vph~<¢hvh)+/Q Vph - (5 — bron)

< [ Vi (¢nvn) + Chlppli,o,
52h

(40)

By an argument similar to that used in the proof of Lemma 2, we have

lpnl3 0, < CLllpall o + h*pal; or)-
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We can thus pass from the norm on 2 to that on £, in (40):
15,0, < Cl/ﬂ Von - (énvn) + Chlpalve, [pnllo.e, + Crh®pnl? or
h

Hence, by Young inequality,

1
§\|Ph||g,szh <C1 [ Vpn - (dnvn) + Coh?lpnli g, + Clh2|ph|i§2£

Qp

<C1 [ Vpn-(9nvn) +Co [ Vpn - (¢nwn) + ChQ\phﬁ,Qy
Qn Qn o

with wy, given by Lemma 7. Thus,

1
§||Ph||c2),ah—0h2|ph|igg</ Vo ¢n(Crop+Cowp) and  [|¢p(Crop+Cowp)li,a, < Cllpalloa,
Qh

since |prwpl1,0, < Chlprlia, < Cllpnlloq, by inverse finite element estimates.
Setting sp = 2(Chvp, + Cowy,) proves (39). O

3.4 The generalized coercivity (the inf-sup condition) for the bilinear
form.

To ease the forthcoming calculations, let us introduce the finite element space of velocities com-
bining the rigid body motion on the approximate boundary and the contributions involving the

level set: /
V;;bm = {Xh(Vh + wp, X T‘) + ¢rsp with sy € Vi, Vy € Rd,wh € R } (41)

In the scheme (10), we shall now combine the test functions sy, Vj,wy, into v, € Vﬁbm as in

the definition above. Similarly, we shall combine the trial functions wy, Uy, ¥, into up € V,lem

setting up, = Xn(Un + ¥p X 1) + ppwp). Scheme (10) can be then rewritten in the compact form:
find uy, € V,’;bm and pp € My, such that

cn(Uh, Pri Vs qn) = La(vn, qn),  Yon € V™, qn € My, (42)
where the bilinear form ¢y, is given by

ch(uh,ph; U}“qh) =2 D(uh) : D(”Uh) — / (2D(uh) — phI)n . ¢h5h
Qn Gh

—/ qhdivuh—/ pp div oy
Qn Qn

+oh? Yy /T(—Auh +Vpn) - (—Avy = Van) +0 Y /T(divuh)(div vn)

TeTy ey
+ouh Y / [Ontun] - [Onvn] + ouh® > / [02us] - [02vn]
perf 7 E perr 7 E
and the linear form Ly is given by

Ly (vn,qn) = / P19 - Prsh +/ prg - Xn(Vh +wp X 1)+ (1 - /;f) mg - Vy
Qp O s

+ oh? Z /Tpfg-(—Avh—vq}J. (43)

TeTr
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In both expressions above, s, Vi, and wy, are related to vy, € V’bm as in (41).

Lemma 9. Introduce the norm on V”’m X My,

1/2
llons anlln == | lval? ., +02 > | = Ave+ Vg + Ju(vn, va)
TeTr
The following inf-sup condition holds
Y(up, pr) € V™ x My, 3(vn, qn) € VEP™ x My,
such that
NP0 8) |4,y (44)

|||Uh, Qh|||h

with a constant 8 > 0 depending only on the mesh regularity.

Proof. Let us take p, € M, and up, = xp(Up + ¥y X 7) + dpwp, € V”bm with wy, € Vy,, Uy, € R?
and ¢y, € RY .

Step 1: controlling the velocity. By choosing (up,pn) as the trial function and (up, —pn) as
the test function in the bilinear form c¢j,, we obtained:

ch(Un, Prs Un, —pn) = 2/ |D(up)|? —/G (2D(un) — prI)n - dpwp

Qn
+ ouh Z /|8uh| + o, h3 Z /’amh
EeF} EeFy
+oh? Y /|—Auh+Vph|2+a > /|d1vuh|2 (45)
TeTF TeTF

Let Bj, be the strip between I'y, = {¢, = 0} and G, i.e. By = {¢n > 0} N Q. Since
drwp, = 0 on I'y,

D(up)n - ¢ppwn = | D(up)n - gpwp
Gh 8Bh

= > /B(BmT) D(upn)nr - gnwn, — > > /Esz D(up)nr - dpwn,

TeTF TeT,, BeF»4(T)

where T,I' is defined in (9), F£**(T') regroups the facets of a mesh element T cut by I'y,, and nr is
the unit normal pointing outside of T" on the boundary of a mesh cell T'. Applying the divergence
theorem to the integrals on 9(Bj, NT) and regrouping the integrals on the facets gives

D(uh)n-¢hwh= ~ D(uh) hwh Z / leD uh) gbhwh
G By, TGTF BrNT
- / (D)) - Spany
gerFr Y ENBn
:[ (wn)?+ > / div D(up) - ppwp — Y / ] - dnwn,
By, TETF BpNT EE]_-F EmBh
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since up — ¢pwy, is the velocity of a rigid motion on Bh.
Similarly (and simpler)

/ phn'¢hwh:/~ Phn'¢hwh=/ prdivup + [ Vpn - gpwp.
G}L th

By, By,

Substituting this into (45) yields

ch(uh,ph;uh,fph):2/ |D(uh)|2—2[ \D(uh)|2f Z / (2div D(up) — Vpp) - dpwp,

Qp By, TGThF BnNT
+2 Z / - [D(uil)n]'¢hw}z+/~ Ph divuh
reFr 7 ENBn By,
+ouh Y /[8nuh]2+0'uh3 > / |[02un]|?
Berp 7P gerr’E
+oh? 3 /IAUh—Vphl2+o 3 /|divuh|2.
rerr T rerr T

With several Young inequalities, the estimates of Lemma 4, and observing that
2 div D(uh) — Vpn = Aup — Vpy, + Vdivuy,

on any cell T', we arrive at

€1+ €2+ €3 €3
cn(Uh, PhiUn, —Pn) = (2 B e— ) 1D (un)l§ 0, — 2||D(Uh)||g7gg - 5||ph||o,§zg
112 (o= =) 3 Aun— VpnlE+ (o0 — = ) [l dives2
9%, h Prilo,T 263 hilo,QF
TeTY
1 . 2
+h (Uu - 252) Z I Onun] 5, + oul® Z 107 un] ||07E

EcFy EcF}
valid for any €1,€2,e3 > 0. Thanks to Lemma 2, this can be further bounded as

€1t+éexte3

ch(Un, Pns Un, —pn) = (2(1 —a)-C 9

) 1D R, +2(1 — a)hlpnly ar

€3 1
~ Llmlosg +12 (7 - 5= —28) 3 80—l
! TeTY

1 . 1
+ (050 20 lavulag + 0 (o 5~ 28) 3 10wl s

EeF}
0o —28) D [|[02un] o, (46)
EeF}

with some >0 and a € (0,1).
Step 2: controlling the pressure. Let now s, € V;, be the function given by Lemma 8 and
set v = ¢psp,. Noting that

— [ el [ o= [ oo > Ionla, — Ol o
h h

G
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we get

cn(up, pr; vy, 0) > thHth — Ch2|ph|igg +2 D(up) : D(v}) — 2 D(up)n - vy
) Qp Gh

4 oh? Z /T(Auh—Vph)‘AviJrU Z /T(dlvuh)(dIVUZ)

TeTr TeTr

+ ouh Z /E[anuh] 008 + b Z /E [321%] . [821}£] )

EeF} EcF}

Recalling that |v} 1,0, < C|/pallo,q,, remarking that ||v}||o,c, < %|’UZ|17QI}:’ and applying Young

and inverse inequalities allows us to conclude
1
on(un, pi 07, 0) = S lIpnllg g, — CR2Ipalt or = ClID(un) 5.0,

—C | Y = Aun+ Vpnllgr +0® Y Il divun|f s
TeTY TeTY

o2h 7 (0wl 5+ 02k S |[[D2un]|f] ] - (47)
BeFL EeF,

Step 3: combining the estimates. Multiply (47) by A > 0 and add it to (46). This gives

€1+ €E2+ €3

ch(Uh, priun + AV), —pp) = <2(104) -C 5

- CA) 1D,

A — €3
+ =5 lIpnllig, + (201 = @) = CAR%Ipal] or
1 1

+h o — — —28—-C\o? Z HAUh—VthgT-F o—— —28—CAo? ||diVUh,||gQF

2e1 ’ 2e3 T

TeTr
1 2
+h (au ~ 5 28 cmi) > v 8.6 + (0u =28 = Cxa)h® 37 [[[0un] 5
2 BeFr EEF,

Taking A, £1, €2 small enough, e5 = A/2 and o, o, big enough, and recalling Korn inequality (21),
this amounts to
cn(uny prywp + Aop, —pp) = ¢ ||| un, pall7

with some ¢ > 0. We also have easily
llwn + Avg, =pallln < C Il whs palln,

hence the inf-sup estimate (44) with vy, = up, + )\’UZ, qn = —Ph- O

3.5 A priori error estimates.

In this section, we will prove Theorem 1 following the argumentation of [12], which is ameliorated
since we require only the optimal regularity H*+1(Q)? x H*(Q) for the velocity-pressure pair

(u,p) given by (1la)-(1g).
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Proof of the H! a priori error estimate (11): Let (u,p) € H*1(Q)4 x H*(Q) with
u = U+ xr onT be the solution to the continuous problem (1a)-(1g) and (un, pn) € V5™ x My,
with up, = ¢pwp+xn(Un~+1p X71) be the solution to the discrete problem (10). Choose sufficiently
smooth extension % and p of w and p on €2, such that 4 = u, p = p on 2, and

lallk+1,0, < Cllullk+1,0:  15llk0, < Clplk.-

Applying Lemma 6 to @ — x(U + ¢ x ), which vanishes on I" and on I',,, we see that there exists
wy, € Vp, such that

L2, < CRM i — X (U 4+ ¢ X 1) k41,0, -

@ = x(U+v¢ x71) = dpin
This allows us to introduce i, = ¢y, + xn (U + 1 x r) € VIP™ satisfying

@ —tanlle, < la—x(U+vYx7r)—=opinlia, +[1(x = xn) U+ x7)10,
< CRF(laflesr,, + X lker.0, (U + 1))
< ChM|ullesr0, < ChF|lullks 0, (48)

thanks to the standard interpolation of x € H**1(€,) and to the bounds |U|, || < C|lull1.
valid by the trace inequality (recall that w = U + 1 x r on I').

Similarly, ||@ — 0.0, < ChR*TY|ullk+1.0. We define moreover p, € My, by the standard FE
nodal interpolation p, = Ip such that

k7Q . (49)
Thanks to Lemma 9, 3(vp, qpn) € V,Tbbm X My, such that

15— Bnllo., < CR*|p|

cn(Un — Why Dh — Ph Uk, qn)
lvn, anllln

@n — vn, Dr — prllln < C (50)

We should now substitute (@, p) into the form ¢j,. To this end, we introduce the fictitious right-
hand sides F' and @ on €2, so that
—2vdiv D(i1) 4 Vp = F and diva = Q in Q.

We observe then, taking any v, = ¢psp + X (Vi +wn X 1) € VIP™ q; € M,

2 D(a):D(vh)—/hﬁdivvh—/Gh(QD(ﬂ)—ﬁ])n-vh:/QhF-vh

Qp Q

and, recalling B, = Qp \ Q,

/ (2D(@) — I - (Vi + wn x ) = /(w(a) Dy (Vi wn x 1)
Ghn T

+/ div(2D(ﬂ)fﬁI)n~(Vh+whxr):mg~Vh7/ F- (Vi +wn xr).
Bh Bh

Hence,

Ch(ﬂ,ﬁ;vm%):/ F'Uh_/ F'(Vh+wh><7“)+mg'vh—/ gndiva
Qh, Bh, Qh

+ oh? Z /Tﬁ (—Av, — Vap) —l—a/Q (div @) (div vp,).

r
Te’]‘hr‘ h
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Also note that the RHS (43) of the scheme (42) can be rewritten as

Lu(vn, qn) =/

pfg~vh—/ prg- (Vi +wp xr)+mg-Vy
Qh Bh

+ oh? Z /Tpfg~(—Avh—th)

TeTr

This allows us to establish the following Galerkin orthogonality relation, valid for all vy, € ngm,
an € Mh>
cn (@ = Un, P — Ph; Vhy qn) = Bi(vh, qn), (51)

where

Ry (vn, qn) :/ (F—pfg)whsh —/ qn div

By,

By,
+ah? Y /T(F—pfg) : (—Avh—thHo/Q (div @) (div vp,).

T
TeT, h

The integrals of F— prg and diva on €, have been rewritten as integrals on B since both
F — pyg and div @ vanish on 2.
Combination of (50) and (51) entails

(Un — @, Pr — D5 Vhy qn) + Ru(vn, qn)
llvn, anlln

. - Ch
l@n — wn, prn — pullln < C

We can now use interpolation inequalities as in [12, Section 3.4]. In particular, the term with ¢,
in the nominator of the fraction above is bounded by Ch*(||ullx+1.0 + |Pllk.0)lllvn, gnll|n thanks
to (48)-(49) and to the estimates of Lemma 4. To bound Ry, (vp,, q) we recall that F' — prg and
div @ vanish on . Thus, thanks to [12, Lemma 3.6]

I = ppglloar < CR*HIF = ppgll-rar < CR* (|lullkiro + [Ip|

k,Q)

and
I divalloor < Ch*||divalor < CR*|lulls10. (52)
This, combined with the estimates of Lemma 4, in particular [[¢nspllgor < Chlopl; or, leads

to | R (vn, qn)| < CR*(||ullkr1.0 + |IPllk.0)lllvn, gnll|n. Recalling again the interpolation estimates
(48)—(49), we obtain

Iz —un, 5= pallln < CH*([ullksr.0 + Iplke) (53)

giving the error estimates for u and p, announced by (11).

Proof of the a priori error estimate (12) on the velocity of the solid: Let us now
estimate the error for the translation and the rotation of the solid. Thanks to the equivalence of
norms, and recalling x =1 on T,

U = Unl + ¥ = ¢nl < CIU = Up + (¢ = ) X rllo,r
S Olx(U 4+ x 1) = xn(Un + ¥n x 7)llo,r + Cll (X = x1)(Un + 9 x7)|lo,r
< Cllu —upllo,r + Cl[(¢ — drn)wnllo,r + Cllx — xallo,r (IUn| + [¢rl])
< CR*(ullkr1.0 + Ipllk.e + X k41,0 Unl + [1n]))
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with the last estimate valid by the trace inequality, the already established H'-error estimate
for u, an interpolation estimate for y — x, and ¢ — ¢, and the Hardy inequality. Incorporating
[IX|lg+1,0 into the constant C', we deduce

(1= CE*) (U = Upl + [ = 4n]) < OB ([[ullisr.0 + Pk + U]+ [4])
which proves (12) for h small enough since |U| + |¢| < |lul|1,o by the trace inequality.

Proof of the L? a priori error estimate (13): Let (v,q, V,w) € H2(Q)%x H () x R% x R

the solution to
—2divD(v) + Vg=u—up, in,

dive =0, in Q,
v=V+wxr, on I,
v =0, on I'y,

fr(2D(v) —ql)n =0,

An integration by parts gives
Ju= sl = [ (- w)(~2div D(w) + Vo) (54)
Q
= 2/ D(u—wuyp) : D(v) — / gdiv(u —up) — / (p — pr) divo.
Q o Q

Note that the boundary term [.(u — up) - (2D(v) — qI)n vanishes since u — uy, is a rigid body
motion on I'.

Let (9,4) € H?(,)% x H'(Qy,) coincide with (v,q) on Q. They can be constructed by a
bounded extension operator in H? x H' so that

[0ll2.0, + lldlh.e, < Clvll2.0 + llalh.e) < Cllu = unllo.q- (55)

We now further rewrite (54) using Galerkin orthogonality (51) with the test functions v, =
bnsn + xn(Vi +wp X 1) € VEP™ and g, € M, and recalling By, = Q,\(,

l[u— UhH(Q),Q
= [ 2D(@—up): D@ —vp)— | (G—qn)div(a—up) — [ (p—pn)div(s —vp)
A I, /.
I
_ (/B 2D(@i — up) : D(B) — /B Gdiv(ii — un) — /Bh(ﬁ — ) divf;)
II

+ / (@D (it — un) — (5 — p) D) - dns (56)
Gh

111
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—ouh 3 /E{@an(ﬁuh)} . {%1:] —ouh® Y /E [;;(ﬁuh)} : [8;::]

EEFy, EeFL
v
—oh® Y] / —A(@—up) + V(P —pn)) - (—Avy — Van)
rer ?T
v

. Z /div(ftfuh)divvh+Rh(vh,Qh)~
T e

T
TEeT, VIl

Vi

We now take V;, = V,wp = w and set s, € V), so that ¢psy, is an optimal interpolant of
v — xn(V +w x r), as guaranteed by Lemma 6. We also set ¢, = fhd using an appropriate
Clément interpolation I,. We can now estimate all the terms of (56) using the already proven
estimate (53) and the interpolation estimates for ¥ — v, and p — p,, . This gives

lu —unllf o < CHM 2 (fullisr0 + Iplle) (19ll2.0, + dle,)- (57)

Rather than go to the details of the tedious calculations leading to this estimate, we prefer here
to refer to the similar arguments used in [12] to estimate the terms in eq. (3.24). Indeed, the
terms I — I1T in (56) can be treated as the terms I — I'17] in eq. (3.24) of [12]. Terms IV —V
in (56) can be treated as term I'V in eq. (3.24) of [12]. Terms VI in (56) is also similar to the
latter (note, in particular, || div o[y or < Chl|v][2, similarly to (52)). Finally, term VII in (56)
can be treated as term V in eq. (3.24) of [12].

Combining (57) with (55) proves (13).

4 Numerical tests

In this section, we present numerical results, first in the particular case of a fixed particle, i.e. the
Stokes equations alone (see the Appendix and the ¢-FEM scheme (63)), and second in the case
of the particulate flows (equations (1a)-(1g) and the ¢-FEM scheme (10)). These schemes will
be compared with a standard FE schemes on fitted meshes. In the case of Stokes equations, the
error is measured with respect to a manufactured solution, while a reference solution obtained by
standard FEM on a fitted fine mesh is used in the case of particulate flows. We have implemented
#-FEM in multiphenics [4]. The implementation scripts can be consulted on GitHub.!

The fluid/solid domain in our both test cases is O = (0,1)? C R? and we consider for the
solid S a disk centered in (0.5,0.5) and of radius R = 0.21. Then Q = [0,1]?\S. The geometry
is presented in Fig. 1 (left).

4.1 Particular case of a fixed particle: Stokes equations
We start by Stokes equations (62) in the domain €2, as above, with the right-hand side such that

the exact solution is as follows, cf. [14],

Uezact (X, y) = (cos(mz) sin(my), — sin(wz) cos(my)),
Dezact(Z,y) = (y — 0.5) cos(27wx) 4+ (z — 0.5) sin(27y).

Thttps://github.com/michelduprez/phi-FEM-particulate-flows-Stokes.git
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We shall test the ¢-FEM scheme given by (63) in the Appendix. The level-set of the solid is
defined for each (z,y) € R? by

d(z,y) = R* — (x — 0.5)® — (y — 0.5)%. (58)

104

104

084 0.8
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0.4 0.4+

0.29 0.24

0.0 0.0+

olo 02 04 0’6 08 1o 00 02 014 06 0’8 10

Figure 3: Mesh used for the standard FEM formulation (left) and mesh used in the ¢-FEM
schemes (right).

This will be compared with a standard Taylor-Hood scheme on a fitted mesh constructed as
follows. We define first the Taylor-Hood FE space on a triangular mesh 7736 " fitted to Q. The

domain occupied by this mesh, denoted by Qi“, is an approximation of €2, since the interface I'
is curvilinear and cannot be represented exactly by the straight edges. We fix an integer k > 2
and introduce the FE spaces

V}{it’uD = {’Uh S C(Q}J:zt)d soplr € ]P)k(T)d vT € 7—hfit, vp, = Ipup on I'y, N F}
and

M = {qh € Q") qulr e PFHT) VT € T™, /f_ an = 0} : (59)
Qi

A standard Taylor-Hood finite element formulation for meshes fitting the boundary of the domain
can be written as: find (un, pn) € Vi7" x MJ™ such that

/ 2D(up,) : D(vp) —/ pp, div oy, —/ qn divuy, = / Sfon, (60)
Q’flit Q}fltt Q{tt Q

for all (vs, gn) € VIO x MI™,

Remark 4. As said in Remark 1, it is impossible to impose that the integral of the discrete
pressures py, zero on §), so we look for a discrete pressure py, zero integral on the discrete domain
Qp, i.e. th pr = 0 (see Definition (59) of Mﬁ”}. For this, we will use Lagrange multipliers.
To compute the relative error on the L? norm of the pressure we will subtract the integral on the
discrete domain Qy, of the real pressure Pezact to itself, i.e.

1/2
(th (ph — Pexact — th pewact)2>

5 1/2
(fﬂh pea:act)
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Examples of meshes for the standard FEM formulation and the ¢-FEM scheme are given in
Fig. 3 (left) and (right), respectively. In Fig. 4, we present some results of convergence for the
standard Taylor-Hood FEM scheme (60) and for the ¢-FEM scheme (63) in the case of Stokes
equations. We recover the theoretical rates of convergence for the ¢-FEM scheme stated in
Theorem 2 and they are better than the standard FEM scheme.

o flu = upllog, /[[uflog, st-FEM e flu = w0, /l|ullie, st-FEM <o |lp = prllog,/Ipllo.c, st--FEM
= |lu— unllog,/llullog, ¢-FEM — ||lu— unlr0,/|lull10, ¢-FEM == |lp = pulloe./lIPlloc, ¢-FEM

1 107'E

3 1072

110tk

1 100k

Figure 4: Rates of convergence for the standard Taylor-Hood FEM scheme (60) and the ¢-FEM
scheme (63) in the case of Stokes equations. The L? relative error of the velocity (left), the H?!
relative error of the velocity (middle) and the L? relative error of the pressure (right).

4.2 Particulate flows

We now turn to the creeping particulate flow equations (1a)-(1g). The vertical gravity is assumed
to be equal to 10. The density of the fluid and the solid are equal to py = 1 and p; = 2,
respectively. We deduce that the mass of the solid is equal to m = p,m?R2. The level-set of the
solid is again defined by (58). For the cut-off x, we consider the radial polynomial of degree 5
on the interval (rg,r1) with 7o = R and r; = 0.45 such that x(ro) = 1 and x/(r¢) = x"(ro) =
x(r1) = x'(r1) = x”(r1) = 0, that is,

1, for r < rg
x(r) =<1+ ({gr_o;gl))ff,, for ro <7 <1y
0, for r > ry

where

f(ro,m1) = (=6r° +15(rg +71)r* — 10(r2 + drory + 72)7r3 + 30rer1 (ro + r1)r?

— 307'(2)7“%7” + rg’(rg — 5rirg + 107‘%)).

Let us introduce a Taylor-Hood scheme which will be compared with our ¢-FEM scheme.
The boundary conditions on the solid are imposed thanks to Lagrange multipliers. We define
first the Taylor-Hood FE space on meshes fitting the domain. For a mesh Q{L” of Q fitting its

boundary with 7;lf “ the set of its cells, we fix an integer k > 2 and introduce the FE spaces

V’J:it — {Uh c C(Q{Lit)d : Uh|T S Pk(T)d VT € Efit7 vp, =0 on Fw} ,
M = {qh €CQ") : aulr € PFH(T) VT € T/, /f' = 0}
Qh,lt

26



and
A= {Mh € C(Q]") : pn|p € PFH(F) VF € ff{lt}’

where ]-',’:it is the set of the external facet on the solid. A standard Taylor-Hood finite el-
ement formulation for meshes fitting the boundary of the domain can be written as: find
(s Phs Ay Uny ) € VI x M x AJ" x R? x R such that

/ ~2D(up) : D(vp) 7/ prdivo, f/ (2D(up) — prl)n - vy 7/ qp div uy,
Qilt Q}flzt F}f,“ Q

fit
h

+/_MW—W—%XH+/JMW—%—WXﬂ:/ﬂm(w
F’{’Lt F}flzt Q

for all (vp, qn, pin, Vi,wn) € V}{it X /\/lfft X Ai“ x R? x R?.

Remark 5. As for the Stokes equations, we look for a discrete pressure of zero integral on the
discrete domain i.e. th pn = 0 thanks to Lagrange multipliers and, the relative error on the L?
norm of the pressure is computed as follows

(Joy = = fo, )
(fﬁh ]32> 1/2

where Qh is the fine discrete space and and p the fine solution defined on ﬁh which are used to
compute the error.

)

We present in Fig. 5 the velocity obtained with the standard Taylor-Hood FEM scheme (61).
Again we give some examples of meshes for the standard FEM formulation and the ¢-FEM
scheme are given in Fig. 3 (left) and (right), respectively.
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0.0 02 04 0’6 0.8 10

Figure 5: Velocity obtained with the standard Taylor-Hood FEM scheme (61).

In Figures 6 and 7, we give some results of convergence for the standard Taylor-Hood FEM
scheme (61) and for the ¢-FEM scheme (10) (we do not compute the relative error of the rotation
since the real rotation is equal to 0). The degree of polynomial is k = 2 for wy,, ¢n, xn in both
schemes. Moreover the approximation is exact for ¢ in this case. The stabilization parameters
are 0 = 0, = 20 (as in [12]). The error is computed by a comparison with a fine solution of the
standard FEM scheme. We observe that we recover the theoretical convergence rates established
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for ¢-FEM for the velocity (in H' norm) and the pressure (in L? norm), while it seems that our
theoretical estimates for the L2-error of the fluid velocity and that of the particle velocity are
not sharp.

Remark 6. As observed in [12], better numerical results can be obtained if ¢ is interpolated in
a FFE space with a higher polynomial degree than the solution. This phenomenon is not studied
here since the approzimation of ¢ by Py FE is already exact.

e ||u— up o, /|lulloq, st-FEM < |lu— w10, /l|ullq, st-FEM
= |lu— unllog,/lullog, ¢-FEM = |lu— unlr0,/|lull10, ¢-FEM
0 . ! : . R e T 7 ; T

1071

1072 |

104

. . . . . . . . . . . .
10718 10716 10714 1072 107! 1070% 1071% 10716 10-14 10712 107! 10708
h h

Figure 6: Rates of convergence for the standard Taylor-Hood FEM scheme (61) and the ¢-FEM
scheme (10) in the case of particulate flows. The L? relative error of the velocity (left) and the
H?! relative error of the velocity (right).

w4 |U — Uy /|U]| st-FEM

<& lp = pullog,/IPllog, st-FEM
— |U - Uy|/|U| ¢-FEM
. : : .

— llp — pulloo,/lIPllo.c, ¢-FEM

o= p \-‘ | | | | | w0tg | | | | |
10-18 10-16 10-14 10-12 10-! 10-0%8 10-18 10-16 10-14 10-12 10-1 10-08
h h

Figure 7: Rates of convergence for the standard Taylor-Hood FEM scheme (60) and the ¢-FEM
scheme (63) in the case of particulate flows. The L? relative error of the pressure (left) and
relative error of the displacement of the solid (right).

A The particular case of a fixed particle : Stokes equation

In this section, we propose a ¢-FEM scheme for the simpler case of a fixed solid in the fluid. The
governing equations are the non-homogeneous Stokes equations given by

—2div(D(u))+Vp=f, in Q,
divu = 0, in Q, (62)
U = up, on'UTL,,.

28



Assume that up and f are defined in the whole discrete domain €2;. Inspired by the ¢-FEM
scheme for particulate flow given in (10), we can derive the following ¢-FEM scheme for the
non-homogeneous Stokes equations (62): find wy, € Vy,, pr € My, satisfying

/Q 2D(up + ¢dpwp) : D(dnsn) — /G (2D(up + ¢pwpn) —prl)n - drsp (63)

—/ pr div(epsy) — / qn div(up + ¢pwn) + ouJu(up + Grwh, dnsn)
Qp Qp

+oh? Z /T(_A(UD + dpwp) + Vo) - (=A(énsn) — Van)

TeTY

+o Z AdiV(uD+¢hwh)diV(¢hUh)

TeTy

= [ towsnr ot 3 [ f-atun + ons) - Van).

TeTF T

for all s, € Vi, qn € Mj,.
We now state our second main result for the Stokes equations:

Theorem 2. Suppose that Assumptions 1, 2, 4 and 5 hold true, the mesh Ty, is quasi-uniform.
Let (u,p) € H*1(Q)4 x H*(Q) be the solution to (62) and (wh,pr) € Vi x My, be the solution
to (63). Denoting up, := dppwy, it holds

lu = unl1.0n0, + P = Prloona, < CRE(Jullksr,o + [Plko)

with a constant C' > 0 depending on the Cy, m, M in Assumptions 1, 4, on the mazimum of the

deriwatives of ¢, on the mesh regularity, and on the polynomial degree k, but independent of h,
f, and u.
Moreover, supposing £ C Qp

lu—unllo.e < CRE(Jlullis1.0 + [pllke)
with a constant C' > 0 of the same type.

The proof of Theorem 2 can be adapted from the proof of Theorem 1. It is even more simple.
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