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-FEM: an optimally convergent and easily implementable
immersed boundary method for particulate ows and Stokes
equations
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Abstract

We present an immersed boundary method to simulate the creeping motion of a rigid
particle in a uid described by the Stokes equations discretized thanks to a nite element
strategy on un tted meshes, called -FEM, that uses the description of the solid with a level-
set function. One of the advantages of our method is the use of standard nite element spaces
and classical integration tools, while maintaining the optimal convergence (theoretically in
the H! norm for the velocity and L? for pressure; numerically also in the L2 norm for the
velocity).

1 Introduction

The main goal of the present article is to demonstrate that the recently proposed -FEM method-
ology [12, 11, 10] is suitable for numerical simulation of incompressible viscous uid ow past
moving rigid bodies. This approach allows us to use simple (Cartesian) computational meshes,
not evolving in time and not tted to the moving rigid bodies, while achieving the optimal accu-
racy with classical nite element (FE) spaces of any order and performing the usual numerical
integration on the whole mesh cells and facets, allowing for the use of standard FEM libraries for
the implementation. We consider here only the creeping motion regime (zero Reynolds number),
neglecting all the inertial terms in the equation governing both the uid and the rigid bodies.
Numerical simulations of ows around moving rigid or elastic structures using immobile simple
grids is a popular approach in, for instance, biomechanics, starting from the work of Peskin [22].
Di erent approaches have emerged since then, such as the Immersed Boundary method [18, 21],
the Fictitious Domain method [15, 16], the penalty approximation [2], etc. All these classical
methods su er from poor accuracy due to the necessity to approximate the singularities near the
uid-solid interfaces which arise as the artifact of extending the uid velocity eld inside the solid
domain. More recently, several optimally convergent ctitious domain-type methods have been
proposed for the Stokes equations, which can also be used to simulate the uid-solid motions.
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We cite in particular [8, 20, 17] following the CutFEM paradigm, and [1, 14] following the X-
FEM paradigm. The common feature of all these methods is that they discretize the variational
formulation of the Stokes equation on the physical uid domain using the FE spaces de ned
on the background mesh occupying a domain y, slightly larger than . On the one hand,
this permits to avoid a non-smooth extension of the solution outside its natural domain and to
retrieve the optimal accuracy of the employed nite elements. On the other hand, this introduces
integrals on the cut cells into the FE scheme, i.e. the numerical integration should be performed
on the portions of mesh cells, cut by the uid-solid interface, making the methods di cult to
implement.

The -FEM approach, which is the subject of the present paper, aims at combining the
advantages of both classical Immersed Boundary/Fictitious Domain methods, and more recent
CUutFEM/X-FEM. Similarly to the former, -FEM does not need non-standard numerical inte-
gration on the cut cells; similarly to the latter, -FEM achieves the optimal accuracy of the nite
elements employed. The general procedure of-FEM can be summarized as follows:

" Supposing that the physical domain is given by a level set function = f < 0g and
that it is embedded into a simple background mesh, introduce theactive computational
meshT, by getting rid of the mesh cells lying completely outside . The active mesh thus
occupies a domain , , cf. Fig. 1, as in CutFEM/X-FEM.

Extend the governing equations from to  and write down a formal variational formu-
lation on  without taking into account the boundary conditions on (the relevant part
of the boundary of ).

Impose the boundary conditions on using an appropriate ansatz or some additional
variables, explicitly involving the level set  which provides the link to the actual boundary.
For instance, the homogeneous Dirichlet boundary conditionsi§ = 0 on ) can be imposed
by the ansatzu = w thus reformulating the problem in terms of the new unknown w.

Add appropriate stabilization, typically combining the ghost penalty [7] with a least square
imposition of the governing equation on the mesh cells intersected by , to guarantee
coerciveness/stability on the discrete level.

This program has been successfully carried out for elliptic scalar PDEs with Dirichlet boundary
conditions in [12] and for Neumann boundary conditions in [11]. Its feasibility is also demon-
strated in [10] for the linear elasticity with mixed boundary conditions including the cases of
internal interfaces between di erent materials or cracks, and for the heat equation. However,
the adaptation to the equations governing the uid ow around the moving particles is not
straightforward. In particular, the following challenges are dealt with in the present article:

The discrete inf-sup stability theory should be adapted to the case of a non-standard
variational formulation of the Stokes equations posed on , rather than on , and lacking
the saddle-point structure. We shall show that this is possible by adapting the ghost
penalty, which should be taken slightly more complicated than in the case of scalar elliptic
equations [12]. We shall do it here for Taylor-Hood nite elements of any order, but similar
ideas should be also applicable to other classical inf-sup stable FE spaces.

The motion equations for the solid particles involve the forces exerted on them by the
surrounding uid. These are de ned through the integrals of some functions of uid velocity
and pressure on the particle boundary. However, the whole point of -FEM is to avoid
such integrals. Indeed, the particle boundary is not resolved by the mesh, and our goal
is to provide a method that necessitates the integration on the whole mesh cells or facets
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Figure 1: Left: an example of geometry for the uid with a solid S inside; Right: the non-
conforming active meshT, on  with its internal boundary Gy,.

only. The way out of this paradox, pursued in the present paper, lies in providing a weak
formulation of the governing equations, extended to 4, that incorporates in an appropriate
way the force balance equations, without stating them directly. This formulation is similar
in spirit but di erent from that in [16].

We note that the method of this article shares some similarities to the shifted boundary method
(SBM) proposed in [19] and analysed in [3] in the case of Stokes equations. In particular, SBM
also gives an optimal accurate solution (at least with the lowest order nite elements) without
introducing integrals on the cut cells. It is however not evident how one can deal with the
computation of the forces on the particles in the SBM framework.

The paper is structured as follows. In the next section, we properly introduce the governing
equations, develop an appropriate weak formulation, discretize it (thus introducing our -FEM
scheme), and announce the main theorem about the convergence of the scheme. Section 3 is
devoted to the proof of this theorem. As a by-product, we also introduce a -FEM approach to
discretize the Stokes equations alone (on a xed geometry) on a non- tted mesh. The details
about this (comparatively simple) particular case are given in Appendix A. In section 4, we
illustrate our theoretical results with numerical examples both for the Stokes equations and
for the uid/rigid particle motion problem. -FEM is also compared there with a standard
(non isoparametric) FEM on tted meshes, demonstrating the superiority of -FEM in terms
of the accuracy achieved on comparable meshes. We end up with the last section giving some
conclusions and perspectives.

Various notations for di erent parts of geometry and triangulation appear throughout the
article. For readers' convenience, they are gathered in Appendix B.

2 Construction of the -FEM scheme and main results

2.1 Governing equations

We consider the motion of a viscous incompressible uid around a solid (rigid) particle in the
regime of creeping motion, i.e. neglecting all the inertial terms (for simplicity, we restrict our-
selves here to the case of one particle, the extension to multiple particles being straight-forward).
The patrticle is mobile and it moves under the action of the forces exerted by the surrounding uid
and the external forces (gravity). Let the uid occupy (at a given time t) the domain Rd



(d = 2 or 3), the particle occupy the domain S RY, and denoteO = [ S. Let , = @ be the
external boundary of the uid domain (the immobile wall) where the uid velocity is assumed
to vanish, = @b be the uid/solid interface, and assume that does not touch ,, so that @
contains two disjoint components ,, and . For simplicity, we assume that the only external
body force is gravitation with the constant acceleration g. Hence, the body force density in the
uid is g where ; is the constant uid density. Let ¢ be the constant density of the solid.
Then, the resultant external force on the particle is mg where m = 4jSj is the mass of the
particle, and the resultant moment of the external force with respect to the barycenter of the
particle is 0. Denoting the constant uid viscosity by , the equations governing the motion of
the uid/particle system can be now given as:

2 divD(u)+rp= ¢g0; in (1a)

divu=0; in (1b)

u= U+ r; on (1c)
2 u=0; on (1d)
(2D (u) pl)n=mg (1e)

Z
2D (u) pl)n r=0 (af)
VA

p=0 (19)
Here, the unknowns are the uid velocity u: ! RY and the pressurep: ! R, the velocity

of the particle barycenter U 2 RY, and the angular velocity of the particle 2 RY’ (=1 if
d=2and d°=3if d=3). In these equations, D (u) = %(r u+r u') denotes the strain tensor,r
denotes the vector from the barycenter of the solidS, and n denotes the unit normal on looking
into the solid. Equations (1e){(1f) come from the balance of forces exerted on the particle (the
force exerted by the uid and the gravitational force).

From a numerical simulation perspective, it is natural to introduce an immobile computational
mesh on the immobile boxO containing both the uid and the particle. On the other hand,
the solid S will be moving with velocities U = U(t), = (t) at all-time t, thus permanently
changing the shape of the uid domain . It is therefore interesting to design numerical methods
for the system (1a){(1g) that discretize u and p on a mesh non tted to .

2.2 A formal derivation of the appropriate weak formulation

Let T,.° be a regular simplicial mesh onO (the background mesh). Assume that the solid and
uid domains are given by the level-set function : S=f > O0gand = O\f < O0g. Introduce
the active computational meshT, as a submesh of,° covering , i.e. excluding the cells of T,°
lying completely inside S. Let be the domain of T, and G, be the component of @ ,,
other than , and thus lying inside S, cf. Fig. 1.1

Assume (on a formal level, just to derive the scheme) thatu and p can be extended from

Lin practice, the geometrical setting may be slightly more complicated. The rigorous theoretical de nitions of
h and Gy will be given in (8) and (9) and will be based on an approximation h to the levelset |, rather than
on itself. This may occasionally result in situations where some tiny portions of lie outside h so that Gy
slightly penetrates . These technical details are not important for the forthcoming formal derivation of the FE
scheme, while the rigorous proofs will be done assuming de nitions (8) and (9). The actual implementation may
introduce yet more geometrical approximations, as mentioned in Remark 1, which are not covered by our theory.



to p as solution to the Stokes equations so that
2 divD(u)+rp= g and divu=0in y:

Taking any su ciently smooth test functions vandqon  suchthatv=0o0n ,, anintegration
by parts gives

z z z z z
2 D(u): D(v) pdiv v gdivu 2D (u) pl)n v= Q9 Vi (2)
h h h Gh h
Assumingu = 0 on , this imposes already the boundary condition (1d) on ,, which we
suppose to t to the mesh T;,. On the contrary, this formulation does not take into account any
boundary conditions on . In order to incorporate boundary conditions (1c) we make the ansatz

u=w + (U+ r) 3)
where is the level-set for sothat =0 on , and is a su ciently smooth function on
O such that =1 onthe solid S and =0on . This introduces the new vector valued

unknown w on  that should vanish on , (indeedw =0 on , impliesu =0 on , thanks
to the choice of ; in fact, the reason for is to decouple the boundary conditions on and
from one another).

The test functions v in (2) can be represented in the same way as the solution (3):

v=s+ (V+! 1) 4)
for all vector-valued functions s on 1, vanishing on , andV 2 RY, | 2 R, In particular,
the test functions of the form (V +! r) can be used to take into account the force balance
(1e{1f). To this end, we introduce B, = 1 n, i.e. the strip between and Gy, and use the

divergence theorem onB,, to transfer the boundary term in (2) from Gy to where it can be
evaluated by (1e{1f):

z Z
2D (u) pl)n (V+! r)= 2D (u) phn (V+! 1)
Gh 7 Gh 7
= (@2D(u pl)n (V+! 1)+ div2 D (u) pl)n (V+! 1)
Bh Z
=mg V tg (V+! )= ®)
Bh

(the unit normal n on Gy, in the rst line is exterior with respect to domain  , whereasn on
in the second line is the exterior unit normal with respect to domain , so that the exterior

normals with respect to By, aren on G, and n on ). We now remark B, = 1 n(OnS)to
rewrite the above as
z Z Z
= g (V+!1 1)+ g (V+1 1) g (V+! r)+mg Vv
" z ° z S
= fg (V+! )+ g (V+! )+ 1 = mg V: (6)
h O s

R
The last line is justi ed by obgerving ¢ sggV +! r)= mg V with s being the constant
density of the solid. Indeed, § s = m ﬂnd s sf =0sincer = x Xy is the vector pointing
from the barycenter of the solid x;, = % s sX to the current position x.



Substituting the ansatzes (3)-(4) for u and v into (2) and rewriting the boundary term using
(5)-(6) we arrive at the following formal variational formulation of our problem in terms of the

new unknownsw;U; : nd w: ! RYvanishingon ,,U2RY 2R andp: ! R
such that
Z Z
2 D(w+ (U+ r):D(s+ (V+! 1)) 22D (w+ (U+ r) pl)n s
" z z G
pdiv(s + (V+! 1)) qdiv(w + (U+ 1))
h Z Z h
= g s+ g (V+! N+ 1 — mgV (7)
h (0] s

foralls: ! RYvanishingon ,V2R% 1 2R" andg: n! R. Inaddition, the pressure
p should satisfy the constraint (19).

Note that the formulation above contains only the integrals on , Gy, O which can be easily
approximated by quadrature rules on meshed}, and T,°. We can thus discretize using the usual
nite elements for the trial and test functions.

2.3 The -FEM scheme: discretization with Taylor-Hood nite ele-
ments

We x an integer k > 2 and introduce the approximations  and | to the levelset and to
the cut-o , given by the standard nodal interpolation to the continuous FE spaces of degre&
on the meshThO. The active computational mesh T, its domain  and the internal boundary
component G, are actually de ned as follows, cf. Fig. 1,

Th=fT2TO:T\f <098 ?g n:=([12r,T)°; (8)

Gh=@nn = fE (boundary facets of T,) such that , OonEg: (9)

Moreover, we shall need the collections of the mesh cellg, and facetsF, near the boundary
, as illustrated in Fig. 2, to include the appropriate stabilization into the FE scheme. More
speci cally, we introduce the submeshT, T and the corresponding subdomain
containing the mesh elements intersected by the approximate interface

h=Ff n=0g;

0

T, =fT2Th: T\ 6 ?g; h= [ror, T (10)

Finally, we set F, as the collection of the interior facets of the meshT, either cut by 1 or
belonging to a cut mesh element

F, = fE (an internal facet of Tp) such that 9T 2T,, andE 2 @T:

Remark 1. The de nitions of T, and T, above assume an idealized setting where one can check
the sign of |, at any point of any given mesh cellT. In practice, one would rather check this
sign only at the vertices of the mesh or, eventually, at some other well chosen points. In our
current implementation, we attribute the cells toT, or T, based on the sign of (equivalently,
the sign of ) at the vertices only: in 2D, a triangle T 2 T,° is selected to be inT, if 6 0 on



Figure 2: Example of T,, and F,, with the geometry given in Fig. 1 (left).

at least one vertex ofT; a triangle T 2 Ty is then selected to be inT,, if > 0 on at least one
vertex of T. This deviation from de nitions (8)-(9) is not covered by our theory.

We also note that in more advanced applications of -FEM, | and  may be given directly
on the discrete level, for instance by a discrete level-set equation. This possibility is however
outside of the scope of the present article. We suppose here that the shape of the particle is
su ciently simple so that and are known analytically.

Introduce the FE spaces for velocity and pressure on the mesf,:
Vh= vh2C() Y:vpjr 2PY(T)Y 8T 2Th; vi=Oon

and d
Mh= n2C(): chjr 2 P* X(T) 8T 2Th; oh =0

Remark 2. Note that the de nition of the pressure space involves an integral on , which is
incompatible with our -FEM framepyork since its whole point is to avoid integrals on and

In practice, we shall rather impose ¢, =0, introducing a mismatch in the additive pressure
constant (which, anyway, has no physical meaning) with respect to the exact solution satisfying
(19). We prefer however to keep the unimplementable constraint in the de nition above to avoid
some technical diculties in theory. In practice, a special care will have to be taken in the
interpretation of the error in pressure. We shall return to this technical point in the numerical
results section.

The stabilized scheme inspired by (7) can be now written as: ndwy, 2 Vi, U, 2 RY: (2 Rdo,



pn 2 M 1, such that

Z
2 D( hWh+ h(Un+ n 1):D( nSh+ n(Va+!n 1))
zZ" Z
@2D( h(Un+ n 1)+ awy) prl)n psy Phdiv( hsp+ h(Va+!h 1))
Gh 7 h
Ghdiv( hwh+ nh(Un+ 1 1))
h
2 + wdu( h(Un+ v )+ qWh n(Vn+t!h 1)+ nSh)
X
+ h? ( C aWh+ h(Un+ n DD+ rpn) (0 C aSht aMh+tn 1) 1 o)
T2T,
X Z
+ div( hwh+ n(Un+ n 1))div( psn+ n(Vh+!h 1))
.
T2Th
Z Z
= 9 nSnt td h(Vhnt+t!n 1+ 1 na mg Vi
h (e} s
X Z
+ h? f9 ( C aSht nVh+!tn 1) r o) (11)
Tor, T

h

forall sh 2Vh, Vo 2 R4 2 R oy 2 M .
Here J, is the ghost penalties for the velocity, cf. [7]:
x £ x £
Ju(u;v) = h [@u] [@V]+ h® @Gu @v :
E E

E 2F E 2F

h h

Note that, unlike [7, 8], we do not penalize the jumps of all the derivatives of the velocity; only
the derivatives of order up to 2 are included inJ,. There is no penalization on the pressure
either. This alleviation of the ghost penalty is possible thanks to the additional least-squares-
type stabilization (the terms multiplied by ), cf. Lemmas 1 and 2. These least-squares terms
are also necessary in themselves to control the ctitious extension of the solution outside
cf. the proof of Lemma 9. Note that this extension is not present in CutFEM (this is indeed
the principal di erence between CutFEM and -FEM). We also mention that the version of the
ghost penalty in -FEM for Poisson problem in [12] is even more reduced: only the jumps of
the rst order derivatives are penalized there. The inclusion of the second order derivatives in
Ju in the present case of Stokes equations allows us to control both velocity and pressure in the
forthcoming proofs, cf. Lemma 1.

2.4 Assumptions on the mesh and main results

Prior to stating our main results on the numerical convergence of our method, we begin with
some geometrical assumptions on and the functions and

introduce on everyO; local coordinates 1;:::; g with 4 = such that all the partial derivatives
@ =@x and @x=@ up to order k + 1 are bounded by som&, > 0. Thus, is of classC**!
on O.

Assumption 2. 2H*1(0), =10onS, =0on 4.



We continue with assumptions on the mesh. To this end, we introduce an extended band
of mesh elements near the boundary , namely the submest, " with T, T, T by
adding to T,, the cells which are neighbors and neighbors of neighbors of cells T, .

Assumption 3. jr j m,jr nj 2 onallthe mesh cellsinT, **,j j mhonT,nT, *,

andjr j M on  with somem;M > 0.

Assumption 4. The approximate interface G,, can be covered by element patchés Q=1 :::N
having the following properties:

" Each  is composed of a mesh elementy lying inside and some elements cut by,
more precisely = Tx [ | whereTy, 2 Ty, Tk . k T ,and | contains at most
N mesh elements;

Each mesh element in a patch  shares at least a facet with another mesh element in the
same patch. In particular, Ty shares a facetFy with an element in ;

RIS R
k and | are disjoint if k 6 1.

Assumption 5.  Any mesh cellT 2 Ty has at leastd facets not lying on .

Remark 3. Assumptions 1, 3, 4 are similar to those made in the previous -FEM publications
[12, 11], which contain a more detailed discussion about them and some illustrations. In what
concerns the mesh, these assumptions are satis ed if the mesh is su ciently re ned and is
su ciently smooth. In what concerning the level-set function , we require essentially that it
behaves like the signed distance to near and it is bounded away from zero far from ,
while remaining globally smooth. In general, one cannot thus take the signed distance toas
everywhere since it is guaranteed to be smooth only in a vicinity of.

Remark 4. The last assumption 5 is usually required in the theoretical analysis of Taylor-Hood
elements for the Stokes equation in the geometrically conforming setting [13], although it can
be signi cantly relaxed, at least in the 2D setting [5]. Note that this assumption only a ects
the mesh near the outer wall ,, more particularly in the corners of O, which we treat in the
standard geometrically conforming manner anyway. It does not impose any further restriction
on the active meshT,, near the interface , where -FEM is e ectively employed.

Let us now state our main results:

Theorem 1. Suppose that Assumptions 1{5 hold true and the meslh, is quasi-uniform. Let
(u;U; ;p) 2 I0-|"+l ()9 RY RY HK() be the solution to(1a)-(1g) and (Wn;Un; n;pn) 2
Vh RY RY M 4 be the solution to(11). Denoting

Uh == p(Un+ n 1)+ hwy
it holds for h  hg
- . 1 k 1
ju upji; v, + =kp prko; v, Ch%(kukgsr; + —kpkg ) (12)
and 1
jU  Unj+ | hi  Ch¥(kukgsr; + “kpke ) (13)



with some C > 0 and hg > 0 depending on the parameterCy, m, M, N in Assumptions 1{5,
on the maximum of the derivatives of and of order up to k + 1, on the mesh regularity, and
on the polynomial degreek, but independent ofh, f, and u.

Moreover, supposing h

i} 1
ku upko,  Ch*1=2(kuky.1. + —kpke ) (14)

with a constant C > 0 of the same type as above.

Remark 5. The numerical results in Section 4 suggest that the convergence order for the particle
velocity error and that for the L2-error of the uid velocity is k + 1. This suggests that both
estimates (13) and (14) are not sharp. This is similar to our previous studies [12] and [11], in
what concerns thel ?-error.

3 Proofs

From now on, we put the viscosity of the uid to =1 to simplify the formulas. The general
case can be easily recovered by dividing the governing equations byand rede ning 2 asp. We
shall also tacitly suppose that Assumptions 1{5 holds true.

This section is organized as follows: we start with some technical lemmas in Sections 3.1 and
3.2, essentially adapting the corresponding results from [12]. Note however that the interpolation
error bound in Section 3.2 is sharper than its counterpart in [12]; it is now optimal with respect
to the Sobolev norm expected from the interpolated function. The proofs of Taylor-Hood inf-sup
stability, the generalized coercivity of the bilinear form and nally the a priori error estimates
are then given, respectively, in Sections 3.3, 3.4 and 3.5, thus establishing Theorem 1.

3.1 Some technical lemmas.

Lemmas 1, 2, and 4 are adaptions of, respectively, Lemmas 3.2, 3.3, and 3.4-3.5 from [12]. Lemma
3 is a version of the well known Korn inequality stating the uniformity of the constant in this
inequality for a family of h-dependent domains . All these results, most notably Lemma 2,
are necessary to prove the inf-sup stability of our scheme.

Lemma 1. Let T be a triangle/tetrahedron, E one of its sides,v a vector-valued polynomial
function on T, q a scalar-valued polynomial function onT such that

_@v_ @v _
v—@n—@—OOnE (15)
and
v+rg=0and divv=0onT: (16)

Thenv=0 andqg= conston T.

Proof. We shall give the proof only in the two dimensional setting, the generalization to the
cased = 3 being straightforward. Without loss of generality, we can choose the Cartesian
coordinates (x;y) such that the edgeE lies on the x-axis. We shall denote the components of
the vector-valued function v by (v1;Vs).
Let us write, for k 2 f 1; 2g,
X Ky iy X iy
Vg = vii X'yl and q = g x'y:
iij o0 ij 0

10



We will prove by strong induction on m that

vi‘j‘ =0 8k2f1;2g;i O0;j2f0;::;mg: (Sm)
Using (15), it holds X X X
vixl = vExt = vkxi =0
i 0 i 0 i 0
for all x and k 2 f 1;2g. Hencevk, = vk = vK, =0forall i 0,k 2f1;2g and we obtain (Sy).
Assume that for a givenm 2, (Sy,) holds true. Thanks to (16), one has
U+$U+D%Q” G+DU+Dﬁma+U+D%ﬂ”=m 17)
(i +2)(i +D)Viuz; (+2)( + D)V + (i +1) Gy =0 (18)
and
(i + 1) Viiagy; +(J +1) Vi) =0: (19)
From (17) and (18), for eachi;j
- (1+3)(j+2 _ (i+3)(i+2) : :
(i +2) Vi) jogy * 1 Vigey = i+ 1 Gy T+ 2DV

The last equality for j = m 2 combined with (Sy,) implies that
Vimsy =0 8i O
Relation (19) for j = m and (Sy,) gives
Vimsy =0 8i 0
which leads to (Sm+1). Thus v =0. This also impliesr g=0 on T thanks to (16). O

Lemma 2. For any > 0 and any integerss;r 1 there exists0< < 1 depending only on
the mesh regularity ands;r such that for any continuous vector-valued®® FE function v, on Ty
and any continuous scalarP" FE function g, it holds

KD(vn)k3. +(1  )h?jojf. kD (vn)K3;
o " " h ' 1
X
+ @’k vp 1ok + kdiv Vi kS, o+ (hk[@vn]k3e + h3KI@VvnlK3e)A : (20)

E2F,

Proof. Thanks to Assumption 4, the boundary can be covered by patchesf gk=1...n . Take
> 0 and set

= max F( «Vhth); (21)
k3VhiQh
where .
e kKD (vh)kg, +h%jchjf, G ( kiVhith)
( k;Vh;Oh) = kD(vh)ké; k+h2jq1ji k
with
G( k;Vh;Ch): h2k Vh+ o Chkg; ) + kdiVthS; ) + hk[@Vh]kik + h® @Vh ,2:k .
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The maximum in (21) is taken over all the continuous vector-valuedP® FE functions v, on , all
the continuous scalarP" FE functions g, on ,, such that the denominator in the expression for
F does not vanish, and over all the possible con gurations of patches x satisfying Assumption
4. The notation F stands for the set of mesh facets inside the patch  which includes thus Fy
sepgrating Tk from | and the other facets inside . The norm k kg, should be understood
as ( poe, k kE)2

Since the maximized functionF is invariant with respect to the transformation x 7! %x, Vh 7!
%Vh, Gh 7! o, we can assume thath = 1 in (21). Furthermore F( k;Vh;th) = F( «; Vh: dn)
forany 6 0. Hence the maximum (21) is attained since it can be taken over all admissible
patches with h = 1 and all vi; g such that kD (va)k5. , +h%jonj3. =1 forming the unit sphere
in the nite dimensional space of all (vy; o) factored by rigid body motions on | and constants
on .

Clearly 6 1. Let us prove by contradiction that < 1. Assume that = 1. Consider the
patch  (with h=1)and vh, gy with kD (vn)K3, , +]jchif. =1on which the maximum (21)
is attained. Then,

kKD (Vn)KG:7, + G ( kiVh;Gh) =0;

since x = Tg[ . We deduce that vy, = % = % = 0 on all the facets in Fy and

Vh+ 1 0h =0, div(vp)=0onall T2 . Moreover, v, is a rigid body motion on Ty. Let
v,ﬁbm be the rigid body motion velocity on R® coinciding with vy, on Tx. Thanks to Lemma 1
applied to v, V/P™ and to ¢, on the cells in | starting from the cell adjacent in | to Tk,
we havev, = VI™ on | and ¢, = conston , (recall that g, is continuous). We have thus
reached a contradiction with the assumptionskD (vi)k3, +jq1ji = land =1.

This proves that there exists < 1 such that

kD(Va)k3, +(1  )P’jhiZ  KD(vn)K3,

+  h’k Vht T kS, ot kdiv Vi kS, ot hk[@vh]kik +h® @vn

Fx
on all the patches ¢ and for all vi; ¢,. Summing this over all ¢ gives (20). O
Lemma 3. For any v2 H() ¢ vanishing on
jvit. . CkD(V)ko: |, : (22)
Proof. Sincev=0o0on ,, we have the following Korn inequality
jvir,  CkD(v)ko; (23)

with a constant C > 0 depending only on the shape of , cf. [9, Theorem 6.3-4]. This implies
Vi, 1 CkD(V)ko; 4 (24)

where 'h denotes the mesh cells inside . Now, for any pair of mesh celld; T% sharing a facet
E, we can prove
jle;T CkD (V)kO;T + Cjle;TO (25)

with a constant C independent ofh. Indeed, combining the Korn inequalities (23) and the trace
theorem on the reference element leads tgvj;.1  CkD(v)kot + Cjvj1-0.e . Employing again
the trace inequality jvj;—.e  Cjvji.1o (See [6, Lemma 7.5.26 ]) leads to (25).

12



Let ;' be | plus the cells which are notin | but have a neighbor in }. For any such
cell T, we take TC as its neighbor in L, apply the estimate above and sum which gives

JViy. g CkD (v)k,. bt Cjviy. '

hence, using (24),
iy, 1 CkD (V)ko: ,:

Let .hz be 'hl plus the cells which are not in 'hl but have a neighbor in 'hl We have similar
to above

jle; i 2 CkD (V)kO; h
and so on. After a nite number of steps, sayk, we arrive at 'hk = 4. And

Vi, = Vi & CKD(Wko:

Lemma 4. For any s, 2V and any Vi, 2 R%; 1, 2 RY,
0 1o
X p_
K hsnko, =+ @ hk nshkge A+ hk pspkog, ChkD( nsn+ n(Va+!h 1)ko ,
F2F

h

and
]th+j|hj6 CKk sy + h(Vh+ ' I')k]_; - (26)

Proof. Take any sy 2 Vi Vi 2 RY; 1 2 RY and denotevy, = nsn+ n(Va + !n ). By [12,
Lemma 3.4]

K hsSnko, , 6 Chj nshji; | 6 Ch(jvajy,  +] n(Vat+tn iz )
6 Ch(jvnjy, | + Kk nky,  (Vhj+ 0t ni)): (27)
By equivalence of norms

iVhj+ ' hj6 CkVh + 1 rko. : (28)
Denote by B,, the band between and . Applying the divergence theorem to the vector eld
iVo + 'y rj?r and noting that the normal on (resp. 1) is given by ,-rr ; (resp. ].rr :j
gives
z z _ . Z
Vot ln g j6 Vet ln 2T Mo giv v+t rfr
h Ironl B,

We now note that jr j (resp. jr hj and ) are both positive and bounded away from 0 on
(resp. on ) uniformly in h for h small enough, and the measure oB,, is of order h*1. The
inequality above implies thus

th + 1y rké; C(k h(Vh + 1y r)kg; N + hk+l (thJ + ]' hj)z):
Combining this with (28) gives, for h small enough
jVhi+j'nj6 Ck n(Va+!n  r)ko; , = Ckvnko; ,

and, by the trace inequality, jVhj + j! nj 6 Ckvpky. ,, i.e. (26). Substituting this into (27) and

combining with the Korn inequality (22) yields the announced estimate for k nspky, — since
K hkKy. . is bounded uniformly in h. The remaining part of the estimate follows by trace inverse
inequalities as in [12, Lemma 3.5]. O

13



3.2 Interpolation by nite elements multiplied with the level set
We recall rst a Hardy-type inequality, cf. [12].

Lemma 5. For any integer s 2 [0;k] and anyu 2 HS* (' ) vanishing on , it holds 4
S; h
Ckuks+1 . , with C > 0 depending only on the constants in Assumption 1 and os.

This allows us to prove the following bound for interpolation by the products of nite elements
with .

Lemma 6. Lett be anintegerl 6 t6 k+1. Forany v2 H'( )9\ H3() there existsw, 2 Vi,
s.t.
kv, hWhks , 6 Ch' Skvk. ,; s=0;1 (29)

with C > 0 depending only ont; s, the constants in Assumptions 1{3, and the mesh regularity.

Proof. Letv2 HY( )9 v=0o0n ,andset w= v= . Thanks to Lemma5,w2 H' 1( )% and
kwk, ;. Ckvk; . Considerwn = Igw, wherely is a Scott-Zhang interpolation operator.
For any T 2 Ty, let ! 1 denote the patch of mesh cells adjacent tol' (not necessarily all the
adjacent cells) regrouping the cells a ected by the construction oflSw on T, so that Ifw on T
depends onw only through its restriction to ! 1. The Scott-Zhang interpolation operator can be
constructed so that! + T, forall T2T, ® ,and!t ThnT, ' foral T2T,nT, .
In what follows, we assume that the operatorl$ enjoys this property together with the usual
interpolation error estimates see for instance [6].

Our rst goal is to prove (29) for s=0. Taking any T 2 Ty,. Recall that is supposed to be

of class (at least)C! so that k hki .1 6 Cht. Hence,
kv hWhkot = kw hWh Ko;T (30)
6 k kg T kw  wy kQ;T + k nki T kwh, kO;T

6 k kl T kw Wh kO;T + Chtkao;!

T

To continue this proof, we distinguish two cases: the cellsT 2 T, close to  and the
remaining cells, which are at the distance of at least ordeh from .

(i) Consider T 2T, ‘. We havek k; .+ 6 Ch on these cells since they are at the distance
h from . Notingthat kw wnkor 6 Ch' jwj; 1., by the usual interpolation estimate,
we derive from (30)

kv nWhkor 6 Ch'(jwji 11, + kwkoy ;) : (31)

(i) Now consider T 2 T, n T, . We note that does not vanish on! 1 for such T (recall

that '+ T hnT, "), sothat w2 H!(! 1) and, by (30) and the usual approximation
estimates,

kv hthO;T 6 Cht (k kl ;Tjot;! + t kaO;! T) . (32)

In order to bound jwjy , here, we recall the Leibniz rule valid for any multi-index 2 N

X
@v=@(w)= c (@)@ w

2 N¢
6
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with binomial coe cients C depending only on the multi-indices and (this formula
can be easily proven by induction on the length of ) 6 means8i=1;:::;d; {6 ;.
If 60, this can be rewritten, by separating the term with =0 (note that C° = 1) and
dividing by , as

X
@w = E@v C @—@ w (33)

2 N

Applying (33) to w on! 1 gives

jwig . 6 m(lvjt;! + + Ckwke 11,):
Hence, by (32),
¢ Kkig o,
kv hWrko.r 6 Ch W(MI;! + + kwki 10 .)+ kwkoy (34)
[

Recall that min, ;. j j > mh by Assumption 3. The distance between any point onT and
any point on ! 1 is at most 2h so that

Khag _g, maxel) ming gy, 2Mhg o, oM
min, j j min, . j | mh m

with M denoting an upper bound onjr j. Substituting this into (34) gives
kv hthO;T 6 Cht(jVjt;] + kat 1 T): (35)

Summing (31) over all the cellsT 2 T, Xt and (35) over all the remaining cells of mesHhT,, gives

kv hWhko: , 6 Ch'(jvjy , + kwk; 1. ,):

This yields (29) with s =0 thanks to the estimate kwk; ;. , 6 kvk; , given by Lemma 5.
Let us now prove (29) fors = 1. Introduce v, = ISV so that

jv. Vhijz , 6 Ch' jvjr , and kv Vhko, , 6 Ch'jvj:

Y
Then, combining the already proven estimate (29) fors = 0, the inverse inequality, and the
interpolation estimates above, we obtain
V. hWhjy , 6 JVh aWhj1 , IV Vhjs
6 %th hWhKo; , +JV  Vnj1; ,
6 %kv hWhko. , + %kv Vhko; , + ]V Vhj1;

6 Ch' Tkvke

h-
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3.3 An adaptation of the Taylor-Hood inf-sup stability to -FEM

In this section, we prove some velocity-pressure inf-sup conditions that will be used to establish
the generalized coercivity (inf-sup) for the full bilinear form in the next section. The proofs are
inspired by [17] and start from an auxiliary inf-sup condition of Lemma 7 with respect to an
h-dependent norm for the pressure. The nal result in Lemma 8 is weaker than the usual inf-sup
since it does not provide the control of theL? norm of the pressure over the whole domain .
It will be however su cient for our purposes since the encumbering term Chszhji ) will be

controlled by the stabilization present in the scheme, cf. Lemma 2 for this matter.

Lemma 7. There exists an h-independent constantC > 0 such that8p, 2 M ,, 9w, 2 Vj
satisfying
Z
h%jpnif. ,  Ch%jpnif. 6 rpn (hWh) and j nWhjs; , 6 Chjpnja; ,: (36)

h

Proof. Let us introduce the submeshT! = T, nT, sothat , 6 OonT 2T,. Denote by E, the

set of the edges of the mesfi,| including those shared with T, , but excluding those lying on .

For any edgeE 2 E/, let te be the unit tangent vector to E (any of two, but xed), xg be the

midpoint of E, ! (E) be the set of the mesh cells sharinge, and g be the piecewise quadratic
function such that g(xg) =1 and g vanishes at all the other edge midpoints and at all the
nodes ofT;,. Moreover, de ne for all E 2 E/ ,

2 .
< Nz if E belongs to a cell fromT, ***;
= 1 -
- r=r} h; otherwise.
IE] e

Take any p, 2 M 1, and setwy, 2 Vy, as
X R
W = — e(te r pn)te: (37)
E2E]

We have indeedwy, 2 V4, since the pressure tangential derivativetg r py, is a continuous piecewise

polynomial of degree6 k 2 on! (E) and g is a continuous piecewise polynomial of degree 2,
vanishing outside! (E). Note also that w, =0 on , sinceE, does not contain the edges lying

on .

Take any E 2 E} and any cellT 2! (E)\T . We shall see that
Z z
— ejte T pi® © jte T opnj: (38)
T E T

Here and elsewhere, the constantg > 0 depend only on the polynomial degreek, the shape
regularity, and the parameters of Assumption 3. To prove (38), we set™, = —2 and note that

S >0o0nT since 6 0onT 2 Th‘. To derive further properties of 7, from Assumption 3, we
consider 3 following cases with respect to the placement of and E in the mesh (we recall that
T 2T, in any case andE is an edge belonging toT).

Case 1 T 2T, ™. We have then ¢ = h so that

Th>0andh r T %onT: (39)
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Case 2 T 62 T'™, E is not shared with any cell from T, ***. Then , = p(xg) for some
point xg 2 E and we have for anyx 2 T

e _ n(Xe) _,, n(xe) (¥ _, " n(© Xe x) , Mh_m+M
n(X) h(X) n(X) h(X) mh m

wherec2 T is a point on the segment connectingkg with x. This implies

-~ m .
h m+MonT' (40)

Case 3 T 62 [, E is shared with a cell fromT, ***. Then ¢ = hand dre b cih
with some ¢; > 0 depending only on the constants in Assumption 3 (since the distance
betweenE and i, where  vanishes, is of ordeth and jr j is bounded away from 0 on

T, Xty Combining this with the arguments of the previous case, we arrive at

cim
m+ M

h

onT: (42)

Moreover, in all of the 3 cases above,
jThi6ConT: (42)

with some C > 0 depending only on the constants in Assumption 3. In case 1, this follows from
the bound jr j M and the fact that the maximal distance betweenT and 1 is of order h.
In cases 2 and 3, (42) can be proven in the same way as (40) and (41).

Inequality (38) can be now proven setting

R ~ 2
c= min i@ (43)
T; "hi0nh T %

where the minimum is taken over all the simplexesT permitted by the mesh regularity, all
the polynomials 7, := —2 of degreek satisfying (42) and either of (39){(40){(41), and all the
polynomials ¢, := tg r pn 6 0 of degreek 2. By homogeneity and rescaling, one can safely
assume thath = 1 and kg, ko.r = 1. The sets of possibleT, 7, g, are bounded and closed, so
that the minimum in (43) is indeed attained and ¢ > 0. Indeed, either of (39){(40){(41) excludes
the possibility of 7, vanishing everywhere onT. This concludes the proof of (38).
Thanks to (38), we have, setting 'h = nn 4, and denoting by E(T) the set of edges of a
cell T excluding the edges on .,
Z X Z X X Z
~ hWh T ph = h? " ejte rpj? h®  jte 1 pnj?:
h E2E] PEN L E ToT  E2E(T) T

Taking into account Assumption 5, we have by scaling and the equivalence of norms on afl 2 T

X Z
jte 1 paj®  cpnjis:

E2E(T) |

Hence, 7
hWh T Pr > ch?jpnj. K (44)

i
h
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Now, on a mesh cellT 2 T, having common edges with cells off{l, de nition (37) clearly
gives
z X Z
hWh T pn = h h eite T pri® 6 Ch%jpnifs
E2E(T)E] |

since , is of order h on such cells. Combining this with (44) gives

Z Z
ch’jpnjf, , 6 hWh T Pn hWh T P+ ch?jpnjs, )
z" h
6 hWh T pn+ ChZjpnjf (45)
h
We also have
Z
i hWhis | = i W+ R (r wh)j?
X h X 4Z ir nj?. 2 % 2. ) ﬁ 2, 2
c h ———Ir paj“+ —-jr  EJr pajc + —ir “pnj
T2Th E2E(T)E | T E E E
X Z
C h® jr pnj? = Ch?%jpnjs. @ (46)
T2Th T

We have used here the nite element inverse estimates ony; g, pn, and the uniform upper
bound (42) onj~hj = %

Rede ning wy, aswp=cwith the constant c from (45) shows (36) as a combination of (45) and
(46). O

Lemma 8. There exists anh-independent constantC > 0 such that8p, 2 M y 9s, 2 Vj,

Z
kpnk. . Ch%jpnjs. rPn ( hSh) and j nshji; , 6 Ckpnko; ,: (47)

h
h

R
Proof. Taking pn, 2 M },. By continuous velocity-pressure inf-sup (recall that p, = 0), there
existsv 2 H3() s.t.
divv= p,on ; andkvky. 6 Ckpnko:

Let ¥ 2 H1( 1) be the extension ofv by 0 outside . Lemma 6 with t =1 implies 9vy 2 V}, s.t.

kv hVhKo; , 6 Chkwks. , 6 Chkppko. ) and j pvpj1; , 6 Ckvky, , 6 Ckpnpko:

-

Thus,
Z Z Z Z
kpnk3. = phdivv= rp, v= Pn ( hVa)+ rph (¥  hVn)
h Z h
6 r Pn ( nVh)+ Chipnji; ,Kpnko, @ (48)
h
We have

kpnks, , 6 Ci(kpnk§. + h%jpnjs, )
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This can be proven by an argument similar to that in Lemma 2: one can consider the maximum
kpn kg; K
kpnk3.; ot hszhjf,
'k

polynomials py, observe that this maximum is attained and takes the valueC; > 0, and sum up
over all the patches covering ,,.

We can thus pass from the norm on to that on  in (48):

z

of

taken over all the admissible patches , as in Assumption 4, and piecewise

kpnks, , 6 C1 rpn ( nVa)+ Chipnjs; ,kpnko, , + Cih%jpnjs. .
h
Hence, by Young inequality,
1 VA

Skenk , 6 C1 rpn ((nvn)+ CoR%jpnjf, | + Cib%jpnjf,

h ' h
VA VA

6Ci rpn (nva)* Ce  rpn (nwh)+ Chjpnjf,
h h

with wy, given by Lemma 7. Thus, .

1 L
Ekphkg; . ChZ%ipnjf, 6 rpn n(Cavh + Cown)
h
and
j n(Cavn + Cown)jz; , 6 Ckpnko; |
sincej nWhj1: , 6 Chjpnj1. , 6 Ckpnko. , by inverse nite element estimates.
Setting sn = 2(Cyvh + Cowy) proves (47). O

3.4 The generalized coercivity (the inf-sup condition) for the bilinear
form.

To ease the forthcoming calculations, let us introduce the nite element space of velocities com-
bining the rigid body motion on the approximate boundary and the contributions involving the
level set:

VM = f (Vi # 1y 1)+ psh with sp 2 Vi Vi 2 R%G 1, 2 R%g: (49)
In the scheme (11), we shall now combine the test functions,; ;! into v, 2 V{]bm as in
the de nition above. Similarly, we shall combine the trial functions wy; Un; p into up 2 V{f’m
settingup = K(Up+ 1 1)+ npwy). Scheme (11) can be then rewritten in the compact form:
nd u, 2 V[P and p, 2 M p, such that

Ch(Uh;PniVh;Gh) = Ln(VhiGh); 8Vh 2VIP™; gy 2 M (50)
where the bilinear form ¢, is given by
Z Z
Ch(Un; PhiVh; Gh) =2 D(un) : D(vn) (2D(un) pnl)n hsh
h 7 Gh 7

Gh div up, pn div vy,

x Z ' ' x Z

+ h? ( upn+rpn) ( var oh)+ (div up)(div vn)

T2T, | T2T, |

x Z , X Z
+ yh [@Qun] [@vn]+ uh G@un  @va

gr FE g2r E

h h
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and the linear form Ly, is given by

Z Z
Ln(vh;th) = f0 nSht tg n(Vh+!ln 1+ 1 L
h (e}
X z
+ h? 19 ( va r ) (51)
Tor, T

mg Vh

h
In both expressions abovesy, Vi, and ! , are related to v, 2 V{P™ as in (49).

Lemma 9. Introduce the norm on V{P™ M

0 1=
X
OMVn;th9n = @vyjd.  + kaak3, | + h? K Vh+ 1 hkr + Ju(Vh;vh)A

T2T,

The following inf-sup condition holds provided and  are su ciently large:
8(un;pn) 2VIP™ M 9(Vhigh) 2VIEE™ M,

such that
Ch(Un;Pn;Vh; Gh)

> 9 un:pn9 52
9Vh: h9n Unh;PnIn (52)

with a constant > 0 depending only on the mesh regularity.

Proof. Letustakeph 2M p andup = n(Un+ n 1)+ pwy 2 VIP™ with wy 2 Vy, Uy 2 RY
and , 2 RY.

Step 1: controlling the velocity. By choosing (n; pr) as the trial function and (un; pn) as
the test function in the bilinear form c¢,, we obtained:
Z Z
Ch(Un;PriUn; Pr)=2  jD(un)j? (2D(un) pal)n KWy
h Z Gh 7
X . .2 3 X 2
+ yh j[@unli*+ uh @un
E2r, E E2F, E
x £ x Z
+ h? j Un + I pnj? + jdivunj?  (53)
T2T, | T2T, |

Let By be the strip between , = f , = 0gand G, i.e. B, = f > 0g\ 4. Since
hWh =0 on p,
Z Z
D(up)n  pWh = D(up)n  hWh
' x Z' x x Z
= D(up)nt  hWy D(up)nt  hWh;
Tor, @BW\T) ToT, E2F gt (1) Bn\E

where T,, is de ned in (10), F"(T) regroups the facets of a mesh element cut by 1, and
nt is the unit normal pointing outside of T on the boundary of a mesh cellT. Applying the
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divergence theorem to the integrals on@B}, \ T) and regrouping the integrals on the facets gives
z Z x Z
D(un)n  hWh = D(un) : D( nWh) + divD(un) nWh
Gnh B ToT, Bu\ T
Z

[D(un)n]  nwh

gEor, E'Bhn

4 . , X z . x Z

= iD(up)j< + divD(up) nWh [D(un)n]  nWh;

B ToT, Bp\ T E2F, E\ B},
since up hWy is the velocity of a rigid motion on By,.
Similarly (and simpler)
<Z 4 4

PN hWh = PN hWh = Pn div up + r'Ph hWh:

Gh @ Bh Bh

Substituting this into (53) and rewriting 2div D(up) r ph= Uy r pp+ r divu, onthe
cellsT 2T, yields
Z z x Z
ch(UniPniUn; Pr) =2  jD(un)i® 2 jD(un)i? ( Un T Pn) Wi
h B ToT, Bp\ T
{z }

Young with "4

X Z Z X Z
+2 [D(up)n]  pwp + pn div up (r divup) nWwp

F\ By Bh Bh\ T
F2F, | {z—1} T2ty
| {Z } Young with "3 I {Z }
Young with ", Young with "4
z x Z

+ uh j[@unlj2+ uh® @un *
E2r, E E2r, E
x £ x £
+ h? jounoropnit+ jdiv upj?:
T2T, |

Several terms above are marked with \Young with ";" meaning that we are going to apply the

to these terms. We recall that Lemma 4 implies
X 1 2 2 . X 1 2 2 .
ﬁk hthBh\T CkD(Uh)kO; - Ek hthF\ B, CkD(Uh)ko; -
F2F

T2T,

which allows us to absorb the norms of ,wy into the rst term with kD (un)ko. , . We also use
the inverse inequality hkr div upKky. , Ckdiv upky. - This yields

- :
C(UniPhitni Pr)> 2 C——= kD(unkj ,  2kD(un)kg — kpnko,

1 X 1 C
= k K2, + = =
7 Unh I PnKpt s

h

+ h? kdiv up kS, h

1 X 2 3 X 2
+h u ST k[@uh]ko;E + uh @Uh 0E
2 E2F , Y
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Thanks to Lemma 2, this can be further bounded as

on(UniphiUn; pr)> 2(1 ) CE—2—2 KkD(upk3 , +2(1  )hZjphiy.

2 h
"y 1 X
—kpnko  + h? — 2 K uy r pnkds
2 *oh 2"1 '
T2T,
1 cC o 1 X )
+ An P 2 kdIV Uhko. + h u e 2 k[@uh]kO'E
2'3 "4 o 2" ’
E 2F
2
+h3(y 2) @un we  (54)
E2F
with some > 0Oand 2 (0;1).
Step 2: controlling the pressure. Let now s, 2 Vi be the function given by Lemma 8 and
setvy = psh. Noting that
VA Z Z
pn div v} + phn Vf = rpn VR > Kkpnk3, | Chszhji
h Gh h
we get
Z VA
Ch(Un; Pn;VE: 0) > Kpnk3, | Chszhji 2 D(up): D(V)) 2 D(up)n VP
G
x Z "ox Z '
+ h? (un ropn) VhH (div up)(div VP)
ToT, ' Tor, '
x £ L X 4
+ yh [@un] [@VP]+ uh @Gun  @vf :
gor, F EoF, F

h h

Recalling that jvfji. , 6 Ckpnko. ,, remarking that kvf ko, %jvﬁjl; _,and applying Young
and inverse inequalities allows us to conclude

1 .
Cn (Un; Pn; Vi; 0) > SkpnkG;  Chjpnj,  CKD(un)kG;
0

X X
C@ 2p2 K up+rpnkjs + ? kdiv upk3.t

T2T, T2T

" 1
2 X 2 2R3 X 2
h K[@unlkge + &h @un A (55)

OE
E2F E2F

h h
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Step 3: combining the estimates. Multiply (55) by > 0 and add it to (54). This gives

||l+ ||2+ ||4

; C kD (un)k3

Ch(UniPn;un + VE; pn)> 21 ) C

+ kpnk3; , +(2L ) C)hipni, h

2
1 X
+ h? > 2 C 2 K un 1 pnkir
! T2T,
+ 1 3 2 C % kdivupk
2'3 4 o
+h Lo, ¢ 2 Xy k2. + 202h3x@2'
u 2.7.2 u [@uh] 0;E ( u u) Uh OE °
E2F , E2F,
Taking ;" 1;"2;"4 small enough,"s = =2 and ;  big enough, and recalling Korn inequality

(22), this amounts to
Ch(Un;Pr;Wh + VE; pr) > €9 un;pr93

with some ¢ > 0. We also have easily
OWh+ VE; Ph9n 6 C9 Wh;pnOn;

hence the inf-sup estimate (52) withvh = Uy + V|, th =  pn. O

3.5 A priori error estimates.

In this section, we will prove Theorem 1 following the argumentation of [12], which is ameliorated
since we require only the optimal regularity H**1 () ¢ HK() for the velocity-pressure pair

(u; p) given by (1a)-(19).

Proof of the H?! a priori error estimate  (12): Let (u;p) 2 H**1() ¢ H¥X() with
u= U+ r on be the solution to the continuous problem (1a)-(1g) and (un;pn) 2 V™ M
with up = pwp+ p(Up+ 1 1) bethe solution to the discrete problem (11). Choose su ciently
smooth extensionu~and p-of u and pon | such that v = u, p= pon , and

Ketkis1; , 6 Ckukis+r; ;  kpke |, 6 Ckpkg, :

Applying Lemma6tota (U+ r), which vanishes on and on ,, we see that there exists
Wh 2V} such that

ke (U + r)  nWnky , 6 Ch*ke (U + MKe1: o
This allows us to introduce up = [wy + H(U + r) 2 V{Pm satisfying

ke onky. , 6 ko (U+ r) hWhki |+ K( n)(U + ryki:
6 Ch*(ktkisr: , + K Kest: ,(UI+ ] )
6 Ch¥kttkgs1: , 6 Ch¥kukysr: ; (56)

thanks to the standard interpolation of 2 H**1( ) and to the bounds jUj;j j  Ckuk;.
valid by the trace inequality (recall that u= U + ron ).
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Similarly, ket thko, , 6 Ch¥**kuky+1. . We de ne moreoverpy 2 M 1, by the standard FE
nodal interpolation p, = I p such that

kg pnko. , 6 Ch*kpk. (57)
Thanks to Lemma 9, 9(vn; ) 2 V{P™ M | such that

Ch(th  Un;Pn Ph;VhiCh) .

9 ; 9 C
th  Unh;Ph  PnIn 9Vn: 0 9n

(58)

We should now substitute (& p) into the form c¢,. To this end, we introduce the ctitious right-
hand sidesF and Q on 4 so that

2divD(t)+ r p= Fand dive= Qin :

We observe then, taking anyvy, = nwsp+ p(Vh+!'p 1)2 V,Qb”‘ yGh 2 M p,
Z Z Z Z
2 D (&) : D(vn) pdiv vy 2D(w) pl)n vy = F vh

h h Gh h

and, recalingBr = 1 n,

z z
(2D(#) pi)n (Va+!h )= (2D(4) ph)n (Vu+!h 1)
Gh
z z
+ div2D(e) pl)n (Vn+!n 1r)=mg VW F (Man+!n 1)
Bh Bh
Hence,
z z z
CHCHAV S SR A Frh+tn N+mg W ogudive
h Bn 7 h 7
X
+ h? F( vir o)+ (div #)(div vp):
Tot, ' h

Also note that the RHS (51) of the scheme (50) can be rewritten as
z z
Lh(Vhith) = 9 Vh tg (Van+!n 1)+ mg W
h Bh 7
5 X
+ h 9 ( VoI Gh)
ToT, T

This allows us to establish the following Galerkin orthogonality relation, valid for all vy, 2 V/{P™
Ch 2M p,

Ch(t  Un;P PniVhiGh) = Rn(Vh;Gh); (59)
where
A Z
Ra(vaiah) = (F 1d) nsh Gh div t
Bn X Bz 7
+ h? (F 9 ( var o)+ (div #)(div vh):
Tor, T h
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The integrals of F g and dive on | have been rewritten as integrals onBy, since both
F £ g and div u vanish on .
Combination of (58) and (59) entails

Ch(th  Ph  PiVhith)+ Rn(Vhi0h).

9 ; 9 C
th  Un;Pn  Pn9n 9Vn: G 9n

We can now use interpolation inequalities as in [12, Section 3.4]. In particular, the term withc,
in the nominator of the fraction above is bounded by Ch (kuky+1: + kpkk. )9Vh; h9h thanks
to (56){(57) and to the estimates of Lemma 4. To bound Ry, (vh; ¢h) we recall that F ;g and
div ¢ vanish on . Thus, thanks to [12, Lemma 3.6]

kF gk, Ch* *kF foke 1. i Ch* (kukgsr: + kpke )

and
kdiveky, — Ch*kdivek, — Ch*kukg; : (60)

This, combined with the estimates of Lemma 4, in particulark nspko, =~ Chjvpjy; , leads to
iRh(Vh:h)i Ch¥(kukis1:. + kpke )9Vh;hOn and

9t Un;pn  Pn9n  Ch¥(kukgsi: + kpke ): (61)

Recalling again the interpolation estimates (56){(57), we obtain the error estimates foru and
p, announced by (12).

Proof of the a priori error estimate (13) on the velocity of the solid: We have by
the construction of the interpolant 4, = pwy, + (U + r) and thanks to (26)

jU Unj+j hj6 CK n(Wh  Wp)+ n(U Uy +( h) Ky , = Cken  unky;

which proves (13) thanks to (61). .
Proof of the L2 a priori error estimate ~ (14): Let(v;q;V;!)2 H3() ¢ HY() RY R
the solution to

divv=0; in
v=V+1 r on
=0; on  w;
R(2D(V) ql)n =0;

R(2D(v) gl)n r=0;

8
% 2divD(v)+ rg=u un; in ;

g=0:
An integration by parts gives
z
ku upkd = (u up)( 2divD(v)+r Q) (62)
Z z z
=2 D(u up):D(v) gdiv(u up) (p pn)divv:

Z
+ ((n dwh+(n  )Un+ n 1)) (2D(V) ql)n

R
Note that the boundagy term  u (2D(v) gl)n vanishes sinceu is a rigid body motion on .
For the same reason, (wnp+ (Uy+ 1 1) (2D(v) ql)n vanishes.
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Let (v;&) 2 H2( n)Y HZ( ) coincide with (v;g) on . They can be constructed by a
bounded extension operator inH? H? so that

kvka. , + kake: , 6 C(kvkz + kaki: ) 6 Cku  unko: : (63)

We now further rewrite (62) using Galerkin orthogonality (59) with the test functions v, =
hSh+ h(Vh+1h 1) 2V{1bm and ¢, 2 M ;, and recalling B, = nn,

k k2.
4o z z
=  2D(# un):D(v wn) (& oh)div(td up) (p pn)div(v  vh)
| h h {Z h }
z z z
2D(¢  up):D(w) gdiv(d  up) (p pr)divy
Bh Bh Bn
I {z }
1 7
+  (2D(¢ un) (P PN nsh (64)
|2 {z }
11
z z
X @ @v X @ @vn
uh B oun)  — yh’ —— (¢ un)
E2F, E @rg @n E2r, E @A @A
I {z }
X Z v
h? (~u u)+r(p pn) ( Va1 o)
T2T, |
I {z }
\
x L div( )di (
iv(d  up)div vy + Rn(vh; th
T2T, | F_\\/f%_;
I {z }
Z Vi
+ ((n Jwh*t(n )Un+ 1)) (2D(V) al)n
I {z }
Vil
We now take V, = V;!, = ! and setsy, 2 V}, so that ps, is an optimal interpolant of
v h(V + ! r), as guaranteed by Lemma 6. We also set, = [T & using an appropriate

Cement interpolation I},. We can now estimate all the terms of (64) using the already proven
estimate (61) and the interpolation estimates forv- v, and p- p, . This gives

ku unkd — Ch*™=2(kuki.i: + kpki )(kvka , + keki ,): (65)

In particular, term | is completely standard and gives in fact a contribution of the optimal order
hk*1 . Rather than go to the details of the tedious calculations leading to the bounds of the
remaining terms, we prefer here to refer to the similar arguments used in [12] to estimate the
terms in eq. (3.24). Indeed, the termsll 1l in (64) can be treated as the termsll 1l in
eq. (3.24) of [12]. TermslV  V in (64) can be treated as termlV in eq. (3.24) of [12]. Terms
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V1 in (64) is also similar to the latter (note, in particular, kdiv vk, ) Chkvky. similarly to
(60)). Finally, term VI in (64) can be treated as termV in eq. (3.24) of [12]. As in [12], all these
terms result in the sub-optimal estimate of order O(hk*1=2). The origin of this sub-optimality
lies in the lack of adjoint consistency in formulation (50): the adjoint discrete problem cannot
be interpreted as a consistent discretization of a meaningful continuous problem.

The only term in (64), which does not have a direct analogue in [12], is ternV/ IIl . To bound
it, we apply Cauchy-Schwarz inequality together with the interpolation estimates on h and

h, recalling the hypotheses 2 CK*1( ,)and 2 H1( ):

jVIj6 Ch**™ (kwhko: + jUnj+ | nj)(KD(V)ko; + Kako: ):

Then, to bound wy, in L?(), we start by a trace inverse inequality kwhko. 6 %kwh ko: , and
apply Hardy inequality of Lemma 5 to wy, = X
kwhko. , 6 Ckw pki. , 6 C(k( h)Whki: |, + K pwrky )
Noting that, by interpolation and inverse inequalities,
k( h)Whki. , 6 C(k KLt ( p)iWhjz o + K T pke ¢ ,ykwiko: ) 6 Ch¥kwiko, |

we conclude
(1 ChX)kwnko, , 6 Ck pwpky |,

Hence, forh small enough,
VIl j6 Ch<t pl—ﬁk nWhky , + JUnj+ ] nj (KD(Vko; + kako; )

Recalling that u, = nhwn+ {(Un + 1 ), we conclude by Lemma 4 thatk nwnka. ., jUn],
i nj can be all bounded bykupki. , . Applying the trace inequalities to v and g, we arrive at

jVII1 j6 Ch**1=2kupky, | (kvky, + koky: ):

Since we know thatkupki. , is bounded by the norms ofu and p thanks to the already proven
error estimates for the velocity in H norm, we conclude that term V Il contributes to (65) in
the same manner as all the other terms.

Combining (65) with (63) proves (14).

4 Numerical tests

In this section, we present numerical results, rst in the particular case of a xed particle, i.e.
for the Stokes equations aone in a xed domain (cf. Appendix A and the -FEM scheme (72)),
and second in the case of the particulate ows (equations (1a)-(1g) and the -FEM scheme (11)).
These schemes will be compared with standard FEM on tted triangular meshes as on Fig. 3 left
(we do not introduce higher order approximations of the curvilinear boundary of the domain, as
would be the case in the isoparametric FEM for example). In the case of Stokes equations, the
error is measured with respect to a manufactured solution, while a reference solution obtained by
standard FEM on a tted ne mesh is used in the case of particulate ows. We have implemented
-FEM in multiphenics [4]. The implementation scripts can be consulted on GitHub?

2https://github.com/michelduprez/phi- FEM-particulate-flows-Stokes.git
or https://doi.org/10.5281/zenodo0.6817135
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The uid/solid domain in both our test cases is O = (0;1)> R? and we take the particle S
as a disk of radiusR = 0:21 centered at a point (05;0:5). Then =[0 ;1FnS. The geometry
is presented in Fig. 1 (left). In -FEM, we use the following level-set function, well de ned and
smooth for all (x;y) 2 R?,

(x;y)= R? (x 05)? (y 052 (66)

We present only the results with the lowest order Taylor-Hood elements, i.e. settingk = 2
and thus using P, elements forw,, 1, n (the approximation 1 for is exact in this case).
The tests with elements of higher order would lead to essentially the same observations. The
stabilization parameters are setto = =20 (as in [12]).

4.1 Particular case of a xed patrticle: Stokes equations

We start by Stokes equations (71) in the domain , as above, with the right-hand side such that
the exact solution is as follows, cf. [14],

u(x;y) =(cos( x)sin(y); sin(x)cos(y));
p(x;y)=(y 0:5)cos(2x )+(x 05)sin(2y);

taking =1.

Figure 3: Mesh used for the standard FEM formulation (left) and mesh used in the -FEM
schemes (right).

We shall test the -FEM scheme given by (72) in Appendix A and compare it with a standard
Taylor-Hood FEM on a tted mesh. To this end, we introduce a quasi-uniform triangular mesh
Thflt tted to , in the sense that the boundary nodes of the mesh lie on [ . The domain
occupied by this mesh, denoted by L't , Is a polygonal approximation of , since the interface

is curvilinear and cannot be represented exactly by the straight edges. We introduce then the
FE spaces
n o]

vite =y 2. c( MMy vejr 2 PAT)Y 8T 2T,™: vy = lhup on y\ (67)

( z )
M= & 2C( ') ajr 2PYT) 8T 2T, th=0 ; (68)

fit
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where L" is the part of the boundary of L“ approximating . A standard tted Taylor-Hood
fitu p fit

FEM can be written as: nd (un;pn) 2V, M " such that
Z Z Z 4

. 2D (up) : D(vh) . ph div vy, f Gh divuy = fvn; (69)
h h h

for all (vn;ch) 2V % M [,

Examples of meshes for the standard FEM formulation and the -FEM scheme are given in
Fig. 3 (left) and (right), respectively. In Fig. 4, we report convergence results for the standard
tted Taylor-Hood FEM (69) and for -FEM (72) in the case of Stokes equations. We recover
the theoretical rates of convergence of -FEM stated in Theorem 2: 2nd order in h for both the
H -error in velocity and the L2-error in pressure. TheL 2-error in velocity is actually better than
theoretically predicted: it is of order 3 instead of theoretically expected 2.5. We observe thus
that -FEM is fully optimal in practice: it demonstrates the same convergence rates in all the
aforementioned norms as the standard FEM would demonstrate in the ideal situation of a tted
mesh on a convex polygonal domain. Actually, our setting is not ideal, is neither convex,
not polygonal. It is thus not surprising that the standard Taylor-Hood FEM underperforms
(we recall that the mesh Thf't is triangular with straight edges and no higher order geometrical
approximation is introduced there). Experimentally observed convergence rates for this scheme
are 2 for the L2-error in velocity, 1.5 for the H t-error in velocity, and slightly smaller than
2 for the L2-error in pressure (the error in pressure is thus the only one for which the optimal
convergence order seems to be retained in practice). Moreover, all the errors on all the considered
meshes are systematically smaller for -FEM than for the tted FEM.

Remark 6. As already noted in Remarlg2, in -FEM, it is impossible to impose R pn = 0.

In our impllsmentationﬁNe rather impose . Ph=0 with the help of a Lagrange multiplier, i.e.

we add Pt on Gh (with 1; n 2 R) to the formulation. To compute the relative L?-

error for the pressure, we should compargy, with the exact pressure whose integral vanishes over
h (recall that the pressure is physicggly de ned up to an additive constant any way). We thus

introduce p=p ¢, withc , = J. 1hj P ar]g compute the errors with respect tge. Similarly,

in the case of standard tted FEM, we impose fi pn = OF\py a Lagrange multiplier and compute

the relative error againstp=p ¢ n with ¢ w = ]I%] w P,

~4-Ku - upky o =Kuky w st.-FEM ~e-ku o upky no =Kuk; w st.-FEM kg ok, =it pky. w0 st.-FEM
—— ku Unke ,=kukg, " -FEM —— ku upky ,=kuk;. " -FEM ——  kp  puKo, ,=kpk, . -FEM
T T T T T T

103,
104,
105L o
10 6L

10 7}k

h h h

Figure 4: Rates of convergence for the standard Taylor-Hood FEM scheme (69) and the-FEM
scheme (72) in the case of Stokes equations. THe? relative error of the velocity (left), the H?!
relative error of the velocity (middle) and the L? relative error of the pressure (right).
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4.2 Particulate ows

We now turn to the creeping particulate ow equations (1a)-(1g) in the same geometry as before.
The level-set is again de ned by (66). The vertical gravity is assumed to be equal to 10. The
density of the uid and the solid are equal to ¢ =1 and s =2, respectively, and the viscosity

= 1. We deduce that the mass of the solid is equal tom =  2R?. For the cut-o , we
consider the radial polynomial of degree 5 on the interval £p;r1) with ro = R andr; = 0:45
suchthat (rg)=1and 9Yro)= NRrg)= (r1)= Yr1)= r1) =0 so that, setting =1
forr<R and =0 for r >R, the resulting is two times di erentiable and thus 2 H?3(0)
as required by Assumption 2:

8

21 forr<rg

(r)— 1+ ( rrol))s; forro<r<r ;
'0 forr>r ¢

where

f(ro;ra)=( 6r°+15(ro+ ro)r* 1003 +4rors + r2)r3+30roro(ro + ro)r?
30r3r2r + r3(rd  5rire+10r3)):

Let us introduce a Taylor-Hood scheme which will be compared with our -FEM scheme. We
introduce rst the tting mesh Tflt on domain L‘t as in the preceding section, cf. Fig. 3 (left),
and adapt the Taylor-Hood FE space velocity space, cf. (67), as

n o}

VR = w2 C( )Y veir 2 P BT 2T wvp=0on w ;

while keeping the pressure space (68) as before. Note that the velocity FE space does no longer
contain any restrictions on the boundary part L“ approximating . We shall impose the bound-
ary conditions there with the help of Lagrange multipliers, introducing the space

. n o]
= p2cC( ') nir 2PXF) 8F2F"
where Ff't is the set of the boundary facets on L" - A tted Taylor-Hood FE formulation is
then written as: nd ( Un;pn; n;Un; n) 2V0 M [ fit R4 R such that
z z z
i 2D (up) : D(vh) . Pn div v, . Oh div up
z " Y4 " Y4
+ h (Vi Vi 'h 1)+ h (Uh U n 1)= fgvh + mg Vh; (70)

fit fit fit

h h h
for all (Vh;Gh; n;Vh;!'n) 2Vt M I it R4 RY. We present in Fig. 5 the velocity
obtained with the standard Taylor Hood FEM scheme (70). Such a velocity and the accompa-
nying pressure, computed on a very ne tted grid, will be used as the reference solution in the
subsequent numerical experiments and will be denoted as; p in what follows.

A comparison between the standard Taylor-Hood FEM (70) and -FEM (11) is presented
in Figs. 6 and 7 (we do not report the error in the particle rotation velocity whose exact value
is 0 and which is accurately predicted by all the schemes up to machine precision; this can be
attributed to the symmetry of our test case). Since the error is computed with respect to a
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Figure 5: Velocity obtained with the standard Taylor-Hood FEM scheme (70).

ne reference solution solution living on a ne tted mesh, the numerical solution computed by
either (70) or (11) should be projected to this ne mesh in order to compute the errors. This is
re ected in the legends of the convergence curves: " stands for the ne tted approximation
there. Similarly to Remark 6, we impose the pressure mean by a Lagrange multiplier in both
schemes, and adjust the additive constants properly when computing the errors in pressure.

The conclusions are essentially the same as in the previous test case (Stokes equations alone):

-FEM exhibits optimal convergence rates, while the tted standard FEM is suboptimal (with
the exception of the L2 error in pressure). It seems again that our theoretical estimates for the
L2-error of the uid velocity is not sharp: the experimental convergence rate isk + 1 rather
than k + 2. The same observation can be made about the particle velocity: the experimental

2
convergence rate ik + 1 rather than theoretically predicted k.

~a-Ku UKo, fie =KUKg, e St.-FEM ~#-Ku UKy e =KUKy, e St-FEM
—— ku  unko, e =KuKg, e -FEM —— Ku  Upkg. e =KUKy, e -FEM
I = T T T T = 1P T T T T =

10 1}
10 tE

10 2

103 10 2}

4 L L L L L L L L 1 L L L
10 ¥® 10 6 10 ¥4 10 *2 10! 10 ©8 10 ¥*® 10 6 10 ¥4 10 *2 10! 10 %8
h h

Figure 6: Rates of convergence for the standard Taylor-Hood FEM scheme (70) and the-FEM
scheme (11) in the case of particulate ows. Thel? relative error of the velocity (left) and the
H1 relative error of the velocity (right).

5 Conclusions and perspectives

The main goal of the -FEM approach is to avoid the non standard quadrature on the cut mesh
cells inherent to CutFEM. Some of the attractive features of -FEM are:

-FEM is readily available for nite elements of any order (without the need of any addi-
tional higher order approximation of the geometry).
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~&-kp  prko. e =KpKo. e St.-FEM ~a-jU  Uyj5Uj st.-FEM
——kp  pnko; e =kpko, me  -FEM —— jU  UyjgUj -FEM
0 T T T T ™ T T T T

10 2}

10 3}

1047 \A L L L L \7 1047 L L L L L \7
108 10 16 10 ¥4 10 %2 10 10 %8 1058 10 16 10 ¥4 1052 10t 10 %8
h h

Figure 7: Rates of convergence for the standard Taylor-Hood FEM scheme (69) and the-FEM
scheme (72) in the case of particulate ows. Thel? relative error of the pressure (left) and
relative error of the displacement of the solid (right).

" (corollary of the previous point) -FEM outperforms the standard tted FEM on polygonal
meshes if the order of piecewise polynomials is 1 (unless one implements more compli-
cated versions of FEM in order to treat properly the curvilinear boundary, such as the
isoparametric FEM).

-FEM uses standard FE spaces and is based on a variational formulation of the problem,
so that it can be easily implemented in existing general-purpose FEM libraries, provided
they allow one to compute the jumps on selected facets and the second derivatives on
selected cells.

To counter-balance the last point, we should mention that the variational formulation at the base
of -FEM can be rather complicated. Typically, it contains more terms than a tted FEM or
a CutFEM scheme for the same problem. The implementation, although straightforward, may
thus require some extra programming e orts. As a reward, one easily gets a good description
of the geometry which may result in smaller computing times than those for standard FEM, as
highlighted in [10].

In the present article we have adapted -FEM to the Stokes equations and to the combination
of the Stokes equations with the motion of a rigid particle inside the uid, providing a rst brick
in future applications of this technology to uid structure interaction problems.

Of course, there remains a lot of open questions. To conclude, we list some of those (not
necessarily related to the particular case of Stokes equations or ows with particles) and envisage
potential solutions:

Theoretical suboptimality of -FEM in the L2?-norm. However, all the numerical exper-
iments show the optimal convergence in this norm, which gives us hope that a sharper
theoretical estimate could be found.

A mismatch between the theoretical construction of the active meshT;, and its practical
implementation, cf. Remark 1. The theoretical construction of Ty, is crucial for the current
proof of coercivity, cf. Lemma 9. An alternative proof should be found.

A practical construction of the levelset function, which should satisfy some assumptions
summarized in Remark 3. In the present article, was given analytically, but in more

realistic applications one will have to construct an appropriate , on the discrete level
directly. A good candidate, in the vicinity of would be the signed distance to , for
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which there exist e cient libraries, but it will remain to extend it in a smooth way (again
directly on the discrete level) far from . As an alternative, we note that in other versions
of -FEM,  may be required only on mesh cells near , cf. [11, 10].

The current construction of stabilization in  -FEM relies heavily on the linearity of the
governing equations. Indeed, the terms with prefactor in (11) reproduce the governing
equations for both trial and test functions. If the equations are non-linear, one cannot
do this since the formulation should remain linear in the test functions. Thus, going
from Stokes to Navier-Stokes, for example, is not straightforward. Various options of
linearization of the stabilization terms should be yet tested numerically and theoretically.

A -FEM for Stokes equations in a xed domain

In this section, we propose a -FEM scheme for the simpler case of a xed solid in the uid. The
governing equations are the non-homogeneous Stokes equations given by

8

< 2div(D(u)+ rp=f in ;
divu=0; in (71)
u= up; on [ w:

Assume that up and f are de ned in the whole discrete domain . Inspired by the -FEM

scheme for particulate ow given in (11), we can derive the following -FEM scheme for the
non-homogeneous Stokes equations (71): navy, 2 Vi, pnh 2 M |, satisfying

Z Z
2D(up + nWh):D( nhsn) (2D(up + hWh) pal)n  hsh (72)
h Gh
Z Z
P div( hSh) Gh div(up + nWp)+ (Ju(Up + KWh; hSh)
h Z h
+h? ( Cup+ nwp)+rpn) ( (C mSh) I Gh)
T2, T
X Z
+ div(up + nWn)div( nVh)
T2, |
z x Z
= f hsn+ h? f( (Up+ nSh) r h);
h ToT, T

h

forall s, 2Vh, th 2 M 4.
We now state our second main result for the Stokes equations:

Theorem 2. Suppose that Assumptions 1, 3, 4 and 5 hold true, the mesh, is quasi-uniform.
Let (u;p) 2 HK*1 () ¢ HK() be the solution to(71) and (Wn;pn) 2Vy M} be the solution
to (72). Denoting u, = LWy, it holds

. . 1. . 1
ju Unjz v, * =P Pnjo; v, Ch¥(kukis; + =kpk )

with a constant C > 0 depending on theCy, m, M in Assumptions 1, 4, on the maximum of the
derivatives of , on the mesh regularity, and on the polynomial degre&, but independent ofh,
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f, and u.
Moreover, supposing h

ku upko,  Ch**1=2(kuky.s . +1kpkk; )

with a constant C > 0 of the same type.

The proof of Theorem 2 can be adapted from the proof of Theorem 1. It is even more simple.

B A glossary of geometrical notations.

h the approximate interface: , =f  =0g
Th the active mesh: T, = fT2T,°O: T\f ,<0g86 ?g
T, intersection of T, with T, =fT2Th:T\ /6 ?g
T, | T,, and the cells which are neighbors and neighbors of neighbors of cells

of T, in Ty

T ThnT,
Fi F, = fE (an internal facet of Ty) such that 9T 2T, andE 2 @T:
Gh the internal component of @ y, corresponding to the interface : Gp, = @ N w
Bp the strip between and Gn: B, = s n
B, the strip between and
By the strip between =f , =0gandGy: B, =f , > 0g\

We also recall that the domain occupied by the active meshry, is denoted by 4, i.e. 4 =

([ 721, T)°. The same convention is applied to the submesheg, and T,!, giving respectively
and |.
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