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MODULI OF VECTOR BUNDLES ON PRIMITIVE MULTIPLE SCHEMES

JEAN-MARC DREZET

RESUME. A primitive multiple scheme is a Cohen-Macaulay scheme Y such that the associ-
ated reduced scheme X = Y,..4 is smooth, irreducible, and that Y can be locally embedded
in a smooth variety of dimension dim(X) + 1. If n is the multiplicity of Y, there is a canon-
ical filtration X = X; C Xo C --- C X,, =Y, such that X; is a primitive multiple scheme of
multiplicity . The simplest example is the trivial primitive multiple scheme of multiplicity n
associated to a line bundle L on X: it is the n-th infinitesimal neighborhood of X, embedded
in the line bundle L* by the zero section.

The main subject of this paper is the construction and properties of fine moduli spaces of
vector bundles on primitive multiple schemes. Suppose that Y = X, is of multiplicity n, and
can be extended to X, 11 of multiplicity n + 1, and let M,, be a fine moduli space of vector
bundles on X,. With suitable hypotheses, we construct a fine moduli space M, ; for the
vector bundles on X, 11 whose restriction to X,, belongs to M,,. It is an affine bundle over the
subvariety N,, C M, of bundles that can be extended to X,,11. In general this affine bundle is
not banal. This applies in particular to Picard groups.

We give also many new examples of primitive multiple schemes Y such that the dualizing
sheaf wy is trivial.
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1. INTRODUCTION

In this paper a scheme is a noetherian separated scheme over C. A primitive multiple scheme
is a Cohen-Macaulay scheme Y over C such that:

- Y,.qa = X is a smooth connected variety,
— for every closed point z € X, there exists a neighbourhood U of z in Y, and a smooth
variety S of dimension dim(X) + 1 such that U is isomorphic to a closed subscheme of

S.

We call X the support of Y. It may happen that Y is quasi-projective, and in this case it is
projective if X is.

For every closed subscheme Z C Y, let I (or Jzy) denote the ideal sheaf of Z in Y. For every
positive integer 4, let X; be the closed subscheme of Y corresponding to the ideal sheaf J%.
The smallest integer n such that X, =Y is called the multiplicity of Y. For 1 <i <mn, X, is
a primitive multiple scheme of multiplicity ¢, L = Jx/Jx, is a line bundle on X, and we have
Ix,/9x,,, = L'. We call L the line bundle on X associated to Y. The ideal sheaf Jy can be
viewed as a line bundle on X,,_;. If n = 2, Y is called a primitive double scheme.

The simplest case is when Y is contained in a smooth variety S of dimension dim(X) 4+ 1.
Suppose that Y has multiplicity n. Let P € X and f € Ogp a local equation of X. Then we
have Jx, p = (f") for 1 < j <mnin S, in particular Jy p = ("), and L = Ox(—X) .

For any L € Pic(X), the trivial primitive variety of multiplicity n, with induced smooth variety
X and associated line bundle L on X is the n-th infinitesimal neighborhood of X, embedded
by the zero section in the dual bundle L*, seen as a smooth variety.

The primitive multiple curves where defined in [I8]|, [2]. Primitive double curves were
parametrized and studied in [4] and [I7]. More results on primitive multiple curves can be
found in [8], [9], [10], [L1I], [12], [I3], [14], [15], [5], [27], [28], [29]. Some primitive double
schemes are studied in [3], [20] and [22]. The case of varieties of any dimension is studied in
[16], where the following subjects were treated:

— construction and parametrization of primitive multiple schemes,

— obstructions to the extension of a vector bundle on X,, to X,,.1,

— obstructions to the extension of a primitive multiple scheme of multiplicity n to one of
multiplicity n + 1.

The main subject of this paper is the construction and properties of moduli spaces of vector
bundles on X,,. If X, is an extension of X,, to a primitive multiple scheme of multiplicity
n + 1, and M is a moduli space of vector bundles on X,,, we will see how to construct a moduli
space M’ for the vector bundles on X, whose restriction to X,, belongs to M. It is an affine
bundle over the closed subvariety N C M of bundles that can be extended to X, ;. This
applies in particular to Picard groups.

1.1. FINE MODULI SPACES

Let x be a set of isomorphism classes of vector bundles on a scheme Z. Suppose that y is
open, i.e. for every scheme V and vector bundle E on Z x V| if v € V is a closed point such
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that £, € x, then there exists an open neighbourhood U of v such that E, € y for every closed
point u € U. A fine moduli space for x is the data of a scheme M and of

— a bijection
M® ——

m—— E,,

(where M° denotes the set of closed points of M),
— an open cover (M;);cr of M, and for every i € I, a vector bundle &; on X x M; such
that for every m € M;, &;,, ~ E,,,

such that: for any scheme S, any vector bundle ¥ on Z x S such that for any closed point
s €8, Fs € x, there is a morphism fy: S — M such that for every s € S, if m = f5(s) then
Fs ~ En,, and if m € M;, then there exists an open neighbourhood U of s such that f5(U) C M;

and (IX X ff}“\U>*(8'L> ~ ?\XXU-

1.1.1. Eaxtensions of a vector bundle to higher multiplicity — Let E be a vector bundle on X,
and E=Ex. In [16], 7.1, a class A(E) € Exty (E,E ® L") is defined, such that E can be
extended to a vector bundle on X, if and only if A(E) = 0.

If € is a vector bundle on X, such that & x, = E, the kernel of the restriction morphism
€ — E is isomorphic to F ® L™, and we have an exact sequence on X,

(1) 0 —=E®L"—E&—E-—0.

Hence if we want to extend E to X1, it is natural to study Extg N (E, E® L™). Using the

local-to-global Ext spectral sequence (cf. [2I], Corollary of Theorem 7.3.3), and the fact that
Extéx B (E, E® L™) ~ End(F), we obtain a canonical exact sequence

0 — Ext) (B, E @ L") —= Ext}_ LEEQLY — s End(E) 2> Ext? (E,E® L") |

and we have, from [16], A(E) = og(/g). In [16] is also given the following description of A(E): we
have a canonical exact sequence of sheaves on X,,;: 0 — L" — Qx, _|x, — lx, — 0, associated
to oqy . € Ext(lgxn(QXn, L"), inducing 0gx,,, € Ext(lgxn (E®Qx,,E® L™). We have then

(2) AE) = 6E7Xn+1V0(E) )
where V,((E) € Extéxn (E,E® Qy,) is the fundamental class of E.

Let E be a vector bundle on X,,. Then we have H°(Oy,) C End(E). We say that E is simple
if End(E) = H°(Ox,).

Let X, be a primitive multiple scheme of support X and multiplicity n, that can be extended to
a primitive multiple scheme X, ; of multiplicity n + 1. Suppose that we have a nonempty open
set x, of isomorphism classes of simple vector bundles on X,, such that there is a fine moduli
space M, for x,. Then there exists a closed subvariety N, C M, such that for every closed
point t € N,,, the corresponding bundle can be extended to X, .1, and that for every scheme
T and every vector bundle E on X,,; x T such that for every closed point ¢t € T', Eyx, € Xn,
then if F=Ex, «r and fy:T — M, is the associated morphism, we have f5(T') C N,.
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Let xn11 be the set of isomorphism classes of vector bundles E on X, such that E|x, € xn.
We will show that with suitable hypotheses, there is also a fine moduli space M,, 1 for x,11,
and that the restriction morphism M,,; — N, is an affine bundle.

1.1.2. Construction of fine moduli spaces — Let x, be an open set of isomorphism classes of
vector bundles on X,,. Suppose that there is a fine moduli space for y,, defined by a smooth
irreducible variety M,,, and that the subvariety N,, C M, of bundles that can be extended to
Xp41 18 smooth (this variety is defined in . We suppose that for every € € x,,, if £ = &x,

(i) € and E are simple,
(i) dim(Exty (E, E® L™)) and dim(ExtéXn(S, € ® Qx,)) are independent of &,
(iii) dlm(EXt2 (E,E ® L"™)) is independent of €.
(iv) A(E) =
)

i
(v) every vector bundle F on X,,4; such that JF|x, ~ & is simple.

Let xn+1 be the set of isomorphism classes of vector bundles E on X,,;; such that Ex, € xn.
We have then (cf. [6)

1.1.3. Theorem: The set x,+1 1S open, and there is a fine moduli space M, 1 for Xni1,
which 1s an affine bundle over N,,.

We have an exact sequence 0 — L™ — Ox, ., — Ox, — 0, whence a connecting homomorphism
6" H'(X,,0x,) = H'(X,L") . Let € € N,,, E = &x. Since
EF*QFE®L"~L"® (Ad(E) ® L™) (where Ad(FE) is the subbundle of E* ® E of trace zero
endomorphisms), we can see im(8°) as a subspace of Exty (E, E ® L"). Let A be the vector
bundle on N, associated to the affine bundle M, ;; — N,,. Then we have a canonical isomor-
phism
Ag ~ Exty (E,E®L")/im(d) .
Suppose that for some open subset S € M,, there is a universal vector bundle F on
X, xS. Let S" be the inverse image of S in M, ;. We have then an obstruction class
A(F) € H*(X,, x S,Hom(F, E @ p(L™))) such that A(F) = 0 if and only if F can be extended
to a vector bundle on X,,.; x S. Then we have
Ais = R'ps.(Hom(F,E® py(L")/(0s @ im(dp)) .

Suppose that pg.(Hom(F, E ® p%(L™))) =0 and ¢° = 0. We have an injective canonical map

A HY(S, R'pg.(Hom(F, E ® pi (L)) — H*(X,, x S, Hom(F, E @ p (L")))
coming from the Leray spectral sequence. Since A(Fy) =0 for every s € S, we will see that

A(F) € HY(S, R'ps,(Hom(F, E @ py (L") = H'(Ajs) .

Suppose that n € H'(As) corresponds to the affine bundle S’ — S. Then (cf. [6.2.10)

1.1.4. Theorem: We have C.A(F) = Cn.

In other words there is a link between the possibility to extend a whole family in higher
multiplicity and the structure of the affine bundle. The affine bundle is actually a vector
bundle if and only if the family can be extended in multiplicity n + 1.
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The hypothesis (v) is satisfied if L is a non trivial ideal sheaf and if the restrictions to X of the
bundles of y,, are simple (Proposition |4.8.2]).

The assumption on NN, is satisfied in the the following cases:

— The case of Picard groups (cf. [1.2)), i.e. X, consists of line bundles.
— When N, = M, in particular if X is a curve, because in this case, all the obstructions
to extend vector bundles on X,, to X, ; vanish.

1.2. PICARD GROUPS

Let P be an irreducible component of Pic(X) and Py the component that contains Ox. Let
L, p be the set of line bundles L. on X,, such that L x € P. We prove by induction on n that

if £,, p is not empty, then there is a fine moduli space PicP (X,,) for £, p.

Suppose that some B € £, p can be extended to X,;1. Then the product with B defines an
isomorphism 73 : Pict*(X,) — PicP(X,,). The set of line bundles in £,, p that can be extended
to X,,11 is a smooth closed subvariety

I'P(X,1) C PicP(X,) .
We have I'P(X,11) = ns(IF°(X,41)), and TP0(X,4;) is a subgroup of Pic™(X,): it is the
kernel of the morphism of groups
A : Pic?(X,) — H*(X,L"),
(the obstruction morphism). The case n = 1 is simpler: since the fundamental class of a line
bundle on X is a discrete invariant, we have either TP(X,) =0 or I'P’(X,) = PicP(X). We

have (cf.

1.2.1. Theorem: Suppose that £,11p is nonempty. Then PicP(XnH) s an affine bundle
over I'®(X,.41) with associated vector bundle Ore(x, ) ® (H'(X,L")/im(¢%)) .

n+1)

1.3. THE CASE OF CURVES

Suppose that X is a curve. In this case the obstructions to extend a primitive multiple curve
or a vector bundle to higher multiplicity vanish (from [I6] they lie in the H? of some vector
bundles on X).

Suppose that deg(L) < 0. Let r, d be integers such that » > 0 and r, d are coprime. We take
for M, the set of isomorphism classes of vector bundles & on X, such that & x is stable of rank
r and degree d. The hypotheses of are satisfied, and we obtain by induction on n

1.3.1. Theorem: There is a fine moduli space My, (r,d) for M, which is a smooth irreducible
variety. It is an affine bundle over My, ,(r,d).

Of course for n = 1, My, (r,d) is the well known moduli space of stable vector bundles of rank
r and degree d on X. From [I1], the vector bundles of M, (r,d), n > 2, are also stable. Hence
My, (r,d) is an open subset of a moduli space of stable sheaves on X,,.
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Let E be a Poincaré bundle on X x Mx(r,d). Let px : X x Mx(r,d) — X,
par X X Mx(r,d) — Mx(r,d) be the projections. Then if n > 2,

A, = Rpy(ERE* @ pi (L")

is a vector bundle on Mx(r,d). Let p,_1: Mx, ,(r,d) — Mx(r,d) be the restriction mor-
phism. Then p! _,(A,_1) is the vector bundle on Mx, ,(r,d) associated to the affine bundle
]\4}(n (T, d) — MXn71 (T, d)

1.3.2. The case of Picard groups — We don’t require here that deg(L) < 0. The irreducible
components of Pic(X) are the smooth projective varieties P4 = Pic?(X) of line bundles of
degree d.

Then if follows from [L.2] that

1.3.3. Theorem: The irreducible components of Pic(X,) are the Pic®*(X,), d € Z, and
PicP4(X,.1) is an affine bundle over PicYe(X,,), with associated vector bundle
OPiCPd(Xn) ® Hl(Ln) .

These affine bundles need not to be banal: (cf. [9.2.1))

1.3.4. Theorem : Pic’(X5) is not a vector bundle over Pic*(X) if Y is not trivial and either
X is not hyperelliptic and deg(L) <2 —2g, or L = wx.

Using some parts of the proof of Theorem we obtain

1.3.5. Theorem : Suppose that C is not hyperelliptic, Xy not trivial and deg(L) < 2 — 2g.
Then My, (r,—1) is not a vector bundle over Mx(r,—1).

1.4. PRIMITIVE DOUBLE SCHEMES WITH TRIVIAL CANONICAL LINE BUNDLE
Since X, is a locally complete intersection, it has a dualizing sheaf wx, which is a line bundle
on X,. We call also wy, the canonical line bundle of X,,. We have
1—n
Wx,|x ~ wx ®@L .
In particular we have wx,x ~wy ® L~'. We have an exact sequence

0L —— Oy, —

Ox 0.
We will prove (cf. [5.3.1))

1.4.1. Theorem: The map H'(¢): H'(X2,0x,) = H'(X,0x) is surjective.

which will imply (cf. [5.3.2)
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1.4.2. Corollary: We have wx, ~ Ox, if and only if wx ~ L .

If X is a surface, h'(X5,O0x,) = 0 and wy, =~ Ox,, X, is called a K3-carpet (cf. [3], [20]).

Suppose that L ~ wx. Then according to the exact sequence 0 — wx — Ox, = Ox — 0, we
have h'(Xy, Ox,) = 0 if and only if 2'(X,0x) = 0 (cf. also [20], Proposition 1.6).

1.5. EXAMPLES

Let C' and D be smooth projective irreducible curves, X =C x D and 7¢:X — C,
mp: X — D the projections. Let go (resp. gp) be the genus of C (resp. D). Sup-
pose that go > 2, gp > 2. Let Lo (resp. Lp) be a line bundle on C' (resp. D) and
L =7{(Le) ® mh(Lp). The non trivial double schemes X, with associated line bundle L are
parametrized by P(H'(X,Tx ® L)), where Ty is the tangent bundle of X (cf. [4] and [16]). We
have

H'(X,Tx®L) = (Hws® L)@ H(Lp)) ® (H'(we ® Lo) @ H(Lp)) @
(H°(Le) ® H'(wp ® Lp)) @ (H'(Lo) © H(w) © Lp))

and using this decomposition, the double schemes X, are defined by quadruplets (11, 12,3, 14).
We denote by ¢r., ¢, the canonical maps H°(wl ® Le) @ H (we) — H'(L¢) and
H(w}h ® Lp) ® H' (wp) — HY(Lp) respectively.
Let M¢ be a line bundle on C' (resp. D), and M = 75(M¢) ® n},(Mp) . Using (2) we will see
that

AM) = (e @ Inr(Lp)(m @ Vo(Me)) + (i pe) ® ¢Lp) (14 ® Vo(Mp)) -
The canonical class of a line bundle on a smooth projective curve is in fact an integer. For
every line bundle £ on C' we have V(L) = deg(L)c, where ¢ = V(O (P)), for any P € C.

For example let © be a theta characteristic on C such that h°(C,0) > 0. We take Lo = O,
Lp =wp. We have 7, =0. Suppose that n4=0. Such non trivial double schemes are
parametrized by P((H'(©7') @ H%(wp)) ® (H°(©) @ H'(Op))) (pairs (12, 73)). Suppose that
N3 # 0. Then every line bundle on X can be extended to X, which is projective, and (using
Theorem below) there exists an extension of X, to a primitive multiple scheme X3 of
multiplicity 3, and X3 is projective.

1.5.1. The case L =wx - This happens if and only if Lo =we and Lp =wp. Let
n = (n,m2,m3,m) € H (X, Tx ® wx). Here we have

meC, meH (C,0:)®H (D,wp), ns€H (Cowe)®H (D,0p), mecC.
Let M¢ (resp. Mp) be a line bundle on C (resp. D). If M = nj(M¢) ® n5,(Mp), then
A(M) = mVo(Mc) +niVo(Mp) ,
hence M can be extended to a line bundle on X if and only if 7; deg(M¢) + 14 deg(Mp) = 0.
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It follows that the scheme Xy is projective if and only if ni =n,=0 or mms <0 and i

4
1s rational. We will see that X, can be extended to a primitive multiple scheme of multiplic-
ity 3 if and only wy can be extended to a line bundle on X5. This is the case if and only
(9c — 1)m + (9p — 1)ny = 0, and then X, is projective.

We will see also that there may exist components P of Pic(X) such that the affine bundle
Pic®(X,) is not empty, and not a vector bundle over P.

1.6. IMPROVEMENTS OF RESULTS OF [16]

1.6.1. Euxtensions of X,, to multiplicity n + 1 — If X,, can be extended to a primitive multiple
scheme X, 1 of multiplicity n + 1, then Jx x,, which is a line bundle on X,,_1, can be extended
to a line bundle on X,,, namely Jx x,,. Conversely, given an extension of Jx x, to a line bundle
L on X, an invariant A”(X,,L) € H*(X,Tx ® L") is defined in [16], such that X,, can be
extended to X, 41 with Jx x,., L if and only if A (X,,L)=0.

By another extension L' of Jyx x, to X,;; comes from some 7€ H'(X,L"'). Let
¢ € H (X, Tx ® L) correspond to the exact sequence 0 — L — Qx,x — Qx — 0. We have
a canonical product

HY X, Tx ® L) ® H'(X, L") — H*(X,Tx ® L")
and (cf. [4.5.1)

1.6.2. Theorem: We have A!(X,, L") —A'(X,,L)=¢n .

This implies that if the product is a surjective map, then there exists an extension of X, in
multiplicity n + 1.

1.6.3. Extensions of a line bundle on X,, to X, 41 —Let L =Jx x, ,|x,, Which is a line bundle
on X,. Let & ., be the connecting morphism H*(X,L" ') — H*(X,L") coming from the
exact sequence 0 — L™ — Ln~! — [»=t — (.

Suppose that X,, can be extended to X,,;1, and let D be a line bundle on X,,. By [L.1.1, D can
be extended to a line bundle on X,,1; if and only if A(D) = 0. Let D’ € Pic(X,,) be such that
D ~ D, ,. If E=Dyx, ,, =Dy, we have exact sequences

|Xn71
0 EQL"'5D—-SE—O0, 0 EL"!' 5D SE—0,
corresponding to 7,7 € Extg, (E, E® L") = H'(X, L""") respectively. Then (cf. [7.2.1)

1.6.4. Theorem: We have A(D') — A(D) =ndj,...(n —n) .

Theorem implies for Picard groups (cf. [1.2] [7.2.2)
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1.6.5. Proposition: Let Z be the image of he restriction morphism TF(X, 1) — TFP(X,).
Then Z is smooth and T'Y(X,1) is an affine bundle over Z with associated vector bundle
O, ® ker(5in,1) )

1.7. OUTLINE OF THE PAPER

In Chapter 2, we give several ways to use Cech cohomology, and recall some basic definitions
about fine moduli spaces and affine bundles.

In the very technical Chapter 3, we_give a description of Leray’s spectral sequence and the
exact sequence of Ext’s in terms on Cech cohomology (which is our main tool).

The Chapter 4 is devoted to the definitions and properties of primitive multiple schemes, with
the improvement of [I6]. It contains also supplementary results on vector bundles on
primitive multiple schemes, that are used in the following chapters.

In Chapter 5 the definition and properties of the fundamental class of a vector bundles are
recalled. We also give here the results of [I.4]

Chapter 6 contains the proofs of the main results (the construction and properties of fine moduli
spaces of vector bundles on primitive multiple schemes).

In Chapter 7 we treat the special case of Picard groups (cf. , and prove the improvement
of [16].

In Chapter 8 we give the examples [1.5] when X is a product of curves.

Chapter 9 is devoted to moduli spaces of vector bundles on primitive multiple curves.

Notations and terminology: — An algebraic variety is a quasi-projective scheme over C. A
vector bundle on a scheme is an algebraic vector bundle.

—If X is a scheme and P € X is a closed point, we denote by mx p (or mp) the maximal ideal
of P in OX,P‘

—If X is a scheme and Z C X is a closed subscheme, Iz (or Iz x) denotes the ideal sheaf of Z
in X.

—If V is a finite dimensional complex vector space, P(V') denotes the projective space of lines

in V', and we use a similar notation for projective bundles.

— Let X be a set and (X;);c; a family of subsets of X. If 4,5 € I, X; denotes the intersection
X; N Xj, and similarly for more indices.

— If X and Y are two schemes and f: X — Y is a morphism, d(f) : f*(Qy) — Qx is the
corresponding canonical morphism.

— If R is a commutative ring, n a positive integer, a € R[t]/(t") and i an integer such that
n—1

0 <i<mn,let a® denote the coefficient of t* on a, so that we have a = Z ald¢,
i=0
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2. PRELIMINARIES

2.1. CECH COHOMOLOGY

Let X be a scheme over C and F, V vector bundles on X of rank r. Let (U;);c;r be an open
cover of X such that we have isomorphisms:

a; : By, = Vo, -
Let
Q;j = ;0 ozj_l Vi, =5 Viv,»
so that we have the relation «;ja;, = ag, on Usjy.
2.1.1. Let n be a positive integer, and for every sequence (ig, ..., 1%,) of distinct elements of I,
Oi.i, € HO(U; V). Let
Oigi, = a;olaio...in c HY(Uy...,, E) .

The family (0;,...,) represents an element of H"(X, E) if the cocycle relations are satisfied: for

0"'in7

every sequence (ig, . ..,I,41) of distinct elements of I,
n
k
D DM, = 0,
k=0

which is equivalent to
n+1

§ : k —
OéiOilo-il"'in-fl -+ (-1) O-iO"'Zfi\c"'in-H =0.
k=1

For n = 1, this gives that elements of H'(X, E) are represented by families (o),
o;; € H(Uy;, V), such that
O(Z'jajk -+ O'ij — Ok — 0
(instead of (;'c;;) with the usual cocycle relations). In Cech cohomology, it is generally
assumed that 0;; = —0,;. This implies that oj; = —a;0i;.

2.1.2. Let F be a vector bundle on X. Similarly, an element of H"(X, E ® F') is represented
by a family (j;,..q,), with p,.., € H(Uy,..q,,, V @ F), satisfying the relations
n+1

(tigiy ® T) (ftiy i) + Y (=1t = 0
k=1

The corresponding element of HY(Uy,..;,, E ® F)is 0;y.., = (g @ Ip) ™ (tig.i, )-

2.1.3. Coboundaries — In the situation of[2.1.2] the family (,,...;,,) represents 0 in H"(X, E ® F)
if and only if there exists a family (7j,..j, ,), with 7j.;, , € H*(Ujyj, 1, E ® F), such that

n
Oigerviny = Z(_Ukﬂ'o---ﬁg---in'
k=0
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Similarly, the family (j4..;,) represents 0 if and only there exists a family (vj..;, ,), with
Vigwign1 € H*(Ujgojr 1, V @ F), such that

Pigmin = (Qigiy ® Ip) (Viy i) + D (1) v o
k=1

2.1.4. Representation of morphisms — Suppose that we have also local trivializations of F":
Bi: Fiy, — Oy, ® C°.
We have then local trivializations of Hom(E, )
A; : Hom(E, F)jy, — Oy, ® L(C", C*)
ox Biogpoa;!
such that, for every X € H°(Oy,, ® L(C",C*)), we have
Aii(N) = NATIA) = Bidag!

2.1.5. Products — Let xpr: H'(X,FE)® H (X,F) — H*(X,E® F) be the canonical map.
Let e€ H'(X,FE), ¢ € H(X,F), represented by cocycles (e;), (¢i;), €; € H (Ui, E),
¢ij € H°(Uyj, F). Then xg r(e ® ¢) is represented by the cocycle (€;; @ ¢jx).
With respect to the canonical isomorphism F® EF ~ FE® F we have
XrE(@®€) = —xpr(e®9) .
Suppose that we have vector bundles V', W on X with isomorphisms

Qg - E|UZ — ‘/|Ui ) 57, : F’|Ui — I/I/|Ui :
Let €ij = Q€j, fij = Bz¢z] . We have then

€ ® ¢ = (07 @87 ) (e @ fir)

and

(i ® Pi)(€i @ dj) = (I @ Bij)(ei; @ fi) -
It follows that the family (e;; ® 3;; fjr) represents x g r(€ ® ¢) in the sense of 2.1.1] with respect
to the local isomorphisms «; ® §; : (E® F)jy, — (V@ W)y,

2.1.6. Construction of vector bundles via local isomorphisms — Let Z be a scheme over C,
(Z;)ier an open cover of Z, and for every i € I, a scheme U;, with an isomorphism 6; : Z; — U;.
Let &;; = 0;6; ' : 0;(Z;;) — 6;(Zi;), which is an isomorphism. Then a vector bundle of X can
be constructed (in an obvious way) using vector bundles E; on U; and isomorphisms

CUE 5:j(Ej\5j(Zij)) — Ei|5i(Zij)

such that ©;; o 5;(@%) = Oix on 0(Zijk).
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2.1.7. Representation of extensions — Let E, F' be coherent sheaves on X, and
o € H'(X,Hom(F,E)) C Exty _(F,E). Let
0—F—&—F—0
be the corresponding exact sequence. Suppose that o is represented by a cocycle (o),

oy - Flu,; — Eju,;- Then & can be constructed by gluing the sheaves (E @ F)y, using the

automorphisms of (E @ F)y,, defined by the matrices ([63 (;ij )
F

2.2. MODULI SPACES OF SHEAVES

(ct. [7])

Let X be a scheme over C.

2.2.1. Families and sets of vector bundles — Let S be a scheme over C.

A family of vector bundles on X parametrized by S is a vector bundle on X x S. If f: T — S
is a morphism of schemes and € a family of vector bundles on X parametrized by S, we note

FiE) = (Ix x f)*(€) ,
which is a family of vector bundles on X parametrized by T
Let x be a nonempty set of isomorphism classes of vector bundles on X. A family of vector

bundles of x parametrized by x is a family of vector bundles € on X parametrized by S such
that for every closed point s € S, €, belongs to x.

We say that yx is open if for every S and every family of vector bundles € on X parametrized
by S, if s € S is a closed point such that €, € x, then there exists a neighbourhood U of s such
that €, € x for every closed point u € U.

2.2.2. Fine moduli spaces — Let y be a nonempty open set of isomorphism classes of vector
bundles on X. A fine moduli space for x is the data of a scheme M and of

— a bijection
M° ——

m——FE,,

(where M° denotes the set of closed points of M),
— An open cover (M;);er of M, and for every ¢ € I, a vector bundle &; on X x M; such
that for every m € M;, &;,, ~ E,,,

such that for any scheme S, any family J of vector bundles of x parametrized by S, there exists
a morphism fg:.5 — M such that: for every closed point s € S, if F5 ~ F,,, with m € M;,
then there exists an open neighbourhood U of s such that f5(U) C M; and f;w(&) ~ Fixxu.

If x is an open set, then for every closed point m € M, if m € M;, then &; is a semi-universal
deformation of &, ,,, hence the Kodaira-Spencer map 7,,M; — Extéx (Eims Eim) 1s an isomor-
phism.

Fine moduli spaces are unique.
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2.3. AFFINE BUNDLES

Let f: A — S be a morphism of schemes, and r > 0 an integer. We say that f (or A) is an
affine bundle of rank r over S if there exists an open cover (S;);e; of S such that for every i € I
there is an isomorphism 7; : f7(S;) — S; x C" over S; such that for every distinct 7,5 € I,
fjo fit: Sij X C" — 535 x C" is of the form

(@, u) — (2, Agj(x)u + bi(2))
where A;; is an r X r-matrix of elements of Og(.S;;) and b;; is a morphism from S;; to C". We
have then the cocycle relations

AijAje = A, b = Aijbji + byj
The first relation shows that the family (A;;) defines a vector bundle A on S, and the second
that (b;;) defines X\ € H'(S, A) (according to [16], 2.1.1).
The vector bundle A is uniquely defined, as well as n(A) = CX € (P(H'(S,A)) U{0})/ Aut(A).

We say that A is a vector bundle if f has a section. This is the case if and only A = 0, and
then a section of f induces an isomorphism A ~ A over S.

For every closed point s € S there is a canonical action of the additive group A on A

Ay x Ay —— A,
<u7a’)'ﬁa+u

such that for every a € A, u +— a + w is an isomorphism A, ~ A;.

2.3.1. Quotients — Let B C A be a subbundle of A, ¢: A — B/A the quotient morphism
and R: H'Y(S,A) — H'(S,A/B) the induced morphism. Let A € H'(S,A) and )\’ = R()).
Let f”":A” — S be the affine bundle corresponding to \”. We will also use the notation
A" = A/B. Then there is an obvious S-morphism p : A — A", such that for every closed point
s€S,a€Asand u € A, we have pg(a+ u) = ps(a) + gs(u). Moreover p is an affine bundle
with associated vector bundle f”*(B).

3. CANONICAL EXACT SEQUENCES IN éECH COHOMOLOGY

The Ext spectral sequence allows to compute Ext groups in terms of cohomology groups and
Leray’s spectral sequence to compute the cohomology groups of a sheaf in terms of the coho-
mology groups of its direct images by a suitable morphism. We will describe simple examples
of consequences of these spectral sequences in terms of Cech cohomology (this provides also
elementary proofs of these consequences).
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3.1. LERAY’S SPECTRAL SEQUENCE

Let m: X — S be a proper flat morphism of sheaves, and € a coherent sheaf on X such that
7«(€) = 0. Leray’s spectral sequence implies that we have an exact sequence

0—— HY(S, R'm,(€)) == H(X, &) — HO(S, R?r,(€)) —=0 .

We will describe A and 7 in terms of Cech cohomology.

Let (Sm)men (resp. (X;)ier) be an affine cover of S (resp. X), such that for every i € I,
m € M, 77(S,,) N X; is affine.

3.1.1. Description of n — Let ¥ € H?*(X, &), represented by the cocycle (Bjjr)i jker,
Bijk < HO(XZ'jk, 8) For every m € M, (Bijk|7r71(sm)mXijk)iyjykef defines Zm S HQ(Wfl(Sm), 8),
and (X,,)menr defines n(X) € HO(S, R, (€)).

3.1.2. Description of X — Let 6 € H'(S, R'1.(&)), represented by the cocycle (Ayun)mnenr,
A € HY (171 (Spn), €). Suppose that A,,, is represented by the cocycle (ai™); jer,
afi™ € HO(Xy; N (Smn), €). The cocycle condition for (Ap,) implies that
(o™ + a;f — oq;")ijer represents 0 in H' (77 (Synp), €). Hence we can write
ag" + ol — o = g =g
where 3" € H (7 (Spmnp) N Xk, &) for every k € I. We have, for every distinct

m,n,p,qu, Z?] EI

B — B B~ BT = B — BT B — 7P

Hence there exists A™" € HO(7 ™ (Spnpg), €) such that

mnp mnq mpq npq __ mnpq
BT =B+ BT = B = AR sV

for every ¢ € I. Since m,(€) =0, we have A™"7 = 0. Hence for every i € I, (5" )mnpem

satisfies the cocycle condition, and defines an element of H?(X;, &) = 0 (because X; is affine).
So we can write, for every distinct m,n,p € M, i € I,

BZTmp — F'Zmn ‘l‘ F?p _ anp ’
with T7" € Ho (77 (Spn) N X5, €). Let

mn __ mn _ mn mn
a; = ag I +Fj .

J

Then A, is also represented by (aj}"); jer. For every distinct i, j € I, we have
mn np mp __ mn 1 B . .

aii" +a;; —a;;” =0, hence (a}")mnenm represents an element of H*(Xj;, &), which is zero

(because X;; is affine). So we can write

mn __ m __ ,n
Qs = Mg — g5 s

iy € HO(71(S,,) N X;;). We have, for every distinct i, j,k € I, m,n € M,
R e Ui R N R U
on 7 (Syn) N Xy Hence there exists By, € H(X;jx, &) such that

wiy + 15 — Hig = Bijkir—1(S,)nx,,- Lhen (Bijk)ijrer verifies the cocycle condition, and defines
ANO) € H*(X,¢€).
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With these definitions, it is easy to see that A is injective, n surjective and ker(n) = im(\).

3.2. THE EXACT SEQUENCE OF EXT’S

Let X be a scheme and F, F' be coherent sheaves on X. From [21], 7.3 (Ext spectral sequence),
we have an exact sequence I'p p

0 = HY(X, Hom(E, F)) > Ext}_(E, F) —2~ H(Ext) (E, F)) —> H*(X, Hom(E, F))
We will give a simple description of this exact sequence using Cech cohomology.

3.2.1. Description of ax — Let (X;);er be an open affine cover of X, and

u € HY(X,Hom(E, F)), represented by the cocycle (¢;;) with respect to the cover (X;), with
¢ij « Eix,; — Fix,;- Let € be the coherent sheaf on X obtained by gluing the sheaves (E' © F) x,
Ip 0
¢ij I
obvious exact sequence 0 — F' — & — E — 0, whose associated element in ExtéX(E, F) is
ax(u).

Let o € Exty (E, F), corresponding to the extension

using the automorphisms of (£ @ F')x,, defined by the matrices ( > Then we have an

0—>F 2>l E—0.
Let u € H'(X,Hom(E, F)), represented by the cocycle (¢;;). Let o/ = o + ax(u), correspond-

ing to the extension 0 — F' — & — E — 0. Then &’ is obtained by gluing the sheaves & x,
using the automorphisms I+ Ao ¢yopu: &x,; — Ex,;-

3.2.2. Description of Bx — Let o € Ext(lgx (E, F), corresponding to an exact sequence

0— F — & — E — 0, whose restriction to X; defines

0; € Exty (Eix,. Fix,) = €aty (B, F)(X;). then Bx (o) is the section s of Exty (E,F) such
that for evéry i€, sx, = 0.

3.2.3. Description of 0x — Let s € HO(Ea:t(le(E, F)). For every i € I, we have
six, € Exty (Ejx;, Flx,), which defines an exact sequence

EZO ﬂx. i 81 b E|Xz_>0

k3

The restrictions of ¥; and ¥; to X;; define the same element of Exty _ (Elx,;, Flx,), i.e. we
ij
have a commutative diagram

Yi Di
St 0— Fix,, —> &ijx,, ——> Ejx,, — 0

Vi pj

it 00— Fix, —&jix;, — Eix,;, —>0

b))
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We have then ;i — i, @ &ix,;, — Ekix,,,, and there exists oy : Ejx,;, — Flx,;, such that
Yiki; — ik = Ykoijkpi- 1t is easily checked that the family (o;;;) satisfies the cocycle relation,
and then defines an element of H?(X,Hom(E, F)), which is dx(s).

3.2.4. Local extensions — Let s € H°(Exty (E,F)). Let (Uy)men be an open cover of X
such that for every ¢ € I and m € M, the intersection X; N U, is affine. For every ¢, € I and
m,n € M, let Z" = X; N Up, Zj = Xij N Up, etc.

Given two extensions

/

30 F2oe " 0, S0 FXoeg "o 0,
an isomorphism ¢ : € — &' is called a I-isomorphism (with respect to X, 3') if the following
diagram
0—=F-2se B0
|
N T
0 F S E 0

is commutative. If ¢’ is another I-isomorphism & — &', there exists a morphism 7: F — F
such that ¢ — ¢’ = N7pu.

Suppose that for every m € M there exists o, € ExtéUm (E,F) such that oy, (0m) = sju,,.-
Let

TTm

0 Fu,, —>

be the extension corresponding to o,,. Then for every i € I, m € M, there exists an

[-isomorphism  af* : &jzm — Fpyzm.  Let j€ .  Then (a;-”)_la;” is an I-isomorphism

Eilzp = Ejzm. So we can write

Ey,, —=0

iy — (@) =
with wij o B zm = F zm- It follows that
(inthij — w““)lZ:;k = Ye(Wjk + 135 — bin)izm, pi
so we have

oijrzy, = (e + 1 — gz, -
Let afj" = pj} — pfy. Then for every m,n € M, (ajj")ijer is a cocycle and thus defines

A € HY (Uppn, Hom(E | F)).

3.2.5. The case of families — We suppose now that X is a product : X =Y x S, and that
ps«(Hom(E, F)) =0, where pg: X — S 1is the projection. We have from a canonical
injection

A HY(S, R'ps.(Hom(E, F))) — H*(X,Hom(E, F)) .
Let (Sm)menr be an affine open cover of S. We suppose that U, = pg'(S,,) for every m € M.
Then (Ayn)mnen defines € € HY(S, R'pg.(Hom(FE, F))). Tt follows from that

3.2.6. Proposition: We have dx(s) = A(e).
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3.2.7. Generalization —If we don’t assume that pg.(Hom(E, F)) = 0, we have still an injective
morphism

N o HY(S, R'ps.(Hom(E, F))) — H*(X, Hom(E, F))/H°(S, ps.(Hom(E, F)) |

and we have an analogous result (using a more complicated proof), i.e. \(€) is the class of

6)((8).

4. PRIMITIVE MULTIPLE SCHEMES

4.1. DEFINITION AND CONSTRUCTION

Let X be a smooth connected variety, and d = dim(X). A multiple scheme with support X is
a Cohen-Macaulay scheme Y such that Y,.;, = X. If Y is quasi-projective we say that it is a
multiple variety with support X. In this case Y is projective if X is.

Let n be the smallest integer such that Y = XD X*=1 being the k-th infinitesimal neigh-
borhood of X, ie. Jyx-1 = J’)‘“( . We have a filtration X =X; C Xy, C---C X,, =Y where
X is the biggest Cohen-Macaulay subscheme contained in Y N XY, We call n the multiplicity
of Y.

We say that Y is primitive if, for every closed point x of X, there exists a smooth variety S
of dimension d + 1, containing a neighborhood of z in Y as a locally closed subvariety. In this
case, L = Jx/Jx, is a line bundle on X, X is a primitive multiple scheme of multiplicity j and
we have Jx, = Jﬁ(, I%, /9%, = I’ for 1 < j <n. We call L the line bundle on X associated
to Y. The ideal sheaf Jxy can be viewed as a line bundle on X,,_;.

Let P € X. Then there exist elements y;, ..., yq4, t of mg p whose images in mg p/ mg p form a
basis, and such that for 1 <i < n we have Jx, p = (¢*). In this case the images of yi, ...,y in
mx,p/m% p form a basis of this vector space.

A multiple scheme with support X is primitive if and only if Jx /J% is zero or a line bundle on
X (cf. [13], Proposition 2.3.1).

Even if X is projective, we do not assume that Y is projective. In fact we will see examples of
non quasi-projective Y.

The simplest case is when Y is contained in a smooth variety S of dimension d + 1. Suppose
that Y has multiplicity n. Let P € X and f € Ogp a local equation of X. Then we have
Ix,p=(f") for 1 <j<mninS, in particular Jy p = (f"), and L = Ox(—X) .

For any L € Pic(X), the trivial primitive variety of multiplicity n, with induced smooth variety
X and associated line bundle L on X is the n-th infinitesimal neighborhood of X, embedded
by the zero section in the dual bundle L*, seen as a smooth variety.

4.1.1. Construction of primitive multiple schemes — Let Y be a primitive multiple scheme of
multiplicity n, X = Y,eq. Let Z, = spec(CJt]/(t")). Then for every closed point P € X, there
exists an open neighborhood U of P in X, such that if U™ is the corresponding neighborhood
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of P in Y, there exists a commutative diagram

~

Ut = U x Z,
i.e. Y is locally trivial ([9], Théoréme 5.2.1, Corollaire 5.2.2).

It follows that we can construct a primitive multiple scheme of multiplicity n by taking an
open cover (U;);er of X and gluing the varieties U; x Z,, (with automorphisms of the U;; x Z,
leaving U;; invariant).

Let (U;)ier be an affine open cover of X such that we have trivializations
8 U™ =5 U, x Zy,

and 67 : Oy,xz, — OU,(”’ the corresponding isomorphism. Let
57Lj :6]'5@'_1 . Uij X Zn_:>U1] X Zn .

Then &7 =06;"'07 is an automorphism of Op,xz, = Ox(Uy;)[t]/(t"), such that for every
¢ € Ox(U;;), seen as a polynomial in ¢ with coefficients in Ox(Uj;;), the term of degree zero of
6;;(¢) is the same as the term of degree zero of ¢.

4.1.2. The ideal sheaf of X — There exists ai; € Ox(Uj;) ®c Clt]/(t"") such that §5(t) = au;t.

Let Ozg.)) = ay;1x € Ox(U;). For every i € I, 6;(t) is a generator of Jx yjum- So we have local
trivializations
)\i : jX,Y\Ugn_l) I OUgn—1)

O —
Hence Ajj = \A;1: 0

(resp. (ozg-]))) is a cocycle representing the line bundle Jxy (resp. L) on X,,_1 (resp. X).

pn-0 — Oy -1 is the multiplication by 67 (aiz). It follows that (07 (cv;))

4.1.3. The associated sheaves of non abelian groups and obstructions to extension in higher
multiplicity — For every open subset U of X, we have Oxyz,(U) = Ox(U)[t]/(t"). Let G, be
the sheaf of (non abelian) groups on X defined by: for every open subset U of X, G,(U) is the
group of automorphisms 6 of the C-algebra O x (U)[t] /(") such that for every a € Ox(U)[t]/(t"),
0(a)jy = ajy. We have §; = O%. Then (d};) is a cocycle of G,,, which describes completely X,.

In this way we see that there is a canonical bijection between the cohomology set H'(X,G,)
and the set of isomorphism classes of primitive multiple schemes X,, such that X = (X,,)cq-
There is an obvious surjective morphism p,41 : Gu01 — Gy, such that if n > 2,

H (pny1) : H(X, Gpy1) — H'(X, S0)

sends a primitive multiple scheme of multiplicity n + 1 to the underlying scheme of multiplicity
n, whereas

H'(py) : H(X,Gy) — H'Y(X,0%) = Pic(X)
sends X5 to L.
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We have ker(py) ~ Tx and ker(p,i1) =~ Tx ® Ox if n > 2. The fact that they are sheaves of
abelian groups allows to compute obstructions. Let g, € H*(X,G,,), corresponding to the prim-
itive multiple scheme X,,, and for 1 <i < n, g; the image of g, in H'(X,S;). Let ker(p,,1)"
be the associated sheaf of groups (cf. [16], 2.2, [I9]). We have then

ker(p2)? ~ Tx ® L
By cohomology theory, we find that there is a canonical surjective map
HY (X, Tx ® L) — H'(p2) (L)

sending 0 to the trivial primitive scheme, and whose fibers are the orbits of the action of C*
on HY(X,Tx ® L) by multiplication. Hence there is a bijection between the set of non trivial
double schemes with associated line bundle L, and P(H*(X,Tx ® L)). For a non trivial double
scheme X5, we have an exact sequence

O—>L—)QX2|X—>QX—>O7
corresponding to o € Exty, (Qx, L) = H'(Tx ® L), and Co is the element of P(H'(Tx ® L
Ox

corresponding to Xs. We can write for n = 2
(6;})|0X(U’£j) = I\OX(Uij) +tDij )
where D;; is a derivation of Ox(U;;). Then the family (D;;) represents o in the sense of [2.1]

If n > 2 we have
kel"(pn_H)Q" = (QX2|XYk ® L"
We have then (by the theory of cohomology of sheaves of groups) an obstruction map
A, HY(X,G,) — H*(Qxyx)" ® L")
such that ¢, € im(H'(p,;1)) if and only A, (g,) = 0.

4.1.4. Extensions of the ideal sheaf of X — The ideal sheaf Jx x, is a line bundle on X,,_;.
A necessary condition to extend X,, to a primitive multiple scheme X, of multiplicity n + 1
is that Jx x, can be extended to a line bundle on X,, (namely Jx x,,,). This is why we can
consider pairs (X,,LL), where LL is a line bundle on X,, such that Lx, , ~Jx x,.

The corresponding sheaf of groups on X is defined as follows: for every open subset U C X,
H,(U) is the set of pairs (¢, u), where ¢ € G, (U), and u € Ox(U)[t]/(t") is such that ¢(t) = ut
(cf. [16], 4.5). The set of isomorphism classes of the above pairs (X,,,1L) can then be identified
with the cohomology set H' (X, H,).

There is an obvious morphism 7, : §,,1 — J,, such that
HY(7,) : HY(X, Gpy1) — HY(X,H,)
sends X, 41 to (X, Ix x,,,). Let g € HY(X,H,). Then ker(r,) ~Tx and
ker(r,)! ~ Tx ® L" .
Consequently there is again, by cohomology theory, an obstruction map
A" HY X, H,) — H*(Tx @ L")
such that, if (X, L) corresponds to g, there is an extension of X,, to a primitive multiple scheme

X1 of multiplicity n + 1 with Jx x, ., ~ L if and only if Al(g) = 0.

n+1
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4.2. DESCRIPTIONS USING THE OPEN COVER (U;)

(1) Construction of sheaves and morphisms — (cf. [16], 2.1.3). Let € be a coherent sheaf on

X,,. We can define it in the usual way, starting with sheaves &; on the open sets Ui(") and gluing

them. We take these sheaves of the form F; = §7(&;), where &; is a sheaf on U; x Z,,. To glue
the sheaves F; on the intersection Ui(f) we use isomorphisms p;; : ?lew — Stz.‘U(m, with the
relations p;, = pjrpi;. Let

05 = (07) " (pij) = 055(Ej0,x2.) — Eauy <2z -
We have then the relations 6, = 6;; o 5;}(0]- ). Conversely, starting with sheaves &; and iso-
morphisms 6;; satisfying the preceding relations, one obtains a coherent sheaf on X,,.
This applies to trivializations, i.e when &; = OUfn) ® C". We have then
0ij : Ov,yxz, @ C" — Oy, xz, ® C". In particular, Jx x, is represented by (a;).
Suppose that we have another sheaf & on X,,, defined by sheaves €, on U; x Z,, and iso-

morphisms ¢;. One can see easily that a morphism W :& — & is defined by morphisms
W & — &) such that 0;065(V;) = ¥; 00,

(ii) Other construction of sheaves — Let E be a vector bundle on X. For every open subset
icl, let p;:U; xZ, —U; be the projection. Then we have &;(p;(Ew,)) v, = Ejy,. We

construct a vector bundle E on X,, by gluing the vector bundles d; (p;(Ey,)) on U™, For this
we take isomorphisms

€ij - 5;(]9; (E‘Uij>>Ui(;L) — 5:(]9: (E|Uij)>U§;)
satisfying €;j€r = €. Let
x—1 * * * *
Tij =0; (&i5) : 0505 (Byw,,)) = pi (Bjv,;) — pi (E,;) -
Then we have 7;; 0 §7;(7jx) = 7. Conversely, given automorphisms 7;; satisfying the preceding
relation, we can define ¢;; and the vector bundle E on X,,.

Suppose that the 7;; are homotheties (multiplication by v;; € O(U;; x Z,,)*). Then the family
(v3;) defines a line bundle L on X,, (by (i)), and we have Ex ~ E® L.

(iii) Cohomology of vector bundles — Suppose that a vector bundle E on X,, is built using
isomorphisms 6;; : Oy, xz, ® C" = Oy, xz, ® C" asin (i). Any 3 € H'(X,, E) is represented
by a family (8;), Bi; € H*(Ov,;xz, ® C"), with the cocycle relations Sy = Bi; + 0:;075(Bj)-

4.3. CONNECTING MORPHISMS

Recall that on Xy we can write 5;j|OX(Uij) = [ +tD;;, where D;; is a derivation of Ox(U;;) (cf.
4.1.3)).

Let E be a vector bundle on X, of rank r, defined as in [4.2} (i), using isomorphisms
0ij : Ov,yxz, @ C" — Oy, 1z, ® C". We can write

— pO (1)
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©

ij
Let E =K x. We have a canonical exact sequence

where 0 ijl ) are matrices with coefficients in O x(Uij)-
0 —FRL—E—FEF—0,
whence a connecting morphism
6p : HY(X,E) — H*(X,E®L) .
Let 3 € H'(X,E), represented by a family (5;;), 8;; € H*(Oy,, ® C"), in the sense of .

4.3.1. Lemma: 04(3) is represented, in the sense of (iii), by the family (vji), with
Vijk, = 9§f)Dij(ﬁjk) +9§;)5jk .

Proof. We construct og(5) as follows: we view 3;;, Bk;, Bir as elements of H O(OUinzn ® C").
Then we can take

Vigk = Bij — Bir + 0:505;(Bix)
which gives Lemma |4.3.1] [

Suppose that X,, can be extended to a primitive multiple scheme X,,.; of multiplicity n + 1.
We have an exact sequence of sheaves on X,
0— L" — Ox,,, — Ox, — 0,
whence a connecting morphism
6" H°(Ox,) — HY (X, L") .
We have HY(X,L"')cC H°(Ox,). Let ne€ H°(X,L" '), represented by a cocycle (n;),
n; € Ox(U;) (in the sense of 2.1.1} i.e. the cocycle relation is 7; = (042(?))”_177]-). Recall that

Ix x,., is represented by the cocycle (ay;), where «; is an invertible element of Ox (Uj;)[t]/(t").

The proof of the following lemma is similar to that of Lemma [4.3.1}

4.3.2. Lemma: §°(n) is represented by the cocycle (7;;), with

0)\n— 0)\n— 1
v = (@) IDy(my) + (n = D)(al)"2ain; .

4.4. THE SHEAF OF DIFFERENTIALS
We use the notations of 4.1.1] We will give a construction of 2x,_ using [4.2]: it is defined by
the sheaves &; = Qu,«z,, and
d(d) : 6;;(Qixz,) = Quixz, — Qixz,
(more precisely d(ds;)(a.db) = d7;(a)d(55;(b)))).

Let 0 € H'(X,, Qx, ), represented by the cocycle (oy;), 05 € Q Then

U
ol = d(5; ") (o) € ['(Qu,,xz,) , and we have the relations

oy = 05 +d(045)(0}) -



22 JEAN-MARC DREZET

Conversely, every family (o};) satisfying these relations defines an element of H'(X,,, Qx, ).

4.4.1. The dualizing sheaf — Suppose that X is projective. Then X, is a proper Cohen-Macaulay
scheme. There exists a dualizing sheaf wy, for X,,, which is a line bundle (because X, is locally
a complete intersection).

4.5. EXTENSIONS OF PRIMITIVE MULTIPLE SCHEMES

Let X,, a primitive multiple scheme of multiplicity n > 2, with underlying smooth variety X
projective, irreducible, and associated line bundle L on X. For every open subset U C X, let
U™ denote the corresponding open subset of X,,. Let ¢ € H'(X,Tx ® L), corresponding to
the exact sequence 0 — L — Qx,x — Qx — 0.

If X, can be extended to a primitive multiple scheme X, of multiplicity n + 1, then Jx x,,,
which is a line bundle on X,,_;, can be extended to a line bundle on X,,, namely Jx x We
have exact sequences

n+1°

(3) O—)Ln—>jX7Xn+1 —>jX,Xn—>07

0 — HY(X, L") — Ext}_ (Jx.x,, L") ——= End(L) —= H*(X, L")
(cf , and given any exact sequence
0 —L"—&—Ixx, —0,

corresponding to o € Exty  (Jx,x,, L"), the sheaf € is a line bundle on X, if and only if ¢(o)
is an automorphism. In this case we can suppose that ¢(o) = I, . In this way we can see that,
given (3), the extensions of Jx x, to a line bundle on X,, are parametrized by H*(X, L"1).

More precisely, using the notations of and let Ly € Pic(X,,) be an extension of Jx x,,.
Suppose that it is defined by the family (cy;), with «;; € [Ox(Uy;)[t]/(t")]*, satistying the
relations oy, = aijég‘j(ozjk), so that L is defined by the family (ozg-))). Let L be an extension
of Jx x, to a line bundle on X, corresponding to n € H'(X,L"'). Then L is defined by a
cocycle (6;;), with

O = aij+ Bit" ",
Bi; € Ox(Ui;). The cocycle relation 6;;, = 6,;;6%(0;;) is equivalent to

1jY%;j
Bik Bij -1 Bjk.
(4) © — (0 + (O‘ij ) (0)
Qg & 7

According to this means that ( 5;‘3)) defines an element of H*(X, L"), which is 7.
Now we use the results of {4.1.4] - The famlly (675, vij) defines an element h of H (X, H,). The
family (07;,6;;) defines an element k of H'(X,J,) (corresponding to (X, L)), and we have
A7(k) =0 if and only there exists an extension X, of X, in multiplicity n + 1 such that

Ixxz,, ~ L. We will compute Aj(k —h).

We can write
(5* )|OX Uy;) — [|OX(Uij) + tDij + t2q)ij )
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where D;; is a derivation of Ox(U;;). The family (D;;) represents the element ¢ of

HY(X,Tx ® L) associated to X, (cf. [4.1.3) in the sense of (i.e. the cocycle relations

are Dy, = D;; + ozg))Djk). We have a canonical product
HY X, Tx ® L) ® H'(X, L") — H*(X,Tx ® L")

and

4.5.1. Theorem: We have Al'(k —h)=(n .

Proof. To construct A (k —h) we start from the exact sequence

0—>TX—>9n+1l>9‘fn—>O

(cf. [16], 2.2, [19]). We take 1y; € Aut(Ox(Uy;)[t]/(t")) over (45

ij 91]) (SUCh that wji = 77[}_1).
Then ;1,1 is of the form

j

VijYithe = I+ vijt"
where 55, is a derivation of Ox(U;;). The family (%) represents A% (k) in the sense of [2.1]
i.e. we have the cocycle relations v, — viji + Vi — (ag.)))nyjkl =0.
Similarly we take ¢;; € Aut(Ox(Uy)[t]/(t")) over (6}, ai;) (such that ¢;; =¢;'). Then
0Pk Pri is of the form

Gijikdri = I+ Tijat"
where 7,5, is a derivation of Ox (U;;). The family (7;;%) represents A7 (h) in the sense of 2.1]
We can take

Yij — ¢ij = "Dy,
where, if we want that t;; is a morphism of rings, A;; : Ox(Uy)[t]/ (") = Ox(Uy;) s
such that there exist a derivation E;; of Ox(U;;) and p;; € Ox(U;;) such that for every
u € Ox(Uy;)[t]/(t"*!) we have
Aij(w) = Ey(u®) +uWp; .

Since 1;; is over (0j;,0;;) we have p;; = B;;. It is easy to see that if ¢ = ¢i_j1, the condition
Vi = 1/)131 is equivalent to

_ Bij
(5) O = O
ij
which is already fulfilled by and
Bij 1
6 E;, = ————D;;————F;; .
Y B 0

We have then
Vijk — Tijle = U"AijOindri + Gij (1" Dji) Ori + 0ijdsn (" Ags)
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We have, for every u € Ox(Uj;)[t]/(t"*)
" Aydpdri(n) = (Ey®) + (D(u®) + afPu®)s;)t" |
Gii(t" D) ri() = (En(u®) + (D (u®) + o u®) ) (o)) "¢,
bt M) (1) = ()" (Br(u®) + Bu) "

Hence we have
V,»jk(u) — Tijk(u) = (El] + ( ( )) Ejk + (O[(O))nEkZ) (U(0)> +
(ﬂng]z + ( (0)) ﬁjka )( ) +
(e By + (@) "o B+ ()" Bra)u™

By (4) and 1" we have a @j ( v ) Oz,ﬂ)ﬂjk + ( ) Bri = 0. On the other hand, by [2.1.3
the family (( © )) Ej, — Ei, + Eij) is a coboundary, and by @ we have

Ey; = WDM WEM. Hence we can assume that
ik Qig
. 52’6 D
Vijk = a() 1k+61] jl+( ) ﬁ]k k1
ik

(0)\m
B (i)
= ( o ﬁﬁjk)Dik + BijDji -

Qi ik
(0)\7

B (ai)) Bij (0) 1
But 0~ ZO) Bik = (é) by (), and Dy, = Dij + a;;’ Djy, Dy = _WDU' Hence

Qg Qg 5 ij

Bij
Vigk = BiDjx = a(O)( ((j))>Djk-
Since (%) represents 7 and (D;;) represents ¢, the result follow from [2.1.5| O
ij

4.6. EXTENSIONS OF VECTOR BUNDLES TO HIGHER MULTIPLICITY

Suppose that X,, can be extended to a primitive multiple scheme X, ; of multiplicity n + 1.
Let IE be a vector bundle on X,,, and E = Ex. If E can be extended to a vector bundle E,,
on X, 1, then we have an exact sequence

0 —EQL"—E, s —E=E,;x, —0.

4.6.1. Obstruction to the extension of a vector bundle in higher multiplicity — In [16], 7.1, a
class A(E) € Ext%X(E ,E® L™) is defined, such that E can be extended to a vector bundle
on X, if and only A(E) = 0.
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The canonical exact sequence 0 — L" — Qx, . x, — Qx, — 0 induces
O, X,41 € Ext(lgx (E®Qx,,E® L™). We have a canonical product

Extp, (E®Qx,,E® L") x Exty, (E,E®Qx,) — Exty, (E,E® L") = Ext§ (E,E® L"),
and

(7) A(E) = 78,x,,, Vo(E) ,

where Vo (E) is the canonical class of E (cf. [p] [16], Theorem 7.1.2).

4.6.2. Lemma: We have Extg L(EE®L") = End(E).

Proof. Let U C X be a nonempty subset and U,,, U, the corresponding open subsets of X,
X41 respectively. Suppose that U is affine. It follows from {.6| that E(y, (resp. Jyu,.,) can be
extended to a vector bundle F (resp. L) on U, 4. We have a canonical morphism L — Oy,

n+1:
L L|Un = JU,Un+1 > OUn-H s

inducing o : L™ — L" and S3:L" — O,,1. We have then an obvious locally free resolution
of By,

Ir®a Ir®B

o — > FeLr! FL"

F—>Ey, —>0.

Using this resolution it follows that Ext(lgU (Ev,\, By ® L") ~ End(Ejy). It is easy to see

+1

that these isomorphisms can be glued together to define the isomorphism of Lemma [£.6.2] [

4.6.3. Other description of A(E) and of the extensions — From [3.2) and Lemma 4.6.2} we have
the exact sequence I'g pgrn on X, 14

0 — Ext) (E, E® L") — > Ext}_ L(EE®L — e End(E) 2> Ext} (B, E® L") |

and we have A(E) = dg(Ig) (cf. [16]).

4.6.4. Other description of the extensions — Let
0 —FE®L"—E&—-E-—0

be an extension on X, .1, with € locally free, and § € Extéx (E,E® L"). There is an open
cover (U;);er of X such that there are trivializations

0; 8|U.(”+1) — OU_(n+1) ® C"
so that € is represented by the family (6;;), 0i; € Aut(O,mn ® C7). Recall that Jx, x,,, = L",

viewed as a sheaf on X, 1. Let 8 € Exty (E,E® L") . Then (for a suitable cover (U;)) 8 is
represented by (3;;), with

Bi; € H'(Op, ®End(C") @ L") € H'(O, 0 ® End(C")

in the sense of , i.e. the cocycle relation is By = 5i; + Qijﬁjkﬁigl. Let

0 —FExL"—& —E—0
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be the extension, corresponding to o + W(/3). Then &’ is represented by the family ((1 + 5;;)0:;).
This description is similar to that of

If A(E) =0 then ¢ is surjective (because im(¢) contains all the automorphisms of E).

This is also a consequence of

4.6.5. Lemma: Let 0= FEQL" =& —E—0 be an extension, corresponding to
o e EXtéXnH (E,E® L"™). Then the sheaf € is locally free if and only if ¢(o) is an isomor-

phism.

Proof. We need only to prove the analogous following result: let U be a nonempty open
subset of X, U,, U, the corresponding open subsets of X,, X, respectively, such that
Juu,., can be extended to a line bundle . on U,y;. Let r be a positive integer and
0— LfU ®RC"— & — Oy, ® C" — 0 an exact sequence of sheaves on U, 1, and

NS End(L|”U ® C") the associated morphism. Then we have O ~ Oy, ,, ® C" if and only ¢ is
an isomorphism.

The result follows easily from the following fact, using the locally free resolution of Lemma
4.6.2; € is isomorphic to the cokernel of the morphism

(¢7)

LTLU ® (CT (L|nU ® CT) EB (OU7L+1 ® Cr) ?

where i is the canonical inclusion (cf. [6], 4.2). O

It follows that when € is locally free we can always assume that ¢(o) = Ig.

4.6.6. Isomorphism classes — We have an exact sequence 0 — L™ — Ox
whence a connecting homomorphism

8" HY(X,,0x,) — H'(X,L") .

w1 — Ox, — 0,

Since F*®@ E® L" ~ " ® (Ad(E) ® L"), we can see im(d°) as a subspace of
Exty (E,E® L").

Recall that E is called simple if the only endomorphisms of E are the homotheties, i.e. if the
canonical morphism H%(Ox,) — End(E) is an isomorphism.

4.6.7. Proposition: Suppose that E is simple. Let
0 —FE®L" —E&—-E—0

be an extension on X, 1, with & locally free, corresponding to o € Ext(lgx " (E,EF® L"), and

0 —FExL"—& —E—70

another extension, corresponding to o + V(p), B € Extéx (E,E® L"™). Then & ~ & if and only
if B € im(8°).
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Proof. We use the notations of [4.6.3] Let @ : 8IU<"+1) — O+ @ C™ be trivializations, with

There is an automorphism f: & — &’ if and only for every i € I there exists an automorphism
Ji of Oy ® C" such that the following square is commutative

0;
T
8|Ui<n+l> — OUZ@H) ® C

.k

i
81U.<”+1) — OU}"H) ® Cr

Suppose that f exists. Then since E is simple the morphism ¢&x, =E — 81 x, =E in-
duced by f is the multiplication by € H°(Ox,)*. Hence we can write f; = ;.1 4 1;, where
Wi € HO(OXHI(U(nH))) is such that g, ;o0 = p and 7; 0 Open @ C" =]

i Xn7Xn+1|Ui(n+1)' Let

1o = pyx € C*. We have on U™V, 07 1,6, = 071 f,0, = [, i.e. fif; = 0, f;, which gives

iy, = On0
By = H Mj+ 3%

Hj Ho
By [2.1.3 the family (n; — Qijnjei;l) is a coboundary, hence we can suppose that f;; = Hi — Hj
Hj
Then, since p; — p; € j'{()([]i(]"H)’ijXnH)7 we have Hi = Hy _ Hi ﬂ. Hence § — 50 (ﬂ)
Fj Ko Mo 140

The converse is proved in the same way.

4.7. CANONICAL FILTRATIONS, QUASI LOCALLY FREE SHEAVES AND SERRE DUALITY
Let P € X be a closed point, z € Oy p an equation of X and M a Oy, p-module of finite type.
Let € be a coherent sheaf on X,,.

The two canonical filtrations are useful tools to study the coherent sheaves on primitive multiple
curves.

4.7.1. First canonical filtration — The first canonical filtration of M is
M,={0}C M, C---CMy CMy=M

where for 0 <7 < n, M, is the kernel of the surjective canonical morphism
M; — M; ®o, , Ox,p . So we have

M;/Miw = M; ®o, , Oxp, M/M; =~ M®g,,0x,p, M = Z'M.

One defines similarly the first canonical filtration of €: it is the filtration
En=0C&,1C---C&C&=¢&

such that for 0 <@ < n, €;4; is the kernel of the canonical surjective morphism &; — &;x. So
we have 81/82‘+1 = Ez\X s 8/81 = 8|Xz .
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4.7.2. Second canonical filtration — One defines similarly the second canonical filtration of M:
it is the filtration

MO ={0cMY c...c MY cM® =M
with M© = {ue M;z'u=0} . If M, ={0}C M, 1C---C M CMy=M is the first
canonical filtration of M, we have M; C M™% for 0 < i < n.

One defines in the same way the second canonical filtration of &:
E0={0}ceWc...ceVcem=g¢,

Let P be a closed point of X. Let M be a Ox,, p-module of finite type. Then M is called quasi
free if there exist non negative integers mq,...,m, and an isomorphism M ~ @} ;m;Ox, p .
The integers mq,...,m, are uniquely determined: it is easy to recover them from the first
canonical filtration of M. We say that (mq,...,m,) is the type of M.

Let € be a coherent sheaf on X,,. We say that € is quasi free at P if €p is quasi free, and that &
is quasi locally free on a nonempty open subset U C X if it is quasi free at every point of U. If
U = X we say that € is quasi locally free. In this case the types of the modules €., x € X, are
the same, and for every x € X there exists a neighbourhood V' C X, of z and an isomorphism

(8) Ev ~ Zmioxmv-
n=1

The proof of the following theorem is the same as in the case dim(X) =1 (th. 5.1.3 of [g]).

4.7.3. Theorem: The following two assertions are equivalent:

(i) The Ox, p-module M is quasi free.
(ii) All the M;/M;4y are free Ox p-modules.

It follows that

4.7.4. Theorem: The following two assertions are equivalent:

(i) € is quasi locally free.
(ii) All the &;/&;1 are locally free on X.

For every coherent sheaf € on X, there exists a nonempty open subset U C X such that € is
quasi locally free on U.

4.7.5. Proposition: Let € be a quasi locally free sheaf on X,,. Then
(i) & is reflezive,
(i) for every positive integer i we have Exty  (€,0x,) = 0.

(iii)'fm“ every vector bundle F on X,, and every integer i we have
Exty, (€, F) ~ H{(X,, & ®F) .
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Proof. The assertion (iii) follows easily from (i), with the Ext spectral sequence. Assertions (i)
and (ii) are local, so we can replace X,, with U X Z,, where U is an open subset of X,,. Let
U; =U x Z;, for 1 <1i <n. The results follow from and the free resolutions

Xt Xt Xt
OU OUn ——— OUi

n

O

4.7.6. Serre duality for quasi locally free sheaves — Suppose that X is projective of dimension
d. It follows from Proposition that

4.7.7. Proposition: For every ¢ > 0 and every quast locally free sheaf €& on X,,, there is a

functorial isomorphism ‘ ‘
H'(X,,&) ~ H"(X,, & ®wx,)" .

4.7.8. Corollary: We have wx,|x ~wx ® L'™" .

The proof is similar to that of Proposition 7.2, III, of [23].

4.8. SIMPLE VECTOR BUNDLES

We use the notations of [4.1]

4.8.1. Lemma: Suppose that the restriction map H°(Ox,) — H°(Ox, ,) is surjective, that
Ex, , is simple on X,y and Hom(E,E ® L™ ') = H°(X,L""). Then E is simple.

-1

Proof. Let f € End(E). Then the induced morphism E|x, , = Ex, , is the multiplication
by some A € H°(Ox, ,). Let p€ H°(Ox,) be such that sux, , = A. Then the restriction of
f—wulx, to X,y vanishes. It follows that f — uly, can be factorized in the following way

E—=Ex=EFE——E®L"'=EV——E
Since Hom(E, F @ L") = HO(X, L"), f — ulx, is the multiplication by some

?7€H0<X,Ln_1) CHO(OXn),andf:(u—i-n)[Xn. O
It follows easily by induction on n that

4.8.2. Corollary: Suppose that L is a non trivial ideal sheaf, or deg(L) < 0 if X is a curve,
and that E' = K x is simple. Then E is simple.
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5. CANONICAL CLASS ASSOCIATED TO A VECTOR BUNDLE

5.1. DEFINITION

Let Z be a scheme over C and E a vector bundle on Z of rank ». To E one associates an
element Vo(E) of HY(Z, FE ® E* ® Qyz), called the canonical class of E (cf. [16], 3-). If L is a
line bundle on Z, then Vy(L) € H(Z,Qy). If Z is smooth and projective, L = Oz(Y"), where
Y C Z is a smooth hypersurface, then V(L) is the cohomology class of Y.

Let (Z;)ier be an open cover of Z such that E is defined by a cocycle (6;;), 0;; € GL(r,0z,,).
Then ((d6;;)0;;') is a cocycle (in the sense of [2.1.4) which represents Vo(E).

We have F® E* ~ Ad(E)® Oz, so H(EQ E*®Qy) ~ HY(Z,Ad(E) @ Qz) ® H (Z,Qz).
The component of Vo(E) in H'(Z,Qy) is %Vo(det(E)).

If Ly, Ly are line bundles on Z, then

9) Vo(Li ® L) = Vo(L1) + Vo(Ls) .

Let S be a scheme over C and s € S a closed point. Let Z be a scheme and p; : Z x S — Z,
ps : Z xS — S the projections. Let E be a vector bundle over Z x S. We have

Vo(E) € HY(Zx S, EQRE*®Qzxs) = H(Z xS, EQE*®p5(Q2))OH (Z xS, EQE*@p5(s)) .
By restricting to Z x {s} we get a canonical map
re : H(Z x SEQE* ® Qzys) — HY(Z,E,QE @ Qy) .
From Lemma 3.2.1 of [16] we have
(10) rs(Vo(E)) = Vo(Es) .

5.2. THE CASE OF SMOOTH PROJECTIVE VARIETIES

Let Z be a scheme over C, T" a projective integral variety and £ a line bundle on Z x T,
viewed as a family of line bundles on Z parametrized by T'. For any closed point ¢ € T, let
L, = L\Zx{t} S PiC(Z).

5.2.1. Proposition: The map
VL T — HI(Z, QZ)

t— VO(Lt)

15 constant.

Proof. Let t € T and S C T an affine open neighbourhood of ¢. Then we have
HYZ x S,Qzx5) ~ (05(S) @ H(Z,Qz) ® (H*(S,Qs) ® HY(T, Or)). Let

p
Vo(Lizxs) = ka®vk+777
k=1
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with fi,..., f, € 05(S), V1,...,V, € HY(Z,Qz) and n € H(S, Q) ® H'(T,Or)). Then by
p

we have Vi(s) = ka(s)vk for every s € S. Hence V, is a regular map to a finite
k=1

dimensional vector space. Since T is projective, V must be constant. (|

5.2.2. Corollary: If Z is smooth and projective, and L € Pic(Z), then Vo(L) is invariant
by deformation of L.

Proof. This follows from the fact that the connected component of Pic(Z) containing L
parametrizes a projective family of line bundles containing L. ([l

5.2.3. The differential morphism — Let n € H'(Z,0y), represented by a cocycle (1;;) (with
respect to an open cover (Z;);er of Z), n;j € Oz(Z;;). Then (dn;;) is a cocycle which represents
dz(n) € HY(Z,Qz) (which depends only on 7). This defines a linear map

dy : HY(Z,0,) — HY(Z,Qy) .

The following result and its proof are classical:

5.2.4. Proposition: If Z is smooth and projective, then dz =0 .

Proof. Let £ be a Poincaré bundle on Pic’(Z) x Z. We can compute the canonical classes in
analytic cohomology. In particular, there exist an open cover (Z;) of Z and a neighbourhood
S of Oz € Pic’(Z) (for the usual topology) such that £z is represented by a cocycle (6;;),
where 6;; is an invertible analytic function on Z;; x S. Let u € H'(Z,0z) = Tp,(Pic’(2)).
There exists an analytic map ¢: U — S (where U is a neighbourhood of 0 in C), which is an
embedding such that ¢'(0) : C — Ty, (Pic’(Z)) sends 1 to u. Let

O‘g‘ = Q4j|Zi;xU a?j = j|Z,;x{0} -
we can write
afj(z,t) = afy(x) + tag;(z)Bi;(z, 1) |
where (; is an analytic map. Let S8, = [ijiz,x{0y- We have B + 85, = B} on Zy, and the

family ( ?]) is a cocycle which represents u.
A simple computation shows that we can write
daf] da; )
OAU = 0 —+ tdﬁw + pzjdt +1 Hij s
i i

where p;; is an analytic function on Z;; x U and ;5 € HO(Zij x U, inij). It follows that
dw) = (Veou)(1).
Since V ot is constant by Proposition |5.2.1} we have dz(u) = 0. O

Similarly, in the general case, let Y be a scheme and £ a line bundle on Z x Y. Let y € Y be
a closed point and w, : T,Y — H'(Z,04) the Kodaira-Spencer map. Then we have
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5.2.5. Proposition: We have TV, = dz ow,.

5.3. THE DUALIZING SHEAF OF A PRIMITIVE DOUBLE SCHEME

Let X be a smooth, projective and irreducible variety. Let X, be a primitive double scheme,
with underlying smooth variety X, and associated line bundle L on X. We have a canonical
exact sequence

¢

0L ——> Oy, —= Oy —=0
associated with n € HY (X, Tx ® L) (cf. 4.1.3)). We will prove

5.3.1. Theorem: The map H'((): HY(X,, Ox,) — HY (X, O0x) is surjective.

The following result generalizes Proposition 1.5 of [20]:

5.3.2. Corollary: We have wx, ~ Ox, if and only if wx ~ L .

Proof. If wx, ~Ox, then wyxy ~ L by Corollary Conversely, suppose that wy =~ L.
Then wx, x ~ Ox. We have an exact sequence

O—>wX:L—>wX2 P OX 0.
and the associated long exact sequence

HO(p)

H(X,0x) -2~ H'(X, L) .

0——s HO(X, wx) I HO(XQ,CL)XQ)
On the other hand, from the exact sequence
0 — L —0x, — 0x —0

we deduce the following

1 ’
HY(Xy, 0x,) — S~ H (X, 05) 2~ HX(X, L) .
From Serre duality on X we get the commutative square
HY(X,0x) ——— H'(X, L)
HX(X, L) —~ H'Y(X,0x)*

From Theorem we have § = 0. Hence § = 0 and H(p) is surjective. If o € H°(Xy, wy,)
is such that H%(p)(o) = 1, the corresponding morphism Ox, — wy, is an isomorphism, so
Wx, = OXQ' O

We now prove Theorem [5.3.1} i.e. that the connecting morphism 6 : H(X,0x) — H*(X, L) is
null. We use the notations of Let 8 € H'(X,Ox), defined by a cocycle (3;;), Bi; € Ox(Us;).
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We can view 3;; as an element of H(Oy,,xz,). Then 0(f) is represented by the cocycle (o),
with

oij = Bij +0;;(Bjx) — Bir
(cf. [£.3). We have then

(11) o = Dij(Bjk) -

O: H'(X,Ty ® L) ® H'(X, Q) — H*(X, L)
be the canonical map. Then it follows from that 0(8) = ©(n ® dx(5)). Since dx(5) =0
by Proposition [5.2.4) we have §(5) = 0.

6. EXTENSIONS OF FAMILIES OF VECTOR BUNDLES TO HIGHER MULTIPLICITY
Let Y = X, be a primitive multiple scheme of multiplicity n, with underlying smooth projective
irreducible variety X, and associated line bundle L on X.

If X,, can be extended to a primitive multiple scheme X, ,; of multiplicity n + 1, we have a
canonical exact sequence of sheaves on X,

(12) Yy

corresponding to oq, € Exty  (Qx,,L").

0— L" — Qx — Qx, — 0,

n+1 : n+1|Xn

Let S be a smooth algebraic variety over C, and px, : X, x S = X,,, ps: X, x S — S the
projections. We can see X,, X S as a primitive multiple scheme of multiplicity n, with induced
smooth variety X x S and associated line bundle p*Xn(L)‘ xxs. If X, is extended to X, 1,
X1 x S as a primitive multiple scheme of multiplicity n + 1 extending X,, x S. We have

Qx5 = Pk, (2x,) ® p5(Qs) and
Then Yx, ., xs is pk, (Xx,) © p§(X), where X is the exact sequence

0—0—Qs=—=0s—0.

It follows that the component of o, «s in Extéan L (P5(Qs), pX, (L™)) vanishes.

6.1. THE FAMILY OF EXTENSIONS TO X,,;+1 OF A VECTOR BUNDLE ON X,

Let E be a vector bundle on X, and E = [E;x. We keep the notations of [4.6]

Let V = Extg N (E,E®L™),and P=P(V). Let p: X1 X P — X041, ¢ Xpp1 X P— P be
the projections. If

0 —p(EF@L")®q (0p(1)) — &€ — p"(E) — 0
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is an exact sequence of sheaves on X,,;; X [P, the induced sequence on X,

0 EQL'®V* p.(€) E 0

p(p"(E ® L") @ ¢"(Op(1))) p«(p*(E))
is also exact. This defines a linear map
F: Extgxn+lxp(p*(E)7p*(E ® L") @ ¢*(0p(1))) — Ext(gxn+1 (E,EQLM)V =VeV*.

6.1.1. Proposition: F is an isomorphism.
Proof. We prove first the surjectivity of F. Let ¢ € V*, inducing ¢ € H°(¢*(0p(1))), o € V,
corresponding to the exact sequence
0 —FE®L" —E&—E-—0.
We have a commutative diagram

0 E®L" € E 0

]|

0 —EQL"®V* F E 0,

where the exact sequence in the bottom corresponds to o ® ¢ € V@ V* (cf. [6], prop. 4.3.2).
This diagram is the image (by p.) of the following commutative diagram on X, 3 x P

0 p(E® L") p(€) p*(E) —=0
|1 .
0—=p(E@ L") ®q (0p(1)) p*(9) p*(E) —=0,
where the exact sequence in the bottom is associated to

o’ € Extg, +1XIP(p*(IE),p*(E ® L") ®q*(Op(1))) such that F(o') =0 ® ¢. It follows that
o ® ¢ € im(F), and that F is surjective.

Now we prove that F is injective. For any coherent sheaves €, J on a scheme Y, let I'c 5+ be
the natural exact sequence

0 — H'(Y,Hom(€,F)) — Exty (€, F) — HO(Y, Eaty (E,9))
which is a part of I'g 5 (cf. . For I'g pgrnev+ on X411 we have
H' (Hom(E,E® L"®V*)) = Exty (E,E@L")®@V*,
Ho(sxthnH E,EQL"®V*) = End(E)@V*.
For T'ys () p* (B L)@+ (0p(1)) 00 Xpny1 X P we have
Hom(p"(E),p"(E® L") ® ¢*(0p(1))) = p"(Hom(E,E® L")) ® ¢"(0p(1)) ,
whence
H'(Hom(p*(E), p*(E ® L") @ ¢*(0p(1)))) = Exty (E,EQL")@V*.
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We have
(P*(E),p"(E® L") @ ¢ (0p(1)) = End(p™(E)) ®q"(0p(1)) ,
whence

HOEath,  (0"(E),p (E® L") ©¢"(0s(1)) = End(E) V" .

Oxpq1xE
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Let W = Extg, +1X]P,(p*(IE?),p*(E ® L") @ ¢*(Op(1))). We have then a commutative diagram

(a morphism from I'y- (&) p*(BoLm)24¢* (0p(1)) 10 ['E EoLneV*)

0—Exty (E,EQ L") ®@V* W End(E) ® V*
| F |
0 — Bxty (B, E® L") @ V* — Extg LEEQL) @V —End(E) @ V*

which implies easily the injectivity of F'.

6.1.2. The universal family of extensions of E — Let
o eBxth, (FEF(ESL)@qO:D) = VeV,
corresponding to Iy, and

0—p(E®L")®q(0p(1) — &€ — p*(E) — 0

the corresponding extension on X,y x P. The sheaf € is flat on P, and for every y € P, the

restriction of this exact sequence to X, 11 x {y}
0 - EeLl"®y" — & —E—20

is exact (by Lemma |6.2.1)), associated to the inclusion i : y — V|
R Extéxn+1 (E,E®L"®y*).

Let 0 :Extg, » (E,E® L") — End(F) be the canonical map, and Vg =§"'(Ig). Then
€ = &|x,. 1 xv; 1s a family of locally free sheaves on X, parametrized by Vg, flat on Vg.

Hence it is a vector bundle on X, 1 x V.

Let px : Xpi1 X S = Xya1, ps @ Xuy1 X S — S be the projections. Let
A = H'(Xu x S, Hom(p (E), piy (B @ L"),
B = H°(X,u1 xS, &xt' (pk(E), pk(E @ L"),
A" = H°0s)®Exty (E,E® L"),
B = H°(0s)®End(E).

We have canonical isomorphisms o : A - A’, f: B — B'.
6.1.3. Lemma: If S is affine, then we have a commutative diagram
00— A—=Exth,  (px(E).pi(E® L") —= B
a lﬁ’s B

0—— A" —— H(Og) @ Ext}_ LEE@L) —B,
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where the bottom exact sequence is H*(Og) @ g gorn, and s is an isomorphism.

Proof. Analogous to the proof of Proposition [6.1.1] O

6.1.4. Proposition: Let & be a vector bundle on X, 11 X S such that for every closed point
se€ S, &yx, ~E. Let sp € S be a closed point. Then there exists a neighbourhood So C S of sg
and a morphism f: Sy — Vi such that f*(Eg) ~ E|X i1 xS0 -

Proof. Let W = Hom(px(E), €x,xs). The sheaf pg,.(W) is a vector bundle on S. For every
s € S we have pg,(W), = Hom(E, &,x, ). There exists an affine neighbourhood Sy of sy and
1 € H°(Sp, ps«(W)) such that for every s € Sy, 1(s) is an isomorphism. This section induces
an isomorphism 4 : p% (E)|x, x5, = €|x, xSo-

Let W = Hom(pk(E), Eixxs); ps«(W) is a vector bundle on S, and for every se€ 9,
ps«(W)s = Hom(E, €y x). Let ¥ € H°(Sy,ps«(W)) induced by ¢. This section induces an
isomorphism % : i (E @ L™)|xxs, — €1x,50 @ P (L™)|x . 50-

From the canonical exact sequence
* ) p

we get
\ n i ¥ lop
0 _>pX(E ® L )|X><50 - EIXn+1><SO

p}(E)|Xn+1XSO >0 s

associated to o € EXt(l?Xonso (D% (E) 1 xp11 %505 Px (B ® L") xxs,). Then f =~g,(0) is a mor-

phism Sy — Vi such that f*(Eg) =~ &|x,,,xs0- O

6.2. FAMILIES AND THEIR EXTENSION TO HIGHER MULTIPLICITY

Let E be a vector bundle on X, xS, and FE=Ex.s. Let px: X, xS —= X4,
ps : Xpi1 X S — S be the projections.

6.2.1. Lemma: Lets & S be a closed point. Then we have Toréx +1X5(E, Ox,1xst) = 0.

Proof. Let x € X and W C X,,;1 X S a neighbourhood of (z, s) such that E is free on W. Tt
suffices to prove that

Torg,, (Own(x,xs), Own(Xnsx{sp)) = O.
For this it suffices to show that

TOI}DX”+1X5(OXn><S7OXn+1><{5}> = 0 .

Let U,41 a neighbourhood of z in X,,.1, U,, the corresponding neighbourhood in X, such that
IX Xpi1|Uns 15 globally generated by ¢t € Ox, ,, 2(Upt1). The result follows from the locally free
resolution of Oy, «s:

X" Xt
e OUn+1 xS OUn+1 xS

OUHXS e 0 .
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It follows that an extension 0 — E® p% (L") — & — E — 0 restricts on X, 11 x {s} toan
extension 0 > E,® L™ — &, = E, — 0.

Let IE be a vector bundle on X,, X S, and E = E|x.s. We have

We have A(E) =7x,,,xsVo(E). The component of 7, ., «xs in

EXt}zxnxs(E ® ps(2s), E® p (L)) vanishes. Let Vi be the component of Vy(E) in
Extg S(EE®py (Qx,)). We have then

(13) A(E) = EXnJrlXSVI .

6.2.2. Obstruction to the extension of the family — Let ps,, psi denote the projections
X, xS8—=38,X xS — S respectively. We suppose that for s € S,

(i) dim(Hom(E,, Es ® Qx, )) is independent of s.

(ii) dim(End(Ey)) is independent of s,
(iii) dim(Exty (Es, Es ® L™)) and dim(Ext(lgxn (Es, Es ® Qx,)) are independent of s,
(iv) dim(Exty (E,, B ® L")) is independent of s.

It follows that B = R'pg..(E* @ E® p% (Qx,)) and D = R?pg1.(E*® E® L") are vector
bundles on S, with

B, = Exto, (B, E.®Qx,), Dy = Exty (B, B, ® L") .

Let s € S be a closed point and
. 2 * n 2 n
R, : Ext (E,E®px(L")) — Exty, (B, E;® L")

OX><S

be the canonical map.

6.2.3. Proposition: We have R(A(E)) = A(Ey).

Proof. Let B =Exty__ (E,E®pk, (Qx,)), D =Ext; _ (F, E®px(L")). We have a canon-

ical map ¢ : B — D (multiplication by ox,,,«xs), and ¢ : B — D, where for every s € S, 1), is
the canonical map

Ext(lgxn (Es, Es ® Qx,) — Ext%XnXS(ES’ E, ® L")

(multiplication by ox,.,), and a canonical diagram

B 2 D
J J
H°(S,B) H°(S,D)
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where the vertical arrows come from Leray’s spectral sequence. Evaluation at s gives the
diagram

B hd D

| |

Exty, (Es,Es ® Qx,) Ext} (Es, E,® L") .
The result follows from , and @ OJ

6.2.4. Corollary: Suppose that S is affine, and that for every closed point s € S we have
A(Eg) = 0. Then we have A(E) = 0.
Proof. We have, since S' is affine, by Leray’s spectral sequence
Bxty,, (B, E®px(L") = H(S.D),
and the result follows from Proposition [6.2.3 O

In other words, if S is affine, and if for every s € S, E; can be extended to a vector bundle on
X1, then E can be extended to a vector bundle on X, ;1 x S.

6.2.5. The universal family of extensions — We suppose that the hypotheses of are satis-
fied, that S is affine, and that for every s € S, A(E;) = 0. From the exact sequence of it
follows that dim(Extg » (Es, Es ® L™)) is independent of s.

The relative Ext-sheaf (cf. [25]) V = Eartzl, JE, E®@px(L")) islocally free, with, for every closed
point s €S, V, = Ext(lgx . (Es, Es@ L™)). Let P=P(V). Let p: Xpi1 xP = X1 X S,
q: Xni1 X P — P be the projections. If

0 — p"(E@px (L") @ ¢ (0p(1)) — &€ — p"(E) — 0
is an exact sequence of sheaves on X,,;; x P, the induced sequence on X, ;1 X S

0 E®L"®V* p.(€) E 0

p«(p"(E ® px (L") ® ¢"(Oo(1))) p«(p*(E))
is also exact. This defines a linear map
& :Bxth, (0" (E),p'(E@px(L") @ ¢"(0s(1))) — H(S.V V).
The proof of the following result is similar to that of Proposition [6.1.1}

6.2.6. Proposition: @ is an isomorphism.

Let
(p*(E),p*(E @ px (L") ® ¢*(05(1))) ~ H' (V@ V),

1
o c E:x;‘coxn+1Xfp
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corresponding to [y, and
0 — p(E®py(L")®q" (0s(1)) — &€ — p*(E) — 0

the corresponding extension on X, ;1 X P. The sheaf & is flat on P. For every s € S, and for
every y € P, the restriction of this exact sequence to X, 11 X {y}

0 —EeLl"9y" — & —E,—0
is exact (by Lemma , associated to the inclusion ¢ : y — Vg,
i€y @V, = Ext}gxn+1 (Es, By @ L™ @ y*).
The sheaf V is associated to the presheaf V defined by
v(U) = EXt}:)XnHXU(p*(]E)|Xn+1xU,p*(E ® px (L") xpsax0)

for every open subset U C S. We have a canonical morphism
EXt(loxn+1XU (E‘Xn-‘—lXU? (E ® p;{ (Ln))‘Xn-‘—lXU) —

— HO(Sxtéanr (Ean+1><U7 (E @ p;((Ln))IXnHXU)) = End(Ean+1 ><U)

(coming from the Ext spectral sequence) inducing a morphism 6 : V. — p,(End(E)). For every
s € S, d, is the canonical map

ExthnH (E,, B, ® L") —» HO(ExtéXnH (E,, E, ® L")) = End(E,)

1xU

We have a canonical section u of p,.(End(FE)), such that u(s) = Ig, for every s € S. Let
Vg = 0 '(im(p))
and Pg the image of Vg in P, which is a smooth subvariety of P. The projection Vg — Pg is an
isomorphism. The sheaf E€g = &|x,,,xp, is a vector bundle on X, 1 x Pg (and X, ;1 x V).
We have a canonical exact sequence on X, ;1 X Vg :
0 — 7(E ® pyx (L") — &g — 7*(E) — 0
(where 7 is the projection Vg — 5).

6.2.7. The case of non affine S — We don’t suppose as in Corollary [6.2.4] that S is affine. It
is easy to see that the schemes Vg, Py, on affine open subsets U C S, can be glued in an

obvious way to define the schemes Vg, Pg over S. Similarly the vector bundles 8E\'PE define
e,

the vector bundle g on X, ;1 X Pg.

6.2.8. Proposition: Let f: T — S be a morphism of schemes and F a vector bundle on
Xpg1 X T such that F\x,xr =~ fﬁ(E) Then there exists a morphism 6 :1T — Pg  over S
such that for every closed point t € T' there exists an open meighbourhood Ty ot t such that

5ﬁ(8E)‘Xn+1 ><T0 ~ 3:|Xn+1 XTO .

Proof. Let Vy = &L't}(fﬁ(E),fﬁ(E ® p%(L™)) be the relative Ext-sheaf. By [1], Theorem 1.9,
for every affine open subset U C S containing f(¢), the canonical morphism

(Eixp1 50 Blxpixv @ px (L") @0y Oy —
Eaty (FEix, . xv), A Ex, 0 xv))

1
ExtOXnHw

Xnp1xf~1U)
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is an isomorphism. It follows that we have a canonical isomorphism

(14) Ve (V).

We define in an obvious way the schemes Vi) =~ P s (g analogous to Vg ~ Pg respectively,
which are closed subschemes of V. We have a canonical morphism of schemes ¢ :V; =V,
coming from (14)), and we have ¢(Vyiq)) C Vg. In the same way, we have a canonical exact
sequence

(15) 0 — THE @ pi (L") — Epm — 7HE) — 0

on X1 X Vg (where 7' is the projection Vyigy — 1), and & 1(gy ~ ¢*(Er). The canonical
exact sequence

0— fHE®pY(L") —=F —= fHE) —=0

FixoxT
defines a section ¢ : T — Vg of Vg — T. Let
d0=¢oo:T — Pg=Vg .
The inverse image of by ¢ is an exact sequence

0 — fHE @pk(L") —= o*(Epim)) FH(E) 0.

8*(Ex)

Over f~1(U) this exact sequence corresponds to the same element of
EXt(IDXnHqu(U)(fu(E)IXnHXf*l(U)? THE @ px(L™))|xp01xf-1(1)), and this implies that there ex-

ists a commutative diagram
0 —= fHE @ px (L") Xpaxs—10) — O (E8))1xx 1) — FHE) X, puxs—1 ) — 0
| lw
0 — fH(E @ px (L") X, pax 1) T X1 (0)
where 97 is an isomorphism. We take Ty = f~1(U). O

FHE) (X, pyx 1) —0

6.2.9. The affine bundle structure of Pg — Let A = R'pg,(Hom(E, E @ px(L"))). It is a
vector bundle on S (by 6.2.2] (ii)), and for every closed point s € S we have
A, = Extg (B, E;® L"). For every open subset U C S, we have a canonical injective map

A(U)(é EXt(l‘_)Xn+1xU(p*(E)‘Xn+1XU7p*<E ® p;((Ln))IXn-&-lXU) = V(U) )

which defines an injective morphism of vector bundles A — V. It follows that Pg has a natural
structure of affine bundle over S, with associated vector bundle A. By Corollary[6.2.4] for every
affine open subset U C S, Pgy has a section, hence is actually a vector bundle isomorphic to

Au.
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Suppose that Hom(Es, Es ® L™) = {0} for every s € S. Since A(E;) =0 for every s € S, we
have A(E) € im(\), where X is the canonical map

HY(S, R'ps.(Hom(E, E @ pi(L")))) — H*(X, x S,Hom(E, E @ p(L")))
(cf. B.1).

Recall that 7(Pg) is the element of H'(S,A) associated to Pg (cf. R.3). The following is a
consequence of Proposition [3.2.6}

6.2.10. Theorem: We have n(Pr) = C.A(E).

If we don’t assume that Hom(Es, B, @ L™) = {0} for every s € S, then we get still an analogous
more complicated result, using 3.2.7.

6.3. FAMILIES OF SIMPLE VECTOR BUNDLES

We keep the notations of 4.6 and [6.2] We don’t suppose that S is affine. To the hypotheses of
6.2.2| we add the following: for every s € S, E, is simple, and for every m € Pg, €g,, is simple.

We have obvious subbundles of the bundle A of [6.2.9t
Os®im(6%) € Og@ HY(X,L") C A

(cf. [.6.6)). Let Qp = Pr/(0s @ im(8°)) (cf. 2.3)), and w : P — Qg the projection, which is an
affine bundle with associated vector bundle Og, ® im(4°).

6.3.1. Invariance of Qg — Let E' be a vector bundle on X, x S, E' = ]ETXXS, and f:E — E
an isomorphism, inducing obvious isomorphisms py:Pg — Pr, q;: Qg — Q. Let A’
be the vector bundle on S analogous to A, corresponding to E’, ie. for every s € S,
Al, = Exty (F., E, ® L"). Then there are canonical obvious isomorphisms A’ ~ A, Qf ~ O,
an they do not depend on f.

6.3.2. Let s € S. Then there exists an open neighbourhood Sy of s such that:

— Ag, is trivial and we have a subbundle D C Ag, such that Ag, = (Og, ® im(6°)) & D,
— there exists a section v : Sy — Pgjg, of m:Pgg, — So.

It follows that the affine bundle w : Pgg, — Qgg, has a section 7, so that we can view Qg
as a closed subvariety of Pgig,. Let 7 : Qgg, — So be the projection.

6.3.3. Proposition: Let my € 7='(s). There exists an open affine neighbourhood
M(mg) C 7 1(So) of m such that Egjx,,,,xM(me) = W* (ER|X,0 11 %y, ) [ X1 x M (mo) -

Proof. Let

U = Erixppuxnisy , V = wﬁ(g]E|Xn+1XQ]E\SO) :
For every m € 7~1(Sy) we have U,, ~ V,, (by Proposition , and
Hom(U,,,V,,) ~ H(Ox,_, ).
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Let po: X, X 7 1(Sg) = 7 1(Sy) be the projection. Then po.(Hom(U,V)) is a vec-
tor bundle. It follows that there exists an open affine neighbourhood M (mg) C 7= 1(Sy)
of m such that there exists a section o € H°(M(my), po«(Hom(U,V))) such that for every
m € M(myg), o(m) € Hom(U,,, V,,) is an isomorphism. We obtain in this way an isomorphism
U X 1xM(mo) =2 VX1 xM(mo)- 0

By Proposition we can find finite open covers (S;)1<i<k of S, (P;)1<i<x of Pg, such that
P, C 71(5;), and vector bundles F; on X, 11 x n~(S;) such that Egx,,,xp ~ wﬁ<]Fi)‘Xn+1><Pi.

6.3.4. Theorem: Let f:T — S be a morphism of schemes and F a vector bundle on
Xpi1 X T such that Fix, x7 ~ fﬂ(E) Then there exists a unique morphism ~g : T — Qg such
that for every closed point t € T, there exists i, 1 <i < k, such that f(t) € S;, a neighbourhood

UCT oft such that v¢(U) C n=(S;) and T\ X1 xU fygr(IFi)‘XnﬂxU.

Proof. This follows from Propositions [6.2.8 and [6.3.3] The unicity of v4 comes from the fact
that if 1 <4i,j <k, and ¢; € n7(S;), ¢; € n71(S;) are distinct, then by Proposition [4.6.7} the
vector bundles [F; ;, and ;. on X,,;; are not isomorphic. ]

Since points in Qg_ correspond exactly to extensions of Eg to X,,11, we have

6.3.5. Proposition: Let f:T — S be a morphism of schemes and Fy, Fy wvector bun-
dles on X,p1 x T, and 0; : Fjx,x17 ~ fﬁ(E) for i =1,2. Then the induced isomorphism
0 = 6’2_191 CFyxaxr = Foyx,xr induces and isomorphism of affine bundles over T Qg, ~ Qg
which 1s independent of 61, 0.

6.4. MODULI SPACES OF VECTOR BUNDLES

We use the notations of [6.2] and [6.3]

Let x,, be a set of isomorphism classes of vector bundles on X,,. Suppose that there is a fine
moduli space for x,, defined by a smooth irreducible variety M, an open cover (M;);c; of
M,,, and for every i € I,a vector bundle E; on X,, x M; (cf. . We suppose that for every
EExp if E= E‘X,

(i) € and E are simple,

(i) dim(Exty (B, E® L)) and dim(ExtéXn (€, € ®yx,)) are independent of &,

(i) dim(Extg (F,E ® L")) is independent of €.

(iv) A(E)=0.

(v) every vector bundle  on X,,;; such that JFx, ~ & is simple.

In particular the conditions of are verified (for the vector bundles E;). Hence the smooth
variety Py, and the vector bundle €, are defined. Let x,.1 the set of isomorphism classes of
vector bundles F on X, such that JF|x, € x,.

The condition (v) is satisfied if the hypotheses of Lemma are satisfied by every € € x,,.
This is the case if L is a non trivial ideal sheaf. Condition (v) is also satisfied if x,, consists of
line bundles.
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For every ¢ € I, we will apply Theorem to [E;: we obtain an affine bundle 7; : Qg, — M,
an open cover (M, x)res, of M;, and for every k € J; a vector bundle F; , on X, 41 X n;l(MM).

Finally we get a finer open cover (Nj),c; of M,, and for every j € J, a vector bundle G; on
X, x N; satisfying the conditions of 2.2.2). In particular, for every j,k € J, we can find an
open cover of N; NNy, such that for every U in this cover, we have Gjn,rn.no ~ Grpvrngno-
Moreover, for every j € J, we have a vector bundle A; on Nj, an affine bundle 7; : Qg, — N;
with associated vector bundle A;, and a vector bundle H; on X, X Qg,.

From Proposition [6.3.5} all the vector bundles A;, the affine bundles Qg; can be glued to define
respectively a vector bundle A on M, and an affine bundle Q on M, with associated vector
bundle A.

6.4.1. Lemma: The scheme Q is separated.

Proof. According to [24], Proposition 2.6.1, we need to prove the following statement: let Z
be a smooth variety, U, V affine open subsets of Z such that U NV is affine, £ (resp. F) a
vector bundle on U (resp. V), and ¢ : Ejyny — Fluny an isomorphism. Let Y be the scheme
obtained by gluing £ and F' using ¢. Then Y is separated. But this is obvious. 0

Let xp41 denote the set of isomorphism classes of vector bundles on X,,;; whose restriction to
X, belongs to x,. From Theorem follows easily

6.4.2. Theorem: The smooth variety Q, the open cover (Qg,) of Q and the vector bundles H
on X1 %X Qg, define a fine moduli space for Xni1-

This proves Theorem [1.1.3] if NV,, = M,,. The proof in the general case is similar, using the
appropriate definition of N,, given in [6.5]

6.5. THE SUBVARIETY OF EXTENSIBLE VECTOR BUNDLES

We use the notations of , except hypothesis (iv). We will indicate briefly how to define the
subvariety N, C M, of bundles that can be extended to X, ;. If this variety is smooth then
one can easily modify the preceding proofs to obtain a fine moduli space for the vector bundles

on X, whose restriction to X, belongs to y, and this moduli space is an affine bundle over
N,.

Let px : X xM; = X, py : X X My — M; be the projections, and E; = E;x . Then
Wi = R'pu.(BEf @ E; © pi (L")
is a vector bundle on M;, and since all the vector bundles in x are simple, these vector bundles

can be glued naturally to define a vector bundle W on M,,. We have a canonical section of each
W;

g; . Ml Wl
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These sections can be glued to define o € H(M,, W). The variety N, is the zero subscheme
scheme of o.

7. PICARD GROUPS

We use the notations of 4] Let Y = X,, be a primitive multiple scheme of multiplicity n > 2,
with underlying smooth projective irreducible variety X, and associated line bundle L on X.

7.1. INDUCTIVE DEFINITION

If P =Pic’(X) is an irreducible component of Pic(X), let £, p be the set of line bundles
B on X, such that Bx € P. Let Py be the component that contains Ox. Then £, p, # 1)
(it contains Oy, ). Suppose that for every P such that £, p is not empty, there exists a fine
moduli space Pic® (X,,) for £, p, which is a smooth variety, defined by an open cover (P;);c; of
Pic®(X,,), and for every i € I, a line bundle L; on X,, x P;.

The component PicP?(X,,) is an algebraic group. The multiplication with an element of
B € L, p defines an isomorphism 7p : PicPo(X,,) — Pic? (X,,).

Suppose that X,, can be extended to a primitive multiple scheme X, ; of multiplicity n + 1.
From[4.6.1] we have a map A : Pic(X,,) — H?(X, L") such that B € Pic(X,) can be extended
to a line bundle on X, if and only if A(B) = 0. Suppose that some B € £,, p can be extended
to X,+1. The set of line bundles in £, p that can be extended to X1 is a smooth closed
subvariety

I'P(X,1) C PicP(X,) .
We have T'P(X,11) = ns(IP°(X,41)), and I'P°(X,,,,) is a subgroup of Pic(X,): from m
and @D, 9% (X, 1) is the kernel of the morphism of groups

A : Pic?(X,) — H*(X,L"),
(the obstruction morphism).

Let Z be a scheme and LL a line bundle on X,,,; x Z. Let z € Z be a closed point. Then there is
an open neighbourhood U of z, i € I, and a morphism ¢ : U — P, such that Lx, «i ~ ¢*(L;).

7.1.1. Lemma: We have im(¢) C TP (X,11) .

Proof. Let px : X x U — X, py: X x U — U be the projections. As in [16], 7.1, we can as-
sociate to every line bundle £, on X,, x U an element A(Lg) of H*(X x U, p%(L")) such that
Ly can be extended to a line bundle on X, ;1 x U if and only if A(Ly) =0. So we have
d(Lix, ., xv) = 0. Consider the canonical morphism

pi H*(X x U px (L") — H(U, R*pu.(px (L") = H"(Oy) @ H*(X,L") .
As in Proposition [6.2.3) p(A(Lg)) = Ao ¢. Hence Ao ¢ =0, i.e. im(¢p) C TP (X,p1) - O

From Theorem [6.4.2] we have
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7.1.2. Theorem: Suppose that L,11p is nonempty. Then there exists a fine moduli space
Pic® (X,,11) for Lo1p. It is a smooth irreducible variety, and an affine bundle over T® (X, 1)
with associated vector bundle Ore(x, ) ® (H*(X,L")/im(6°)) .

7.2. THE KERNEL OF THE OBSTRUCTION MORPHISM

As in 4| we assume that we have an affine cover (U;);c; of X and trivializations
0; Ui(n) — U; x Z,,. We can write

Oioxwy) = Toxwy) +tDij + 10y
where D;; is a derivation of Ox (U;;).
Suppose that X,, can be extended to a primitive multiple scheme X, ; of multiplicity n + 1.
Let (d;;) be a family which defines X,, 4, d;; being an automorphism of Uy; X Zy, inducing d;;.
We have then

5;]“;) = Oéijt s

for some «; € [Ox(U;;)[t]/(t)]*
Let D be a line bundle on X,, that can be extended to a line bundle on X, ;. According to
this is equivalent to A(D) =0 (cf. |4.6.1)). Now let D' be a line bundle on X,, such that

]DDT x._. = Dix,_,. Then by formula @, D’ can be extended to a line bundle on X, if and only
if
Zy (Vo(IY) = Vo)) = 0.
Suppose that D is defined by a cocycle (6;;), with 6;; € [Ox(U;;)(t)/(t")]*, which is the set of
elements a € Ox(Uy;)(t)/(t") such that a(©) € Ox(U;;) is invertible. The cocycle relation is
O = «91']-5;}(9%)
(cf. 4.2). We can assume that D' is defined by a cocycle (6;;), with 8;; of the form
0, = 0+ pit" ",

with p;; € Ox(U;;). Let B = % . The cocycle relation for (6;;) is equivalent to
ij

(16) B = B+ (al(?))nflﬂjk ;

i.e. (Bij) represents an element 8 of H'(X, L"™1).

The line bundles I, D' are extensions to X,, of a line bundle ID,,_; on X,,_;. Let D =D,,_4x.
We have canonical exact sequences

0—DeL"'!'—D—D,,—0, 0—DL"!'—D-—D,;—0,

corresponding to o,0’ € Ext(lgx (D1, D ® L™ 1) respectively. From we have an exact
sequence

0 — HY(X, L") == Exty, (D1, D® L") —C |
and o —o = VY(p).
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do’. .
Now V(D) — Vo(D) is represented by the cocycle ( 9/” — d:” ) (cf. . We have
ij ij
do;.  do;;
o = (n—1)Bt" Rdt + "By

Let L =Jx x,,,|x,, which is a line bundle on X,. Recall that 5]11]1,1 denotes

the connecting morphism H'(X, L ') — H?*(X,L") coming from the exact sequence

0= L" =Lt L"! 50 on X,.
7.2.1. Theorem: We have Gy, ,,(Vo(D') — Vo(D)) = ndjf .1 () .

Proof. The line bundle L™ is defined by the family () + a}')"~1). We have
(o + a0t = ()" + (= D(aff)" el
Hence from Lemma [4.3.1} ndy,_,(3) is represented by (pji), pijr € Ox(Uiji)[t]/ ("),
0)\n—2 1 0
pis = (@) ((n = Doty Bix + o)) Dij(B)) -
We consider the exact sequence
0— L" — Qx, ., jx, — Qx, — 0,
and the associated map
§: HY(X,,Qx,) — H*(X,L") .
We construct {2y, ,, as in[£.4 Let
Then we have
7x,41 (Vo(D') = V(D)) = (Vo(D') — Vo(D)) ,
and it is represented by the family (v;jx,, ), Vijr € HO(QUiijan), where
Vi = Aij — Aip + dii(Aje) -
A long computation, using the equalities , Di = D;; + ag.))Djk and

1 0 0 0N\2 (1 0 (1
az(k) = az(j)Dij(ag'k)) + (az(j)) Oék) + aj('k)az(j) ;
shows that v, = n(ozg-)))n_z((n — l)ozgjl-)ﬁjk + ozl(-?)Dij (Bjk))tnfldt, which, by Lemma

implies Theorem [7.2.1]

with

4.3.1

and

O

Let P be an irreducible component of Pic(X). Recall that ' (X,,1;) is the smooth subvariety
of PicP(X,,) of line bundles which can be extended to X,;. The following result is an easy

consequence of Theorem [7.2.1}

7.2.2. Proposition: Let Z be the image of he restriction morphism TF(X,.;) — I'P(X,).
Then Z is smooth and T¥(X,1) is an affine bundle over Z with associated vector bundle

Oz @ker(sL, ) .
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8. PRODUCTS OF CURVES

Let C' and D be smooth projective irreducible curves, X =C x D and 7¢:X — C,
wp: X — D the projections. Let go (resp. ¢p) be the genus of C' (resp. D). Suppose
that gc > 2, gp > 2.

8.1. BASIC PROPERTIES

8.1.1. — Let L¢ (resp. Lp) be a line bundle on C (resp. D) and L = 7f5(L¢) @ 7 (Lp). Then
we have canonical isomorphisms

(i) HX,L) ~ H°(C,Lo)® H(D,Lp),
(i) H'(X,L) ~ (H°(X,Lc¢)® H'(D,Lp)) @ (H'(C,Le) ® H(D, Lp)),
(iii) H*(X,L) ~ HY(C,L¢)® HY(D, Lp).

8.1.2. — Let M¢ (resp. Mp) be a line bundle on C' (resp. D) and M = 7 (M¢) @ 75, (Mp).

Using [2.1.5] and the direct sum decompositions of (ii) and (iii), it is easy to see that the
only components of the canonical map H'(X,L)® HY (X, M) — H*(X,L ® M) that could
not vanish are the two canonical maps

(H'(Le) ® H'(Lp)) @ (H°(Mc) ® H'(Mp)) — H'(Lc ® Mc) ® H'(Lp ® Mp) ,
(H°(Le) @ H'(Lp)) @ (H'(Mc) ® H*(Mp)) — H'(Lc @ M) ® H'(Lp ® Mp) ,
induced by
HY(Lo) @ H'(Mg) — HY (Lc ® Mg) , H°(Lp) ® H'(Mp) — H'(Lp ® Mp) ,
and
H(L¢)® HY(Mg) — H' (Lc ® M¢) , H'(Lp)® H*(Mp) — H'(Lp ® Mp)

respectively.

8.1.3. — Similarly, the canonical map
H' (X, 75(Lo © Mo) @ mh(Lp)) ® H(C,me(Mg)) — H(X, L)
comes from the two canonical maps
(H°(Lc ® Mc) @ H'(Lp)) ® H' (M) — H'(Le) @ H'(Lp) ,
(Hl(LC ® Mo) ® HO(LD)) ® (HO(ME) ® Hl(OD)) — HY(L¢) @ HY(Lp)
induced by H°(C, Lc @ Mc) @ HY(C, M) — HY(C, Le) and
HY(Lc @ Mg) ® HY (M) — HY(Le) , H°(Lp)® H'(Op) — H'(Lp)

respectively.
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8.1.4. — We have Qx ~ 7f(wc) ® 75 (wp), hence wx ~ 785 (we) @ 75 (wp) and
HY(X,Qx) = (H(we) ® H'(0Op)) & H' (we) @ (H'(0c) @ H(wp)) ® H' (wp) .
With respect to this decomposition, the canonical class of L is Vo(L) = Vo(Le) + Vo(Lp) -
We have Tx ® L = (75(Te) @ L) & (m5,(Tp) ® L), and
(17) HYX,Tx®L) = (H(Tc ® Lc) ® H'(Lp)) ® (H' (T ® Le) ® H(Lp))®
(H°(Le) @ H(Tp ® Lp)) & (H'(Le) @ H'(Tp @ Lp)) .

8.2. PRIMITIVE DOUBLE SCHEMES

8.2.1. Line bundles on Xy — We use the notations of 8.1} The non trivial primitive double
schemes with associated smooth variety X and associated line bundle L are parametrized by
P(HY(X,Tx ® L)). Let ne HY(X,Tx ® L) and X, the associated double scheme. Using the
decomposition ([17)), we see that n has four components: n = (11, 72,13,74) -

We denote by ¢y, ¢, the canonical maps H°(T¢ ® Le) @ H'(we) — H'(Le) and
H(Tp ® Lp) ® H'(wp) — H'(Lp) respectively.

Let U: HY(X,Tx ® L) ® H (X,Qx) — H?(X,L) be the canonical morphism. Recall that M
can be extended to a line bundle on X5 if and only if A(M) = 0, where A(M) = ¥(n® Vo(M))
(cf. [I6], Theorem 7.1.2). From [8.1.4] we have

(18)  AWM) = (¢rc @ Inwp))(m @ Vo(Me)) + (L (1e) © brp) (1 © Vo(Mp)) -

The canonical class of a line bundle on a smooth projective curve is in fact an integer. For
every line bundle £ on C we have V(L) = deg(L)c, where ¢ = Vy(O¢(P)), for any P € C.

8.3. THE CASE wx, ~ Ox,
Let X5 be a primitive double scheme such that (X3),.q = X, with associated line bundle L on
X. According to Corollary we have wx, ~ Oy, if and only if L ~ wy.

Suppose that L ~ wyx. We have an isomorphism H'(w¢) ~ C such that if £ is a line bundle
of degree d on C, we have V(L) = d (and similarly on D). Let

n o= (m,m.msm) € H'(X,Tx ®wy)
(using the decomposition ([17))). Here we have
meC, meH (C,00)®HD,wp), n3€ H(Cwe)® H(D,0p), ns€C.
If M=mn5(Me)®7h(Mp),
A(M) = mVo(Mc) +naVo(Mp)
hence M can be extended to a line bundle on X, if and only if 7, deg(Mc) + ny deg(Mp) = 0.

8.3.1. Corollary: The scheme X5 is projective if and only if m =n, =0 ormn, <0 and

n 18 rational.
M4
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We have by [8.1.7]
H*(Tx ® L*) ~ (H'(C,wc)® H'(D,w})) @ (H'(C,wg) ® H'(D,wp)) = 0.

Hence by [£.1.3, X5 can be extended to a primitive multiple scheme of multiplicity 3 if
and only wx can be extended to a line bundle on Xs;. This is the case if and only
(9c — 1)m + (9p — 1)ng = 0, and then X, is projective.

8.4. AN EXAMPLE OF EXTENSIONS OF DOUBLE PRIMITIVE SCHEMES

Let © be a theta characteristic on C' such that h°(C,0) > 0. We take Lo =0, Lp = wp. So
we have

HY(L) = (H1(®) ® HO(wD)) & (HO(@) ® Hl(wD)) , H*L)=H'(©)® H'(wp) .
In the decomposition the first summand is 0, and
H'(ITx®L) = (H'(©™")® H%wp)) & (H'(©) ® H'(0Op)) & H'(O) .

Let X5 be a non trivial primitive double scheme, corresponding to
n = (n1,mn3,m) € P(H (Tx x L)). We have n; = 0, and we will also suppose that 7, = 0. Such
double schemes are parametrized by P((H'(©') ® H(wp)) ® (H°(O) @ H*(Op))).

We have, from (18), A(M) = 0. Hence every line bundle on X can be extended to a line bundle
on Xy, and X, is projective. Such extensions of M are parametrized by an affine space, with
underlying vector space H'(L).

8.4.1. Proposition: Suppose that ny =0 and n3 # 0. Then there exists an extension of
X5 to a primitive multiple scheme X3 of multiplicity 3, and X3 is projective.
Proof. By Theorem [£.5.1] to prove the existence of X3 it suffices to show that if
x:H (Txy ® L) ® H' (L) — H*(Tx ® L?)
is the canonical map, then x({n} ® H*(L)) = H*(Tx ® L*) . We have
HTx ® L) = H*(pp(wp)) ® H*(pi(we) @ phlwp)) = H*(pp(we) ® pp(wp))
= H'we)® H'(wp) ~ C,
and Y is equivalent to the canonical map
X' (H(©)®@ H'(0p)) ® (H'(©) ® H(wp)) — H'(we) ® H' (wp) ,
and we have to prove that x'({n3} ® (H'(©) ® H(wp)) = H'(we) ® HY(wp) . Let (0:)1<i<gp

g

be a basis of H'(Op), and (0})1<i<y, the dual basis of H(wp). We can write 73 = Z i @ ;i
i=1

with p; € H(©). If 1<j<gp and p € H(O), we have X'(13® (p® 0%)) = pp;. Since
N3 # 0, we can choose j such that p; # 0. We have an exact sequence on C

X g

0 )

0 =we—T—0,

where T is a torsion sheaf. It follows that H'(xpu;): H'(©) = H'(we) is surjective. Since
H?(L?) = {0}, every line bundle on X, can be extended to X3. This proves Proposition [8.4.1]
U
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8.5. PICARD GROUPS

We use the notations of 8.2.1] Let M¢ € Pic(C), Mp € Pic(D), M =75 (Mc) @ m(Mp) be
such that A(M) = 0, so that M can be extended to a line bundle on X5. Let P be the irre-
ducible component of Pic(C' x D) that contains 7f,(M¢) ® 7 (Mp). Let Pic®(X,) C Pic(X,)
be the irreducible component of line bundles £ such that £;x € P. From |Z|, it is an affine
bundle over P, with associated vector bundle Op ® H'(X, L).

Let C"=C, X=CxD,andpc: X xC'" = C,pcr : X xC'"=C",pp: X xC"— D,

px : X X "= X, poxc : X x C" — C x (' the projections.

Let n =deg(M¢s) and Ac C C x C the diagonal. Then L = pf, ~(0(nA¢)) ® ph(Mp) is
a family of lines bundles on X parametrized by C’. These line bundles belong to P, and L
defines an immersion C" — Pic? (X).

We have

A(L) = APexc(0(nAc))) + Alpp(Mp))
Let  goxe @ PEve(Qexe) = Qxxery qp : ph(wp) = Qxxer  be the injective canonical mor-
phisms. We have

Volpexo(O(nA)) = H'(gowe)(Vo(O(nA)) . Volh(Mp)) = H'(qp)(Vo(Mp)) -
We have HY(X x C',Qxxcr) = Ac ® Acy @ Ap, with
Ao = H'(we)® (H%(we) @ (H'(0Op) ® H'(Oc)))
Ao = H'(we) & (H(wer) ® (H'(0p) @ H'(O0)))
Ap = H'(wp)® (H(wp) @ (H'(Oc) ® H' (Oc))) |

and im(H'(¢p)) = H'(wp),

im(H (goxe)) = H'(we) & (H(we) ® H (Ocr)) & H' (wer) & (H'(wer) ® HY(Oc)) -
We have V(p},(Mp)) = Vo(Mp), and by
quc(Vo(O(nAc))) = n(l, IHO(wC), —1, —]HO(wC)).

We see X5 x (' as a primitive multiple scheme, with underlying smooth scheme X x C” and
associated line bundle p% (L). We have

H' (Txxer ®px(L)) =~ H(Tx @ L) & (H'(Tx ® L) ® H'(Ocr)) & B ,
with
B = (H'(Le)® HY(Lp) © Hwe)a
(H(Le) ® H' (Ln) © HOwer)) ® (H(Le) ® HY(Lp) ® H' (we)),
The element 7' of H(Txxcr ® pi (L)) associated to Xy x C' is i (in the factor H(Tx ® L)).
We have
H*(px (L)) = (H'(Lc) ® H'(Lp))®
(' (Le) © HO(Lp) @ H'(00)) & (H(Le) © B (L) © H'(0c))
Let Br.: Hwe)® HY(Te ® Le) — H'(Le) be the canonical map. As inwe can com-
pute A(L) and find that it has the component A(M) =0 in the factor H'(Lc) ® H'(Lp),

and the component (8, ® Iy (we)emrowy)) (M2 ® Igowy)) in the factor
HY(Lc) ® H(Lp) ® H'(O¢r). Tt follows that
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8.5.1. Theorem: If n(Bre @ Imwe)emo L)) (M2 @ Ipoweyy) # 0, then the affine bundle
PicP (X5) is not a vector bundle over P.

8.5.2. The case L = wexp — We have n,ny € C,my € H'(C,0¢) ® H(D,wp), and A(M) =0
is equivalent to 7y deg(M¢) + ny deg(Mp) = 0,. Theorem 8.5.1|implies that if deg(M¢) # 0 and
ny # 0, then PicP(X5) is not a vector bundle over P.

9. MODULI SPACES OF VECTOR BUNDLES ON PRIMITIVE MULTIPLE CURVES

Let C be a smooth irreducible projective curve of genus g > 2, and Y = C5 a ribbon over
C, i.e. a primitive multiple curve of multiplicity 2 such that Y,.q = C. Let L =Jcy be the
associated line bundle on C.

9.1. CONSTRUCTION OF THE MODULI SPACES

We suppose that deg(L) < 0. Let r, d be coprime integers such that r > 0. Let M¢(r,d) be the
moduli space of stable sheaves on C' of rank r and degree d. It is a smooth projective variety of
dimension 72(g — 1)+ 1. On Mc¢(r,d) x C there is an universal bundle E. For every closed
point m € M¢(r,d), E,, is the stable vector bundle corresponding to m.

Let py: Mo(r,d) x C — Mc(r,d), pc: Mc(r,d) x C — C be the projections. The vector

bundle of [6.2.9]
A = Ripy.(Hom(E, E @ pg(L)))
is of rank 7%(deg(L) + g — 1). For every m € Mc(r,d), A, = Exty (Em, En ® L).
The conditions of [6.4] are satisfied. Hence we obtain a fine moduli space My (r, d) for the vector
bundles E on Y such that Ec € Mc(r,d). We have a canonical morphism
Tra : My (r,d) — M(r,d)

associating Ejc to E, and My (,d) is an affine bundle on M (r, d) with associated vector bundle
A.

The same kind of construction can be applied in higher multiplicity to obtain Theorems
and [1.3.3l

9.2. PICARD GROUPS

We don’t suppose here that deg(L) < 0. We will use the results of . For r =1, we have
M(r,d) = Pic*(C), the variety of line bundles of degree d on C. As on C' we have a decompo-
sition of the Picard group of Y:

Pic(Y) = | JPic'(Y) ,
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where Pic’(Y) = My (1,d) is the variety of line bundles on Y whose restriction to C has
degree d. With the notations of |7} Pic?(Y) = PicP(Y), where P is the set of line bundles of
degree d on C. Consider the restriction morphism

T4 : Pic?(Y) — Pic*(C)
which is an affine bundle over Pic?(C), with associated line bundle Opiet(cy ® H'(C, L) .

Let 0 — L — Qy|c — we — 0 be the canonical exact sequence, associated to
oy € HY(C,Tc ® L). Let py : Y x C =Y be the projection. Let

Yyxc : 0 — py (L) — Qyxcioxe — Qoxe — 0,
be the exact sequence corresponding to Y x C associated with
oyxc € Exty, . (pi(we),pi(L)) ® Exto, . (p3(we), pi(L)) -
Then Yy ¢ is pj(Xy) @ p3(X2), where X is the exact sequence

It follows that the component of oy ¢ in Extg . . (p5(we),pi(L)) vanishes, and that
oyxe = oy € H'(C,Tc ® L) C EXtéCXC(PT(Wc),PT(L))

(ct. (19)).

According to Theorem it is equivalent to say that Pic?(Y") is not a vector bundle over
Pic?(C), and that a Poincaré bundle D on C' x Pic?(C)) cannot be extended to a line bundle
of Y x Pic?(C). To see this we can suppose that d = —1. We have then an embedding

C—— Pic 1(C)

Pr——=0c(=P) .

We will show that with suitable hypotheses, Djcxc cannot be extended to Y x C. Let
p1:C xC — C (resp. py:C x C — C) be the first (resp. second) projection. It suffices
to prove that for some N € Pic(C), Djcxe ® p5(IN) cannot be extended to Y x C. So we can
assume that Djoxec = Ocxe(—T), where I' C €' x C' is the diagonal.

We see Y x C' as a primitive multiple scheme, with associated line bundle pj(L) on C x C. We
will show that A(Ocxc(=T)) € H?(C x C,pi(L)) is non zero. This implies that Ocyxc(—T)
cannot be extended to Y x C' (cf. 4.6.1)).

We have

A(Ocxe(-T)) € H*(C x C,pi(L)) = L(H’(C,we), H'(C, L)) ,
and A(Ocxc(—T)) = oyxc.-Vo(Ocxc(—T")) (from [16], Theorem 7.1.2). It follows easily from
that A(Ocxc(—T")) is the image of oy by the canonical map

n:H(C,Te ® L) — L(H*(C,we), HY(C, L)) .
It follows that if 7(oy) # 0, then Pic?(Y) is not a vector bundle over Pic?(C).

We will prove

9.2.1. Theorem : Pic*(Y) is not a vector bundle over Pic*(C) if Y is not trivial and either
C' is not hyperelliptic and deg(L) < 2 —2g, or L = w¢.
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9.3. THE DUALITY MORPHISM

We will use the results of R.11

Let Z be smooth irreducible projective curve. Let pz : Z xC — Z and po:Z x C — C be
the projections. Let N be a vector bundle on C'. Then we have (from [8.1))

(19) HY(Z x C,p&(N)) ~ HY(C,N)&® (H(C,N)® H'(Z,0z)) .
We have also H?(Z x C,pi(N)) ~ HY(C,N)® H'(Z,07) .

9.3.1. Canonical bundles — We have Q.o = pj(wz) @ pg(we), hence
(20) HY(Z xC,Qzxc) ~ HY(Z,wz)® (H(Z,wz) @ H'(C,0¢))®
HI(C, wc) Q7] (HO(Z, Oz) & HI(C,wc))
= Co L(H(C,we), H(Z,wz)) ® C® L(H(Z,wz), H*(C,we)) .
We have H?(Z x C,Qzxc) ~ H (Z,wz) @ H(C,wc) = C .

9.3.2. Lemma: The duality morphism
HYZ x C,Qzxc) x H(Z x C,Qzxc) — H*(Z x C,wzxc) =C
18
((061, P1, Qa, 92), (a1, fi1,as, f2)) F———— aqag — asay + tr(fogy) — tr(figs) .

Proof. This follows from [8.I] For the minus signs, see [2.1.5 O

9.4. PROOF OF THEOREM [9.2.1]

9.4.1. The canonical class of Ocxc(—=I') — We have V(Ocxe(—1I")) = —clr, where clr is the
cohomology class of T'. Tt is the element of H'(C x C,Qcxc) corresponding to the canonical
linear form

7 HY(C x C,Qcxe) — HY(T,wr) = H(C,we) = C
using the duality described in [9.3.1} For every
(ay, f1, a2, fo) € C®End(H°(C,we)) ® C @ End(H°(C,we)) .
we have
7(ay, f1,a2, fa) = ar+ax +tr(fi) +tr(fa) .
It follows that
clr = (1, Igoccwe)s =1, —Iho(cwe)) -

9.4.2. Proof of Theorem [9.2.1] — The case L =wc is obvious. So we suppose that
C' is not hyperelliptic and deg(L) <2 —2g. The transpose of the evaluation morphism
Oc ® H(C,we) — we  is injective and its cokernel F is stable (from [26], Corollary 3.5).
From the exact sequence

0—Te®L— L H(C,we)" — FRL—0,
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we have an exact sequence
0— H(C,F ® L) — HY(C, Ty ® L) —— L(H(C,w¢), H'(C, L)) .

Since deg(F ® L) <0 and F ® L is stable, we have H°(C, F* ® L) = {0}, and ) is injective.
Since oy # 0 (Y is not trivial), we have A(Ocxc(—T')) # 0. This proves Theorem [9.2.1]

9.5. MODULI SPACES OF VECTOR BUNDLES OF RANK 7 > 2 AND DEGREE —1

9.5.1. Theorem : Suppose that C' is not hyperelliptic, Y not trivial and deg(L) < 2 — 2g.
Then My (r, —1) is not a vector bundle over M(r,—1).

Proof. Let E be a stable vector bundle on C' of rank r and degree 0 and x € C'. Then for every
non zero linear form ¢ : E, — C, the kernel of the induced morphism ¢ : £ — O, is a stable
vector bundle: let F' C ker(¢) be a subbundle such that 0 < rk(F') < r; then since F' C E and
deg(F) 1

k(F)

Let P=P(E*) and 7 : P — C, pp: P x C — C, pc : P x C' — C' the projections. Let

A C C' x C be the diagonal. We have a canonical obvious surjective morphism on sheaves on
PxC

E is stable, we have deg(F') < 0. Hence

P : po(E) @ pp(Op(=1)) — Omupe)-1(a) -
For every € C' and non zero ¢ € E?, pc, is the morphism F ® Cyp — O, induced by ¢. The
kernel of p is a vector bundle E on P x C' that is a family of stable vector bundles on C, of
rank r and degree —1, parametrized by P.

Let € be a universal bundle on M(r, —1) x C. Since r > 2, E* has a rank 1 subbundle D,
inducing a section s of 7. Then F = s*(E) is a family of stable vector bundles on C, of rank
r and degree —1, parametrized by C. Hence there exists a morphism 7 :C — M(r,—1) and
a line bundle H on C such that F ~ (7 x Io)*(€) ® ¢*(H) (where ¢ : C' x C' — C' is the first
projection).

We have a canonical immersion i:C — Pic™'(C), sending = to O¢(—7) @ det(E). Let
det : M(r,—1) — Pic”'(C) be the determinant morphism. Then detor is the identity
morphism (from C to i(C) = C). It follows that 7 is an immersion.

Now suppose that My (r, —1) is a vector bundle over M (r, —1). By Theorem € can be
extended to a vector bundle on My (r,—1) x Y, hence ()« can be extended to a vector
bundle on 7(C') x Y. Hence det(€|;)xc) can be extended to a line bundle on i(C) x C. But
this is impossible by the proof of Theorem [9.2.1] O

9.6. PICARD GROUPS OF PRIMITIVE MULTIPLE SCHEMES OF MULTIPLICITY 3

Let C5 be an extension of Cy of multiplicity 3. We use the notations of @ Let P = Pic’(0).
Every line bundle on C5 can be extended to Cs, since the obstructions lie in H? of vector
bundles on C. Hence we have I'P(C3) = Pic?(Cy).

Let Pic’(C3) denote the component of Pic(Cs) of line bundles whose restriction to C' is
of degree d. From [7| we see that Pic?(C3) is a smooth irreducible variety, and an affine



MODULI OF VECTOR BUNDLES 55

bundle over Pic’(Cy) with associated vector bundle  Opya(e,y ® (H'(C, L?)/im(6°)) , where
6% H°(O¢,) — HY(C, L?) is the map coming from the exact sequence
0— L>— O, — O, = 0.

We have an exact sequence
0 — H(C,L) — H°(O¢,) — H°(0c) =C — 0,
so that im(4°) is the same as the image of the restriction of ¢ to H°(C, L).

Now suppose that we have another extension C3 of C; to multiplicity 3. Then J¢ ¢, and J¢ ¢y are
two extensions of L to a line bundle on C5, corresponding to o, 0’ € Ext(lgc2 (O¢, L) respectively.

We have also two maps 0°,8"° : H(C, L) — H'(C, L?).

According to we have o' — o = W(u), for some p € HY(C,L). Let
x: H°(C,L)® H(C,L) — H'(C, L*) be the canonical product.

From Lemma follows easily

9.6.1. Proposition: We have, for every n € HO(C,L), (6" —°)(n) = x(n ® ).

This implies that it is possible that im(d°) # 0. If Cy is the trivial ribbon (cf. [4.1)), then 6° = 0,

) 0
so we obtain a formula for ¢"".

Acknowledgements. [ am grateful to the anonymous referee for giving some useful remarks.
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