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Recent experiments on measuring time-delays
during tunnelling of cold atoms through an op-
tically created potential barrier are reinvigorat-
ing the controversial debate regarding possible
time-delays during light-induced tunnelling of an
electron from an atom. Compelling theoretical
and experimental arguments have been put for-
ward to advocate opposite views, confirming or
refuting the existence of finite tunnelling time de-
lays. Yet, such a delay, whether present or not, is
but a single quantity characterizing the tunnelling
wavepacket; the underlying dynamics are richer.
Here we propose to augment photo-electron de-
tection in laser-induced tunnelling with detec-
tion of light emitted by the tunnelling elec-
tron — the so-called Brunel radiation. Using a
combination of single-color and two-color driv-
ing fields, we identify the all-optical signatures
of the re-shaping of the tunnelling wavepacket
as it emerges from the tunnelling barrier and
moves away from the core. This reshaping in-
cludes not only an effective time-delay but also
time-reversal asymmetry of the ionization pro-
cess, which we describe theoretically and observe
experimentally. We show how both delay and re-
shaping are mapped on the polarization proper-
ties of the Brunel radiation, with different har-
monics behaving as different hands of a clock
moving at different speeds. The all-optical de-
tection paves the way to time-resolving optical
tunnelling in condensed matter systems, e.g. tun-
nelling across bandgaps in solids, on the attosec-
ond time-scale.

INTRODUCTION

Tunnelling of an electron through the potential barrier
created by an oscillating electric field and the binding
potential of the core is a key resource in attosecond sci-
ence [I] and is at the heart of high harmonic generation
and high harmonic spectroscopy [2H6]. Generally, high
harmonic generation is associated with radiative recom-
bination following the return of the laser-driven electron
to the parent ion. Yet, even when the electron does not
return to the core, harmonic radiation is still emitted.
Often referred to as the “Brumnel radiation” or ”Brunel
harmonics” [7HI], it is associated with bursts of cur-
rent triggered by laser-induced tunnelling and is ubig-
uitous in atoms, molecules, and solids [L0H13]. Sub-cycle
tunnelling bursts occur every time the oscillating elec-
tric field goes through a maximum. Both odd and even
harmonics emerge when the incident laser field contains
both fundamental radiation and its second harmonic, in-
cluding the so-called ’0-th’ order Brunel harmonic corre-
sponding to terahertz (THz) emission, see e.g. [, 14 [15].
To produce THz radiation, the waveshape must be at
least asymmetric in respect to the change E — —E. The
origin of this radiation can be traced already in a classi-
cal picture: According to Maxwell’s equations, a change
of the electric current dJ/dt produces radiation. A small
volume emits, in a small time interval dt, Brunel radia-
tion 0Epg, o« dJ produced by the change of free electron
current dJ o p(t)E(t)dt due to acceleration of electrons
with density p(t) in the driving field E(¢) in the situa-
tion when the p(t) is time-dependent [13][16]. Additional
terms may arise due to, for instance, nonzero birth veloc-
ity of electrons (see Methods), but the above expression
is rather good approximation for the lowest harmonics
[17, [18].

Here we show that different Brunel harmonics gener-
ated in elliptically polarized single-color and two-color



laser fields provide a detailed picture of light-induced
tunnelling. Our approach to imaging the ionization dy-
namics is distinctly different from the currently used at-
toclock approaches based on detecting photo-electrons
[19H3T]. It allows us to introduce a complementary, all-
optical measurement protocol, which should enable one
to extend measurements of tunnelling dynamics into the
bulk of solids, where photo-electron spectroscopy is not
readily available.

In the strong field regime, the conventional photo-
electron attoclock [19] 20, 32] measures the deflection in
the photo-electron spectrum generated by a few-cycle,
nearly circularly polarized pulse, with respect to the
pulse polarization ellipse. Interpretation of these ob-
servations uses mapping between the instant at which
the electron “escapes the tunnelling barrier” and its fi-
nal velocity at the detector (see Fig. [Th). This inter-
pretation, and the possible time-delays associated with
the ionization, are a subject of active discussions [25-
29, [33H30], just as the general problem of tunnelling
times, see e.g. the latest beautiful experiment on this
subject [37]. The difficulty stems from the need to de-
convolve ionization and post-ionization dynamics in the
presence of the electron—core interaction, which deflects
the outgoing electron and thus distorts the mapping be-
tween the tunnelling event and the measurement at a
faraway detector. Moreover, possible under-the-barrier
delays and the post-barrier electron velocity make the
one-to-one mapping from the state at detector and emis-
sion time impossible [29, 34]. Optical techniques, relying
on measuring recombination-based high harmonic emis-
sion [4}[6] instead of electron detection, face an additional
challenge: the need to decouple the ionization and photo-
recombination steps.

Therefore, it is advantageous to place the ”observation
point” as close to the tunnel exit as possible. Brunel
radiation is an ideal candidate: it is produced by the
current generated by the tunneling electron right near
the barrier exit. We find that already the lowest, Oth-
order Brunel harmonic, encodes the attosecond-scale de-
lays and the wavepacket deflection by the core potential.
The information is contained in the rotation of the po-
larization ellipse of this harmonic. We prove this analyt-
ically and numerically by comparing the proposed new
protocol against the standard attoclock setup.

Moreover, we find theoretically and confirm experi-
mentally that higher-order Brunel harmonics encode the
temporal profile of the ionization burst, providing sev-
eral connected “clock hands” rotating at different speed.
Using the third-order Brunel harmonic generated in he-
lium, we are able to reconstruct the dynamical reshaping
of the electronic wavepacket during ionization. Interest-
ingly, we find asymmetry in the ionization dynamics rel-
ative to the instantaneous peak of the driving electric
field. We attribute this effect to pre- and post-ionization
electron dynamics.

PHYSICAL PRINCIPLE AND THEORETICAL
ANALYSIS

We first validate the key idea behind the all-optical
attoclock: the vectorial properties of the emitted light,
such as the rotation of the polarization ellipse, are deter-
mined by the vectorial properties of the current gener-
ated by the tunnelling electron and therefore reflect the
tunnelling dynamics.

We consider two field arrangements. In the first one,
intense circularly polarized infrared (IR) pump with fre-
quency wq is combined with its co-rotating second har-
monic 2wy, see Fig. [[b. This generates a total electric
field with one well-pronounced maximum per cycle. The
orientation of this maximum, here set along the z-axis,
is controlled by the relative phase between the two col-
ors and provides the reference direction for the optical
attoclock. In the second arrangement, such reference di-
rection is provided by the major axis of the single-color
elliptically polarized driving field.

All-optical measurement of strong-field ionization
delays

We begin with the first arrangement. The nonlin-
ear response contains even and odd harmonics nwq, in-
cluding the ”zeroth-order” harmonic, where the signal
is dominated by the Brunel radiation [38440]. Let a
classical free electron be injected by strong-field ioniza-
tion into the atomic continuum with some (not neces-
sarily zero) velocity and be accelerated in the laser field
and the potential of the core. The electric field asso-
ciated with the Brunel radiation, emitted by this elec-
tron, reads Ep;(w) o fd‘;—gt)emdt, with p being the
electron momentum. For the 0-th harmonic w — 0, and
Eg,(0) o< p(t — o0). Thus, the polarization direction
of the 0-th Brunel harmonic tracks the final velocity of
the electron after the interaction, i.e. performs the same
measurement as the photo-electron attoclock, but by all-
optical means. Note that this conclusion is independent
of assumptions regarding the ionization process. While
exactly zero frequency cannot be observed in the exper-
iment, measurements in the low-frequency (THz) range
are feasible and discussed below.

Our conclusion also holds within the fully quantum-
mechanical analysis, see Methods. In this case, Eg,(0)
tracks the center of mass of the electronic wavepacket.
Specifically,

OB (0)] = 6, = / $P(6)do, (1)

where ¢[Eg,(0)] denotes the azimuthal angle formed
by the vector Eg,(0) in the xy-plane, orthogonal to
the light propagation direction z, measured clockwise
from the positive y direction; P(¢) = [t —
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FIG. 1. Photoelectron (a) and optical (b-d) attoclock. In (a), the angle-resolved photo-electron spectrum generated by the
driving field (red line) is registered at a detector, revealing attosecond delays and deflections of electronic wavepacket shifting
its maximum by ¢-, interpreted as an effective delay 7 = ¢-/wo. In (b), this delay is probed, instead of electrons, by the
Oth-order Brunel radiation in a two-color field (magenta line). Such harmonic generated in gas or solid (blue box) can be
selected by a low-pass filter (brown box). It is nearly linearly polarized (brown line) and rotated, having the same effective 7
as in (a). The inset shows schematically the harmonic response spectrum, including the pump (blue) and harmonic of interest
(red). (c) Polarization state of the Oth harmonic for the equivalent intensity eoc| Emax|?/2 = 150 TW /cm?, obtained from TDSE
simulations with Yukawa potential, Coulomb potential, and using the simple-man classical Drude model. (d) Effective delay 7
as a function of intensity obtained from the polarization rotation of the Oth harmonic as determined by TDSE simulations and
compared to the results of the photo-electron attoclock: the center of mass position of the electronic wavepacket (TDSE-CM),
as well as the simulations of [27] (where the plane z = 0 instead of center of masses was analyzed) and the experiment of [30].

00, p, ¢,0)|?p? sin fdpdf is the photo-electron distribu-
tion integrated over the momentum and the polar an-
gle, and ¥ (t, p, ¢,0) is the electron wavefunction in p-
representation. In the photo-electron attoclock, the an-
gle ¢, is mapped onto the effective ionization time-delay
T as ¢r = woT, where wyq is the carrier defining the ”stan-
dard attoclock mapping” M, M(¢;) = ¢,/wy = 7. For
our two-color field configuration, Fig. [[p, the mapping
is slightly different (see Methods): 7 = M(¢;) ~ ¢, /w),

where w(, = 4/3wp. This mapping should not be confused
with the physical interpretation of 7, which requires the
analysis of the deflection of the tunnelling electron in
the core potential, possible energy gain during optical
tunnelling and possibly non-zero initial electron velocity

when exiting the barrier [25H29] B3H36].

Putting together Eq. and the definition of M for
the two-color field configuration, the polarization vector



of the 0-th Brunel harmonic is predicted to be
Eg:(0) ~ (sin(wg), cos(woT)), (2)

where 7 is the same effective ionization delay as obtained
from the photo-electron spectrum.

We now verify this conclusion by using ab-initio time-
dependent Schrédinger equation (TDSE) simulations to
compute the radiated field. We start with the short-range
Yukawa potential, which allows us to remove the effects of
the long-range Coulomb tail of the core. In this case, the
TDSE simulations show that the THz radiation is indeed
nearly linearly polarized and that the major axis of its
polarization ellipse is orthogonal to the major axis of the
Lissajous figure of the driving two-color field, Fig. [Tp,c.
Thus, we confirm that, for a short-range potential sup-
porting a single bound state, both the photo-electron at-
toclock and the optical attoclock measure zero ionization
delays. This result also coincides with the result of clas-
sical simple-man Drude model, where Eq. was used
with ionization rate p(t) calculated using Yudin-Ivanov
formula [41]. The finite ellipticity seen in the TDSE re-
sults is due to the finite spectral width of the response.

For the Hydrogen atom, TDSE simulations show ro-
tation of the polarization ellipse of the 0-th harmonic,
Fig. [[k. Figure [Id compares the time-delay extracted
from this rotation with the numerical results of [27] and
experimental results of [30] for the photo-electron atto-
clock, as well as the positions of the centers of mass of
the electronic wavepackets. The data points in Fig. 1d
show the average polarization as discussed in Methods.
This average is weighted with the spectral energy den-
sity, and coincides with the rotation angles at w — 0 (see
Supplementary). Again, we confirm that the two-color
all-optical attoclock demonstrates essentially the same
effective time delay 7 as the single-color photo-electron
one, especially if we compare the rotation angles with
the center of mass of the electronic wavepacket, as our
theory suggests. The broader polarization ellipse for the
Coulomb potential is due to the broader spectrum of the
THz response and the fact that higher frequencies are
more elliptically polarized (see Supplementary).

Extending optical attoclock using higher-order
Brunel harmonics

The attoclock mapping ¢, — 7 establishes the relation
between only two numbers, ¢, and 7. We now extend
the optical attoclock beyond the measurement of a single
parameter to access the sub-cycle ionization yield. To
this end, we consider the second field arrangement with
a single-color, elliptically polarized field, see Fig. [2h, and
focus on the rotation of the polarization ellipse of the
higher-order Brunel harmonics.

Consider again the simple model of a classical electron
extracted with zero velocity. The Brunel radiation, given

by the electrons born with ionization rate W (t) and pro-
ducing free current J(¢) is described by a simple-man
(so-called Drude) model [17, [42]:

Eg.(t) o< dJ /dt < E(t)p(t) o< E(t) /t W(t)dt', (3)

where p(t) is the free electron density.

On the other hand, we can also use the photo-electron
spectrum and the attoclock mapping between the polar
detection angle ¢ of electrons, measured at infinity, to
define an effective ionization time ¢ and ionization rate

We(t),
We(t) = P(9)do/dt, 6 = M7 (2). (4)

Note that such definitions have nothing to do with the
interpretation of the ionization delays in either atto-clock
measurement.

As shown in the Methods section using the R-matrix
approach [27, 43], the simple-man equation Eq. re-
mains fully valid also beyond the classical approxima-
tion, at least for few lowest order harmonics, if we as-
sume W (t) = W,(t). Thus, as long as the measured
harmonics are associated with the Brunel radiation, ob-
serving Ep,(t) gives all-optical access to P(¢), imaging
the tunneling wavepacket by all-optical means. Below we
confirm this conclusion by comparing W (¢) obtained op-
tically and directly from the photo-electron distribution.

To reconstruct W(t) from the Brunel radiation, we
rewrite Eq. in the frequency domain:

i E;W,_;

:EBr,nOc WO; n—j ) (5)
where W), and E; are the Fourier components of the ion-
ization rate and of the driving field, respectively, and
Eg:,» are n-th Brunel harmonics.

Already the polarization state of the 3rd harmonic
gives rich information about the ionization dynamics.
For the two co-rotating circular fields used above, the
polarization of the 3rd harmonic is very close to circular,
and thus no information can be extracted from its po-
larization direction since the latter is undefined. For the
single-color elliptical pump (with ellipticity € # 1), see
Fig. , Eq yields

Epys < (14+1/2,ie(1 —71/2)), r =Wy/Wa.  (6)

Eq. @ shows that the polarization state of the 3rd
harmonic depends critically on the 2nd and 4th harmon-
ics of the ionization burst W(¢). Most importantly, it
allows us to determine whether the ionization burst is
centered at the field maximum and symmetric around
this center, or delayed and/or asymmetric. In the first
case, the ratio r = Wy /Ws is real-valued and the ro-
tation of the polarization of the third harmonic is zero.
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FIG. 2. Extracting photoionization information from higher order Brunel harmonics for the Hydrogen atom. In (a), a
single-color elliptically polarized pump (red line) produces the 3rd Brunel harmonic (magenta line), with the polarization state
(ellipticity and polarization direction) encoding the sub-cycle dynamics of the ionization process. Inset shows schematically the
harmonic response spectrum, including the pump (blue) and harmonic of interest (red). (b) Polarization of the 3rd harmonic
for the single-color driving pulse (|Emax| = 36.3 GV/m, ¢ = 0.6, I = 280 TW/cm?) calculated using TDSE with Coulomb
and Yukawa potentials as well as simple-man Drude model (denotations as in Fig. 1c). Inset shows the attoclock mapping M
and its inverse. (c) Optical reconstruction of the ionization dynamics (Wopt(t), red solid line) compared to the reconstruction
from the photoelectron spectrum (We(t), red dot-dashed line) for the Coulomb potential. The estimation of error is given in
Methods. Optical reconstruction for the Yukawa potential (Wy (t), blue line) is also presented. Black dot-dashed line shows
the electron wavepacket distribution P(¢). The attoclock delay wo7 given by the the position of the center of mass (CM) of
We(t) & Wept(t) is also indicated (red vertical dotted line). (d) The positions of the maxima of the electronic spectra P(¢)
(black markers), their CM(blue markers) and the effective delays 7 = M(¢) reconstructed from the photo-electron spectra (red
markers) for different FWHM pulse durations and ellipticities € of the driving field. Horisontal red line shows the attoclock
delay extracted optically using the two-color configuration (Fig. 1) for the corresponding peak intensity. Asymmetry of the
wavepacket reveals itself from the different positions of the maximum and CM of the photo-electron spectra (see the dotted
arrows tracing these for an exemplary case of € = 0.5).

In the second case, the ratio r is complex-valued and
the polarization is rotated. Thus, extracting the phase
of r from the rotation of Ep;3 and comparing it with
the ionization delay allows one to identify the presence
of asymmetry in the ionization burst W (¢) with respect
to its maximum. Additional information is, of course,
provided by the higher-order harmonics and the phase of
r = We/Wy, "' = Ws/W;s etc. In the experiment, we
focus on Ep; 3.

To evaluate this approach, we first make TDSE simula-

tions for the Hydrogen atom in our single-color field con-
figuration (Fig. 2a) and observe the polarization of the

3rd harmonic, see Fig. 2b. As expected, for the Yukawa
potential the rotation of Eg; 3 is noticeably smaller than
for the Hydrogen atom and is different from the one ex-
pected from the time-delay measured by the 0-th har-
monic of the two-color optical attoclock. Together, the
information extracted from both measurements is already
sufficient to reconstruct W (t) defined by Eq. (4) up to 4th
harmonic,

Wopt (t) = W() + W2 COS(QWQt + 52) + W4 COS(4(JJOt + 54),
(7)

where, we changed the notations as 2|W;| — Wj,



arg(W;) — ¢; with respect to Eq. (). The subscript
in Wopi(t) stresses the optical route for the reconstruc-
tion. The coefficients Wo, Wy, d2, 04 are reconstructed
uniquely if we assume that the center of mass of Wy ()
appears at t = 7 (see details in Methods).

The resulting Wop(t) is compared in Fig. with
We(t) extracted directly from the photo-electron spectra
P(¢) (red solid and red dot-dashed curves, respectively).
We find excellent agreement between both, proving the
viability of the all-optical method.

Figure [2c shows a clear asymmetry in W (t) and P(¢)
with respect to time reversal, i.e., the field maximum,
in the case of the Coulomb potential. This asymmetry
disappears completely for the Yukawa potential, proving
that the Coulomb tail not only introduces the time-delay,
but also distorts the outgoing wavepacket. While in ret-
rospect such conclusion appears transparent, hindsight is
always 20/20: to the best of our knowledge, this is the
first time when such asymmetry has been both reported
and quantified. The presence of both non-trivial ioniza-
tion phase and the distortion of the outgoing electronic
wavepacket is important not only for the Brunel, but also
for the recollision-based harmonics in molecules, where
it will manifest as channel-dependent ionization phase
associated with different ionic states between ionization
and recombination, and thus different effective core po-
tentials. Such channel-dependent ionization phase has
indeed been confirmed experimentally in [44]. Interest-
ingly, our simulations (see Fig. ) also show that the
asymmetry becomes small for nearly circularly polarized
and few-cycle pulses, suggesting that asymmetry could
be also related to intermediate excitations building up
inside the potential well, expected in the regime of inter-
mediate Keldysh parameters [45]. This interpretation is
further confirmed by the pronounced Freeman resonances
in the rotation angle of Eg, 3 as a function of laser inten-
sity; Besides, for high input intensities, saturation effects
start to play a role (see Supplementary information for
the case of He atom).

We note that the ionization delay 7 extracted from
the photo-electron spectra is nearly independent of the
ellipticity and pulse duration and coincides with that ex-
tracted optically, using the two-color configuration, see
Fig. 2l. We see thus that the ionization delay is, as we
can judge, waveform-independent, in contrast to the de-
flection of the electronic cloud.

IMAGING IONIZATION DYNAMICS OF
HELIUM

We now move to the experimental results. The pre-
dicted rotation of the polarization ellipse of the nonlin-
ear response is confirmed by the experimental measure-
ments with setup depicted in Fig. [3h. Here we report the
rotation angle and the ellipticity of the third harmonic

generated by a strong pulse with ellipticity ¢ = 0.61 fo-
cused in helium. The experimental approach is described
in detail in the Methods section. The polarization of the
pump was measured and found rotate by a negligible an-
gle of less than 0.5 degrees upon the propagation, thus
excluding the influence of plasma-induced birefringence.
We note nevertheless, that the Brunel mechanism of 3rd
harmonic generation competes with the x(*)-based one.
Since those two mechanisms give contributions with rel-
ative phase 7/2, this results in additional polarization
rotation (see Supplementary Material). The correction
induced by the x(®) nonlinearity is shown as a blue shaded
region above the theoretical curves in Fig. 3] Its impact
decreases with intensity and becomes almost negligible
above I ~ 1500 TW /cm?.

The experimentally measured intensity-dependent pa-
rameters of the polarization ellipse (rotation angle and
ellipticity) are shown in Fig. , compared with the re-
sults of TDSE simulations for the helium atom. The de-
tails regarding the error bars are described in the Meth-
ods. Experiment and simulation are in a very good agree-
ment. The polarization of the 3rd harmonic is rotated by
nearly 5 degrees as the intensity increases from 1000 to
2000 TW /cm?, while the ellipticity moderately increases
from around 0.56 to 0.62. Combining this information
with the theoretical method developed above, we are able
to reconstruct the subcycle ionization dynamics, taking
the strong-field ionization delay 7 of He from the exper-
iments performed in [20].

The coefficients Wo, Wy, 02, 04, as defined in Eq. @
and reconstructed from our measurement, are shown in
Fig. c,d) as a function of the pump intensity. We find
that W5 and W, remain nearly constant as intensity in-
creases, whereas the angles d; and §, experience signif-
icant variation. The fact that W; barely change shows
that ionization remains “equally fast” for the range of
intensities in the experiment. On the other hand, the
growth of |§;| indicates the changing asymmetry of the
effective sub-cycle ionization rate W (t) with respect to its
maximum. In Fig. Bfe,f), W(t) is visualized for two val-
ues of the pump intensity, showing that the asymmetry
increases with increasing intensity. While the asymmetry
remains fairly small even for large intensities, its presence
in the measurements is clearly seen from Fig. c,d): the
measured values of |J;| deviate substantially from zero,
well beyond the experimental error bars. Thus, even
small asymmetries lead to large deviations of the rotation
angle, which is well detected by the all-optical method.

CONCLUSIONS AND OUTLOOK

In conclusion, we have established a firm quantita-
tive link between measuring the photo-electron spec-
tra in strong-field ionization and measuring the Brunel
radiation generated by electrons on their way to the
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FIG. 3. Experimental reconstruction of the subcycle ionization dynamics in He, compared to the theoretical simulations. (a)
Experimental setup (see Methods for more details): A 800-nm, 43-fs long elliptically-polarized pump pulse (P) is focused into a
plasma spot (S) where 3rd harmonic (H) is generated. The polarization components are carefully separated and detected. (b)
Experimentally measured rotation of the long axis of the 3rd harmonic with respect to the long axis of the pump (solid blue
curve, left axis) and ellipticity of the 3rd harmonic (solid red curve), in comparison with the results of TDSE calculations (dashed
blue and red lines). The shaded region shows uncertainty introduced by influence of bound-bound transitions. Further errors
are discussed in Methods. (c),(d) Reconstruction of the coefficients W;, §; describing ionization dynamics as given by Eq.

(with denotations as in (b)). (e),(f) Ionization dynamics W (t) reconstructed for an exemplary intensities I = 1030 TW /cm? (e)
and I = 1820 TW/cm? (f) according to experiment (thick red solid lie) and theory (blue dashed line). Blue dotted line indicates
the theoretical curve with bound-bound-transitions correction included. Thin red solid line indicates the time inverted ¢t — —¢
version of W (t) and yellow-dashed region between red lines thus indicates the asymmetry of W (t) (in (e) the asymmetry is

almost invisible).

continuum, revealing the reshaping of the electronic
wavepacket during laser-induced tunnelling. Such re-
shaping is mapped on the effective ionization delays and
the asymmetry of the instantaneous ionization rate with
respect to the peak of the field, as it is imaged by the
Brunel harmonics. According to this, Brunel harmon-
ics in THz and UV contain signatures of attosecond-
and sub-angstrom- scale electron dynamics, deeply sub-
wavelength for these frequencies. Remarkably, we ob-
serve that the ionization delay is largely independent on
the driving field waveshape, in contrast to the spatial re-
shaping of the electronic wavepacket. We attribute the
origin of the ionization asymmetry to the dynamics of the
electron wavepacket during and after tunnelling and, for
high intensities, saturation effects. Our experiment in he-
lium shows that the all-optical method is very sensitive
even to small asymmetries of such kind. This demon-
strates promising capabilities of the proposed new pro-
tocol for imaging tunnelling, which allows one to explore
attosecond-scale wavepacket reshaping in systems where
photo-electron detection is not readily available. One
of such systems is the bulk solids, where the detection

of light is much simpler than the detection of electrons
and where attosecond-scale delays were recently reported
[46148]. We foresee that Brunel harmonics of yet higher
order will allow resolving electron dynamics even closer
to the core.

METHODS
Experimental setup

The laser used in the experiments is a Ti:Sapphire-based regen-
erative amplifier (Spectra Physics Spitfire) delivering pulses with 3
mJ of energy and the spectrum supports a 43 fs of pulse duration
at the driving wavelength of 800 nm. The beam was delivered to
the experimental setup via an evacuated hollow-core fibre with 70%
transmission. This ensured a clean beam profile with an M? < 1.1
and a 5.5 mm beam diameter. The delivered energy was selected
using a pair of thin-film polarizers in combination with a broadband
half-wave plate. To further attenuate the pulses and ensure the po-
larization purity of the electric field a fused silica wedge was used in
Brewster’s angle and the s-polarized pulse was used in the experi-
ment. This allowed a tuning of the pulse energy between 40 and 225
pJ with a high linear polarization contrast. An achromatic quarter-
wave plate covering the whole range of the laser spectrum was used



to convert the linear polarization into elliptical. The polarization
was analyzed using a Glan-Laser calcite polarizer. The measured
ellipse had an intensity ratio of 0.372 between the minor and major
axes. The light was then guided into a vacuum chamber containing
a parabolic gold mirror with a focal distance of 100 mm. After the
focus the beam was recollimated using an Aluminium curved mir-
ror and guided out of the chamber using further Aluminium coated
mirrors. A dichroic beam-splitter was used to separate the third-
harmonic from most of the fundamental. The IR light rejected by
the dichroic beam splitter was directed onto a power meter in order
to analyze power fluctuations during the measurements. The re-
flected light was used in the polarization characterization portion of
the experiment. The polarization state of the third harmonic was
analyzed using an a-BBO Glan-Laser polarizer (ThorLabs GLB10-
UV) mounted on a home-built electronic rotation stage. Detection
was performed after a dielectric HR mirror for 266 nm light al-
lowing further separation of the UV component from the IR. The
800 nm transmitted through the 266 nm HR mirror was detected
on a Silicon photodiode while the UV was measured using a Sili-
con Carbide (SiC) photodiode. The SiC detector is not sensitive to
visible or infrared radiation, which allowed a measurement where
the background is not influenced by any co-propagating IR light.
All three measurement devices were connected to analogical boxcar
integrators and the signals were then digitized using a 16-bit ADC
connected to an arduino nano. This setup allowed to characterize
the polarization state of the UV elliptical light, and to compare the
direction of its long axis to that of the exciting IR field. The cham-
ber was evacuated and subsequently filled with He at a pressure of
1.3 bar. No other nonlinearities from the optical components were
observed.

Pump fields in time and frequency representation,
and the attoclock mapping M

‘We consider driving pulses propagating in z-direction, with elec-
tric field in OXY plane: E = {E;, Ey} and vector potential
A{Ag, Ay}, A(t) = — [T E(t)dt’ in the form:

E
Az(t) = 20 e—2m2¢*/7? cos wot, (8)
wo
E
Ay(t) = —e 2022t/ T g wot, 9)
wo

where, in our simulations wg corresponds to the carrier wavelength
of 0.8 um, Ejy is the field amplitude. The pulse duration 7 and the
ellipticity e were chosen to be 20 fs and 0.61 for helium (Fig. 3).
For Fig. 2c, 7 and e were 10 fs and 0.6, correspondingly. For the
two-color field we have

E 1

Agz(t) = _726721n2t2/7’2 (sinwot + 5 sin 2w0t> , (10)
E 1

Ay(t) = 7;36—21'1%2/7’2 (coswgt + 5 co8 2w0t) , (11)

with the same wq, and 7 = 20 fs.

The attoclock mapping M~ which maps time ¢ to the di-
rection of the vector potential A(t), that is, ¢ = M™L(t) =
arctan (Ay (t)/Az(t)), with ¢ defined such that it respects the angle
definition after Eq. (1), is then determined as follows: For the pulse
given by Egs. 1@ we have (neglecting slow envelope effects):

t=M(¢) = wio arctan (e tan(¢)). (12)

For small ¢ can be approximated as M(¢) = ¢/w(, w(, = wo/e. For
nearly circularly polarized pulses (e ~ 1) this expression approaches
the “traditional” mapping 7 = M(¢) = ¢/wo. Both M and M1
are shown in the inset to Fig. 2b. For Egs. —, the mapping
M(¢) is difficult to obtain analytically, but its inverse M~1(¢) is
given by:

¢ = M~L(t) = arctan (

2 cos (wot) + cos (2wot) (13)
25sin (wot) + sin (2wot) /’

which is rather good approximated by M™1(7) ~ 4wo7/3. That
is, T = M(¢) = ¢/w(, w) = 4wo/3.

Jones vector formalism

In deriving the equations for the Brunel harmonics response,
we used the Jones vector representation for the field harmonics
E(t) = 3, Ene” w0, The waveshape described in Egs. —
, can be easily translated into E,. For instance, a single-
color field with carrier (fundamental) frequency wo defined by
E; = Egcos (wot), Ey = —FEgsin (wot) (which corresponds to the
fundamental frequency component of the 2-color field) we can eas-
ily obtain using the Jones formalism as: Eq = Ey/2 - (1,—1/i),
E_1 = Ey/2-(1,1/i) where the first and second component of
the vector are its - and y- components, respectively. In the main
text of the manuscript, the insignificant pre-factor Eg/2 is removed
since only the polarization state matters.

TDSE simulations

The TDSE equation has the well-known form (we use atomic
units here and in the following subsection):

10 (r,t) = Hy(r,t), H= (p+ A(t)?/2+ V(r), (14)

where 9(r, t) is the wavefunction of the electron depending on space
r (with » = |r|) and time ¢, H is the electron’s Hamiltonian, with
p being the momentum operator, A(t) the vector potential of the
external (laser) field with the electric field strength E(t) = —0:A.
The simulation box size used for the integration in the two color
case (Fig.1) was 500 au. In this case, to ensure the numerical con-
vergence, simulations were repeated with both uniform and loga-
rithmic spatial grids. For the single color case, the photo-electron
spectrum (PES) in Fig. 2 was extracted by means of the iSURF
method [49] using projection to Volkov states. The box size was
taken to be up to 300 au in this case. The convergence of PES
was also tested by projecting to the Coulomb states, obtained in a
simulation with a box of 3000 au.

Reconstruction of harmonic response from the
TDSE simulations

The field E, resulting from the atomic response was calculated
as E, = gO0up = g0:j, where p = (¢|r|¢) is the atomic polar-
ization, |¢) is the electron wavefunction, j = 9:p is the current
assigned to p, and g is a constant depending on the position of the
observer, which we assume equal to unity for simplicity. Note that
this response contains not only Brunel but also all other nonlin-
earity mechanisms. For the results shown in Fig. the relevant
quantities (polarization direction, ellipticity) were averaged in the
range (0.75nwg, 1.25nwp) for the nth harmonic except for n = 0.
For n = 0 (Fig. 1), the average was made in the range (0, 0.25wp),
that is from zero to approx. 100 THz. In all cases, the average was
performed using weighting with the intensity distribution. Exam-
ples of the spectral dependencies for Oth harmonic are shown in the
Supplementary (Fig. 8).

The Drude-like model from R-matrix theory

In this section we derive the Drude-like model Eq. using
the framework of the analytic R-matrix approach [27, 43]. In
this approach, the electron wavefunction is written as: (r,t) =
2t.p TP Rpet®(®:tts) where Rp encodes the angular structure



of the initial state, ts is a (complex-valued) stationary time (see
below), and S = Sf + S¢, Sy = 1/2fttgim,2(p + A(t)2dt" —

Ip(ts — t), Sc = ftts_m_Q V(r(p,T,ts))dr, where k = y/2I, and
I, is the ionization potential of the atom. The ionization time ¢s
is inferred via the stationary phase approach from the equation
0t S = 0. ts is different from the ionization time ¢y in a short
range potential defined from 0y, Sy = 0, and hereupon we express
7 = Re(ts —to). According to [27], the value of T can be ob-
tained as a perturbation from the relation —70¢,¢,Sy = 0t,Sc.
The approach of [27] can be also seen in the following way: by ne-
glecting second and higher order derivatives of S¢ as well as third
and higher order derivatives of S, in the vicinity of to we obtain
S(p,t,ts) = Sf(p,t,to + 7) + C(t,p). That is, by changing vari-
ables t + 7 — t we transform (approximately) S — Sy + const(to).
Here, we extend this approach, by noting that there always exists
a (in general complex) function 7 (¢, p, to), that makes the mapping
mentioned above exact:

S(p,t,ts) = S¢(p,t,to + 7(t, P, to)) + C(t, p) (15)

for arbitrary tg. That is, introducing an effective delay 7 should
effectively map the Coulomb-driven dynamics after the exit of the
barrier to the dynamics without the Coulomb tail. Formally speak-
ing, this mapping is general enough to connect arbitrary functions
S and Sy which are analytic everywhere except at isolated points.
This leads us to the following expression for the free wavefunction

) = 3 (r|p) RpetSs (Ptborriopiol, - (16)
to,p

with R;.) = Rpeic(t’m. The physical meaning of 7 requires that
7(t,p,to) — 0 as t — to, since if we consider electrons directly
after the tunnel exit, they have not seen the Coulomb tail yet.
On the other hand, as the modulus of 7' = ¢t — tg becomes large,
7(t, p, t—T') should become independent of T’ (meaning that at large
times after the electrons were born they do not see the Coulomb tail
anymore). That is, 7(t, p,t —T') approaches some limiting function
7(t,p) at large |T'|. In this situation, the expression for free elec-
tron density p(t) can be most straightforwardly and transparently
derived assuming a constant C(t,p) ~= C and only time depen-
dent 7(t,p) ~ 7(t) at least for those p which contribute mostly to
Eq. (see below the discussion how these assumptions can be
relaxed). In this case we obtain:

p(t) = Copy(t —7(1)), (17)
where Cp = e 2MC and pg(t) is the free electron density in
a short range potential (that is, assuming C = 0, 7 = 0 in

Eq. ) Neglecting 9:7, we also obtain that the ionization rate
W (t) < dp/dt which obeys the same rule: W (t) = CoWy(t —7(t)),
and Wy(t) is the corresponding ionization rate for the short-range
potential. Note that, independently from the simple derivation
above, Eq. provides a general transformation to map the two
electron densities p(t) and py(t), except for pathological cases, if
p(t = —o0) = ps(t = —oo) = 0 holds. In this case, 7(t) can be
calculated directly from p(t) and py(t). That means, Eq. is
valid also beyond the simplifications used in the derivation above.
In that more general case, the expression relating the delay 7 in
Eq. and in Eq. will be more involved.

To complete the derivation of our Drude-like model, we take
into account that since the mapping Eq. has been applied,
we have to consider electrons propagating free from the action of
the Coulomb tail. Neglecting quantum interference effects in the
electronic wavepacket and the term responsible for the photon ab-
sorption [12] [I3} [I6], we can write the current J(¢) formed by free
electrons at large enough times t as a sum of “elementary currents”
from electrons born at particular times: J(t) = fiw 8J (¢, t)dt’,
with 6J (¢, t")dt’ = —noCoWs(t' — 7(t'))(A(t) — A(t') + vo(t')))dt!
represent the current from electrons born between ¢’ and t' + dt’
with initial velocity vop and atomic density ng. Differentiating this
expression and taking into account Eq. , we obtain:

% = no (p()E(t) — W(t)vo(t)). (18)

Using the relation dp ~ W (t)dt, this expression can be reformulated
as:

dJ < p(t)E(t)dt — vo(t)dp, (19)
which more explicitly underlines that, whereas the latter term is
responsible for the birth of new electrons with nonzero velocity,
the former one describes acceleration of already born electrons.
The harmonics which are typically referred to as “Brunel harmon-
ics” appear due to this former term in the situation when p(t) is
time-dependent, since if p is constant, the corresponding emission
contains no harmonics of the driving field. According to typical
analytical theories of tunneling (for instance [50]) vo =~ 0, thus
yielding the Drude-like model Eq.(3). We also checked that for
the low frequencies considered in the present article and the val-
ues of vg, obtained from the Wigner trajectory approach [26], [29],
the term containing v is also negligible. A figure showing relative
influence of these parameters can be found in the Supplementary.
The expression Eq. with vo = 0 is the one shown in the Intro-
duction.

From the expression for J above, one can also see that the
average propagation direction at large times is given by Joo =
— [CoWy(t — 7(t))A(t)dt. That is, the number of electrons dn,
born between times ¢ and ¢t + dt flying in the direction ¢ deter-
mined by A(t) is given by CoWy(t — 7(t))dt. At the same time
by the definition of P, the same number dn is given by P(¢)d¢.
Comparing these two expressions, we obtain:

CoWy(t — 7(t))dt/dp = W (t)dt/dp = P(9), (20)

which gives us Eq. (4)), taking into account the attoclock mapping
t(¢) = M(¢). In the other words: if we define a quantity We(t)
according to Eq. , Eq. shows us that W(t) defined above
is identical to We(t). That is, the effective ionization rate We(t)
obtained by mapping the angular electron spectrum into time with
M is equivalent to the ionization rate, we observe from the Brunel
harmonics, as given by the Drude-like model Eq. or Eq. .

As we see from the derivation above for low harmonics there is
a one-to-one correspondence between wavefunction shape and the
ionization rate, reflecting the effective attoclock delay 7. We see
also that the delay imaged by Brunel harmonics is the same as
the attoclock delay extracted from the electron distribution. This
attoclock delay is also in a close connection with the Wigner delay
— both are different (but closely related) measures of the group
delay of the electronic wavepacket at large times. As we have seen
here, if we consider 7 as a function of time rather than a single
number, this allows to track not only delay but also asymmetry in
ionization.

As a short outlook concluding this section, for higher Brunel
harmonics we can neglect neither vg in Eq. , nor T-dependence
in 7(t,p,t — T), thus making harmonics dependent on the electron
dynamics even closer to the core. This consideration is however
beyond the scope of this paper.

Details of reconstruction of W (t) and estimation of
errors for hydrogen and helium

For the reconstruction of the W; in Eq. , Fig. |2} Fig. we use
the following procedure: for known delay 7 (which we take from
[20]) and Wy we numerically find the values of Wa, Wy, d2, d4 such
that the measured value of r is achieved, and the center of mass
of the reconstructed distribution is located at 7. This procedure
involves numerical minimization, and gives us a unique solution
for the above parameters. The value of Wy was estimated from
the ionization rate at the minimum strength of our elliptical pump
field. The particular value of Wy does not influences significantly
the reconstructed dynamics. In particular, despite the analytical
formula gives the symmetric ionization rate, this does not influences
the asymmetry reconstructed using our procedure. We checked this
with different ionization models (tunnel, ADK, Yudin-Ivanov) and
obtained very similar results for the rest of W;.



Although the observation of the 3rd harmonic provides only lim-
ited information, it is already sufficient to reconstruct the ionization
dynamics with a fairly good level of precision. Indeed, we observe
from our reconstruction that |r| is quite small, namely |r| = 0.14 for
the Yukawa potential and |r| = 0.27 for the Coulomb potential. It
is reasonable to expect, that the next term in the expansion of the
ionization rate is of the order of |r|? which gives us 7% uncertainty
from the unknown contribution Wy for the Coulomb potential and
2% for the Yukawa one. This determined error bars along y-axis
shown in Fig. Zk. Besides, the uncertainty in d¢ can lead to shifts
along the time axis, which was taken into account by adding error
bars corresponding to deviations along that axis with the amplitude
equal to |r|2.

In Fig. @the reconstruction of ionization dynamics in helium was
influenced by the impact of bound-bound transitions (described in
the text), errors to the experimental reconstruction were estimated
using analytic signal approach discussed in Supplementary Infor-
mation. In Fig. [B] the pulse energy measured in the experiment
can not be directly converted to the peak intensity because of the
strong influence of defocusing. We used rescaling delivered by com-
putation of nonlinear unidirectional pulse propagation equation for
140 pJ, giving the peak intensity of 1000 TW /cm? and the waist ra-
dius 5.8 pm. Still, we note that nonlinear propagation effects in the
pump introduce certain uncertainty. To take this into account, we
introduced intensity error bars of 10%. The details of the numer-
ical simulations can be found in the Supplementary Information.
This energy-to-intensity rescaling was used for the whole intensity
range.
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