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Lack of local controllability for a water-tank system when
the time is not large enough

Jean-Michel Coron * Armand Koenig' Hoai-Minh Nguyen *

February 25, 2022

Abstract

‘We consider the small-time local controllability property of a water tank modeled by 1D Saint-
Venant equations, where the control is the acceleration of the tank. It is known from the work of
Dubois et al. that the linearized system is not controllable. Moreover, concerning the linearized
system, they showed that a traveling time T* is necessary to bring the tank from one position to
another for which the water is still at the beginning and at the end. Concerning the nonlinear
system, Coron showed that local controllability around equilibrium states holds for a time large
enough. In this paper, we show that for the local controllability of the nonlinear system around the
equilibrium states, the necessary time is at least 2T* even for the tank being still at the beginning
and at the end. The key point of the proof is a coercivity property for the quadratic approximation
of the water-tank system.

1 Introduction

1.1 Statement of the main result

We consider a water tank problem with a length L > 0 in the time interval (0, T) modeled by the
following 1D Saint-Venant system (see fig. 1):

0,H+ 90, (LH) =0 for (t,x) € (0,T) x (0, L),
3,0 + 0, (gH + ";) — —u(t) for(t,x) € (0,T)x (0,L), 1)
uv(t,0) =uv(t,L) =0 fort € (0, T),
and
D(t) = u(t) for t € (0, T). 2)

Here H denotes the height of the water, v is the horizontal velocity field of the water, u is the accelera-
tion that is imposed on the tank, D is the position of the tank, g is the gravity. Given H,q > 0, one can
easily check that (H,g, 0) is a solution of (1) and thus is an equilibrium of (1).

In this article, we are interested in the local controllability of this system (see, e.g., [12, Section
1] for a definition). Our main result is the following theorem, concerning the local controllability
property around an equilibrium (H,g, 0) of (1).
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Figure 1: Water tank problem

Theorem 1. LetL >0, T >0, g > 0, and Heq > 0. Set

T, = —L 3)
Hqu

Assume that T € (T,,2T,). There exists n > 0 such that for every u € C°([0, T]) with u(0) = 0 and

l[ull cogo,y) < 1» if the solution (H,v) € [C*([0, T]X]0, L])]2 of the water-tank system (1) with the initial
data

H(0,x) = H,, and v(0,x) =0in(0,L), 4)
satisfies
H(T,x)=Hy, and u(T,x)=0in(0,L), 5)
and the solution D of (2) satisfies
D(T) = D(0) = 0, ©)
then
u=0in(0,T). 7

Conditions (4) and (5) reads “u steers the water-tank system from (Heg, 0) to (Heq,0) at time 77,
while condition (6)! reads “the water-tank ends with the same speed as the one it started with”. As a
consequence of Theorem 1, the water-tank system is not locally controllable around (Hy, 0) for time
smaller than 27, (with controls small in C°([0, T])).

Remark 2. 1. The regularity required for the control u is C° might be somehow unexpected.
Standard well-posedness theorems would assume the source term u (small) in C*. The specific
form of the source term (u(t) instead of u(t, x)) is used for this point.

q°

2. The time T, is the time needed for waves of the linearized equation to travel from one end of
the tank to the other end, as observed in [19].

3. The water-tank system (1) is a hyperbolic system. As such, there is a finite speed of propagation,
and it is no surprise local-controllability fails in small time (see remark 22). The interest of this
theorem is that the local controllability fails even for times larger than what the finite speed of
propagation would suggest.

Open question 3. Is the system (1) and (2) locally controllable for any time T greater than 2T,?

Which is equivalent to fOT u(s)ds = 0.



The controllability of the water-tank system was initially considered by Dubois, Petit and Rou-
chon [19] where the linearized system was considered. In particular, they proved for the linearized
system that, given T > T,, there exists a control that steers an equilibrium (H,,, 0) back to itself while
moving the water-tank.

Concerning the nonlinear system, the local-controllability was investigated by Coron [12] using
the return method. More precisely, Coron proved that local controllability around equilibrium states
(Heg, 0) for (H, v) starting with (D(0), D(0)) near (s, Dy) and ending with (D(T), D(T)) near (so, Do +
Tsg) for a time T large enough. In particular, the local controllability around (Hg, 0) (for (H, v)) and
(0,0) (for (D, D)) holds for a large enough time.

Theorem 1 reveals new properties for the local controllability of the nonlinear water tank problem.
First, Theorem 1 reveals that for T, < T < 2T,, contrary to the linearized system, one cannot steer an
equilibrium H(0, x) = Heq, v(0, x) = 0 back to itself if the water-tank ends with the same speed as
the one it started with (except for the trivial trajectory where u = 0). Theorem 1 also points out that
the local controllability around (Heg, 0) (for (H, v)) and (0, 0) (for (D, D)) holds but with at time larger
than or equal to 2T*.

The optimal time for the boundary controllability of hyperbolic systems have been studied ex-
tensively, see [18, 16, 17], where the controls are on one side. This is different from the water tank
problem which can seen as a boundary control problem where the controls are given on two sides,
see (34) and (35). Moreover, the controls for the water tank problem the controls are required to be
the same on both side, see (35). This rigidity condition yields new phenomena and obstructions that
require new ingredients to describe.

q°

q°

q°

1.2 The main ideas of the proof and the organization of the paper

Using standard scaling arguments (see for instance [12, Section 2]), namely setting

1 L
H*(t,x) := H(—t,Lx);

Heq \\/Heg

eq
v¥(t, x) = ! H( L t,Lx),
g

H, \/Hqu

eq
we may assume that L = 1, g = 1, and H,q = 1 and this will be assumed from now on. Note that in
this case, T, defined in theorem 1is T, = 1.

The proof has its root in the power series expansion method, see, e.g., [14] and [11, Chapter 8]: since
the linearized system does not give enough information to conclude about the local-controllability
of (1), the second-order approximation is required. Indeed, the linearized system of (1) around the
equilibrium (1, 0) is

oihy +0,0; =0 for (t,x) € (0, T) x (0,1),
o;v; + 0, hy = —u(t) for(t,x) € (0,T) % (0,1), ®)
0v(t,0)=0v,(t,L)=0 fort e (0,7).

Simple computations prove that if 4,(0,x) = 0 and v;(0, x) = 0, then h,(t,1 — x) = —hy(t, x) and
U1(t,1 — x) = vy(t, x) whatever u is. Thus, the linearized system is not controllable. As usual, the
second order approximation system is given as follows

9;hy + 9xv, = —0x(hyvy)  for (¢, x) € (0, T) X (0, 1),
2

8,0, + Ok, = —0, (“7) for (£, x) € (0, T) X (0, 1), ©)
0,(t,0) = Vy(t, L) =0 fort € (0, T).



The main idea is to prove that if a control steers the linearized system from 0 to 0, this second order
always lies in some half-space, at least when T < 2T*. More precisely, for T* < T < 2T*, we prove
that for well-chosen functions ¢, ¥, there exists ¢ > 0 such that for every control u that steers the
linearized system from 0 to 0 and such that fOT u(s)ds = 0, with

t
U(t) :=f u(s)ds, (10)
0

we have
(hy(T, ), ¢) + (Uu(T, ), P) = c||U|32, 11)

This means that the quadratic approximation of the water-tank system cannot be steered into the

half-space {(h,v) € I?(0,1)? (h,¢) + (v,3) < 0}. The rest of the proof consists in estimating the

difference between the quadratic approximation and the nonlinear system in an appropriate way so

that one can reach the optimal control space: smallness of the control being required in C°([0, T1).
The paper is organized as follows:

1. in section 2, we characterize the controls that steers the linearized system from 0 to 0;

2. insection 3, we analyse the second-order term, and prove that it enjoys a “conditional H~!-coercivity”
property,

3. in section 4, we study the nonlinear system, and in particular we prove that the error between
the nonlinear solution and the second-order approximation cannot counter the positivity of the
second-order term.

1.3 Bibliographical comments

Our proof relies on the positivity of a scalar product of the quadratic approximation of the water-tank
system (1). This kind of phenomenon was the heart of several lack of small time local controlla-
bility results for systems modeled by partial differential equations. Concerning examples in finite
dimensional system, we refer to Beauchard and Marbach’s paper [5], and the references therein.

The quadratic obstructions for small-time local controllability was previously observed for the
Schrodinger equation with bilinear control [ 13, 7, 10], the viscous Burgers equation [ 22], nonlinear heat
equations [6] and a KdV system [15] where the speed of the propagation is infinite. All these results
share the same core idea: the scalar product of the second-order approximation with appropriate test
functions enjoys a coercivity property. Let us detail a little each of these cases.

For the Schrodinger equation with bilinear control, the existing results relies heavily on explicit
computation using the eigenfunctions and eigenvalues of the operator —32. Note that in Coron’s
result [13] as well as Beauchard and Morancey’s result [ 7], the equivalent of our coercivity estimate (11)
also has || Ulli2 in the right-hand side, leading to a lack of small-time local controllability with controls
small in L*-norm. Bournissou [10] also has a similar coercivity estimate, with the nth iterated integral
of the control instead of U, where n depends on the structure of the potential. This leads to a lack of
small-time local controllability with controls small either in W~=1% (when n = 1) or H*"~3 (when
n>2).

Marbach [22] considered a viscous Burgers equation with control u(t) as a source term. The main
difficulty is the fact that the kernel of the quadratic approximation does not seem to be explicitly
computable in a usable form. To tackle the problem, he rescaled the equation in time to transform the
“small-time” aspect of the problem into a small-viscosity problem. This allows him to compute an
asymptotic expansion of the kernel of the quadratic approximation of the viscous Burgers equation in
low viscosity limit. Using this, Marbach succeeds in disproving the small-time local controllability



with controls small in I?-norm. A striking feature of this result is the equivalent of our coercivity
estimate (11) has the H=54-norm of the control in the right-hand side, a noninteger Sobolev norm.

Beauchard and Marbach [6] considered a class of nonlinear heat equation. They exhibit a range of
phenomena. For instance, for some nonlinearities, they prove a coercivity estimate with the H-norm
of the control for some s > 0 that depends on the nonlinearity and that can be fractional. Also, for
other nonlinearities, the quadratic term can actually help recover the small-time local controllability.
This is the first example in which the quadratic term gives the local controllability result.

Concerning the KdV equations [15], we proved that the KdV equation with Dirichlet boundary
conditions and Neumann boundary control on the right is not small-time locally controllable with
controls small in H! for some critical lengths, introduced previously by Rosier [25]. This fact is
surprising when compared with known results on internal controls for the corresponding KdV system
for which the small time result holds (see e.g. [23]). One of the main difficulties was to characterize
the controls that steers the linearized equation from 0 to 0. The analysis is based on a complete
characterization of controls which bring 0 to 0 for the linearized system that involves the Paley-Wiener
Theorem. The equivalent of the coercivity estimate (11) has the H =2/3_norm of the control in the
right-hand side.

The result of this paper compares to the previous one in the following aspects:

« The control is internal, as was the case for the bilinear Schrédinger equation and the viscous
Burgers equation, and unlike the KdV equation (where the control was at the boundary).

« Even if the computations are lengthy, we are able to compute the kernel of the second-order
approximation in a very simple closed-form expression, which was more or less the case of the
bilinear Schrodinger equation, but was not the case for the viscous Burgers equation and the
KdV equation, where only an asymptotic expansion of the kernel was computed in closed form.

« We are able to disprove the small-time local controllability with controls small in CO, which is
the natural space for the known well-posedness results. This is different from some bilinear
Schrodinger equations, some nonlinear heat equations, and the KdV equation, where the
existing results require the control quite regular. It is worth noting that less regular controls can
change the situation. This is done by Bournissou [9] where the cubic terms surprisingly help
recover the local controllability even in the case where the quadratic term gives the obstruction
if regular controls are used.

Finally, we note that even with infinite speed of propagation in the linear setting, there might not
be small-time controllability when there is a concentration of eigenfunction [4, 3, 20] or when there
is condensation of eigenvalues or eigenfunctions [1, 8] and references therein.

2 Preliminary properties of the linearized system

As explained in section 1.2, without loss of generality, we may assume thatg = 1and L = Heq = 1.
Then the linearization of the system (1) around the equilibrium (Heq,0) = (1,0) is given by the
system (8).

This system can be rewritten as 6,F + AF = U(t) with F = (hy,v;) € (I?)?, U(t) = (0, —u(t))
and A is the unbounded operator on H = (I?)? with domain D(A) := H! x H} and defined by
A(h,v) = (0,v,0,h). One can prove this system is well-posed thanks, e.g., to Lummer-Philips’
theorem [24, Theorem 4.3].



2.1 Periodic change of variables

From now on, we denote
T := R/2Z. (12)

It is convenient to introduce the following periodic change of variables.
Definition 4. Given F = (h,v) € [[?(0,1)]?, define €F € I*(T) by

h(x) + v(x) for0<x<1,

CF(x) = { h(=x) —v(=x) for—1<x<0. a3

This change of variables transforms the linearized water-tank system into a transport equation
with periodic boundary conditions:
Proposition 5. Let (H,v) € CY([0, T] % [0,1])° such that v(t,0) = v(t,1) = 0 and denote

&(t, ) = C(H(L, ), u(t, ).

Then

« ¢iscontinuous in [0, T] X Tand is Ct in [0, T] x (T \ {0,1});

« Ifin addition U € L®([0, T] x [0, 1])? and

0;(H,v)(t,x) + A(H,v)(t,x) = U(t, x) for (t,x) € [0, T] X [0, 1], (14)

then
0,8(t,x) + 9,¢(t,x) = CU(t,x) foreveryt > 0and x € T \ {0,1}. (15)

Proof. The fact that ¢ = G(H,v)is C'in [0, T] x (T \ {0, 1}) is a direct consequence of the definition
of €. The continuity at x = 0 and x = 1 results from the boundary conditions v(¢,0) = v(t,1) = 0.
The second point results from elementary computations. O

Remark 6. We can check that € is an isometry (up to a factor 2) from I?(0,1)? to I*(T), and that if
F = (H,v) € CY([0,1])? with v(0) = v(1) = 0, then ||C F|lre < 2||F|c1.
Using the characteristic method, one can obtain the following formula for the solution of (15).

Lemma 7. Let w € I2((0,T) X T). The solution ¢ of 3,£(t, x) + 3,¢(t, x) = w(t, x), £(0,x) = 0 is

t
¢(t,x) :f w(s,x +s—t)ds.
0

The linearized system (8) with zero initial conditions can be rewritten in §;(u, t, x) = C(hy, vy )(t, X)
variable as

(G + 06 (u, £, x) = u()6(x),  §(u,0,-) =0, (16)

where 0 is a “square wave” function that is 2-periodic defined by

|1 on (—1,0),
O(x) = { -1 on(0,1). a7
By Lemma 7, we have
t
Gu,t,x) = f u(s)o(x + s — t)ds. (18)
0

We will sometimes denote this ¢;(u, t, x) by §;(¢, x), leaving the fact that it depends on u implicit. We
will use similar notations for every quantities that depends on the control.

Remark 8. We remark that 6(x + 1) = —6(x), thus, {;(t,x + 1) = ={, (¢, x).



2.2 Control of the linearized system

We next discuss control properties for the linearized systems. We give a controllability result when
the target is 1-antiperiodic and we characterize the controls that steers 0 to 0. We begin with

Lemma9. Let T > 1. For any ¢y € HY(T) that is 1-anti-periodic (i.e., {p(x + 1) = —¢p(x)), there
exists a control u € I?(0, T) such that the solution ¢ of the linear equation (16) with initial condition
0 satisfies {(T,-) = {r. Moreover, this control u can be chosen such that fOT u(t)dt = 0 and, if we set
U(t) = fot u(s) ds, such that

1Ullz2c0,1) < CliS7ll2cmy
for some C independent of ¢r.

Proof. We construct the control using the so-called flatness method. The main point, inspired by
Dubois, Petit, and Rouchon [19, Section 3.4], is that if ¢ : R — R is in H'(R), then the function
¢: RXT — Rdefined by

1 1 1 .
2qo<t—x+§)—cp(t+§)—§o<t—§) fo<x<1

§(t,x) = 1 1 1
“2p(t-x-3)+o(t+3)+e(t-3) if-1<x<0

2 2 2
satisfies (3; + 9,)¢(t, x) = u(t)6(x) with u(t) := —¢'(t + 1/2) — ¢'(t — 1/2). We aim to construct a
function ¢ such that the trajectory associated by this formula goes from 0 at time 0 to {7 at time T.

To construct ¢, for T —1/2 < x < T + 1/2, we set ¢(x) := {p(T — x + 1/2), and we extend this as a
function in H!(R), which is still denoted by ¢ such that ¢ = 0 in (—o0,1/2].

The first condition ensures that for 0 < x < 1, the corresponding trajectory ¢ satisfies {(T, x) =
¢r(x). Since {7 is 1-antiperiodic, we also have {(T, x) = {7(x) for —1 < x < 0. The fact that ¢ is zero
on [—1/2,1/2] ensures that £(0,-) = 0.

The corresponding control is u(t) = —¢'(t + 1/2) — ¢’(t — 1/2). Thus,

T
1 1 1 1
fo utdt=-¢(3)-p(~3) +o(r+3)+o(r-3)
= —0—=0+¢r(1) + ¢{r(0).
Since ¢ is assumed to be 1-antiperiodic, we do have fOT u(t)dt = 0.

The last thing we have to prove is the estimate. We have U(t) = fot u(s)ds = —p(t+1/2)—p(t—1/2),
thus, [|U]lz20,1) < 2ll9llz2(-1/2,7+1/2) < ClI7llL2- U

We now study the controls that steer 0 to 0. We only prove the sufficiency of the following condition,
which is all we need, but we could also prove that it is also necessary.

Proposition10. Let T € (1,2) and letu € I*(0, T) such that the solution & (u, -, -) of (3,—3, )¢, (u, £, x) =
u()6(x), & (u,0,-) = 0 satisfies §(u, T, -) = 0. Then

u(t)=0fort € (T —1,1) and u(t+1)=u(t)fort €0, T—1). (19)

T-1
/ u(s)ds = 0.
0

If in addition fOT u(s)ds = 0, then



Remark 11. One control that moves the water tank (with the tank ending with the same speed it
started with) in time T = 1 is u(t) = §,(¢t) + 6;(¢). In some sense, all controls that steer 0 to 0 are a
regularization of this “optimal time” control.

Proof. For notational ease, we will denote in this proof ¢;(u, t, x) by {;(¢, x). We also extend u in R by
zero outside (0, T) and still denote this extension by u. By Lemma 7, we have

t
G(tx) = f W)k + 1 — 5)ds.
0

Differentiating in x, we have formally (we let the careful reader recast this argument rigorously)
T
0,6(T,x) = f 9,0(x + T — s)u(s)ds
0

T
_ / (=261 7 mot 2 & 25 7—s 1 mod Ju(S) ds
0

=2 > (—u(x + T + 2k) + u(x + T + 2k + 1)).
kez

It follows that, for x = T — t with t € (0, 1),

0 Gi(T, T — 1) = Y (—2u(t + 2k) + 2u(t + 2k + 1)).
kez

Since 0 < t < 1 and supp(u) C [0, T] C [0, 2], the only terms that might be non zero are u(t) and
u(t + 1). Thus
0,6 (T, T —t) = —2u(t) + 2u(t + 1). (20)

IfT—1<t<1,u(t+1)=0.Thus, 6,§(T,t — T) = —2u(t). Since we assumed that {;(T, x) = 0,
this proves the first point.
Ifo<t<T-1,since & (T, x) = 0, Eq. (20) implies that u(t) = u(t + 1). Thus,

T T-1 T T-1
0= f u(s)ds = f u(s)ds + f u(s)ds =2 f u(s) ds. O
0 0 1 0

3 Second-order approximation for the linearized system

3.1 Periodic change of variables

In this section, we deal with the second order approximation system given by (9). Set

¢ = C(hy,vy) (21)

Then
(0 + )% (u, £, X) = wy(u, t, x) = — C(3y(hyvy), 0 (v]/2)). (22)

Again, we will leave the fact that &, wy, etc., depend on u implicit. We want to write w; as a function
of ;. First, using the definition of C,

(t.%) = —0y(hyuy + V2/2)(t,x)  for0O<x<1
WL X) =0 5, (v, — v3/2)(t, —x) for —1 < x <O0.



We compute w; in term of ¢;. We have
1
hy(t,x) = E(gl(t, x) + §i(t, —x))

0i(6,%) = 3((6%) - 46 —)
So,

By, = Z((6%) - (6, —)

S0 = 5660 - 660,

thus,
Byoy(6,) + 3036 3) = SGE(E %) — 266068 —x) — Gt —0)

Baoa(t,%) = S03(%) = £ 3) + 266 DG =) — 3, —))

Finally, denoting r; (¢, x) = (3¢2(t, x) — 2¢&,(t, x)& (¢, —x) — ¢2(t, —x))/8, we write this as
hyu (8, x) + %v%(t, x) = K(t,x)
hyu(t, x) — %v%(t, x) = =i (t,—x).

Finally, the right-hand side of (22) is

—0,h(t,x) for0<x<1
—0,h(t,x) for—-1<x<0.

w(t,x) = {

These computations are not specific to the case of the right-hand side of the second-order equa-
tion (22), but are valid whenever w = — €(d,(hv), 3,(v¥2)) and ¢ = C(h, v).
We summarize these computations in the next lemma.

Lemma 12. Let Q the quadratic form on R? defined by Q(a, b) = (3a® — 2ab — b?)/8. Let ¢ = C(h,v)
for some (h,v) € H'(0,1) x H}(0,1). Set

w(x) = (=0, (hv), =0,(v?*/2)) and  r(x) = Q({(x), {(~x)).

Then
w(x) = —0,r(x).

In case {(x) = §(u, t, x), we will denote accordingly w(x) by w,(u, t, x) and r(x) by r,(u, t, x).

Remark 13. We recall that ¢;(¢t, x + 1) = =, (¢, x), so that (¢, x + 1) = (¢, x). So, wy, as well as &, is
1-periodic in x.
3.2 Kernel for ¢,

In this section, we express ¢, (or more precisely scalar products of ¢,) via a kernel that we compute
explicitly. For a,b € R, we denote

aVb:=max{a,b} and aAb:=min{a,b}. (23)

We begin with



Lemma 14. Let ¢ be a 1-periodic C* function. Let q be the bilinear symmetric form on R? associated
to the quadratic form Q defined in lemma 12, i.e., q(a,b,a’,b") = (3aa’ — ab’ — a’b — bb")/8. Define
K; =K,(¢) by

Ki(s1,82) = f ¢'(ty +t =51V 5,)q(0(t; — |5, = 511), 6(t, — |55 — s11), 6(t1), 6(¢,)) dty diy, (24)
Q

where Q = {2(s; Vs, —t) < t; +t, < 0,0 < t; — t, < 2}. Letu € I*(0,T) and let &(u,-,-) be the
second-order correction for the water-tank system, i.e., the solution of (8; + 9,)(u, t, x) = w;(u, t, x),
&(u,0,-) = 0 (where wy was defined in lemma 12). Then,

Gt ). Bz = f K51, sp)ulsyusy) sy dss.

[0.¢]2

Proof. As usual, we will denote &,(u, t, x) by &(t, x), leaving the fact that it depends on u implicit.

This is a mostly straightforward computations using the characteristics formula. Since ¢, satisfies
the equation (6; + 9,),(¢, x) = w; (¢, x) with ¢,(0, -) = 0, then we have according to the characteristics
formula:

t
gz(t,x)=f wyi(s,s+x—t)ds.
0

Since w; (s, x) = —0,K (s, X), integrating by parts, we have

G Doy = — f

P(x)o,n(s,x+s—t)dxds = f ¢’ (x)n(s,x +s—t)dxds.
Tx[0,t]

Tx[0,t]

Since the integrand is 1-periodic (# is according to remark 13, and we assumed that ¢ is 1-periodic),
we rewrite this as
G Ppm=2 [ FonGxts—nixds 25)
[0,1]x[0,¢]

Recall that if Q is a quadratic form on C? and q is its associated billinear form, Fubini’s theo-
rem implies that for any compact subset X of R” and f : X — C? measurable bounded, we have

QU f(s)ds) = [y, q(f(s1), f(s2)) dsy ds,. Then, using the fact that r; (s, x) = Q(£1(s, x), {1 (s, —x)) and
Gi(8,x) = f5 u(s)6(x + 5’ — 5)ds’, we get

r(s,x) = fq(u(sl)e(x + 81— 5),u(s1)0(—x + 57 — 5), u(s,)0(x + s, — 5), u(s,)0(—x + 5, — 5)) ds; ds,
[0.5]?

= fu(sl)u(sz)q(e(x +5;—5),0(—x + 51 —5),0(x + 5, — 5),0(—x + 5, — 5)) ds; ds,.
[0,5]*

Plugging this into equation (25), we get that the formula ({,(t, -), ¢) = f[o, o2 K (81,85 u(sy)u(s,) ds; ds,
holds with

K;(s1,8,) =2 /]lsl,sﬁsqﬁ’(x)q(@(x +5;—1),0(—x+s8;—25+1),0(x+5,—1),0(—x + 5, — 25+ t))dxds
[0,1]x[0,¢]

=2 [¢'(x)qO(x + 8, —1),0(—x+ 57 —25+1),0(x + 8, —1),0(—x + s, — 25 + t))dx ds.
[O,I]X[SIVSZ,I’]

Since the integrand is 1-periodic in x, the change of variables x’ = x + s — ¢ gives

Ki(s1,8) =2 | ¢ (x — s+ )q(6(x + 51 — 5),0(—x + 51 — 5), 0(x + 5, — 5),6(—x + 5, — 5)) dx ds.
[O,I]X[SIVSZ,[]

10



We see from this expression and the symmetry of q that K;(s;,8,) = K;(s5, ;). So, to simplify the
notation, we assume that s, = s, V 5, and s; = 57 A 5,. Then, the change of variables t; = x + s, — 5,

t, = —x + 5, — s, that satisfies dx ds = % dt;dt, and x — s+t = t; — s, + t proves

Ki(s1,8;) = / @'(ty — s5 + 1)q(0(t; + 51 — 55), 0(t, + 51 — 8,), 6(t1), 6(t2)) dty diy,
Q

where Q is the image of [0, 1] X [s5, t]. Since x = (t; —t,)/2and s, —s = (t; +£,)/2, Q ={0 < t; — 1, <
2,2(s, — t) < t; + t, < 0}. Since we switched s, and s, so that s, = s; V s, and 5, = §7 A S,, this proves
the lemma. 0

Proposition 15. Let ¢ be a C! 1-periodic function and t € (0,2). The kernel K, defined in lemma 14
is symmetric and for every 0 < s;,8, < t such that 1 < s, — 51, we have K;(s;,8,) = —K;(s; + 1,55).
Moreover, for 0 < 51 < s, < tand s, — s; < 1, we have

0

(s + 1t —s55)ds + 2(t — $5)P(t — 55) — 4(t — $,)P(t — 1)
—2t+25;
if2t—1<s;+s, <2t
2=2t+53+5;
P(s+t—8,)ds+ (=1 + 4t — 35, — 81)Pp(t — 55) — (1 + 2t — 35, + s7)P(t — 87)
S2—S871
if2t—2<s1+5,<2t—1
2K(s1,82) = 1 0 / e
s+t —sy)ds+ (1 + 2t —28,)p(t — 55) — (—1 + 4t — 4s,)P(t — 57)
2-2t+2s,
l'th—3<S1+Sz<2t—2
4-2t+5+51
s+t —sy)ds+ (=2 + 4t — 35, — s7)P(t — 55) — (2 + 2t — 38, + 57)P(t — 57)
$2—51
\ if2t—4<s +5,<2t-3

(26)

Proof. First, we see from the expression of K, given in lemma 14 (or from its proof) that K,(s;, s,) =
K;(s5,51). Moreover, if 0 < 5; < s, —1 < 5, < t, we see that setting s] = s; + 1, s5, = s,, we have
51Vs, = 87 Vs, and that the integration set in formula (24) is the same for K;(s;, s,) and K,(s7, s3). Then,
using the fact that 6(x + 1) = —6(x) and the bilinearity of q, we get that K,(s; + 1,8,) = —K;(s1, $5)-
Thus, we only need to compute K;(s;,s,) when 0 < s, — 57 < 1.

Since 6(x) only take the value 1 and —1 the term q(6(t; — s, + 51), 6(t; — S5 + 81), 6(t1), 6(¢,)) only
take a finite number of values. To simplify notations, we set o = |s, — 51|, 7=t — s, and

ag(ty, ) = q(6(ty — 0),0(t, — 0),6(ty), 6(t)).

The proof then consists in identifying which values «, takes and on which subsets of Q. Then, we
integrate [ ¢'(t; + 7) on these sets and sum everything with the right coefficient.

We remark that if a,b,a’, b’ are equal to *1, then g(a, b,a’,b") is equal to 0 or +1/2. Indeed,
q(1,1,1,1) = 0, g(1,-1,1,1) = 1/2, q(1,-1,1,—-1) = 1/2 and we get the other values using the
bilinearity and the symmetry of q.

Remark that a; can only change value when ¢, or t, crosses the values 1k or o + 1k for some k € Z.
We represent this in fig. 2.

We remark that the set where a; = 1/2 is the intersection of three rectangles and Q:

Qn[-2+0,-1]x[-3+0,2]luQn[-1+0,0]X[-2,-1+0c]uQn]o,1] x[-1,0],
Qq Q2 Q13

11



t
htt=0 My, =0 Ko o1y B(t,—o0)

—|2 —2+0 —:Il —l-iI-O' (IJ' 1 t
l 1
h—t=2 1
“1+0
-1 21
t+1t, =271
-1
—2+4+0
=2 1
1
—3+0
-1
- -1
1 - 1 1 1 6ty
- -1 6t — o)

Figure 2: In light blue, the potential threshold for ¢; and t, where &, might change value. On the right, the values of
6(t, — o) and 6(t,). At the bottom, the values of 8(t; — o) and 6(t1). The diagonally placed rectangle is Q. Inside Q,
we write what is the value of 2a(t1,t5).

while the set where o, = —1/2 is the intersection of three rectangles and Q:

Qn[-2,-2+0]x[-3,—2+0]uQn[-1,-1+0]|X[-3+0,-1]luQnN[0,0] X [-2+ 7,0].
Q_11 Q_1p Q-13

In other word, with the notations above,

[ L[
Kt(sl,SZ) = 5 ¢ (tl + T) dtl dtz - = f¢ (tl + T) dtl dtz.
Q

2
Q11UQ1,UQ 3 _11UQ_15UQ_ 3

Using Green’s theorem, we get

3 3
K(s1,8,) = % Z¢ ¢t +7)dt, — %ng ¢(t; + 1) dty.
f) 0Q

i=1 Qli i=1 —1i

The only thing left to do is identify the different cases where the Q; ; are empty, triangles, some other
4-polygon or 5-polygon and compute each of these integrals.

We detail one case, and give the result for the other with just a figure as explanation.
Step 1: Case 2t — 1 < s; + s, < 2t (fig. 3). In this case, the domains Q; ; look like the one of fig. 3. We
have:

2K(81,85) = / P(s+1)ds — / ¢(s + 1) ds + 21¢(t) — 2tp(0 + 1)
0 0

“Vertical” part of [, 3

“Diagonal” part of 3 -

12



Lh+t=0 tp—t, =0

51

th—t,=2

t+1t, =21

Figure 4: The equivalent of fig. 2when s; + s, <2t —1 < 2s7 + 1.

—27+1 1
—/ ¢(s+r)ds+/ P(s+ 1)ds —2t¢p(c + 1)

“Vertical” part of [ a5

“Diagonal” part of . E

1
= / #(s + 1) ds + 27¢(7) — 4t¢(0 + 7)

2741

0
= / (s + 1 —55)ds + 2(t — 5)P(t — 55) — 4(t — 5)P(t — 57)

2425,
Step 2: Case s; + 5, < 2t — 1 < 251 + 1 (fig. 4).

2-2t+S5,+5,
2K, (81, 8,) = f P(s—s; +t)ds+ (4t —1—3s, — 5)P(t — 55) — (1 + 2t — 35, + 57)P(t — 87).
$2—51

Step 3: Case 2s; < 2t —2 < 81 + 5, (fig. 5).
S2—S81

2K (51,8;) = —f P(s—s,+t)ds+ (4t — 1 —3s, — 57)P(t — 5,) — (1 + 2t — 35, + 57)P(t — 57).
2=2t+53+5
Step 4: Case s; + S, < 2t — 2 < 25, (fig. 6).

2-2t42s,
2K (81, 8,) = —f s+t —sy)ds+ (1 + 2t —28,)P(t — 55) — (—1 + 4t — 4s,)P(t — 57).
0

13



Figure 5: The equivalent of fig. 2 when 257 < 2t — 2 < 87 + 55.

Figure 6: The equivalent of fig. 2 when s; + 5, < 2t — 2 < 25,.
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ty+t, =27

t,==21+1
t,==-2t+1-0

ty=-2T1+2

Figure 7: The equivalent of fig. 2 when 25, —1 < 2t =3 < §7 + 5.

Step 5: Case 2s, — 1 < 2t — 3 < 51 + 5, (fig. 7).

0
2K(81,85) = / P(s— sy +t)ds+ (1 + 2t — 285,)p(t — s5) — (=1 + 4t — 45,)P(t — 57).
2-2t42s;

3
Step 6: Case s; + 5, < 2t —3 < 257 + 1 (fig. 8).
4—-2t+52+51
2K,(s1,8) = | Pp(s+t—5,)ds+ (=2 + 4t — 38, — 57)P(t — 85) — (2 + 2t — 355 + 57)P(t — 57).
S2—51

Step 7: Case 2s; < 2t — 4 < 51 + 5, (fig. 9).

4-2t+5,+51
2Ki(51,8) = | p(s+t—sy)ds+ (=2 +4t —38, —s51)P(t —s,) —(2+2t —3s, + s))p(t —s7). O

$2—51

When the control u steers the linearized equation (8) from 0 to 0, we can prove that this kernel
acts as another, simpler one.

Proposition 16. Let T € (1,2). Let ¢ € C(T) that is 1-periodic. We define the reduced kernel
K¥d: [0,T—1]2 —» Rby

KE(sy,85) = %(1 — |82 = 511) ((T — 51 V 55) — ¢(T — 51 A 55)).

Let u € I?(0, T) that steers the linearized equation (16) from 0 to 0 (i.e., &;(u, T,-) = 0). Let &,(u, -, -)
be the second-order correction for the water-tank system, i.e., the solution of (22). Then,

G T, ). Py = / K45y, 5o )usyJu(sy) sy ds. 27)
[0,7-1]?

The two important points of this formula, is that the expression of the reduced kernel is simpler,
and that we integrate on [0, T — 1]? instead of [0, T]?.
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ty+ 1t =21

thh=-2t1+2-0
t,==2t+1
tb==2t+1-0

Figure 8: The equivalent of fig. 2 when s; + s, <2t —3 <2s7 + 1.

153

31

Figure 9: The equivalent of fig. 2 when 257 < 2t — 4 < 51 + $;.
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Proof. Step 1: Expression of K&¢ as a function of Ky. According to proposition 10, we have for every

T —1<s<1,u(s) =0and u(s + 1) = u(s). Thus, according the proposition 15 we have

&(T, ), ¢) = fKT(Sl’ sp)u(syu(sy) dsy ds,

[0,T]?

= /(KT(sl, S5) + Kr(1 + 81,8,) + Kp(s1,1 +55) + Kp(1 + 51,1 + sz)) u(spu(s,) ds; ds,.
[0,7-1]?

Thus, equation (27) holds with K%¥4(sy, s,) = K(s1, 85) +K (1451, $5)+Kp(s1, 1+8,) +Kp(1+5;, 145,).
Since K (and also K%%) are symmetric in s;, s,, we may assume that s; < s,. Then, with s} := 1+,
and s; == 57, we have 57+ 1 < s5, thus, according to proposition 15, we have K7(s}, s5) = —Kr(1+5], 55).
Thus, Kr(s1,1 + 53) + Kr(1 + 51,1 +55) = 0 and K¥9(sy, 5,) = K7(s1, 5,) + Kp(1 + 51, 55).

We end the computation by using the formula for K7 of proposition 15. Wehave 0 < s; < s, < T—1

and1 < T <2.S02T -4 <0< s;+85, <2T — 2. We consider two cases: 2T —3 <5y + 5, <2T —2
and 2T — 4 < 57 + 5, < 2T — 3.
Step 2: Case2T—3 < s;+8, < 2T—2. To compute K(s;, 5,), we use the third case of the expression (26)
of K7. To compute K1(1 + s;, 5,), we remark that with s} := s, and s} := 1 + s;, we have 5] < s5 and
2T —2 < sy + 55 < 2T — 1. Thus, Kr(1 + 51, 85) = Kp(s7, 55) is computed with the second case of the
expression (26) of K. We get

2K (51,2) = 2K (51, 52) + 2K (s}, 55)

0
= s+t —sy)ds+ (1 + 2t —28,)Pp(t — 85) — (—1 + 4t — 4s,)p(t — 57)
2-21+2s,
2—-2t+55+5]
+ | Pp(s+t—s5)ds+ (—1+4t—3s, —s))P(t —s5) — (1 + 2t — 355 + 51)Pp(t — s57)
s3—s1

0
= P(s+t—sy)ds+ (1 + 2t — 28,)P(t — 85) — (—1 + 4t — 4s,)p(t — 57)

2-2t42s,
3-2t+51+5,
+ | p(s+t—s)ds+ (=444t —3s; —5)p(t —51) — (=2 + 2t — 357 + S)P(t — 85)
1+51—52
0 3-2t+51+S2
= Ps+t—s)ds+ | P(s+t—s7)ds
221428, 1+s1—52

+ (3 —3s, + 3s5)P(t — 55) — (3 — 35, + 351)Pp(t — 57).

In the second integral, we make the change of variables s’ = s+ s, — sy:

0 3-2t+2s,
2K%4(sy, 5,) = p(s+t—s)ds+ [ pls+t—sy)ds+3(1— s, +5)(p(t —55) — p(t — 7))
2-2t+25, 1

=31-s+ 31)(¢(t —5) —¢(t — S1)),

where we used the 1-periodicity of ¢ to cancel the two integrals. Since we switched s; and s, to have
51 =81V §; and s, = §7 A s, this is indeed the claimed formula.

Step 3: Case 2T — 4 < s; + s, < 2T — 3. This case is treated in the same way, the only difference being
that Kr(s;, s,) is computed using the fourth case of the expression (26) of K, and K7(1 + s;,55) is
computed using the third case of the same expression. We get the same formula. O
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3.3 Coercivity of the kernel

In this section, we use the expression of ({,(u, T, -), ¢) given in proposition 16 to prove that when
1< T <2,|6(u,T,-)| is lower-bounded by essentially [|u|%,. To do that, we first have to choose the
right function ¢.

Definition 17. Let1 < T < 2 and let ¢ be a C* 1-periodic function such that ¢(s) = s in [0, T].

Proposition 18. If 1 < T < 2 and u € I*(0, T) steers a solution of the linearized equation (16) from 0
to0(ie, & (u, T,-) =0)and if fOT u(t)dt = 0, then denoting U(t) = fot u(s) ds,

(§2(u’ T, ')’ ¢)L2 > 3(2 - T)”U”%Zs
where ¢ is a function given in definition 17.

Proof. We first simplify the expression of K% given by proposition 16. For 0 < s1,s, < T — 1, we have

1<T—-5Vs, <T—-51As, <T,thus, according to the definition of ¢, we have for 0 < 51,5, < T —1,

3
K5¥4(s1,55) = 5(1 =183 =1 D(T =5, V) = (T =51 A 8y))
3
= —5(1 — |53 = s1])Isz — s1]
3
= E(—|52 — 51| + (52 — 51)2).

Thus, according to proposition 16, if u is as in the statement of proposition 18,
3 3 5
&, T,-),¢) = =5 |ls2a= splu(s))u(s;) dsy ds; + 5 (s2 = sp)*u(sp)u(s) ds; ds, (28)
[0,T-1]? [0,T-1]?
The main point of the proof at hand is the following computations:

Lemma 19. Let a > b, let u € I*(a,b) with fab u(s)ds = 0, and let U be a primitive of u with
U(a) = U(b) = 0. We have

Is = spu(s)usz) dsy dsy = =2[[ U172 5y (29)
[a,b]?
b 2
(s1 — 5)%u(s)u(s,) ds; ds, = =2 ( f U(s) ds) . (30)
[a,b]? a

Proof. The fact that fab u(s)ds = 0 implies that U(x) = [ ax u(s)ds=—f xb u(s) ds. Then, the proof of
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the first formula essentially consists in integrating by parts in s;:

b S2 b
f 151 = Solusp)u(s) = f u(sy) ( f (5> — sp)u(sy) dsy + f (sl—sz)u<s1)ds1)ds2

[a!b]z $2

b Sz b
= / u(s,) (/ U(s;)ds; —f U(s;) dsl> ds,

= /Sgn(sz — sp)U(s)u(sz) ds; ds;

[a,b]?
b S1 b
=f U(sy) (—/ u(sz)ds2+f u(sz)dsz) ds;
a a 51
b
= —2f U(sy)? dsy.
a

For the second formula, we develop (s, — s1)%:

(s, — 51)2u(31)u(52) ds; ds;
[a,b]?

b b b b b b
= f squ(sy) ds; f u(s,) ds, — 2 f syu(sy) ds; f s,u(s,) ds, + f u(s;) ds; / ssu(s,) ds,.
a a a a a a

b 2
=-2 (f su(s) ds) ,

where we used that f ab u(s)ds = 0. Finally, we integrate by parts:

2

b
ﬁsz — s1)%u(s))u(s,) ds, ds, = =2 ( f U(s) ds) . O

[a,b]?
Plugging the two formulas of lemma 19 into the expression (28), we get

2

T-1
&, T,),¢) =3|Ul7, -3 (/ u(s) dS) . (3D
0

According to Cauchy-Schwarz inequality, we have | fOT_l U(s)ds| < VT —1|U||2- Thus

(§2(u’ T, ')9 ¢) = 3(2 - T)”U”%] O

Remark 20. How did we choose the ¢ of definition 17? Long story short, it turns out that if ¢ is
monotone on [1, T], the “conditional H~!-coercivity” of the kernel of proposition 16 is equivalent to
the condition flT ¢'(s)ds flT(c;fv’(s))‘1 ds < (3 — T)? (we sketch the proof of this fact in appendix A).
Hence, the smaller the left-hand-side of this condition, the larger the time of non-local-controllability.
With some calculus of variations, we can see that if ¢ minimizes the left-hand side, then ¢’ is constant
on [1, T], hence our choice of ¢.
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4 Nonlinear equation

The proposition 18 shows that if the time T smaller than 2 and if u steers the linearized equation (16)
from 0 to 0, then ||&,(u, T, )|z > c||U||12“2(07T) (where U(t) = jg u(s) ds). As in the previous section,
we fix T € (1,2). Our aim now is to prove that the solution of the nonlinear equation also have this
property, as long as ||u||co is small enough. As a consequence, one cannot move the water-tank in
time T with a control small in C°-norm, and that finishes the proof of theorem 1.

To this end, we use the fact that if ||u|| is small enough, the solution of the nonlinear equation is
well approximated by (hy,v;) + (hy, U,), where (hy, v;) solves the linearized system (8) and (h,, v,)
solves the second order system (9).

4.1 Well-posedness of the water-tank system and properties of the first and
second order approximation system

In this section, we state several basic results on the nonlinear and the linear systems related to the
water-tank system (1). We begin with the well-posedness of the water-tank system, where, as in the
rest of the article,g=1and L = 1.

Proposition 21. Let T > 0. There exists € > 0 such that for (Hy,v,) € [C1([0,1])]? that satisfies

[well cofo, 71 + I(Hos o) — (1,0)[lc1[0,1] < &
as well as the compatibility conditions
0xHo(0) = 6xHo(1) = —u(0),

there exists a unique solution (H,,v,) € [C}([0,T] x [0,1])]? of the water-tank system (1) with
H,,(0, x) = Hy(x) and vy(0, x) = vy(x). Moreover,

1ot 0) = (1, Ol go.rixtonny < C(llleopo.r) + I(Ho, o) = (1, 0)lcrjo ), (32)
for some positive constant C depending only on T.

Proof. In this proof, we drop the index nl and write just (H, v) for (Hy;, Uy)-

Standard results for the well-posedness of hyperbolic systems assume that all coefficients are
at least C1, but here we assume that u is only C°. In order to achieve that, we note that if (H, v)
solves the water tank system (1), then with V defined by v(¢, x) = V(¢, x) — U(t), where, as usual,
U(t) = fot u(s) ds, the water-tank system becomes

8,H + 6,(V — UYH) = 0;
(V-U)?
6tV + ax (H + 3 ) =0; (33)

V(t,0)=V(t,1) =U(®),

where all the coefficients are now C!. This system can be written in the form
H V-U H H 0 .
5t<v)+< . V_U>ax(v) = (0) in[0,T] x [0,1] (34)

V(t,0) = V(t,1) = U(t) in [0, T]. (35)

and
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System (34) and (35) is not in the standard form of the quasilinear hyperbolic system since the control
U also appears in the nonlinearity. Nevertheless, the proof can be derived from the standard fixed
point arguments, see, e.g., [21, Chapter 4] and [16, The proof of Lemma 2.2]. We now outline the
proof. Set

HO,vO)(t,x) = (Ho(x), %(x)) in [0, T]x[0,1],

and define (H™, V(M) in [0, T] x [0,L] for n > 1 by
H® yn-1) _y Hn-D H® 0 .
 (F0) (VY T o ()2 (0) mmmixon 6o
with the corresponding boundary conditions. Using the characteristic method, we have, if

ICH®D =1, V=D, U] cago,rixfo.)) < Cé,

then
IH®™ =1,V coggo rixfony < C(IUllcofo 1 + IHo, 16) = (1, Ollcofo 1))

and by taking the derivative of the equation with respect to ¢, we also obtain

ICH =1, V)er o101y < Ol cogo,ry + [1(Ho, 16) = (1, 0llcago )

We derive that
ICH® =1, V)|l a0, 11xj0.17) < Ce

Set
pn(r) = sup |(H™(t, x) = HM(5,), VIO(t, x) = VD (s, )|
(£ )=(s.p)|<r
(t,x),(s,y)€[0,T]x[0,1]
Using the characteristic, we can prove that there exists a positive constant y depending only on T such
that for e sufficiently small,

pa() < C( sup () —u()| + sup |(Ho,¥) - (1,0)]).
[t=s|<yr [x=y|<yr
t,5€[0,T] x,y€[0,L]

Using Ascoli’s theorem, one can conclude that there exists up to a subsequence (H(”), V(”))
converges to (H, V) in C'([0, T] x [0, 1]).
Considering the system solved by (H"**1) — (), y(n+1) _ (M) one can check that

I(EHD — g0, v+l — v )| oo 10 T1x10.1])
< Cel(H™W — Hn=D, y (W) — V("_l))||c0([0,T]><[0,1])- 37

Thus (H™, V(W) converges to (H, V) in C°([0, T] x [0, L]). We thus derive that (H, V) € C'([0, T] x
[0,1]) is the corresponding solution.
The uniqueness follows as in (37). O

Remark 22. We do not need this for the proofs below, but it is worth noting that standard methods
using the propagation along characteristics can be used to prove the lack of local-controllability
around equilibrium states in time T < T,. Let us sketch it.
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Consider the characteristic speeds A, and Riemann invariants R, , which are given by?

We have
{(at + Aiax)Ri = 0;

R.(t,0) = —R(t,1) + 2U.
Consider also the characteristics, i.e., the solutions x.. of the Cauchy problem
9px+(t, tO’xto) = A (x2(2, 8o, xto));
{xi(to, tos Xty) = Xg,-
Then, differentiating in t and using the equation for R, we get that R, (¢, x, (¢, ty, Xo)) does not depend
on ¢ (as long as x (¢, ty,0) is defined, i.e., stays inside [0, 1]). Hence

R, (t, x(t, t5,0)) = R, (ty, 0) = —R_(to, 1) + 2U(t,).

Hence, if R, (T,) = 0,0 < ty < T, and if x,(T, ¢,,0) is defined, U(ty) = 0. The characteristic
speed depends on the solution, and thus on the control, but if the control is small, the characteristic
speeds are A..(¢t, x) = 1 + O(J|u]|co), which implies that x, (¢, ty,0) = t — ty + O(||u||co). Hence, the
computations outlined above are valid if T < 1 — O(||u]|co).

In what follows, for T > 0, we use the notations [2I% and LI as a shorthand for I2(0, T; I*(T))
and L*®(0, T; I2(T)).
For the linearized system (16), we have the following proposition.

Proposition 23. Let T > 0. The solution ¢ of (3; + 9,)¢ = w satisfies:
IS1lz222 < Cllwllzzgz- (38)

Moreover, in case the right-hand side is w(t,x) = u(t)0(x), if we set U(t) = fot u(s) ds, then the
solution & (u, -, -) satisfies
IS @l 22 < ClIU |2 (39)

Proof. The first inequality is standard, and is proved with the characteristic formula (lemma 7) and
Cauchy-Schwarz inequality:

||§||iZL§ = f Ly, 5,<eW(s1, X + 51 — Hw(sy, x + 5, — £) ds; ds, de dx
! [0,T]3xT
< f w(sy, x + 83 — £)* ds; ds, dt dx
[0,T]3xT
= / w(sy, x")? ds; ds, dt dx’,
[0,T]3xT

where we also used the change of variables x’ = x + s; — t. This implies the claimed estimate (38).
For the second inequality, we claim thatfor0 < x < 1andt > 0,

&u,t,x) = =U(t) +2 Zo:o(—l)kU(t —x—k), (40)
k=0

2The Riemann invariant as defined in [2, Section 1.4] do not have the 4+ U term. But in our case, it is convenient to add it.
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where we extended u by 0 in (—co, 0].? Indeed, if we define ¢ as the right hand side of this formula,
we see that & (u, t,1) = =& (u, t, 0), so that the 1-antiperiodic extension of ¢ is continuous in (¢, x) €
[0, T] x T. Moreover, we see that for0 < x <landt >0

(O + 0)& (u, t, x) = —u(t).

Thus, if we still denote by & the 1-antiperiodic extension of &, we have (3, + 8,)¢; = u(t)8(x). Thus,
& = ¢;. This expression (40) implies the claimed estimate (39). O

4.2 Proof of theorem 1

In this section, (Hy (1), vy (u)) = (1 + hy(u), vy (w)) is the solution of the water-tank system (1) with
control u. We will often conflate this solution and ¢,,;(u) :== C(hy(w), vy (u)). The same will be done for
the solution (h,(u), v;(u)) of the linearized system (8) and ¢ (u) := C(h,(w), v;(u)) (solution of (16)),
as well as the solution (h,(u), v,(u)) of (9) and &, (u) == C(hy(u), v,(w)). If anything, this will make the
notations more lightweight.

We will also set wy, (w) := — C(3,(hy (v (1)), 0, (L (w)%2)), so that ¢, (u) satisfies (3,40, )¢ (U, t, x) =
wp(u, t, x) + u(t)6(x). We also denote the right-hand side of the equation (22) satisfied by ¢,(u) by
wy(u, t, x), i.e., wy (1) = — C(0,(hy(w)v; (), 0, (v1(w)¥2)). Finally, we set &; (u) == &, (u) — & (u) and
8,(w) = $u(w) — & (w) — SH(w).

The basic idea of the proof of theorem 1 is that |{,(u, T, )| > c||U||?, and that ¢ (u) + ¢(u) is
(supposed to be) a good approximation of ¢ (u).

We start with an estimate for the nonlinear equation, which is a consequence of the nonlinear
well-posedness (proposition 21) and the linear estimates (proposition 23):

Corollary 24. Let T > 0. There exists ) > 0 and C > 0 such that for every u € C°([0, T]) with u(0) = 0

and ||[ul|cofo,1]) < O, there exists a unique solution (Hy,, Uy) € [Cl([O, T1x [0, 1])]2 of the water-tank
system (1) with (Hy;, vy)(0, -) = (1,0). Moreover, with the notation ¢, defined at the beginning of this
section, we have

ISmillz2z2 < ClUN20,m)-

Proof. The existence and uniqueness is a consequence of the well-posedness (proposition 21). Let us
now prove the inequality. We write {; = {; + &;.

According to proposition 23, we have ||§1||L%L§ < C||U||2 and ||51||L§L§ < C||wn1||%2. Since wy,; can
be written as —d,.r, Where r(t, x) is a quadratic form of ¢;(¢, x) and ¢,;(¢, —x) (lemma 12), we have
lwallzzz < ClOallze |Smll 2z Thus,

I$nillz2r2 < CUIUNL2 + 19xSmllzee ISnill212)-

Finally, since [|0x$nllzee < |C(hpp, Un) e < 2[[(Agp, Un)llc1 (see remark 6), we have according to the
well-posedness estimate of proposition 21 ||0,¢ il < Cllullco £ Cn. Thus,

ISillz2rz < ClUNL2 + CnliSullz225

which implies for 7 small enough

C
ISallzzz < 7= ”U”L2 O

3Note that with this extension, we have for t < 0, U(t) = 0, so that there is only a finite number of non-zero terms in the
previous sum.
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Next, we prove the approximation property:

Lemma 25. Let ¢ € CY(T). Let T > 0 and u € H}(0, T) with ||u||Hé < n, and set U(t) := jg u(s) ds.
Then, with the notations above, for some C > 0 independent of u,

161Ct, - llpgorz < CIIU N 2llullco; (41)

82w, T, ), )| < ClU|Z: lullco. (42)
Proof. Step 1: Estimate of 8, in I?-norm. We have (3; + 0,)8; = wy,, thus, using Duhammel’s formula,

161z < Cllwmllzizz-

Since wy = — C(dy(hyvy), 9(V2/2)), we can use lemma 12 to write wy = —d,ry with ry(t,x) =

Q(gnl(t, x)’ gnl(t’ _x)) Thus,
161llzgorz < CllOxrmill222-

Since Q is a quadratic form (see lemma 12), 8,1, is a sum of products of {,; and 9,¢,,; evaluated at
(t,x) or (t,—x). Thus, we get

1811l zeor2 < CllSmllz2r2l10xSmll Loy
< Cliallzze2 I Chats vadllcr o, Tix[0,17)-

where we used that the change of variables € (see definition 4) is such that for (h,v) € C([0,1])
with v(0) = v(1) = 0, then ||C(h, V)|p1,0 < 2|(h, V)| 1. Finally, using the well-posedness estimates
of proposition 21, we get

1611l g2 < CllU 2]l o (43)

Step 2: Estimation on (8,, ). The function 6, is solution of (J; + 9,)d, = w, — w;. Thus, using the
characteristics formula (lemma 7),

G2 T, ). ) = f 5,(u, T, X)$(x) dx

xeT

= f (Wy — wy)(U, 8, x + 5 — T)p(x) ds dx.
[0,T]xT

We can use lemma 12 to write wy, = —0,ry with ry(t, x) = Q({y(t, x), &ni(t, —x)) and similarly for
w;. Thus, integrating by parts,

6, T,),¢)= — f (Oxrn) — Oxr)(U, 8, x + 5 — T)P(x) dsdx
[0,TIxT

= f (rog —n)W, s, x + 5 — T)d,¢(x)dsdx.
[0,TIxT

Thus,

162w, T, ), )| < [lrm(w) — n(@)l| 22l cr-
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We recall that r(t, x) = Q($(t, x), {ni(t, —x)) where Q is a quadratic form, and similarly for 7. Thus,
writing aa’ — bb’ = ((a — b)(@’ + b') + (a’ — b')(a + b))/2, we get

16, T, 2, )| < CIG = L)t X)) + XDy
+ 16 = Gt =) (8 ) + St XDy
+ 116 = (600G (=) + it =) ap
+ 1 = Can(t, =) (=) + St =Dl 111

< CIG = Sllrzra(IGallzzzz + 18mllz22)-

Finally, using the estimate on §; we obtained in the first step and the regularity estimate on ¢; of
proposition 23 and the estimate on ¢, of corollary 24,

1(6(w, T, ), §)I < ClIU | 2llull co | Ul a- O
We will also need to estimate & (u) — & (i0).

Lemma 26. Let ¢ € CY(T), T > 0and u, it € I?. With the notations of lemma 25, and with U(t) :=
jg u(s)ds and U(t) := fot ti(s) ds, for some C > 0 independent of u, ii,

(& T, ) = &(@ T, )| < CIU = Ul 21U + U]l 2)-
Proof. We use the same notations w; and r; as lemma 12. The function {,(u) — &, (i) satisfies
(0; + 8:)(&(w) — &(@) = wy(u) — wy ().

Thus, according to the characteristics formula

&wWw, T, )= &(w@, T),¢) = / (wy(u,8,x+s—T)—w(d,s,x+s—T))pdsdx.
[0, T]xT

Since w; (u) = —0,1(u), we integrate by parts to get

&wW, T, )= &(W, T, ¢) = f (n(u,s,x+s—T)—n(i,s,x+s—T))d,¢dsdx.
[0,T]xT

Thus,

(&, T, ) = &(@, T-), )| < Clr(w) — @]y
Recall that i, (u, t, x) is a linear combination of quadratic terms involving ¢; (u, t, x) and &; (u, t, x), (see
lemma 12). Thus, writing aa’ — bb’ = ((a — b)(a’ + b") + (¢’ — b')(a + b))/2, and using Holder’s
inequality, we get

(&, T, ) = @@, T4, )| < Cll6(u — a)”LfLJZC(”{l(u)”L%L% + ||§1(ﬁ)||L§L§)
Finally, the regularity estimate for the linear equation (proposition 23) proves the theorem. O

We finally prove theorem 1.
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Proof of theorem 1. Let T € (1,2).* According to proposition 18, for some fixed 1-periodic function
¢ € C®(T), if 7 steers the linearized equation (8) from 0 to 0 and if fOT 7i(t)dt = 0, then

(%@, T, ), 2] = | U2, (44)

where U(s) = f; ii(s) ds.

Let u € I2(0, T) with fOT u(s) ds = 0 such that the solution of the water-tank system (1) with zero
initial condition satisfies H,(T,-) = 1 and v, (T, -) = 0 (we assumed that the average height of the
fluid is 1). We will use the notations defined at the beginning of this subsection.

Step 1: There exists a “modified control” close to the original one that steers the linearized equation from
0 to 0. We look for a control i close to u such that ¢; (i, T, -) = 0. Writing @ = u + v, this condition is
equivalent to §;(u, T, -) = =§;(», T, ). Since ¢ (u, T, -) = 0, we rewrite this as

§1(V, T’ ) = 51(11, T’ ) (45)

According to lemma 9, such a control v exists, and we can also choose it such that fOT v(t)dt =0

and such that V(t) := fot v(s) ds satisfies | V|2 < C||61(u, T, -)||z2. According to the estimate on &; of
lemma 25, this control is such that

Vllz2 < CllU|2llullco- (46)
Step 2: Estimating the difference ({,(u, T, -), ¢) — ({,(4, T, -), ¢). We aim to prove that it is small enough,
so that it does not counter the positivity of ({,(d, T, 2), ¢). Since ¢;(u, T, -) is 1-antiperiodic (remark 8),
and since ¢ is 1-periodic, ({;(u, T, -), ) = 0. Thus using the triangle inequality
|(§nl(u7 T, ) - §2(ﬂ'7 T’ ')! ¢)| = |(§nl(u’7 T7 ) - gl(u’ T’ ) - gZ(a’ T’ ')7 ¢)|
< l(gnl(u’ T, ) - gl(uw T, ) - {2(“’7 T, ')7 ¢)| + |(§2(u7 T, ') - §2(ﬁ'7 T, ')’ ¢)|

The first term of the right-hand side is |(8,(u, T, -), ¢)|, and according to lemma 25, we have |(8,(u, T, -), $)| <
C|lU|12,|ullco. According to lemma 26, the second term is bounded by C||V||12(|U||r2 + [|V||12). Thus,

($u(. T, ) = @@, T, ), ¢)| < ClIUIZ:llullco + CIVI2IVIizz + Ul 2)-

Now, plugging the estimate (46) on | V|, we get

|($u(. T, ) = @@, T, ), ¢)| < ClIUIZ:lullco + CllU Iz llullco(1Ul 2 llullco + Ullz2)
= CllUlZ:llullco + CIUIZ: lullco(llullco + 1.

If we assume ||u|co < 1, we have

(. T.) = (@ T ). 8)| < CIUIZ:ullco- (47)

Step 3: Conclusion using the coercivity of the kernel. Now, we assume that ||u]|co < 7 forsome 0 <7 < 1
that will be chosen later.

Since we constructed # such that /; #i(t) dt = 0and ¢;(#, T, -) = 0, we can use the lower bound (44)

on the quadratic approximation: we have |({,(4, T, -), ¢)| > c||17||%2. Combined with the estimate (47)
from previous step and the inverse triangle inequality, we get
ISt T, 2 = |, T, -), $)
> C|(§2(‘L7,, Tr ')5 ¢)| Y I(gnl(u’ T’ ) - gz(ﬂ, T’ ')’ ¢)|
> c| U1}, — Cnl|U|3.. (48)

“4Recall that we rescaled the problem and that we have L = Hy=g=1
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To conclude, we bound from below |U| by |U|. Since @ = u + v, we have U3, < 2|l7|%2 + 2| V|3,
Thus |U|2, > §||U||IZJ2 — ||V||?.. Plugging this into (48), we get

¢ T, )liz2 2 el UIZ2 = CIVIIZ. = ChllU|7..
Now, according to the estimate (46) on V, we get
I$m( T, )liz2 2 elUIZ2 = CIUNZ [ulzo — CrllUIZ
> c|Ul7. = CnllU| 7.
In conclusion, if # is chosen small enough, we get

IS T, )2 2 Uz

But we assumed that ¢,;(u, T, -) = 0. Thus, u = 0. O

A On the positivity of a class of quadratic forms

In this appendix, we sketch the proof of the following proposition.

Proposition 27. LetI = [a,b] witha < b,let ¢ : I — R be C! and such that ¢' > ¢ > 0 and ¢' non
constant, and let ¢ € R. Set K(s1,5,) := (1 + €|s, — 51])(@(s1 A S5) — ¢(51 V 5,)), and denote by Qg the
associated quadratic form, i.e., Qg(u) = [, K(s1, s;)u(s)u(sy) ds; ds,. The following assertions are
equivalent:

1. There exists ¢ > 0 such that for every u € I*(I) with fab u(t)dt = 0, Qg(u) > c||U||%2(I), where
U@ = [l u(s)ds;

' ds -
2. /I¢(s)ds[m<(b—a+2e 12,

On the other hand, if f;¢'(s)ds f,(¢'(s))™" ds > (b — a + 2¢7")?, there exists u;,u, € L*(I) with
Jw(s)ds = f;uy(s)ds = 0 such that Qg(uy) > 0 and Qg(u,) < 0.

If € = 0, the term (b — a + 2¢71)? should be understood as +co0. The hypothesis that ¢’ is not
constant is useful to avoid some degeneracy several times in the proof, but the result still holds if ¢’ is
constant by perturbing ¢.

When K € I*(I?), we denote the associated operator also by K, i.e., Ku(x) = f, K(x, y)u(y) dy. We
first start by recasting the quadratic form in a more manageable way for us. This is done thanks to the
following lemma.

Lemma 28. Let I = (a,b) with a < b, and let K € H'(I?) such that d;, ;K is in I*(s; < s,) and
I*(s; > 85). Let R € I*(I*) such that for s; # s, R(sy, ;) = O, 5,K(51,5,), and let g(s) = 35, K(s+0,5) —
6SZK(S —0,0). Then, forevery U € H(l,(a, b), we have

(KU, U") = fg(s)|U(s)|2 ds + (RU, U).
I

The proof of this lemma formally consists in integrating by parts in s; and s,, with, formally,
Js,5,K = R + g6,,=s,- The details are left to the reader. In our case, this allows us to rewrite Qg in the
following way.

1=52
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Corollary 29. Define Qk as in proposition 27. Then, for every u € I*(I) with jE)T u(t)dt = 0,
Qx(u) =2 / @' (s)(U(s))* ds + 2¢ / ¢’ (s)U(s)ds f U(s) ds,
I I I

where U(t) := fat u(s) ds. We will denote the right-hand side of the expression as Qg(U) which makes
sense for each U € I(I). With this notation, Qg(u) = Qg(U).

This formula actually holds without the assumption ¢'(s) > ¢ > 0; ¢ can even be complex-
valued, with the same proof. Moreover, we see that if € = 0, and ¢’ > ¢ > 0, Qg(u) > 2¢||U|3,, so
proposition 27 is trivial in this case. From now on, we assume that € # 0.

Sketch of the proof. With K as in proposition 27 and g, R as in lemma 28, routine computations show
that g(s) = 2¢'(s) and R(sy, 55) = €(¢'(s1) + ¢'(52))- O

The expression of this corollary suggests that we work in the weighted space Lé, = I2(1, ¢'(s) ds).
This is where the hypothesis ¢'(s) > 0 is useful: to make sense of this space. We will denote | - || the
norm in Lé, and (-, -)4: the scalar product. The main consequence of working in this space is that on

a space of codimention 2, Qg(u) = 2| U||é,.

Lemma 30. Let Qg as in corollary 29. Let S be the symmetric operator (for the pr, scalar product)
associated with Q. LetE := {U € I%,, J;U@s)ds = [;¢'(s)U(s)ds = 0} and F := Span(l, (@H)™D.
Then:

« Eis the orthogonal of F (for the L%, scalar product);

« Eand F are stable by S;

« therestriction of Son E is S|p = 2L
Sketch of the proof. The orthogonality of E and F results from simple computations. Since E is of

codimension 2, E+F = L2¢,. For the other two points, let us denote M(U) the constant function equal

to f; U(s)ds and M* the adjoint of this operator M for the Lf;b,-scalar product. Routine computations
show that

S(U) = 2U + e(M(U) + M*(U)) = 2U + ¢ ( f U(s)ds + % / $'(5)U(s) ds).
1 I

With this expression of S, the last two points are immediate. O
With these lemmas, we can prove proposition 27.

Sketch of the proof of proposition 27. The main idea is that according to lemma 30, the only possible
counter examples to the coercivity inequality Qg (U) > c||U||é, are in F, thus we are left to study
whether a 2 X 2 matrix is positive.

Let us first compute the matrix of the restriction of Qg to F in the basis (1, (¢")~1). Here, we use
the fact that ¢’ is not constant; otherwise, the family (1, (¢')~!) would not be linearly independent.
For simplicity, write Uj := 1, U, == (¢')~!, and M(U) the constant function equal to J; U(s)ds. Then,

A= MatriX(Ul’Uz)(aK)lF

_ < 2|01 + 2e(M(Uy), Uy) 2(U, Up) + e(M(y), Uy) + e(Ul’M(UZ))>
2(U, By) + e(M(Uy), Uy) + e(Uy, M(U3)) 2|5 + 2e(M(Uy), Uy) ’
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where all the norms and scalar products are taken in I%,. Finally, if we set a := J;¢'(s)ds and
B = J(¢'(s))"" ds, some routine (again) computations prove that this matrix is

A= 2a(1 + (b — a)) 2(b—a) +¢e(b—a)® +eapf
“\2(b—a)+e(b—a)’+eap 2B8(1 + e(b — a)) :
To study the positivity of Qg, we compute the trace and determinant of A. Routine computations
show that:

Tr(A) = 2(a + B)(1 + (b — a)) (49)
det(4) = —2(af — (b — a)®)(af — (b— a — 2" 1)) (50)

Finally, let us note that thanks to Cauchy-Schwarz inequality, (b — a)?® < af3, where the inequality
is strict because we assumed that ¢’ is not constant.
Step 1: 1. => 2. If assertion 1 holds, Q is positve definite, thus, the matrix A is positive definite.
Hence, det(4) > 0. Since (b — a)? < af, according to the expression (50) of det(A), we have af <
(b — a + 2¢7Y), which is exactly assertion 2.
Step 2: 2. = 1. If assertion 2 holds, according to expression (50) of det(A) and the fact (b—a)? < af,
we have det(4) > 0. Moreover, since (b—a)? < aff < (b—a+2¢1)?, wehaveb—a < |b—a+ 27},
iie,b—a<b—a+2torb—a<—(b—a)—2¢L. Inboth cases, we get 1 + ¢(b — a) > 0. Hence,
according to the expression (49) of Tr(A), we have Tr(A) > 0. Thus, A is positive definite. Finally,
according to lemma 30, we deduce that for each U € I?, Qg(U) > ¢|| Ul%. Since ¢’ > ¢ > 0, the L%,
and I? norm are equivalent, hence assertion 1 holds.
Step 3: Last assertion. If aff > (b — a + 2¢71), according to expression (50) of det(A) and the fact
(b — a)? < af, we have det(A) < 0, hence A has a positive and a negative eigenvalue, and so do
Q. Hence, we can find U, U, € I2(I) such that Qg(T;) > 0 and QK(UZ) < 0. By approximating in
I?-norm Uj; ; by some U; € Hy(I), we find Uy, U, € HA(I) such that Qg(U;) > 0 and Qg(Us) < 0. Since
Qx(U") = Qg(U), this proves the proposition. O
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