N

N

A New Simple Analytical Method for a Highly Accurate
Determination of the Optical Parameters of a Slab from
Transmittance Data
van Huy Mai, Alexandre Jaffré, Khai Doan, Duc Thien Trinh, Olivier

Schneegans

» To cite this version:

van Huy Mai, Alexandre Jaffré, Khai Doan, Duc Thien Trinh, Olivier Schneegans. A New Simple
Analytical Method for a Highly Accurate Determination of the Optical Parameters of a Slab from
Transmittance Data. Applied Spectroscopy, 2022, 10.1177/00037028211068078 . hal-03587655

HAL Id: hal-03587655
https://hal.science/hal-03587655v1
Submitted on 29 Mar 2022

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03587655v1
https://hal.archives-ouvertes.fr

A new simple analytical method for a highly accurate
determination of the optical parameters of a slab from

transmittance data

Van Huy Mai?, Alexandre Jaffré?, Khai Minh Doan?, Duc Thien Trinh?, Olivier Schneegans?

1 Le Quy Don Technical University, Hanoi, Vietnam

2 Laboratoire Génie Electrique et Electronique de Paris, CentraleSupélec, UMR8507 CNRS,
Université Paris-Saclay, Sorbonne Université, Gif-sur-Yvette, France

3 Faculty of Physics, Hanoi National University of Education, Hanoi, Vietnam

Corresponding author:
Olivier Schneegans, GeePs Laboratory, 11 rue Joliot-Curie, 91192 Gif-Sur-Yvette, France
Email: olivier.schneegans@geeps.centralesupelec.fr

Abstract

To date, determining with high accuracy the optical parameters (extinction coefficient
k and refractive index n) of a slab from the sole transmittance data requires an inverse
method based on numerical iteration procedures. In this paper, we propose a new
inverse analytical method of extracting (k, n) without numerical iterative processes.
The high accuracy of this new inverse method is assessed, and as an application
example, the optical parameters of CaF> and Si substrates are determined in the IR
spectral range of 4-8 um.
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Introduction

The optical properties of a material depend on two main parameters: the refractive
index n, which is related to the wave propagation velocity inside the material, and the
extinction coefficient k, which is linked to the wave intensity attenuation due to absorption
by the constitutive molecules of the material. Accurate knowledge of k and n over a
wavelength range is of crucial importance for many optical applications, from laser
windows and fiber optic systems!? (for which low-absorption materials are used) to thin-
film optical coatings, whose characteristics depend on the refractive indices of the
substrates and the thin films deposited.>®

Since k and n cannot be simultaneously determined directly, a usual strategy consists
of measuring two other parameters and then employing an inverse procedure to obtain k
and n. Typical methods include the following spectrophotometry measurements:

- the use of Kramers-Kronig analysis of transmittance T, which enables the calculation of
a phase shift (¢): the knowledge of T and ¢ allows then the extraction of (k, n).®” However,
this requires a numerical iteration inversion and the measurement of T over a maximum
possible wavelength range,

- reflectance R and transmittance T of a single slab:® numerical iteration procedures have
first been proposed to solve the (R, T)—(k, n) inverse problem.®*! Later, exact analytical
solutions have been found and applied to the study of slabs.'?®> The main challenge lies
here in the fact that measuring R and T at the same location is difficult.® Moreover,
materials with low refractive index yield weak reflection, thus the precise measurement
of R appears tricky in this case,6:1’

- transmittance of several samples of the same material: this (T1, T2)—(k, n) method has
been applied to one-layer structures (solid slabs*®?° or liquids in a simplified model*’), as
well as to three-layer structures to determine the optical parameters of liquids.?*?* In all
the cases, the (T1, T2)—(k, n) inverse problem corresponds to a set of nonlinear equations,
which are too complex to be solved mathematically; hence, numerical iterative techniques
have been used. These methods are inherently confronted with difficulties, such as
convergence towards several possible values'®?? or slow convergence speed.’®® To
overcome such difficulties, different strategies have been proposed recently, such as faster
iterative algorithms?%22 or a combined transmittance-ellipsometry approach!®2324 which
also includes a numerical iterative step.

In the one-layer structure, using highly accurate analytical expressions to solve the (T,
T2)—(k, n) inverse problem would represent an obvious advantage over numerical
iteration processes. However, to date, there is no analytical inverse method, which allows
k to be obtained with high accuracy, similar to what iterative calculations can achieve.
The only well-known classical analytical inverse method (CAIM) allows the derivation
of the absorption coefficient o (hence the extinction coefficient k), using®

__ 1 I — A I
o= (dy—dq) In (Tz) = k= 4n.(d2—d1)'ln (TZ) ()
where T (resp. T2) is the transmittance for the sample with thickness di (resp. d2) at
wavelength A.

However, Eq. (1) is only considered as a rough estimation,® and for high-refractive-
index materials, it may at first sight result in relative errors on k and n reaching up to 45%
or more.?®

In this study, after precisely specifying the accuracy of the CAIM, we proposed a novel
method to obtain the extinction coefficient k and the refractive index n of a slab from T;
and T» measurements at normal incidence (Figure 1) by establishing analytical
expressions, that yield highly accurate (k, n) values.
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The accuracy of our new analytical inverse method (NAIM) was studied and assessed.
As an application example, we then determined the optical parameters of CaF. (low-
refractive-index material) and Si (high-refractive-index material) and compared their
values with literature data. d;

n,k

nk

Ri _
Ll —)

Figure 1. Schematic view of two samples of thicknesses d: and d, (dz > ds) of the same material, yielding
transmittance T1 and T, (T2 < T1). The coefficients Ri, Ti are the Fresnel intensity reflectance and
transmittance coefficients of a single slab face at normal incidence. These Fresnel intensity coefficients
(only drawn on the thickest sample for clarity) do not depend on the thickness of the slab.

Determination of the accuracy of the classical analytical inverse method (CAIM)

Test procedure to establish the accuracy of an inverse method

To obtain the accuracy of a (T1, T2)—(k, n) inverse method, two different thicknesses
(d1 and d2) were used as references. The two thicknesses should not be too close to each
other so that the transmittance curves may appear better separated. Besides, optical
windows with thicknesses below 10mm are easy to carry out experiments with (and are
easily commercially available). Therefore d1 = 2mm and d> = 8mm were selected as the
thickness references for the analysis.

Next, we describe a test procedure (summarized in Figure 2) that will be applied in the
subsequent sections. First (step 1), for a given wavelength A, assigning k values in the
range [107-107%] and n values in the range [1.4 - 4.0] allows the calculation of the intensity
reflectance coefficient Ri (using the Fresnel equations) and the attenuation coefficient a
expressed as follows:

_ (n-1)2+k2 _ 4mk
T (n+1)2+k2 and == )

Ri
The transmission T of the slab (of thickness d) is then given by the exact analytical
expression below, which takes into account the multiple reflection contributions at the
front and back air/sample interfaces:®*?
(1—Ri)2.e‘°"d
T = 1—Ri2.€_2'a'd (3)
Hence (step 2) transmittances Ty and T can be computed with arbitrary precision using
Eq. (3), which corresponds to the direct problem. Once T1 and T2 are known, trying to
solve the (T1, T2)—(k, n) inverse problem leads to the following set of two nonlinear
equations, where Ri and o are the two unknowns:
T. = (1-Ri)%.e~ %%
1= 1—Ri2.e—2.0tdy (4)
_ (l—Ri)Z.e_a'dz
T2 = Riezad;
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This set of equations (Eq. (4)) appears too complex to be solved analytically; thus,
approximate values of Ri and o have to be computed, which then yield (by solving Eq.
(2)) approximate values kap and nqp (Step 3). Finally, (step 4) kap may be compared to k
(through percent error PEK), and nap may be compared to n (through absolute error An),
as follows:

kap—k
— 14 —
PEk = 100.|"2=|  An = |ng, —n] 5)
“Step 1: assign (k, n) values ) Sten 2 - | Step3:from T, T, |
tepT .czrr;pute compute
k in the range 107 to 1073 ith b'Itan 2 approximate values
o n in the range 1.4 to 4.0 ) \with arbitrary precw5|orf|/l \ kﬂpf Nap

‘ ( Step 4 : ' \
evaluate accuracy

L Of (kyps Ngp) vS. (K, 1) )

Figure 2. Schematic view of the steps to study the accuracy of approximate values (Kap, Nap) of (k, n)

Application: determination of the accuracy of the classical analytical inverse method

Starting from the following analytical expression of the transmittance:®
4m.k.d
(1-Ri)%.e %
T = sz (6)

1-Ri2e A

the denominator may be approximated by 1 if Ri « 1 (this is the case for low-refractive
sm.k.d

index materials such as glasses), orif e™ » « 1 (which happens if the material is highly
absorbent at the considered wavelength and thickness). Under these assumptions, Eq. (6)

may be simplified as: g

T=(1-Ri%e x_ )
Thus, the k parameter is easy to obtain and corresponds to the classical analytical inverse

method (CAIM):®
— A 1
k= gy I (Tz) 8

Once k is known, Ri can be computed using Egs. (6) or (7), using the T1 data for the less
thick sample (d1). Note that deducing Ri in terms of k and T using Eq. (6) yields a much
more accurate Ri value than that obtained using Eq. (7). Hence only Eq. (6) is considered
here: this 2" order equation can be solved analytically, yielding the only acceptable
solution for Ri (satisfying Ri < 1):

1 Y1
1-T4. ’1+ — 4m.k.dq
. T1iYq Tq —_d
Ri = A (9)

Wlth Yl =e
1+T1.Y7

From Ri, the refractive index n can be obtained by solving Eq. (2), yielding the following
formula:

__ 1+Ri 4Ri 5 1+VRI
T 1-Ri + (1-Ri)? ~ 1-VRi (10)

Figure 3 shows the accuracy of the CAIM for determining k and n.
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Figure 3. Using the classical method (CAIM) leads to the following quantified errors (a) PEk percent

error on the determination of k (b) PEK percent error on k, for two values of n (1.5 and 4), for A = 3um
(solid curves) and for & = 8um (dashed curves) (c) An absolute error on the determination of n (d) An
absolute error on n for two values of n, for A = 3um (solid curves) and for A = 8um (dashed curves)

Concerning the accuracy of the CAIM in determining the coefficient k, it can first be
noted that the highest percent error values, reaching ~ 30% (Figure 3a, black arrow), occur
for high refractive indices and low extinction coefficients. Moreover, for a given
refractive index n (Figure 3b), all the PEk percent error curves appear constant for low k
values, then decrease for increasing values of k. Hence the maximum of a PEk curve,
denoted max(PEK), is defined, and depends on the n value (fig 3b); it can be seen that
max(PEK) increases with n: max(PEK) = 0.3% for n = 1.5, and max(PEK) ~ 30% for n =
4. In addition, changing the considered wavelength A only shifts the PEk curves
horizontally (Figure 3b, A =3 pum and A = 8 pm): the curve maximum stays at the same
value (black arrows); hence, max(PEk) does not depend on A and can be defined as the
global maximum percent error on k of the CAIM for a given n. In concrete cases, n and k
depend on A, hence the k(1) and n(1) curves can be viewed as particular (k, n) sets whose
maximum percent error on k is most often lower than (or in the worst case, equal to)
max(PEK), using the highest n value of n(}).

Concerning the accuracy of the CAIM in deriving the refractive index n (Figure 3c,d),
it can be observed that for a given value of n, all the An curves (Figure 3d) go through a
maximum, which is higher for high refractive indices n. Hence the An curve maximum,

denoted max(An), is defined and depends on the n value. For n = 1.5, max(An) ~ 0.001,
5



which corresponds to an accuracy of one unit on the 3" decimal place. However, for n =
4, max(An) reaches ~ 0.1 (error of one unit on the 1™ decimal place). This underlines that
the CAIM appears unsuitable for high-refractive-index materials. A change in A also
shifts the An curves only horizontally (Figure 3d, A = 3 um for the solid curve and A = 8
pm for the dashed curve); hence, max(An) does not depend on A or k, and can be defined
as the global maximum absolute error on n of the CAIM for a given n.

Hereafter, a new analytical expression for k is established, whose much higher accuracy
allows (through Egs. (9-10)) derivation of n with a much higher accuracy.

New analytical expression for the extinction coefficient k

Mathematical modeling

Starting from the following analytical expression of the transmission T:
(1-Ri)2.e~*d

T= 1-Ri2.e~2.0d (11)
And taking the logarithm of both sides leads to:
In(T) = In((1 — Ri)?) — a.d — In(1 — Ri%. e~2%%) (12)
The last term can be rewritten, by using, for x such that 0<x<1, the approximation:
—In(1-x)=x = —In(1—Ri% e 2%9) ~ Rj? g~2%d (13)
A simpler expression is thus obtained:
In(T) = In((1 — Ri)?) — a.d + Ri?. e~ %4 (14)

In Eqg. (14), the last term appears complex to handle. First, e=2%4 may be expressed in
terms of T. For this, we use Eq. (11) again, assuming that in Eq. (11) e=2%4 ~ 1 (valid in
the transparent region). This yields:

_ . 2 _ .
1-Ri 1+Ri
Therefore, we have
—2.0d . [(1+Ri Z
et~ () T (19)

Replacing then Eq. (16) in Eq. (14) leads to:
In(T) ~ In((1 — Ri)?) — «.d + Ri? (%) T? (17)

The set of equations for the two thicknesses d: and d> can thus be written as follows:
- 2
In(T,) ~ In((1 — Ri)?) — o d; + Ri?. (“R‘,) T,

1-Ri

(18)

N2
In(T,) ~ In((1 — R)?) — a. d, + Ri?. (i—ii) T,>

The coefficient a (and consequently k) can be retrieved by subtracting the two preceding
expressions:

k=2 oq=—2 [ln(Tl/Tz) ( ; (“Rl)> (1,2 —TZZ)] (19)

4T 4L, (dz d1)



It then remains to find an expression for Ri, which may be precise enough to be used in
Eq. (19). For this, assuming e~2%% ~ 1 (valid in the transparent region), Eq. (12) can be
simplified:

In(T) = In((1 — Ri)?) — a.d — In(1 — Ri?) (20)
which leads to : .
In(T) = In (ﬁ) —ad 1)

Then using T1 and T», the following set of equations is obtained:
In(T;) =In (I_Rl) —o.d,

1+Ri

In(T,) = In (;2) —o.d, (22
Eliminating o from the two equations, we have:
In(GoR) = @)
Thus, Ri can be expressed as follows:
Ri = ;Ziz = tanh(C/2) with C = dl'“‘(T;j:Zj"“(Tl) >0 (24)
Therefore the final simple expression of k as a function of Ty, T, dy, d2 is:
k= m [In(Ty/T,) = N.(T,* = T2%)] (25)

with
dl.ln(Tz)—dz.ln(Tl)
dy—d,

N = (e€.tanh(C/2))" and C =
To get n, Egs. (9) and (10) are used.

Accuracy of the new analytical inverse method (NAIM)

Figure 4 shows the comparative accuracies of the NAIM and the CAIM for A = 3um.
The accuracies of both methods are shown for a low refractive index (n = 1.5, Figure 4a,b),
which is interesting because many types of glasses have refractive indices close to this
value. For k, the new method leads to a maximum percent error of 0.001% (Figure 4a),
which is more than two orders of magnitude better than the classical method (> 0.3%).
For n, Figure 4b shows that the new method yields an accuracy of £0.00001, which is two
decades better than the classical method (max(An) ~ 0.001).

The accuracies of the NAIM and the CAIM are also shown for silicon, which is a high-
refractive-index material (n = 3.4, Figure 4c,d). For k, the new method (Figure 4c) results
in @ maximum percent error of ~1.5% (compared to ~ 20% with the classic method). For
n (Figure 4d), the accuracy reaches +0.004, which is 25 times better than that of the
classical method (+0.1).



a) Percent error on kforn=1.5 b) Absolute error on n forn=1.5
0.001 5 Cjassical analytical
< 0.14 method (CAIM)
c (3
o c
s o 1E-4
T 0.014 2
o )
o o 54
o 5 1E-5
= | ]
& 0.001 ; 2
& < 1E-6 4 New analytical method
' (NAIM)
1E-44 New analytical method (NAIM)
T r T 1E-7 r T T
1E-7 1E-6 1E-5 1E-4 1E-7 1E-6 1E-5 1E-4
Extinction coefficient k Extinction coefficient k
C) Percent error on kforn= 3.4 d) Absolute error on nforn = 3.4
100 0.1
Classical analytical
x method (CAIM)
5 10 c
- E S 0014
S e
bug 2
) 5]
) 2
o S 0.0014
2 o
® 3
EJ <
] New analytical method
New analytical method (NAIM) 1E-4 (NAIM)
001 T T T T T T
1E-7 1E-6 1E-5 1E-4 1E-7 1E-6 1E-5 1E-4
Extinction coefficient k Extinction coefficient k

Figure 4. Comparative accuracies of the CAIM and the NAIM in the determination of (k,n); (a) PEk for n
=1.5 (b) An for n = 1.5 (c) PEk for n = 3.4, and (d) An for n = 3.4; the dotted line represents an absolute
error of 1 digit on the second decimal place of n.

Application example: determination of (k, n) for CaF2 and Si

The transmittance of CaF. and Si optical samples (circular slabs) was measured at
normal incidence in the 4-8um IR range, using a Spectrum 400 FT-IR spectrometer
(Perkin Elmer Company) with a MCT detector; the resolution was set to 4 cm™ (the
transmittance curves are shown in the Supplemental Material S1, and the raw data are
available as supplemental files). The possible sources of transmittance uncertainties are
multiple (e.g. detector nonlinearity, defocusing effects, etc...).??” In our case, the
accuracy of the FTIR instrument was estimated at +0.1% (similar to literature data®).
Moreover, in opaque regions, we observed that the transmittance noise level and the
systematic errors were lower than 0.1%. Hence ot = 0.2% was taken as an estimate of the
standard deviation of the measured transmittance.

Figure 5a,b shows the determined (k, n) parameters of CaF optical windows (thickness
di =2.00mm and d2 = 8.00mm, supplier: Crystran Company, UK). In the 4-8um range, k
increases with wavelength from 3x107 to 1x107°. These values are quantitatively in very
good agreement with recently published data.?° The n values (Figure 5b), which decrease
with the wavelength from about 1.41 to 1.36, are also in very good agreement with
literature data.?®*° The standard deviation of transmittance chosen (o1 = 0.2%) yields
uncertainties of +0.01 for n. For k, the error results in the highly transparent region (k <
10°%) may be further lowered using thicker samples.

8



oefficient k of CaF, oefficient n of CaF,
Coeff t k of CaF Coeff t n of CaF
1E-4 1.6
New method (NAIM) = New method (NAIM)
X Reference 29 (20°C) v Reference 29 (20°C)
r y < Reference 30
o 1E-54 v x 1.5+
2 v [}
aﬂ:) vVy e E
8 ) o
& 1E-6 1 > B
5 v vvwyv'Y 2
£ f—w (0]
5 (074
1E-7 - 1.3
4 5 6 7 8 4 5 6 7 8
Wavelength (um) Wavelength (um)
c) Coefficient k of Si d) Coefficient n of Si
1E-4 3.8
New method (NAIM)
-------- Reference 31
- & 36
5 1e59 5
£ E 1
8 o 34y e e
() = +
5 :
2 1E-64 £
£ @ 3.2
x
]
1E-7 1= T T T 34— T T T
4 5 6 4 8 4 5 6 74 8
Wavelength (um) Wavelength (um)

Figure 5. Determination of (k, n) of CaF, and FZ-Si windows using the NAIM (a) Extinction
coefficient k of CaF, (NAIM), and k data from Reference 29 (b) Refractive index n of CaF
(NAIM), and n data from References 29 and 30 (c) Extinction coefficient k of FZ-Si (NAIM) (d)
Refractive index n of FZ-Si (NAIM), and n data from Reference 31.

Figure 5c,d shows the determined (k, n) parameters of FZ-Si optical windows
(thickness di = 2.06mm and d> = 10.01mm, supplier : ATS Company, China). The
thickness d2 considered here is a little higher than 8mm, but it has been verified that the
results shown in Fig. 4c,d remain valid. In the 4-8um range, using the NAIM leads to an
extinction coefficient k (Figure 5c) which increases with the wavelength from 5x107 to
~3x107°, with an abrupt change around A = 6.5um. For n (Figure 5d), using the NAIM
results in a refractive index n which decreases slightly from 3.41 to 3.38, which is in good
agreement with literature data.®

The small difference with the published data (<0.02 absolute difference with reference
31 at 5um) may be attributed to the different quality of our FZ-Si samples, or to the
accuracy limit of the transmittance measurements:?®? indeed, the chosen standard
deviation of transmittance (o1 = 0.2%) yields uncertainties of +0.02 for n.

It can be noted that the errors arising from the new analytical calculation of n from
transmittances Ti and T are negligible (< 0.00001 for CaF2 and < 0.004 for Si), compared
to the errors in n (£0.01 for CaF, and +£0.02 for Si) owing to the experimental measurement
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uncertainties on T1 and T». Thus two limitations of the present method may be considered:
for highly transparent samples, T: and T> may be too close to each other to be well-
separated (hence thicker samples may be used, in a reasonable range to explore).
Conversely, for regions with very high absorption, the transmittance is too low to be
measured by FTIR; in this case, our method cannot be used, and alternative methods (e.g.,
reflsectance spectroscopy,®>% ellipsometry®) are effective for measuring high k values (>
107).

Conclusions

In this study, we proposed a new analytical inverse method (NAIM) to extract the
optical constants (k, n) of a solid material with high accuracy from transmittance data of
samples with two different thicknesses (in the range 2-10mm), without any numerical
iterative process. To this end, we established easy-to-use analytical expressions for k and
n. Given transmittance data, the NAIM is used to solve the (T1, T2)—(k, n) inverse problem
with high accuracy (e.g. 0.00001 for n in the case n = 1.5, and 0.004 for n in the case n =
3.4). As an illustrative example, the (k, n) optical parameters of two materials (CaF2 and
FZ-Si) were determined straightforwardly in the 4-8um IR spectral range, and the results
obtained are in very good agreement with published data. Hence this new method may be
a useful alternative for deriving the optical constants of solid materials with high accuracy.
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