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Abstract

We present a simple proof of the Riemann’s Hypothesis (RH) where
only undergraduate mathematics is needed.
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1 The Riemann Hypothesis
1.1 The importance of the Riemann Hypothesis

The prime number theorem gives us the average distribution of the primes.
The Riemann hypothesis tells us about the deviation from the average.
Formulated in Riemann’s 1859 paper[1], it asserts that all the 'non-trivial’
zeros of the zeta function are complex numbers with real part 1/2.

1.2 Riemann Zeta Function

For a complex number s where $(s) > 1, the Zeta function is defined as
the sum of the following series:
=3 M
s) = —
nS
n=1
In his 1859 paper[1], Riemann went further and extended the zeta function
¢(s), by analytical continuation, to an absolutely convergent function in
the half plane R(s) > 0, minus a simple pole at s = 1:

s too {x
¢(s) = - s/1 :;{er}l dz (2)

s—1

Where {z} = z — [z] is the fractional part and [z] is the integer part of z.
Riemann also obtained the analytic continuation of the zeta function to
the whole complex plane.
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Riemann[1] has shown that Zeta has a functional equatiorEl

C(s) = 2°7° 'sin (%5)r(1 —8)C(1—s) (4)
Where I'(s) is the Gamma function. Using the above functional equa-
tion, Riemann has shown that the non-trivial zeros of { are located sym-
metrically with respect to the line R(s) = 1/2, inside the critical strip
0 < R(s) < 1. Riemann has conjectured that all the non trivial-zeros are
located on the critical line $(s) = 1/2. In 1921, Hardy & Littlewood[2,3,
6] showed that there are infinitely many zeros on the critical line. In 1896,
Hadamard and De la Vallée Poussin[2,3] independently proved that {(s)
has no zeros of the form s = 1+ 4t for ¢ € R. Some of the known results[2,

3] of ¢(s) are as follows:
¢(s) has no zero for R(s) > 1.

e ((s) has no zero of the form s =1+ ir. i.e. {(1+1i1)#0, V.
¢(
q

s) has a simple pole at s = 1 with residue 1.

N

s) has all the trivial zeros at the negative even integers s = —2k,
ke N*.

e The non-trivial zeros are inside the critical strip: i.e. 0 < R(s) < 1.

If ((s) =0, then 1 — s, § and 1 — § are also zeros of ¢: i.e. ((s) =

(1 —s5)=((5) =¢(1-35)=0.

Therefore, to prove the “Riemann Hypothesis” (RH), it is sufficient to

prove that ¢ has no zero on the right hand side 1/2 < R(s) < 1 of the
critical strip.

1.3 Proof of the Riemann Hypothesis

Let’s take a complex number s such that s = o 4 ¢7. Unless we explicitly
mention otherwise, let’s suppose that 0 < o < 1, 7 > 0 and ((s) = 0.

We have from the Riemann’s integral above:

s too fg
el = 5)

s—1
We have s # 1, s # 0 and ((s) = 0, therefore:

1 /:Oo A=} 4y ©6)

s—1 rstl

Or in other terms:

1 tee {x}
_ = ———d
o+it— 1 /1 gotiT+1 v (7)

IThis is slightly different from the functional equation presented in Riemann’s paper[1].
This is a variation that is found everywhere in the litterature[2,3,4]. Another variant using
the cos:

C(1—s)=2""%7r"%cos (%S)F(S)C(s) (3)



Let’s denote the following functions:

e(x) = {z} (8)
To continue, we will prove the following lemmas.

Lemma 1.1. Let’s consider two variables o and T such that o > 0 and
7> 0. Let’s define two integrals I(a,o,7) and J(a,o0,7) as follows:

I(a,0,7) = /la de 9)

x°

J(a,0,7) = /la de (10)

‘erO'
Therefore

I(a,0,7) = K(o,7) (1 _ cos(rnfa)) (0 —1)sin(r ln(a))) (11)

ac—1 T ac—1

Ja,or) = Ko T)((U; 1) B (07—— 1) COS(CZ;IE(G)) n sin(cz'alill(a))) (12)
Where
K(o,7) = m (13)

In the context of this lemma, the variables o and T are arbitrary and
not necessarily related to the zeros of the zeta function.

Proof. Let’s consider two variables ¢ and 7 such that ¢ > 0 and 7 > 0.
Let’s take a > 1.

I(a,0,7) = /la de (14)

= /ln(a) sin(rz)e "% dz (15)
0
— K(o,7) (1 _ Coss;l?l(a)) _ (a'; 1) sm((;lill(a))) (16)
Where
K(O’7 T) = m (17)

And the same for J(a,o,7) for a > 0:

J(a,o,7) = /1‘& Mdm (18)

xo’
In(a) L
= / cos(tz)e " dx (19)
0

- K(o, 7_)((U —1)  (o—1)cos(rn(a)) n sin (7 ln(a))) (20)

T T ac—1 ac—1

Where K (o, 7) is defined above in the equation (17).



Lemma 1.2. Let’s consider two variables o and 7 such that 0 < 0 < 1,
7> 0 and s = o+ i1 is a zeta zero. Let’s define the sequence of functions
€n and €, such that eo(x) =€o(x) = {z} and for each n > 1:

con@ =1 [Cal) (21)

T

fnsa () = 2 / () (22)

T

Therefore:
1. For each n > 1:

2. For each n:

en(w) =n(w) + 5 = (25)
k=0
4. For each n and x > 1:
— 1 1 v Ty\\yn—1
" = —= dteo(t)(In(= 2
@) = oy ) #EO(n) (26)
5. For each © > 1:
lim 2"en(z) = = (27)
n——+oo

Proof. Let’s denote the integral A(s) as following:

A(s) = /1 @ _ 1 (28)

xlts 1-ys)

We use the integration by parts to write the following:

oo e (x
A(s) = /1 dz x1(+) (29)
@ e T e (z
- [1 [aro@| 409 [Ta (30
— — lxe x S +OOLE€1($)
= Od o(x) + (1 + )/1 dr—7 (31)
1 1 oo oo (x
- _ 0dmgo(x)_(1+s)/0dxel(:c)+(1+s)2/1 dxx1(+2 (32)
(33)
- _ 9 sk 11:6 x S”Jrl +001376n+1(x)
= (1+s) /od k(@) + (1+s) /1d O (34)



We could do the above integration by parts. Because the functions e
are continuous functions. We also can prove that the functions v are
non-negative and bounded as we can prove that for each k for each x > 0
that:

0<er(z) < 1 (35)
This can be proven by recurrence using the fact that for each x > 0:
0<ea(@) =1{a} < 1 (36)

Now, we need to calculate the integrals Ij, for k£ > 0:

Ik = /lda? €k (:E) (37)
0

For z € (0, 1), we have:

eo(z) ==z (38)
And
vi(@) =3 (39)

Therefore, we can write for each k for x € (0, 1):

Therefore, for each k > 1:

Therefore, we can conclude:

1 T enti(x) 1
A:——l"*l/d"+ 42
(s) o Tt [1 P Ay | )
Since 1 4 s # 0, we conculde the point 1. The point 2 can be proved
the same way by replacing s by 1 — s. |
The point 3) can be proved by recurrence. For n = 0. We have

eo(z) =€o(x). Let’s assume that it is true till n and let’s prove for n + 1.
We have:

L[ [
ent1(z) = ;/(;dxen(:c)—&—;/ldxen(x) (43)
T n—1 gk k T
1 1 [®dt' = 2InF(t) 1 [ _
x 27t + x2n J, t kZ:O k! + 1:/1 zéalz) (44)
1 1 &2k Ikt ()

= mﬂugnﬂkZ G ORI
=0

1 " 2% In* ()
= o kZ:O Bl +enri(z) (46)



]

Let’s prove the 4*" point. We proceed by recurrence. For n = 1, we

retrieve the definition of €7(z). Let’s assume that it is true up to n and
let’s prove it for n + 1. We have thanks to the integral order change:

e L C (47)

- s [ [amemdy )

_ ﬁ%/jdsa(s)/j%(m(é))"* (49)

_ %i/lzdsa(s)(ln(g))n (50)

And this proves ou point of the lemma. m

Let’s now prove the last point. Let’s take x > 1. From the point (4)
above, we can apply the dominated convergence theorem to prove that:

lim 2"e,(z) = 0 (51)

n——+oo

From point (3), we can conclude that:

lim 2"e,(z) = lim <2n En(z) + ix "i: oF lnk(m)> (52)

n—-+oo n——+oo k"
k=0

lim ~ ni: In® (%) (53)

n—too T 4— k!
1 2
= - exp(In(z”)) ==z (54)
Hence the proof of the last point of the lemma. ]
O

Lemma 1.3. Let’s consider two variables o and T such that 0 < o < %
and 7 > 0 such that s = o + it is a zeta zero. Let’s define the sequence of
functions Ey o(x), Fno(z), Gno(x) and Hp,o(x) over [1,+00) for each
n > 1 as follows:

Bno(z) = [étwen(x) (55)
Foo(e) = /létwen(x) (56)
Gro(@) = (Eno(@)’ + (Fuo(@))’ (57)
Hypo(z) = Grni-o(x)— Gnol(z) (58)

Let’s define the sequence of functions In o (x) over [0,400) for eachn > 1
as follows:

Ino(z) = Hpo(z+e37) (59)

3 i
We denote ag = e27 and by = e27 .



1. For each n > 1 there exists x, > by such as:

Hypo(zn) = 0 (60)
2. For each n > 1 there exists x,, > bp — ag > 0 such as:
Ino(zn) = 0 (61)
In other terms:
Gni-o(tn+a0) = Gno(xn+ ao) (62)

Proof. Let’s prove first point. Let’s take n > 1 an integer. Since o < %
We have for each z > 1: ——= > ﬁ Therefore

P
¥ Gin(rln (£))
% cos(71In (t))
Eno(bo) > Eni-o(bo) >0 (65)
Frno(bo) > Fni-o(bo) >0 (66)
Therefore
(Bno(80))® > Eni-o(bo))’ (67)
(Fn,o'(bo) > (F"n,,lfv:r(bo))2 (68)
And therefore
Gn,o(bo) > Gni-o(bo) (69)
Hpo(bo) < 0 (70)
We also have from the lemma 1.2:
. o sin(71n (1)) 2 +e° cos(71In (t))
o Gty = ([ o) ([ eestint)
_
=5
. *e° sin(r1n (t)) 2 +eo cos(T1n (1))
Gt = ([ RO ) ([ stz
. 1
N
Therefore
1 1 1
lim Hp.o = — _
S Hee@ = (e~ frmap) > 0 R

Since the function Hy, . is continuous over [1,+00). From (71) and (76)
and thanks to the Mean value theorem, we can conclude that there exists
an x, > bg such that:

(76)

en(@)) ()
(72)
en(@)) (1)

(74)



]
To prove the second point, we proceed by the same approach as in the
first point. We remark that since bg — ag > 0:

In,o'(bO - CLO) = Hn,o'(aO + b() - CLO) = Hn,o'(bO) <0 (77)

And the same like above:

lim Ins(x) = lim Hpo(ao + z) (78)
x—+00 xr—+o00
1 ( 1 1 )
= —(—-—-—"-1)>0 (79)
22n \[sf2 11— s]?
And the same we conclude thanks to the Mean value theorem. |
O

Lemma 1.4. Let’s consider two variables o and 7 such that 0 < o < 1
and T > 1 such that s = o + 7 is a zeta zero. Therefore for each n > 1:

(80)

o =

1
2
Proof. Let’s suppose that o < % We use the previous lemma notations.

From the lemma 1.3, we can construct a sequence (z, > bg — ao) such
that:

Gn,lfo'(xn + aO) = Gn,o‘ (xn + aO) (81)
We can distinguish between two cases:

1. The sequence (z,) is unbounded.

2. The sequence(zy) is bounded.

Case 1: The sequence () is unbounded In this case, without
loss of generality, we can assume that the limit of (z,) is +0o. From the
lemma 1.2, we have

lim 2"e,(z) = = (82)

n—-+oo

Therefore, thanks to the integration theory of calculus, we can conclude
that:

Gn,o(Tn +a0) ~notoo (/1wn+a§t M)Z + (/1xn+a§t M)z (83)

Al Al

From the lemma 1.1, we can write:

(€ + a0)?=9) — 2(z, + a0) ) cos(r In (zn + ao)) + 1
(I1-0)2472

Gn,a (xn + aO) ~n—+oo (84)

(xn)Q(l—a)

a-opsr (%)

~n——+oo



And the same

(zn + ao)2cr — 2(xn + a0)? cos(TIn (zn + ao)) + 1
o2+ 172

Gn,lfo'(xn + aO) ~n—+oco

(xn)2o

~Mn—otoo T 5 5
o2+ 72

From the relation (82), we conclude:

20200 (1- 5)2 + 7
n n—-+oo 0_2 +7_2

(88)

Which is a contradiction since the limit of (x,) is +o0o. Therefore
1 — 20 must be equal zero. Therefore o = %
Case 2: The sequence (z,) is bounded In such case, without
loss of generality, we can assume that the limit of (z,) is @ > b —ao > 0.
Similarly like in the first case, we can write that:

(a+ao)® —2(a+ap)’cos(tln(a+ao))+1  (a+ao)>*=7 —2(a+ao)*= cos(rIn (a + ao)) + 1
o2+ 72 1-0)2472

(89)

Let’s study the function f: x — (“+a°)2272(“+a°2)z cos(rIn (atag))+1
: P e .
Therefore:

(®+7°)2fi(x) = 2In(a+ao)(a+ ao)” ((a +ao)” — cos(t1n (a + ao))) (®+71%)  (90)
—2m<(a+ao)2x —2(a+ ap)” cos(tIn(a + ao)) + 1) (91)
Since a + ag > e > e3r. For z > 0, we have:

((a + ao)” — cos(t1n (a + ao))) >0 (92)

And we can write:

2(a + ao)” ((a +ag)® — cos(t1n (a + ao))) = (a+a0)* —2(a+ao)” cos(tln(a+ao))+ 1+ (a+ag)* — 1
| —

>0
> ((a +a0)** —2(a + ao)” cos(t1n (a + ao)) + 1) >0
And we also have:
477 > 2T (95)
3
In(a+ao) > In(ao) = o

Therefore by combining the inequations (94 — 96), we conclude:

(93)

(94)

2In(a + ao)(a + ao)” ((a + ao)” — cos(t1n (a + ao))) (®+7%) > 3 ((a + a0)* — 2(a + ao)” cos(tIn (a + ao)) + 1) 2zT (97)

27
> 2x<(a +a0)** — 2(a + ao0)” cos(tIn (a + ao)) + 1)

(98)



Therefore for each z > 0:
(> +7°)>2f1r(z) > 0 (99)

Therefore, the function f is a strictly increasing function over (0, +00).
From the equation (89), we have f(0) = f(1—0c). Which is a contradiction
if 0 # 1 — 0. Therefore o must be equal 1 — 0. Hence

c=1—-0= 1 (100)
B 2

This ends the proof of the Riemann Hypothesis. B

O

1.4 Conclusion

We saw that if s is a zeta zero, then real part R(s) can only be % Therefore

the Riemann’s Hypothesis is true: The non-trivial zeros of ((s) have real
part equal to % In the next article, we will try to apply the same method

to prove the Generalized Riemann Hypothesis (GRH).
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