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Abstract

We present a simple proof of the Riemann’s Hypothesis (RH) where
only undergraduate mathematics is needed.

Keywords: Riemann Hypothesis; Zeta function; Prime Numbers;
Millennium Problems.
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1 The Riemann Hypothesis
1.1 The importance of the Riemann Hypothesis

The prime number theorem gives us the average distribution of the primes.
The Riemann hypothesis tells us about the deviation from the average.
Formulated in Riemann’s 1859 paper[1], it asserts that all the 'non-trivial’
zeros of the zeta function are complex numbers with real part 1/2.

1.2 Riemann Zeta Function

For a complex number s where $(s) > 1, the Zeta function is defined as
the sum of the following series:
=3 M
s) = —
nS
n=1
In his 1859 paper[1], Riemann went further and extended the zeta function
¢(s), by analytical continuation, to an absolutely convergent function in
the half plane R(s) > 0, minus a simple pole at s = 1:

s too {x
¢(s) = - s/1 :;{er}l dz (2)

s—1

Where {z} = z — [z] is the fractional part and [z] is the integer part of z.
Riemann also obtained the analytic continuation of the zeta function to
the whole complex plane.
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Riemann[1] has shown that Zeta has a functional equatiorEl

C(s) = 2°7° 'sin (%5)r(1 —8)C(1—s) (4)
Where I'(s) is the Gamma function. Using the above functional equa-
tion, Riemann has shown that the non-trivial zeros of { are located sym-
metrically with respect to the line R(s) = 1/2, inside the critical strip
0 < R(s) < 1. Riemann has conjectured that all the non trivial-zeros are
located on the critical line $(s) = 1/2. In 1921, Hardy & Littlewood[2,3,
6] showed that there are infinitely many zeros on the critical line. In 1896,
Hadamard and De la Vallée Poussin[2,3] independently proved that {(s)
has no zeros of the form s = 1+ 4t for ¢ € R. Some of the known results[2,

3] of ¢(s) are as follows:
¢(s) has no zero for R(s) > 1.

e ((s) has no zero of the form s =1+ ir. i.e. {(1+1i1)#0, V.
¢(
q

s) has a simple pole at s = 1 with residue 1.

N

s) has all the trivial zeros at the negative even integers s = —2k,
ke N*.

e The non-trivial zeros are inside the critical strip: i.e. 0 < R(s) < 1.

If ((s) =0, then 1 — s, § and 1 — § are also zeros of ¢: i.e. ((s) =

(1 —s5)=((5) =¢(1-35)=0.

Therefore, to prove the “Riemann Hypothesis” (RH), it is sufficient to

prove that ¢ has no zero on the right hand side 1/2 < R(s) < 1 of the
critical strip.

1.3 Proof of the Riemann Hypothesis

Let’s take a complex number s such that s = o 4 ¢7. Unless we explicitly
mention otherwise, let’s suppose that 0 < o < 1, 7 > 0 and ((s) = 0.

We have from the Riemann’s integral above:

s too fg
el = 5)

s—1
We have s # 1, s # 0 and ((s) = 0, therefore:

1 /:Oo A=} 4y ©6)

s—1 rstl

Or in other terms:

1 tee {x}
_ = ———d
o+it— 1 /1 gotiT+1 v (7)

IThis is slightly different from the functional equation presented in Riemann’s paper[1].
This is a variation that is found everywhere in the litterature[2,3,4]. Another variant using
the cos:

C(1—s)=2""%7r"%cos (%S)F(S)C(s) (3)



Let’s denote the following functions:

e(z) = {a} (8)
{z}(1 —{z}) (9)

/ld:c e(x) (10)

2 X
& &
T

To continue, we will need to prove some few lemmas.
Lemma 1.1. The function e(x) is piecewise continuous on [0,400) and
its primitive function ¥(x) is defined as follows:

1

U(a) = (a-1-9¢()) (11)

Let’s consider two variables o and 7 such that 0 < o < 1 and 7 > 0 such
that s = o + it is a zeta zero. Therefore:

o g 1
/ld%%s = GoDte) (12)

And
/ RO N S (13)

x2ts s(1—s)

Proof. We will need the function ¢ as you will see later that we need a
continuous function instead of a piecewise one like the function e.

Let’s take > 1 a real number. Let’s denote n, = |z] be the integer of
part of x. We have n, = x — {«}. Therefore, we can write the following:

U(x) = /j e(x)dx (14)

- Z: /:H{t}dt—&—/:{t}dt (15)

_ Zl /:H(t—n)dt—k/nx(t—nz)dt (16)

(z —n,c)2 17

I
DN =
+
[N

_ %(n ~1+ {2)?) (18)
- %(x —1—{z} + {=}?) (19)
This prove the equation (11). [ ]

Let’s prove the second point of the lemma. Let’s define the integral
I.(s) as follows:

oo e(x
oy = [T 0



The function z — ;5?5 is integrable on [1,4+00) and thanks to the

integration by parts, we can write the following:

Too e(x
o = [ o

=[BRS e e )
= (1+s) /+02x \112(2 (23)
1
Since, s is a zeta zero, from the equation (6), we have
L(s) = — (24)
s—1

Therefore

T W) 1
R )

Thanks to equation (11), we can write:

[ RN [

x2+s x2+s x2+s
- %_sil_(s—lf(s—&-l) (27)
- s(1 1— s) (28)
[ 0

Lemma 1.2. Let’s consider two variables o and 7 such that 0 < 0 < 1,
7> 0 and s = o+ i1 is a zeta zero. Let’s define the sequence of functions
¥n such that o(x) = ¢(z) = {z}(1 — {z}) and for each n > 1:

ven@) = 3 [ w0 (29)

Therefore:
1. For each n > 1:

oo b (x) 1 1
/1 de a2t s2n + (1-s)3" (30)
And
2. For each n:
+oco
Yn(x) 1 1
/1 dz x3=s (1—s)2n + 53" (31)



8. For each n:

—+oo
Yole) 11 1 1 1 1
/1 de x2te g 2n + 1—03n + 2+0)" 0(@) o(l—o) (32)
Where Uo(0) is defined as follows:
+oo 'l/} t
Uo(o) = /1 dt t;fa) (33)
And
4. For each n:
/+05x1/m(1:) _ 1 i+li+ 1 Uo(1 — o) — 1
1 3= 1—g2n 3" (3-o)" 0 o(l—o)
Where Up(1 — o) is defined as follows:
+oo
U(l—0) = / dt fgf? (35)
1
Proof. Let’s denote the integral A(s) as following:
+oo Yoz
Aw) = [t (36)
We use the integration by parts to write the following:
T o(@)
A(s) = /; dx T (37)
+oo
[ e a(z)
= [W/o dzx o(x) 1 —|—(2—|—s)/1 dx T (38)
' e i(z)
- /0 dw () + (2 + 5) /1 ar 2T (39)
1 1 +oo
= = [arw@ - @+ [dne e [ @2 @)
0 0 1
(41)
n 1 +oo
_ —Z(2+s)k/dx1/;k(x) + (2+s)”+1/ dx% (42)
k=0 0 1

We could do the above integration by parts. Because the functions vy
are continuous functions. We also can prove that the functions ) are
non-negative and bounded as we can prove that for each k for each x > 0
that:

1

0<wile) < g (43)

This can be proven by recurrence using the fact that for each > 0:

0<yo(a) = {a}(1-{a}) < 7 (44)



Now, we need to calculate the integrals I for k > 0:

I = /O () (45)
For z € (0, 1), we have:

Yo(x) =z —x° (46)
And

ww =5 -2 (an

x T
Ur(x) = % 3% (48)
Therefore, for each k > 1:
1 1
I =907 ~ 3o (49)

Therefore, we can conclude:

toe x
AB = 8(11—8)+(2+5)n+1[/1 dx%;cgi(s)_<s2}z+1+(1—sl)3”+1>] i

Since 2+ s # 0 and 3 — s # 0, we conculde the points (1) and (2) of
our lemma. |

Let’s now prove the points (3) and (4) of the lemma. Let’s now calcu-
late the integral f1+°°d:c ﬁg(jﬁ) Let’s n > 1.

T Yna() oo fy dtal(t)
_ n+1 _ 0
U7L+1 = A dZCW —/; d‘TJT (51)
1 ! 1 T b ()
2""7/0 dtn(t) + 2_|_—U/1 dx r2+o (52)
1 1 1 U,
T 240 {znﬂ B 3n+1} 240 (53)
Therefore
3 Us = 1 1
Unt1 = 2+ o)ntt + kZ:l (24 o)k 2nt2—k - (2+ o)k 3nt2-k (54)

Therefore for each n > 1:

11 1 1 1 1
Un = —— — Up— — 55
0'2”+1—O'3” (2—1—0)"{0 a'(l—a')] (59)
The point (4) can be proved by replacing o by 1 — o. [ |
O



Lemma 1.3. Let’s consider two variables o and T such that 0 < o < %,
7> 0 and s = o+ i1 is a zeta zero. Let’s define the sequence of functions

tn such that 1[)0(:0) = j{’f;”}, = {””}m(f;ff”}) and for each n > 1:

- 1 [® .
dria(e) = [ Ga0) (56)
Z Jo
Where (1) is the sequence of functions defined in the lemma 1.2. There-
fore:

1. For each n:

oo dn(z) 1 1
/; dx z2ts (1 —3) (14 20)" + 5(2420)" (57)

Where § is the complex conjugate of s.
And

2. For each n:

oo n(x) 1 1
/1 e ] G A spy pr P TR L)

Where 5 is the complex conjugate of s.

8. For each n:

T n(z) 1 1 1 . 1
/1 e = Aoz oty T eror | " sa=a| O
Where Uy is defined as follows:
5 oo do(t)
Uo(o) = /1 dt t;’w (60)
And
4. For each n:
O () 1 1 1 - 1
/1 R e s e E Rl G sy ol ¢yl LGt e s e
Where Up(1 — o) is defined as follows:
+oo 7
U(1—0) = / dt fgfi) (62)
1

Proof. The first point can be proved simply by using integration by parts
exactly like the proof in the lemma 1.2. Let’s denote the integral A(s) as
following;:

~ oo ] T
Als) = /1 o o) (63)

x2+s



Therefore we can write:

~ +oo 7 x
) = [Tt o
L i) + (@)
= - /01‘117 Po(z) + (2 +5) /1+02x7’i12(fs) (66)
' 7, ! ~ +oo "’2 z
= —/0 dz () — (2—|—8)/0 dzx 1 (x) + (2+S)2/1 d371/;2(+s) (67)
n ol 1 oo ~n 1T
= —kZ:O(Hs)’“/Odwk(x) e [ o) )

Since 0 < 0 < %, the functions l/;k are continuous functions, bounded and
also non-negative as for each k for each x > 0 that:

0<i(z) <1 (70)

To prove the point of the lemma, we need to calculate the integrals I, for
k> 0:

1
I, = dz 1) 71
o= i (71)
For z € (0, 1), we have:
QZ;O(:C) _ :CZO' _ $1+20 (72)
And
- 20 1420
r(z) = — ‘” (73)

T1+20 2+20
Therefore, we can write for each k for z € (0,1):
3720 $1+2U

Therefore, for each k > 1:

. 1 1
T = (14 20)F 1 (24 20)kH1 (75)

Therefore after simplification:

1

. _ 1 n41 toe Qz}n 1() 1
Ab) = spoy T [/1 S _<(1—§)(1+2a>”“

Since 5 is also a zeta zero. So from the lemma 1.1, we can write:

As) = /1”23;%7(1’): /1”2#0(‘"”): ! (77)

x2+s+172o' :C37§ §(1 _ E)

NECES R

) -



Since 2 4 s # 0, we conclude the first point of the lemma. The second
point can be proved by replacing s by 1 — s. |
Let’s now prove the points (3) and (4) of the lemma. Let’s now calcu-

late the integral f1+°°d:c1i72‘—fd). Let’'sn > 1.

; T P (x) oo Jo dtn ()
— ntl — 0
1 1o 1 [T ahy(x)
1 1 1 U
- 2—&—0{(1—&—20)”*1 _(2+20)"+1]+2+a’ (80)
Therefore
~ n+1
~ Up 1 1
n = - 1
Untr @royt ; [(2 +o)F(1+20)" 2 F 2+ 0)F 2+ 2a)n+H] (81)
Therefore:
- 1 1 1 - 1
Uit = G- @s2007 T o@ 2007 | @roy [UO(") T a)} (82)
The point (4) can be proved by replacing o by 1 — o. This ends the
proof of our lemma. ]
O

Lemma 1.4. Let’s consider f a continuous function over [1,400). Let’s ¢
be a non-null positive function such that f¢ and ¢ are integrable functions
over [1,+00) with:

0</+02x¢(1:) < 4o (83)
And
—+oo
/; dro(z) f(x) < Hoo (84)

Therefore, there ezists a ¢ € (1,+00) such that:

+o0 too
/1 dzd(z) f(z) = (o) / dz o(x) (85)

Proof. This is just the Mean value theorem for integrals on [1, +00). Let’s
define the real \ as following:

o dz ¢(x) f(z)
[ dw ¢()

We have by construction that:

+oco
/1 dz o(@) (f@)—A) = 0 (87)



Therefore, if for each z > 1, we have f(x) > A, then,we will have:

/1+°0 dzp(z) (f(z)—A) > 0 (88)

Which is a contradiction. We will reach a similar contradiction if we
assume f(x) < A for each x > 1. Therefore, there exists ¢ € (1, +00) such
that f(c) = A. [ | |

Lemma 1.5. Let’s consider two variables o and T such that 0 < o < %,
7 > 0 and s = o+17 is a zeta zero. Lel’s consider the sequence of functions
(Yr) and (Yn) defined in the lemmas 1.2 and 1.3. Therefore:

1. For each n:

o 4 (x) cos(tIn (z)) oo 2cos®(F In (2))¢n(x) o Pn(a)
/1 dx e = /1 dx e - /1 dr=rs
And
2. For each n:
too 2¢0s?(Z In () ¥ () 1 too 2¢os?(Z In () ¥ ()
I - ) e 0

Where ¢, > 1 is a real number.

8. For each n:

too Jo(z)cos(tIn(z)) [T 2cos’(5In(x))Pn(x) oo ()
/1 dx o = /1 dx e —/1 i
And
4. For each n:
+oo 2c0s?(Z1n (z)) Pn(z) 1 +oo 9¢0s?(Z In (z)) P (z)
/1 da 2903*" - dr2 / d ; x2to (92)

Where d,, > 1 is a real number.

Proof. The first point of the lemma can be proved using the trigonometric
relation cos(2z) = 2cos?(x) — 1. Let’s now prove the second point of the
lemma. Let’s n > 1. Write the following:

x2+0+1720’ (93)

/+02:c2 cos? (Tiréfig))l/;n (@) _ /+°2x2c052(% In (z)) P (z)

. . 2cos?(Z In (tz)) Pn(z) . . .
Since the functions z — (2 12(+c,)) Y@ s a non-negative and in-

tegrable on [1,+00), we apply the lemma 1.4, to write the following:

+oo 2 b +° 9cos2(Z In () ¥n(z
/ d:c2COS (7'11;7(50))1/%(50) _ 1}2 / d (3 24E ) Yn() (94)
1 z°me e 7 T2
Where ¢, > 1 is a real number. [ ]
The points 3 and 4 also can be proved using the same method as in the
points 1 and 2. And hence the lemma. ]
O

10
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Lemma 1.6. Let’s consider two variables o and T such that 0 < o < 1
and 7 > 0 such that s = 0 + it is a zeta zero. Therefore:

Proof. Let’s suppose that o < % We use the previous lemmas notations.
From the lemmas 1.2 and 1.5, we can write the following for n > 1:

+oo 2cos*(Z In () ¢n(x) 1 +oo 2cos*(Z In () thn(x)
/1 dx premr = o / dz R (96)
Where ¢, > 1 is a real number.
And
+ 2cos*(Z In (z)) ¥n(x) o by () cos(In (x)) o ()
A d.fC :_1;3*0' = A d.fC ;L’3*‘7 +/; de (97)

1 T T T
- ([ [ [T

Since 5 is also a zeta zero, therefore we can use the lemma 1.2 to write:

+° 2cos®(Z In (z)) ¥n(x) 1 1 1 1 1
/1 dw e - slaor i tase e i (99)
1 1 1 1
. i v U(l—0) e —— 1
Y G tom T ooy |0 0(1—0)] (100)
1-o0) 1 o 1 1
—+ — Ul —0) — —— 101
M—sz T o2 "o Tos T oo |-~ ga=5| U0
Where Up(1 — o) is defined as follows:
—+oo
Uo(1—0) = / dt fff? (102)
1
And the same
+oo 2c0s?(Z In () ¥n(x) T W (x) cos( In (x)) T b ()
/1 da — - /1 dp DTN /1 a2l (103)

| e €) o (@) o (@)
ZEQ@%M+[Wﬂﬁ+AWﬂHGM
Since 3 is also a zeta zero, therefore we can use the lemma 1.2 to write:

/+O§x2C052(%ln(x))¢"(m) = l< LR S — ) (105)

x2te 2\s2»n  (1-s)3» 32  (1-73)3"
1 1 1 1
t ot aTar Tarer | T samy (106)
o 1 1-o0) 1 1 1
— - - 1
E A A T EE (e T Ra ol e )} (oo

11



We have for each n: 2" < (24 0)" < 3" and 2" < (3 —0)" < 3™.
Therefore, from the equations (96), (101) and (107), we conclude:

(1—0) 1
1 =2 ™ T
~y 108
T g 1o
Since ¢, > 1 for each n, we conclude that:
(1—0) 1
=)
D=l Go) < (109)
” T

And we do the same for 1/;,1 From the lemmas 1.3 and 1.5, we can
write the following for n > 1

+o0 9 cos?(Z In (2)) n () 1 +oo 9cos?(Z In (2)) P ()
/1 dx pcr = 5 /1 dx e (110)
Where d,, > 1 is a real number.
And
oo 2cos’(5 In () Pn(2) o0 u(x) cos(7In (x)) T ()
/1 dx e = /1 dx e +/1 dx o (111)

L[ (@) oo () oo P (x)
= 5(/1 dZCF'f‘/l dx? +/1 de (112)
Since 3 is also a zeta zero, therefore we can use the lemma 1.3 to write:

/+°;x2cos (% In(2)) Yn(z) _ 1( 1 " 1 + 1 + 1 ) (113)

3o 2\5(1+20)"  (1—-35)(2+20)"  s(1+20)"  (1—s)(2+20)"
+ 1 + 1 T 0,0(1 —o) - 1 (114)
0'(1+20')" (1—0’) (2+20-)n (3—0’)" 0_(1_0_)
_ g 1 1—0 1
= ||3||2 (1+20’)7L + 0(1+2U)n + ||1_SH2 (2+20-)n + (1_0_) (2+20_)n (115)
1 . 1
- e ) ) (16)

Where Up(1 — o) is defined as follows:

U(1—0) = /jw dt fff? (117)
And the same
tee 2 0052(1 In (z)) 12%(23) Foo 1/~)n () cos(71n (x)) Foo 1/~)n (z)
/1 dx e - /1 dz s - /1 du = (118)

L [re0 dn(@) 75 () o (@)
_ 5(/1 do +/1 dxxz—fg>+/1 det (119)

12



J

Since 3 is also a zeta zero, therefore we can use the lemma 1.3 to write:

+02:c 2cos*(Z In () ()

$2+U

1 1 1 1 1
§<(1—5)(1+20)n tsereor Ta—sat20 s(2+20’)"> (120)

T AT (11 T2 T o +1 o T oy |00~ a - %) (121)
= e s|\12_(10+ 20 T =0 (11 20 TP (20+ 207 T 52 +1 sy (122)
Where Up () is defined as follows:
Uo(o) = /:w dt% (124)

We have for each n > 1: (14 20)" < (2+0)" < (3 —0)" and
(1+20)" < (24 0)" < (2+ 20)". Therefore, from the equations (110),
(115) and (122), we conclude:

o 1
dl}ga ~n—+o0 (17W2_ il ;1 (125)
" = T T
Since d,, > 1 for each n, we conclude that:
a4+ 1
BETe (126)
(1-0) + 1
11—s][Z (1—0)
From the equations (109) and (126), we conclude that:
o 1 1-o0) 1
+- = + (127)
s> = o [1—=sl*>  (1-o0)

Since the function g(z) — ﬁ + % is strictly decreasing since its
first derivative is strictly negative: for each x > 0:

—2z* — 7% — 272

=1—-0c== 129
o o 3 (129)

This ends the proof of the Riemann Hypothesis. B

1.4 Conclusion

We saw that if s is a zeta zero, then real part (s) can only be 1. Therefore

2

the Riemann’s Hypothesis is true: The non-trivial zeros of ((s) have real

part equal to

%. In the next article, we will try to apply the same method

to prove the Generalized Riemann Hypothesis (GRH).

13



Acknowledgments

I would like to thank Farhat Latrach, Giampiero Esposito, Jacques Gélinas,
Michael Milgram, Léo Agélas, Ronald F. Fox, Kim Y.G, Masumi Naka-
jima, Maksym Radziwill and Shekhar Suman for thoughtful comments
and discussions on my paper versions on the RH. All errors are mine.

References

[1] Bernhard Riemann. On the Number of Prime Numbers less than a
Given Quantity
https://www.claymath.org/sites/default/files/ezeta.pdf

[2] Aleksandar Ivic. The Riemann Zeta-Function: Theory and Applica-
tions

[3] Peter Borwein, Stephen Choi, Brendan Rooney, and Andrea Weirath-
mueller The Riemann Hypothesis: A Resource for the Afficionado
and Virtuoso Alike
http://wayback.cecm.sfu.ca/~pborwein/TEMP_PROTECTED/book . pdf

[4] Jergen Veisdal. The Riemann Hypothesis, explained
https://medium.com/cantors-paradise/the-riemann-hypothesis-explained-fa01c1f75d3f

[6] Thai Pham. Dirichlet’s Theorem on Arithmetic Progressions
https://web.stanford.edu/ thaipham/papers/MIT_18.104_Review_Paper.pdf

[6] G. H. Hardy. The general theory of dirichlet series.
https://archive.org/details/generaltheoryofd029816mbp/page/n9

[7] Garrett, Paul. Primes in arithmetic progressions, 2011.
http : //www.math.umn.edu/ garrett/m/mfms/notes_c/dirichlet.pdf

14


https://www.claymath.org/sites/default/files/ezeta.pdf
http://wayback.cecm.sfu.ca/~pborwein/TEMP_PROTECTED/book.pdf
https://medium.com/cantors-paradise/the-riemann-hypothesis-explained-fa01c1f75d3f

	The Riemann Hypothesis
	The importance of the Riemann Hypothesis
	Riemann Zeta Function
	Proof of the Riemann Hypothesis
	Conclusion


