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Abstract

We present a simple proof of the Riemann’s Hypothesis (RH) where
only undergraduate mathematics is needed.

Keywords: Riemann Hypothesis; Zeta function; Prime Numbers;
Millennium Problems.
MSC2020 Classification: 11Mxx, 11-XX, 26-XX, 30-xx.

1 The Riemann Hypothesis
1.1 The importance of the Riemann Hypothesis

The prime number theorem gives us the average distribution of the primes.
The Riemann hypothesis tells us about the deviation from the average.
Formulated in Riemann’s 1859 paper[1], it asserts that all the 'non-trivial’
zeros of the zeta function are complex numbers with real part 1/2.

1.2 Riemann Zeta Function

For a complex number s where $(s) > 1, the Zeta function is defined as
the sum of the following series:
=3 M
s) = —
nS
n=1
In his 1859 paper[1], Riemann went further and extended the zeta function
¢(s), by analytical continuation, to an absolutely convergent function in
the half plane R(s) > 0, minus a simple pole at s = 1:

s too {x
¢(s) = - s/1 :;{er}l dz (2)

s—1

Where {z} = z — [z] is the fractional part and [z] is the integer part of z.
Riemann also obtained the analytic continuation of the zeta function to
the whole complex plane.

*One Raffles Quay, North Tower. 048583 Singapore. Email: charaf.chatbi@gmail.com.
The opinions of this article are those of the author and do not reflect in any way the views or
business of his employer.



Riemann[1] has shown that Zeta has a functional equatiorEl

C(s) = 2°7° 'sin (%5)r(1 —8)C(1—s) (4)
Where I'(s) is the Gamma function. Using the above functional equa-
tion, Riemann has shown that the non-trivial zeros of { are located sym-
metrically with respect to the line R(s) = 1/2, inside the critical strip
0 < R(s) < 1. Riemann has conjectured that all the non trivial-zeros are
located on the critical line $(s) = 1/2. In 1921, Hardy & Littlewood[2,3,
6] showed that there are infinitely many zeros on the critical line. In 1896,
Hadamard and De la Vallée Poussin[2,3] independently proved that {(s)
has no zeros of the form s = 1+ 4t for ¢ € R. Some of the known results[2,

3] of ¢(s) are as follows:
¢(s) has no zero for R(s) > 1.

e ((s) has no zero of the form s =1+ ir. i.e. {(1+1i1)#0, V.
¢(
q

s) has a simple pole at s = 1 with residue 1.

N

s) has all the trivial zeros at the negative even integers s = —2k,
ke N*.

e The non-trivial zeros are inside the critical strip: i.e. 0 < R(s) < 1.

If ((s) =0, then 1 — s, § and 1 — § are also zeros of ¢: i.e. ((s) =

(1 —s5)=((5) =¢(1-35)=0.

Therefore, to prove the “Riemann Hypothesis” (RH), it is sufficient to

prove that ¢ has no zero on the right hand side 1/2 < R(s) < 1 of the
critical strip.

1.3 Proof of the Riemann Hypothesis

Let’s take a complex number s such that s = o 4 ¢7. Unless we explicitly
mention otherwise, let’s suppose that 0 < o < 1, 7 > 0 and ((s) = 0.

We have from the Riemann’s integral above:

s too fg
el = 5)

s—1
We have s # 1, s # 0 and ((s) = 0, therefore:

1 /:Oo A=} 4y ©6)

s—1 rstl

Or in other terms:

1 tee {x}
_ = ———d
o+it— 1 /1 gotiT+1 v (7)

IThis is slightly different from the functional equation presented in Riemann’s paper[1].
This is a variation that is found everywhere in the litterature[2,3,4]. Another variant using
the cos:

C(1—s)=2""%7r"%cos (%S)F(S)C(s) (3)



Let’s denote the following functions:

e(z) = {a} (8)
{z}(1 —{z}) (9)

/ld:c e(x) (10)

2 X
& &
T

To continue, we will need to prove some few lemmas.
Lemma 1.1. The function e(x) is piecewise continuous on [0,400) and
its primitive function ¥(x) is defined as follows:

1

U(a) = (a-1-9¢()) (11)

Let’s consider two variables o and 7 such that 0 < o < 1 and 7 > 0 such
that s = o + it is a zeta zero. Therefore:

o g 1
/ld%%s = GoDte) (12)

And
/ RO N S (13)

x2ts s(1—s)

Proof. We will need the function ¢ as you will see later that we need a
continuous function instead of a piecewise one like the function e.

Let’s take > 1 a real number. Let’s denote n, = |z] be the integer of
part of x. We have n, = x — {«}. Therefore, we can write the following:

U(x) = /j e(x)dx (14)

- Z: /:H{t}dt—&—/:{t}dt (15)

_ Zl /:H(t—n)dt—k/nx(t—nz)dt (16)

(z —n,c)2 17

I
DN =
+
[N

_ %(n ~1+ {2)?) (18)
- %(x —1—{z} + {=}?) (19)
This prove the equation (11). [ ]

Let’s prove the second point of the lemma. Let’s define the integral
I.(s) as follows:

oo e(x
oy = [T 0



The function z — ;5?5 is integrable on [1,4+00) and thanks to the

integration by parts, we can write the following:

I(s) = /1 s ;(1? (21)
— [iffZ]::+(l+s)/l+O;x\i’2(f2 (22)

+oo T
= (1+3)/1 dxq’§+3 (23)

1
Ie = 24
() = o (24)
Therefore
oo g(x) 1
/1 War T GoDGTD (25)
Thanks to equation (11), we can write:
e (=) e (@-1) e W(x)
/; dxx2+s = /; dz o —2/; dmx2+s (26)
1 1 2
T s s+1 (s—1)(s+1) (27)
1
= 2
s(1—s) (28)
] O

Lemma 1.2. Let’s consider two variables o and 7 such that 0 < 0 < 1,
7> 0 and s = o+ i1 is a zeta zero. Let’s define the sequence of functions
¥n such that o(x) = ¢(z) = {z}(1 — {z}) and for each n > 1:

1 x
ven@) = 3 [ w0 (29)
Therefore:
1. For each n > 1:
T n(x) 1 1
R R (T (30)
2. For each n:
1 [rdie@ ()" 1
(n— 1)!/1 dw x3+s :  os(1—s)(2+ )" (31)



Proof. Let’s denote the integral A(s) as following:

+oo T
As) = /1 FRIC) (32)

x2+s

We use the integration by parts to write the following:

A(s) = /1+02:c¢0(x)

x2+s

1 x

= |— [ 4
|:x2+s/0 zo(z) 1
! e ()
_/de1/;o(x)—|—(2—|—s)/1 da x12fs

- /Oldx Yo(z) — (2+ ) /Old:c 1 (x) 4 (2 + 5)° /:ozxi/;zz(fs)

—+oo

+(2+459) /ﬂ;xq’bl(x)

x2+s

- ! n oo ¢n (x)
—kZ_O(Q—l—s)k/dewk(x)—&—@—l—s) “/1 da =2

We could do the above integration by parts. Because the functions
are continuous functions. We also can prove that the functions v are
non-negative and bounded as we can prove that for each k for each z > 0
that:

1
0<¢p(z) < 1 (39)
This can be proven by recurrence using the fact that for each > 0:
1
0<vo(z) ={a}(1-{z}) < ; (40)

Now, we need to calculate the integrals I, for k£ > 0:

I = /0 dz () (41)

For z € (0, 1), we have:

Yo(z) =z —z° (42)
And
hile) =5~ 5 (13)



Therefore, we can conclude:

+oo T
Als) = 5(11—5) +(2+3)n+1[/1 dﬂv;;i(s ) <8271L+1 n (1_51)3n+1>] (46)

Since 2+ s # 0 and 3 — s # 0, we conculde the result of our lemma. W
Let’s now prove the second point of the lemma. For n > 1, we write
thanks to the change of the order of integration:

1 z I \\n—1
Yn(z) = a1 /0 dt 1/’0(75)(111(;)) (47)
= ot [ @) s [ anomd) @
T oz(n—-D!J, 0 t z(n—1!J; 0 t
And then
+o0 +oo (1 gt () (In(2))" ! +oo [T dtapo(t) (In(2))"
/ d Yn(z) _ 1 / d:cfo Yol )( n(t)) + 1 / dmfl Yo )( n(t)) (49)
1 x2ts (n—1)! /4 x3+s (n—1)!J, x3+s
We calculate the first term and deduce the lemma result. We can also
change the order of integration and directly calculate the integral:
L JT @ ()" L e ()"
dr = t = — dto(t dop—1t7
(n—1)! /; v x3ts (n—1)! /1 Yo )/t T s (50)
_ 1 e o t)
- (2 + S)" /1 dt t2+s (51)

And we conclude using the lemma 1.1
O

Lemma 1.3. Let’s consider f a continuous function over [1,400). Let’s ¢
be a non-null positive function such that f¢ and ¢ are integrable functions
over [1, +00) with:

O</+02x¢(x) < +4oo (52)
And
—+oo
/1 dro(z) f(x) < Hoo (53)

Therefore, there exists a ¢ € (1,400) such that:

+o0 too
/1 dro(x) f(r) = f(o) / dz () (54)



Proof. This is just the Mean value theorem for integrals on [1, +00). Let’s
define the real A as following:

[iF° dz ¢(z) f(2)
[ da p()

We have by construction that:

+oo
| o (f@ -3 = o (56)

Therefore, if for each z > 1, we have f(x) > A, then,we will have:

/1+0<> ded(z) (f(x)—A) > 0 (57)

Which is a contradiction. We will reach a similar contradiction if we
assume f(x) < A for each x > 1. Therefore, there exists ¢ € (1, +00) such
that f(c) = A. [ ] |

Lemma 1.4. Let’s consider two variables o and T such that 0 < o < %,
7> 0 and s = o+ iT is a zeta zero. Let’s define the sequence of functions

¥n such that 1/30(50) = ;"10,(;”3, = {x}m(f;f”}) and for each n > 1:

- 1 /% -
dra@) = 1 [0 (59)
Z Jo
Where (1) is the sequence of functions defined in the lemma 1.2. There-
fore:

1. For each n:

o dnle) _ 1 1
/1 e = (1-3)(1+20)" * 5(2+20)" (59)

Where § is the complex conjugate of s.

2. For each n:

+oo [ gt o (¢) (In(£))" !
1 / dxfl Q/}O( )( n(t)) = _1 (60)
(n—=1"J/ x3+s 5(1-3) (24 s)"
Where § is the complex conjugate of s.
3. For each n:
Foe cos(rIn () JEdtgo(®)(In(2)"™ 1+ 2c0s?(In (@) [7 dto(t)(In(2))"
z 340 - 1—-20 d:l? 3+o
1 T Cn 1 T

T ol-20

Where ¢, > 1 and ¢ > 1 are real numbers.

x3+a

=3 re ST dtgo() (In(5)"



4. Let’s define the sequence z, as follows:

_ confa— fim) - S .
Zn - cos(a+Bn) ( )
cos(a — Bn) — =550

(;711720

Let’s assume o € (0,5) and 8 € (0,%). Let’s assume further that
the sequence (cn) converges to ¢ but its terms are different from c
such that for each m > 1, there exist an integer k > n such that

ci # c. Therefore, we can always find an integer n such that z, < 0.

Proof. The first point can be proved simply by using integration by parts
exactly like the proof in the lemma 1.2. Let’s denote the integral A(s) as
following;:

As) = /1 @) (64)

:C2+s

Therefore we can write:

i = [ it

:C2+s

[ 1:21+5 /0 dx 1/;0(37)
1 B “+o00 ~1
_/0 dzo(x) + (2 + 5)/; dx ﬁz(fs)

- /Oldx do(z) = (2+) /Old:c D1(z) + (24 s)? /:ozxi/:)czz(fs)

“+ o0

+(2+459) /+°2x1/~;1(x)

:C2+s

- k Lo +1 oo 1/;n+1(17)
_Z(Q—i—s) /dxwk(x)+(2+s)” / do "=
5—0 0 1 z
Since 0 < 0 < %, the functions l/;k are continuous functions, bounded and
also non-negative as for each k for each z > 0 that:
0 < gu(x) <1 (71)

To prove the point of the lemma, we need to calculate the integrals I, for
k> 0:

1
I, = dz 72
o= e (72)

For z € (0, 1), we have:
1/";0(1;) — .'1?20 _ x1+20' (73)

And
20 x1+20

T 1420 2420




Therefore, we can write for each k for x € (0, 1):

1,247 ZL’1+2U

Therefore, for each k > 1:

N 1 1
T = (14 20)F 1 (24 20)FH1 (76)

Therefore after simplification:

1

~ o 1 n+1 tee 1/’;” 1(:C) 1
A(s) = §(1_§)+(2+5) + [/1 dx ;2+s _<(1_§)(1+20)n+1 +§(2+2U)n+1

Since 3 is also a zeta zero. So from the lemma 1.1, we can write:

~ Foo T oo olz
A(s) = /1 deU :/1 d:cLU = _ (78)

r2+st+l-20 33 g(l _ g)
Since 2 + s # 0, we conclude the first point of the lemma. |
The proof of the second point is also very similar to the proof of the
second point in the lemma 1.2. |

Let’s now prove the third point of the lemma. Let’s n > 1. Write the
following;:

1

xr3to x and

+°; cos(7In (z)) flx dt'l/;o(t)(ln(%))n71 :/+02 2cos2(%ln(1’)) flx dtzﬁg(t)(ln(%)yk

1

[ )

$3+0

1

N LU

x3+o‘

_/1+02t1/~;0(t) /t+°°dx(h1§371)f

—1

1

[T [ e G ) (nto)”

t2+o‘+172o' :C3+o'

[T [ i)

t2+o‘+172o' x3+o‘

1

1

[T [ e G ) (n(e)”

t2+0+172o x3+a

ettt

2cos2(Z 1 1 "
Since the functions t — fzoif,) f;rood:c cos” (3 n(;:i)d( n(x)) and t —
Yo (t)

2+ are non-negative and integrable on [1,400), we apply the lemma

t2+o’+172o'

)



1.3, to write the following:

x 7 z\\n—1 00 oo T n—1
+°2 cos(tIn (z)) [{ dteo(t)(In(%)) 1 +dt Yo(t) [T ) 2cos*(Z In (tx)) (In(z)) (87)
1 z $3+U - C}}*QU t2+a z :C3+U
n—1
L[ qo(t) [+, (In(z))
T2 /1 dt 12+o /1 dx p3+o (88)
Where ¢, > 1 and ¢ > 1 are real numbers.
We change the order of integration back to the original form and con-
clude:
x 7 N\ 0o T T zy\n—1
+°§ cos(tIn (x)) [{ dto(t)(In(2)) ! 1 +d 2cos’(% In (z)) [ dtpo(t)(In(%))
1 €z r3+o - 01—20 ) € r3+o (89)

1 /*O;x Ji dtapo(t) (In(2))" (90)

T ol-20 r3+to

]
Let’s prove now the last point of the lemma. We proceed by contra-
diction. Therefore for each n > 1:

cos(a — Bn) — cos(at fn)
n = < 0 91
‘ cos(a—Bn)—“’iﬂafEfj”) ” o)
Therefore
(cos(a — fn) — Cos(ﬁii—;ﬂn)) (cos(a — pBn) + %) >0 (92)
Therefore
Ay, cos®(Bn) — C, sin(Bn) cos(Bn) + By, > 0 (93)
Where
— - 2sin? S DI
A, = [1 2 sin (a)} [1 ccn] [Cn c] (94)
1 1 1
B, = sin’(a) [(1— ccn) - (C_L - E)] (95)
Cn = sin(20)[1+ Ci ] (96)

e Case sin(fn) cos(fn) > 0 . Therefore for each n > 1:
(AZ +C2) cos*(Bn) + (24, B, — C1) cos*(Bn) + B > 0 (97)

So we calculate the delta of the second degree equation above:

A, = cﬁ(cﬁ — 4B, (A + Bn)) - sin2(2a)(i - l)2 >0 (98)

Cn c

10



J

Since the assumption on the sequence (c¢n) and ¢, we have the delta
Ay > 0. Therefore, the two different solutions of the equation(97)
are 7 and z5:

n CEL - 2AnB7L Y An

T1 = (99)
2(A% i 03;)
2 J—
gy G 2A Bk VEL (100)

2(A% + 03;)

We also have both zT and x5 are in the interval (0,1). Therefore
for the equation (97) to be verified for each n, we need cos®(6n)
to be bigger than % or smaller than z7. Since o € (0,%), 8 €
(0, %), the sequence (cn) terms and c are different, we have 27 < z3
and therefore we can always find ng such cos?(8no) € (z}°,z5°).
And therefore (A7 +Cn, ) cos*(Bno)+ (24n, Bn, —Cry ) cos®(Bro) +
B?LO < 0. Which is a contradiction.

e Case sin(fn) cos(fn) < 0. The same analysis can be done here.

This ends the proof of our lemma. ]

a

Lemma 1.5. Let’s consider two variables o and T such that 0 < o < 1
and 7 > 0 such that s = o + it is a zeta zero. Therefore:

(101)

N

o =

Proof. Let’s suppose that o < % From the lemmas 1.2 and 1.4, we can
write the following for n > 1:

1 /+o2mff dtyo(t)(In(2)""" 1

And

1) . =i sersr (02
1 oo [T dtgo(t)(In(2))" 1
1) /1 de . “si-meter 10

Where 3 is the complex conjugate of s. And

xr3to 1-20 13+

+°2xcos(7-ln (x)) flz dt@/jvo(t)(ln(%)yk1 1 /‘+05m2cosz(%ln (z)) flz dtz/)g(t)(ln(%))n71

T ol-20

Where ¢, > 1 and ¢ > 1 are real numbers. We also can write:

11

L [Tl D)

$3+U

(104)

(105)



1

t/+§xcmﬂfhwx»1fdtwdw(hﬁ%D”*

ZL’3+U

Let’s write the following:

:/+O; 20082(%hl(m))flxdt¢0(t)(ln(%))n71

X
x3+a

$3+0

_/+o2xff dt o(t) (In(2))" "

—i

1 e
= (108)
s(1—s) [s(1—s)l
1 e
= 109
2+ s 12 + s]| (109)

Where a € (0,7) and f € (0,m). Without loss of generality, we can

assume o« and 8 are in (0, §
Therefore, we can write:

Z) since 0 < o < % and 7 > 0.

1 e~ P
—_ _ 110
CEP T PR (1o
Therefore, when we combine the equations (102-107) and get the fol-
lowing;:
T x zy\\n—1
X - 1 /*"Ox2c052(§1n (x)) [} dtpo(t)(In(£)) (111)
" (n—1)!J; x3te
1 cos(a — fBn) — w (112)
[s(1 = s)|[lI2+ s| ﬁ—ﬁ
And
1 +oo [ dt oo (¢) (In(£))"
Y, = dx=t ¢ 113
(n—1)! /; v x3te (113)
1 cos(a — fn) — <=l ",
s(1 = s)[IlI12+ s|™ 63;% T
We can also calculate X,, and Y,, in another way as follows:
Uo cos(a + fBn)
X, = + (115)
240)* s =912+ s["
And
Uo
YYo= —"—— 116
2+o0)" (116)
Where
e o(t)
Uo = /1 ar Lo (117)

The sequence (i)nzl is bounded. From the equations (113) and
(116), we deduce that the limit of (i)@l is 2 < 1. We will distinguish

between two cases.

12

(106)

(107)



1. Case 1: There exists ng € N such that for each n > ng: ¢, = c¢. We
have from the equations (111-116) that for n > ng:

Xn _y, 2+0)"cos(atfn) _ cos(a — fin) — atin) (118)
Yo Uolls(L = s)ll2+sllI"  cos(or — Bn) — <exfaifn)

Therefore since ¢, = ¢, we can write:

(2+0)"cos(a+ fn) _ cos(a —fn) — Cosc(lafgfn)

14 = . =1 119
Unlls(L = )2+ 51"~ cosa — fn) — =x(epm (118)
Since o > 0, therefore for each n > no:
cos(a + fn) = cos(a) cos(Bn) — sin(a) sin(fn) =0 (120)
Since 8 € (0, §), therefore
sin(a) = cos(a) =0 (121)
Which is a contradiction.
2. Case 2: For each no € N there exists n > ng: ¢, # c.
We have from the equation (118):
X, cos(ar — ) — =i
Y = co:(aJr,Bn) (122)
Ya cos(ax — Bn) — =

Since 0 < ¢ < 3 and 7 > 0, we have a € (0,3), 8 € (0,3),
sin(a) # 0 and cos(a) # 0. And since the sequence (c¢,) terms
and c are different, from the lemma 1.4, we can find no such that

cos(a — fBng) — % > 0 and cos(a — fBno) — %ﬁi’m <0or
no

cos(a — fBng) — % < 0 and cos(a — Bng) — % > 0.
no

. . X . .
Therefore, in such case, we will have 3% < 0. Which means either
no

Xny < 0or Yy, <0. Which is a contradiction.

Xn

We can also write the sequence ($2) as follows:

Y'Vl
X, Acos(fn) + Bsin(fn)
Y, = A, cos(fBn) + By sin(Bn) (123)

Where the sequences (A,) and (Bn) converge respectively to the
limits A and B.

1 1
An = cos(a) (1 — ﬁ)7Bn = sin(w) (1 + ﬁ) (124)
Cn Cn
e L\ o 1
= cos(a) (1 — 01*—20)’ = sin(«) (1 + 01*—20) (125)
From the equation (118), we deduce that the sequence (};:) con-

A cos(Bn)+Bsin(8n)
Ap cos(Bn)+ By sin(Bn) ) con-

verges to 1. But sin(a) # 0 and cos(a) # 0, the sequence (A’: iZiEgZ;igfﬁﬁZb)
cannot converge. Hence the contradiction.

verges to 1. And therefore the sequence (

13



1— 1

. . -2

In constrast, in case @ =0 or a = 7, we will have ii" =T =
" —

always

T2

7(1—20) "
(0(1*0‘)«#72)2«%(7(1720’))2
be 5. Therefore o should be zero and:

non-negative. And since sin(a) =

< 1, o cannot

1

= = 126
o = 3 (126)
In case of o > % We work with 1 — s that is also a zeta zero and here

we have 1 —0 < % And we will reach the same contradiction by following
the same steps above. Therefore, o can only be % This ends the proof of
the Riemann Hypothesis. B
O

1.4 Conclusion

We saw that if s is a zeta zero, then real part R(s) can only be 2. Therefore
the Riemann’s Hypothesis is true: The non-trivial zeros of ((s) have real
part equal to % In the next article, we will try to apply the same method
to prove the Generalized Riemann Hypothesis (GRH).
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