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Abstract

We present a short and simple proof of the Riemann’s Hypothesis (RH)
where only undergraduate mathematics is needed.

Keywords: Riemann Hypothesis; Zeta function; Prime Numbers;
Millennium Problems.
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1 The Riemann Hypothesis
1.1 The importance of the Riemann Hypothesis

The prime number theorem gives us the average distribution of the primes.
The Riemann hypothesis tells us about the deviation from the average.
Formulated in Riemann’s 1859 paper[1], it asserts that all the 'non-trivial’
zeros of the zeta function are complex numbers with real part 1/2.

1.2 Riemann Zeta Function

For a complex number s where R(s) > 1, the Zeta function is defined as
the sum of the following series:
=3 M
s) = —
nS
n=1
In his 1859 paper[1], Riemann went further and extended the zeta function
¢(s), by analytical continuation, to an absolutely convergent function in
the half plane R(s) > 0, minus a simple pole at s = 1:

s too {x
¢(s) = - s/1 :;{er}l dz (2)

s—1

Where {z} = z — [z] is the fractional part and [z] is the integer part of z.
Riemann also obtained the analytic continuation of the zeta function to
the whole complex plane.
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Riemann[1] has shown that Zeta has a functional equatiorEl
C(s) = 2°7° 'sin (%5)r(1 —8)C(1—s) (4)

Where I'(s) is the Gamma function. Using the above functional equa-
tion, Riemann has shown that the non-trivial zeros of { are located sym-
metrically with respect to the line R(s) = 1/2, inside the critical strip
0 < R(s) < 1. Riemann has conjectured that all the non trivial-zeros are
located on the critical line $(s) = 1/2. In 1921, Hardy & Littlewood[2,3,
6] showed that there are infinitely many zeros on the critical line. In 1896,
Hadamard and De la Vallée Poussin[2,3] independently proved that {(s)
has no zeros of the form s = 1+ 4t for ¢ € R. Some of the known results[2,
3] of ¢(s) are as follows:

e ((s
o ((

e ((s
e ((s) has all the trivial zeros at the negative even integers s = —2k,

ke N*.

e The non-trivial zeros are inside the critical strip: i.e. 0 < R(s) < 1.
If ((s) =0, then 1 — s, § and 1 — § are also zeros of : ie. {(s) =
(1 =) =((5) =¢(1-35)=0.

Therefore, to prove the “Riemann Hypothesis” (RH), it is sufficient to

prove that ¢ has no zero on the right hand side 1/2 < R(s) < 1 of the
critical strip.

has no zero for R(s) > 1.
s) has no zero of the form s =1+ i7. i.e. ((1+47)#0, V.

has a simple pole at s = 1 with residue 1.

o — —

1.3 Proof of the Riemann Hypothesis

Let’s take a complex number s such that s = o 4 ¢7. Unless we explicitly
mention otherwise, let’s suppose that 0 < o < 1, 7 > 0 and ((s) = 0.

We have from the Riemann’s integral above:
s o {z}
= 5)
We have s # 1, s # 0 and ((s) = 0, therefore:
+oo
LI / {2} 4 (6)
1

s—1 rstl

Therefore:

1 e {a}
o+t — 1 /1 gotir+1 4F (7)

To continue, we will need to prove some few lemmas.

IThis is slightly different from the functional equation presented in Riemann’s paper[l].
This is a variation that is found everywhere in the litterature[2,3,4]. Another variant using
the cos:

C(1—s)=2""7r"%cos (%S)F(S)C(s) (3)



Lemma 1.1. Let’s consider the function e(x) that plays a big role in the
zeta function as follows:

e(x) = {«} (8)

The function e(x) is piecewise continuous on the interval [1,+00) and its
primitive function W(zx) = [ e(x)dx is defined as follows:

U@) = g(r-1- {20~ (=) (9)

Proof. We will need this function as you will see later. Because we will
want to make use of concave functions and we will need a continuous
function instead of a piecewise continuous one.

Let’s take > 1 a real number. Let’s denote n, = |z]| be the integer
of part of z. We have n, = z — {}. Therefore we deduce the primitive
function as follows:

P(x) = /1‘1 e(x)dx (10)

= nil /:H{t}dwr/:{t}dt (11)
= ni_:l/nnﬂ(t—n)dt—!—/’:(t—nz)dt (12)

| O

Lemma 1.2. Let’s consider two vartables o and T such that o > 0 and
7> 0. Let’s define two integrals I. and J as follows:

T e(x

I(s) = /ldxm(H)S (16)
T sin(rln (z

L(o,7) = Kdmwe(x) (17)

x1+a

oo cos(rln (z
J(o7) = /1 ST (@) oy (18)

:C1+U

Where the €(x) is the same function defined in the previous lemma. There-
fore:

+oo T
L(s) = (1+s)/1 dxi§+2 (19)
+oo T
I(o,7) = —/1 d:c{;(ﬂy)\ll(:c) (20)
+oo T
J(oy7) = —/1 dx9;2(+BW(x) (21)



Where
fo(x) = 7cos(tln(x)) — (14 o)sin(71n (z)) (22)
go(z) = —7sin(rln(x)) — (1 + o) cos(r1n (x)) (23)

In the context of this lemma, the variables o and T are arbitrary and not
necessarily related to the zeros of the zeta function.

Proof. Without loss of generality, let’s consider o > 0, 7 > 0. The func-
tion z — %Me(x) is integrable and we can write the following thanks

to the integration by parts:

T gin(rln (z
L(o,7) = /1 S (@)) o (24)

x1+0
sin(7 In (x)) Foo o fo(x)
(@) - ) (25)
Since o > 0, we conclude that:
o0 f(7 T
I(o,7) = —/1 dx x2(+0)\11(x) (26)
And the same goes for J.:
“+ o0
go\Z
Je(o,1) = —/1 dz :c2(+") U(x) (27)
| O

Lemma 1.3. Let’s consider two variables o and T such that 0 < o < 1
and T > 0 such that s = o + it is a zeta zero. Therefore:

/ O (28)

Z T GoDaTe)
/l*ﬁmw\p(x) - @ —0)2—1—7'3)7-(‘(1—&-0)2-1-7'2) (29)
- 1—0%) 472
/: dmww) - T 0)[2(—1- 72) ()(;r a])2 +72) (30)
And
/fzx igﬁ) - 3(11— 5) (30
[y s

o cos(7In (z)) B o (1-o0)
/1 de—0rr—0(@) = o=+ (e (33)

Where
o(x) = {z}(1 — {=}) (34)



+oo
/ dx
1

J

“+o00

dx

Proof. We will use the same notation in the previous lemmas. We use the
result of the lemma 1.2 to write the following equations:

T/+°2xw\p(x)+(l+o) /Jro;qu%x) = —((1_(10_;203_7_
T sin(rln (x oo cos(tln (z T
_(1+g)/1 d:c%‘p(x)*”'/l dx%\ll(x) - _W

After simplification, we get the result in the equation (29).

T gin(rln (z T T
| - @7

211-0)2472 (140)2+712

To get the result of the equations (32-33), we will use the lemma 1.1
and the definition of ¥(z). Therefore:

¢(x)sin(7In (z)) _ /Jr‘zx (zx —Dsin(rIn(z)) 4o
p2teo i r2te ((1 —0)2—|—7'2)((1—|—0)2 +T2)
_ 7(14 20) B dro
((1 +0)2—|—72) (02—1—7'2) ((1 —0)2—1—7'2)((1—1—0)2 +7'2)
- 0'2—|-T2_(1—0')2—|-T2
_ 7(1—20)
((1 —0)2+ 7'2) (02 + 7'2)
And

¢(x) cos(71n (x)) /HZm (z — 1) cos(71In (z)) . 2 [(1 -0+ 7'2]
x2to 1 x2te (1=0)24+72)((140)2+72)
o 140 . 2[(1—02)—1—7-2]
o2+72 (1+0)2+72  (1—0)2+72)(1+0)2+72)

o (-0
02412 (1—o0)2 472

We can also just apply the integration by parts on the complex integral
and directly deduce the lemma results.

] O

Lemma 1.4. Let’s consider two variables o and T such that 0 < o < 1
and T > 0 such that s = o + i1 is a zeta zero. Let’s define the sequence of
functions ¥n, such that vo(z) = ¢(x) = {a}(1 — {x}) and for each n > 1:

ven@) = 3 [ oo (15)



Let’s denote the integral A(s) as following:

oo yo(x)
A(s) = /1 dzx xom (46)
From the lemma 1.4 we have:
Y e C) N S
Therefore:
1. For each n > 1:
= ! n tee w”l
A(s) = —;(2+s)k/()dxwk(x)+(2+s) “/1 dmg;ii(f) (48)
Al=9) = =369 [rn@+@-o [ @@ )
k=0 0 1 z

2. For each n:

T gn(x) 1 1

/1 de x2ts  52n + (1-s)3" (50)
o n(x) 1 1

/1 de 3= (1-s)2n + s3n (51)

Proof. The equations (48-49) can be proved simply by using integration
by parts. Therefore we can write:

+oo x
A(s) = /1 drcii&f (52)
T Foo +oo T
= [x21+5/()d961/10(37) +(2+3)/1 dxd;lzgs) (53)
o (s 5 +°°x1/)1(1’)
= [dovo@) 24 [ analE (54)
1 1 Foo x
= _/0dwo(x)_(2+5)/0d:c¢1(:c)+(2+s)2/1 dmﬁiﬂf (55)
(56)
- _ 9 S k 11: x S ntl +°°:C71/)n+1(13)
_ ;)(H ) /od Yr(x) + (2 + 5) / da =0 (57)

We could do the above integration by parts. Because the functions
are continuous functions and also we can also prove that they are non-
negative and bounded as we can prove that for each k for each z > 0
that:

0<¢r(z) < (58)

PP



This can be proven by recurrence using the fact that for each x > 0:

(59)

=] =

0 <tpo(z) = {z}(1—{z}) <

The same can be done for A(1 — s). To prove the second point of the
lemma, we need to calculate the integrals I, for £ > 0:

I = /0 dz () (60)

For z € (0, 1), we have:

Yo(x) =z —z° (61)
And
hile) =5 -5 (62)

r T
Yi(z) = % T3 (63)
Therefore, for each k > 1:
1 1

Ie=omm — 35

Therefore, from the first point of the lemma we can conclude:

1 T g1 (x) 1 1
A — 2 n+1 d _
(5) s(1—s) +(2+5) [/1 s s2n+1 * (1—s)3nt1
1 T i1 (x) 1 1
Al — _ 3_ n+1 / d n-+ _
( 5) 8(1 _ S) + ( 'S) |: L € 50375 (1 _ S) 2n+1 83n+1
Since 2+ s # 0 and 3 — s # 0, we conclude the second point of the
lemma. ]
O

Lemma 1.5. Let’s consider f a continuous function over [1,4+00). Let’s ¢
be a non-null positive function such that f¢ and ¢ are integrable functions
over [1,+00) with:

0</+02x¢(1:) < oo (67)
And
+oo
/; dro(z) f(x) < Hoo (68)

Therefore, there exists a ¢ € (1,400) such that:

+o0 too
/1 dro(x) f(r) = f(o) / dz () (69)

)]
)



Proof. Let’s define the real X\ as following:

—+oo
N o i dro(@) f(2) (70)

[T de g(x)
We have by construction that:
+oo
A dwo(@) (f(@)~A) = 0 (71)

Therefore, if for each z > 1, we have f(x) > A, then,we will have:

/1+°0 dzp(z) (f(z)—A) > 0 (72)

Which is a contradiction. We will reach a similar contradiction if we
assume f(x) < A for each > 1. Therefore, there exists ¢ € (1, +00) such
that f(c) = A. [ ] |

Lemma 1.6. Let’s consider two variables o and T such that 0 < o < 1
and T > 0 such that s = o + 7 is a zeta zero. Let’s define the sequence of

functions ¥ such that o (z) = ;1)10,(33, = {Z}x(lljzi,Z}) and for each n > 1:

drn@) = 3 [ dute) (73

Where (1) is the sequence of functions defined in the previous lemma.
Let’s denote the integral A(s) as following:

As) = /1 i@ (74)

:C2+s
Therefore:
1. For each n:
0 by () 1 1
d = 75
/1 T2t 0—9(0+20) 52+20)0" (75)

Where s is the complex conjugate of s.

2. For each n:

“+oo
Yalw) 11 1 1 1 1
/1 dm:ﬂ*" o U2"+1—03"+(2+0)" Go o(l—o)
/+05m U () sin(rIn (z)) _ T 1 B 1 n sin(71n (cn))
1 a2te T 2402+ |(1+20)"  (2+420)" ai
2 1 1+ 20 1 1

1

(76)

(77)

*

oc2+0)2"  (1-0)2+0)3"

Where ¢, > 1 and dn, > 1 are real numbers and Uy is defined as

follows:
oo do(t)
Uy = d 79
° /1 ' (79)

t2+0

24+o0)" [UO o1

o) ]](78)



Proof. The first point can be proved simply by using integration by parts
exactly like the proof in the lemma 1.5. Therefore we can write:

s /1“2:0 qi(f) (80)
- [1:21+ /O 4o do(a) joo +(2+5) /1 +°2xi12(f3 (51)

= - /0 dodo(z) (24 5) /0 (@) + 2+ 5 /1 " %z(fs) (83)

(84)

= —kzn:_o(?JrS)k/Oém/?k(x)Jr (2+ )"t /;i}x% (85)

The functions 1/~)k are continuous functions and also non-negative as for
each k for each x > 1 that:

de(z) > 0 (86)
To prove the point of the lemma, we need to calculate the integrals I, for
k> 0:
~ 1 ~
0
For z € (0, 1), we have:
QZ;O(:E) — .'1?20 _ x1+20' (88)
And
~ T x>
Y1(x) (89)

T 1420 2420
Therefore, we can write for each k for = € (0,1):

T LL‘2

1/;k(x) = (1+20.)k - (2+20)k (90)

Therefore, for each k > 1:

- 1 1
= 2ot ~ @rao)e (O1)

Therefore after simplification:

7 _ 1 n+1 tee 1/;n+1(50) 1 1
A(s) = 3(1-3) +(2+5s) [/1 dx 22+s (1—3) (14 20)"+1 + 3(2+ 20)H] (92)
Since S is also a zeta zero. So from the lemmas 1.3 and 1.4 we can write:

i oo () oo 4o() 1

Als) = /; dxm = /1 dz 25— 51 -73) (93)



Since 2 + s # 0, we conclude the first point of the lemma. |

Let’s now calculate the integral f1+°°dx ﬁgﬁ) Let’s n > 1.
+00 +oo %
d)n 1\T f dt 7/1n (t)
Unt1 = / dw;T(a) = dl“OxT (94)
1 1
1 ! 1 T b ()
= dt i (t) + —— d 95
515 [ a0+ g [t (95)
1 1 1 Un
— _ 96
240 {2”*1 3”*1} 2+o0 (96)
Therefore
Us = 1 1
Un = — 97
+1 2+ o)ntt + kZ:l (24 o)k 202k (24 g)k gnt2—k (97)
Therefore for each n > 1:
11 1 1 1 1
u, = —— — Up— —— 98
02”—’_1—03”—’_(2—1—0)"{0 a'(l—a')] (98)
|
Let’s now prove the last point of the lemma. Let’s n > 1.
o () oo [ dt a1 (t)
/1 dz x2+5 = /1v dZL’T (99)
/+°O fol dt ’(/~)n,1(t) + flz dt ’L/~J7L,1(t)
= dx 3+s
1 T
1 - +o00 fz dt 1/~)n71(t)
= dt n—1(t det———— 101
5 [ b0+ [ i (101)
+oo [T b ah, 1 (1
- CR— +/ PRSI R
s+2|(1+20) (2+420)" 1 x3+s
We take the imaginary part of the equations (99, 102) to write the
following;:
+oo 7 ;
/ dxibn(:c) sn;(LT In(z)) _ 7-2 i 1 B 1 (103)
1 x2te (c+2)24+72|(1+20)" (2+20)"
+o° sin(rIn (z)) [, dt Pn-1(t)
+/1 dx e (104)

We apply the lemma 1.5 first to write the following;:

+o0 4 () sin(7 In () _ T 1 1
/1 = A NS (2+20)n} (105)
+sin(71n (dy)) /1+°2xw (106)

10

(100)



Where d,, > 1.

We change the order of integration in the integral L/;n(x) to write the

following;:
v 1 tn_1 _
/dt'l/;nfl(t) _ / dt1/ dtz / Yo (tn-1) (107)
1
_ dtn 1 dtl
- /1 dty o (tn /tn = / / (108)
fn(tn,z)
- / dtn Po(tn) fo(tn, ) (109)
1
= /w dtn Qi}(l)?;”;) fn(tn,:c) (110)
1 n
Therefore
O(tn)
+o<> fl dt"/}n 1() +oo fl dtn 11]1 P fn(tn,]:)
/1 e T /1 dx g (111)
e to(ta) g L (Ens )
= /; dtp tz—Qa /;n W (112)

We use the lemma 1.5 to write the following:

/+°° [T dt g (t)

3+o‘

Cn

1 [t e fultn, )
= / dtn o(tn) / dp 1)
1 tn

(113)

Where ¢, > 1. And we change the order of integration in the integral in

the equation (113) back to the original form to write the following:

oo [T dt a1 (t) 1 oo [ dthn1(t)
1 _ 1
/1 d x3to e /1 e x3te (114)
Therefore
/+02:c O (z) sin(7In (z)) _ T 1 B 1
1 x2te (0422472 (1+20)"  (2420)"
+sin(ﬂn (dn)) /+°° S dt a1 (t)
C}’L 20 1 3+U
_ T 1 _ 1
(c4+2)24+72|(1+20)" (2 + 20’)”
+sin(7’ln (dn)) /+°§ Un(z) — 1 fo dtn—1(t)
0%720' L x2+g
B T R
(0422 + 72| (1+20)" (24 20)"
. 400
FELGYE ][ O NS L
cn °° 1 xr2+o o+2'2n 3n
Where ¢, > 1 and d,, > 1. This ends the proof of our lemma. n
O

11

(115)

(116)

(117)

(118)

(119)



Lemma 1.7. Let’s consider two variables o and T such that 0 < o < 1
and 7 > 0 such that s = 0 + it is a zeta zero. Therefore:

o=3 (121)

Proof. Let’s suppose that o < % From the lemma 1.6 we can write the
following for n > 1:

oo n(z) 1 1
/1 Wmm T 09+  3@+2007 (122)

Where 5 is the complex conjugate of s. And

e (2

x2+a (2 + 0—)2 + 7—2

/+02:c 1/~)n (z)sin(71n (x)) T

- 1—20
n

(1+20)" (24 20)"

1 1 } n sin(71n (¢n))

1+ 20 1 1 1
+(1—0)(2+0)3_”+(2+a)” |:U0_a'(1_0—)i|:| (124)

Where ¢, > 1 and d,, > 1 are real numbers and Uy is a positive constant
defined in the lemma above.

Therefore, when we combine the imaginary part of the equation (122)
and the equations (123-124), we get the following equation:

1 1 } n sin(71n (¢n))

(1+20)" (24 20)" di-20

(1=02+72)(1+20)" (o2+72)(2+20)"  (2+0)2+72

e 2

1+ 20 1 1 1
(1-0)2+0)3" + (2+0)" [UO Co(1 _U)ﬂ (126)

Aso < %, we have 1+ 20 < 2 and 2+ 20 < 3. Therefore, we multiply
the terms of the equation above by (1 4 20)™:

lim T _ 7(1+ 20) _ lim

T 2 (1+20)"
notoo (1—0)2+72)  (02+72)(2+20)" n—too (24 0)2 + 72

o(2+0) 2n

(127)

(1+ 20)"} sin(71n (cn))
(2 + 20)™ dn?

1+20 (I+20)"  (1420)" 1
(1-0)(2+0) 3° 2+o0) [ 0‘0(1_0)]} (128)

Therefore
T T
= 12
1-0)2472 2+0)24 72 (129)

Therefore
(130)

Which is a contradiction.

In case of o > % We work with 1 — s that is also a zeta zero and here
we have 1 —0 < % And we will reach the same contradiction by following
the same steps above. Therefore, o can only be % This ends the proof of
the Riemann Hypothesis. B

O

12



1.4 Conclusion

We saw that if s is a zeta zero, then real part R(s) can only be 2. Therefore
the Riemann’s Hypothesis is true: The non-trivial zeros of ((s) have real
part equal to % In the next article, we will try to apply the same method
to prove the Generalized Riemann Hypothesis (GRH).
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